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Abstract

The minimization of the action of a QFT with a constraint dictated by the block averaging
procedure is an important part of Balaban’s approach to renormalization. It is particularly interesting
for QFTs with non-trivial target spaces, such as gauge theories or non-linear sigma models on a lattice.
We analyze this step for the O(4) non-linear sigma model in two dimensions and demonstrate, in this
case, how various ingredients of Balaban’s approach play together. First, using variational calculus
on Lie groups, the equation for the critical point is derived. Then, this non-linear equation is solved
by the Banach contraction mapping theorem. This step requires detailed control of lattice Green
functions and their integral kernels via random walk expansions.



Contents

(1__Introductionl 3
[1.1  The setting and results|. . . . . . . . . . . . 7

|2 Preparations| 9
2.1 Linearization of the constraintl. . . . . . . . . . . . . ... ... 9
[2.2  Sets of configurations|. . . . . . . . ... 10
[3__Geometric considerations| 12
[3.1 Variational calculus on Lie groups| . . . . . . . .. ... .. o o 12
3.2 Tangent space of the constraint manifold|. . . . . . . .. ... ... ... ... .. .... 14
3.3 Derivation of the critical point equation| . . . . . . . . . ... ... ... . ... 16

3.4 Structure of the expressions Wl ................................ 18

|4  Analytic considerations| 19
4.1 Existence of solutions of the critical point equation| . . . . . . . ... ... ... ... .. 19
4.2 Strict positivity of G=',G and QGQ*| . . . . . ... 21
4.3 Exponential decay of integral kernels of G, (QGQ*)™Y| . . . . ... ... ... ... ... 22
4.4 Method of images|. . . . . . . . . . 24
4.5 L>-bounds on G(Q), (QG(Q)Q*)™ ', (QGQR*Q*)™ | . . .. ... ... ... ... ... 28

. inder 771 . . . ... 30

4.7 Themain resultl. . . . . . . . . . . e e 34

|IA° Random walk expansions| 34
|A.1 Short range localizing functions| . . . . . . . . . . . .. ... L 34
A2 Exponential decay of integral kernels of operators and their inverses| . . . . ... .. .. 36
[B_Some technical lemmas] 41



1 Introduction

The traditional strategy towards the construction of a non-trivial QFT in four dimensions had been to
start from the P(¢)2 models, then tackle the ¢*-interaction in three dimensions, and finally attack the ¢}
model as the seemingly simplest interacting theory in spacetime of physical dimension. However, since
the early 80s evidence started accumulating that ¢$ is actually trivial [Ai82, [AD21], [Fr82]. The attention
shifted towards asymptotically free theories, such as the Gross-Neveu model in two dimensions (GNy),
the non-linear sigma model in two dimensions (NLSMy), and the Yang-Mills theory in four dimensions
(YMy). While the GNy is by now mathematically well understood [DR00, [FMRS86, IGK85, [DY23|
Du24], only partial results on the latter two models have been obtained |[GK86, [PR91l [BJ86l, IMRS93].
Interestingly, the NLSMsy bears some similarity both with the good old P(¢)s and with the elusive YMy.
To indicate the similarity to the P(¢)s, recall that the action of the O(N) non-linear sigma model is
given by

gl =5 [ 0,00 0w, 1o =1, (1)

i.e., it differs from the free field theory only by the constraint restricting the field ¢ : R> — RV
to the sphere SV~1. The Dirac delta implements this constraint in the functional measure. If we
approximate this delta by Gaussian functions, we obtain a family of two-dimensional models with
polynomial interactions, see, e.g., [BZ72, [IMR&9]. As for the similarity of the NLSMy to the YMy, it is
particularly striking for N = 4. In this case, for any ¢ € S? we have U := ¢gl + iqg- g € SU(2), where
o are the Pauli matrices. In these variables, we obtain from a principal chiral model, cf. [Po87,
p.19], [Mo98, p. 129]. Its formal discretization gives the following action

AU) = Tr(1—0U(b)), (1.2)
beqY

where ) C Z? is a finite unit lattice, the sum is over bonds b = (b_, b ) in 2 and U (b) := U (b_)U (by)*,
which is analogous to the ‘holonomy’ along b. The theory has a global SU(2) x SU(2) symmetry given
by A(u1Uug) = A(U) for any x-independent uy,us € SU(2). The expression resembles the Wilson
action of the YMy, where the sum is over plaquettes in Z4, OU are the corresponding plaquette variables
and local gauge symmetry holds. The two theories also share some important qualitative properties,
such as perturbative asymptotic freedom [Po87, [IMR89] and, more speculatively, mass transmutation
[Po87, [Fa02, [Ku80l [Ko99]. Thus, a convincing strategy toward a construction of a non-trivial QFT in
four dimensions has the form

This motivates our paper, which prepares the ground for non-perturbative renormalization of the non-
linear sigma model.

The utility of the NLSMy as a toy model for the YM,4 was pointed out, in particular, by Balaban
in [Ba87]. Apparently, Balaban worked out his proof of the UV stability of the YMy first in the case of
the NLSMs, but these considerations remained unpublishedﬂ As Bataban’s papers on the YMy are not
easily accessible (cf. [MRS93, p.326]), we find it worthwhile to work out in the NLSMs one aspect of
Bataban’s method, which is the variational problem. To put the variational problem into perspective,
we recall that the context of the entire construction is the Wilson-Kadanoff renormalization as sketched
in [BJ86]. That is, the unit lattice Q is divided into boxes Bj(y), which determine the coarse lattice
with a spacing L > 1. At each point of the coarse lattice, there lives a field C(U)(y), which is a suitable

! Actually, Balaban published a series of papers about sigma models in the 90’s, starting with [Ba95], but they concerned
the IR problem.



average of the fields U inside the box Bj(y). Given this data, one computes the effective action A, after
one step of the renormalization group:

LAV _ 1
o 7 )::/degé(C(U)V_l)e AU, (1.4)

where dU is the product of the Haar measures on SU(2) over all lattice sites, the Dirac delta restricts the
integration region to configurations U block-averaging to V' [Ya(l], and we ignored additive counterterms
for simplicity. The characteristic function x. imposes the small field condition, which requires that the
differences between fields at neighboring points are bounded by some £ > 0. We note that the effective
action also enjoys the global SU(2) x SU(2) symmetry since our averaging satisfies C(u1Uug) = u1C(U)uq
for uy,up € SU(2), cf. below. In the regime of small g, the expression can be studied by
the method of steepest descent: the leading contribution to the integral is due to the critical points
of U — A(U) subject to the constraint C(U) = V and the small field condition. This is the Balaban
variational problem. It prepares the ground for rewriting equation as a perturbation of a Gaussian
measure, which is tractable by the usual methods of constructive QFT. Our solution to the variational
problem is quite different from Balaban’s discussion of the corresponding problem for the YM, in
[Ba85b]. We put additional emphasis on the clarity of the presentation, in particular on the separation
of the geometric and analytic considerations. We intend to demonstrate that the Bataban variational
problem is an elegant topic in the variational calculus on Lie groups, cf. Subsection We hope that
our paper will be a useful addition to a growing library of accessible literature on Balaban’s method,
see, e.g., [BJ&6, Ya0ll Di13l IDY23], Dil8, [DST24].

To support the above comments, let us outline our solution of the Balaban variational problem. We
first change the variables from U(z) to U’(z) := U(z)V "Y(y.), * € Bi(y.), which describe fluctuations
around the value dictated by the constraint. Then the problem is to find the critical points of

AU = Z Tr(1 — U (b-)0V (yp)U’(b4)*)  with the constraint C(U’) =1, (1.5)
beY

=:W(b)

where OV (yp) := V(y»_)V (yp, )*. Both U’ and W are elements of SU(2), thus can be parametrized by

vectors A and W multiplying the Pauli matrices, as indicated above 1} Now, we consider the system
of equations

LxCU') =0, LxAU')=0, (1.6)

where Lx is the Lie derivative in the direction of the tangent vector field X. From the first equation
in we determine the tangent space of the constraint manifold, from the second one we obtain
the critical points of the action on the constraint manifold. To describe the solution, we introduce a
transformation R(x)7 = Ag(2)7 4+ A(z) x ¥ which is a sum of a rotation in the plane orthogonal to A
and a rescaling determined by the length of A. We also introduce a derivation § which maps functions
on lattice sites into functions on bonds according to (0f)(b) = f(b—) — f(b+). Then —0*9 coincides
with the lattice Laplacian Aq with Neumann boundary conditions. As a direct consequence of ,
the family of vectors

C(z) := R Yz)" 0" W (z) (1.7)
is constant on each block Bj(y) at the critical point. We proceed from this relation to an equation for

the critical point via the following steps: First, we note that in the variables A the constraint has the

—,

simple form Q(A) = 0, where @ is the arithmetic mean over boxes. Second, we decompose the variable
W, appearing in 1) as follows

W =04+ (1.8)
4



where 94 is the leading term and 7’7 the remainder with respect to the parameter € appearing in the
small field condition. Then, using ([1.7]), (L.8]), we obtain in Theorem the following equation for the
critical point:

A=GORQQGQR Q' QG(Q)0"7 — G(Q)I"F, (1.9)

where G(Q) := (—Aq + Q*Q)~! is a lattice Green function. Recalling that both R and 7 depend on A,
this is a highly non-linear equation.
The problem of existence and uniqueness of solutions of equation ((1.9) constitutes the analytic part

of our considerations. As the equation lb has the schematic form A = T(A), we apply the Banach
contraction mapping theorem. The respective metric space is given by

X.:={4] Q) =0, félgll(@U)(b) — 1|l <e}, (1.10)

which is dictated by the constraint and the small field condition (stated explicitly here). We choose the
L>-metric on this space as suggested by the supremum over b defining the small field condition. The
choice of any other £P-metric would lead to a mismatch with the small field condition and, thus, to
estimates depending on the number of lattice points n?. We stress that we want to prove the existence
and uniqueness of solutions of equation for € > 0, which is small depending on L but not on n as
the latter should ultimately tend to infinity in the continuum limit.

Thus, to obtain that T is a contraction, we need £°°-bounds on the relevant operators appearing in
. In particular, we have to show

IG() flloo < €l flloor  IQRGQQ™) ™ flloo < cll fllox. (1.11)

It is a simple and general fact that such bounds hold for operators whose integral kernels have an
exponential decay. It is less well known, but also true for strictly positive operators on £2(Z%), that
exponential decay of the integral kernel implies the exponential decay of the integral kernel of the
inverse operator. Bataban and Jaffe showed the latter fact in [BJ86] using the method of random walk
expansions. We reproduce their argument in Appendix [A] and use it in combination with the method
of images to prove .

Another important step of the proof that T is a contraction is to show that supx€Q|fT(a:)| < ce for
A e X.. We stress that this bound cannot follow from the small field condition alone, as the latter only
controls differences of fields at neighboring points. By exploiting in addition the constraint Q(ff) =0,
we obtain the required bound in Theorem Interestingly, in the case of the YMy, the corresponding
bound would follow quite easily using a gauge fixing condition which switches off the fields on many
bonds in each box, cf. [Ba85al, Lemma 1]. This demonstrates that the similarity of the two models has
its limitations, and a rigorous analysis of the NLSMy must not rely on papers on the YMy for technical
material.

Regarding future directions, we plan to expand the expression on the r.h.s. of around the
obtained critical point. After changing variables to the Lie algebra elements f_l', it should be possible
to rewrite the measure after one step as a perturbation of a Gaussian measure. It is an interesting
question if the quadratic form defining this measure is strictly positive. As a matter of fact, the P(¢),
models approximating the NLSMs, which we mentioned above, have massless Goldstone bosons in their
actions. We expect, however, that in , the resulting infrared problems will be eliminated by the
Dirac delta imposing the constraint. Then, using the cluster expansion, we should be able to determine
the behavior of the coupling constant g — g1 after the first step of the renormalization group. On the
other hand, if the infrared problems persist, we may have to introduce a gauge fixing in the functional
measure, similar to the one considered in [Da80].



In the present paper, we study only one step of the renormalization group, from a theory on a unit
lattice to a theory on an L-lattice. Ultimately, we would like to understand k steps of the renormalization
group, starting from a theory on an L~ *-lattice and going up to a theory on a unit lattice. Using the
semigroup property of the renormalization group transformations it is easy to guess that the
Bataban variational problem consists in minimizing U ~ A(U) with the constraint C¥(U) = V in this
case. This is actually how the variational problem was originally formulated in [Ba85b], disregarding
additional complications related to the large field problem. We hope to come back to this problem in
the case of the NLSMjy in future work. Omne complication is that the linearization of the constraint
to Q(/_f) = 0 is no longer automatic but requires an additional application of the Banach contraction
mapping theorem. Furthermore, one needs to establish the exponential decay of integral kernels for more
complicated operators than those appearing in . It is likely, however, that the Bataban-Jaffe lemma
mentioned above will solve a substantial part of this problem. It should also be added that principal
chiral models can be defined for more general Lie groups than SU(2). They may not be related
to sigma models in the sense of , but are interesting in their own right [Po87]. We believe that our
analysis could be extended to such models at a cost of some technical complications. Specifically, the
formula U := ¢gl + id_; - &, which appeared above and is used to multiply group elements in the
following, is specific for SU(2). For general Lie groups more cumbersome Baker-Campbell-Hausdorff
type expansions would have to be employed.

Our paper is organized as follows: In Subsection [1.1} we introduce our setting and state the main
result. In Section [2] we simplify the constraints by a change of variables and study the relations between
spaces of configurations. In Section [3] we characterize the constraint manifold and write the equation for
the critical point. In Section[] we show the existence and uniqueness of the solution of the critical point
equation using the Banach contraction mapping theorem. We supplement the paper with results about
the exponential decay of integral kernels of certain operators in Appendix [A] and some more technical
results in Appendix
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and by GNAMPA-INdAM. A.S. has been funded by the MWK Lower Saxony via the Stay Inspired
Program (Grant ID: 15-76251-2-Stay-9/22-16583/2022).

