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Abstract

This study introduces a new synthesis algorithm for triply periodic minimal surfaces based
on determining the equilibrium configuration of elastic membranes constrained at their
boundaries. Beyond the methodology itself and its computational efficiency, the scientific
relevance of this work lies in the 66 surfaces with these characteristics that it enabled
to generate. Leveraging their continuous and highly regular geometry, these surfaces
were used to define novel shell-based lattices, the mechanical behavior of which was
investigated numerically and experimentally through both static and dynamic analyses.
The computational models demonstrated high predictive accuracy, with numerical results
deviating by less than 10% from the experimental data. Across the new geometries, the
surface-area-to-volume ratio ranged from 1.8 to 4.8 cm−1. At infill coefficients of 10%, 20%,
and 30%, the structures exhibited a wide range of stiffness and anisotropic behaviors, with
equivalent elastic modulus spanning from 0.02% to 25% that of the base material and Zener
indices from 4.67 × 10−2 to 11.8. Ultimately, the study revealed a clear influence of cell
geometry on stress concentration and modal response.

Keywords: triply periodic minimal surface; TPMS; lattice structure; 3D printing;
metamaterial synthesis

1. Introduction
A lattice structure is a three-dimensional geometric pattern obtained by the ordered

and periodic repetition in space of a fundamental unit, called a cell. Lattices of this type
are commonly used to define the internal microarchitecture of components manufactured
using additive manufacturing techniques, replacing solid material in order to reduce the
weight of and impart unconventional and advantageous constitutive behaviors to the part,
often unattainable by intervening solely on the material that composes them [1]. The advent
of additive manufacturing has made these complex geometries manufacturable, enabling
their widespread adoption across multiple industrial sectors: from aerospace to automotive,
from biomedical to heat exchanger design.

In the aerospace sector, lattice structures are used to create lightweight and high-
strength components, such as structural parts of aircraft, satellite supports, and cladding
panels. In fact, topology optimization and the replacement of solid parts with internal
patterns allow for significant advantages in terms of weight reduction and performance [2].
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This is demonstrated, for example, in spacecraft thruster blocks and UAV structural ele-
ments, where lattice components have enabled weight reductions of up to 50–67% while
maintaining necessary stiffness and strength [3,4].

In the automotive sector and competitive racing, lattice structures are employed
to manufacture components such as chassis, engine mounts, structural elements, and
body parts. While the main objective is weight reduction, which translates into better
dynamic performance and lower consumption, they can also be adopted to improve thermal
management and shock absorption, leveraging their high dissipation capacity [5,6]. In
some applications, lattice topologies have reduced part mass by up to 70% while increasing
internal surface area by over 300%, enhancing energy absorption and localized thermal
performance [3,7].

In the biomedical field, they enable replication of the mechanical and morphological
characteristics of human bone, making them ideal for personalized implants and prosthe-
ses. They are particularly effective in orthopedic implantology, where the controlled and
interconnected porosity favors osseointegration [5,8]. For instance, Gyroid lattices made
of Ti6Al4V with 75.1–88.8% porosity exhibit permeability coefficients (0.29–3.9×10−9 m2)
that closely match those of natural trabecular bone [9]. Similarly, Schwarz lattices in the
same alloy with 20% porosity demonstrate elastic moduli of approximately 1.8 GPa and
compressive strengths near 60 MPa, corresponding to the lower range of cortical bone
properties. Combined with high pore interconnectivity and the large specific surface areas,
these characteristics reinforce their suitability for bone engineering [10].

Lattice structures are also pivotal in heat exchangers, cooling systems, and energy
storage devices, thanks to their high specific surface area and optimizable thermal conduc-
tion [11,12]. Compared to conventional designs, TPMS-based lattices can improve heat
exchanger effectiveness by approximately 55% and increase heat transfer coefficients by
15–200%, depending on the geometry [3].

Finally, other fields of application include robotics, industrial automation, and the
development of devices for vibration damping and noise reduction [5,13].

The present work focuses, in particular, on the class of shell lattice structures. A shell
lattice appears as a smooth, continuous, non-self-intersecting, and open-celled surface
that repeats periodically in the three spatial directions to form an indefinitely extended
framework [14–16]. Among the most studied surfaces are the triply periodic minimal
surfaces (TPMS), characterized by zero mean curvature at every point, a property that gives
them a particularly regular appearance. Beyond the fascination of its geometry, a shell cell
based on TPMS offers numerous functional advantages: it reduces stress concentrations
compared to other types of lattices [17,18], it distributes loads more efficiently, ensuring
high mechanical resistance even at low relative densities [19], it simplifies production using
additive manufacturing techniques [20] and, thanks to its zero-mean-curvature condition,
it guarantees a minimal surface for a given boundary, resulting in a lighter structure.
Furthermore, a TPMS divides space into two continuous and interwoven regions that, by
generating internal flow paths delimited by smoothed, non-communicating walls, and
characterized by a high surface-area-to-volume ratio, allow their use in fluid dynamic and
heat exchange applications [11,12,21].

The synthesis and design of new triply periodic minimal surfaces is a non-trivial task.
Identifying surfaces that simultaneously satisfy the conditions of zero mean curvature and
triple periodicity has historically relied on the intuition of individual scholars—such as
Schwarz [22], Neovius [23] and Schoen [24]—or on complex mathematical tools, like the
Weierstrass–Enneper representation [25], which forms the basis of the conjugate Plateau
method introduced by Meeks [26] and enabled Karcher to derive the first formal analytical
description of TPMSs [27]. Consequently, the number of known TPMS remains limited,
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and the most well-known configurations, including the Gyroid, the Schwarz-P and -D,
and the Neovius, are all described by implicit equations. Numerous techniques have
been explored as valid alternatives over the years, based on geometry and symmetry
considerations. These methods are called explicit because, unlike the preceding ones—
referred to as implicit methods—which solve for the minimal surface in a closed form, they
are based on knowledge of the expression of the boundary curves, a known geometric
representation of the constrained surface, and its subsequent iterative evolution in the
direction of area minimization.

Alongside explicit and implicit methods, hybrid approaches are emerging as new
frontiers. They address the Plateau problem starting from the explicit expression of the
boundary curves, but without requiring an initial surface. This is the case of the work
proposed by Xu et al. [28], which employs the DeepCurrents neural network designed and
trained by Palmer et al. [29] for the determination of the minimal surface. This work will
be referenced for the first part concerning the generation of closed boundaries.

Among the explicit methods, the most widely used is that of soap films, founded
on a very simple physical principle: a soap film resting on a metallic frame, possessing
no flexural rigidity and exhibiting pure membrane behavior due to the constant surface
tension of the solution, stabilizes into an equilibrium configuration characterized by zero
mean curvature at every point.

The innovative method for generating TPMS cells described in the following sections
is based on the same principle: the dynamics of an elastic membrane with fixed boundaries
is simulated using a physical analysis solver to determine its equilibrium geometry. Like
soap films, an elastic membrane constrained along the boundary, if uniformly tensioned
and allowed to evolve, naturally tends toward a configuration with zero mean curvature.
The objective of this approach is to systematize the generation of TPMS-based shell lattice
structures explicitly conceived for additive manufacturing, making this class of cells suitable
for a wider range of applications where lightweight design, mechanical performance, and
process reliability are critical.

The paper is organized into six sections. Section 2 describes the algorithm used to
generate new TPMS unit cells. Section 3 investigates their mechanical properties, evaluating
static and dynamic performances and classifying them accordingly. In Section 4, selected
specimens are manufactured and experimentally tested to calibrate the numerical models
and assess the manufacturability of the proposed geometries. Finally, Sections 5 and 6
discuss the strengths of the synthesis method and identify potential areas for improvement.

2. Synthesis of New TPMSs
The proposed algorithm for the construction of TPMS cells was re-adapted from the

work of Xu et al. [28] and expanded by introducing new symmetries. Graphically described
by the flowchart in Figure 1, it is structured into four main phases:

1. Definition of the boundary curve
2. Solution of the Plateau problem
3. Construction of the cell
4. Synthesis of the associated TPMS

The main difference compared to the work of Xu et al. [28] lies in the technique
employed to obtain the final cell geometry: while Xu et al. [28] solve the Plateau problem
approximately through constrained optimization methods based on machine learning,
in this study an explicit method is used that solves it exactly, to which a second relax-
ation is added that evolves the assembled cell towards its associated TPMS, as will be
illustrated later.

https://doi.org/10.3390/modelling7020043

https://doi.org/10.3390/modelling7020043


Modelling 2026, 7, 43 4 of 43

Using an explicit method to solve the minimal surface problem, such as when simu-
lating a flexible membrane, offers several advantages. Direct surface representation via
a mesh allows for a clear definition of both the initial state and its constraints, providing
a good level of control over the vertex positioning and, consequently, the overall shape.
Since the boundary curves are predefined, the membrane can be easily constrained to
ensure that the final surface respects the intended topology. Computationally, the algorithm
is straightforward to implement, as vertex positions are updated iteratively and locally,
without the need for implicit schemes or complex linear systems. Additionally, real-time
visualization of the surface evolution facilitates qualitative analysis of the process and
allows for direct intervention during the simulation if necessary.

Figure 1. Flowchart for the generation of new cells (the surface faces are color-coded for clarity).

The analysis focuses on cubic symmetry: the unit cell is then a minimal surface
contained within a cube, assumed to have a side length of 1 cm. To facilitate the description
of the concepts presented in the next sections, two Cartesian reference systems are defined,
one absolute O-XYZ and one local o-xyz. As shown in Figure 2, the unit-sided cube that
defines the cell volume is centered at O and has edges parallel to absolute axes. The
coordinate planes of O-XYZ divide the cell into eight cubes of side length 5 mm, each
contained in one of the octants. For convenience, these cubes are hereafter referred to as cell
octants, numbered 1 through 8 according to the standard convention used for numbering
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the Cartesian octants in which they are contained. Finally, the local system o-xyz is centered
within the 1st octant, with its axes aligned to the absolute system.

(a) (b) (c)

Figure 2. Cell, octants, and reference systems: (a) cubic unit cell and the absolute reference system
O-XYZ; (b) subdivision into eight octants; (c) 1st octant and the local reference system o-xyz.

2.1. Boundary Curve

A boundary curve consists of one or more closed curves lying on the faces of the cell
cubic domain, serving as the frame for the minimal surface. The topologies for these curves
were derived by Xu et al. [28] using a systematic procedure here summarized. The key idea
of their approach is to define the boundary curves on the faces of the 1st octant, rather than
those of the entire cell. This simplifies the definition of the boundary conditions for the
Plateau problem and increases the geometric complexity of the cell that can be obtained by
combining the 1st octant with the other seven, generated through its isometries. Confining
the search for the minimal surface within 1/8 of the cell additionally reduces the local
minima associated with the Plateau problem and thus the probability of encountering
disconnected surfaces, making the minimal surface derivation method more robust.

