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1. Introduction

In this work, we investigate the global existence and asymptotic behavior at co of the solutions of
the semilinear integro-differential equation

t
u”(t)+Au(t)—/g(t—s)Au(s)ds:VF(u(t))+f(t), t € (0, 00), (1.1)
0
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where A is a positive operator on a Hilbert space X, with dense domain D(A), and VF denotes the
gradient of a Giteaux differentiable functional F : D(A1/2) — R. It is well known that the above ab-
stract model applies to a large variety of elastic systems, where u represents displacement. Indeed,
experience confirms that the behavior of some viscoelastic materials (polymers, suspensions, emul-
sions) shows memory properties. Consequently, in the constitutive assumptions, stress depends not
only on the present values of the strain and/or velocity gradient, but on the entire temporal history
of the motion as well. Typically, memory fades with time: disturbances which occurred in the more
recent past have more influence on the present stress than those which occurred in the distant past.
For these motivations, many constitutive models for viscoelastic materials lead to equations of motion
which have the form of a linear hyperbolic PDE perturbed by a dissipative integral term of Volterra
type, having a nonnegative, decreasing convolution kernel, see, e.g., [13,14,23,24,33].

When the problem is linear (F = 0), Eq. (1.1) can be rewritten as an integral equation. Thus, the
theory developed by Priiss in [31] provides a general framework for the existence and uniqueness of
solutions, which is the initial step of the analysis even in the nonlinear case.

Stability results for the solutions of specific PDE models related to the above abstract context, were
obtained by Dafermos [13,14] for smooth convolution kernels g. Following this, several contributions
were added to the literature providing exponential and polynomial decay estimates for the energy of
the solutions of nonlinear wave equations and elasticity systems, possibly with additional frictional
damping. Examples of such results can be found, for instance, in [33,10-12,26-28,5,3,36]. The abstract
evolution equation (1.1) has been recently studied in [1] where g is supposed to be a nonnegative
absolutely continuous function satisfying g(0) > 0 and a suitable differential inequality which—for
exponentially decaying kernels—reduces to a bound of the form g'(t) < —kg(t) for some k > 0.

On the other hand, fewer results are available when g is not assumed to be absolutely continuous
but just integrable, so that the decay properties of g at infinity cannot be expressed by a differential
relation like the one above. Alternatively, one can assume that the primitive

o0

G(t) = / g(s)ds

t

is positive definite, or strongly positive definite. We recall that G is called positive definite if the convo-
lution operator defined by G is a positive operator in the L? topology, and G is strongly positive
definite if G(t) — Se~t is positive definite for some § > 0. Such classes of kernels, introduced in
[19] (see also [29]), have proven extremely useful in the asymptotic analysis of integro-differential
equations. It is also noteworthy that the positive definiteness of G implies a commonly accepted ther-
modynamical restriction on g (see (2.7) below) for the concrete models described by (1.1) (see, e.g.,
[16,17]).

For a one-dimensional nonlinear wave equation, with memory damping associated to the deriva-
tive of a strongly positive kernel, Kawashima [22] obtained global existence and strong stability results
for sufficiently small initial data. Related results for nonlinear problems in higher space dimension can
be found in [18]. Recently, abstract integro-differential equations associated to an integrable kernel g
satisfying

oo

/|g(t)|e°‘0fdt <00 (1.2)
0

for some o > 0, were studied in [9] and [30]. In [9], the energy of solutions is shown to decay ex-
ponentially at oo assuming g to be the derivative of a positive definite kernel and adding a nonlinear
frictional damping term to the equation. In [30], Priiss replaced positive definiteness by the stronger
requirement that g be a nonnegative locally absolutely continuous in (0, c0) with negative deriva-
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tive, deducing exponential and polynomial® stability without additional frictional damping. A typical
example of kernel considered in [30] is the following

tA-1

eVt t>o0, (1.3)
IN(2))

g(t) =ko

where y >0, 8 €(0,1) and 0 < ko < y?. Further stability results for equations with boundary damp-
ing and integrable kernels under sign conditions have been also announced in [2].

In this paper, still under condition (1.2), we will prove the global existence and exponential stabil-
ity of the solution to (1.1) assuming that

o0

Gy (1) ::fg(s)e“osds

t

is strongly positive definite. Compared to [9], in this paper we make it clear that the damping phe-
nomenon is due to the effect of memory with no need of additional frictional terms. In fact, we
compensate for the lack of frictional damping using the strong positive definiteness of G,. Moreover,
such an assumption seems to be quite natural in light of the fading memory principle recalled at the
beginning of this introduction. Indeed, the fact that g is a nonnegative decreasing function just near 0
is a key property in Proposition 5.5 below, where we give sufficient conditions for the strong positive
definiteness of G.

As we show in Section 5 of this paper, in addition to (1.3) our results apply to several other
examples of kernels such as

o g(t)= r(ll/z)e‘att‘l/2 cos(ct), t >0,a>0, ceR,
o 2()=0Y", cos(cat)e ™, t>0, B> 1,
e g(t)=—e Pllogt, t >0, 8 >0.

This fact supports the idea that the damping effect of the convolution term in (1.1) depends on the
positivity of the convolution operator associated with G rather than of g itself. Another difference
between this paper and [30] is the technique we use for our stability analysis. In [30] the asymptotic
behavior of solutions is investigated by frequency domain methods. Our approach, on the contrary,
takes advantage of the coercivity properties of strongly positive definite kernels (see Lemmas 2.8 and
2.9 below) to adapt the so-called multiplier method to Eq. (1.1).

The outline of this paper is the following. In Section 2, we recall basic properties of positive def-
inite kernels as well as the definition of the resolvent for the linear equation associated with (1.1).
Section 3 is devoted to the well-posedness of (1.1) and Section 4 to exponential decay. In Section 5,
we compare our results with those obtained in [1] and [30] and discuss several examples of kernels,
possibly of variable sign. Section 6 contains an application to a nonlinear wave equation with mem-
ory. The paper ends with Appendix A intended to assist the reader with some technical properties for
linear systems.

2. Preliminaries
Let X be a real Hilbert space with scalar product (-,-) and norm || - ||.

For any T € (0, o] and p € [1, oo] we denote by LP(0, T; X) the usual spaces of measurable func-
tions v : (0, T) — X such that one has

' For polynomial stability the exponential in assumption (1.2) is replaced by a power of t.
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T
vib :=/||v(t)||pdt<oo, 1<p<oo,
0

[Vlloo, :=esssup|v(t)| < oo,
0<t<T

XX

respectively. We shall use the shorter notation [v|l, for [[v|pc, 1 < p < oo. We denote by
Ll’;C(O,oo; X) the space of functions belonging to LP(0,T; X) for any T € (0,00). In the case of
X =R, we will use the abbreviations LP(0, T) and Ll’;C(O, oo) to denote the spaces LP(0, T;R) and
Lﬁ)c(O, o0; R), respectively.

ck(o,T1; X), k=0,1,2, stands for the space of continuous functions from [0, T] to X having
continuous derivatives up to the order k in [0, T]. In particular, we write C([0, T]; X) for C°([0, T]; X).

Forany he L} (0,00) and any v € L} (0, o0; X) we define

t
h*v(t)z/h(t—s)v(s)ds, t>0.
0

1

ioc(0, 005 X) we denote by V the Laplace transform of v, that is

Throughout the paper, for v e L

o0
V(2) :=/e‘”v(t)dt, zeC.
0

Given h € L}O (0, 00), recall that h is a positive definite kernel if

WV

t
/(h*y(s),y(s))ds>0, t>0, (2.1)
0

forany y € Lﬁ)c(O, o0; X). Also, h is said to be a strongly positive definite kernel if there exists a constant

8 > 0 such that h(t) — de~" is positive definite, namely
t t
/(h * (), y(s))ds > 8 /(e * Y(s), y(s))ds, >0, (2.2)
0 0

for any y € L2 (0, 00; X), where e(t) =e™".

If h € L*°(0, 00), h is positive definite if and only if

Reﬁ(z) >0 foranyzeC, Rez>0 (2.3)

(see, e.g., [31, p. 38]). For any h € L'(0, c0) the following characterization is well known (see [29,
Theorem 2]): h is a positive definite kernel if and only if Re h(iw) > 0 for any w € R. We note that
this result can be given as follows: h € L' (0, oo) is positive definite if and only if

Re/h\(ia)) >0 foranyw > 0. (2.4)
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From this it follows that h € L1(0, o) is a strongly positive definite kernel if and only if there is a
constant § > 0 such that

Reh(iw) > §/(1 + @?) forany w > 0, (2.5)

where we have used Ree(iw) = 1/(1 + w?).
In order to check that a kernel is strongly positive definite, a handy result can be found in the
literature, see [29, Corollary 2.2]. For the reader’s convenience we recall it in the following.

Theorem 2.1. A twice differentiable function h(t) with h’ # 0 satisfying

=D"h™(@¢)>0 vt>0,n=0,1,2 (2.6)
is a strongly positive definite kernel.

From now on, let g € L' (0, oo) be a function and G(t) := f[°° g(s)ds.
The following results are useful to study exponential decay. The first proposition was stated and
proved in [9].

Proposition 2.2.

(a) If G is a positive definite kernel, then
e.¢]
/ sin(wt)g(t)dt >0 forany w > 0. (2.7)
0

(b) If G € L1(0, c0) and g verifies (2.7), then G is a positive definite kernel.
Now, we will prove an analogous result for strongly positive definite kernels.

Corollary 2.3.

(a) If G is a strongly positive definite kernel, then there exists § > 0 such that

o0

/sin(a)t)g(t) dt > SL forany w > 0. (2.8)
1+ w?

0

(b) If G € L1(0, 00) and there exists § > 0 such that g verifies (2.8), then G is a strongly positive definite.

Proof. (a) Since G(t) = ftoo g(s)ds is strongly positive definite, there exists § > 0 such that

G(t)—se ' = /(g(s) —8e~%)ds
t

is positive definite. Therefore, applying Proposition 2.2(a) to g(t) — se~* and using the identity
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o0
13
sin(wt)e tdt = ———, 2.9
[ sinwnetar= 29)
0

the conclusion follows.

(b) If G € L1(0, 00) and there exists § > 0 such that g verifies (2.8), then G(t) — Set verifies (2.7),
taking into account (2.9). By Proposition 2.2(b) we obtain that G(t) — et is positive definite, so the
statement holds true. O

We now recall a known result (see [7, Lemma 3.4]) that will be used next.

Lemma 24.If g € L1(0, c0) is a function satisfying (2.7), then the perturbed function e =°‘g(t), o > 0, satis-
fies (2.7) as well.

Proposition 2.5. Let g € L1(0, c0) be a function such that t — ftoo g(s)ds is strongly positive definite. Then
t— ]too e %5g(s)ds, o > 0, is strongly positive definite as well.