Notation

1. We introduce an odd positive integer L > 1 and set I = [0,1,...,n — 1], n — 1 = L™, so that the
parameter m controls the size of the interval.

2. We denote by Q C Z? the finite lattice Q := I*2 = [0,1,..., L™]*2
3. We denote by Q; C LZ¢ the coarse lattices of the form Q; = L[0,1, ..., L™ 1*2,
4. We denote by Q' the set of oriented bonds on .

5. We denote by | - | the length of a vector in R® and by || - || the operator norm on ¢ x ¢ matrices.
(We will only need cases ¢ = 1, 3).

6. The elements of the Hilbert spaces £2(€;R?), £2(91;RY), £2(€Y; R) are complex-valued functions



10.

11.

12.

13.

14.

15.

1.1

on the respective sets, denoted f, f’, g, ¢’. The scalar products have the form

(f.o)a=>_ f(x)-glx), (figho, =L f(x)-g(x), (fighor =D f(b)-g(b). (1.12)

e z€ beQ

We set || f H%Q = (f, f)q and similarly in other cases. The dot above is the canonical scalar product
in RC.

. We will write || f||oo:00 := supgeql|f(x)|. If there is no risk of confusion, we will drop €. We denote

by £>(€) the Banach space of functions on  equipped with the norm || - [|oc;0. Analogous
definitions will be used for €2;.

. The operator norm of a map M : LP(€;RY) — £(Q;R?) will be denoted || M ||, 0. Explicitly,

M

pg2 = sup [[Mf|ga. (1.13)
[ fllps2<1

An analogous definition will be used for ;. (We will only need cases p,q € {2,00}).

. We define the boxes in the lattice 2 for y €

Bi(y) ={r€Z? |y, <z, <y, + L, p=0,1} (1.14)
and for any x denote by y, the label y of the box s.t. € Bi(y).

We denote by Ag the Laplacian on ) with Neumann boundary conditions.

1/2
= 2’| = (Cpo(@n — 21)°) "7, o — 2/|oc := sup,—g 1 2y — 2),]-

1o denotes the characteristic function of a set O.

By ¢, c1,co... we denote numerical constants, independent of any parameters. Unless stated
otherwise, by C,C’, C1,Cy we denote constants which may depend on L but independent of any
other parameters (in particular independent of n). All these constants may change from line to
line.

We denote a scalar multiple of the identity operator on various vector spaces by the scalar.

i indi g = 53 gy
We assume summation over repeated indices e.g. X o, := 3 7 Xjo0;.

The setting and results

We set I :=[0,1,...,n — 1] and denote by Q = I*? C Z? a finite lattice on which the model will be
defined. Let € be the set of oriented bonds on € denoted by b = (b_,b;). Let L > 1 be an odd integer
and Qp := (L) N Q be the coarse lattice. For every y € Q; we define a box in the original lattice

Bi(y) ={ze€Qly, <xp<yu+L, p=01} (1.15)

whose label y is the left bottom corner. For = € 2 we denote by v, the label of the box containing .
We denote by Q] the set of oriented bonds on ;.
Let a Lie group Gg be a subgroup of the unitary group U(2). We introduce the set of all configurations

Conf(Q) := GZ"* (1.16)



whose elements have the form U := {U(x) },eq, U(z) € Go. For future reference, we note that Conf({2)
corresponds to G from the general discussion in Subsection Now we define the action of the model
as a function on Conf(€2):

A(U) = > ReTr(1—0U(b)), 0U(b) :=U(b_)U(bs)". (1.17)
beQY

It has an important symmetry property: For any xz-independent unitaries u,v we have
A(uUv) = AU). (1.18)

We are going to find critical points of this action with a constraint dictated by the block-averaging
procedure. We follow the averaging method from [Iw85]. As a first step we define a function

CoU)) = 73 > v (119

which maps every configuration U into a family of matrices {M (y)}ycq, on the coarse lattice. As these
matrices need not be unitary, we take a polar decomposition at each y € €y

Co(U)(y) = C(U)(y)ICo(U)(y)] (1.20)

and let the partial isometry C be our averaging operation. We set C(U)(y) = 1 whenever Co(U)(y) =
0. As shown in Lemma such averaging operation is well defined for Go = SU(2) and we have
C(U)(y) € Go.

We note that the averaging operation is consistent with the symmetry property of the action.
In fact, for any block-constant families of unitaries u, v

C(uUv) = uC(U)v. (1.21)
This guarantees a consistent transformation of a constraint of the form
cu) =V, (1.22)

where V' € Conf(§21) is a given configuration on the coarse lattice.
Finally we define the following subset of the set of configurations (|1.16|)

Conf.(Q) = {U € Conf(Q)|]|0U(b) —1|| < e forall b e Q'}, (1.23)
for 0 < € < 1, which encodes the small field condition. Now we state our main theorem:

Theorem A. Let Go = SU(2). Then there exist 0 < €,e1 < 1 s.t. for V € Conf., (1) the action
A has a unique critical point over Conf () with the constraint C(U) = V. The parameters €,e1 are
independent of n but may depend on L.

We will prove this as Theorem below.

Remark 1.1. We provide several comments on Theorem[4] and the method of proof:

1. It is clear from Definitions (1.15), (1.17), (1.19) that the variational problem formulated above is
in fact independent of the lattice spacing. For this reason we formulated the problem on a unit
lattice from the beginning. This simplification is due to the fact that we look only at one step of the
renormalization group. In the full variational problem, mentioned in the Introduction, there are k
steps of the renormalization group, from the L™"-lattice to the unit lattice. Then the dependence
on the lattice spacing is encoded in the parameter k and it persists after rescaling.
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2. To prove Theorem[A] we will follow the strategy from Subsection[3.1. As the open set Ge, on which

the Lie derivatives will be computed, we take the interior of Conf. ().

3. By setting e1 < €% one can ensure that the critical point is not at the boundary of Conf.(Q).
Indeed, a critical point in Conf.(Q) is also a critical point for Confu () s.t. &1 < (¢/)? < &2,
Thus the unique critical point must belong to the interior of Conf. ().

4. An essential step of the proof of Theorem consists in showing that configurations from Conf.(Q),
satisfying the constraint, can be written as U(x) = U'(x)V (y), where U'(x) belongs to

Conf® (Q):={U € Conf(Q) | |U(z) — 1| < & for allz € Q} (1.24)

for certain ¢, €. We note the crucial role of the constraint in this step, which is performed in

Subsection : the small field condition by itself does not imply the condition from ,

as it concerns only differences of fields at neighbouring points.

In the course of our analysis we will often use a parametrization of elements of SU(2) by an axis n

and an angle a so that
"% — T cos(a) +i(n - &) sin(a), (1.25)

where & := (01, 09, 03) are the Pauli matrices (see e.g. [CDD82, Chapter III, Problem 5]). Consequently,
we can write

U'(z) = sAo(z)] +iA(z) - &, (1.26)

where s := sgn(cos(a)), |A(x)| < 1, Ag(z) := /1 — |A(x)|2 and U’ was introduced above (1.24). It is
therefore convenient to define for 0 < € < 1 the corresponding family of configurations:

Cont*(Q) i= {{A(2)}sea | A(x) € R?, sup |A(z)| <e}. (1.27)

S
For any A € Conf®(Q) we have two distinct configurations U’, corresponding to the two signs s = {+1}.
However, as we will see in Theorem [2.5] only s = 1 plays a role in our discussion as we work close to
the unity in Gg.

2 Preparations

2.1 Linearization of the constraint

In this subsection we simplify the constraint. As we explained in Section [T, we make a change of variables
U(z) = U'(2)V(yz), where y, is the label of the box to which x belongs, i.e., 2 € Bi(y,). The action in
the new variables has the form

AU =) ReTr(1 = U'(b-)oV (y)U' (04)"), OV () := V(yo_ )V (w,)", (2.1)
beq?

with the constraint
CUV)=V & CoU)(y) = (Col')y)"Co(U")(y))?, (2.2)

where we made use of (1.21)). By Lemma and the uniqueness of the polar decomposition the second
relation in (2.2)) is equivalent to ReCo(U’) > 0 and ImCy(U’) = 0. The condition ReCo(U’) > 0 is

9



satisfied automatically for U’ close enough to the identity (cf. Lemma [2.3). Thus there remains the
constraint

C'(UN(y) :=2iImCy(U")(y) =0, y ey, (2.3)
which reads as follows
C(UNy) = >, WU'(x)-U'(x))=0, ye. (2.4)
$€B1(y)

Using this, decomposition (|1.26)) and Theorem we obtain

S A@@)=0, s=1, (2.5)

z€B1(y)
thus we linearized the constraint. It is therefore convenient to define a linear averaging map @ :

L2(Q;RY) — £2(Q4;RY) by

@NW)=75 X f@) (26)

x€B1(y)

to state the constraint as Q(A) = 0. We note for future reference that
1
@@ = fw), QN =75 X 6, (2.7

z'€B1(Ya)

i.e., Q*Q is the projection on block-constant functions.

2.2 Sets of configurations

Recall the sets of configurations defined in ((1.23]), (1.24)), (1.27).

Lemma 2.1. For U € Conf.(Q) and z,2’ € B1(y) we have
|U(z)U(2")* — 1] < (2L)e. (2.8)

Proof. Let by o--- o0 by be the shortest oriented path of bonds s.t. b = z and by = 2/. (We can
always find such a path, possibly with x, 2’ exchanged). Thus we can write

U@)U(Z) —1 = aU(by)...0U (by) — 1
= QU (by)...0U (b )(DU (by) — 1) + AU (by) ... OU (by_y) — 1 (2.9)

where ||OU (bg) — 1|| < e. After ¢ steps we estimate the norms and get
|U(z)U(2")* —1]] < le < (2L)e. (2.10)

This completes the proof. [J

Lemma 2.2. Let U € Conf.(2), 0 <& <1/(4L). Then |Co(U)(y)|, y € Qu, are strictly positive.

10



Proof. We come back to definitions ((1.19), (1.20) and compute

GO )W) = 75 Y UEUE)

z,x'€B1(y)

:L12(1+L12 > U(z)*U(m’)) (2.11)

z,x’' €B1(y)
x#x’

1 1 . 1
= (prp T O@U -V -1) @)
ac,:c’eiB%(y)

1 .
_ (1 f Y WE@rUE) - 1)). (2.13)
z,z' €B1(y)
rHx
In view of Lemma for (2L)e < 1/2 the claim follows. O

We recall from ([2.2) that

=

CUV)=V & Co(U)(y) = (Co(U) () Co(U")(y))?. (2.14)

This will be used in the following lemma.

Lemma 2.3. Let 0 < ¢ < 1/(4L) and suppose that U € Conf.(Q) satisfies the constraint (1.29). Then
U (z) — 1| < ey Le.

Proof. Using (2.13), Lemma and Lemma we have
* 1
H(Co@) () Co(U")(y))2 — 1] < c

Only in this lemma we denote by O(e€) any operator satisfying ||O(€)|| < e. Thus starting from (2.14)),

(2L)e. (2.15)

1
2

Co(UN(y) =1+ O(c12Le), ie. — Y. U'(z) =1+ 0(c12Le). (2.16)
I€B1 ) 2
Fix some z,2’ € Bi(y) and let by o by o...0by be a chain of bonds linking z’ to z, i.e. by - = 2’ and

be+ = x. We have, by Lemma
Ulz) +U'(2') = 1+ U'"(2U'(2)")U'(z) = (2 + O(2Le))U' (). (2.17)
Proceeding analogously,
Ux) +U' (") + U'(2") = (2+ O2Le) + U' (2" U (2)*)U'(z) = (3 +20(2Le))U’ (). (2.18)

Repeating the procedure L? times to account for all the sites of Bi(y), we have

Z U'(x) = + (L? = 1)O(2Le))U' (). (2.19)

Z'EB
Coming back to (2.16]), we have the following equality
(14 O02Le))U'(z) =1+ O(c%2Ls) (2.20)

Hence U'(z) — 1 = O(4ci1 Le), which we wanted to prove. [J
2
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Lemma 2.4. Let 0 < e < 1. Then the following implication holds true:

U'eConf’(Q) = (de CT>nf8(Q) and s =1). (2.21)
Proof. We have
e —1||* = |[(cos(a) — 1) + (- 7) sin(a) |
= (cos(a) — 1)* 4 sin*(a)
B B B sin?(a)
= 2—2cos(a) =2(1 — cos(a)) = 21 N S\/m. (2.22)
Considering that ||e!*(™?) —1|| < 1, we have s = 1 and
P2 K
U7 =17 = 2W- (2.23)
Thus ||U" — 1|2 < &2 implies |A|? < 2. O
Theorem 2.5. Let 0 <e,e1 <1, U(x) =U'(x)V(yz), V € Conf,, (). Then
U e Conf(Q) and C(U) =V = U’ e Conf 3" (), (2.24)
U e Conf ') = (AeCont Q) and s = 1). (2.25)

The second implication requires 4c1Le < 1. (The numerical constant c1 appears in Lemma .
2 2

Proof. The first implication follows from Lemma The second from Lemma O

3 Geometric considerations

3.1 Variational calculus on Lie groups

Consider a smooth manifold M of dimension 7 with a vector field X which is a linear map on C*°(M).
Its flow is R x M > (t,z) — y(x) € M s.t. 9 = idpsr and vs 0 4 = vs4+ for s, € R. The vector field is
characterized by

d
X(f) = 5 onle=o. (3.1)
Given a vector field X, the flow satisfies

Loulz) = X (u()). (32)

Now the Lie derivative of a function f: M — R w.r.t. X is

o) — tim £00E) = 1)

t—0 t

M —R. (3.3)

Clearly if a function f has a minimum at z¢ then (Lx f)(zo) = X(f)(zo) = 0. Let us now recall the
standard setting for minimisation with constraints:

12



Definition 3.1. Let 0 < k < 7. A subset Mc C M is a k-dimensional equation-defined C'-manifold
if there is an open set O C M, functions C; € C*(O;R), j=1,...7—k, s.t. Mc ={z € O|Ci(z) =
- = Ch_i(z) = 0} and the differential forms on M

dCy (JL‘), R dCﬁ_k(l’), x € Mc, (3.4)
are linearly independent. Apart from this, we define the space of normal forms
Nz (M) := Span{ dC(z),...dCs_k(x) }. (3.5)

Theorem 3.2. Let M¢ as above and F € CY(O;R) so that F|y, has a local minimum in xo € Mc,
i.e., there is a neighbourhood U C O of xg s.t.

