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Abstract. Homogenization is a numerical technique to obtain the equivalent mediated response
of a complex material. However, there are some scenarios in which the complexity of the
physical phenomena present in the real structure makes it difficult to generate a faithful
Representative Volume Element (RVE). In these cases, it may turn easier and more reliable to
perform a homogenization directly by experimental test results. For this reason, we present a
procedure to build-up the whole stiffness matrix starting from experiments. This approach is here
discussed to get a homogenised two-node beam element. The procedure requires some flexibility
measurements, thus allowing fewer measurements if compared to stiffness-based approach. The
method is verified with some experiments carried on a frame structure. The comparisons with a
Finite Element model build up with stiffness matrix assembly demonstrates the validity and
robustness of the proposed procedure.

1. Introduction

Homogenization is a method used in the field of structural analysis which allows the determination
of the effective (mediated) mechanical properties of complex material made up of different phases
(constituents), combining the properties of the individual constituents and their geometry [1,2]. Some
typical applications of this method regard composite [1], cellular, granular or porous materials [3]; the
mechanical properties of them could significantly vary at a microscopic level, but homogenization
provides the macroscopic behaviour for structural design.

There are two main approaches for homogenization. The first one uses variational approaches based
on asymptotic developments [4,5] and it is useful to obtain an analytical understanding of upper/lower
homogenization bounds. Unfortunately, this approach is limited to a few elementary geometries and
phase distributions, as the case of ellipsoidal inclusions in a structural bulk. The second approach is
numerical homogenization [6,7]. This last is the most used for its helpfulness when addressing
engineering problems. The technique requires the generation of a fully detailed CAD model, called
Representative Volume Element (RVE) to extract the equivalent elastic directional response and
material-stiffness coefficients. Some parameters could significantly affect the final results using this
numerical process, i.e. the reliability of the substitution: the RVE dimension, the orientation and
geometry of the constituent phases [8] and the level of discretization.
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Figure 1. Forces and geometry notation of the two-node reference element

Even if homogenization regards elastic material response these properties can vary with temperature,
pressure, humidity and other environmental factorsa so that aprecise and careful modelling is necessary.
In some particular cases numerical homogenization is difficult to apply. Examples are: biological
materials which may present a pseudo-random phases distribution (e.g. a bones) [9,10]; damaged
elements affected by cyclic loading or ageing (e.g. reinforced beam/column concrete) [11,12]; elements
in which the stiffness evaluation requires a multiphysics approach (e.g. a hollow pipe with closed caps
with internal gas, subjected to bending). In these cases, it may be better to perform the homogenization
directly through experimental results.

This paper proposes an experimental procedure applied to two-nodes elements (i.e., straight or curved
beam element).

The presented procedure uses a flexibility approach to build-up the stiffness matrix [13-15] since
flexibility tests are much easier to carry on than stiffness measurements.

2. Stiffness matrix from the minimum number of Flexibility measurements
The stiffness matrix of a two-node element with six degrees of freedom (d.o.f.’s) per node (figure 1) is
the following:

koio1 - ko112 K] [KI]]
: = @
|-;

[K] =[ : :
o kizo1 - k1212 K] (K]

where in the right side of the equation 1 it is represented the partitioned form according to the end nodes
Iand J.

It is well-known that a structural Finite Element model works with stiffness matrices instead of
flexibility ones [16], but for the following developments it is useful to define the symmetric element
flexibility matrix as follow:
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Note that it is not possible to compute the whole stiffness matrix by simple inversion of the flexibility
one (and vice-versa) inasmuch, for a free-free element, they are singular matrices.

The aim is to build up the homogenized stiffness matrix (1) by experimental measurements. Fulfill this
mission with a directl approach, i.e. by performing all the 78 measures (not 144 if symmetry is used) is
too onerous, as well as gradually less reliable due to experimental uncertainties involved in every
measurement. Therefore, the best approach is to explore if exist a procedure that guarantees the
minimum number of measurements.