Assuming that the boundaries are free from self-intersections, it is possible to system-
atically explore the space of admissible topologies for the boundary curves by representing
them as graphs. In this description, each node corresponds to the intersection between the
curve and one of the octant edges, and each graph edge corresponds to a segment of the
curve that crosses an octant face. Since each face admits 8 possible connections between
the nodes on the edges (Figure 3a) and there are 6 total faces, the number of topologies
obtainable for the cube, considering all combinations, reaches 86. However, by imposing
that in the complete graph each node has degree 0 or 2, meaning the boundary curve is
closed, and by eliminating all topologies that are isometric (i.e., superimposable through
rotation and reflection operations), a final number of 20 unique topologies is obtained,
reported in Figure 4. These topologies will be referred to using the notation topo_id (e.g.,
topo_1, topo_2, etc.) introduced by Xu et al. [28].

To transition from graphs to closed boundary curves, it is sufficient to replace the
graph edges with cubic Hermite splines. Excluding the parametric variability of the curves
from this discussion, the nodes were all assumed to be centered on the cube edges, and the
sides were all replaced with Hermite splines having tangents orthogonal to the cube edges
and a modulus of 5 mm. That is, the 8 graphs reported in Figure 3a became the curves in
Figure 3b. Obviously, given the arrangement of cube edges within the face and the chosen
parameters, the splines connecting adjacent edges appear as arcs, while those connecting
opposite edges appear as straight segments.
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(a)

(b)

Figure 3. Topologies of the curves on the single face of the cube: (a) graph representation (adapted
from [28]); (b) specialization using the considered Hermite splines.

Figure 4. The 20 unique boundary curve topologies for the 1st octant of the cell (adapted from [28]).

2.2. Plateau Problem
2.2.1. Iterative Algorithm

Given the closed curve defining the boundary conditions, the relative Plateau problem
was solved to obtain the surface that describes the cell portion contained within the 1st
octant. Solving the Plateau problem involves seeking the surface of minimum area that
has the assigned closed curve as its boundary. Due to the non-convexity of the problem,
the solution is not unique, and multiple local minima may exist. While only the global
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minimum identifies the surface of minimum area, all local minima describe surfaces with
constant H = 0; i.e., minimal surfaces. Since the objective of this study is to determine
minimal surfaces rather than necessarily the surface of absolute minimum area, a minimum
was sought for each boundary curve regardless of whether it was local or global. Although
the explicit method used here is simple and straightforward to implement, it does not allow
for control over the surface evolution. Consequently, it evolves spontaneously toward the
minimum nearest to the initial surface, with no way of determining whether that minimum
is local or global, or if the boundary curve allowed for alternative solutions. The resulting
minimal surface therefore depends on the initial mesh. To limit this non-uniqueness in
the cell construction and make the method as reproducible as possible, the problem of
identifying the minimal surface was confined within the octant instead of the entire cell.

The procedure consisted of leaving the membrane free to evolve under elastic forces
until equilibrium was reached and then remeshing it to regularize the discretization and
restore a uniformly distributed stress state (Figure 5). This equilibrium-remeshing cycle
was repeated until the surface area converged (Figure 6). In fact, remeshing at equilibrium
replaces highly stretched or distorted elements with better-shaped ones, relieving localized
tensions in regions under the greatest traction and thereby leveling out the membrane
loads. At the same time, by modifying the load distribution while maintaining the same
geometry, the membrane is brought back into an unbalanced configuration, which then
serves as the starting point for the next dynamic step.

Figure 5. Flowchart for obtaining the minimal surface (local solution of the Plateau problem).
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(a) Boundary curve (b) Initial mesh (c) Intermediate iteration (1)

(d) Intermediate iteration (2) (e) Converged mesh (f) Minimal surface

Figure 6. Convergence steps for topo_1, from the initial mesh to the final minimal surface (the
evolving mesh is shown in red; the two faces of the resulting surface are color-coded for clarity).

An exception was made for topologies consisting of the union of multiple disconnected
closed curves for which the converged surface resulted from the union of multiple surfaces
(topo_3, 8, 12, 13, 14, 17, and 18). For these cases, the output surface from the first iteration
was used. This introduced an error—discussed quantitatively in Section 2.2.4—because
the tensions were not completely released and the mean curvature was not exactly zero
everywhere. Moreover, the result was even more dependent on the choice of the initial mesh.
These solutions are nonetheless considered, as the subdivision into multiple surfaces is a
result of the specific edge curves chosen: adjusting the node positions on the edges and the
parameters defining the Hermite curves (a task deferred to future studies) may guarantee
convergence toward a non-disconnected minimal surface even for these topologies. The
methodology, therefore, remains consistent, and the resulting surfaces represent solid
solutions for comparison.

For the remaining topologies consisting of disconnected curves (topo_2, 5, 6, and
11), the iterative problem was still solved, as this did not lead to the fragmentation of the
surface into multiple parts.

2.2.2. Initial Mesh

The first step of the algorithm is to define an initial mesh having the assigned closed
curves as boundary. The spatial complexity of such curves rendered automatic surface gen-
eration tools available largely ineffective. Consequently, the initial meshes were constructed
mostly manually, defining separate portions of the surface and subsequently joining them.
When the tool was able to generate a surface with sufficiently accurate boundaries, as in
the case of topo_19, that mesh was adopted as the initial geometry.

In the initial mesh construction phase, two requirements had to be met: the surface
described by the mesh had to be unique and not composed of the union of multiple surfaces,
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and in the case of multiple disconnected boundary curves, all of them had to function
strictly as boundary curves without any being internal to the surface. For certain topologies,
such as topo_1, 3, 4 and 10, multiple initial surfaces with distinct morphologies were
identified, introducing an apparent ambiguity in the cell construction. Although this aligns
with previous observations regarding the non-convexity of the Plateau problem and the
resulting multiplicity of the solution, the iterative method described above caused these
distinct initial surfaces to converge toward either the same solution (topo_1 and 10) or
solutions that are superimposable by isometries (topo_3 and 4). This demonstrates how
confining the minimization problem within a single octant enhances the reproducibility of
the method and, more broadly, reduces the dependence of the final minimal surface on the
initial mesh.

In the case of topo_4, the two identified initial surfaces led to the definition of two
octants superimposable by rotation. Both were considered for cell generation anyway, as
they produced similar but not identical configurations. The case in which the 1st octant can
undergo transformations deviating from the identity was therefore also examined in this
instance—an option that will be excluded in the standard procedure for cell construction.
This exception was maintained, however, because the two isometries were determined
separately starting from the same boundary curve. To distinguish the cells obtained in the
two cases, a lowercase letter is added to the topology name: this yields the cells topo_4a
and topo_4b, whose octants are illustrated in Figure 7.

(a) topo_4a (b) topo_4b

Figure 7. The two isometries for topo_4 (the surface faces are color-coded for clarity).

The octant reported for topo_4 in Figure 8 corresponds to the topo_4a isometry. Only
one is reported for conciseness and clarity of presentation. From now on, if topo_4 is
mentioned in general, the statement will be valid for both isometries; otherwise, it will be
specified which of the two is being referred to.

A similar discussion can be held for topo_3. However, because it carries an error
arising from the fact that it was not converged to an actual minimal surface and is primarily
used as a baseline reference, it was kept in a single configuration.

2.2.3. Equilibrium Solver

The initial mesh serves as starting geometry for the elastic membrane whose dynamic
behavior is then simulated. Following setup, the mesh undergoes an iterative relaxation
phase, evolving in a direction that locally minimizes its surface area. During each iteration,
nodes dynamically update their position to minimize the membrane elastic energy, a
condition that defines the solver objective for equilibrium, and the resulting geometry
is remeshed.

https://doi.org/10.3390/modelling7020043
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(a) topo_1 (b) topo_2 (c) topo_3 (d) topo_4

(e) topo_5 (f) topo_6 (g) topo_7 (h) topo_8

(i) topo_9 (j) topo_10 (k) topo_11 (l) topo_12

(m) topo_13 (n) topo_14 (o) topo_15 (p) topo_16

(q) topo_17 (r) topo_18 (s) topo_19 (t) topo_20

Figure 8. Octant minimal surfaces corresponding to the 20 unique boundary topologies (the surface
faces are color-coded for clarity).
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To solve the equilibrium within the step, a formulation akin to the Projective Dynamics
method [30] and conceptually close to the Alternating Direction Method of Multipliers
(ADMM), an iterative algorithm commonly used in numerical optimization [31], was
adopted. In this scheme, for each objective function, a projection of the current configuration
into the zero-energy state (i.e., the one that completely satisfies the relative constraint) is
calculated, and the corrections proposed by each objective are then combined and applied
iteratively to make the system converge towards a global equilibrium configuration.

The total energy to be minimized to reach equilibrium is given by the sum of the
energies associated with each active objective function in the system: each one represents a
constraint condition and has an energy function that measures how much that condition is
violated. Formally, the system energy can be written as

U(x) =
n

∑
i=1

Ui(x) (1)

where x represents the configuration of the mesh nodes (i.e., their coordinates), and Ui the
energy associated with the i-th objective function. These energies are usually expressed as
quadratic functions, with zero energy when the condition is satisfied, and increasing based
on the deviation from the ideal configuration. The behavior is therefore analogous to a
system of elastic springs or other physically inspired elements, where the system naturally
tends to a shape that minimizes all stresses. This approach allows for a unified treatment of
geometric constraints, physical forces, and elastic conditions.

Before detailing the above for the specific case, the following observation is made:
the dynamics of the elastic membrane are solved solely for the purpose of determining
the equilibrium nodal positions, with no interest in the resulting stress or strain field. It
follows that the approach explanation can be further simplified by replacing the triangular
mesh that defines the membrane with a network of one-dimensional elastic elements
connecting its vertices. In light of this consideration, despite the cells being constructed
through a membrane-type description of the surface, hereafter reference will be made
to the approximate one-dimensional element model, which is more intuitive to visualize
and explain. This model remains, however, easily traceable back to the full membrane
formulation by means of three-node elements in finite element theory.

The following elements of the problem are therefore distinguished:

• Geometry: the membrane whose dynamics is to be simulated is represented by the
initially defined mesh; the positions x of mesh nodes constitute the unknowns of the
minimization problem, and the edges behave like one-dimensional elastic elements
characterized by a stiffness k1.

• Constraints: the external nodes of the mesh—i.e., those located on the boundary of the
membrane—are constrained to the boundary curves. This constraint does not impose
a rigid and perfect adherence, but introduces one-dimensional elastic elements into
the model with stiffness k2 = 105 · k1 (i.e., one hundred thousand times stiffer than the
elements defining the membrane), connecting nodes and boundary curves.

• Objective function: to determine the membrane equilibrium configuration and the
resulting minimal surface, the solver minimizes the total elastic energy of the system,
assuming that the rest length of each elastic element is zero. The total energy U is
given by the sum of two contributions: the elastic energy associated with the mesh
edges Ue and that associated with the boundary constraints Ub. Accordingly, it is
expressed as

U(x) = Ue + Ub (2)
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with Ue = ∑i,j
k1
2 ∥xi − xj∥2

Ub = ∑b
k2
2 ∥xb − ab∥2

(3)

where xi, xj ∈ R3 are the positions of nodes i and j, while xb, ab ∈ R3 are the
positions of node b on the external boundary of the mesh and its anchor point on the
boundary curve.

The output of the minimization problem defines the equilibrium configuration of the
elastic membrane, which represents the sought-after minimal surface.

2.2.4. Octant Minimal Surface

Figure 8 reports the minimal surfaces corresponding to the 20 topologies that define
the 1st octants from which the entire cells are constructed.