F(z) > F(xg) for allz € UN M. (3.6)
Then dF(xo) € Ny, (Mc) or, equivalently, X (F)(zo) =0 for any X € TMc.

Proof. Let 75‘/[ ¢ be the flow of a tangent vector X understood as an element of T, M¢c and v be the
flow of X understood as an element of T, M. Then

0= %F(’YtMC(xo))!t:o = iF(fyt(aro))h:O = X(F)(x0) = (dF (z0), Xz0), (3.7)

dt
where the first equality follows from the fact that ¢ — ~;¢(x¢) € M¢ near t = 0 and F| My has a
minimum there. The second equality follows from the definition of a tangent vector via an equivalence
class of curves. [J

Now consider the special case of a Lie group G and a Lie algebra g. For an element iX € g we
define a flow on G by

v(U) =" U, UeG. (3.8)
Considering (3.7), we conclude that a necessary condition for Uy to be a minimum is

(LxF)(Uo) = %F(eitXUo)h:o =0, (3.9)

for all X € Ty, Mc. Such X can be characterized by the conditions

(LxCy)(Uo) = %cj(eltXUo)h:O ~o. (3.10)
Clearly, by the same method one can look for minima in any open subset G. C G cf. parts 2., 3. of
Remark The linear independence condition from Definition [3.1] is easily checked in our case using
the linearized formulation of the constraint stated below . For more on variational calculus on
groups see [Ch12].

The plan of the remaining part of the paper is to first determine the tangent vectors X € Mg from
in Subsection and then derive equation in Subsection This equation will be solved
using the Banach contraction mapping theorem in Section [4

13



3.2 Tangent space of the constraint manifold

To describe the tangent space of the constraint manifold, we need some preparations. Given any
U € Conf.(Q), we define a family of linear transformations on R3 by

R y(2)0 = sAg(2)T + A(z) x ¥ (3.11)

and denote their inverses, which exist for Ay # 0, by R;{}((I}). Using @ - (A(z) x 7) = —(A(z) x @) - 7,
we easily obtain that

R*(x)0 = sAg ()7 — A(z) x 7. (3.12)

Using (1.25) to identify sAg = cos(a) and A = sin(a)n, we obtain

R ;U = cos(a)v + sin(a)(n x ) = cos(a) Pav + cos(a)Pi-@ + sin(a) (A x Pi7), (3.13)
1
REU = mPfﬂT—i— cos(a)Pi¥ — sin(a)(n x Pi0), (3.14)

where P; is the orthogonal projection on 7. Thus R 7(7) is a sum of a rotation in the plane orthogonal
to 7 and a scaling transformation in the direction of 7. We will often write R := R ; for brevity. Now
we follow the procedure from Subsection [3.1

Proposition 3.3. Suppose that U € Conf.(Q2) satisfies the constraint . Then for any vector
iX e 9897# the property LxC'(U")(y) = 0 is equivalent to

> R@)X(x)=0, ye. (3.15)
z€B1(y)
Proof. Using (3.10)), , we compute
LxC'U) ) =i >, (X(2)U'(z)+U'(z)"X(x)) =0. (3.16)
z€B1(y)

Let us recall that for SU(2) we have X (z) = Xj(x)o; € su(2), U'(z) = Ao(z) + 14,05 € SU(2), where
the coefficients X, Ag, A; are real. By Theorem we could set s = 1 in , because we are in
Conf.(€2) and we are differentiating at a point U’ of the constraint manifold. Thus equation gives,
omitting the dependence on =,

0 = Z Xj(Uj(AO—I—iAkO'k)—l-h.C.)

z€B1(y)

= Z Xj(A()O’j + iAk((Sng + Z'e’;‘j,k,gO'g) + h.c.)
IEBl(y)

= Z Xj(AOUj + iAj — Ak5j,k,€0'€) + h.C.)
z€B1(y)

= Z 2(AOXj — Aka’Ej/,k,j)Uj- (317)
z€B1(y)

Thus we get that for any y

> (Ao(x)X (2) + A(z) x X(z)) =0 (3.18)

r€eB1 (y)

which concludes the proof. [J
14



Let us now describe more explicitly families of vectors {X (z)}req satisfying . We note that for
cach y we obtain an independent condition which depends only on X (z), A(z) for 2 € By (y). Thus it
suffices to solve in one block: We relabel the points in this block as x1,..., 22 and ask for the
kernel of the matrix:

[C]:[R(xl) R(z2) ... R(w)}, (3.19)

where each R(x;) symbolizes a 3 x 3 matrix, see (3.11)). This kernel coincides with the range of the
following matrix, as we show in Lemma [3.5] below:

[ R (z1) 0 0 0 0
—R71(132) R71($2) 0 0 0
pj=| 0 —R7(z3) 0 0 (3.20)
0 0 0 R '(z2_) 0
0 0 0 —R_l(ajLz_l) R_l(l‘Lz_l)
0 0 0 0 —R ' (z;2) |

Recall that for U € Conf.(2), C(U) = V, we have |A(z)[?> < 40%L€ by Theorem Thus Ag(x) # 0
and R™'(x) above exist. Now the tangent space of the constraint manifold can be described as follows:
Theorem 3.4. Fiz y € Q and consider a spanning tree T(y) of the box Bi(y) as in Figure[1 Then

for every bond ¢ € T(y), whose orientation equals the tree’s orientation, there is a three-dimensional
space of vectors tangent to the constraint manifold

0
0
X, = —R;l?cj%c . 7. eRS. (3.21)
0
o]

If the two orientations are opposite, then c_, cy should be exchanged in .

Lemma 3.5. Suppose R;, i = 1,... 7 are invertible transformations on R3. Let R := (Ry,..., Ry) be
a transformation from R®™ to R3. Define mappings

Di=(0,...,R; ", =R ,0,...,0)", i=1,...,m—1, (3.22)

from R to R, where R;" denotes the inverse of R;. Then the kernel of R equals the range of D :=
(D1,...,Dpm—1).

Proof. We note that if (¢, ...,77) € R¥" is in the kernel of R then
—01 = R{'Raotia + - - - + Ry Ry Ui (3.23)

Thus we can parametrize this kernel with 3(m — 1) parameters. Hence, the dimension of the kernel is
maximally 3( —1). To show that it is exactly 3(/m — 1), one notes that RD = 0, RanD; NRanD; = {0}
for ¢ # j and the dimension of each RanD); is 3. The last claim follows from the linear independence of
D;(R;e;), where e; are unit vectors in R3. O
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Figure 1: The spanning tree T'(y) of the box Bi(y) is indicated in red together with its orientation. The
orientation of the bonds of the lattice is fixed by the axes of the coordinate frame.

3.3 Derivation of the critical point equation

Before we derive the critical point equation, we need some definitions.

Definition 3.6. We define a map 0 : L2(Q2) — L2(Q) by

(0f)(0) := f(b-) = f(by). (3.24)
The adjoint map 0% : L2(V) — L2(Q) is defined by the relation
(0f 9)r = (f,0"g)q (3.25)

for f € L2(2), g € L2(Y). It is given explicitly by

@ @)= > op(x)f(b), (3.26)

beQY b3z

where op(x) = +1/ — 1 for bonds incoming/outgoing from x, according to the orientation of Q. Finally,

Aq := —0%0 coincides with the lattice Laplacian on  with Neumann boundary conditions and thus
satisfies
(f,(=Aa)f) = D (0f(b),0f (b)), (3.27)
beQY

cf. e.g. [DST24, Lemma 2.5]. The above definitions extend naturally to vector-valued functions.

Now we fix a configuration U € Conf.(£2) satisfying the constraint with some V' € Conf,, (21). We
recall that OU (b) = U'(b-)0V (yp)U’(b4)*, OV (ys) :== V(yp_)V (. )* and y, was defined below .
In the following definition we set W (b) := 0U (b) for brevity, decompose it into the Pauli matrices and
extract the leading part of the resulting vector W (b).

Definition 3.7. For any b € 0 we define W (b) := U’ (b_)OV (y,) U’ (b)* = swWo(b) +iW (b) - G as in
formula . We also define a remainder 77(b) by the decomposition

W (b) =: OA(b) + 7(b), (3.28)

We will often write 7 := 7'y for brevity. For an explicit formula for 7'7(b) see below.
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Let us now move towards the derivation of the critical point equation. The key step is the following
proposition. It identifies quantities which are constant along the spanning trees of the respective boxes,
see Figure [T}

Proposition 3.8. Fizy € Q1 and consider a spanning tree T(y) of the box B(y) as in Figure . Then,
A is a critical point of the action in Conf.(QY), with the constraint , if and only if we have

R (c_)*"W(c) = R (ca)* 0" W (cy) (3.29)
for any bond c € T(y).
Proof. We proceed as explained in Subsection We consider the functional:

AU) = ReTr(1 = U'(b-)aV (y)U'(b+)"), OV (w) = V(yp )V ()" (3.30)
beqY

and compute the Lie derivative

LxAU) = —— ™ ReTH(e XU (6_)0V (3) U (b ) e X E1))] g
beqY

= > ImTe(X(b-)U"(b-)dV (ys)U' (b4)" = U’ (b-)V (yp)U’ (b4 )* X (b))
beqY

= " ImTe(dX (B)U' (b_)OV () U’ (b4 )*). (3.31)
beqY

Thus, referring to Definition we have
LxAU) =2 (0Xk(b =2 Xi ()0 Wi(b), (3.32)
beQY z€Q

where the first equality follows from
(X - &Y -3)=(X-Y)+i(X xY)-¢& (3.33)

and the fact that the Pauli matrices are traceless. The second equality follows from ((3.25]).
Now we come back to the tangent vectors X, of 1' and consider a bond ¢ on a spanning tree

T(y). Formula (3.32) gives

Lx AU =—20.- (R (c )*@W(c_) — R (cs) 0 W(ey)), (3.34)
possibly with ¢_, ¢y interchanged depending on the orientation, cf. Theorem As the Lie derivatives
vanish at a critical point and @, € R? are arbitrary, this concludes the proof. O

Next, we will use the conservation property from Proposition to derive the critical point equation.
To this end, we recall the linear averaging operator @ stated in (2.6]) and define the lattice Green function

G(Q) = (—Aq+Q*Q)™ L. (3.35)

The existence of the inverse defining G(£2) is a standard fact, see Lemma 4.4} below. In the statement of
the following theorem we also use that QG(Q)R*Q* is an invertible map on £2(Q1;R3), which is shown
in Lemma [4.200

Theorem 3.9. At a critical point of the action in Conf.(QY), with the constraint , the
following equation holds

A= G(Q)R}Q*[QG(Q)R}Q*]_IQG(Q)a*FA - G(Q)0T;. (3.36)
Conversely, any solution of this equation is a critical point.

17



Proof. By Proposition we can write for some block-constant family of vectors c (Yx)
R (2)" (0" W)(z) = Clya), (3.37)

—, —

(AqA)(z) — (0°7)(x) = R(z)"C(yz), (3.38)

where we used 1' As we checked in Section the constraint has the form Q(/_f) = 0. Thus we
can replace Aq with Ag — Q*@ in (3.38)), which gives, in terms of the Green function (3.35)),

A = —G(Q)RC - G(V)dF (3.39)
Now by applying @ to both sides, we obtain
QG(VR*C + QG(Q)d*F = 0. (3.40)

Since Q*Q is the projection on block-constant vectors, cf. 1' we have C = Q*QC_". Since the map
QG(Q)R*Q* is invertible, cf. Lemma we have

QC = —[QGR* Q"' QG(2)d"F, (3.41)
Substituting this to , and using C' = Q*QC, we have
A= G(QR*Q*[QG(Q)R*Q* QG (Q)d* 7 — G(Q)9*F. (3.42)

This concludes the proof of the first part of the theorem. The last statement is shown by reversing the
steps and recalling that Proposition [3.8]is an if and only if statement. []

_>
3.4 Structure of the expressions W

In this subsection we will derive a formula of the form:
W(b) = A(b_) — A(by) + 7(b) (3.43)

and state a formula for the remainder 7 = 7(b) = 7(b_, b;). Differently than in the main part of the
paper, we will denote a vector in R corresponding to U,V,Z € SU(2) by ﬁ, ‘7, Z , respectively. In
the representation we have U = U? + iU - &, where U? := syUy. The multiplication table for a
product UV is:

—

UV =Uuv0 -1 .V, (3.44)
(UV) =UV + VT — (U x V), (3.45)
where we used (3.33)). Let us write for brevity Ay := A(by), B := B(b) := 9V (y) and §(M) :=1—-M

for any M € R. Then, by a straightforward application of (3.44]), (3.45)), postponed to Lemma we
obtain

o
oo ]

7(b) = —8(A°BYA, 4+ 6(ASBYA_ + A% A
~AQ(A_ xB)+ A" (B x A,) + B (A_ x A,)
+AL(A_-B)—A_(B-A,)+ B(A_-A,). (3.46)

N

From this representation and Theorem it is clear that for U € Conf.(Q2) satisfying the con-
straint (1.22)) and V' € Conf,, (Q1), for €,e; sufficiently small (uniformly in n) we can lower all the
0-superscripts, since the corresponding signs s equal 1. Therefore, we have

= — B2 (Ay4)? — B2(Ag)?
Ap+By) =1 — /1 — (Ag4)2\/1— B2 = ’ £/ 4
6(Ao,+Bo) (Ao.+) 1+ Ag1 B (3.47)
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4 Analytic considerations

In this section we prove the existence and uniqueness of solutions of the critical point equation (3.36]).
In Subsection [4.1] we provide the main line of the argument based on the Banach contraction mapping
theorem. Omne important ingredient here are £>°-bounds on the inverse of QG(Q)R*Q*, which are
established in Subsections [£.2] - [L.5] and in Appendix [A] Another ingredient are £>-bounds on the
remainder 7, which are derived in Subsection |4.6

4.1 Existence of solutions of the critical point equation

Theorem 4.1. (Banach contraction mapping theorem) Let X be a non-empty complete space
with metric d. Suppose that T : X — X is a contraction, i.e.,

d(Tx, Tx') < qd(x,x) (4.1)

for some q € [0,1). Then there is a unique x* € X s.t. Tx* = x*. Given the sequence x,, = Txp_1 we
have x* = lim,,— o0 TXp, .