Furthermore, perform stiffness measurements could be very difficult; the definition of the generic
stiffness component k;; = F; /u; imply to impose to measure the force F; explicated along the d.o.f. “7”
when a displacement u; is imposed along the “/” d.o.f. (a 2D example in figure 2) while all other
displacement being null through the action of constramts. Therefore, a direct stiffness measure requires
to face a statically undetermined structure, which is very difficult to conduct experimentally.
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Figure 2. Stiffness coefficients obtained from a statically undetermined structure

Differently, the definition of the generic flexibility c¢;; = u;/F; imply to measure the displacement w;
along the d.o.f. “i” when a force F; is applied along the “j” d.o.f., while all the other forces are null,

except the reactive forces that make statically determined the structure (a 2D example in figure 3).
Therefore, measure a flexibility (i.e. work with a statically determined structure) is experimentally much
easier that works with stiffness measurements.
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Figure 3. Flexibility coefficients obtained from a statically determined structure

Since one does not know a-priori either the material behaviour or the element geometry, the specimen
results as a sort of black box. Despite this, the mechanical equilibrium must hold. The concentrated
forces and moment are applied only at the nodes; therefore, we can impose the fundamental equations
of statics:
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ZFi =0 3)
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Where F; are the i-th force, M; are the i-th concentrated moment and r; the radius vector i-th force,
starting from the local element reference system with origin on the node I.
It is convenient, for the sake of compactness, to define the following transformation matrices:

_ [I] X [0] X
1= b - Bl ®
[M3x3 [0]3x3
[T,()] = [[r,,]X — [r()]« [1]3><3] ©

in which [I]33 is the 3 X 3 unitary matrix, [0]33 the 3 X 3 zeros matrix and

0 —z(s) y(s)
[r(s)]x = [ 2z(s) 0 —x(s) (7)
—y(s)  x(s) 0

0 -z; Y
[rll]x =1z 0 —x (8
-y % 0

are the skew-symmetric matrices generated by the axial vector {r(s)} = {x(s) y(s) z(s)}" that is the
radius vector (function of the curvilinear abscissae) of a generic point along the element axis, while

{r(L)} = {r,]} = {x] y; Z]}T is the position vector of the J node.
Using definitions (5-8), the equilibrium equations (3-4) can be written in the follow compact notation:

{F)} = -[T(WIF} 9
{F} = —[T;(O){F} (10)
Where {FI} = {Fl FZ F3 F4_ F5 F6}T and {F]} = {F7 F8 F9 Fl() Fll Flz}T.
Furthermore, other that the equilibrium relations between the nodal forces, it is possible to perform the

equilibrium at a generic point along the curvilinear abscissae “S”, to obtain the expression of the internal
forces as a function of forces {F,} or {F;}:

{F(s)} = —[T;()I{F} (11)
{F(s)} = —[T;(®)]{F)} (12)

These latter relations will be useful in the section §4 to obtain the element length scaling.
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The partitioned form of the fundamental Finite Element relation of the element in figure 1 appear as:

FR _[IKu] [Ky]] (U3
= (13)
{F/} (K] [k5,]1 U}
where {U;}, {U ]} are the nodal displacements, and due to the stiffness matrix symmetry, the following
relations hold:

[KII] = [KII]T (14)
(K] = [KII]T (15)
[K))] = [K,)]" (16)

If equation (9,14-16) are applied in (13), the stiffness matrix can be written as follow:

(K] —[K,I[T, (D]

LK1 = [—[T,@)][Ku] (T, WK ][T: (L]

(17)

Therefore, equation (17) shows that the complete stiffness matrix can be obtained only by the knowledge
of the submatrix [K;], that is a 6 X 6 matrix for 3D analysis or 3 X 3 for 2D ones. Furthermore, it is
worth to pointing out that the matrix [T;(L)] depends only on the position of the node J, that is a trivial
data.

At this point, it is useful to recover the flexibility convenience about experiments, hence it is possible to
compute the stiffness submatrix associated to the node I with the inversion of the flexibility matrix
associated at the same node, i.e. [K;;] = [C;]7*.

