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ON THE GLOBAL QUANTUM DUALITY PRINCIPLE

Fabio Gavarini

Introduction

The quantum duality principle is known in literature with at least two formula-
tions. One claims that quantum function algebras associated to dual Poisson groups
can be taken to be (Hopf) dual to each other, and similarly for quantum envelop-
ing algebras (cf. [FRT] and [Se]). The second one, due to Drinfeld (cf. [Dr], §7,
and [Gad]), states that any quantisation F}[[G]] of F[[G]] yields also a quantisation
of U(g*), and, conversely, any quantisation Up(g) of U(g) provides a quantisa-
tion of F[[G*]]: here G*, resp. g*, is a Poisson group, resp. a Lie bialgebra, dual
to G, resp. to g). Namely, Drinfeld defines two functors, inverse to each other,
from the category of quantum enveloping algebras to the category of quantum for-
mal series Hopf algebras and viceversa such that (roughly) Up(g) — Fr[[G*]] and
Fy[[G]] = Un(g™).

In this paper I provide a global version of the above principle, improving Drin-
feld’s result and pushing as far as possible the treatment in a Hopf algebra theoretical
way.

The general idea is the following. Quantisation of groups and Lie algebras is
a matter of dealing with suitable Hopf algebras. In short, the Hopf algebras ”of
geometrical interest” are (simplifying a bit) the commutative and the connected
cocommutative ones: the first are function algebras of affine algebraic groups (which
are their maximal spectra), the second are restricted universal enveloping algebras
of Lie algebras. A ”quantisation” of such an object Hy will be a Hopf algebra
H depending on some parameter, say p, such that setting p = 0, i.e. taking the
quotient of the algebra modulo p, one gets back the original Hopf algebra Hj .
One must also remark that when a quantisation H is given the classical object Hy
inherits an additional structure, that of a Poisson algebra, if Hy = F[G], or that of
a co-Poisson algebra, if Hy = U(g); correspondingly, G is an affine Poisson group,
g is a Lie bialgebra, and then also its dual space g* is a Lie bialgebra; then we’ll

denote by G* any affine Poisson group with tangent Lie bialgebra g*, and we say
G* is dual to G.
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In conclusion, one is lead to consider such ”quantum groups”, namely ” p—depen-
ding” Hopf algebras which are either commutative modulo p or cocommutative mod-
ulo p.

In detail, I focus on the category H.A of all Hopf algebras which are torsion-free
modules over a PID, say R; the role of the ”quantisation parameter” then will
be played by any prime element p € R. For any such p, I introduce well-defined
Drinfeld’s-like functors from H.A to itself, I show that their image is contained in a
category of quantum groups — quantised function algebras in one case, quantised
enveloping algebras in the other — and that when restricted to quantum groups
these functors are inverse to each other and they exchange the type of the quantum
group — switching ”function” to "enveloping” — and the underlying group —
switching G to G*. Other details enter the picture to show that these functors
endow H.A with sort of a (inner) ” Galois’ correspondence”, in which quantum groups
— i.e. quantised enveloping algebras and quantised function algebras — play the
role of Galois (sub)extensions, for they are exactly the objects which are fixed by
the composition (in either order) of the two Galois maps.

From a purely algebraic point of view — and in characteristic zero, to make
things easier — the quantum duality principle, coupled with the existence theorems
for quantisations of Lie bialgebras or algebraic groups (given by [EK] and [E]),
tells us (roughly speaking) that the category of commutative Hopf algebras and the
category of cocommutative Hopf algebras are related in a very precise way via the
”quantisation + Drinfeld’s functors + specialisation” process: this requires passing
through general (i.e neither commutative nor cocommutative) Hopf algebras, so
we see that quantisation may be a way to rule special subclasses inside the whole
category of Hopf algebras.

I wish to stress the fact that, compared with Drinfeld’s result, mine is ”global”
in several respects. First, I deal with functors applying to general Hopf algebras
(not only quantum groups, i.e. I do not require them to be ”commutative up to spe-
cialisation” or ”cocommutative up to specialisation”). Second, I work with more
global objects, namely (function algebras on) algebraic Poisson groups rather than
(function algebras on) formal algebraic Poisson groups. Third, I do not require the
geometric objects — Poisson groups and Lie bialgebras — to be finite dimensional.
Fourth, the ground ring R is any PID, not necessarily k[[h]] as in Drinfeld’s ap-
proach: therefore one may have several points (p) € Spec(R), and to each of them
the machinery applies: thus for any such (p) Drinfeld’s functors are defined and
for a given Hopf R-algebra H they yield two Hopf R-algebras, say H [’ and H