The space X.. Suppose ¢,¢; are sufficiently small, uniformly in n. Then, for any U € Conf.(2),

5 ——deq L
satisfying the constraint |i with V' € Conf,, (1), we have A € Conf % 8(Q) by 1’ . Furthermore,
the relation ((1.26)) is invertible in this case, if we specify to s = 1, cf. Subsection Thus we can
define the map, denoted by the square bracket,

[A(2)] = U'()- (4.2)

We note that the inverse is simple: iTr(U'(z) - &) = A(z). Now we define the following notion of
distance from zero

—.

do(4,0) = Sup I[A)(b-)0V (o) [A] (b4 )" — 1| = Sup 1(0U)(b) — 1], (4.3)

which is dictated by the small field condition 1' (Clearly, it may vanish for A = 0 as it probes only
differences of fields at neighbouring points). Now we define the space

Xe = { A e Gonbnt (@) | QL) =0, do(d,0) < <} (4.4)

which, considering , , consists precisely of configurations satisfying the small field condition
and the constraint. While it is clear that any configuration from Theorem [A]is contained in X, let us
. . . . e —>4c L3¢ . / s
comment on the opposite inclusion: Any configuration A € Conf*“1/2" () gives one element U’ = [A4],
since we specified s = 1 in . This provides us with U = U’V € Conf(€Q2). Then the condition
do(A4,0) < ¢ is only satisfied if U € Conf.(2). Now by reversing the steps in Subsection we check
that this configuration satisfies the constraint C(U) = V. This equality of configuration spaces is
important, for the following reason: If we made the set of configurations smaller than in Theorem [A]
we could not conclude the uniqueness of solutions in the original set. If we made it larger we could not
conclude the existence of solutions in the original set.

The metric d. We equip X, with the following metric:

—

d(Ay, Ay) == || A1 — Aslsesa = sup |A1(z) — As(z)). (4.5)
TE

Since X, is a closed subset of R3”2, the completeness of X, in the metric d is clear.
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The map T. Now the map T is dictated by equation (|3.36|)
T(4) = (GQRFQ[QG(QR5Q]'Q — )G(Q)9"F . (4.6)
We have to check that T maps X. into itself and satisfies
IT(AL) = T(2) oo < gl A1 — Aallocie (4.7)
for some 0 < g < 1. We start by checking that T maps X. into itself for sufficiently small ¢, £;.
Proposition 4.2. For g1 < &2, sufficiently small (uniformly in n), T maps X, into itself.

Proof. It is manifest from definition that T preserves the constraint, i.e., Q(T(A)) = 0. Next, we
observe that, by Lemmas

IT(AD)llog < Cl Tl < 24C( +€1). (4.8)

—,

Thus for ¢ sufficiently small relation 1) is well defined for T(A). Given this, we have to show that, if
do(4,0) < ¢, then also

—, —,

do(T(A),0) = sup I[T(A)](b-)OV () [T(A)] (by)* — 1] < e. (4.9)
We have
IIT(A)](b-)OV () [T(A)] (by)* = 1| < &1 + [I[T(A)](b-)[T(A)](b1)" — 1] (4.10)

Furthermore, by Lemma [B-3]

—,

[T (A (B-)[T(A)4)* ~ 1]

IT(A)O-) = [T+

—,

< V(I T(A)(b-)| +T(A) (b))
< O +ey), (4.11)

where in the last step we used . Now using that we have €2 (and not just ¢) on the r.h.s. of (4.11)),
we conclude the proof. [J
Proposition 4.3. Under the assumptions of Proposz’tz'on and for e, 1, sufficiently small (uniformly

inn), the map T : X; — X¢ is a contraction.

Proof. We rewrite (4.6) as follows

T(A) = (Mz - 1)G(Q)d*7;, Mz:=GQRQQGQRQ'Q. (4.12)

We will divide the problem into two parts
T(A) -~ T(A) = (Mg —1)(G(Q)d* 75 — G(Q)I7,) (4.13)
+(Myg, — Mg, )G(Q)0"7,. (4.14)

We consider first the shift . We have, by Lemma m
IG(Q)I* 7 illocia < G (2)]|oo,00:024C (€7 + €1). (4.15)
Next, we write
My, — Mz = GOQR; Q"(QGQRG Q" - [QG(Q)R% Q'17HQ
* * * * *1—1
LGQR;, - R QIQGQR; Q17'Q. (4.16)
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Thus, by Lemmas we have for D 7 := QG(Q)R}Q*

||M,4Y - MAIHOQOO;Q < 2||G(Q)||00700;92||D1}11||00700;Q1 ||D1}21||00700§91”A1 - A2H00;91

+”G(Q)HOO7OO;Q”D}11HOO,OO;Q1Hfzfl - fTQHOO@' (4.17)
Finally, making use of Lemmas we can estimate as follows
IEI) oo < (L4 1Mz, lloo,00:2) 1G(Q)llos c0ill 0775, — 074 llocie (4.18)
< (L4 1M g, lloo0o@) [G(D)[lo0,00096C (e + 1) A1 — Az ocic. (4.19)
This concludes the proof, considering that all the ||... || c0;0-n0rms above are bounded uniformly in

n by Lemmas [4.20] 4.19] |4.22] (We remark that Lemmas 4.24] [4.22] |4.21] which we used in the proof,
require the constraint as they use implication (2.24))). O

4.2 Strict positivity of G, G and QGQ*

In this subsection we start working towards the £>°-bounds on QG(9)Q*, (QG(Q)Q*)~! which we used
in the proofs of Propositions [£.2] [£.3] These bounds follow from the exponential decay of the integral
kernels of these operators. This latter property is first shown for the counterparts of these operators on
£?(Z?) by the method of random walk expansions (see Appendix [A] Proposition . In Subsection
we translate this property on the finite lattice using the method of images.

We will denote by —A the Laplacian with free boundary conditions on £2(Z2), by @ the averaging
operator (which is a natural extension of its finite lattice counterpart ) and write

G:=(-A+Q*Q)™! (4.20)

for the lattice Green function on £2(Z?) and note that QGQ* is an operator on £2(LZ?). To substantiate
definition and also to check one assumption of Proposition below, we study the strict positivity
of the relevant operators. The following lemma is standard, cf. [Dil3] Lemma 29], [DST24] Lemma 2.10]
for similar considerations.

Lemma 4.4. The following points hold:

1. Let y € Q1 and denote by Ap, () the Laplacian on Bi(y) with Neumann boundary conditions,
cf. [DST2], Section 2]. Then, as operators on L?(B1(y)),

—Ap ) + QQ>C. (4.21)

2. The following inequalities hold as operators on L2(€2)

Ao +Q°Q > C, 4.22)
(A +Q* Q) > (4.23)

3. The following inequality holds as operators on L2(1)
QA+ QQ)'Q > (4.24)

4. The bounds (4.24), (4.23), (4.24) also hold for the corresponding operators on L*(Z?), resp.
L3(LZ?).
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Here C,c > 0 are independent of n, but C' may depend on L.
Proof. As for 1., if f € £2(B1(y)) is constant then —Ap, (,)f = 0 and

(£,Q°Qf) = 1 £13.5,)- (4.25)

On the other hand, —Ap, () is strictly positive on the orthogonal complement of the subspace of constant
functions. Specifically, its lowest eigenvalue is given by (see e.g. [DST24, Lemma 2.3])

(=A() = 45in? (;L) (4.26)

We have (—A(1)) > C > 0. Therefore,

(f. (=Ap,w)f) 2 ClIfII35,0) (4.27)

and since Q*Q is also positive this proves (4.21]).
Regarding 2., let f € £2(£2) and set fBiw) == flBi(y)- We have

<f7 (_AQ + Q*Q)f> > Z <fBl(y)’ ( - ABl(y) + Q*Q)fBl(y)>

yeQ

> C > sl

yeEN

5.0 = ClIfI3.0- (4.28)

Here in the first inequality we used the Neumann boundary conditions and (3.27)) to justify that we can
drop the bonds linking different boxes Bj(y). This gives (4.22). To justify (4.23), we use that on a unit
lattice

[Aqll22:0 < 4 (4.29)

and Q*Q has norm one as a projection.

As for 3., we note that, in general, if a Hermitian matrix M satisfies M > ¢ on L£2(Q), then
QMQ* > ¢ on £2(Q). Tn fact, suppose (f,QMQ"f) < c|f|3q, for some f € £2(2y). Then, since
QQ* =1, we have Hf“%;gl = [|Q* fll2;2a = 0. Setting M=G(Q2) and using item 2. we obtain the claim.
Alternatively, this implication can be seen using that the map N — QNQ* on the set of Hermitian
matrices is completely positive and unital. By setting N = M — ¢, the claim follows.

Regarding 4, we observe that the proofs of items 2. and 3. can be immediately adapted to infinite

lattices. In particular, (4.28), (4.29)) remain valid. O

4.3 Exponential decay of integral kernels of G, (QGQ*)™!
From Theorem and Lemma we obtain immediately the following fact:
Proposition 4.5. Let M on L£L2(Z?) be strictly positive, i.e., M >m > 0, and let
|M (z,2")| < C e~ Crle=7 (4.30)

for some constants C;,C1 > 0. Then

Mz, 2)| < ¢ e Cilz=] (4.31)
for some constants C',C > 0. (These constants depend on C,Cy and m).
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Corollary 4.6. Let N on L2(LZ?) be strictly positive i.e., M > m > 0, and let
IN(y,y)| < Ce vV, (4.32)
for some constants C,C1 > 0. Then
IN“H(y,y)| < Ce Gl (4.33)
for some constants C',Cy > 0. (These constants depend on C,Cy, m and L).

Proof. Consider a unitary scaling transformation Sy, : £2(Z?) — £2(LZ?) given by

Spf = LilfL, fL(l') = f(Lil.’L'). (4.34)
We define
M := S;NSy, (4.35)
which is strictly positive on £2(Z?). We check the assumption (4.30) of Proposition
|M (z,2")| = |(84, SENSLOw)| = [(0F,, N6E)| = |N(La, La')| < ceC1llz=a'l, (4.36)
where 65 = ﬁéy is the delta function on the lattice LZ?. Thus Proposition H gives
M (z,2')] < ¢ e Cile=2'l, (4.37)
Now analogous steps as in (4.36]) give
NN (La, Laf)| = |M 7 (@,2/)] < Cle=CHle=s'] (4.38)

which concludes the proof. [J
Now we apply Corollary to study the integral kernels of operators G' and (QGQ*)~ .
Lemma 4.7. The following properties hold true:

G(z,2")| < CeClz=2'l, (4.39)
(QGQ")(y,y)| < Ce vV, (4.40)
(QGQ") My, y))| < Ce v, (4.41)

for some constants C,C7 > 0.
Proof. We consider the operator M := —A + Q*@Q, which is strictly positive on £2(Z?) by Lemma
and note that its integral kernel M (z,x’) vanishes unless |z — 2’| < 1 or 2/ € Bj(y,). Hence, since
L>1,

|M(z,2)| < ex(jz — 2| < L) < dle L7 m0lo < (o V2L Ha—a'| (4.42)
where x is the characteristic function. Thus Proposition gives

1G(z,2")| < Ce™ Oy > 0, (4.43)

which proves (4.39). Now we consider N := QGQ* which is strictly positive on £2(LZ?) by Lemma
We check assumption (4.32)) of Corollary

IN(y, )| = [Q"8y,GQ )| <D 1p, ) ()G, a")[1p, (yy (2")

z,x’

< CZlBl(y)(‘rL‘)e_Clm_m/'lBl(y’)(:E/)
< CLe Orllv—vI=vaD) (4.44)

where we use that Q*§ is the characteristic function of Bi(y) and |z — 2| > |y — /| — V2L. Now

Corollary gives (4.41)). O
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4.4 Method of images
Recall that Q := 2, where I = [0,1,2,...,n — 1]. The boundary 992 C Q consists of 4 faces
MN={o}xHUu(Ix{0HU({n—-1}x U x {n—1}), (4.45)

which we denote 09, 01, 990, 9!, respectively. Next, we introduce the usual discrete partial
derivatives on £2(Z?) and their adjoints consistently with Definition

Ouf)(@) = flz +en) = f(2),  (Ouf)() = =(f(z) = [z —en)), (4.46)

where e, is the unit vector in the p-th direction. With these definitions we can select the following
subspace of functions in £2(Z?):

Definition 4.8. We say that a function f € L£3(Z%) satisfies Neumann boundary conditions on Q, if
the following relations hold on the respective subsets of the boundary :

O f)(x) = 0 for xed, (4.47)
(Ouf)(x) = 0  for =z €09, (4.48)

uw=0,1. We denote the subspace of such functions Dq.