In addition, if § is the constant in (2.2) corresponding to t — ftoo g(s)ds, then the analogous constant 8,
fort — [ eSg(s)ds is given by

1)

m. (2.10)

8o =

Proof. By Corollary 2.3(a) there exists § > 0 such that g verifies (2.8), and hence, taking into account
that 125 = = [y sin(wt)e~" dt, we have

o0
/sm(a)t) g(t)—8e ")dt >0 foranyw > 0.
0

In view of Lemma 2.4 we get for any o > 0

o0
/sin(wt)e"”(g(t) —38e ")dt >0 foranyw >0,
0

whence, since [ sin(wt)e= @D dt = m it follows

o0
w 1) w
sin(wt)e ™ 'g(t)dt > § > ,
[(w) R P 1P i s o W
0

for any @ > 0. Now, we observe that, for any o > 0, the function t — te~%‘g(t) is in L1(0, 00), so also
the function t — f[°° e 9Sg(s)ds is in L'(0, co). Therefore, we can apply Corollary 2.3(b) to e~ “Ig(t)
to obtain the conclusion. O

Now, we recall some estimates for positive definite kernels, which can be found in the previous
literature.
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Lemma 2.6. (See [34,22].) Let h € C([0, c0)) be a positive definite kernel. Then h(0) > 0 and
t
(ESE0) ||2 < 2h(0) /(h xy(1), y(r))dr, >0, (211)
0

forany y € L1 (0, oo; X).

loc

Remark 2.7. Note that if h is a strongly positive definite kernel and § is the constant in (2.2), then by
Lemma 2.6 we have h(0) — § > 0, that is

h(0) > . (212)

Lemma 2.8. (See [35,22].) Let h be a strongly positive definite kernel satisfying h, " € L (0, 0o). Then
t . t
2 2
/ [hy@)| dr < 3(||h||§ +4[n'[|7) /(h *y(1),y(v))dr, >0, (213)
0 0

forany y € L}OC(O, o0; X), where § is the constant in (2.2).

Lemma 2.9. (See [21,22].) Let h € L} (0, 00) be a strongly positive definite kernel. Then

loc

t

t t
2
[Iy@Par < lyo* + 3< [ey@.y@paz+ [ (h*y«r),y/(r))az), (214)
0 0

0

foranyt>0andy e L2 (0,00; X) with y’ € L}, (0, 0o; X), where § is the constant in (2.2).
Classical results for integral equations (see, e.g., [20, Theorem 2.3.5]) ensure that, for any kernel
hell (0,00) and any v € L}OC(O, o0; X), the problem

loc

y@O©) —hxyt)=v(t), t=0, (2.15)

1

1oc(0, 005 X). In particular, there is a unique solution r € Ll (0, 0) of

admits a unique solution y € L loc
r(t) —h=xr{t)=h(t), t>=0. (2.16)

Such a solution is called the resolvent kernel of h. Furthermore, the solution y of (2.15) is given by the
variation of constants formula

yO) =v(t) +rxv(t), t=0, (217)

where r is the resolvent kernel of h.
Now, we recall the classical Paley-Wiener Theorem (see, e.g., [20, Theorem 2.4.5]), which gives a
necessary and sufficient condition for the resolvent of a kernel h € L1(0, co) to belong to L1(0, c0).

Theorem 2.10. Let h € L' (0, 00). Then, the resolvent kernel of h belongs to L' (0, oo) if and only ifﬁ(z) #1
forallze CwithRez > 0.
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Proposition 2.11. Let g € L'(0, o0) be such that [;° g(s)ds < 1 and suppose that G(t) = [ g(s)ds is a
strongly positive definite kernel. Then g(z) # 1, for all z € C with Rez > 0.

Proof. Since G(t) = [, g(s)ds — fotg(s) ds, we have that

GC(z) = 1/g(s)ds _ 83 (2.18)
zZ zZ
0
Now, for Rez > 0,
1/g(s)ds _s@ #* l(/g(s)cls— 1)
z z z
0 0

because the real part of the left-hand side is nonnegative on account of (2.3), whereas the real part
of the right-hand side is negative. Therefore, g(z) # 1 for Rez > 0.

Moreover, since G is strongly positive definite, by Corollary 2.3(a) there exists § > 0 such that for
any w >0

o
w
in(wt)g(t)dt > 8§ ——,
/sm(w )8(t) T2
0

whence for any w # 0 we have Img(iw) # 0. So, taking into account that [;°g(s)ds < 1, we get
Z(2)#1 also for Rez=0. O

The following corollary of Proposition 2.11 and Theorem 2.10 provides uniform estimates for solu-
tions of integral equations.

Corollary 2.12. Let g € L'(0, 00) be such that [;° g(s)ds < 1 and suppose that G(t) = [ g(s)ds is a
strongly positive definite kernel. Then,

(a) the resolvent kernel r of g belongs to L1(0, 00);
(b) forany v € LP(0, o00; X), 1 < p < o0, the solution y of equation

yi)—gxy)=v(), t=0,

belongs to LP (0, co; X) and

Iyllp < (T +lrl)Ivilp. (2.19)
For the reader’s convenience, we recall the notion of resolvent for the equation

t
u”(t) + Au(t) — / g(t —s)Au(s)ds =0, (2.20)
0

where A is a self-adjoint linear operator on X with dense domain D(A) and g € L}OC(O, o) (see [9,8]
for smooth kernels).
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Definition 2.13. A family {S(t)}¢>o of bounded linear operators in X is called a resolvent for Eq. (2.20)
if the following conditions are satisfied:

(S1) S(0) =1 and S(t) is strongly continuous on [0, co), that is, for all x € X, S(-)x is continuous;
(S2) S(t) commutes with A, which means that S(t)D(A) Cc D(A) and

AS(t)x=S(t)Ax, xeD(A),t>0
(S83) for any x € D(A), S(-)x is twice continuously differentiable in X on [0, c0) and S’(0)x =0
(S4) for any x € D(A) and any t > 0,
t
S"(t)x+ AS(tH)x — / gt —1)AS(T)xdt =0
0
Finally, we give a lemma establishing a sort of integration by parts, which will be useful in Sec-

tion 5.

Lemma 2.14. Let f € Wloc (0,00) N L1(0, 00) and h € C1([0, 00)) with h(0) = 0 be such that f’(t)h(t) >0
fora.e.t >0, fhand fh’ belong to L(0, 00). Then

/f’(t)h(t)dt:—/f(t)h’(t)dt, (2.21)
0 0

in the sense of generalized integrals.

Proof. First, we observe that there exists a sequence {a,} of positive numbers such that limp_ o a, =0
and limy_ o ay f (@) = 0, because otherwise |f(t)| > co/t near 0, for some co > 0, which con-
tradicts f € L1(0, o0). Since h € C1([0,00)) and h(0) = 0, it follows that lim,—_ o f(an)h(as) = O.
In addition, since fh € L1(0, c0), there exists a sequence {b,} such that lim,_.obn, = oo and
limy— o f(bn)h(by) =0.

Integrating by parts, we get for any ne N

/ FOh©de = [FORO]" / O @dt. (222)

Now, for any 0 <a < b we have a, <a <b < b, for n € N sufficiently large, so

b bn
/ f/(®Oh)dt < f f(®Oh)dt,

whence, taking into account (2.22) and passing to the limit as n — oo, a — 07 and b — oo, we obtain

/f’(t)h(t)dtg—/f(t)h’(t)dt. (2.23)
0 0
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On the other hand, again by (2.22) we see that

bn bn o
[f (t)h(t)]ﬂg - / fON @) dt = / flOht)dt < / fl©Oh@®) dt,
an an 0
and hence
- f fOR®dt < / I GLIGY
0 0

Finally, (2.21) follows from (2.23) and (2.24). O

(2.24)

Remark 2.15. We observe that, if f € L1(0, T)n W1 1(g, T), for every ¢ > 0, and h € C1([0, T]) is such

that h(0) =0 and f'(t)h(t) >0 for a.e. t € (0, T), then, in the sense of generalized integrals,

T T
/ f'(Oh(t)dt = f(T)h(T) — / fON @) dt.
0 0

The proof is similar to that of Lemma 2.14.
3. Existence and uniqueness
3.1. Local existence of mild and strong solutions

Let us consider the semilinear equation

t

u”(t) + Au(t) — / gt —s)Au(s)ds=VF(u®))+ f(t), t=0.

0

Throughout this section we will assume that the following conditions are satisfied:

Assumptions (H1).

1. A is a self-adjoint linear operator on X with dense domain D(A) such that

(Ax,x) = M||x|*> Vxe D(A)

for some M > 0.
2. g€ L1(0, o) such that

oo

/g(t)dt<1,

0

o
t— /g(s) ds is positive definite.
t

(2.25)

(3.1)

(3.2)

(3.3)

(34)
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3. F:D(AY2) - R is a functional such that
(a) F is Gateaux differentiable at any point x € D(A1/?);
(b) for any x € D(A'/2) there exists a constant c(x) > 0 such that

IDF(x)(y)| < c@®)llyll, foranyy e D(A'?), (3.5)

where DF(x) denotes the Gateaux derivative of F in x; consequently, DF(x) can be extended
to the whole space X (and we will denote by VF(x) the unique vector representing DF(x) in
the Riesz isomorphism, that is, (VF(x), y) = DF(x)(y), for any y € X);

(c) for any R > 0 there exists a constant Cg > 0 such that

[VE@x) — VE(y)| < Cr|AY2x — A2y (3.6)
for all x, y € D(A'/?) satisfying |A1/2x|, |AV2y|| <R.
Let 0 < T < oo be given and f € L0, T; X). To begin with, we recall some notions of solution.

Definition 3.1. We say that u is a strong solution of (3.1) on [0, T] if

ueC*([0, T]; X) N C([0, T1; D(A))

and u satisfies (3.1) for every t € [0, T].
Let ug, u1 € X. A function u € C1([0, T]; X) N C([0, T1; D(A'/2)) is a mild solution of (3.1) on [0, T]
with initial conditions

u(0) = ug, u'(0)=uq, (3.7)

t t

u(t):S(t)u0+/S(r)u1dr+/1*S(t—r)(VF(u(r))+f(r))dr, (3.8)

0 0

where {S(t)} is the resolvent for (2.20) (see Definition 2.13).

Notice that the convolution term in (3.8) is well defined, thanks to (3.6). A strong solution is also
a mild one.

Another useful notion of generalized solution of (3.1) is the so-called weak solution, that is a func-
tion u € C1([0, T]; X) N C([0, T1; D(A'/2)) such that, for any v € D(A/2), (u/(t), v) € C1([0, T]) and
for any t € [0, T] one has

t

%(u’(t), v)+ (A 2u(t), AV?v) - </g(t —5)A2u(s) ds, A1/2v>
0

=(VF(u®), v)+(f(©),v). (3.9)

Adapting a classical argument due to Ball [4], one can show that any mild solution of (3.1) is also a
weak solution, and the two notions of solution are equivalent when F =0 (see also [31]).