To evaluate their accuracy in terms of mean curvature, a new scalar function Hnorm(xi)

is introduced, called Normalized Mean Curvature, defined as

Hnorm(xi) = H(xi) · l (4)

where l is the characteristic dimension of the cell (in this case, 1 cm), which normalizes
the mean curvature H at a generic point xi on the surface, making it independent of the
cell scale.

Figure 9 shows the distribution of Hnorm on the 1st octant surface for each of the
20 topologies (i.e., on the 20 surfaces shown in Figure 8), marking the mean value H̄norm,
the extreme values Hmax

norm and Hmin
norm, and first and third quartiles. The first measures

how much the surface deviates on average from the minimal surface condition. The two
extremes quantify the extent to which the mean curvature deviates from zero at points
where the surface moves furthest from that condition. The two quartiles serve as a measure
of curvature variability within the surface: the closer they are to the mean value, the
more localized the curvature deviation; the closer they are to the extreme values, the
more widespread the deviation is. Under the hypothesis of an exact minimal surface
without errors of any kind, all these values collapse to Hnorm = 0, which represents the
reference axis.

Figure 9. Normalized mean curvature distribution over the octant minimal surfaces.
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It can be observed that all surfaces show a value of H̄norm near zero, thus exhibiting
minimal surface behavior on average. Exceptions are topo_8, 12, 13, 14, 17, and most
notably 18 which, as a reminder, were not obtained through an iterative process and are
therefore not strictly minimal. The effect of this approximation becomes more evident
when evaluating the values of Hmax

norm and Hmin
norm: these topologies, along with topo_3,

which is still not minimal but which had nonetheless shown a nearly null value of H̄norm,
show distributions of Hnorm that move away from zero over larger regions and with more
pronounced extreme values. As for the other topologies, any deviation from the minimal
surface condition is entirely attributable to the discretization of the mesh used to describe
the surface and the threshold value used to determine convergence. A comparison of mean
curvature distributions for converged and unconverged solutions is illustrated in Figure 10.
The green zones in the latter clearly highlight regions where the curvature deviates from
zero, indicating where the surface would continue to evolve if given further iterations.
Conversely, the converged one exhibits uniform curvature, having reached a stable state.

(a) Converged mesh (topo_4a) (b) Unconverged mesh (topo_12)

Figure 10. Effect of convergence on |Hnorm| distribution over the mesh.

2.3. Cell Construction

Starting from the 1st octant, the remaining seven are constructed through isometries.
From the symmetry group Oh [32], it is known that the possible isometries for a cubic cell
are 48. Consequently, the number of possible combinations with which these isometries can
be used to compose the eight octants of the cell, assuming that the 1st octant always corre-
sponds to the identity, is 487. Configurations generating solutions with non-continuous
surfaces (i.e., with non-coincident boundary curves between adjacent octants) or not triply
periodic (i.e., with boundary curves on opposite faces of the cubic cell that are not super-
imposable by projection) should be then detected and discarded. In addition, to obtain all
possible cells, this operation should be repeated for each of the 20 identified topologies.

The enormous number of possible combinations to be tested, combined with the diffi-
culty of systematically cataloging cells obtained in this way, led to preferring a simplified
procedure. This approach restricts the analysis to a set of 13 possible isometries for the
1st octant and to assembly schemes based on internal cell symmetries. The 13 isometries
considered include the identity, 3 reflections with respect to the o-xyz coordinate planes and
9 rotations of 90°, 180°, and 270° around the x, y, and z axes (assumed positive according to
the right-hand convention). Combinations of multiple transformations are excluded.

Depending on how these isometries are assembled to construct the cells, they can be
classified according to their internal symmetry. Re-adapting and extending the formalism
used by Xu et al. [28], each symmetry is indicated by an abbreviation such as i1i2i3, where
each index corresponds to a letter that specifies the transformation applied to the 1st octant
to obtain one of the 2nd, 4th, and 5th octants—specifically, those adjacent to the 1st in
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the three Cartesian directions. The indices can be of three types: m to indicate a reflection
operation (from mirror), t for a translation (from translate), and r for a rotation (from rotate).
In the abbreviation i1i2i3, the three indices are not ordered according to the numbering of
the octants to which they refer, but rather follow a hierarchical order: m always appears first,
then t, and finally r. Thus, only abbreviations like mmt, mmr, or mtr are possible, whereas
trm or rrm are not.

Following this logic, the designations for the ten symmetries investigated below can be
constructed: mmm, mmt, mtt, ttt, mmr, mtr, mrr, ttr, trr, and rrr. For each symmetry type,
different variants exist depending on how the 3rd, 6th, 7th, and 8th octants are assembled.
Their construction schemes and corresponding nomenclature are detailed in Appendix A.
In general, a cell is denoted as topo_id - i1i2i3_· · · , specifying the topology of the 1st
octant, the symmetry, and the parameters required for its construction (such as translation
directions, rototranslations, and variants).

All admissible cells were constructed for each topology. Specifically, for each octant
type shown in Figure 8 and for each symmetry, every possible cell satisfying the continuity
and triple periodicity properties of the surface was assembled following the procedures
detailed in Appendix A. Duplicate geometries were then identified and removed. The
remaining unique cells were renamed with capital letters (e.g., topo_id - A, topo_id - B,
etc.) for brevity and their designations are summarized in Appendix B.

2.4. Surface Adjustment for TPMS

The cells, constructed by assembling isometries of minimal surfaces, satisfy the zero-
mean-curvature condition within individual octants (up to numerical errors), but they
remain limited to G0 continuity at the boundaries connecting both octants and neighboring
cells, as shown in Figure 11.

Figure 11. Tangency discontinuity along the junctions between octants (the surface faces are color-
coded for clarity).

To reduce localized errors and approach H = 0 also in these regions, a new membrane
equilibrium problem was solved downstream of the assembly. This now involved the entire
cell instead of a single octant, and allowed the boundary curves to evolve within their
respective planes. The relaxation of constraints stems from a fundamental observation: an
elastic membrane, when left free to evolve under uniform tension, spontaneously evolves
towards a configuration where the mean curvature vanishes at every point. The only
regions not left free to evolve, and then responsible for deviations from constant condition
H = 0, are those constrained along the boundary curves. The adopted strategy was
therefore to restore the available degrees of freedom to these curves while preserving the
geometric integrity of the cell, aiming to achieve greater overall accuracy of the solution.

Working on the whole cell allowed for removal of the discontinuities on the shared
boundaries between neighboring octants, while setting the boundary curve free to move
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reduced the mean curvature error on the junctions between cells. However, a new constraint
had to be enforced to outer nodes to preserve triple periodicity. In fact, freeing the boundary
curves to evolve within the cell faces does not guarantee that, at equilibrium, the membrane
maintains curves on opposite faces that are superimposable by projection, a necessary
condition for periodicity in that direction. Therefore, nodes on opposite faces were linked
via a coincidence constraint; i.e., new one-dimensional elastic elements were introduced to
ensure that each pair of homologous nodes belonging to boundary curves on opposite faces
remained aligned along the face normal within a set threshold. This constraint necessitated
the use of meshes with a matching number of nodes on opposing boundaries.

The solution of the analysis returns a new cell that no longer presents any discontinuity
at the junctions between octants, and loses the very concept of subdivision into 8 parts.
Solving the membrane equilibrium across the entire cube rather than just a single octant,
in fact, guarantees that the curvature remains continuous within the cell. It remains
continuous but not constantly zero, as the new relaxation occurs in a single step without
an iterative process. This approach is adopted to prevent the membrane, which is under-
constrained with curves free to evolve, from changing uncontrollably following remeshing.
Consequently, the properties of uniform tension and zero mean curvature are generally lost.
Furthermore, the coincidence constraint does not guarantee tangency (G1) or curvature
(G2) continuity at the junctions between cells, but only positional (G0) continuity. Although
allowing the curves on opposite faces to evolve together under elastic forces helps the
membrane to spontaneously reduce curvature errors at the junctions, no condition ensures
that the resultant of the forces acting on the pairs of nodes that overlap following the
repetition of the geometry in the three directions is actually zero at equilibrium. The further
this value deviates from zero, the more those nodes lack equilibrium once they become
internal to the membrane, and the greater the curvature error at the junctions. It is noted
that the solution would be exact everywhere if all nodes were internal, i.e., if the membrane
whose equilibrium is being calculated were infinitely extended and without boundaries.

The advantage of this second relaxation is that the error, previously concentrated at the
junctions between octants and cells, is redistributed across the entire cell (Figure 12). This
approach significantly reduces the peak mean curvature |H|max

norm, at the cost of a negligible
increase in the |H|norm error diffusion (|H̄|norm remains essentially unchanged, since the
error increase from S to H0 cells occurs symmetrically across the surface, with the mean
curvature becoming more negative in some regions and more positive in others). However,
from a theoretical standpoint, this does not ensure that H tends to zero at every point.
Nevertheless, evaluating the mean curvature distribution of the generated cells, this error
was found to be contained in most cases, resulting in solutions that, following the joining
of multiple cells, exhibit mean curvature tending to zero even at the junctions (Figure 13).

Figure 12. Redistribution of |H|norm error from S-type to H0-type cell.
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(a) Lattice (b) |H|norm distribution

Figure 13. |H|norm distribution for a lattice based on the cell topo_9 - E - H0 (the surface faces of
the lattice in the panel (a) are color-coded for clarity).

2.5. Generated Cells

Generated cells are divided into two families: S-type and H0-type. S-type cells are those
obtained upstream of the second relaxation and are so named because only a Laplacian
smoothing is applied to reduce discontinuities at the junctions between octants. H0-type
cells, on the other hand, are those obtained following the second relaxation, and are so
named because their mean curvature approaches zero everywhere up to errors.

Each H0-type cell corresponds to one S-type, though the reverse is not true. In fact,
during the relaxation phase, certain cells degenerate—i.e., their membranes either lie
entirely flat against the cube faces or collapse along the edges—as they fail to reach an
equilibrium configuration within the cubic domain. Consequently, the solutions featuring
occlusions of 1 mm or less or flat regions (defined by a 1 mm threshold) accounted for more
than 20% of the total cell surface area were discarded (Figure 14).

(a) topo_1 - B - H0 (b) topo_4a - A - H0 (c) topo_15 - A - H0

Figure 14. Examples of discarded H0 cells due to surfaces lying on the faces or edges (the surface
faces are color-coded for clarity).

Overall, 114 new S-type cells and 92 H0-type cells were generated. The difference
between the two counts highlights that the phenomenon of surface degeneration during
the second relaxation is not so rare. Excluding those descending from topo_3, 8, 12, 13, 14,
17, and 18, for which the octant surface is not rigorously converged to a minimal surface,
87 S-type and 66 H0-type cells remain.

In Figure 15, some of the cells are reported, comparing S-type with their corresponding
H0 counterparts. It is evident that, in the case of H0 cells, the surface remains smooth even
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at the junctions between octants, and how allowing the boundary curves to evolve freely
led them to spontaneously move towards a new configuration.