Now we formulate an equivalent condition for f € £2(Z?) to be an element of Dg. We let P, (resp.
P,,) be reflections w.r.t. axes parallel to 9§, (resp. Q") as indicated in Figure[2| (We refer to [DST24)
Section 3] for formal definitions of these reflections). The following lemma is immediate:

Lemma 4.9. Let f € £2(Z?), p=0,1. Then f € Dq iff it satisfies

(Puf)(@) = f(z), =€y, (4.49)
Pof)(@) = fz), =e€dr (4.50)

Proof. See [DST24, Lemma 3.10]. O

Lemma 4.10. The following properties hold

P.Q'QP,=Q'Q, P,Q"QP,=Q"Q. (4.51)
Consequently,

G(P,z,P2') = G(Pyx,Pua') = G(z,2'). (4.52)

Proof. See [DST24, Lemma 4.1]. O
As a useful application of Lemmas [£.9] [4.10] we obtain the following:

Lemma 4.11. Suppose that f € Dq. Then, for any £ € N we have

(Ao +Q*Q) fa)(z) = (A + Q*Q)' f)(), (4.53)

where x € Q and fq := f|qa.
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Proof. Property (4.53) clearly holds for £ = 1 by definition of Dq. Using this, we write

(0o, (B + Q" Q) fa) = D (62, (—Da +Q*Q) '6,) (00, (~A + Q* Q) f)

' eQ

= Y (80 (A0 + Q Q)1 8) (60, (A + Q*Q) o)

' €N

= (0o, (A0 + Q" Q)" H((-A+ Q*Q) f)a). (4.54)

Now we obtain from Lemmas that if f € Dgq then also (—A + Q*Q)f € Dqg. Thus we can
iterate the argument (4.54)) until we obtain (4.53)). O

Using the Stone-Weierstrass theorem we can extend Lemma from polynomials to continuous func-
tions:

Lemma 4.12. For any f € Dg and F € C(R) we have
(F(-Aq+ Q" Q)fo)(z) = (F(-A+Q"Q)f)(x), =€, (4.55)
where fo € L2(Y) is the restriction of f € L2(Z?) to Q.
Remark 4.13. Referring to Lemmal[{.4, we obtain from
(G fa)(x) = (Gf)(x), [f€Da zell (4.56)

Proof. Since —Ag + Q*Q, A 4+ Q*Q are bounded operators, we can restrict F' to a bounded interval
[a, b] containing their spectra. Then, for any € we can find a polynomial F s.t.

sup [(F—F)(\)| <e. (4.57)
A€E|a,b]

Using this, we estimate
[(F(=Aq +Q*Q) fo)(z) — (F(-A+ Q*Q)f)(x)]
< ‘(5% (F - Fe)(_AQ + Q*Q>f9>’ + ’<5$7 (F - FE)<_A + Q*Q)fﬂ

+ {0z, Fe(=Aq + Q°Q) fa) — (02, Fo(-A + Q7Q) f)|
< €2||fll2 + [0z, Fe(—Aa + Q7Q) fa) — (de, Fe(—A + Q7Q) f)]. (4.58)

As the last term on the r.h.s. of (4.58|) vanishes by Lemma the proof is complete. [J

After these preparations we can move on to the method of images. Define the set of image points
Img := {2;};en on Z? by the following two requirements ([GJ87][Section 7.4])

e 2z €Img,
o The set Img is invariant under the reflections P, PM, w=20,1, defined above.

This set is depicted in Figure[2] It is well known that the following relation between the Green functions
with free and Neumann boundary conditions holds true:

Lemma 4.14. For x,z € ) the following identity holds

G(Q)(z,2) = Z G(x, zj). (4.59)

zj€lmg
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Figure 2: The square containing the origin is the set (2. The reflections P, are defined w.r.t. the dashed
lines from the figure. The points z; of the argument z are as in formula (4.59).

Proof. See [DST24, Lemma 4.2]. O

Our goal in this subsection is to derive an analogous formula linking operators (QG(Q)Q*)~! and
(QGQR*)™!, acting on £2(2;) and L£2(LZ?), respectively. For this purpose we define the reflections on
the coarse lattice

Pl,u = QPMQ*a Pl,u = QF/LQ* (460)

By acting on delta functions it is easy to see that the geometric action of these reflections is determined
by

z € Bi(Py) < PueDBi(y), (4.61)

and analogously for P, where we naturally extended the definition of By (y) from 2 to Z2. Furthermore,
we have by the first relation in (4.60) and QQ* =1

Q*Pl,u = ,LLQ*- (462)
This latter property combined with (4.52) immediately gives:

Lemma 4.15. The following properties hold:

(QGQ™)(Pruy, Pruy') = (QGQY)(y,), (4.63)
(QGQ*) M (Pruy, Pruy) = (QGQ*)(y.y/), (4.64)

and analogously for PLM'

Now we define the set of image points Img; := {z;};en on the coarse lattice LZ?, by the following two
requirements:

e z € Img,,

e The set Img; is invariant under the reflections P ,, Plu, u=0,1, defined in 1}
26



The main result of this subsection is the following:

Lemma 4.16. For x,z € () the following identity holds
(QGQ) Hy.2) = Y. (QGQ")'(y,2). (4.65)
zj€lmg,

Proof. Given the distribution of image points z; € Img;, and estimate (4.41) we obtain that the sum
in (4.65) is convergent. It suffices to check that, in the sense of multiplication of operators on £2(Q1),

(QG(Q)Q*)(r-hs. of (E65)) = 1. (4.66)

For any £ € N, let I{ := L[—¢,—£+1,...0,...,n1 —1,....,ny +£—1], ny — 1 := L™ ! and Qf := (I{)*?
be a coarse finite lattice containing €. We will check that for each z € Q; and y € LZ? the expression

Fi(y) = xa(y) Y (QGQ*) (y,2) (4.67)

z;€lmg,

satisfies Q*F! ¢ Dq C L£2(Z?) (cf. Definition . For this purpose we will use the criterion from
Lemma Let P, denote the reflections P, or P, and similarly for Py ,,. We consider z € 012, so

Xt (yz) = XQ{(PLMJI) = 1. (We need Xo¢ In 1) only to ensure that z — Ff(z) is in £2(LZ?)).
Then, since Qd, = 5ny,
(QF)(Bux) = (Qdp,, » (QGQM)'L)= > (QGQ") (yp,, 2)

zj€lmg, zj€lmg,
= 2 (QGRQY T (Pruys, Puz) = D0 (QGQT)Hyw, 2) = (QFL)(w), (4.68)

zj€lmg, zj€lmg,

where in the third step we used property (4.61)) and the invariance of the set Img; under the reflections,
and in the fourth step Lemma Thus Q*F, € Dq and we obtain from Lemma that, for z € Q,
erfh = er|917

(QGMQ Flo)(y) = (QGQ"Fi)(y)
= Yo {0,QGQ ) (0 xa (QGQ™) 1oL
zj€lmg,, y'€LZ?
=0y - D (6,,QGQ% ) {6y, (1 — X )(QGQY)T16L), (4.69)
zj€lmg,, y'€LZ?

where in the last step we made use of the fact that z is the only element of Img; inside 2; to obtain
6L (y). To conclude we note that the Lh.s. of (4.69) is independent of ¢ due to the restriction of F¥ to
1 and that limy_, Xt = 1 pointwise. To enter with the limit under the sums w.r.t. z;,y" on the r.h.s.

we use the exponential decay of the kernels of QGQ*, (QGQ*)~!, shown in Lemma and dominated

convergence. [

We immediately obtain from Lemmas the exponential decay of kernels of the corresponding
operators on a finite lattice. The following lemma is proven analogously to [DST24, Theorem 4.3].

Lemma 4.17. The following properties hold true:
G@)(.a)] < CeCrl] (4.70)
(QGQ) (y,y)| < Ce @l (4.71)
for some constants C,C1 > 0, independent of n.

Remark 4.18. By a more careful analysis one can see that in C ~ L* and Cy is independent of
L, c¢f. [DST24, Theorem Aj.
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4.5 L>*-bounds on G(Q), (QG(Q)Q*)™ !, (QG(Q)R*Q*)!
In Subsections - we treated G(£2), (QG(2)Q*)™L, as operators acting on spaces L£2(9), £2(£)

of scalar-valued functions. Let us now consider them as operators acting componentwise on functions
with values in R3, as we did in Subsection We recall that £°(€; R?) is equipped with the norm

[7]loos2 = sup |v()], (4.72)
e

where | - | is the Euclidean distance in R3. Now for M : £>®(;R?) — L£>®(;R3), N : L>(Q1;R3) —
L£%°(1; R?) the resulting operator norms satisfy

IMlcoc = sup  [Mfllocg <sup Y [M(z,2))], (4.73)
[flloc;0<1 T€Q 11
[NV lloo,00:01 = _Sup IN flloci < sup L? Z IN (v, 9, (4.74)
1 llocs0, <1 VERL ey
where || M (z,2)|| is the operator norm of the 3 x 3 matrix M (z,2’) w.r.t. | - |. Using these relations

we immediately obtain:

Lemma 4.19. The following bounds hold true

(QG()Q") ™ loo,c0sn < C, (4.76)

for C independent of n.
Proof. For M = G(Q2) we immediately obtain the bound referring to (4.73) and the decay of the kernel

[70). For N = (QG(Q)Q") " we use (£74) and (£71). O

In the next lemma we consider an operator on £2(€;;R?) which has a non-trivial action on the target
3
space R”.

Lemma 4.20. The operator D 3 ::QG(Q)R}Q* is invertible and the following estimate holds true for

o —
A € Cont®(R2), s =1 and some constant C' independent of n and e

QG RZQ™) M loocien < C, (4.77)
provided that 0 < e < 1 sufficiently small (uniformly in n).
Proof. We define 6RTLY = R} — 1. It has the form

SR (2)v(x) = (Ao(x) — 1)vi(z) — Az) x () (4.78)

and satisfies, by assumption and the relation Ag(z) = /1 — |A(z)|?
IR 3(2)|| < |Ao() — 1| + | A(2)] < 2e. (4.79)
We have the following
QGRZQ" = (QGQQY) (1 + (QG(Q)Q") " QG(Q)IRTQ"). (4.80)
The first factor is invertible by part 3. of Lemma [£.4, The second factor is invertible provided that

I(QG()Q*) ' QG(QIRFQ" .01 < 1(QG()Q") ™ oo 00 QG (QIRFQ oo 0050, < 1. (4.81)
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Indeed, then the expansion of (1—|—(QG(Q)Q*)_1QG(Q)5R}Q*) ! into the Neumann series is convergent.
Given (4.76), it suffices to control ||QG(2)0R%Q" ||oc,00;0, to show (4.81). In order to apply (4.74), we

estimate

162, QGDORZQ™ I < 3 1, () @I GEO)w, 2)] [0RH) |15, 1 ()

z,x’

< eC Z 131(y) (x)e—C1|x—:v’|lBl(y/)(x/)

< eCLe Cly=vI=V2D) (4.82)

where we used in the first step that Q*éﬁ, = 1p,(y) and in the second step we applied (4.79). Now

7 give
I(RG(Q)Q") ' QG(VIRGQ" oo 000y < C'e s

Consequently, for C’e < 1/2 we can sum up and estimate the Neumann series as follows

1
1-C'¢
Thus we have chosen ¢ uniformly in n and established (4.77]) with a constant independent of . [

QG RZQ™) ™ loo,o0s01 < <2C". (4.84)

Lemma 4.21. The operator D ; := QG(Q) }Q* satisfies the following:
(D)™ = (D 3) Moo < 201G D)llso,00ll D oo ooy D7 loo,oosen A1 = Azlloc,oi0,  (4:85)

e
where Ay, Ay € Cont®(QQ) are two configurations (with s1 = s = 1) and 0 < ¢ < 1 sufficiently small,
uniformly in n.

Proof. We come back to (4.80)), which reads in a short-hand notation
D' =(1+D;'Dy) "' Dy, (4.86)

where §D ; := QG(Q)éR}Q* and (5RjT = R} — 1. Next, by the resolvent identity,

D' -Dy = {(1 + D7D ;)T — (1+ Dolap&)‘l}pol
-1 -15-1 -1 -15-1
= (1 + D, 5Dgl) Dy ((51?142 — 5Dj1) (1 + D, 5DX2) Dy . (4.87)
Hence
HD;LI - DE21|’00,00;Q1 < ||D1}11||00700;Q1 ||D;Y;||OO,OO;Q1 H‘SD/TQ - 5D,¢T1HOO,OO;Q1' (4.88)

We can write

H‘sDA'Q - 5D§1Hoo,00;91 = ||QG(Q)(5R}2 . 5R}1)Q*”oo,oo;ﬂ1
|GsccilRY, — 6R; ocoon
16D oo il B, = B, lloo,ooi < 2[G(@)lloo,00s0]| A1 — Azlloo, o0, (4-89)

IA

where in the last step we used (4.91)) and the fact that @ : £L>(Q) — L£>2(21), Q* : L®(Q1) — L(Q)
have norms bounded by one. Now the statement follows from (4.88)), (4.89) and Lemma O
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S s ——
Lemma 4.22. For A, A1, Ay € Cont®(Q2), s =51 =52 =1, 0 < e < 1/2, there hold the bounds

HR*Al N R}QHOQOO;Q < 24 - I‘Y2||oo;9- (4.91)

Proof. Regarding (4.90), we recall (3.12)) and write

[R%lloo,00;0 = sup  sup |[R7(2)v(x)|
A [t cpstzee A
=  sup sup|Ao(x)i(z) — A(z) x ¥(z)| < 2, (4.92)

||17||OO;QS1 z€e

where we used the fact that |A(z)] < 1.