The next proposition ensures the local existence and uniqueness of mild solutions. The proof relies
on suitable regularity estimates for the resolvent {S(t)} (see, e.g., [9, Section 3]) and a standard fixed
point argument (see [6] for an analogous proof).
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Proposition 3.2. Let ug € D(A'/?), u; € X and f € L'(0, T; X). Then, a positive number To = T4 < T exists
so that Eq. (3.1) with initial conditions u(0) = ug and u’(0) = uy admits a unique mild solution on [0, To].

In addition, for any ug, vo € D(AY?), uy, vy € X and fY € L'(0, T; X), f¥ € L'(0, T; X), there exists a
constant Ct > 0 (depending on T) such that, called u and v the mild solutions with data ug, uy, f* and vy,
vq, fY respectively, we have

A 2u() — AV2v@) | + |u'@®) — v ©|

<Cr([A2uo — AV2vo | + llur —vall + | £ = ']y 1), (3.10)
foranyt € [0, T§ AT

Assuming more regular data and using standard argumentations, one can show that the mild so-
lution is a strong one.

Proposition 3.3. Let ug € D(A), u; € D(AY2) and f € W1-1(0, T; X). Then, the mild solution of the Cauchy
problem (3.1)-(3.7) in [0, To], To € (0, T}, is a strong solution.
In addition, u belongs to C1([0, To]; D(A/2)).

3.2. Global existence of mild and strong solutions

In this section we will investigate the existence in the large of the solution to the Cauchy problem

t

u”(t) + Au(t) — / gt —s)Au(s)ds = VF(u(t)) + (),

(311)
0
u0) =ug, u'(0)=uy.
We define the energy of a mild solution u of (3.11) on a given interval [0, T], as
o0
Ty, 2 1 12 2
Eu(t) =5 Ju'@®|"+ S\ 1— ] g@ds |AY2ue)|” = F(u)). (3.12)
0
Throughout this section let Assumptions (H1) be satisfied and we set
o0
G(t) = / g(s)ds, t=0.
t
First, we will show two preliminary results, which will be used later.
Lemma 3.4. For any v € C'([0, T]; X), T > 0, the following holds true for any t € [0, T]
t t o)
2 2
/(g *V(s), V/(s))ds = — /(G *V'(5), V/(5))ds + ?(Hv(t) I+ [v©)])
0 0
t
—Gt)(v(0), v(t)) — f g(9)(v(0), v(s))ds, (3.13)

0
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(vt),v() — g v(D) = (1= GO)|v(t) Hz +GO(v(0), vD)) + (v(D), Gx V(1)  (3.14)

In addition, if G € L?(0, oo), then we have for any t € [0, T]

t
/Hv(s) g*v(s)” ds <2(1-G(0) fv(s),v(s)—g*v(s))ds
0

t
+2||G||§\|v(0)H2+2/Hc*v/(s)uzds. (3.15)

Proof. As g = —G’, the convolution term g * v(t) can be estimated integrating by parts as follows:

t

g*v(t):—/G/(t—r)v(r)dr
0
¢

=GO)v() - G@)v(0) — / Gt —r)v'(rdr. (3.16)

0

Therefore, we have

t
/(g * V(s), V/'(s))ds
0

t

t
(Ivo )’ = [vo]? <V(O),/G(s)v’(s)ds>—/<c*v’(s),v’(s))ds
0

0

_G (0)

Another integration by parts yields

t t

fG(s)v’(s)ds:G(t)v(t)—G(O)v(0)+/g(s)v(s)d5,

0 0

so, putting the above identity into the previous one, we have (3.13).
By (3.16) we get

v(t) — gxv(t) = (1—G(0)v(t) + GOHV(0) + G = v'(1), (317)
whence, multiplying by v(t), (3.14) follows.

Now, we multiply both sides of (3.17) by v(t) — g * v(t) and evaluate the second and the third
terms on the right-hand side by applying the elementary inequality |ab| < a?/4 + b?. This yields

vy — g v
<2(1=GO)(v), v(t) — g v(D) + 2O [vO)* +2[ G+ v'®) .

Integrating the above estimate over [0, t] gives (3.15). O
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Lemma 3.5.

(i) If ug € D(A), uq € D(AY?) and f € W1-1(0, T; X), then the strong solution u of problem (3.11) on
[0, To), To < T, satisfies the identity

t
Eu(t) + /(G * AV2u/(s), AV2u/(5)) ds
0
= Ey4(0) + G(0)| AV ?ug H2 —(AY2ug, GO A ?u(b))
t

t
—/g(s)(A”zuo,A”Zu(s))ds+/(f(s),u’(s))ds, (3.18)
0

0

foranyt € [0, To].
(i) Ifug € D(AY?),u; € Xand f € L1(0, T; X), then the mild solution u of problem (3.11) on [0, Tg] verifies

Eu(t) < Eu(0) + G(0) | AY2uo|* — (A ?uo. G®)A2u(t))
t

t
—/g(s)(Al/zuo,Al/zu(s)>ds+/(f(s),u’(s))ds, (3.19)
0 0

foranyt € [0, To].

Proof. (i) Let us suppose, first, that ug € D(A), u; € D(AY/?) and f € W1-1(0, T; X); in particular, the
strong solution u belongs to C'([0, Tol; D(A'/2)), see Proposition 3.3.
If we multiply the equation in (3.11) by u/(t), then we obtain

1d
2dt
=(VF(u(®).u'®)+(f©),u'@®).

d
o 12+ == [A72u® |® - (g% AV Pu(r), A2/ ()

N =

Integrating from O to ¢t yields

t
[u' ) H2 + %HA]/Zu(t) HZ — /(g x AV%u(T), AV (7)) dT — F(u(b)
0

1
2
t

1 1
=5l I* + §||A1/2u0||2 — F(uo) + f(f(t), u'(D))dr.
0

To estimate the integral on the left-hand side of the above estimate, we use (3.13) with v = A'/2u, so
we have

t
%Hu’(t)”z + @ |AV2um)|? + /(G « AV (1), AV2U/ (1)) dT — F(u(®))
0
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1+ G(0)

o | AY2uo|* ~ Fuo)

1
=S lul® +
t t
—(Al/zuo,c(t)A1/2u(t))—/g(r)(Al/Zuo,AWu(r))dr+f(f(z),u/(r))dr,
0 0

whence (3.18) follows.
(ii) Since G is a positive definite kernel, we have

t
/(G x AV2u'(s), A2/ (5))ds > 0;
0

so, an approximation argument based on (3.10) suffices to prove (3.19) for mild solutions. O

Assuming an extra condition on functional F, global existence will follow with sufficiently small
data.

Theorem 3.6. Suppose that there exists an upper semicontinuous function v : [0,00) — [0, c0) with
¥ (0) = 0 such that

[Feo| <w(|A2x])|A2x|? vxeD(A?). (3.20)
Then a number pg > 0 exists such that for any (ug, u1) € D(AV2) x X and any f € L1(0, oo; X), satisfying

|AYug || + llutll + 11 f 1l < po,

problem (3.11) admits a unique mild solution u on [0, 00).
Moreover, E, (t) is positive and for € € (0, @) we have

1
Ey(t) > 5”“'(0 I? + & A" um|?, (321)
1-G(@
y(|A2u@]) < % —e, (322)
Eu®) < C(lurll + | AY2uo|| + 1 flI1), (3.23)
o]+ |A2u®|)? < c(lurll + | A 2uo| + 1 £11) (3.24)

forany t > 0, where C(R) is a positive, increasing, upper semicontinuous function such that C(0) = 0.
Furthermore, if ug € D(A), u; € D(AY/2) and f € W10, 0o; X) N L1(0, oo; X), then u is a strong solu-

loc

tion of the equation in (3.11) on [0, 00), u € C1([0, 00); D(AY/?)) and forany t >0

t
Eu(t) + /(c * A2/ (s), AV2u/ (s))ds < C(Jlur ]l + A uo| + 1 £1I7)- (3.25)
0
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Proof. Let [0, T) be the maximal domain of the mild solution u of (3.11). To prove T = oo, we will
show that the energy of u is nonnegatlve and bounded from above by a constant independent of T.
First, we claim that for & € (0, 1 G 126 "if the initial data are suitably small, then

wWAV%aW)gligﬁg—g Vte[0,T). (3.26)

To prove this, we observe that there exists p > 0 such that

1—G(0) _
WUUS—jr——s,VO<p<p. (3.27)
We assume that
| AV 2uo|| < 52, (3:28)

so the set A of all se[0,T) such that |A2u(t)|| < p for any t € [0,s] is not empty. Let T be
the supremum of A. We will show that T = T. Reasoning by contradiction, we suppose T < T. By
continuity,

|AV2u®] <p Vveelo,z,
whence, by (3.27), we have

wwA”%QW)gl:gﬁy—s vt e [0, 7. (3.29)

Assumption (3.20) and estimate (3.29) yield for any t € [0, 7]

1 1-G(O
B2 5 [0 @]+ = 2 [A 20 |y (|2 ]) |4 2uo) |

1

5||u(t)|| +e|AVum)|?. (3.30)

Now, we observe that by (3.19), (3.20) and (3.28) we get

B < gl + [ A0 + gl (gl + 1) 4" 2u0]* + 2171
+5lau0]+ / g)|[4u(@)] do + / [F@ ] @) do
< <2+ 2]—8||g||1(||g||1 - 1))(||u1||2 + | Ao+ 11 £1lv)
+ﬂM”%a) ‘/g@ﬂwm0M®”d0+ /LﬂwwuwW¢m (3.31)

Putting together (3.31) and (3.30), we get
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1
|w®|? +¢e|a"?um | < <4+ (T 1))(\!u1 12+ A 2uo|* + 1 £11h)

t
+/(|g(or)| +f@) (o' @] + ]| A Pu@)|?)do.  (332)
0

Applying Gronwall Lemma, we have for any t € [0, 7]

v @) +e| A" 2um|?

1
<elléh <4+ Engnl(ngnl + 1))e”f“1 (lurl® + | AV 2uo|* + 1 F11). (3.33)

Therefore, set

ellglh 1
Ci=— <4+ Ellglll(llglh + 1))

if we take § > 0 such that se? < %, then for || f|l1 <& and [lu1 | + ||AY2ug|? < 9‘5% — & we have
2 P2
eI (g |17+ AT 2uo | + 11 £lln) < 2=
4C
so, by (3.33) we get

[A2u(m)| < = <p.