(a) topo_1 - I - S (b) topo_1 - I - H0 (c) topo_2 - O - S (d) topo_2 - O - H0

(e) topo_3 - T - S (f) topo_3 - T - H0 (g) topo_5 - D - S (h) topo_5 - D - H0

(i) topo_6 - D - S (j) topo_6 - D - H0 (k) topo_9 - E - S (l) topo_9 - E - H0

(m) topo_17 - A - S (n) topo_17 - A - H0 (o) topo_20 - A - S (p) topo_20 - A - H0

Figure 15. Examples of generated cells: comparison between S-type and H0-type cells (the surface
faces are color-coded for clarity).
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Figure 16 illustrates the Hnorm distribution of the same cells to assess curvature accu-
racy: panel (a) includes outliers to highlight extreme values, while panel (b) focuses on the
interquartile range by excluding outliers. Although H̄norm is near zero for both cell types,
their error profiles differ significantly: S-type cells exhibit localized errors with pronounced
extremes and narrow quartiles, whereas H0-type cells show a broader distribution with a
larger interquartile range but smaller extremes.

(a) Boxplot including outliers

(b) Boxplot with outliers removed

Figure 16. Distribution of Hnorm over a set of cell surfaces.

For a comprehensive overview of all generated cells, Figure 17 displays the scatter plot
of all (|H̄|norm; |H|max

norm) cell data points, categorized by family. The plot is semilogarithmic:
the |H̄|norm axis uses a logarithmic scale, while the |H|max

norm axis remains linear. The origin,
where |H̄|norm = |H|max

norm = 0, represents the theoretical exact minimal surface condition:
the closer a cell data point is to the origin, the more closely it approximates a minimal
surface. It can be observed that the |H̄|norm values are of the same order of magnitude for
both cell types, with a slight improvement for H0 compared to S. However, the maximum
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values are effectively halved following the surface adjustment for TPMS, confirming the
efficacy of this second processing step.

Figure 17. Scatter plot of |H|max
norm against |H̄|norm for all generated cells, divided into S- and H0-type.

The comparison between this graph and the one in Figure 9 clearly highlights the
negative effect of the junctions between octants and cells, with Hmax

norm reaching an order of
magnitude higher than those achieved within a single octant.

3. Mechanical Properties
The proposed method for synthesizing new TPMSs relies strictly on geometric and

symmetry considerations, without accounting for the mechanical performance of the lattice
cells. To address this, the following section provides a comprehensive static and dynamic
characterization of these cells, in line with their primary industrial applications.

TPMS structures are ideal for lightweight design thanks to their high strength-to-
weight ratios and are equally effective in applications requiring vibration damping and
impact absorption capabilities, such as in protective devices, anti-collision structures, and
components for energy dissipation in aerospace and automotive industries. Accordingly,
this section evaluates static quantities, including stiffness and anisotropy, and dynamic
quantities, such as natural frequencies and mode shapes of structures made with the
synthesized lattice cells. The surface-area-to-volume ratio is also analyzed, as it is a key
metric for thermo-fluid-dynamic applications; particularly in heat exchangers, where
modern solutions implement complex TPMS-based internal structures.

3.1. Surface-Area-to-Volume Ratio

The surface-area-to-volume ratio, unlike those discussed below, is a geometric and
not a mechanical property. It can therefore be calculated directly following generation by
dividing the measured minimal surface area by the cubic cell volume (equal to 1 cm3).

For a given topology, the surface area of S-type cells remains the same regardless of
symmetry (apart from minor oscillations resulting from smoothing), as the octants are
isometric, and is equal to eight times the area of a single octant.

More interesting however are the surface-area-to-volume ratios of the H0-type variants.
Resulting from the relaxation of S-type surfaces, they always exhibit smaller areas. However,
the precise value depends on the specific symmetry of the initial S cell, which determines the
way the membrane develops within the cell domain and thus how it reaches equilibrium.
Figure 18 illustrates the surface-area-to-volume ratio intervals obtained for each topology
across varying symmetries. The S variant areas are also included in these distributions to
provide a complete spectrum of admissible values and to account for the topologies that
do not admit H0-type cells, discussed in Section 2.5. Across all synthesized geometries,
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regardless of topology and symmetry, the resulting surface-area-to-volume ratios ranged
from approximately 1.8 to 4.8 cm−1.

Figure 18. Surface-area-to-volume ratios by cell topology (darker areas indicate higher point density
due to overlap).

Based on the graph, topo_3 and topo_8 exhibit the highest surface-area-to-volume
ratio, making them theoretically ideal for thermal applications, such as heat exchangers or
heat sinks, where surface area is a dominant factor governing convective heat transfer [33].
However, for practical applications involving internal fluid flow, hydraulic resistance
becomes a critical constraint. Narrow channels, constrictions, or sharp curvatures within
the microarchitecture can lead to excessive pressure drops [33]. Consequently, selecting a
TPMS with a lower genus (i.e., characterized by fewer holes) and a less complex internal
structure may be advantageous, even if it reduces the surface-area-to-volume ratio.

The Gyroid is regarded as a good trade-off in this context [11]. Although it does not
possess the absolute highest surface-area-to-volume ratio (3.09 cm−1), it is often preferred
for thermal applications because its network of highly regular, intertwined wide channels
with smooth transitions minimize pressure drops while promoting sufficient fluid mixing
to enhance heat transfer [11,34,35]. For this reason, it serves as the benchmark in Figure 18.

The optimal selection ultimately depends on specific engineering constraints. For
instance, in high-performance micro-electronics cooling, where space is limited and dis-
sipating high heat fluxes is the priority, the superior surface area of topo_3 or topo_8
might be prioritized despite the higher pumping power required. Conversely, in aerospace
applications where system weight and auxiliary power consumption are strictly limited,
a lower-genus topology may be superior. For instance, topo_9 - E - H0, with a surface-
area-to-volume ratio of 2.94 cm−1 and highly regular geometry, may offer a balanced
performance profile similar to that of the Gyroid, ensuring efficient thermal management
without necessitating oversized, heavy pumping systems.

3.2. Homogenization

Homogenization is a numerical method that reduces a microscopically heterogeneous
material or characterized by a complex microarchitecture to an equivalent homogeneous
one that, on average, exhibits the same macroscopic behavior. This procedure can be
applied only to a structure or material for which it is possible to identify a representative
volume element (RVE)—i.e., an elementary portion that is statistically representative of the
entire volume, easily recognizable as the unit cell defining the lattice in this study.

Formally, solving the homogenization problem under the assumption of linear elas-
ticity means numerically deriving the stiffness matrix C, which relates the stresses σ to
the strains ε in the homogenized material at the macroscale through the relation σ = Cε.
Therefore, by setting up and solving six elastic finite element problems, each prescribing ho-
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mogeneous displacement boundary conditions on the cell, one for each of the six columns
defining C, it is possible to numerically determine their values.

The cell three-dimensional geometry is constructed by thickening the surface that
describes its shape. To ensure that the comparison of mechanical performances between
the different cells occurred under identical conditions, the thicknesses were calculated so as
to keep the relative density of resulting lattices fixed at an assigned set of values. Defined
as the ratio between the apparent density of the lattice and that of the base solid material,
the relative density was more easily calculated as the ratio between the volume effectively
occupied by the cell and the volume of the cubic domain in which it is contained (1 cm3).
The three values of relative density chosen for testing were 10%, 20%, and 30%, selected
to ensure printable wall thicknesses while avoiding pore occlusion and maintaining the
internal architectural integrity of the cells. The thicknesses assigned to the cells to obtain
these filling values were calculated by exploiting the thin-wall property of the shells, which
allows their volume to be approximated as the product of the surface area and the thickness.

For each generated surface and relative density value, the solid model of the cell was
thus generated, discretized with linear tetrahedral elements, and homogenized (Figure 19).

(a) Cell surface (b) Shell thickening (c) Meshing (d) Homogenization

Figure 19. Homogenization of the cell topo_3 - U - H0 (panel (d) shows the Ehomog distribution;
colors in the other panels are used for visualization only).

To establish the element size to assign to the model during FEM preprocessing, three
convergence analyses were performed, one for each relative density, on the topo_1 - A
- S cell. The length assigned to the tetrahedron edges is expressed as a fraction of the
thickness, so as to make the results obtained extendable to other cases. The maximum
homogenized elastic modulus Emax

homog was chosen as the reference parameter to evaluate
convergence. In light of the analysis, elements of size t/2 were selected for cells with 10%
and 20% relative density, where t is the shell thickness, and elements of size t/3 for cells
with 30% relative density, values that led to errors on the Emax

homog estimate all below 2%.
The material assigned to the models is irrelevant to the homogenization result except

for a multiplicative constant, provided the Poisson coefficient is fixed. Thus, AlSi10Mg was
chosen for the simple reason that it is the aluminum alloy later used to manufacture the
lattices, as illustrated in Section 4, where its isotropic properties are also detailed.

The elastic constants output of homogenization were used to define parameters that
mechanically characterize the cell behavior, such as:

• Homogenized elastic moduli Ex, Ey, Ez/EAlSi10Mg: the elastic moduli in the three
Cartesian directions, as measures of the cell stiffness, expressed as a percentage of
the modulus of the solid AlSi10Mg, so as to be independent of the material; these
normalized parameters will be collectively referred to as Ehomog/EAlSi10Mg.

• Anisotropy index or Zener index AZ: an index that equals unity for isotropic behavior,
approaches zero (with a theoretical lower limit of 0) when the cell is much less stiff in
shear than in tension-compression, and becomes very large (with a theoretical upper
limit of infinity) when the shear stiffness is much greater than the axial stiffness.
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Figure 20a correlates elastic moduli and anisotropy indices of the different cells. It
is evident that higher relative densities (and, thus, thicker walls) increase stiffness and
isotropy, with the Zener index setting around unity, albeit at the cost of an increase in
material used. Conversely, as the relative density and thickness decrease, the cells become
more compliant and, above all, anisotropic, with the AZ index spanning significantly wider
intervals, due to the greater influence of the cell geometry. This means that for enhanced
design flexibility, it is necessary to opt for lower fill coefficients and more compliant cells.

(a) Correlation of elastic modulus and anisotropy index as a function of relative density

(b) Elastic moduli by cell topology (darker areas indicate higher point density due to overlap)

(c) Range of anisotropy index for each cell symmetry (line AZ = 1 marks isotropy for reference)

Figure 20. Diagrams for selecting cell topology, symmetry, and relative density.
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Figure 20b identifies topo_9 as the class of cells capable of offering maximum perfor-
mance in terms of stiffness and, at the same time, maximum design flexibility, given the
wide range of admissible values for Ehomog. In terms of flexibility, topo_3, topo_2, and
topo_1 follow, covering the interval of possible stiffnesses in an almost continuous manner.
All other topologies offer variable and fragmented intervals, although collectively they still
span the same stiffness ranges offered by the previous topologies.

Figure 20c investigates symmetry influence over anisotropy. It emerges that mtt, mtr,
and rrr cells are those capable of offering the most isotropic behavior, with AZ varying
around unity. Those that exhibit the most complex deformation mechanisms are mmt,
followed by mmr and mrr. The ttr cells, and even more so ttt and trr cells, given the
preferential orientation of the surface in a specific direction of space, exhibit only anisotropic
behaviors with greater compliance in shear than in the axial direction and Zener indices all
less than unity.

Similar to the surface-area-to-volume ratio analysis, the Gyroid is used as benchmark
to evaluate the static performance of the generated cells. Due to its chiral symmetry
and rational material distribution, this TPMS exhibits macroscopically quasi-isotropic
behavior, a characteristic that makes it highly effective for versatile and multi-functional
applications [36]. This is clearly illustrated in Figure 20a, where its anisotropy index remains
stable at approximately unity, regardless of the volume fraction.