Now we move on to . We have, by ,
(R (x) = R (2))(x) = (A10(z) — Azo(2))T(x) — (Ai(2) — Aa(x)) x (). (4.93)
Making use of
|| 422 — | A4
VI— AP+ 1= AP

[A1o — Agpo| = < 2| A} — Ay, (4.94)

we obtain the following estimate
(R, (2) = Ry, (2))i(x)| < (2¢ + 1)[i(2)|| A1 (2) — Aa(x)). (4.95)
Hence,

IR 4, = R g,)0llocs0 < (2¢ + Dlldlocsall A1 — A2locs0, (4.96)

which concludes the proof of (4.91)). O

4.6 L>*-bounds for the remainder 7

In this subsection we use the notation introduced above (3.46]).

= - -
Lemma 4.23. Suppose that |B(b)| <e1, A € Conf(Q), s=1and 0 <e,e; <1/2. Then

107l ooiny < 24(% 4 €1). (4.97)
Proof. Given expressions ({3.46)), (3.47) we have, for (z,2’) := (b_,b,),

—

7@, a")] < (Ig(f)l2+|§({ax’)lz)|fl
+(A@)P + B, 2
+|B(z, 2")]

(@)
Az)

. (4.98)

|7(z,2")| < 2(e2 + €)e + &1 + 2616 + €2 + 3e%e; < 6(2 + 1), (4.99)
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Now we recall from Definition that
(0*7)(z) = =z, x + eg) — F(x,x + 1) + 7(x — ep, z) + 7z — €1, ), (4.100)
possibly with some terms omitted if x is close to the boundary of €. In any case,
[(0*7)(2)] < 24(* + 1), (4.101)

which was to be shown. [

= S s =
Lemma 4.24. Suppose that |B(b)| < e1, A1, Ay € Cont®(Q2), s1 =s2=1,0<e1,e <1/2. Then
0% 5, — "3 llocsr < 96(e + 1) || A1 — Az]locir- (4.102)

Proof. We recall formula (3.46). There we wrote for brevity Ay = A(bs) and B = B(b) = IV (yp).
This gives, by Appendix
F(b) = —6(Ag_Bo)A, + 6(Ag+Bo)A_ + Ay +Ay_B
— Ao (A x B)+ Ao (B x Ay) + Bo(A_ x Ay)
+A (A_-B)—A_(B-A,)+ B(A_-A,). (4.103)
We denote by 771, . . ., 7 the respective terms in (4.103[). We note that 7, 75 have an analogous structure,

thus it suffices to estimate one of them. Similarly, 74,75 and 77, g, 9 have analogous structures.
Now we recall from Definition that

(0*7)(z) = =z, x + eg) — F(x,x + 1) + 7(x — ep, z) + 7(z — €1, ), (4.104)

-/

possibly with some terms omitted if = is close to the boundary of Q. We denote by (0*7;); (x), j/ =
1,2, 3,4, the four terms coming from (4.104) for any fixed j (or less if = is close to the boundary).
The items below give

IN

(241 + 821 + 1621 + 162 + 8(3¢% + £2)) || A1 — Aa oo
2(e1 +e1+e1+ e+ +)|| A1 — Aafoen
< 24 x 4(ey + )| A1 — Aglloeir = 96(e1 + )| A1 — Aafloeir.  (4.105)

10773, — 0"z, [l

IN

o Contributions 7, 75. We have

(—0" 75, D1(@) = —0(Aro(2)Bo(, 2 + e0)) A1 (2 + ep), (4.106)
(=075, (@) = —6(A20(2)Bo(, z + ) Aa(a + eo). (4.107)

We consider the difference

(07 (@) + (077, (@)
= —(5(141 o(x)BO T, T+ 6[))) _’1 a: + 60 — 5(A2 ()( )Bo(x, T+ 60))./4’2(.73 + 60)
= —§(A10(x)Bo(x, 2 + €0)) (A1 (z + eg) — Aa(x + €p)) (4.108)
— (8(Ay0(x)Bo(z, z + e)) — 6(Azo(x)Vo(x, z + eo))) Aa(z + e). (4.109)
We have, by ,
§(AgBy) < €® + €2, (4.110)
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This gives

IN

sup | (4.108) (z)|

(62 + 6%) sup ]/Yl(x +eg) — /_fg(x + eo)|
e e

IN

(2 + )| A1 = Asllocia
Furthermore, by , we have

16(A10(x)Bo(z + e0)) — 6(Aa0(z)Bo(x + eq))| < 2|4 () — Ag(z)].
Therefore, taking into account the factor A (z + ep) in

sup || (4.109) ()] < 2e2[| A1 — As|so:q-
xeN

Thus we have
10775, 1) = (0775, oo < 4B” + D) A1 — Asl|ocsn,
where the factor 4 comes from (4.104)).
Contribution 73. We have
—(0"7 3, s)1(x) = 6(Avo(x + e0)A1o(z)) B(x,z + eo),
—(8*7?&73)1(@ = 0(Agp(x + eO)AZO(az))E(m, T+ ep).
The difference gives, by ,
(075, (@) — (0 F g i)
= [6(A10(x + €0)Ar0(x)) — 8(Az0(x + €0) Az (2))| |B(w,  + €o)]
< 26(|Aa(x + e0) — Ai(x + eo)| + [ Aa(x) — Ai(2))]).
This gives, taking into account the four terms from
10775, 5) = (075, 3)lloo < 16e]| A2 — A1l cin-
Contributions 7, 5. We have
—(0"Fz, 1(x) = —Aro(w +eo)(A1(x) x B(w,z + eo)),
—(8*77:4’274)1(33‘) = —Aoo(x+ eg)(zﬁfg(m) X g(m, T +ep)).

The difference has the form

(4.111)

(4.112)

(4.113)

(4.114)

(4.115)
(4.116)

(4.117)

(4.118)

(4.119)
(4.120)

(075, (@) = (0" 5, )1(@)] < [Aro(e+ eo) — Ago(x + eo)| | A1 () x B(x,x + eo)|(4.121)

+ |Aso(x + eo)| |41 (2) — Ao(2)||B(z,x + o).

Considering that ¢ < 1/2,

- 42— y1- A

< |/Y2 — z‘ﬁ”z‘fz +A'1| < 26|ff2 —ffﬂ.

|A10 — Az

IN

Thus we can estimate
1(0°75, ) = (075, Dl < 4(26%1 + 1) [ A2 — Al |0

8e1]| Az — A1|scse-

IN

A
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(4.123)
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o Contribution 7. We have, for By := By(x, z + eg),
—(0"F 5, oh(z) = Bo(Ai(x) x Ai(z + eo)),
—(0"7 3, ¢)1(x) = Bo(As(x) x Aa( + €o)).

Hence,

(0773, () = 0 (7g, (@) < er(|Ai (@) — Az(2)] + [Ai(w + eo) — Az(z + o))

Consequently,
1(0°75, 6) = (071, ¢) oo < 8e1[| A1 — Azl cr
o Contributions 77, 7%, 9. We have
—(07 g, (@) = Ai(z +eo)(Ai(2) - Bla,x + e)),
~(0"7 5, 1(2) = Ao+ o) (Aa(w) - Blw, x + eo)).

Hence,

—

(077 5, )1(x) = (0°F 4, 1(@)] < er(|Ai(z + eo) — Ao(x + eo)| + | A1 (2) — Az(2))).

Consequently,
10775, 7) = (07T, )lloci < 821 A1 — As[[ocs,

where the factor 4 comes from (4.104)).
This concludes the proof. [J
Lemma 4.25. Suppose A1, Ay, C1,Co € R3 are such that |ffj| <e<1/2 and |C_”j\ <éL

(5(14]‘700]",0) < 52 +§2,
|5(A2,002’0) — 5(141,00170)’ < 26|E2 — x‘fﬂ + 2€~|C_;2 — C_:1|

Proof. Concerning (4.133)), we have by (3.47)

A C3 + A2 - 02A§<
(AioC0) = =T 4 0G0 e +é

where we estimated —C'?,/Y? < 0. Regarding 1) we have

0(A2,0C2,0) —6(A10C1p0) = \/1—A2\/1—02 \/1—A2\/1—02
We write [fg =: [fl + 5141 C_"g = Cl + 6C and obtain

(5(1427002,0) — (5(141,001’0) = \/1 — /T%\/l — C_;lz — \/1 — (/Yl + 5;)2\/1 — (C_;l + 56)2

We define a function of ¢ € [0, 1]
=1 A1 G2 — 1= (A, + 16421 — (G, + 1602,
which satisfies F'(0) = 0. Thus we can write F/(1) = fol dt 0, F (t) which gives

F(1) = /1 dt(\/&f_' ((121222 V1= (G 1562 + {4 & C}).

Hence
[F(1)] < 2(84le + [5C)2),
which concludes the proof. [J
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(4.125)
(4.126)

(4.127)

(4.128)

(4.129)
(4.130)

(4.131)

(4.132)

1/2. Then

(4.133)
(4.134)

(4.135)

(4.136)

(4.137)

(4.138)

(4.139)

(4.140)



4.7 The main result

We summarize the considerations of this paper:

Theorem 4.26. Let Go = SU(2). Then there exist 0 < €,e1 < 1 s.t. for V € Conf., (1) the action
A has a unique critical point over Conf.(S2) with the constraint C(U) = V. The parameters ,e1 are
independent of n but may depend on L.

Proof. Follows from Theorem [3.9 and Propositions O

A Random walk expansions

In this appendix we reproduce Theorem 4.1 and its proof from Section IV of [BJ86] with some modifi-
cations. We work on an infinite lattice Z¢ and keep the dimension d arbitrary. Also, in this appendix
we simply write || - ||, for the norm in £P(Z%), 1 <p < oo, and || - [lop := || + ||g.9.z¢ for the C*-norm on
bounded operators on £2(Z9).

A.1 Short range localizing functions

Definition A.1. A functio a:R? = R is short range localizing if
(i) 0 < a(x).
(ii) a(z) < cs(1+ |z])724*9) for some § > 0,¢5 > 0.
(iii) For 0 as above, define
b(z) == (1+ |z))a(x). (A1)

We assume that for some constant K < oo, which may depend on d and 6,

b(x +y)
Ll ek (A.2)

for all x and for |y| < 2d'/2.

(iv) For § as above there are constants ¢ and € > 0 s.t. for all n

(bxbx---xb)(z) < "b(ex), (A.3)

where (b*b)(x) := 3" cza b(z —y)bly), = € Re.

(v) The function b is eventually decreasing. That is, there exists My € N sufficiently large, possibly
depending on 6, s.t. b(z') < b(x) for all x, 2’ € R? satisfying My < |z| < |2/|.

In comparison with [BJ86] we removed a lower bound by K~! in (A.2) and added item (v). The latter
property has the following consequence which will be used in (A.29) below:

Lemma A.2. Let b be as in Deﬁm’tz’on above. Then, for M € N sufficiently large we have

b(Mz/3) < b(z), =ezZ% (A.4)
%We choose R? and not Z% as a domain, because we want to consider b(ex) in .
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Proof. For |z| > 3M, from property (v) we clearly have that b(Mz/3) < b(z), for any M € N. Now
the set S := {z € Z%||z| < 3Mp} is finite and b tends to zero as |x| — oo by property (ii). Thus we
can find a sufficiently large M s.t. b(Mz/3) < b(x) for all z € S, x # 0. As for = 0 the statement is
trivial, this concludes the argument. [

Lemma A.3. Fiz ¢y > 0. The function a(z) := ezl s short range localizing in the sense of Defini-
tion . A possible choice of parameters is 6 = c1, My =2/c1, e = 1/4.

Proof. Property (i) is obvious. Regarding property (ii), we note that for any § > 0 there is such c¢;s
that

(1 + Ja])?HDemelel < 5. (A.5)
To check (iii) we fix § > 0 and define b(z) := (1 + |z|)%a(z). We note that
ectletyl < e—cl|x\ecl2d1/2’ (A.6)
(14 |z + 9™ < (1+|a] +2d)*, (A7)
which gives the bound in . Now we move on to property (iv). First, we note that
b(r) = (1+ [al)*a(@) = (1 + 2} ezl ezl < §Pa((1/2)0) = a1 ple).  (A8)

Consequently, we have

n/2
(bxbx--xb)(x) < ¢/ (ayp*...*xay)(r)
v —_—————
n
n
— C?/Q Z e—%61\$—$1|e—%cl|$1—$2| N .e—%cl|$n—2—$n—1\e—%81‘$n—1\‘ (AQ)
Z1,.-5Tn—1
. . . el —a Clea | — Lo lm—
We rewrite each exponential function above as e~ 2¢1#i—%| = g=zalzi—zjlg—galei—;| and treat the

two factors separately. We observe that, by the inverse triangle inequality |z — z1| + |21 — 22| >
|z| — |z1] + |z1] — |z2| and so on. Hence

—tailz—m1| —ter|wr—as —2c1|Ta—2—an_1|—ter]Tn 1| —1cilz|
e 1 e 1 ...e 1 e 1 <e atlil (A.10)

On the other hand || f1 * falleo < [[filloollf2[lr and [lg1 * g2[ly <{lg1l[1[lg2[l1- Hence

la1a s % ayy lloo < llazjallollayalli™" (A.11)
—_————
Since |[a1/4]|c = 1, this gives
n.—Leifz npy o Lpnd+s —leie
(bxbx - x)(@) < (¢ (14 fayal)) e < () (14 fla) el (A1)

n
and yields the proof of (iv) with e = 1/4. Regarding (v), we consider the following function and its
derivative
f(w) == (1+w)™e % f(w) = (d+0)(1+w)™ e 4 (1 4 w)™(—c)e . (A.13)
Thus f is decreasing, provided that

d+9o

(d+o)(1+w) " —a <0 = w>—
1

—1=: M. (A.14)

We can choose as M the smallest natural number larger than M. This concludes the argument. [J
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Figure 3: The centers of 2M-boxes in Z? as blue (thick) dots, with one of the 2M-boxes indicated.