N[

This contradicts the maximality of t. So, T =T.
To sum up, there exists pg > 0 such that for any (ug,u;) € D(A'/?) x X and any f € L1(0, co; X)

with [[AY2ug]l + lur [l + I f 11 < po, we have

|AY2u@)| <p Vtel0,T),

SO

—& Vtelo,T).

oI o)) < =50

Thus, for any t € [0, T)

1
Eu(®) > 5 u'®) I? + & A" 2um)]?,

and
Ju'@)|? + e AV2u@)®

1
< ellgh+Il <4 + <l (gl + ])>(||u1 12+ | A 2u|* + 11 £1h).-
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Moreover, putting the above estimate into (3.31) we obtain

Eu©) < C(lurll + |AY?uo|| + 1 fll1) Vee[o,T),
where C(R) is a positive, increasing, upper semicontinuous function such that C(0) =0 and indepen-
dent of T. Therefore, u is global and estimates (3.21)-(3.23) hold true. Finally, (3.24) follows from
(3.21) and (3.23), while (3.25) holds for strong solutions in view of (3.18). O

Corollary 3.7. Under the assumptions of Theorem 3.6, for any R > 0 there exists pr > 0 such that for any
(ug, u1) € D(AY2) x X and any f € L1(0, co; X), satisfying

[AY2ug | + llurll + 11 fll1 < prs

the mild solution u of problem (3.11) verifies

v(|AY?u@®|) <R ve=o.
Proof. The statement follows from the upper semicontinuity of ¥ and (3.24). O
4. Exponential decay of the energy

This section is devoted to the study of the asymptotic behavior of the solution to the Cauchy
problem

t

u”(t) + Au(t) — / gt —s)Au(s)ds = VF(u(t)) + f (),
0

u(0)=ug, u'(0)=uj.

(4.1)

For any measurable function h: (0, 00) — X and o € R let us set

he (t) :=e%h(t), t>0.

We will provide conditions to ensure that the energy of the solution decays exponentially at co. Such
conditions are obtained by strengthening Assumptions (H1) as follows.

Assumptions (H2).
1. There exists ag > 0 such that gy, € L1(0, 00) and t — ftoo 8y (8)ds is a strongly positive definite
kernel.

2. F(0) =0 and there exists an upper semicontinuous function ¥ : [0, co) — [0, co) with ¥(0) =0
such that

(VECo. y)[ < w([A2x]) [A72x ]yl (4.2)
for any x € D(AV?) and y € X.

Notice that (H2)-1 is satisfied (with oo = 0) if G is a strongly positive definite kernel. For our next
result, however, we need that (H2)-1 holds true with o > 0.
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Theorem 4.1. Assume (H1) and (H2) with ag > 0. Then, there exist positive numbers p; < pg? and C such
that, for any (ug, u1) € D(AY/?) x X and any f,, € L'(0, o0; X), no > 0, satisfying

| A 2uo]| + Nutll + 1l fro 1 < o1,

the energy E, (t) of the mild solution u of (4.1) decays as

Eu(t) < C(|AY2uo | + lluall + Il frol1)e 2 v >0, @3
and
o
[ e Eurde < (| uo] + 1t + 1) ey
0

forany a € [0, *], where a™* € (0, ap A 1jp] and C(R) is a positive, increasing, upper semicontinuous function
such that C(0) = 0.
Moreover, one can take p1 = oo if F =0.

Remark 4.2.

1. In the proof of Theorem 4.1 we give an estimate of the decay rate a*. Precisely, it can be taken
as in the following formula

. dao |a-1/2 ”2 4 (1+0p)? | Baf|A~1/22\ 7! RN o
401 +ap)? Saq 1-G(0) 2 ’
with
a(ZI(Sglo (040}

o1 = N —,
8(1+ 031+ a0)*gas ] 2
see (4.15) and (4.25) below.

2. As we shall see in Section 5, the above set-up can be used to treat kernels with variable sign. For
instance, our assumptions for convolution kernels, namely (H1)-2 and (H2)-1, hold true for

1
8ab,c(t) := me_mt_b cos(ct)

when a, b, ¢ satisfy suitable constraints.
3. For any « € [0, o], 8¢ € L1(0, 00) and

%m:/&mﬁ
t

is a strongly positive definite kernel with

2 pp is given by Theorem 3.6.
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Sy Oay,
S i= 0 > 0 s 4.5
T A4 —a)2 T (1+ap)? (4.5)

as one can see noting that Gy (t) = ft e~ (@0—)s 8ao(s)ds and applying Proposition 2.5 to gg,.
Moreover, thanks to (2.12) and (4.5), we have

Sag

Gy(0) =26 > ———.
@0 28> 0

(4.6)

4. Thanks to gq, € L1(0, 00), the dominated convergence theorem and G(0) < 1, we have for any
ae[0,a]

1—-G(0) -

1-6a(0) 2 —

0, (4.7)

for some o’ € (0, ap]. For simplicity, in the following we assume o’ = g, so (4.7) is satisfied for
any « € [0, op].
5. For any o € (0, o9 — 9], 0 < &g < 0, G € L1(0, 00) and

1
Gallt < —1I8agll1, (4.8)
&0
because it suffices to note that
o0 o0
/|Ga(t)\dt</se“5|g(s)|ds
0 0
o0 1 o0
:/se_("‘o_“)se"‘05|g(s)|dsg 8—/e"‘°5|g(s)|ds. (4.9)
0
0 0

6. Observe that for any o € (0, cg — &9, 0 < €9 < ctg, G € L2(0, o0) and also by (4.8) we have

1
IGall3 < IGalllIgalln < %ngaon%. (4.10)

7. We note that VF(0) =0, as follows from (4.2).
8. Observe that assumption (H2)-2 ensures that hypothesis (3.20) is satisfied. Indeed, since F(0) =0
for any x € D(A'/?) we have

1
|F(x)y</|(w(tx),x)\dt
0

1

1 2
<[ A2 / t|AV2x|)edt < —— Al/2 Al2|?,
A L MU v

also in view of (3.2).
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Proof of Theorem 4.1. Due to some tricky technical features of the proof, we prefer to treat, at first,
the linear case F =0.

Let us suppose that ug € D(A), u; € D(AY?) and f e C1([0, c0); X), so that the mild solution u is
a strong one. It is easy to see that, for any « > 0, the function ug (t) = e*‘u(t) solves the problem

{uii(t) = 204, (6) + 0 U (1) + Atlg (1) — g * Alle () = fa (1), (411)

Uug(0) =ug; Uy (0) =ug+ouy.

As in the nonintegral case, the more difficult term to estimate is the kinetic energy. Indeed, to evaluate
fé ||ug,(s)||2ds, we apply inequality (2.14) with h = G, and y = uj,, obtaining for any t > 0

t

t t
/||u,;(s)“2ds< |ul, @ + 83(/(00, *u;(s),u;(s))ds+/<ca *ug(s),ug(s))ds) (412)
0 0 0

Therefore, to proceed with the proof, we need to give suitable estimates for the integrals on the
right-hand side. That is our goal in the following lemmas.

From now on, we denote by the symbol Cj, i € N, positive constants depending only on data and
1AM 2ugll, Nl Il faollr-

Lemma 1. For any « € [0, ag] and t > 0 we have

t t
/(ca x4l (5), 1, (5)) ds < Cy +Ha,1(t)+2a||A*1/2|}2/ |ulys)| s, (413)
0 0

where C1 > 0 and

t

Hea(t) := —Ga(t)<uO,ua(t))—fga(S)(uo,ua(s»ds
0

t
+ /(fa(s), Al (s))ds. (4.14)
0

Proof. If we multiply the equation in (4.11) by A~'u/,(t) and integrate from 0 to t, then we obtain

t
1 2 1
3 |A=12u, @) | + "‘7 A~ 2ug ) |* + 5l = / (ga * ta (5), 1)y (5))ds
0

o

1 2 ]
=147 P O + 147 o] + Fluol?
! t
+/<f“(s)’/*_1”&(s>>d5+2"‘f | A= 2ul, (5)|? ds.
0 0

Therefore, applying (3.13) with v = u, to the integral on the left-hand side, one gets (4.13)-(4.14). O



4310 P. Cannarsa, D. Sforza / J. Differential Equations 250 (2011) 4289-4335
Lemma 2. For any o € [0, o1 — €9], 0 < &9 < a1, with

202
. a08a0 (07))
(03] :8 1 P 1 1 2/\7, (415)
(1 +ag) (14 0)*|[8ay 17

and t > 0 the following two estimates hold true

t
/(Ga *Ug (), Ug (9))ds < ?(Cz + Ha 2(0))
0
0

t

a1 (14 ap)? 8a? 12y ) 5

+a5( . "1t )/”“a(s)ﬂ ds, (4.16)
0

1-Gu(0), , 1 1— Gy (0
P © ”utx(t) ”2 + EHAl/z(utx — 8a *Uoz)(t)Hz +a2f() Hua(t) ||2
t
(1 + otp)? 8ar? 2 L2
< C2+ He 2 (1) +a< Saoo +1o 01(0) [A~12 ) f [ug ()| ds, (417)
0
where C > 0 and
H o— az H G I 0 ’
a2(t) = 1-Go(0) . 1(8) = Go (O){uy (0), ug, (1))
t t
— / 8o (5)(uf (0), up, (5))ds — / 8 (A ug, A% (ug — 8o * Ua)(5))ds
0 0
t
+ / (fa(5), up (S) — o * Ul (5))ds. (418)
0
Proof. First, we multiply the equation in (4.11) by
/ / d
Ug (8) — 8o ¥ UG (E) = E(Ua — 8o *¥ Ug) () + ga (DU (419)

and, since u € C1([0, c0); D(A1/2)) (see Theorem 3.6), we obtain

(ug (), ug (£) — g * ug (1)) — 20t{ug (1), Uy, () — g * Uy (1))
1d
2dt
+ 8a (O(A g, AV (ug — 8o * ) (1)) = (far (), U (£) — Gar # U (1))

+ (g (), uly (1) — g * Uy () + = = | AV (g — 8o % ue) (O]

Integrating from O to t yields
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t