In contrast, the generated cells offer significantly greater design flexibility relative to
the Gyroid. By exhibiting anisotropy indices ranging from near-zero to values up to 12 times
higher, these cells enable complex mechanical behaviors, especially at low densities, with
coupled deformation modes dominated by either shear or tension-compression.

In terms of stiffness, the generated cells generally offer performance comparable to
the Gyroid, as shown in Figure 20b. However, specific topologies, such as 6 and 9, can
achieve up to double its stiffness for the same amount of material (reaching 25% of the bulk
material stiffness compared to approximately 11.5% for the benchmark TPMS). In the plot
in Figure 20c, the AZ for the Gyroid is omitted because it is nearly equal to the unitary
value (AZ = 1), as previously noted. Therefore, a comparison with this reference cell is
equivalent to that discussed previously against perfect isotropy.

Interestingly, by considering the parametric variability of the boundary curves solely
for this observation, the Gyroid geometry can be reconstructed using the octant topo_19 in
its limit configuration where nodes coincide with the cube vertices and the rrr_x180z_-
y180x_z180y symmetry. This confirms that the quasi-isotropic behavior observed in cells
with rrr symmetry aligns consistently with the existing literature.

From a structural design perspective, the choice of topology is primarily driven
by the desired stiffness, while the cell symmetry dictates the degree of anisotropy and
the deformation mode. To guide this selection, the diagrams in Figure 20 are provided.
Specifically, Figure 20b illustrates the range of elastic moduli achievable with each of the 20
topologies, while Figure 20c shows the range of Zener indices as a function of cell symmetry.
This latter plot refers to a 10% volume fraction: for higher relative densities, it should be
noted that this variability decreases, as can be observed in Figure 20a. These two diagrams
allow for an initial screening, after which the candidate cells can be further narrowed down
based on the elastic modulus distributions obtained from the homogenization process. The
final selection is then supported by detailed diagrams, omitted here for brevity, which
provide a comprehensive overview of the elastic moduli for each cell type, relative density,
and Cartesian direction.
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3.3. Stress Concentrations

The stress concentration factor Kt is defined as the ratio between the maximum von
Mises stress reached within the lattice and the stress that would be present if the lattice
were replaced by bulk material. It quantifies how the internal microarchitecture of the cell
amplifies local stress relative to the macroscopic applied stress, bringing the material closer
to failure [37].

To calculate Kt, static analyses are performed on 3 × 3 × 3 lattices for each cell type,
relative density, and Cartesian direction. Having a lattice with three cells per side allows
for correct evaluation of stress concentrations, both within the cell and along the junctions
between cells, as the central cell is connected to the others in all spatial directions. The cells
are assumed to have a side length of 1 cm (thus 30 mm× 30 mm lattices) and to be still made
of AlSi10Mg, as for the homogenizations, since Kt is independent of the material under
the linear elastic hypothesis. Vertical displacements of the bottom base are constrained,
while lateral expansions are left free. A downward displacement of 0.03 mm is imposed on
the top base to obtain an equivalent strain of ε = 10−3 for the cube containing the lattice.
The maximum von Mises stress inside the lattice is finally extracted. To prevent stress
concentrations arising from the boundary conditions from compromising the estimation of
those caused exclusively by the cell geometry, stresses are evaluated only within a cubic
domain with a side length of 20 mm centered in the lattice, sufficiently large to completely
include the central cell and the junctions with neighboring ones but sufficiently small to
exclude the local effects of the constraints. The reference stress that divides the maximum
von Mises stress obtained from the analyses to compute the concentration factor is that
developing within a solid cube of AlSi10Mg subjected to the same loading and boundary
conditions; i.e., σ0 = 70 MPa.

To reduce the computational burden of the analyses, unlike the homogenizations, shell
elements were used. Much more efficient than solid elements, they also proved to be more
robust: by making it possible to skip the solid model construction phase, they completely
eliminated meshing problems. On the other hand, however, they introduced an approxi-
mation into the model that becomes particularly high in areas where the surface defining
the cell has high curvature, with the risk of making the stress concentration estimation
excessively coarse. To quantify this error, comparison analyses with solid elements were
performed, which highlighted an oscillating error, with peaks up to approximately 25%.
Since the error was not systematic, it was not possible to identify an average corrective
factor that could correct the results obtained with shells and estimating the real values.
Nevertheless, the enormous computational gain brought by this type of element justifies its
use for estimating the Kt coefficients, allowing for a direct comparison between the S and
H0 cell variants, which is of particular interest.

Given the limitations of the shell-based discretization in high-curvature regions, the
Kt values reported herein should be interpreted as indicative of structural trends rather
than precise absolute magnitudes.

Table 1 reports the values of the stress concentration factor Kt obtained with a relative
density of 10%, to compare the performance of S-type and H0-type cells. As expected, the
transition to the H0 configuration results, in the vast majority of cases, in reductions in
maximum stresses, highlighting an improvement in structural efficiency. While the local
numerical error might affect the specific Kt value, the consistent stress reduction observed
across the different topologies confirms the superior performance of the H0 architecture.
Nevertheless, the presence of peaks on |H|norm, which locally deviate the cell from the
minimal surface condition, causes nearly all H0-type cells to perform worse than the Gyroid,
exhibiting a Kt value higher than 1.13, the benchmark TPMS value at 10% of infilling.
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Table 1. Comparison between Kt values for S-type and H0-type cells.

Cell Test Direction Kt with S Variant Kt with H0 Variant ∆Kt [%]

topo_1 - Q
X 1.46 1.35 −7.58%
Y 1.42 1.38 −2.96%
Z 1.41 1.46 3.42%

topo_2 - L
X 2.09 1.76 −16.03%
Y 1.82 2.20 21.26%
Z 2.39 1.66 −30.43%

topo_2 - T
X 2.10 1.53 −27.04%
Y 2.29 1.47 −35.94%
Z 1.97 1.47 −25.29%

topo_4b - B
X 1.90 1.76 −7.42%
Y 2.63 2.04 −22.24%
Z 2.34 1.87 −19.81%

topo_6 - A
X 1.92 1.13 −41.29%
Y 1.89 1.10 −41.80%
Z 1.96 1.88 −4.46%

topo_6 - D
X 2.08 1.95 −5.87%
Y 2.07 1.99 −4.30%
Z 1.92 1.77 −7.75%

topo_9 - D
X 1.75 0.81 −53.49%
Y 2.24 1.03 −53.88%
Z 2.31 1.77 −23.38%

topo_9 - E
X 1.50 1.49 −1.00%
Y 1.53 1.53 0.03%
Z 1.54 1.24 −19.93%

topo_9 - J
X 2.57 2.24 −13.00%
Y 3.05 2.15 −29.42%
Z 1.98 1.69 −14.87%

topo_9 - O
X 1.61 1.70 5.79%
Y 1.59 1.66 4.40%
Z 1.62 1.66 2.65%

topo_17 - A
X 1.98 1.74 −12.34%
Y 2.46 2.14 −13.13%
Z 2.63 2.19 −16.74%

topo_20 - B
X 1.35 1.32 −1.85%
Y 1.48 1.44 −2.56%
Z 1.49 1.47 −1.33%

To evaluate the influence of relative density, the values of Kt measured along X for
the H0 variants, normalized with respect to the Kt value obtained with a relative density
of 10%, were graphed. Reported in Figure 21, they highlight how increasing the relative
density, in most cases, results in worsening of the concentration effect.
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Figure 21. Trend of the Kt coefficient as a function of relative density.

3.4. Natural Frequencies and Modes

To dynamically characterize the cells, modal analyses were performed on beams
consisting of a lattice of 2 × 2 × 16 1-cm-sided cells, clamped at the ends. The aim was to
evaluate how the cell geometry and the assigned thickness influence the natural frequencies
and vibration modes of the structure.

Shell elements were used for this type of analysis as well (Figure 22). Comparison
analyses were again conducted to evaluate the error introduced by using shell elements
instead of solid ones, performed on the same models that were later printed and tested
(see Section 4). The use of shell elements led to an average underestimation of the natural
frequencies of about 15%, with oscillations between 5% and 30%. However, the error was
systematic, allowing the results obtained with shell elements to be corrected by applying
an adjustment based on the average measured errors. This reduced the discrepancy relative
to the results obtained with solid elements to below 10%, with isolated peaks of 15–20%.

Unlike the static tests, the dynamic tests were performed using a different material,
specifically the resin that was later used for printing. As explained in Section 4, the
numerical model was calibrated based on the experimental results, which allowed for a
more accurate estimation of the material mechanical properties compared to those provided
by the manufacturer technical specifications. The resulting properties, derived from this
calibration process, are detailed in the aforementioned section.

With the calibrated model, the natural modes of beams made with cells having different
degrees of anisotropy were evaluated, in order to investigate how the material micro-
architecture influences the order of the natural frequencies and modes.

The cells tested were topo_4a - B - H0, topo_3 - L - H0, and topo_9 - D - H0,
shown in Figure 23, arranged so that the more compliant direction was oriented along the
beam axis to maximally stress their anisotropy during dynamic behavior. The Zener indices
of these three cells are Az = 0.14, Az = 0.96, and Az = 340.78, respectively.

The analyses were conducted at a constant relative density of 10% to ensure uniform
mass properties. The natural frequencies were corrected by a factor of 9.77%, obtained
from comparison with experimental data (see Section 4), and subsequently normalized
by

√
Ehomog/ρhomog to enable comparison under equivalent conditions. Here, Ehomog

denotes the elastic modulus of the cells in the direction aligned with the centerline, while
ρhomog = 0.1 · ρRes = 119.25 kg/m3 represents the effective beam density, corresponding to
10% of the resin density ρRes (see Section 4).

In Table 2, the modes are compared in the order in which they manifest. It can be noted
that, regardless of the degree of anisotropy or the stiffness of the cells, the order of the first
modes remains unchanged. In fact, in these cases the deformation globally involves the
structure, and the cell micro-architecture has little influence on the mode shape. However,
as the modes advance, deformations localize and the influence of geometry becomes more
evident, with different modes appearing in a different order. In the case of topo_3 - L -
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H0, even mode couplings manifest, with different phases between the 7th and 9th modes,
caused by the material arrangement within the cell.

(a) Shell elements mesh

(b) Mode 1

(c) Mode 2

(d) Mode 3

(e) Mode 4

Figure 22. Modes of the beam realized with cells topo_9 - E - H0 (mesh colors in panel (a) are used
for visualization only; total displacements are plotted in the other panels).

The common modes are compared in terms of natural frequencies in Table 3, which
reports both absolute and normalized values, as a function of the cell geometry. The
normalized values allow for isolating and evaluating the effect that geometry has on the
structure response frequencies. It clearly emerges how the use of the topo_9 - D - H0 cell
leads to a stiffening of the structure, evidenced by higher normalized frequencies, while the
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topo_4a - B - H0 cell produces the opposite effect, making the structure more flexible.
These results underline how the cell geometry specifically influences the beam behavior,
which therefore becomes specialized based on the case considered.

(a) topo_4a - B - H0

(b) topo_3 - L - H0

(c) topo_9 - D - H0

Figure 23. Lattice beam models used for the comparison analyses.