A.2 Exponential decay of integral kernels of operators and their inverses
We start with some definitions:

Definition A.4. Let {Dj}jezd be a cover of R% by closed 2M-cubes where 09 has a center at jM,
j ez and M € N. Thus cubes O¢, OV overlap if li —j| < 2012, A given cube OO overlaps with 5¢
neighbouring cubes, including itself. See Figure[3.

We set O; := Z4N0Y. We also let O, be the projection of L£2(Z2%) onto L£%(0;). The projections are
orthogonal for |i — j| > 2d'/2.

Definition A.5. Let h?, j € Z%, be a smooth partition of unity on R? constructed as follows: Let
h € C§°(R) be positive and s.t.

1 for |t <1/3,
h(t) ._{0 for 11> 23 (A.15)
and
S Rt —j)=1, sup|h/(t)] < 10. (A.16)
JEZ

Now we define the functions on Z%

d—1
X .
hi(z) =[] h(}\; - gk) (A.17)
k=0
which satisfy
thj = hj, Z h?(l’) =1. (A.18)
jezd

Theorem A.6. Let A on L£2(Z%) be strictly positive and let
Az, 2")] < a(x - 2), (A.19)

where a is a short range localizing function (see Definition [A.1]). Now fix § > 0 s.t. a(x) §~65(1 +
|z|) =24+ for some finite c5 and define b(z) = (1 + |z|)%0a(z). Then, for e as in , and M as in
Definition[A.4), sufficiently large, we have

A~ Nz, 2')| < eb(e(z — ')/ M). (A.20)
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Proof. By assumption, there exists m? > 0 s.t. m? < A. Consequently,
m?0; < 0;A0;, (A.21)
hence [J; A0J; is invertible on £2(0J;). We can define
Cj = QAT ey Ci= D hiCihy, (A.22)
j

where h; is a multiplication operator. We treat C as an approximate inverse of A and define the
corresponding rest term R by the relation

AC=:1-R. (A.23)
Now we study A~!(x,z’) using the series (A.35) from Proposition We can parametrize the terms in
the expansion for A~!(x,2’) arising from (A.35) by paths w = {wo, w1, . ..,wan}, where w; € Z% indexes

a cube Uy, centered at Mw;. Here x € U, 2’ € O,,, and, using that R = >i; RijCjhy, (see 1}
below),

A7l = Y CR"
n=0
= > (0> > ) (hiyCighig) (Riyj Cjy by ) Rings Cinhy) - - (Rinn Cinhi)
n=0 io 71,J1 in,Jn
o0

= Z ( Z )(hWO CWO th)(R‘wl‘UQ CWZ hw2)(R‘w3w4 Co-’4 hw4) te (Rw2nflw2n CWZn hw2n)'(A'24)

n=0 wo,W1,..-;,w2n—1,W2n
The n-th summand vanishes, unless for all ¢ =0,1,...,n—1
jwai — waig| < 2dY/2. (A.25)

Indeed, since Ruy,,; wosio : £L2(02i42) = L£2(Oai41), we have that hy,,O.,,,, = 0 if (A.25) fails, as then
the cubes [, and O, , are disjoint.
We have, using that ||Cj|lop < m™2 and [|h;]lop = 1,

AT (@ a) < Y mT P Rey wallop [Res wullop -+ - IR 1wma llop + [Cla, )], (A.26)
{wlaar
where the last term is the n = 0 case, {w}, . are all paths satisfying the conditions (A.25]) and
rel,, 2 €0, (A.27)

We remark that for a fixed z there are less than 5% boxes which may contain it. We also remark, that
for x € UJ,,, we have

7wl ST = [ —w| < Va (A.28)

Let us write explicitly the n = 4 term of (A.26). Using that, by Lemma below, [R;jllop <
O(M_‘S)bM/g(i —J), we get

|A—1($’$/)(4)| < Z O(M—n6/2)m—(2n+2)bM/3(wl — wg)bM/g(w;), —wy) X
{w07"'7w8}z,z’
X by (ws — we)byy s (wr — ws)

Z O(M /%) m =2 b () — wy)b(ws — wa)b(ws — we)b(wr — ws), (A.29)

{wO’“')wS}z,z,

IN
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where in the second step we exploited Definition (v) and Lemma In the next step we would
like to express (A.29) as a convolution of functions b to be able to apply property (A.3)):

[A29) = ST oM )mT (g /M — wo)b(ws — wi)b(ws — we)b(ws — x' /M) x

{wo,...,wg}x,x/
% { b(wo — wg) }{b(wl —CUQ) }{b(w?, — W4)} %
b(z/M — ws) ) Lb(wo —w2) J Lb(w2 — wy)
" {b(w5 — wg) }{b(w7 — wg) }{ b(we — (,ng } (A.30)
b(ws —we) J Lb(ws —ws) ) Lb(ws — '/ M)
Now we can use Definition (iii) to estimate the expressions in curly bracket. We have, for example,

{b(w — ws) } _ {b((w — we) +we — ws) } <K, (A.31)

b(w6 — ws) b(OJG — wg)

since |wg — wr| < 2d'/? by , and similarly for the remaining brackets. After estimating the curly
brackets in , we can sum over wj;, t-odd, and over the boundary terms wp, woy. From and
the property that R, j : £2(0;) — £2(0;) we see that, for example, the sum over w; runs at most over
5¢ boxes which overlap with wy. We can argue analogously for the boundary terms, using . Thus
we have

ANz, 2YD < 3T o) m ) (K52 (2 /M — wa)b(ws — wy) X
{wa,wa,we}

X b(wy — we)b(w — ' /M).  (A.32)

Let us relax the conditions (A.25)) in {ws,ws,ws}. Now that we runs over Z¢, we can change variables
wg = we — ' /M, which gives

ANz, 2\ < > O mm ) (K5 2h (2 /M — wa)b(ws — wy) X
{wa,wa,w5}
X blwy — 2’ /M — w)b(wp)
= O(M /)= +2 (5N 2(h s bx b+ b)((z — o) /M)
< O(M™™/2ym=Cn+2) (K5 260 p(e(x — o) /M), (A.33)

where we made analogous changes of variables in w4, ws and in the last step we applied Deﬁnition (iv).
Guided by the above example, one immediately obtains in the general case

|A7 Y (z, 2")| < |C(z, 2)| + ble(z — 2) /M) i O(M~™0/2)y = (n+2) (gr5dynt2en, (A.34)

n=1

Noting that the sum is finite for M sufficiently large and that C(x,2") = 0 unless x,z’ belong to the
same box, we conclude the proof. [

Proposition A.7. For M sufficiently large, we have ||R|lop < O(M~%/2) < 1. Therefore,
A'=C(1-R)"" =) _CR" (A.35)
n=0

is a convergent series in the operator norm || - |lop.
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Proof. Let us expand the product AC as

AC:ZAhCh-
= ZDAhCh +Z1— )Ah;Cjh;

:ZhDADCh+ZDAh]DCh+Zl— )Ah;C;hj, (A.36)

where in the last step we used h;0; = U;h; = hj, cf. 1) By C; == (DjADj)*l\Ez(Dj) the first term
in (A.36) sums up to one. Since AC = 1 — R, the last two terms in (A.36]) coincide with R. Thus we
have

R = ) 0O;[h;, A]O;Cjh; + > (O, — 1)hIAR;Cjh;. (A.37)

J Js

We note that (0; — 1)h; vanishes for i = j. Thus we can write

R =) R;;Cjhy, (A.38)
.3
where
R;; = 6;;0;[hj, AJO; + (1 — 6;;)(0; — 1)hZAh;. (A.39)
Now by Lemmas [AZ9] [A.10] we obtain
IR |lop < O(M~%/2)2¢m~ supr (i — §)/3) < O(M/?), (A.40)

where in the last step we used b(z) := (1 + |z[)*Fa(z) < (1 + |2|)~(@+9) to show that the sum is finite
uniformly in M. [

Lemma A.8. Let T(x, ') be the kernel of T on £2(Z%). Then

1/2

ITlhop < (500 S |T<x,x'>r)l/2(s5p§ (o)) (A41)

Proof. The bound is standard and elementary. See e.g. [DG97, Lemma B.6.1]. O

Lemma A.9. Let R be as above. Then

1/2
IR lop < 2dm-2(supz \Rz»,juop) (supz IRq,

op> " (A.42)

Proof. First, we note that
> (A0 33 (A.43)

In fact, as these are 2M boxes, in one dimension we could divide the sum into three families of shifted
projections s.t. in each family the projections are mutually orthogonal. In arbitrary dimension we can
do it in every direction. See Figure [4
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Figure 4: Three families of disjoint boxes in one dimension. Their union is the whole family of the

2M-boxes centered at MZ described in Definition lA_Al

Next, since m? < A, we have m?[J; < [J;A;, hence mQC;ijle-/Q < 0j. Thus [|Cjllop < m™2. We

can write, using R =}, i R;;C;hy,
[(F,Ra) < D 1I0:fll2 R Cihjllop 105912
i,J
m ™Y (10 f 12 [1Rij 1657 (Rij 155711 0591l2)

1,J

1/2
22 (500 3 Ryl ) (5103 IR o
i 5 i

IN

1/

IA

2
1fll2llgll2,

where we applied the Cauchy-Schwarz inequality in the last step. [

Lemma A.10. Under the assumptions of Theorem and for M sufficiently large
IRijllop < O(M~*/2)b(N (i — j)/3)

with &, b of (A.1). (Here O(e) denotes a number satisfying |O(e)| < ce).
Remark A.11. This lemma only requires properties (i), (i) and (v) from Definition[A.]]
Proof. We start with the ¢ = j case:

(Rig)(@,2") = (Gilhs, AJ0;) (z, 2') = Az, 2') (hi(z) — hi(2'))0s(2) 05 ().
As h has a bounded derivative, we obtain

|hi(w) = hi(2')] < O(M )| — |72,

Here we used the definition h;(x) := Hi;é h(% — jk), the identity

5/2

hi(x) — hi(2") Ih(z) — hi(m’)ll_éﬂ

‘x_x/‘é/Z

hi (l’) — hi ({L‘/)

'

|z —z
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and the boundedness of h.
Now we recall that, by assumption, |A(z,z")| < a(z—2') and a(z—2') = (1+ |z —2'|)~(p(z —2').

Hence, by (A.46), (£-17),

IRii(, 2)] (M0)a — '|"?| Az, 2')| < O(M)|a — 2| Pa(x — o)

< O
< O(M™) (1 + |z — ')~/ Dp(z — ), (A.49)

where we expressed a by b in order to compensate the factor |z — 2 |5/ 2. Therefore, by Lemma and
the fact that b(z) < ¢(1 + |z|)~(@+9)

[Riillop < O( ~6/2 supr (z — ) M2 Zb 6/2) (A.50)

This concludes the discussion of the i = j case.
For i # j we infer from ({A.39) that the expression can only be different from zero if
x € supp(h;) N (Zd\Dj) and ' € supp h;. (A.51)

With this restriction we have |z — 2/| > %M li — j| by referring to (A.15). We infer from R;; :=
(O; — 1)h? Ah; that

Rij(@,a)| < [A(z,2')| < a(w = 2') = (L + o = 2') " b(z - o). (A.52)

In the next step we apply Lemma

1/2 1/2
Rl < (500 S Resto ) (503 o))
< O(M~°/)p(M(i — 5)/3), (A.53)

where the factors (1 + |z — 2'|)~(@+9) from (A.52) controlled the summation which is over  # ' with
the restriction |z — 2’| > £ M|i — j|. More precisely, we used that Definition (v) gives

Y Rig(z,a)| < Y (14—~ bz —a)

x/

< O(M™2)b(M]i = j|/3) D (1 + |a’) =72, (A.54)

l'/

As the last sum is finite, this concludes the proof. [J

B Some technical lemmas

Lemma B.1. If U € Conf(Q2) then C(U) € Conf(€;).

Proof. Let ¢1,co > 0, Uy, Uz € SU(2). We show that there exists c3 > 0 and Us € SU(2) s.t

Uy + Uy = c3Us. (B.l)

Indeed, using representation (1.25), we write U; = s;4,01 + i/_fj -G, Ajo = /1— |ffj|2, s; € {£1}.
Then

Ui + Uy = (ClslAl,O + 6282A270)1 + i(leTl + CQA’Q) ol (B2)
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From this we read off conditions on c3, Us:

c1A1 + caAy = c3As,

C151 1— ‘g1|2 + C2821/ 1-— |/f2‘2 = 83\/0% — (lefl + CQE2)2.