] [p]’

such that the fibre over (p) of H[’p], resp. of H[; > is a quantum function algebra

at (p), resp. a quantum enveloping algebra at (p), i.e. its reduction modulo (p) is
the function algebra of a Poisson group, resp. the (restricted, if Char(R/(p)) >0)
universal enveloping algebra of a Lie bialgebra. In particular we have a method to
get, out of any Hopf algebra over a PID, several "quantum groups”, namely two
of them (of the "enveloping algebra” and of the ”function algebra” type) for each
point of the spectrum of R. More in general, one can start from any Hopf algebra H
over a field k& and then take H, := k[z] ®; H, (x being an indeterminate): this is
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a Hopf algebra over the PID k[z], to which Drinfeld’s functors at any prime p € k[z]
may be applied to give quantum groups.

In this note, I confine myself to state the result and to expound it on two exam-
ples: the case of semisimple groups and the so-called ” Kostant-Kirillov structure”
on any Lie algebra. All details, proofs and further examples can be found in [Gab].

§ 1 Notation and terminology

1.1 The classical setting. Let k be a fixed field. We call ”(affine) algebraic
group” the maximal spectrum G := Homy_a14(H, k) of any commutative Hopf k-
algebra H (in particular, we deal with pro-affine as well as affine algebraic groups);
then H is called the algebra of regular function on G, denoted with F[G]. We
say that G is connected if F[G]| has no non-trivial idempotents. If G is an alge-
braic group, we denote by m. the defining ideal of the unit element e € G (it is
the augmentation ideal of F[G]), and by m.2 the closure of m.? w.r.t. the weak

topology; the cotangent space of G at e is g~ :=m, / m.2, endowed with its weak

topology; by g we mean the tangent space of G at e, realized as the topological
dual g := (gx)* of g* : this is the tangent Lie algebra of G. By U(g) we mean the
universal enveloping algebra of g: this is a connected cocommutative Hopf algebra,
and there is a natural Hopf pairing between F[G] and U(g). If Char(k) > 0 and
g is a restricted Lie algebra, we call u(g) the restricted universal enveloping alge-
bra of g. Now assume G is a Poisson group: then g is a Lie bialgebra, U(g) is a
co-Poisson Hopf algebra, F[G] is a Poisson Hopf algebra Poisson structures. Then
g* and g* (the topological dual of g w.r.t. the weak topology) are Lie bialgebras
too (maybe in a topological sense): in both cases, the Lie bracket is induced by the
Poisson bracket of F'[G], and the non-degenerate natural pairings g x g* — k and
g X g — k are compatible with these Lie bialgebra structures: so g and g* or g*
are Lie bialgebras dual to each other. We denote by G* any connected algebraic
Poisson group with tangent Lie bialgebra g*, and say it is dual to G.

The quantum setting. Let R be a principal ideal domain, let Q(R) be its
quotient field, let p € R be a fixed prime element, and let k, := R/ (p) be the
corresponding residue field: for simplicity we shall assume throughout Char(k,) =
0. Let A the category of torsion-free R—modules, and H.A the subcategory of all
Hopf algebras in A. Let Ap the category of Q(R)—vector spaces, and HApr be the
subcategory of all Hopf algebras in Ap . For any M € A, set Mp := Q(R)®r M .

For any R-module M, we set M, := M /pM =k, ® M : this is a k,~module
(via scalar extension R — k,, ), which we call the specialisation of M at p=0.

For any H € HA, let I; := e; {(pR): set I° := :::E)IH", and Ho, :=
MZop"H .

Given H in ‘HAp, a subset H of H is called an R—integer form (or simply an
R—form) of H if: (a) H is an R-Hopf subalgebra of H; (b) H is torsion-free as
an R-module (hence H € HA); (¢) Hp := Q(R)®r H =H.
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DEFINITION. (”Global quantum groups” [or "algebras”]) Fix a prime p € R.

(a) We call quantized universal enveloping algebra (in short, QUFEA) any pair
(U, U) such that U € HA, U € HAp, U is an R-integer form of U, and U, :=
U / pU is (isomorphic to) the universal enveloping algebra of a Lie algebra. We
denote by QUEA the subcategory of H.A whose objects are all the QUEA’s.

(b) We call quantized function algebra (in short, QFA) any pair (IF, F ) such that
F e HA F € HAp, F is an R-integer form of F, F,, = I,>° (notation of §1)
and F, := F/pF is (isomorphic to) the algebra of regular functions of a connected
algebraic group. We call QF A the subcategory of H.A whose objects are all the
QFA’s.