In other words, we can build up the entire stiffness matrix of a two-node element performing only more
convenience flexibility measurements. Furthermore, due to the symmetry of the flexibility sub-matrix
[C);], are necessary 21 measurements to build up the entire 144 X 144 3D stiffness matrix, or only 6
measurements for the 36 X 36 2D stiffness matrix.

It is possible to obtain a similar result of (17) that instead use the stiffness and flexibility matrices
associated to the node J if equation (10,14-16) are applied in (13):

_ [, O][K,[T;,0] ~[1,][K]

[K] T
—[K;,][T,(0)] [K))]

(18)

-1
where [K);] = [C;]

3. Experimental tests to build-up the Stiffness matrix

In this section we apply the procedure previously exposed to build-up the stiffness matrix of a 2D beam
element. The specimen taking into account is a three-layered hollow and straight pipe (figure 4); the
three layers are made by different type of polypropylene. The section is not perfectly circular but
presents a non-regular ovalization along the axis.

Six components of the flexibility matrix must be computed; the second and third rows of [C ] ]] could be
deduced experimentally by the schemes shown in figure 5, therefore with two different tests that
involves a simple cantilever beam. However, to avoid the uncertainty about the realization of a perfect
clamping, it is better to proceed with a three-point bending test (figure 6) for the two components on the
second row, and a four-point bending test (figure 7, constant bending moment) for the components in
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the third row. The measured quantities referring therefore to half specimen, inasmuch the configurations
in figure 6 and 7 can be viewed as two facing cantilever beams.

There are no difficulties to execute these simple tests, that for the test in figure 6 requires only to measure
the middle displacements and the ends rotation, this latter measured by laser pointer. The four-point
bending instead, requires only the measure of the angle variation.

Three tests have been repeated three times for each loading scheme, for three different loads, to obtain
a sort of secant matrix.

Three-layered pipe

Figure 4. Three-layer polypropylene pipe specimen

The mean measured flexibility are: Tgsg = 2.194 X 1073 m/N , Csg = 4.083 X 1073 N1 | Tge =
7.036 X 1073 N~1m™1. Due to the fact that the interesting behaviour for this hollow pipe is the bending
one, we did not perform any tests about the first row (axial behaviour) of the flexibility matrix [C);].
Being the pipe straight the components c,5 and ¢4 can be assumed null, while the first component can
be estimated as Ty, = (ﬁ) Coe = 1.762 1073 cgq.

Therefore, the evaluated flexibility submatrix is:

1.239x 1073 0 0
[€y] = 1073 x 0 2194 4.083 (19)
0 4.083 7.057
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Figure 5. Ideal scheme to obtain the bending components of the partitioned flexibility matrix

From which, using the equation (18) and the length L = 0.652 m it is immediately compute the entire
2D element stiffness matrix:

52-1078 0 0 —5.2-10"% 539.77 1057.3
1182.4 55.613 —564.88 —13.19 —585.36
2819.6 —1239.2 64436 24.627

K| = 2
K] 1271.2 0.67342 —2.9158 (20)
Sym 1252.5 —2.3348
1100

4. Homogenized Section Flexibility and Element length scaling

Previous section described the experimental step to obtain the stiffness matrix from flexibility
measurements, but a problem still arises. The stiffness matrix in equation (20) is valid only for an
element length equal to L = 0.652 m, and this reduce its usefulness. It is essential to find a method to
compute the homogenized stiffness matrix of an element made by the same material and section, but
with a different length. To achieve this result, the strain energy of the generic curvilinear one-
dimensional element is considered:

Laser pointers

Support P / 9

P /2 Support

Specimen

Figure 6. Set-up of the three-point bending test



52° Conference on Engineering Mechanical Design and Stress Analysis (AIAS 2023) IOP Publishing
IOP Conf. Series: Materials Science and Engineering 1306 (2024) 012039 doi:10.1088/1757-899X/1306/1/012039

Support

Figure 7. Set-up of the four-point bending test

£ L
1
U= o:de dV == [ {e(s)}T{F(s)}ds (21)