1 1
O = [ 00 22, 9)ds + 514" 00— o) 0]
0

t

1 1
=5 |u, @] + §|\A1/2u0H2 — /ga(s)<A1/2uo, AV (ug — go * uy)(5))ds
0

+
O\H

t
(fa (), ug (s) — ga x Uy (s))ds + 2a /(u(’x(s), Uy (S) — 8o * Uy (s))ds
0

¢
— ozZ/ (Ua (5), ug (s) — 8o * g (5))ds
0

To estimate the integral on the left-hand side, we use (3.13) with v =u,,, so we have

t
GO[ 0 " ” 1
2 a0 +f<ca>l<ua<s),um<s)>cls+EHA”Z(ua—gc,*ua)(t)H2

0
14+ Gy (0 / ’
= 2O, @ + 5140~ Gatt)t 0, 1 0)
t t
- / 2o ()t (0). () ds — / 2a(S)(A 10, AV (g — g % 11 (5))ds
0 0

t t
+ / (fa(s),ug(s) — ga * Uy (s))ds + 2a /(u& (), U, (5) — 8a * Uy (5))ds
0 0

t
—a? /(ua(s), Uy (S) — 8 * g (5))ds. (4.20)
0

We must evaluate the last two terms on the right-hand side. By means of (3.15) with v =u}, we
obtain

t
2 /(u& (S), U (5) — o * Uy (5))ds
0

t

t
i/Hu&(s)||2ds+/Hu&(s)—ga*u&(s)nzds
0 0

t

t
[Hu (s)|| ds +2(1 — Ga(0) /u (5), Uy (s) — 8o * Uy (s))ds
0

0
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t
2 2 7 2
+2[IGa 15| ul 0] + 2/ |Ga x ug(s)|” ds,
0

whence, thanks also to (2.13),

t
2Gq(0) /(u{x(S), U (5) — 8o * Uy (5))ds
0
t t
<2||Ga||§||ug,(0)||2+2/||Ga*u;;(s)||2ds+f||u;,(s)||2ds
0 0

t t
2
< 20Galu, O + = (16a 1R + 418 ) [ (Ga (o) ) ds + [ Jugo)|ds. (421)
o
0 0

Next, if we use (4.19), then we get

t
/(ua (5), Uy (5) — o * U (5))ds
0

t

= (Ug, Uy — Zo * Ua) g + / 8a(s)(uo, Ug(s))ds
0

t
- /(U&(S), Ua(S) — 8a * uoz(s)>d5
0

t

1
= (Uq, Ug — o * Ua)] +/ga(5)(uo, uq(s))ds + Elluoll2
0
t

1
-3 uq () ”2 + /(ufx(s), 8a * Uq (5))ds.
0

If now we evaluate the last term on the right-hand side by means of (3.13) with v =u,, we have

t
/(ua(S), U, (5) — 8o * Uy (5))ds
0

1+ Gg (0
= (Ug, Uy — 8a * ua)|6 + %()HUOHZ - Ga(t)(uo, uoc(t))
t
- ﬂ |ua®]? - [ (Ga * 1y (5), 1l (5)) ds. (4.22)

0
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Now, thanks to (3.14), we obtain

(uoz (6), ug(t) — 8o * Ug (0) —Gg (t)<u0: Uy (t)>

= (1= Ga(0)|ua® | + (e (©), Ga * u, ©®)),
0 (4.22) can be written in the form

t
G (0)

1
/(ua(s), Uy (s) — Go * Uy (s))ds = flluoll2 +
0

Gy (0
100 e o]

t
+ (g (t), Go * uy () — /(Ga * Uy (S), Ug (5))ds
0

Put (4.21) and (4.23) into (4.20), to get

t
GO( 0 " " 1
—( ) [[ug, (©) H + /(Ga Uy (s), Uy (s))ds + 5”"\1/2(%{ — 8u * Ug) (D) Hz

0
Ga(0
+ a2 =2 Oy, o]
M 12, 21Gal3, 2
< Ju @+ 5 ||A uo|* +e o (0) luc @
t
1— Ga(0 , , , ,
aZT() lugl2 = Ge (Dt (0), uly (0)) — / 2a (), (0), 11, (5)) ds
0
t t
—/ga(S)(A”zuo,A”z(ua _ga*ua)(5)>d5+/(fa(3) (up, — 8o * ug)(s))ds
0 0
t
+2awﬂc * Uy (5), Uy (5)) ds+—/||u (5] ds
G (0)8s o T e G (0) ) "¢
0

t
— o (g (£), Go * U (D)) + o /(Ga * U}, (), Up (5)) ds
0

Thanks to (4.8), (4.6), and (4.5), for o < og/2 we have

”Ga“%_i_zlnga“% < 4(1+a§)(1+a0)4 ”g ” <
Ca@b a2 RS

OO(O

’

and by (2.11)

4313

(4.23)

(4.24)
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_<uot (t), Ga * Uy, (t))

G (0)

2G4 (0
< 2Oy o 4 220

.0 (G # g, (5), uy (s))ds
0

so, in view also of (4.13), from (4.24) we get

t
GO! 0 " "
7( a0 + /(Ga*u (5), ul(s))ds + ||A”2<ua ga #ua) (O]
0
Gy (0
222D Juy o)
<C+LH t) — Go (O (ul, (0), ul, (t
X L2 l—Ga(O) Dl,]() Ot()(uo[( )7uo[( ))
t t
- / 8a(5){ufy (0), 1l () ds — / 8 (A ug, A% (ug — go * uq)(s))ds
0 0

t

t
/(fa(s) (uhy — 8o * Uy )(s))ds—i—%/(Ga*ug(s),ug(s))ds
0

0
4002

t
—1/2 2 ’ 2
e 1) [l e
0

for some C, > 0. Finally, the term o% fOt(Ga * Uy (S), Uy (s)) ds can be absorbed by the similar term on
the left-hand side, to deduce (4.16) and (4.17) for « < a1 —&o. O

1
+0‘<GQ(O>

Lemma 3. Set

o =

Sa (H SN (1 + ap)? 8<>t%||A”2||2)‘1 o
2

B oane, (425
41+ ag)? 8 1-G(0) N Ao (4:25)

0

then for any o € [0, ap — &), 0 < €9 < arp, and t > 0 we have

1—Gy(0 1—Gq(0
—()H ul, @) + HAW(ua — g xU) O +a2f()”ua(t) |><cs, (426
t
/ |uly ()| *dr < Ca, (4.27)
0

where C3, C4 > 0.

Proof. First, we estimate the term fot ||ufx(r)|\2dt by applying inequality (4.12). Indeed, in view of
(4.5), (4.13) and (4.16), we obtain, for « < /2 and t > 0,
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t

2(1 2
/Hu;(z)uzdrg Hu&(O)Hz—i—%(Q +202)
0 %

t
2
+2(1;_—a0)(Hal(t)+2Ha2(t) i/! (r)\ dr,
(67)) o
0

whence for o < oy — g9 the inequality

fHua(r)H dr < —” Lo +2a2§%")(c +2Cy)
(o%s)

2002 (1 + ag)?

Socco (Ho,1(t) +2He 2(0)) (4.28)

holds true. Moreover, if we put (4.28) into (4.17), we have, taking into account (4.14) and (4.18),

1-— ca (0) a(O)

Jus @ + = ||A”2<ua ga # o) O)* +a? Jua®)]?

t

<e(Jup @[ +eua®]’) +Ce +C/(||fno(s)}| +|2a0®)) [ 5)|*ds
0

t
+C/ a9 [| AV (e — ga % u) ) ds+C/|ga0(s)|||ua(s)|| ds
0 0

/ 1520 | 19) = g 9 s
0

for any € > 0 and some C,, C > 0. By using Gronwall Lemma we get

Gy (0
12O o+ 2420 - g w0

Gy (0
+a 7()” a(t)” <C+C/||f,70(s)||||u (S) — 8 * Uy (5)|| ds,

for some C > 0. Since for any T > 0

lug — o % ug Hoo,T < (14 l1gao 1) gy Hoo,T’
we have

Ga 0) Ga (0)

Jus ] + = HA”(ua ga * Ua) ()| +a? Jua )|

<8HuaHoo,r+Cs7
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for any t € [0, T], so we are able to control the term ||“Zx||<2>o,r by some positive constant independent
of T, and hence (4.26) follows.

Finally, functions Hg 1(f) and Hgy 2(t) in (4.28) can be bounded thanks to (4.26), so one obtains
(427). O

Lemma 4. For any o € [0, otz — &), 0 < €9 < a2, and t > 0 we have

t
/ 1A (ug — g *ua)(s)szs < Cs, (4.29)
0

where C5 > 0.

Proof. We will follow the same method as in the proofs of Lemmas 1 and 2, now by using uy (t) —
gy * Uy (t) as a multiplier. If we take the scalar product of both sides of the equation in (4.11) with
Uy (t) — 8 * Uy (t) and integrate from O to t, we obtain

t
/ A (g — go  ua)(s)|* ds
0
; t
= f(fa(S), Ug (S) — Zor * Ug (5))ds — (g, Uy — 8o * ua)‘o
0

t

t
+ f(ug(S), U (S) — 8o * Uy (5))ds — /ga(S)(u&(S), ug)ds
0

0

t t
+ 2« f(u& (), Ua($) — a ¥ U (s))ds — o [ (ug(s), Uua(s) — 8o * Ua(s))ds.  (4.30)
0 0

To estimate the last term on the right-hand side we use (3.15) and get

t
—(1-Gq(0)) /(ua(s), U (S) — 8 * U (5))ds
0

g_

N =

t t
/ e () — o # e (5)]| > ds + 1 Gar 13 1uol1? +/ |Gy 9)]*ds.
0 0

If we put the above inequality into (4.30), we have

t 2 t
O/HA”Z(ua — 8o+ Uua) ()| ds + mof | (e — g % ) (5) | ds

t
t
</ | fro )| |ue(s) — 8a * ua(s)| ds — (uy, e — 8« *w)‘o
0
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t

t
+ /(u&(s), Uy (S) — o * Uy (s))ds — / 8a(5)(uy (s), ug)ds
0

0

a?(|Gg 13

ty O oo
.o Il 1—ca(o>/ @ x Uy ()] ds
0

4(1 = Gg (0 e 2q o | 2d
+4(1 = GaO) [ @ P s+ 55— [ 1o ~ g0 4ot
0 0

To conclude, in view of (4.26) and (4.27), the desired estimate (4.29) follows. O

Proof of Theorem 4.1 (continued). First, by Remark 4.2-3,4 we can apply Corollary 2.12 to give a uni-
form estimate for ||A'/2uq(t)||. Indeed, since the resolvent kernel of g, is given by r(t) = e*tr(t)
(r is the resolvent kernel of g) thanks to (2.19) we have

|4 2ua | < (14 lIrag ) [ A" (e — o % tta) | .- (4.31)

whence, by using (4.26) and (4.7) we get, for any t > 0,

2 2
| A ua @ + up O < (| A 2uo + llurll + 1l o 1) (432)
where C(R) is a positive, increasing, upper semicontinuous function such that C(0) = 0. Reasoning
as in (4.31), by (2.19) and (4.29) we can show a uniform estimate for [;° |A1/2uq(s)[|?ds as well.