If (U, U) is a QUEA (at p ), then U, is a co-Poisson Hopf algebra, so U, = U(g)
for g a Lie bialgebra; in this situation we shall write U = U,(g), U = U,(g).
Similarly, if (F, F) is a QFA then F, is a Poisson Hopf algebra, so F, = F[G] for
G a Poisson algebraic group: thus we shall write F = F,[G], F = F,[G].

§ 2 The global quantum duality principle

Drinfeld’s functors. (Cf. [Dr], §7) Let H € HA. Define A™: H — H®" by
A =€, Al :=id,, and A" := (A ® z’d%(”_2)) o A"~ 1 for every n € N, n > 2.
Then set 6, := (idy; — e)®noA” , forall n € N. For a fixed prime p € R, we define
H :={a€cH|b(a) ep"H®"VneN} (CH), HY:=3, .,p "I (CHp).

THEOREM. (”The global quantum duality principle”)
(a) The assignment H — H', resp. H — HY , defines a functor (): HA —
HA, resp. ()': HA — HA, whose image lies in QF A, resp. in QUEA.
(b) For all H € HA, we have H C (Hv)/ and H D (H’)v. Moreover, we
have
H=(HY) < (Hp,H) € QFA and H=(H)" < (Hp, H) € QUEA,
thus we have induced functors ()': QUEA —— QF A, (H,H) — (H,H') and

()Y: QFA —— QUEA, (H, H) > (H, HV) which are inverse to each other.
(c) (”Global Quantum Duality Principle”) With notation of § 1, we have

Up(a) [pUple) = FIG*],  RIG) /pRl6]" = U@
where the choice of the group G* (among all the connected algebraic Poisson groups
with tangent Lie bialgebra g* ) depends on the choice of the QUEA (Up(g), Up (g)) In
other words, if (Uy(g), Up(g)) is a QUEA for the Lie bialgebra g, then
(Up(9), Up(g)") is a QFA for the Poisson group G*, and if (F,[G], F,[G]) is a
QFA for the Poisson group G, then (]Fp[G], Fp[G]V) is a QUEA for the Lie bial-
gebra g*. [

Let me remark in particular that part (¢) of the claim above shows, among other
things, that the Hopf algebra (over Q(R)) U,(g) may be thought of — roughly
— as a "quantum function algebra”, as well as a ”quantum universal enveloping
algebra”, for in fact at the same time it has an integer form which is a quantisation
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of a universal enveloping algebra and also an integer form which is a quantisation of
a function algebra. Similarly, the Hopf algebra (over Q(R)) F,[G] may be thought
of as a "quantum universal enveloping algebra”, as well as as a ”quantum function
algebra”.

§ 3 First example: SL,, SL,, and the semisimple case

Let k be a field, and ¢ be an indeterminate. Set R := k:[q, q_l} , p:=(¢g—1)
(prime element in R). Let U,(sly) be the associative unital k(g)-algebra with
generators F, K*!' FE, and relations KK~ ! =1= K 'K, K*'F = ¢T?FK*!,
KHE =¢*?FEK*', EF - FE = (¢ — q_l)_l(K — K1) . This is a Hopf algebra,
with Hopf structure given by A(F)=F@ K '+1@F, A(K*!) = K @ K*!|
AE)=E®1+K®E, F) =0, ¢(K*) =1, ¢F) =0, S(F) = —-FK,
S(K*') = KF', S(E) = —K'E. Then let Uy(sly) be the R-subalgebra of

U, (sly) generated by F, H:=p Y (K—1), I':= (¢q—q ) (K—K~), K*, E.
From the definition of U,(sl2) one gets an explicit presentation of U,(sly) as well,
and sees it is a Hopf subalgebra. Further, one has k(q) ®r Up(slz) = Up(sl2), and
also that Up(sly) is a free R—module. In fact, setting p =0 (i.e. ¢ = 1) the explicit
presentation shows that U,(slz)/pU,(sly) = U(sly), thus (Up(sle),Up(sly)) is a
QUEA with respect to the prime p:= (¢ — 1) € R; this makes sly a Lie bialgebra
and SLo a Poisson group. A direct inspection proves that U, (5[2)' is nothing but
the unital R—subalgebra of U (sls) generated by F:=pF, K, K\, H:=pH, T :=
pI', E:=pE . As a consequence, one gets an explicit presentation of U, (5[2)/ which
shows that it is a Hopf subalgebra, and that U, (slz)' /pU,(sls) = F[,SL>"] . Here
oSLs" is the unique connected adjoint Poisson group dual to SLs ; a different choice
of the initial QUEA leads us to the simply connected one, call it (SLo". Indeed,
start from a ”simply connected” version of U, (sly), obtained from the previous one
by adding a square root of K, call it L, and its inverse, and do the same when
defining Up(slz). Then the new pair (U, (slz), Up(slz)) is again a quantisation of
U(sly), and U,(sly)" is like above but for the presence of the new generator L, and
the same is when specializing ¢ at 1: thus we get the function algebra of a Poisson
group which is a double covering of ,SLs", that is exactly 4SLo2". So changing
the choice of the QUEA quantizing slo we get different QFA’s, one for each of
the two connected Poisson algebraic groups dual of SLs, i.e. having tangent Lie
bialgebra sly™; this shows the dependence of the dual group G* (here denoted G*
since g*=g"), mentioned in claim of the Theorem, on the choice of the QUEA.