Follow the well-known beam element, under the hypothesis of linearity, it is possible to assume a linear
relationship between the strain vector {€(s)} and the internal force vector:

— sec
{e(s)} = [C°*“I{F(s)} (22)
in which:
r~Sec sec sec sec sec Secq
€11~ Gz €37 €14 €15 Cig
sec sec sec sec sec
C2- €37 Cyq  C5° (¢
sec sec sec sec
[CSec] = €337 C34 C35 (3¢ 23
- sec sec sec ( )
Cis~  Cys Ci6
sec sec
Css Cse
Sym csec
L 66 .

for a two-node element with out of plane deformations (12 X 12 stiffness matrix), and:

sec sec sec

€11 €127 €13

Sec|l — sec sec
[C5¢¢] = €22 €33 (24)

Sym c35¢

for an element with a planar deformation (6 X 6 stiffness matrix).



52° Conference on Engineering Mechanical Design and Stress Analysis (AIAS 2023) IOP Publishing
IOP Conf. Series: Materials Science and Engineering 1306 (2024) 012039 doi:10.1088/1757-899X/1306/1/012039

Figure 8. Unloaded triangular frame

We call [C5¢€] “sectional flexibility matrix”, inasmuch it contains information only about material and
section’s moments of inertia (all order, static moment included).
Applying equation (22) and (12) into (21) turn out:

L
1
v=> j (F) 1] [T, ()](F} ds 25)
0

The generic flexibility components ¢;; can be analytical obtained from the energy expression using the
Theorem of Complementary Energy (second Castigliano’s Theorem) as follow:

L
02U 1 9?
U T 9FF, ~ 2 0F0F, J (F) [1,&)] Te==[T,())(F)} ds =
0

aij
2

L
f [T,)] [c*c1[T,(s)]ds  (26)
0

in which the term @;; = 2 if i = j,and a;; = 1 if i # j.
For a straight element with a planar deformation (6 X 6 stiffness matrix), the analytical integration of
equation (25) gives:

L 0 0 0 0 O
Gy o L Sz 0 o o ()
Cas 2 ci5
ol oo Lo 0 || csee
= 1
css(Tlo 0 0 L2 S| e @7
Cs6 1 |55
Co6 00 0 0 L EL2 \csee
0 0 0 0 L

The left side of equation (26) contains the experimental measured flexibility coefficients, on the right
there is a matrix that contains only information about the geometry, and the vector of unknown
coefficients associated to the sectional flexibility. Therefore, find the vector of coefficients ¢;7° is

ij
immediately by computing the inversion of the matrix in equation (26).
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sec
ij
matrix [C i ]] of an element with a whatever length; from the already computed [C i ]] it is possible to
build-up the new stiffness matrix using again the equation (18). This new stiffness matrix is computed
on a different length, but it refers to an element with homogenized section properties (material and
moments of inertia) equal to the tested specimen. In other words, these coefficients are extensive
quantities that allow the length scaling of the element with respect to the stiffness matrix. It is worth
pointing out that this result can be applied also to curvilinear elements, performing a numerical
integration.

If the coefficients c¢;;7“ are known, it is possible to apply the equation (26) to compute the flexibility

Mea

Figure 9. Deformed configuration of the triangular frame with an imposed displacement of 64 mm

S. Tests on a Frame

To validate the previous described length-scaling procedure other experimental tests have been
conducted. We assembled a triangular frame formed by three pipes made with the same material of the
already tested in §3, but different lengths. The base of the triangle took a curved shape (figure 8) due to
the tightening operation. In view of the viscoelastic effect of the polypropylene, we perform the loading
applying three imposed displacements (figure 9). The base of the triangle contains 27 measurement
points, and the deformed shape was deduced using a laser distance meter (figure 10).

To compare these experimental results and to validate the effectiveness of the length-scaling
procedure, we have implemented the identified element in the software Ansys® APDL, using the user
defined element MATRIX27 (figure 11) and performing a linear analysis. The experimental and Finite
Element results are compared in figures 12, 13 and 14. As expected, the error between them increase if
the load increases, but it keeps sufficiently small (above all in figure 12) to validate the proposed
approach. Probably, a high improvement can be obtained if the non-linear geometric effect is
considered, i.e. implementing an incremental analysis by updating each element stiffness matrix for
each iteration according to its current configuration.