Therefore, thanks also to (4.27), we get

oo

o0
./HAl/Zua(s)”zdS‘*‘/H“&(S)szsgC(HAl/ZuoH+||u1||+||fno||1). (4.33)
0

In the nonlinear case F # 0 the function ug (f) = e*tu(t) fulfills the equation

ul () — 200Ul (6) + @?uq () + Aug(t) — o * Aua () = e VF (u(t)) + fo(0). (4.34)
Now, we can repeat the same argumentations used in the linear case: as in Lemmas 1, 2 and 4 we
multiply Eq. (4.34) by the three multipliers A~1u, (t), ul,(t) — gqo * U}, (t) and ugy (t) — gy * U (t) and
then integrate from O to t. So, to complete our analysis, we must only evaluate the integrals related

to the nonlinear term e*'VF (u(t)).
For the first multiplier A~1u/ »(0), in view of (4.2) and Corollary 3.7, we have for any & > 0

t t
/e (VF(u(s)), A ug,(s))d /1// (A 2u) )| A Pua )] | A uy (5)| ds
0 0

t
<o [ (A6 + o ) s
0]

by taking [|A2uql| + [luzll + Il fpell1 < Pe, With pe < po. In a similar way, we obtain
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¢ t
/ SV (u(5)), uly (5) — o % 1y (5))ds < & / (|4 2ua()|* + Ju (5)]*) ds
0 0

t
fe (VF(u(s)), ug(s) — 8o * ug(s))d /HAl/zu (s)H ds.
0

Therefore, thanks to the above three estimates, we can show that there exists p; < po such that for
A 2ugl + llu1ll + Il foll1 < 1 (4.32) and (4.33) also hold in the nonlinear case. So, by Remark 4.2-8
and recalling that u(t) = e~*uq(t) and v'(t) = e~%ul, (t) — ce~*uy (t), we obtain (4.3) and (4.4) for
strong solutions.

Finally, an approximation argument suffices to extend such a conclusion to mild solutions. O

In conclusion, we are able to recover the asymptotic behavior of the energy, thanks also to some
results for the linear case (see Appendix A).

Theorem 4.3. Assume (H1) and (H2). Then, there exist positive numbers p; < po> and C such that, for any
(ug,u1) € D(AY2) x X and any f € L1 (0, oo; X), satisfying

[AY2uo | + llurll + 1 fllx < p1,

the energy E, (t) of the mild solution u of (4.1) belongs to L' (0, co) and converges to 0 as t — oc.
Moreover, one can take p1 = oo if F =0.

Proof. First, the energy E,(t) belongs to L'(0, co) by means of Lemmas 1-4 with o = 0. Moreover,
since VF(u) € L2(0, oo; X), in view of Theorem A.3 E,(t) is uniformly continuous on [0, c0), so our
claim follows. O

Remark 4.4. Notice that, assuming that t +— jtoo g(s)ds is strongly positive definite and f €
L2(0, cc; X), we can prove a global existence result similar to Theorem 3.6, by using the same
argumentations as in the proof of Theorem A.2. So, the previous theorems also hold in the case
f e L2(0, o0; X).

5. Positive definite kernels

As we have just seen, our main stability result holds true for a certain class of strongly positive
definite kernels. Such a class is described, however, in a rather abstract way by Assumptions (H2).
In this section, we shall give easy-to-check sufficient conditions for a given kernel g to satisfy the
positivity hypothesis (H2)-1. Moreover, the conditions we discuss below will allow us to compare
Theorem 4.1 with other related results in the literature, namely [1,30]. Finally, we shall discuss a few
concrete examples of strongly positive kernels.

We begin by showing that any exponentially decaying absolutely continuous kernel satisfies As-
sumption (H2)-1. Therefore, in the case of exponential decay, we find a stability result like in [1]
under weaker regularity assumptions for g.

Proposition 5.1. Let g : [0, co) — [0, o) be a locally absolutely continuous function with g(0) > 0 and for
somek >0

3 pp is given by Theorem 3.6.
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g'(t) < —kg(t), forae.t>0. (5.1)
Then, for all 0 < g <k, 8, € L1(0, 00) and the kernel t — froo 8ay (8) ds is strongly positive.
Proof. First of all, we observe that in virtue of (5.1) we have
g <g@e™, >0,
so, taking og < k, we get go, =e*0'g € L'(0, 00). To prove our claim, we apply Theorem 2.1 to the

function Gg,(t) = [ gao(s)ds with ag < k. Indeed, G, (t) >0 and Gy () = —e%0'g(t) < 0, with
G;O (0) = —g(0) < 0. Moreover, if we use again (5.1), we obtain

Gy () = —atge® g (t) — e g’ (t) > —e™ (g — k)g(t) > 0
Finally, by Theorem 2.1 we can conclude that G, (t) is strongly positive. O

Now, we give sufficient conditions for a given kernel g ensuring that the positivity hypothesis
(H2)-1 is satisfied.

Proposition 5.2. Let g be a locally absolutely continuous function on (0, co) satisfying the following:

(1) there exists ctg > 0 such that fooo et (|g(t)| +t|g’()|) dt < oo;
(2) the kernel G(t) = ftoo g(s)ds is strongly positive.

Then, there exists o € (0, ctg) such that the kernel Gy, (t) = ft°° gu (s) ds is strongly positive.

Proof. To begin with, thanks to Remark 4.2-5, we have G, € L1(0, o00) for any « € (0, ag). So, in view
of Corollary 2.3(b) it is enough to prove that there exist « € (0, &p) and § > 0 such that

o
2
@ / Sg(s)sin(ws)ds > & forany w > 0. (5.2)
0

Hy(w) =

First, we note that by Corollary 2.3(a) there exists §o > 0 such that

o0
2
Ho(w) := @ [g(s) sin(ws)ds > 89 forany w > 0. (5.3)
0
For any w € (0, 1] we have
1+w

|Ho (@) — Ho(@)] <

(e* —1)|g(s)|[sin(ws)| ds

|t
[N}
0\8

| sm(a)s)l

N
)

(e = 1)slg®|— —

/N
)

0\8 9\8

(e —1)s|g(s)| ds.
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Now, we observe that for any o € (0, «g/2] we have

[o,0) 2 o0

/e"‘ss|g(s)|ds< a—/e“°5|g(s)|d5, (5.4)
0

0 0

so by the dominated convergence theorem we get

as
(e 1)s|g(s)| dsaj(;+ 0.

Therefore, in view of (5.3) there exists & € (0, «p/2] such that for any « € (0, @]

1
Ho(w) >80 —2 [ (6% —1)s|g(s)|ds > 50 forany w € (0, 1]. (5.5)

To study the case w > 1, for any « € [0, og/2] we introduce the function

h(w, o) ::w/e"‘sg(s) sin(ws) ds,
0
whence
14+ w?
Hy(w) — Ho(w) = [h(w, @) —h(w,0)]. (5.6)
First,
he (@, o) :w/se‘“g(s) sin(ws) ds.
0

We note that the function s — se**g(s) belongs to W11(0, oc), and hence lim,_, o+ se**g(s) = 0 and
limg_, o se**g(s) = 0. Therefore,

ho (@, @) = {se**g(s)[1 — cos(ws)]} / g(s) [1— cos(ws)]ds
0
=— / e*g(s)[1 — cos(ws)]ds — & / se**g(s)[1 — cos(ws)]ds
0 0
- /se‘“g/(s)[l — cos(ws) ] ds
0

whence, using also (5.4), for any « € (0, og/2] we get
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o0 o0
|he (@, )| <4/e"‘03|g(s)|ds+2/se“°5|g/(s)]ds =:C.
0 0

Then,

1
|h(w,a)—h(w,0)|ga/|ha(w,at)|dt<c(x, Vo > 0.
0

From (5.6), if we use the above estimate and (5.3), we obtain for any o < (§0/4C) A ag/2

1+ w?
w2

5
Hy () > Ho(w) — Ca >80 —2Ca > 3" for any @ > 1. (5.7)

Finally, putting together (5.5) and (5.7), our claim (5.2) follows. O

Next, it is useful to single out specific situations where the assumptions of Proposition 5.2 are
satisfied. This is the purpose of our next result.

Lemma 5.3. Let g : (0, 00) — (0, 00) be a locally absolutely continuous function such that g # 0, g’(t) <0
fora.e. t >0,and

o0
/ g(H)e®tdt < oo (5.8)
0

for some ag > 0. Then,

(1) for any « € [0, arg) we have [;°t|g'(t)|e* dt < oo;
(2) the kernel t — ft°° g(s)ds is strongly positive.

Proof. First of all, we note that (5.8) yields f0°° tg(t)e*tdt < oo, for any « € [0, ag). Therefore by
Lemma 2.14 we have

o0 o0 o0
ft|g’(t)|e°“dt:—/tg’(t)e‘“dt:f(l +at)g(t)e*t dt,
0 0 0

so (1) holds true.
Moreover, by means of Theorem 2.1 we have that t +— ftoo g(s)ds is strongly positive. O

Remark 5.4. In [30] an exponential stability result is obtained for an integro-differential equation of
the same type as (3.1), under exactly the same hypotheses as in Lemma 5.3 for g. So, in view of
Lemma 5.3 and Proposition 5.2, we see that one can derive the result of [30] from Theorem 4.1.

Our next proposition is useful to study the concrete examples we will discuss at the end of this
section.

Proposition 5.5. Assume that

(1) g € L'(0, 00) such that [;°t|g(t)|dt < oo;
(2) f;° g®)sin(wt)dt > 0 Yo > 0;
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(3) [y tgt)dt > 0;
(4) g €Neao W (g, o) and there exists eg > 0 such that g(t) > 0, g'(t) < 0 for a.e. t € (0, &o].

Then, the kernel G(t) = ftoo g(s)ds is strongly positive.

Proof. Let us observe that, being the function t — tg(t) in L1(0, c0), so also the function G is in
L1(0, c0). Therefore, to apply Corollary 2.3(b), it suffices to verify (2.8), that is, for some & > 0,

o0
2
/g(t) sin(wt)dt > 4§, forany w > 0. (5.9)
0

H(a))::1+w

Since the function H is continuous and strictly positive on (0, 00), it is enough to verify that

lim H(w) >0, (5.10)
w—071
liminf H(w) > 0. (511)
w—> 00

First, (5.10) holds true, because if we use the dominated convergence theorem we have

o0
lim H(w) = / tg(t)dt > 0.
w—07T
0
Moreover, to prove (5.11) we note that
(el &o (o)}
a)/ g(t) sin(wt) dt = a)/ g(t) sin(wt) dt + a)/ g(t) sin(wt) dt.
0 0 €0
By (2.25) we have
&0 €0
15 f g(t) sin(wt) dt = g(go) (1 — cos(weg)) — / g' (1 — cos(wt)) dt. (5.12)
0 0

Since g €(),-0 W1l1(g, 00), we have lim;_, o g(t) =0, so an integration by parts yields

a)/g(t) sin(wt) dt = —g(go) (1 — cos(weg)) — | &'(t)(1 — cos(wt)) dt. (5.13)
&0 €0

Putting together (5.12) and (5.13), we obtain

o0 &o (o)}
a)/ g(t) sin(wt) dt = — / g'(©)(1 — cos(wt)) dt — / g () (1 — cos(wt)) dt
0 0 g0

> — / g'@®dt + f g/ (t) cos(wt) dt = g(gg) + / g/ (t) cos(wt) dt,

€0 &o €0



P. Cannarsa, D. Sforza / ]. Differential Equations 250 (2011) 4289-4335 4323
whence, in virtue of the Riemann-Lebesgue lemma, we get
liminf H(w) > g(eo) > 0.
w—> o0

So, the proof is complete. O

Remark 5.6. (i) If a kernel g verifies [;°t|g(t)|dt < oo, for any w > 0 [;° g(t)sin(wt)dt > 0 and
f0°° tg(t)dt =0, by Proposition 2.2(b) G is positive definite, but not strongly positive, since

[o.¢]
>
inf / g(t) sin(wt)dt = 0.
w>0
0

(ii) We note that G is not positive definite when g verifies f0°° t|g(t)|dt < oo and f0°° tg(t)dt <O.
Indeed,

1 oo o0
lim —/g(t) sin(wt) dt:/tg(t) dt <0
w—0t W
0 0

and we conclude owing to Proposition 2.2(a).