Direct computation proves that U, (sly)" is generated by F, H, I',and E. This
implies that (Up(slg)/)v is generated by p~'F = F, p~'H = H, p~'I' = T,
p~'E = E, so it coincides with U, (sly). An entirely similar analysis works in the
”adjoint” case as well.

A like study applies to the general case of the other quantized enveloping algebras
associated to semisimple Lie algebras by Jimbo and Lusztig: the outcome, based on
the results in [Gal], is essentially the same. Furthermore, these arguments apply as

well to the case of g an untwisted affine Kac-Moody algebra, basing on the analysis
in [Ga3].
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Now we consider a QFA for SL, . Let F,[SL,] be the unital associative R-
algebra generated by {pij }z’,j =1,... ,n} with relations p;jpic = qpikpij
pikPrk = qpakpie (Vi<k, i<R), pupjk = pikpits PikPji—pPiiPik = (4 —a" 1) pupjk
(Vi< j k<), dety(pij) == Xoes. (—0)" 7 pro)pro@) - Prom) = 1. This is
a Hopf algebra, with comultiplication, counit and antipode given by A(p;;) =

S h1 Pik @ prj > €(piz) = 0y, S(pi) = (—q)’~'det, ((Phk)iiz) for i,j=1,...,n.
Let F,[SLn] = k(q) ®r Fy[SLy]. Then (IFp[SLn],Fp[SLn]) is a QFA, with

F,[SL,] ~=2 F[SLy,].
The set of ordered monomials M := { [Tis; pg” [T o Il ppim ’ Ny €

NVs,t; min{Ni1,...,Non} = 0} is an R-basis of F,[SL,] and a k(q)-basis of
F,[SLy] (cf. [Ga2], Theorem 7.4). From this one argues that F,[G]" is just the uni-
tal R—subalgebra of F,,[SL, ] generated by {rij =p H(pij —6i5) |1,7=1,...,n } :

Then one easily gets an explicit presentation of F), [G]", which shows that it is a
v g—1

Hopf subalgebra (of F,[SL,]), and that F,[SL,]'—— U(sl,") as predicted by the
Theorem.

We sketch the case of n =2 (see also [FG]). Using notation a :=p; 1, b:=pi2,
c = p21, d:= pao, we have the relations ab = gba, ac =gca, bd = ¢db,
cd=gqgdc, bc=cb, ad—da= (q—q_l)bc, ad—g¢gbc =1 holding in F},[SLs] and
in F,[SLy|, with A(a) =a®a+b®c, A(b)=a®b+b®d, A(c) =c®a+d®c,
A(d) =c®b+d®d, ea) =1, e(b) =0, €(c) =0, ed) =1, S(a) = d,
S() = —¢™'b, S(c) = —¢~'c, S(d) = a. Then F,[SLy]" is generated by the
elements Hy = r;; = p_l(a— 1), E :=r= p~'b, F := ro1 = p~lc and
H_ =199 = p_l(d — 1) with relations HiF =qFEH,  +F, H{F =qFH, + F,
FH =g9gH EFE+F, FH. =q9H F+F, EF =FE, HH —H H, =
(q — q_l)EF, H +H, =p (qEF — H+H_), and Hopf operations given by
AHy)=Hy®14+1®@H, +p(H, ®H, + E®F), e(Hy)=0, S(Hy)=H_,
AE)=F®1+1E+pH ®E+FE®H_), ¢E)=0, S(E)=—q"F,
AF)=F®14+19F+p(F®oH.+H_QF), ¢F)=0, S(F)=—q'F,
AH.)=H_-®1+1®H_+p(H.-9H_+FQ®E), e(H_)=0, S(H.)=H,,

from which one gets F,[SLa]" 2y (sl") as co-Poisson Hopf algebras.

Now for the identity (Fp[G]v)’ = F,[G]. From A(pij) = > i i Pik ® Phj s
we get AN (pi;) = Yo Pikr © Priks @ o @ Pry_ 4., by repeated iteration.