Table 2. Vibration modes for the three beams considered.

Mode topo_4a - B - H0 topo_3 - L - H0 topo_9 - D - H0

1st Flexural I Flexural I Flexural I
2nd Flexural I Flexural I Flexural I
3rd Torsional I Torsional I Torsional I
4th Flexural II Flexural II Flexural II
5th Flexural II Flexural II Flexural II
6th Flexural III Flexural III Torsional II
7th Torsional II Axial I + Flexural III Flexural III
8th Axial I Torsional II Flexural III
9th Flexural III Axial I + Flexural III Torsional III
10th Flexural IV Flexural IV Flexural IV

Table 3. Natural frequencies and normalized natural frequencies for the specimens considered.

Mode
Natural Frequencies [Hz] Normalized Frequencies [cm−1]

4a - B 3 - L 9 - D 4a - B 3 - L 9 - D

Flexural I 367.31 577.28 625.02 48.06 109.38 228.42
Flexural I 386.22 581.67 671.59 50.54 110.22 245.44
Flexural II 870.59 1425.19 1395.25 113.92 270.04 509.90
Flexural II 968.01 1442.93 1517.47 126.67 273.41 554.57
Flexural III 1481.35 2492.01 2294.67 193.84 472.18 838.60
Flexural IV 2146.27 3678.20 3238.99 280.85 696.95 1183.71
Torsional I 774.84 1280.15 920.00 101.39 242.56 336.22
Torsional II 1548.09 2560.06 1841.51 202.57 485.08 672.99
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4. Manufacturing and Testing
The objective of the experimental campaign was to evaluate the manufacturability

of the new lattice structures using additive techniques, to calibrate the numerical models
employed in the simulations, and simultaneously to assess the extent to which the behavior
of the manufactured structures deviated from the theoretical predictions. To this end,
two sets of experimental specimens were fabricated: one in aluminum alloy for static
characterization and one in resin for dynamic characterization.

4.1. Static Characterization

One of the main applications of minimal surface lattices is in lightweight structures,
designed to provide high stiffness relative to their weight and the amount of material used.
For this reason, a set of lattices composed of the cells generated in Section 2 was fabricated
and statically tested to evaluate their stiffness performance and to validate the results of
the homogenization analysis (Section 3.2).

The specimens were fabricated using Powder Bed Fusion-Laser Beam (PBF-LB/M),
an additive manufacturing technique that uses a laser beam to selectively melt metallic
powder deposited layer by layer on the build plate, gradually forming the final part. In
particular, the Aconity MIDI+ printer from Aconity3D GmbH (Herzogenrath, Germany)
was employed. The material selected for production was the aluminum alloy AlSi10Mg,
containing approximately 10% silicon and 1% magnesium, known for its light weight, high
strength, and good printability, making it particularly suitable for the intended application.
Its physical properties are summarized in Table 4.

Table 4. Material properties.

Material ρ [kg/m3] E [GPa] ν

AlSi10Mg 2680 70 0.33
Resin 1192.48 2.5 0.35

The production of the specimens using PBF-LB/M involved a long and complex
process. During pre-processing, the metallic powder was carefully inspected for its particle
size distribution before being loaded into the machine powder reservoir. Once the recoating
blade was calibrated, the build chamber was sealed and filled with nitrogen to provide
an inert atmosphere, minimizing oxidation and inclusions during printing. Following the
time-intensive printing phase (Figure 24a), the specimens were cleaned of excess powder
and removed from the build plate via electrical discharge machining (EDM).

(a) Specimen fabrication (b) Manufactured specimens on the build plate

Figure 24. Specimens fabricated by PBF-LB/M for static tests.
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The specimen consisted of 3 × 3 × 3 lattices of 1-cm-sided cells. To facilitate manu-
facturing and compression testing, two plates were added and filleted onto the bottom
and top bases, with heights of 3.5 mm and 2 mm, respectively (visible in Figure 24b). The
cells selected for fabrication were chosen to have elastic moduli spanning the entire range
of admissible values, with four specimens for each of the three relative densities. The
type of topology and symmetry, however, was varied randomly within the set so as not to
systematically influence the results. Nevertheless, all H0-type cells were tested, as they are
more technologically relevant than S-type cells, due to the reduced stress concentrations
they can provide.

In Table 5, the selected cells with their respective filling coefficients and elastic moduli
are summarized. In all cases, they were oriented within the specimens so that Z was the
compression direction, with the exception of topo_6 - D - H0 which was instead tested
along Y.

The fabricated specimens (Figure 24b) were subjected to compression tests with the
objective of experimentally measuring the elastic moduli of the different geometries and
comparing them with the values obtained numerically from the homogenization described
in Section 3. The compression machine used for the experiments was the Zwick Roell
Z100 (ZwickRoell GmbH, Ulm, Germany), equipped with a 100 kN load cell. Each of the
manufactured geometries was positioned between the plates and compressed up to the
point of exhibiting non-linear behavior (Figure 25a). The compression tests were performed
in displacement control with a strain rate of 10−3 mm/s, and with a specimen-specific limit
on the reached force as the end-of-test condition. The force value for each specimen was
estimated based on the numerically predicted yield strength. A preload of 300 N was also
applied in all cases to ensure adhesion and correct alignment between plates and specimen.

(a) Experimental setup (b) Example of resulting stress-strain curve

Figure 25. Compression tests.

The axial strain was calculated from the measured displacement, which was known
due to the displacement-controlled test, and corrected by excluding the contribution of the
machine own deformability. The final curves, converted into stress-strain curves using the
nominal cross-section (30 mm × 30 mm) and the specimen height (35 mm; approximately
0.5 mm of material is lost during wire electrical discharge machining), were used to
estimate the elastic modulus of the specimens, corresponding to the slope of the linear
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portion (Figure 25b). These values, compared with those obtained from the homogenization
process, are reported in Table 5.

Table 5. Tested cells and comparison between numerical and experimental elastic moduli.

Cell Relative Density Ehomog [GPa] Etest [GPa] Error [%]

topo_1 - Q - H0 20% 6.04 5.72 5.55%
topo_2 - L - H0 10% 1.15 1.29 11.15%
topo_2 - T - H0 30% 8.51 8.94 4.85%
topo_4b - B - H0 20% 2.40 2.48 3.04%
topo_6 - A - H0 10% 3.10 3.23 4.14%
topo_6 - D - H0 20% 3.61 3.67 1.79%
topo_9 - D - H0 10% 3.50 3.51 0.56%
topo_9 - E - H0 10% 8.46 8.74 3.24%
topo_9 - J - H0 30% 4.97 4.63 7.45%
topo_9 - O - H0 30% 15.49 15.96 2.96%
topo_17 - A - H0 20% 8.66 8.84 2.02%
topo_20 - B - H0 30% 8.52 8.00 6.56%

The error remained below 10% for all specimens, with the exception of topo_2 - L -
H0, for which it exceeded 11%. The significant increase in error observed for this cell can
be attributed to its low stiffness. Exhibiting a particularly compliant behavior, it reached
yielding at a load of approximately 1.5 kN, meaning that the elastic region was exhausted
before the machine reached 1.5% of its load capacity. During the early loading stage, the
measurement error was still high, and the collected data were therefore not very accurate.

For the other specimens, the error varies between 0.56% and 7.45%. This range is still
considered acceptable, given possible measurement errors, the differences between the
behavior of the additively manufactured AlSi10Mg and that of the bulk material, as well as
the effect of the two bases introduced in the specimens to facilitate testing, which constrain
lateral deformations and stiffen their response.

It can thus be concluded that there is good agreement between the experimental and
numerical data regarding the static behavior of the cells, and no correction to the numerical
model is required.

4.2. Dynamic Characterization

In addition to lightweight structures, minimal surface lattice cells find application in
vibration damping. However, it is not possible to characterize the dynamic behavior of
lattice cells independently of the geometry of the structure they form, as was done with
the elastic modulus for the static case. For this reason, the measurement of the natural
frequencies and mode shapes of a doubly clamped beam was chosen, as it is capable of
exhibiting large oscillations at low frequencies.

To further accentuate these two characteristics, the dynamically tested beams were
made of resin rather than aluminum. The lattice beams were fabricated using the Stere-
olithography (SLA) technique, which uses the photopolymerization process to create solid
models from a liquid resin (Figure 26a). The printer used was the ELEGOO Saturn 4 Ultra
16K (Shenzhen Elegoo Technology Co., Ltd., Shenzhen, China) with Anycubic Normal UV
Resin (Shenzhen Anycubic Technology Co., Ltd., Shenzhen, China), whose elastic proper-
ties, measured experimentally, excluding the Poisson ratio which was instead estimated
based on data found in literature [38,39], are reported in Table 4.
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(a) Printing of specimen beams (b) Specimen beams after printing

Figure 26. Specimen beams fabricated by SLA for modal testing.

The manufacturing process was significantly simpler than the one described in the
previous section, since, in addition to the printing phase, it only required subsequent
washing in isopropyl alcohol to remove the uncured resin, followed by a UV post-curing
treatment to ensure complete polymerization of the material.

The single beam consists of a lattice of 2 × 2 × 16 1-cm-sided cells, with the ends
joined to two parallelepipeds measuring 2 × 2 × 2.5 cm3 (Figure 26b), which served as
grips during testing. To dynamically excite the structure, an electrodynamic exciter was em-
ployed. Through an electromagnet, it generated a time-varying magnetic field near a small
permanent magnet attached to the specimen, thereby inducing vibrations (Figure 27b). The
magnetic field followed a continuous chirp signal, allowing the excitation of all frequencies
between 0 kHz and 6.5 kHz, including all the first modes of interest.

(a) Optomet vibrometer (b) Clamped beam and electrodynamic exciter

Figure 27. Experimental setup for the modal tests.

To measure the structural response, a short-wave infrared (SWIR) scanning Optomet
vibrometer was used, exploiting the laser Doppler effect to evaluate the velocity of the
surface struck by the beam in the direction normal to the face itself (Figure 27a). By
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detecting the velocity oscillation of a predefined set of points on one of the beam lateral
faces as the magnetic excitation signal varied, OptoScan v2.11.0b, in combination with the
vibrometer, reconstructed the deformation modes for each frequency and identified the
natural modes as those in which the oscillation velocities of points were amplified. Since
the system could only measure one surface at a time, the measurement was performed
twice—once for each side—to reconstruct the beam modes in the two Cartesian directions
orthogonal to the centerline. To prevent the intricate lattice geometry from affecting the
measurements, the scanned face was covered with a reflective tape specifically designed
for this purpose.

From OptoScan, the response spectrum of all sampled points was exported for each
beam and for each of the two measured sides. By overlapping the spectra in magnitude,
the natural frequencies were identified at the peaks. Once the natural frequencies were
determined, the corresponding modes were extracted from OptoScan at those frequencies.