We want to give examples of kernels g € L1(0, co) fit to the above theory, that is:

(i) t— ftoo g(s)ds is strongly positive,
(i) [y g(s)ds <1.

Example 5.7. Let T'(s) = [;°t5"'e~"dt (s > 0) be the Euler gamma function. Set

1

— e b t50 a0 0<b<1.
r'(1—b)

8a,p,0(t) ==

Noting that

o0
t— / Za,p,0(s)ds
t

verifies conditions (2.6), by Theorem 2.1 we conclude that property (i) above holds true for gq 5 0. As
for property (ii), we have

o0

1
/ga,b,o(S)dSZ = <1 foralla>1.
, o
0

Now, we give some examples of functions with variable sign.
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Example 5.8. Let us consider

8a,1/2,c(t) := e~ t=12cos(ct), t>0,a>0, ceR.

r'1/2)
Then, Ga,1/2.¢(t) == [, 8a,1/2.c(s)ds is:

e strongly positive definite if |c| < +/3a;
e positive definite (but not strongly positive) if |c| = v/3a;
e not positive definite if |c| > +/3a.

From the above assertions, that will be proved later in this section, it follows that gq 1/2,c has prop-
erty (i) if and only if |c| < +/3a.
As for property (ii), it is easy to observe that, for any a > 1 and ¢ #0,

o x

/ te=1/2 cos(ct)dt < / (=12 dt = 1.
F(1/2 r(1/2

0 0

A more complete analysis, however, can be achieved recalling the Laplace transform formula

o0
1
2 2) = =
80,1/2,0(2) F(1/2 [ 7172
0
1
= \/_TH[(|z|+Rez)l/2—isign(lmz)(|z|—Rez)l/z], zeC, Rez>0. (5.14)
z
Indeed
r VaZ+cZ +a\'?
t)dt =Re3 a+ic)=[ ———— 1
/ga,l/z,c() £0,1/2,0(a +ic) ( 2@+ 2) ) <
0

if and only if

2o 1+4a—8a2+«/1+8a'
8

To summarize, we conclude that gq 1,2 ¢ satisfies both (i) and (ii) if and only if

1+4a—8a® ++/1+8a 2
<
8

a>0 and < 3d?.

(See Fig. 1.)

To fully justify the analysis of Example 5.8, let us prove the assertions related to property (i). Notice
that, hereafter, we just need to consider the case of ¢ > 0. Indeed, the case of c =0 has already been
studied in Example 5.7, while, for ¢ < 0, the analysis is obtained by a symmetry argument. Let us
begin with a preliminary result.
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Fig. 1. The parameter region where (i) and (ii) hold true.
Lemma 5.9. For any 0 < ¢ < +/3a we have that

o0

/ga,l/z,c(t) sin(wt)dt >0 Ve > 0. (5.15)
0

Proof. Since

o0

. 1. . 1 .
/ga,uz,c(t) sin(wt) dt = -5 Imgo,1/2,0(a+ i(w+0)) — 3 Imgo,1/2,0(a+ i(w —0)),
0

by (5.14) and standard computations (see, for instance, [9]), one can prove that, for any w > 0,

o0

/ 8a,1/2,c(t) sin(wt) dt

0
2\ —1/2 2\ —14 1/2
_ 1 ((1+(w+c)> _<1+(w+c)> )
zm a2 a2

1 (@—c*\ 2 @—-0c*\""\"?
+Tm51gn(w—c)<(l+a72> —(1+T) ) . (5.16)

Now, set @ = w/a, ¢ =c/a and define

1

@)=

We have
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o0

fga,l/Z,c(t) sin(wt) dt =
0

E(u@)m —jr@)"?

+ L sig—o(-@'"? - j_@)"

2+/2a

It is clear that (5.15) holds true for any w > c. So, suppose w < c. We want to check that

J+ @' = j1 @) > j- @' - j_(@).
The previous inequality is equivalent to
4wc 4wc

1+ @ - 021+ (@+0)2 - I+ @+ +/1+@—-0?

or, after simple computations,

@ - &) <1+2/1+ @+ 0*/1+ @02
If ¢ <a, then (5.18) holds true since, in view of the fact that c =c/a <1,

|o* - | = —w* < 1.

(5.17)

(5.18)

Next, suppose a < ¢ < +/3a. Then (5.18) trivially holds true for any @ > (c2 — 1)'/2. Therefore, we only
need to prove (5.18) for @ < (¢2 — 1)1/2. For this we note that, if @? < ¢% — 1, then we can rewrite

(5.18) in the form
—2  =2\2  1\2 —2 | =2 —2  =2\2
(@ —c2)" =1)" <4(1+2(@° + &%) + (&° — °)°).
Let t = ¢2 — @?. Then, our claim is equivalent to prove that
F(t):=t*—6t24+8t— 1662 -3 <0, V1<t<c?
Since F is strictly increasing for t > 1 and
F(c?)=c® -6t — 82 —3<0, Y1<E<V3,

F must be negative. We have thus proved that (5.15) holds true for all 0 <c < +/3a. O

(5.19)

Proposition 5.10. For any |c| < +/3a Ga,12,c is strongly positive definite and for |c| = V3a Ga,1/2,c is positive

definite, but not strongly positive. Moreover, Gq 1/2,¢ is not even positive definite for |c| > V3.

Proof. Thanks to Proposition 5.5 and Lemma 5.9, we only need to evaluate

e}

Re/e—(a-&-ic)ttl/Z dt

/tga,1/2,c(f)dt=
/2
) (1/2)

g 11 ca—+a*+c?
2 (@400’ 22 @@ +c2)32(VaZ £ 2 —a)l/2’
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Therefore, for any |c| < +/3a we see that f0°° tga,1/2,c(t)dt > 0, whence Gg 1/2,c is strongly positive.
The last part of the claim follows by Remark 5.6. O

Example 5.11. Let us examine the kernels
oo
g(t):=0 coscat)e ™, >0, f>1, (5.20)
n=1
where the sequence {c,} of real numbers and 6 > 0 satisfy:

(i) there exists C >0 such that |c,| < C Anf for any n €N,
. B
(ll) 6 Z;i] I’IZQTC% <1.

The special case ¢, =0 for any n € N has been introduced in polymer dynamics (see, e.g., [15,32]).
Since

00 o0 o0
lg®)| SGZe’"ﬂt<9/e’5ﬁtds:t’l/ﬂ9/e’rﬂ dr, t>0,
0 0

n=1

we have g(t) = 0(t~1/#) as t — 0F. Moreover, the kernel g does not have, in general, constant sign.
Indeed, taking c; =1 and ¢; =0 for any n > 2 we have

o0
gt)=0 (cos te t 4+ Ze”ﬂt), t>0.

n=2

Therefore,

[o.¢] oo
g(ﬂ):0<_eﬂ +Zen/37'[) <9<_en +Zenn>
n=2 n=2

x 1 2-¢e”
=0(-1—-2e"" + =0 <0.
1—e 7 e (e’ —1)

In the case ¢, =0 for any n € N, by Theorem 2.1 the kernel t — [ Y >, e="Tdr is strongly
positive.

In the general case, we will prove that the kernel t — ft"o g(t)dt is strongly positive, applying
Proposition 5.5.

We start our analysis observing that g € L1(0, o), since

oo
1
—nft 5. L
e dt=6 Elnﬂ'
n=

=

flg(t)ldt@Z
0

In addition,
oo o0 0 o0 l
—nft 5,
/t|g(t)|dt<92/te dt_GZnTﬂ
0 n=1 0 n=1
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and
o0 o0
/tg(t) dt=0 Z/tcos(cnt)e_” tdt=0 ZRe/ te— M Ficn)t ge
0 n=1p 0
0o T _mPtic )t o s 28 _ 2
e n 1 n“’ —c
=0 Re =6 Re —— =90 — T >0,
;/ nf +icy ,; (n# +icn)? ; (% +cp)?
s _ _

in virtue of (i). In a similar way, we get

/sm(a)t)g(t) dt_OZ/sm(a)t) cos(cpt)e™ 't g
0 n=1p

9 o0
sin((w + cn)t)e_”ﬁtdt + - Z/ sin((w — cn)t)e_”ﬂt dt
2 n=1
=19

[s¢) oo
m/e(i(w+cn)—nﬂ)tdt+ Zlm/e(’(“’ )Pt gy
0 =19

3
Il
-

Il
N D
e
o — 9

I
N| D
M2

Il
-

n
0 w+c 6 & w—c
3 e 3 Y et
2~ n2f + (w+cp)?2 2 = n2f + (w — cy)?
00 28 2 2
n C
—0Y — R ~>0 Vo>0.
= P + (0 + )21 + (@ — cn)?]

Last, also the assumption (4) of Proposition 5.5 holds. Indeed, being

o0

gt)=—-6 Z[cn sin(cnt) +n” cos(cnt)]e_"ﬁ[, t>0,

n=1
by (i) we have, for any € > 0,

o0

< o0
f!g’(t)|dt<92 [lcnl +n”] /efnf"tdt
& n=1

&

o0 o0 o0
<20 Znﬁ / e "tdr =26 Ze’"ﬁs
n=1

P n=1
and there exists &y > 0 such that for any t € (0, 9] and n > 1 we have

1 nf
Cp sin(cpt) + nf cos(cpt) > ~2 + > > 0.
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Therefore, thanks to Proposition 5.5, we can conclude that the kernel t — ftoo g(t)dt is strongly posi-
tive.
Moreover, for any o € (0, 1) we have

00 o X i 1
/e“"t\g(t)l de<6y / 0T =0 o
) n=1p n=1
and
oo o < B > nﬂ
/te“ot|g’(t)f dt < 29;nﬂ / te(®~"" de = 29; (nF —ag)?’
0 0 )

so by Proposition 5.2 for some « € (0, otg) the kernel Gy (t) = ftoo gu/(s)ds is strongly positive.
Finally, by (ii) we have

o0 o0

o
nf
/g(t)dt=GZRe/ e +ien)t gy — 927 <1.
) = n?f + cf
Example 5.12. We consider the kernels
g(t):=—ePllogt, t>0, B>0. (5.21)

This type of kernel has been also considered in [18] for the special case 8 =e.