Ky hn_1=1
Using this and the explicit R-basis of F,[SL,]| we mentioned above, one proves
that (Fp [SLn]V)/ is the unital R—subalgebra of F,[SL,,| generated by {p’r’ij i,j =
1,... ,n} ; since prij = pij — 0i;, the latter algebra does coincide with F,[SL,],
as expected.
The case of any semisimple group G can be dealt with in a different way (cf. [Gab]).
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§ 4 Second example: the Kostant-Kirillov structure

Let g be a finite-dimensional Lie algebra over a field k, and g* be its dual space.
Giving g* the trivial Lie bracket, g becomes a Lie bialgebra, and g* a Poisson
algebraic (Abelian) group; in particular Flg*] = S(g) (the symmetric algebra),
and its Poisson bracket is given by the Lie bracket of g extended to the whole of
S(g) via the Leibnitz’ rule.

Set R := k[h|. Let gp, := g[h] = k[h| ®1 g, endow it with the unique R-linear
Lie bracket [, ], given by [z,y], := h[z,y] forall z, y € g, and set H :=U(gs),
endowed with its natural structure of Hopf algebra. Then H is a free R—-algebra,
so that H € HA and Hp := k(h) ®r H € HAFp (in the sense of §1); its fibres at
(h—1) € Spec(R), (h) € Spec(R) (in other words, its specialisations at h =1 and
at h =0) are H(,_q) = U(g) as a co-Poisson Hopf algebra, H,) = S(g) = F[g*]

as a Poisson Hopf algebra; in a more suggesting way, we can also express this with

notation like H —=1s U(g), H ﬂ>F[g*] . Therefore, H is a QUEA at (h — 1)

and it is a QFA at (h); thus now we go and consider Drinfeld’s functors for H
w.r.t. the prime (h — 1) and w.r.t. the prime (h).

Let ()™ :HA— HA and ()™ :HA — HA be the Drinfeld’s functors
at (h) (€ Spec(k[h]) ). Direct computation shows that HV = U(gy“™). As a
first consequence, (Hv<h>)[h] >~ Ulgn/hgn) = U(g), as co-Poisson Hopf algebras,
according to the second half of part (¢) of the Theorem. Second, since HY» =
U(gr“™), and 6,(n) = 0 for all n € U(gp"™) such that d(n) < n one finds
(HY®)' ™ = U (hgp'®) = U(hh~'gy) = Ulgn) = H, so (HY®)'™ = H, which
agrees with part (b) of the Theorem. On the other hand, it is easy to see that
H'™ =U(hgp), whence (H’<h>)[h] = (U(hgh))[h] >~ S(gap) ('E U(Eab)) where gap

is g endowed with the trivial Lie bracket, so (H’W)[h] >~ S(gab) (= U(gap)) has tri-

. . . / /(h) !(h) ~
vial Poisson bracket. Iterating, we find that (( . ((H) (h)) " ) >[h]: S(gab)-

Now look at Drinfeld’s functors ( )"*9:HA — HA and ()" :HA —
HA at (h—1) (€ Spec(k[h])). Set gp/¢-v := (h—1)gs, let : gy =5 gy

be the k[h]-module isomorphism given by z+— 2’ := (h—1) z € g;/*-1 | and push
over via it the Lie bialgebra structure of g; to an isomorphic Lie bialgebra structure
on g/ -, whose Lie bracket will be denoted by [, ],. Then gy ®-v/(h —
1) gy/»-v = g5 /(h — 1)gs, = g as Lie bialgebras. Then direct computation yields
H'®-0 = U((h—1)g) = U(gy/»-1), where gy is considered as a Lie k[h]-
subalgebra of g . Now, if 2/, ¢/ € g5/»-v we have 2’y —¢y' 2’ = (h— 1) [x’,y/}* :
therefore (H’<h*1>)(h_1) = S(gp'®-1 /(h — 1) gp/-1) as Poisson Hopf algebras.
Finally, since g;,’-v /(h—1)g,/»-1 = g as Lie algebras we have (H’(h—1>)(h_1) =
S(g) = F[g*] as Poisson Hopf algebras, as claimed in part (¢) of the Theorem.
Second, since H'(r-1) = U(gh’<h—1>) , we have that (H’<h—1))v(h*1) is just the unital
k[h|-subalgebra of Hr generated by (h — 1)_1gh’<h—1> = (h— 1)_1(h —1)gn =gn,
that is to say (H’<h—1>)v(h*1) = U(gn) = H, according to part (b) of the Theorem.
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