Initially, the numerically simulated beams were more compliant than the experimental
ones, with calculated natural frequencies significantly lower. Further investigations re-
vealed discrepancies between the numerical and experimental models, prompting several
corrections to the model, including adjustments to the distance between constraints, the
resin properties, and the shell thickness. For instance, the distance between the anchoring
brackets was found to be 15.5 cm during testing, rather than the 16 cm initially assumed.
The cured resin exhibited mechanical properties differing from those declared by the man-
ufacturer, who reported an elastic modulus of E = 1.4 ÷ 1.6 GPa and a density of 1120
kg/m3 in the data sheet. The actual properties were determined by printing and testing
an additional beam, still 21 cm long, but solid, and with a 1 × 1 cm2 cross-section, and
applying the theoretical model of a doubly clamped Euler–Bernoulli beam. Finally, the
actual shell thicknesses were estimated from the experimental mass, again exploiting the
thin-wall property of the cells.

The tables in Appendix C compare the natural frequencies obtained experimentally
with those from the numerical shell element model. The resulting average error was 9.77%,
which was used to correct the numerically obtained results, achieving good agreement
between numerical and experimental data. After the correction, the error was reduced to
below 10%, with the exception of some previously identified anomalous values attributable
to measurement errors.

During the experimental tests, the flexural modes often coupled with torsional modes
with similar natural frequencies. This behavior can be explained by the fact that the printed
beams were not perfectly straight due to warping during printing, which induced pre-
tensioning and a consequent variation in structural stiffness when the beams were clamped
at both ends [40,41].

5. Discussion
The cell generation process was divided into two steps: the definition of symmetries

to reconstruct the cell from one of its octants, and the solution of the two associated elastic
problems using the dynamic simulation of elastic membranes. Despite the excellent results
already achieved, both steps leave ample room for improvement.

The first way to expand the solution space is to exploit the parametrization of the
boundary curves, which is already implemented in the model. Modifying the positions
of points on the edges, as well as the directions and magnitudes of the tangents, directly
influences S-type cells and indirectly H0-type cells. A critical issue with the geometric
variations of the curves is the potential incompatibility they may introduce between octants
under different symmetries. While S-type cells cannot be constructed in these cases, the
existence of H0-type cells should not be ruled out. By imposing coincidence constraints
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between nodes on curves at octant junctions, it is possible to internally re-stitch the cell
before applying coincidence constraints between nodes on opposite faces and anchor
constraints on the boundaries. Furthermore, modifying the boundary curves, and thus the
material distribution forming the membrane, could produce H0-type solutions even where
the base configuration results in degenerate surfaces at the cube boundary.

The observation in Section 3.2 regarding the possibility of retrieving the Gyroid
using topo_19 and symmetry rrr_x180z_y180x_z180y highlights the benefit that curve
parametrization would introduce in terms of possible solutions.

The introduction of rotational isometries, in addition to the reflection and translation
symmetries proposed by Xu et al. [28], significantly increased the variety of possible unit
cell symmetries. However, only 13 of 48 possible isometries were considered for octant
construction and many remain unexplored. Including all remaining isometries and their
combinations to form the 8 octants could enable the construction of even newer unit cells.

Another possibility is constructing a unit cell by composing octants of different types
with compatible boundaries. In this case, it would be particularly interesting to investigate
how such a combination influences the isotropy of the resulting lattice and, in general, the
mechanical performance of the unit cell. A problem that could emerge from this solution,
however, is the violation of triple periodicity: different topologies might be compatible at
the junction between octants but have curves on opposite faces that are not superimposable
by projection.

Regarding the TPMS algorithm, explicitly representing the initial mesh has both ad-
vantages and disadvantages. Manual mesh construction is often time-consuming and
cumbersome. Automating this step—for instance, by identifying robust alternatives to the
patch tool—would reduce mesh dependency: a given boundary curve would always gener-
ate the same initial mesh, which in turn would lead to the same final surface. This behavior
stems from the fact that the algorithm here converges to the minimal surface closest to the
initial mesh. Consequently, even though minimal surfaces for a given boundary are often
non-unique, the same initial mesh results in the same final solution. In this regard, it would
also be beneficial to develop a method capable of identifying, for a given boundary curve,
all admissible minimal surfaces, so as to further expand the space of possible solutions.
Automation would also improve reproducibility for boundary curves that previously led to
disconnected or non-minimal surfaces during iterative relaxation, since a consistent initial
mesh would ensure a consistent output already from the first iteration.

Another limitation of the initial mesh is that it cannot alter its genus (i.e., the number of
holes) or internal connectivity during relaxation, even if doing so could reduce the surface
area. This limitation does not compromise the results, as the goal is to identify minimal
surfaces rather than absolute minimum-area surfaces, but it is worth highlighting.

The relaxation phase could be made more efficient by replacing the membrane with a
network of one-dimensional elements. This leads to an approximation of the final minimal
surface description but makes the model computationally lighter.

An additional improvement would be to quantitatively measure disequilibrium at
octant junctions. Understanding the forces acting on homologous nodes on opposite faces
at equilibrium could enable a correction algorithm, evolving boundary points along the
resultant membrane forces and thereby reducing disequilibrium.

To accelerate the selection of compatible symmetries for each topology, a code could
be developed to automatically evaluate the superimposability of junction curves between
multiple octants and cells.

Finally, the selection of an optimal unit cell for a specific application could be en-
hanced by a neural network. Given the parametric setup for cell generation (topology,
symmetry, smoothing type, relative density, etc.) and desired performance metrics (stiff-
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ness, anisotropy, or other parameters), the network could predict the input parameters that
identify the unit cell closest to the target performance.

6. Conclusions
The proposed method for generating new unit cells for minimal-surface lattices pro-

duced nearly seventy distinct novel geometries, each exhibiting zero mean curvature across
the surface, except at the boundaries, where the deviation remained minimal.

Unlike traditional TPMS, which exist as isolated exemplars with fixed geometric and
physical characteristics, these cells morph continuously within a parametric framework
of topologies and symmetries. This allows designers to finely tailor static and dynamic
responses—e.g., stiffness, anisotropy, stress concentration patterns, and deformation and
vibration modes—by adjusting the underlying parameters. Numerical models, calibrated
with experimental data, accurately predicted these properties with errors below 10%.

From a manufacturing standpoint, the cells performed well when produced using
both PBF-LB/M and SLA, with challenges arising mainly in the presence of sharp over-
hangs. Their open-cell nature facilitated resin drainage in SLA, whereas powder removal
proved more difficult in PBF-LB/M, especially for geometries featuring strongly constricted
channels. Because the structures are built layer-by-layer within the metal powder, excess
powder can remain trapped in narrow cavities, complicating post-processing. SLA prints
offer inherently smooth surface finishes, while PBF-LB/M parts require post-processing
such as sandblasting. However, the intricate internal channels of these lattices make such
treatments difficult, if not impossible, to apply evenly. Although this does not significantly
degrade the structural performance of the lattice, it may promote cracking or corrosion over
time. These findings suggest practical design guidelines for the adoption of such lattices
in additive manufacturing. SLA should be prioritized when internal surface integrity is
critical, as it bypasses the accessibility limits of mechanical finishing. Conversely, when
utilizing PBF-LB/M, parametric selection must explicitly avoid geometries with high chan-
nel constriction to ensure reliable depowdering. Furthermore, since internal surfaces often
remain in their as-built state, design simulations should account for a performance margin
to compensate for the inability to perform uniform post-processing.

In conclusion, while the proposed cell-generation method is already very powerful,
it still offers ample room for refinement and optimization, as discussed in Section 5. Its
ability to produce parametrically controlled families of geometries marks a clear step
beyond traditional TPMS. Even if it is still at an early stage, this approach has established a
solid foundation for developing a more systematic framework capable of automating the
generation, classification, and mechanical tailoring of triply periodic minimal surfaces.
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Appendix A. Symmetries and Construction Procedures
The 9 rotations are indicated by the following abbreviations:

• x90, x180, x270: rotations of 90°, 180°, 270° around the x̂ axis (right-hand convention).
• y90, y180, y270: rotations of 90°, 180°, 270° around the ŷ axis (right-hand convention).
• z90, z180, z270: rotations of 90°, 180°, 270° around the ẑ axis (right-hand convention).

The following lists all the symmetries considered for cell generation, with their respec-
tive nomenclature and construction schemes:

• mmm: the coordinate planes of the O-XYZ reference system are all planes of symmetry.
• mmt_xt: two of the coordinate planes of the O-XYZ reference system are planes

of symmetry; the pairs of octants for which a mirror condition does not exist are
superimposable by translation.

– mmt_x: the octants are superimposable by translation along x; the planes with
normal Ŷ and Ẑ are planes of symmetry.

– mmt_y: the octants are superimposable by translation along y; the planes with
normal X̂ and Ẑ are planes of symmetry.

– mmt_z: the octants are superimposable by translation along z; the planes with
normal X̂ and Ŷ are planes of symmetry.

• mtt_xt1xt2: only one coordinate plane of the O-XYZ reference system is a plane of
symmetry; the octants lying in the same of the two half-spaces defined by the plane of
symmetry are superimposable by translation.

– mtt_xy: the octants are superimposable by translation along x and y; the plane
with normal Ẑ is a plane of symmetry.

– mtt_xz: the octants are superimposable by translation along x and z; the plane
with normal Ŷ is a plane of symmetry.

– mtt_yz: the octants are superimposable by translation along y and z; the plane
with normal X̂ is a plane of symmetry.

• ttt: all octants are superimposable by translation.
• mmr_xrθxt: starting from the 1st octant, one of the 2nd, 4th, and 5th is constructed

by rototranslation, with xrθ specifying which rotation to apply (e.g., x180, z90, etc.)
and xt the direction in which to translate the result (x if the octant constructed by
rotation is the 2nd; y if it is the 4th; z if it is the 5th); the remaining six octants are then
constructed by reflection.

• mtr_xrθxt_xtt: starting from the 1st octant, one of the 2nd, 4th, and 5th is constructed
by rototranslation and another by translation; the octant coplanar with these two
and the 1st can be constructed by composing these two commutative transformations
(variant v1) or simply by translation (variant v2); the remaining four octants are then
constructed by reflection.

• mrr: starting from the 1st, two octants between the 2nd, 4th, and 5th are constructed
through different rototranslations; these two transformations are then composed to
construct the octant coplanar with these two and the 1st (non-commutative composi-
tion, in general); the remaining four octants are then constructed by reflection.

– mrr_xr1θ1xt1_xr2θ2xt2: if, for the construction of the last octant coplanar with
the 1st, the rototranslations xr1θ1xt1 and xr2θ2xt2 are applied in that order.

– mrr_xr2θ2xt2_xr1θ1xt1: if, for the construction of the last octant coplanar with
the 1st, the rototranslations xr2θ2xt2 and xr1θ1xt1 are applied in that order.

• ttr_xrθxt: starting from the 1st octant, one of the 2nd, 4th, and 5th is constructed by
rototranslation, and the other two by translation (the translations, implied, can be of
the type xy, xz, and yz, and are always complementary to the translation xt prescribed
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after the rotation for the rototranslation); the octant coplanar with the two obtained by
translation is, in turn, obtained by translation; the other octants, however, are obtained
by combining translations and rototranslations, which, being non-commutative, give
rise to 6 variants of this type of cell, which are constructed starting from the 1st octant
and the three translated ones as described below:

– v1: only the 1st octant is rototranslated, while the other three octants are simply
translated (i.e., excluding the octant initially rototranslated, all the other six that
compose the cell are obtained by translation from the 1st octant).

– v2: the 1st octant and the diagonally opposite one are rototranslated, while the
other two octants are simply translated.