Set y = 0.5772... the Euler-Mascheroni constant, we will prove that for 8 > e'~? the kernel
G(t) = ftoo g(t)dt is strongly positive and for g =e!~7 is positive definite, but not strongly positive.
Moreover, G is not even positive definite for 8 <e!~7.

First, we note that G € L1(0, 00), since the function t > tg(t) belongs to L'(0, co). In addition,
recalling that

o0

y=— / e Slogsds =—TI"(1), (5.22)
0

we have for any w € R

o 1 2 2
. > lo + w*) +iarctan(w +
e~ B+ g gp — 2108 ) @/h) vy (5.23)
B+iw
0
whence

o0 o0
/sin(a)t)g(t)dt=lm/e_(ﬁ+i“’)t logtdt
0

(Vo2 10y B © @
_<2log(/3 +w*)+y warctan<ﬂ>>132+w2
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+Cl) w

> (logB+y — )ﬂ2+a)21+ Vo > 0. (5.24)
If B >e'~7, by (5.24) we obtain
00
fsin(a)t)g(t) dt > log ;_ZV -1 52 forany w > 0,
0

that is (2.8) is satisfied. Therefore, in virtue of Corollary 2.3(b) G is strongly positive.
In addition, if 8 =e!~7, we have log +y —1=0, so again by (5.24) and Proposition 2.2(b) G is
positive definite. On the other hand, since

. (1 2, 2 B @) _ _
lim (5 log(B*+ w*) +y — - arctan<g>> =logf +y —1, (5.25)

w—0

we get infy,-¢ 1‘“" fo sin(wt)g(t)dt =0 and hence G is not strongly positive.
In the last case B <e'~7, we have log8+y —1 <0, so by (5.25) for some w > 0

o
. 1 B w w
sin(wt)g(t) dt = ( = log(B? + w? — —arctan| — | | ——= ,
/ (wb)g(t) <2 g(B*+ ) +y - (ﬁ))ﬂz+w2<
0
whence, in view of Proposition 2.2(a), G is not positive definite.
Finally, by (5.23) for w =0 we have
r 1 1
0
/g(t)dt:mgl—<l, Vg > 0. (5.26)
B e

0
6. Application to PDEs

We shall now give an application of our stability result to a concrete model for partial differential
operators. In this section, £2 will denote a bounded open domain in RN, N > 3, with sufficiently
smooth boundary 0£2. Points in §£2 will be denoted by the Greek letter £&. Moreover, the lower-
dimensional cases N =1, 2 can be treated by the same method in an even easier way.

Our example concerns a semilinear wave equation with memory. In [25] was analyzed a similar
problem in one-dimensional case.

Let us consider the semilinear problem

t
8t2u(t,$)—Au(t,§)+/ g(t — s)Augs, £)ds
0
= [u(t, &) ut, &) + £, 6), (20, e, (61)
u(t,£)=0, t>0, £E€df,
u(0,&) =ug(é), §ef2,
0u(0,8) =uq(8), £ef.

Here, u(t, &) is real-valued, and we have denoted by d:u the time derivative of u and by Au the
Laplacian of u with respect to space variable &. As for the convolution kernel g, we shall assume that



P. Cannarsa, D. Sforza / ]. Differential Equations 250 (2011) 4289-4335 4331

Jo~ gt dt <1 and there exists g > 0 such that e®‘g € L'(0, 00) and t — [, e%3g(s)ds is strongly
positive definite. Also, A > 0 satisfies a suitable restriction to be specified later.

We can rewrite (6.1) as an abstract problem of the type (4.1). Indeed, let X = L?(£2) be endowed
with the usual inner product and norm

; 1/2
x| :=</|x(s)| ds) , xel?().
2

We consider the operator A: D(A) C X — X defined by

D(A) = H*(2) N H)(£2),
Ax(E) = —Ax(), xeD(A), Ee€2ae.

It is well known that A verifies Assumption (H1)-1. Moreover, the fractional power A1/2 of A is well
defined and D(A'/?) = H}(£2). Next, consider the functional

1
Fooi= 1 [ ko e, xe @),
2

which, if 0 < A <4/(N — 2), is well defined in view of Sobolev’s embedding theorem. By assuming
the more restrictive condition 0 < A < 2/(N — 2), F satisfies Assumptions (H1) and

A

VE®)(E) = [x(®)["x(€), xeHy(R), §eRae,
see [1]. In addition, since 2(A + 1) < 2N/(N — 2) = 2*, again by Sobolev’s theorem we have for any
x€ H)(2) and y € [?(£2)

(V). y)| < / )| [y (@) d
2

1/2
< ( / |x(s>|2(””ds) Iyl
2
12

22
<c( [Ivxefae) ([ Ivxefae) i
2 2

so, Assumption (H2)-2 is also satisfied with y(s) = Cs*. Therefore, by Theorem 3.6 we conclude that,
if the data up € H)(£2), u1 € L%(2) and f € L1(0, oo0; L*(£2)) are sufficiently small, that is,

o0 1/2
/(IVuo(E)\ZJr\u1($)|2)d§+f<fIf(t,é)!2d§> dt <p
2 0 2

for some p > 0, then problem (6.1) admits a unique mild solution u on [0, co). Moreover, as recalled
in Section 3.1, u is a weak solution of the equation in (6.1), that is,

u e C'([0, 00); L*(£2)) N C([0, 00); HY(£2)),
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for all v e HY(2), t — [, dru(t, §)v(€)dg is of class C! and

d
i 3tu(t,§)v($)d§+/Vu(f,é)~VV(S)d§
2 2
t

—/g(t—s)/Vu(s,é)-Vv(s)dgds
Q

0

=f|u(t,5)lku(t,s)v(s)ds+/f(t,€)v(s)ds, vt > 0.
2 2

Defining the energy of u by

1 1 T
Ey(t) :=5/!8tu<t,5)\2ds+5(1—/g(s)ds)/!w(r,@!zds
2 0 2

1 A2
—m/hl(f,é)! dg,
2

we can invoke Theorem 4.1 to obtain, for any (ug, u1) € H)(22) x L?(£2) and any e f € L1(0, oc;
L2(£2)) sufficiently small, the following decay estimates:

Eu(t) < C(IVuoll + llutll + [l fyoll1)e™2*"C Ve >0,

o0

/eza*tEu(t)dtéc(IIVuoll + luall + 1l foll),
0

for some o* € (0, ap A o], where C(R) is a positive, increasing, upper semicontinuous function such
that C(0) =0.

Appendix A

For the reader’s convenience, in this section we will list and prove some results concerning the
linear equation

t

u”(t) + Au(t) — /g(t —s)Au(s)ds = f(t), t=>0. (A1)
0

Throughout the section, we suppose that Assumptions (H1)-1,2 and (H2)-1 are verified. To begin with,
we recollect some known estimates for the resolvent (see Definition 2.13) of equation

t

u”’ () + Au(t) — / gt —s)Au(s)ds =0.
0
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Proposition A.1.

(i) Foranyxe X andany t > 0, 1% S(t)x € D(AY?) and

o) t 2
||S(t)xH2 + (1 - /g(t) dt) Al/? f S(myxdr| < |x|?. (A.2)
0 0
(ii) Forany x € D(AY/?), S(-)x is continuously differentiable on [0, co) and
00 —-1/2
Is" x| < (1+lglh) (1 - /g(t) dt) |AY2x| ve>o. (A3)
0
(iii) Foranyxe Xandany t > 0,1 1% S(t)x € D(A) and
A1 1% S©)x| < Clix], (A4)

for some constant C > 0.

Proof. As for (i) and (ii) see [9, Proposition 3.4], while (iii) follows by [9, Proposition 3.5] and Propo-
sition 2.11. O

We define the energy of a mild solution u of (A.1) as

o0

1 1
Eu(t) := EHu/(t) Hz +35 (1 —/g(s) ds) |AY2u(e)

0

2 t>0.

Theorem A.2. For any ug € D(A'/?),u; € X and f € L?(0, oo; X) the mild solution u of linear equation (A.1)
with initial conditions

u(0) = ug, u'(0) =uy, (A5)

has the following continuous dependence on data

Eu(®) < C(llurl® + | A 2uo | + 11 £12). (A.6)

for any t > 0 and some constant C > 0.

1,1
loc

Proof. Assuming ug € D(A), u1 € D(A'/?) and f € L2(0,00; X) N W
tion of (A.1)-(A.5) that, in view of (3.18) (with F =0), verifies

(0, 00; X), u is the strong solu-

Eu(t) < Ea(0) + G(O) | AV2uo|* — (A1 2uo, G(6) AV 2u ()
t

t t
—/g(s)(Al/zuo,Al/zu(s))ds—l—%/ Hf(s)}|2ds+%/ lwes)|*ds. (A7)
0 0

0
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Next, arguing as in Lemmas 1-3 with o = 0, we can prove that there exists a constant C > 0 such
that for any t >0

t
/ [/ )| ds < C(llur 12 + | A 2uo | + 15 12).
0

By putting the previous estimate into (A.7), we easily obtain (A.6) for more regular data. Finally, our
claim follows by using a standard approximation argument. 0O

Theorem A.3. For any ug € D(AY?),u; € X and f € L1 (0, o0; X) or f € L%(0, oo; X) the energy Ey(t) of
the mild solution u for Eq. (A.1) with initial conditions (A.5) is uniformly continuous on [0, oo[.

Proof. First, we verify that for ug € D(A), u1 € D(A'2) and f € W11(0, oo0; X), u”(t) and AV2u'(t)
are bounded. Indeed, by using formula (3.8) (with F =0) we have

t
Au(t) = S(t)Aug +A1/2/S(I)A”2u1dr
0
t t t—o

+A/1*S(t)f(0)dr+/A / 1xS(t)f'(0)dt do,
0 0

0

whence in view of (A.2) and (A.4) we have Au € L°°(0, oo; X). Since f € L°°(0, oco; X), by Eq. (A.1) we
deduce that u” € L*°(0, oo; X) as well. In a similar way we have

AV20 () = S' () AV ug + S AV uy

t t t—o

+Al/2/5(r)f(0)dt+/Al/2 / S(v)f'(o)dtdo,
0 0

0

whence by (A.2) and (A.3) we obtain A/2u’ € L*°(0, co; X). Therefore, for more regular data E,(t) is
uniformly continuous on [0, co[.

Finally, thanks to (3.23) (with F =0) if f € L1(0, oo; X) or to (A.6) if f € L?(0, co; X), we are able
to apply an approximation argument and conclude the proof. O
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