10
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Measurement points

sg S6 S4 §2 CO0 "D2 D4 pg D8 D10 p12
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Laser distance meter

Figure 10. Measurement set-up of the deformed configuration of the triangle’s base

In ® o
. _
-.032851 -.011z29 .nio0zvz2 .031833 .0533%5
-.022071 -.509E-03 .021053 .042614 .064176

Figure 11. Finite Element computation of the deformed shape triangular frame with an imposed
displacement of 64 mm

11



52° Conference on Engineering Mechanical Design and Stress Analysis (AIAS 2023) IOP Publishing
IOP Conf. Series: Materials Science and Engineering 1306 (2024) 012039 doi:10.1088/1757-899X/1306/1/012039

Imposed displacement = 32 mm | *** Undeformed base
*** Experimental deformed base

*¥¥% Linite Flement solution of

0.27 the deformed base
E 0 At el +'"+ +‘7 " ‘+7.7+‘ * * §
b
_0.2 1 1 1 1 1 1 ]
0.2 04 0.6 0.8 1 1.2 1.4
x |[m)]

Figure 12. Finite Element computation of the deformed shape triangular frame with an imposed
displacement of 32 mm

Imposed displacement = 64 mm | *** Undeformed base
*¥* FExperimental deformed base

¥¥% Finite Element solution of
the deformed basc

0.2

0 02 0.4 0.6 0.8 1 1.2 1.4
x [m]

Figure 13. Finite Element computation of the deformed shape triangular frame with an imposed
displacement of 64 mm
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Imposed displacement = 80 mm | *** Undeformed base
*¥** xperimental deformed base

**¥¥ Iinite Element sofution of
the deformed base

0.2r
E, nga@*%**fﬁff+++++++++++++ *:ﬁ—ffi
=
-0.2 1 1 1 1 1 1 J
0 0.2 0.4 0.6 0.8 1 1.2 1.4
x [m)]

Figure 14. Finite Element computation of the deformed shape triangular frame with an imposed
displacement of 80 mm

6. Conclusions

In this paper we present a method that allows to perform a structural homogenization of two-node
elements through experimental test. The result of this experimental homogenization directly provides
the entire stiffness matrix of the element, therefore differently from the classical homogenization the
results do not contain only materials information but also on geometry and inertia properties.

The paper shows the advantage to execute flexibility tests instead then stiffness ones, since flexibility
works with statically determined structure while stiffness requires the solving of statically undetermined
structures. The use of flexibility allows the minimization of the necessary number of tests. A
mathematical procedure to obtain the full stiffness matrix from the flexibility matrix associated only to
one node is analytically deduced, setting the equilibrium condition.

The experiments are performed on a straight pipe, made by three different layers of polypropylene. Only
two three-point bending tests and a four-point test are necessary to fully characterize the bending
behaviour of a stiffness matrix in a 2D analysis.

Another mathematical procedure to perform the length-scaling of the element is presented. This last is
based on the strain energy of the element and allows to obtain the “sectional” flexibility matrix, that is
a matrix of extensive quantities that depends only on section information (material and inertia). This
procedure allows to build-up the stiffness matrix whatever is the element length.

The length-scaling procedure was tested on a triangular frame structure made by three beams that differ
from the length of the reference specimen. The results of experiments are compared with a Finite
Element Analysis performed using the constructed stiffness matrix. Finite Element results and
experimental tests show a similar trend; obviously, the error increase if the imposed displacements
increase, inasmuch we perform a linear analysis. To obtain better results one should take into account
the geometric non-linearity, addressing the problem with an incremental analysis and updating the global
stiffness matrix of each element according to its current attitude. The presented experiments are
conducted on a straight structure, but the entire presented procedure works also with a generic
curvilinear element (also non-planar), whatever is its shape.

13
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