– v3: the 1st octant and the one obtained through the first prescribed translation
are rototranslated, while the other two octants are simply translated.

– v4: the 1st octant and the one obtained through the second prescribed translation
are rototranslated, while the other two octants are simply translated.

– v5: the 1st octant and those obtained through the prescribed translations are
rototranslated, while the fourth is simply translated.

– v6: all four octants are rototranslated.

• trr: starting from the 1st, two octants between the 2nd, 4th, and 5th are constructed
through different rototranslations; similarly to the mrr symmetry, the way these
two transformations are then composed to construct the octant coplanar with these
two and the 1st allows distinguishing between cells trr_xr1θ1xt1_xr2θ2xt2 and
trr_xr2θ2xt2_xr1θ1xt1. Based on how the remaining four octants are constructed
starting from the first four, it further allows distinguishing between 5 variants:

– v1: all four octants are translated to construct the second half of the cell.
– v2: the 1st octant and the one constructed via the first imposed rototranslation

are translated into the second half of the cell; subsequently, the octant obtained
from the translation of the 1st is translated to construct the two missing octants.

– v3: the 1st octant and the one constructed via the first imposed rototranslation
are translated into the second half of the cell; they are then translated again to
construct the two missing octants.

– v4: the 1st octant and the one constructed via the second imposed rototranslation
are translated into the second half of the cell; subsequently, the octant obtained
from the translation of the 1st is translated to construct the two missing octants.

– v5: the 1st octant and the one constructed via the second imposed rototranslation
are translated into the second half of the cell; they are then translated again to
construct the two missing octants.

• rrr_xr1θ1xt1_xr2θ2xt2_xr3θ3xt3: starting from the 1st, the 2nd, 4th, and 5th octants
are constructed using the three prescribed rototranslations, different from each other;
the rototranslations used to construct the 2nd and 4th are then combined to obtain
the 3rd, giving rise to two variants a and b depending on the order of application
(Figure A1a,d); an analogous discussion applies for the 6th octant, obtained by combin-
ing rototranslations used for the 2nd and 5th (Figure A1b,e), and for the 8th, from the
rototranslations for the 4th and 5th (Figure A1c,f); by then considering the 6 possible
ways to combine the preceding rototranslations to construct the 7th octant (Figure A2),
a total of 48 possible variants for the rrr cell is reached. To specify, therefore, which
variant is being referred to, the appendix a3a6a8I7 is added after the cell name, where
a3, a6 and a8 correspond to a or b, depending on the way the 3rd, 6th, and 8th octants
are constructed respectively, and I7 corresponds to a value between I and VI, which
specifies the construction method of the 7th octant.
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(a) 3rd octant, variant a (b) 6th octant, variant a (c) 8th octant, variant a

(d) 3rd octant, variant b (e) 6th octant, variant b (f) 8th octant, variant b

Figure A1. Construction methods for 3rd, 6th and 8th octants.

(a) Variant I (b) Variant II (c) Variant III

(d) Variant IV (e) Variant V (f) Variant VI

Figure A2. Construction methods for the 7th octant.
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Appendix B. Unique Cell Nomenclature

Table A1. Updated nomenclature for cells with topologies from topo_1 to topo_3.

topo_1 topo_2 topo_3

A mmm mmm mmm

B mmt_x mmt_x mmt_x

C mmt_y mmt_z mmt_y

D mtt_xy mtt_xz mmt_z

E mtt_yz mmr_x180x mtt_xy

F ttt mmr_y90y mtt_yz

G mmr_x180x mmr_y270y ttt

H mmr_y180y mmr_z180z mmr_y90x

I mrr_x180x_y180y mrr_x180x_y90y mmr_y270z

J mrr_y180y_z180z mrr_x180x_y270y mmr_z90x

K mtr_x180x_y_v1 mrr_x180x_z180z mrr_x90z_y90x

L mtr_y180y_x_v1 mrr_z180z_y90y mrr_x270y_z90x

M ttr_x180x_v6 mrr_z180z_y270y mrr_y270z_z270y

N ttr_z180z_v6 mtr_x180x_z_v1 mrr_z90x_y270z

O trr_x180x_y180y_v1 mtr_y90y_x_v1 mtr_y90x_y_v1

P trr_y180y_z180z_v1 mtr_y90y_z_v1 mtr_y90x_z_v1

Q rrr_x180x_y180y_z180z_aaaI mtr_y270y_x_v1 mtr_y270z_x_v1

R mtr_y270y_z_v1 mtr_z90x_z_v1

S mtr_z180z_x_v1 ttr_y90x_v6

T ttr_y90y_v6 trr_x90z_y90x_v1

U trr_x180x_y90y_v1 trr_x270y_y90x_v1

V trr_x180x_y270y_v1

W trr_z180z_y270y_v1

X rrr_x180x_y90y_z180z_aabI

Y rrr_x180x_y270y_z180z_aabI

Table A2. Updated nomenclature for cells with topologies from topo_4 to topo_8.

topo_4 topo_5 topo_6 topo_7 topo_8

A mmm mmm mmm mmm mmm

B mmt_z mmt_z mmt_x mmr_x90x

C mmr_x90x mmr_x90x mtt_xy

D mmr_x270x mmr_x270x mtr_x180y_x_v2

E mmr_y90y

F mmr_y270y
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Table A3. Updated nomenclature for cells with topologies from topo_9 to topo_13.

topo_9 topo_10 topo_11 topo_12 topo_13

A mmm mmm mmm mmm mmm

B mmt_x

C mtt_xy

D mmr_x180x

E mmr_z90z

F mrr_x180x_x180y

G mrr_x180x_z90z

H mrr_x180x_z180y

I mrr_z90z_z180x

J mtr_z90x_y_v2

K mtr_z90x_y_v2

L ttr_z90z_v6

M trr_x180x_z90z_v5

N trr_x180x_z90z_v1

O trr_z90x_z90z_v5

P rrr_x180x_x180y_z90z_aaaI

Table A4. Updated nomenclature for cells with topologies from topo_14 to topo_20.

topo_14 topo_15 topo_16 topo_17 topo_18 topo_19 topo_20

A mmm mmm mmm mmm mmm mmm mmm

B mmr_x90x

Appendix C. Natural Frequencies: Comparison Between Shell Elements
and Experimental Data

Table A5. Comparison between natural frequencies with shell elements and experimental data.

n Mode fn with Shell Elements fn Experimental Error [%]

topo_1 - D - H0 (20%)
1st Flexural I 526.00 588.10 10.56%
2nd Flexural I 528.15 567.10 6.87%
3rd Torsional I 1131.38 1295.20 12.65%
4th Flexural II 1283.04 1376.20 6.77%
5th Flexural II 1311.24 1479.20 11.35%
6th Flexural III 2220.41 2379.40 6.68%
8th Flexural III 2312.00 2677.40 13.65%

topo_1 - K - H0 (10%)
1st Flexural I 396.71 459.10 13.59%
2nd Flexural I 463.29 512.10 9.53%
3rd Flexural II 1011.73 1182.20 14.42%
4th Torsional I 1025.57 1155.00 11.21%
5th Flexural II 1142.00 1285.20 11.14%
6th Flexural III 1817.83 2096.30 13.28%
7th Flexural III 1987.01 2254.40 11.86%
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Table A5. Cont.

n Mode fn with Shell Elements fn Experimental Error [%]

topo_2 - O - H0 (10%)
1st Flexural I 416.41 451.10 7.69%
2nd Flexural I 440.69 463.10 4.84%
3rd Torsional I 856.68 995.00 13.90%
4th Flexural II 1017.72 1005.20 1.25%
5th Flexural II 1081.62 1136.20 4.80%
6th Flexural III 1770.06 1107.20 59.87%
7th Axial I 1934.28 1905.30 1.52%

topo_3 - K - H0 (20%)
1st Flexural I 583.31 627.10 6.98%
2nd Flexural I 581.98 604.10 3.66%
4th Flexural II 1436.49 1495.20 3.93%
5th Flexural II 1448.88 1564.20 7.37%
7th Flexural III 2513.85 2560.40 1.82%
8th Flexural III 2527.15 2737.40 7.68%

topo_3 - P - H0 (20%)
1st Flexural I 546.12 579.10 5.70%
2nd Flexural I 587.96 620.10 5.18%
3rd Torsional I 1171.07 1350.20 13.27%
4th Flexural II 1308.28 1391.20 5.96%
5th Flexural II 1471.31 1548.20 4.97%
6th Flexural III 2241.57 2368.40 5.36%
9th Flexural III 2605.25 2595.40 0.38%

topo_3 - R - H0 (30%)
1st Flexural I 581.49 608.10 4.38%
2nd Flexural I 595.29 658.10 9.54%
4th Flexural II 1425.47 1473.20 3.24%
5th Flexural II 1470.33 1531.00 3.96%

topo_6 - A - H0 (10%)
1st Flexural I 644.23 690.10 6.65%
2nd Torsional I 1231.35 1385.20 11.11%
3rd Flexural II 1545.20 1672.30 7.60%
5th Flexural III 2652.58 2493.40 6.38%

topo_6 - C - H0 (30%)
1st Flexural I 471.30 525.10 10.25%
2nd Flexural I 572.28 627.10 8.74%
3rd Torsional I 1056.36 1285.20 17.81%
4th Flexural II 1091.11 1241.20 12.09%
5th Flexural II 1443.51 1602.30 9.91%
6th Flexural III 1812.00 2083.30 13.02%
7th Torsional II 2101.88 2419.40 13.12%
8th Axial I 2397.95 2504.40 4.25%
9th Flexural III 2583.33 2883.50 10.41%

topo_9 - B - H0 (20%)
1st Flexural I 357.07 411.10 13.14%
2nd Flexural I 385.89 437.10 11.72%
3rd Torsional I 704.64 900.00 21.71%
4th Flexural II 873.31 1028.20 15.06%
5th Flexural II 890.31 1024.20 13.07%
7th Flexural III 1492.54 1722.30 13.34%
8th Flexural III 1516.63 1803.30 15.90%

topo_9 - E - H0 (30%)
1st Flexural I 635.26 640.10 0.76%
2nd Flexural II 1618.23 1577.20 2.60%
3rd Torsional I 1791.17 1877.30 4.59%
5th Flexural III 2909.11 2670.40 8.94%
7th Flexural IV 4394.62 3034.50 44.82%
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Table A5. Cont.

n Mode fn with Shell Elements fn Experimental Error [%]

topo_9 - H - H0 (10%)
1st Flexural I 304.45 338.10 9.95%
2nd Flexural I 421.31 486.10 13.33%
3rd Flexural II 789.88 880.10 10.25%
4th Torsional 862.05 963.20 10.50%
5th Flexural II 1047.45 1232.20 14.99%
6th Flexural III 1444.16 1547.20 6.66%
9th Flexural III 1841.56 2166.30 14.99%
10th Flexural IV 2210.73 2318.40 4.64%

topo_9 - P - H0 (30%)
1st Flexural I 468.34 508.10 7.83%
2nd Flexural I 508.23 523.10 2.84%
3rd Flexural II 1214.64 1327.20 8.48%
4th Flexural II 1249.14 1289.20 3.11%
5th Torsional I 1329.65 1498.70 11.28%
6th Flexural III 2221.13 2390.40 7.08%
7th Flexural III 2179.62 2239.30 2.66%
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