The latter equation gives

—~
™
w

~

—~
0
B

S~—

— (1) + ean)? = A1~ |A1?) + B(1 — | Ko) + 2c1c051 501 — [ A1 21 — | A2, (B.5)
cg = c% + cg + 261628182\/1 — \A'1|2\/1 — \EQ\Q +2¢1c9A7 - As. (B.6)

Clearly the r.h.s. of the last equation is non-negative as the mixed terms sum up to a scalar product
Aq - As of two unit Euclidean four-vectors. Given c3, we determine /_1‘3 via EI) and sz via 1' If
c3 = 0, by convention A =0 and Us = 1. This concludes the proof of @ . Now, by iterating this
equality, we get

GO =75 Y. Uw)=c (B.7)
z€B1(y)

for some U € SU(2) and ¢ > 0. This completes the proof of the lemma. [J
Lemma B.2. Let M be a self-adjoint operator on a Hilbert space with | M ||op, < 1/2. Then

1L+ M) = 1o < e1[|M o, (B.8)
where ct>1lisa numerical constant and || - ||op s the operator norm.

Proof. We recall the standard representation

L4 )Y / B.9
( + \fy—l—l—f-M ( )
This gives
1+ M 1
1+ M)Y2—1 = / < >
(1+ M) Vi y+1+M y+1
_ 7/ ; (( +M)(y+1)—(y+1+M)>
7 Jo y\/ﬂ(zﬂrl) y+1+M
1 f[o° 1 My
_ L _ B.10
7r/0 y\/@(y+1>(y+1+M> o
Hence
12 _ < / ( )
1(1+ M) Hop < [Mllop— [ dy y+1)” y+1+M lor
1
< 1ML, — M|op, B.11
< || M||op y\/ﬂ(wal) <y+1/2) %H llop ( )

which concludes the proof. [J
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Lemma B.3. The following estimates hold true for |U], ||, |Wa| < 1
o +i7 - &% < 2(v2 + %), (B.12)
(Y1 =@ = /1= @B) +i(a — ) - 717 < 6(| * + |f?). (B.13)

Proof. We note that, using ||C|| < (Tr(C*C))'/?,

lvo +iv- &> < Tr((vg —i
= Tr(“o CE

-0)(vo + 10+ 0))
&)%) = 2(vg + 7). (B.14)

Now choosing ¥ = w; — wo and vy = \/1 — u_f% — \/1 — @U% Thus we have

(1 — @2 — /1 — @) + i@ — @) - 57 < 2[(J1 - @} — /1 —aB)” + (@ — @)’

1-(1—a})(1 — @)

1+\/1—w1\/1—

2(W? 4 W — W) — 2y - Wo < (W2 + w3) (B.15)

:2 *2_‘ 1172

IN

which gives the required estimate. [
Finally, we provide computations leading to formula for the remainder 7
Lemma B.4. Setting Ay = A(by), B =0V () and 6(M) =1— M for any M € R, we obtain
7(b) = —8(A°BYA, 4+ 6(ASBYA_ + A% A° B
—AQ(A_ x B) + A% (B x A,) + B (A_ x A,)
+A(A_-B)—A_(B-Ay)+ B(A_-A,). (B.16)

Proof. In the notation introduced in Subsection we recall the multiplication table for a product
UV of two elements of SU(2):

UV =Uuvl -1 -V, (B.17)
(UV3 = U + VU — (U x V), (B.18)

where we used ([3.33). Now we look at the product UV Z of three elements from SU(2)

wvz)Y = UV)Y°Z° — OV Z,
= U2 U . VZ' - UV 4+ VU - (UxV)) Z
= UVOZ0 - 290 - V)-U(V-Z2) = VU - Z)+ (U x V)-Z (B.19)
and similarly
UVZ) = (UV)°Z + 2°TV — (UV x )
= (U — (U -V)Z+ 2°U° + VU — (U x V))
—(UV + VU — (U xV))x Z (B.20)
= U2 + Z°U°V + ZOVOU Z°U x V)= UV x Z) = VU x 2)
—(U-VVZ=(UxV)xZ (B.21)

—Z(U-V)Y4+U(Z-V)-V(Z-0). (B.22)



Therefore, we have by substitution 7z —Z.

UVZ = —UOZ 4 2°0° + 2°VO0 — 20(0 x V) + UV x 2) + V(T x Z)
+Z(U-V)=U(Z-V)+V(Z- D). (B.23)

Setting (UVZ*; =: U — Z + 7, we obtain from 1}

7= 6(UVZ - 6(2°VOU + 2°U°V
X

— 200 x V) 4+ UV x 2)+ V(U x 2)
+Z(U-V)-U(Z-V)+V(Z- D). (B.24)

We are interested in the case U = U'(b_), V. =0V (y), Z = U'(by):

F(b) = —8(U"(b-)°V (y)°) U' (bs) + 6(U" (b1)°0V (1)) U' (b-) + U’ (b)° U'(b-)°0V ()
—U'(b)2(U (b_) x OV () + U (b-)°(OV () x U' (b)) + OV ()°(U" (b_) x U' (b))
U'(b-)).

+U (b ) (U (b=) - 0V (1)) — U (b-)(U" (b) - OV () + OV () (U (b4) - U'(b-)).  (B.25)

This gives the formula from the statement of the lemma. [J

References

[Ai82] M. Aizenman. “Geometric analysis of ¢* fields and Ising models. 1., IL.” In: Communications
in Mathematical Physics 86.1 (1982), pp. 1-48. URL: https://doi.org/10.1007/b£01205659.

[AD21] M. Aizenman and H. Duminil-Copin. “Marginal triviality of the scaling limits of critical 4D
Ising and A¢] models™. In: Annals of Mathematics 194.1 (2021). URL: https://doi.org/10.
4007/annals.2021.194.1.3.

[Ba85a] T. Balaban. “Spaces of regular gauge field configurations on a lattice and gauge fixing con-
ditions”. In: Communications in Mathematical Physics 99.1 (1985), pp. 75-102. URL: https:
//doi .org/10.1007/b£01466594.

[Ba85b] T. Balaban. “The variational problem and background fields in renormalization group method
for lattice gauge theories”. In: Communications in Mathematical Physics 102.2 (1985), pp
277-309. URL: https://doi.org/10.1007/b£01229381.

[BJ86] T. Balaban and A. Jaffe. “Constructive Gauge Theory”. In: Fundamental Problems of Gauge
Field Theory. Ed. by A. S. W. G. Velo. Vol. 141. NATO ASI Series. Springer US, 1986, pp.
207-263. URL: https://doi.org/10.1007/978-1-4757-0363-4_5.

[Ba87] T. Balaban. “Renormalization group approach to lattice gauge field theories. I. Generation of
effective actions in a small field approximation and a coupling constant renormalization in four
dimensions”. In: Communications in Mathematical Physics 109.2 (1987), pp. 249-301. URL:
https://doi.org/10.1007/b£01215223.

[Ba95] T. Balaban. “A low temperature expansion for classical N-vector models. I. A renormalization
group flow”. In: Commun. Math. Phys. 167 (1995) pp. 103-154. URL: https://doi.org/10.
1007/BF02099355..

[BZ72] D. Bessis and J. Zinn-Justin. “One-Loop Renormalization of the Nonlinear o Model”. In: Phys-
ical Review D 5.6 (1972), pp. 1313-1323. URL: https://doi.org/10.1103/physrevd.5.1313.

44


https://doi.org/10.1007/bf01205659
https://doi.org/10.4007/annals.2021.194.1.3
https://doi.org/10.4007/annals.2021.194.1.3
https://doi.org/10.1007/bf01466594
https://doi.org/10.1007/bf01466594
https://doi.org/10.1007/bf01229381
https://doi.org/10.1007/978-1-4757-0363-4_5
https://doi.org/10.1007/bf01215223
https://doi.org/10.1007/BF02099355
https://doi.org/10.1007/BF02099355
https://doi.org/10.1103/physrevd.5.1313

[Ch12]

G. S. Chirikjian. “Stochastic Models, Information Theory, and Lie Groups, Volume 2”. In: Ap-
plied and Numerical Harmonic Analysis. Birkh&user Boston, 2012. Chap. Variational Calculus
on Lie Groups, pp. 129-154. URL: https://doi.org/10.1007/978-0-8176-4944-9_4.

[CDD82] Y. Choquet-Bruhat, C. DeWitt-Morette, and M. Dillard-Bleick. Analysis, Manifolds and

[Dag0]

[DG97]

[Di13]

[Di18]

[DY?23]

[DROO]

[Du24]

Physics. Revised Edition. Vol. 1. North Holland, 1982.

F. David. “Quantization with a global constraint and IR finiteness of two-dimensional Goldstone
systems”. In: Nuclear Physics B 190.1 (1981), pp. 205-216. URL: https://doi.org/10.1016/
0550-3213(81)90490-9.

J. Derezinski and C. Gérard. Scattering Theory of Classical and Quantum N-Particle Systems.
Theoretical and Mathematical Physics. Springer Berlin, Heidelberg, 1997. eprint: https://
doi.org/10.1007/978-3-662-03403-3.

J. Dimock. “The Renormalization Group According to Balaban, I. Small Fields”. In: Re-
views in Mathematical Physics 25.07 (2013), p. 1330010. URL: https://doi.org/10.1142/
50129055x13300100.

J. Dimock. “Ultraviolet regularity for QED in d = 3”. In: Journal of Mathematical Physics 59.1
(2018), p. 012301. URL: https://doi.org/10.1063/1.5009458.

J. Dimock and C. Yuan. “Structural stability of the RG flow in the Gross-Neveu model”. In:
(Mar. 2023). URL: https://doi.org/10.48550/arxiv.2303.07916.

M. Disertori and V. Rivasseau. “Continuous Constructive Fermionic Renormalization”. In: An-
nales Henri Poincaré 1.1 (2000), pp. 1-57. URL: https://doi.org/10.1007/p100000998.

P. Duch. “Construction of Gross-Neveu model using Polchinski flow equation”. URL: https:
//arxiv.org/pdf/2403.18562.

[DST24] W. Dybalski, A. Stottmeister, and Y. Tanimoto. “Lattice Green functions for pedestrians:

[Fa02]

Exponential decay”. In: Reviews in Mathematical Physics (2024). URL: https://doi.org/10.
1142/50129055x2430005%.

L. D. Faddeev. “Mass in Quantum Yang-Mills Theory (comment on a Clay millenium problem)”.
In: Bulletin of the Brazilian Mathematical Society 33.2 (2002), pp. 201-212. URL: https:
//doi.org/10.1007/s005740200009.

[FMRS86] J. Feldman, J. Magnen, V. Rivasseau and R. Sénéor. “A renormalizable field theory: The

[Fr82]

[GKS5]

[GKS6]

massive Gross-Neveu model in two dimensions”. In: Communications in Mathematical Physics
103.1 (1986), pp. 67-103. URL: https://doi.org/10.1007/bf01464282.

J. Frohlich. “On the triviality of )\qbfl theories and the approach to the critical point in d (>) 4
dimensions”. In: Nuclear Physics B 200.2 (1982), pp. 281-296. URL: https://doi.org/10.
1016/0550-3213(82)90088-8.

K. Gawedzki and A. Kupiainen. “Gross-Neveu model through convergent perturbation expan-
sions”. In: Communications in Mathematical Physics 102.1 (1985), pp. 1-30. URL: https:
//doi .org/10.1007/b£01208817.

K. Gawedzki and A. Kupiainen. “Continuum limit of the hierarchical O(N') non-linear o-model”.
In: Communications in Mathematical Physics 106.4 (1986), pp. 533-550. URL: https://doi.
org/10.1007/bf01463394.

45


https://doi.org/10.1007/978-0-8176-4944-9_4
https://doi.org/10.1016/0550-3213(81)90490-9
https://doi.org/10.1016/0550-3213(81)90490-9
https://doi.org/10.1007/978-3-662-03403-3
https://doi.org/10.1007/978-3-662-03403-3
https://doi.org/10.1142/s0129055x13300100
https://doi.org/10.1142/s0129055x13300100
https://doi.org/10.1063/1.5009458
https://doi.org/10.48550/arxiv.2303.07916
https://doi.org/10.1007/pl00000998
https://arxiv.org/pdf/2403.18562
https://arxiv.org/pdf/2403.18562
https://doi.org/10.1142/s0129055x2430005x
https://doi.org/10.1142/s0129055x2430005x
https://doi.org/10.1007/s005740200009
https://doi.org/10.1007/s005740200009
https://doi.org/10.1007/bf01464282
https://doi.org/10.1016/0550-3213(82)90088-8
https://doi.org/10.1016/0550-3213(82)90088-8
https://doi.org/10.1007/bf01208817
https://doi.org/10.1007/bf01208817
https://doi.org/10.1007/bf01463394
https://doi.org/10.1007/bf01463394

[GJ8T]

[Tw85]

(K099

[Kug0]

J. Glimm and A. Jaffe. Quantum Physics. A Functional Integral Point of View. Second Edition.
Springer New York, 1987. URL: https://doi.org/10.1007/978-1-4612-4728-9.

Y. Iwasaki. “Renormalization group analysis of lattice theories and improved lattice action:
Two-dimensional non-linear O(N) sigma model”. In: Nuclear Physics B 258 (1985), pp. 141-156.
URL: https://doi.org/10.1016/0550-3213(85)90606-6

C. Kopper. “Mass Generation in the Large N-Nonlinear o-Model”. In: Communica-
tions in Mathematical Physics 202.1 (1999), pp. 89-126. URL: https://doi.org/10.1007/
s002200050576.

A. J. Kupiainen. “On the 1/n expansion”. In: Communications in Mathematical Physics 73.3
(1980), pp. 273-294. URL: https://doi.org/10.1007/b£01197703.

[MRS93] J. Magnen, V. Rivasseau, and R. Sénéor. “Construction of Y My with an infrared cutoff”. In:

[MRS9]

[Mo98g]

[Po87]

[PRO1]

[Ya01]

Communications in Mathematical Physics 155.2 (1993), pp. 325-383. URL: https://doi.org/
10.1007/bf02097397.

P. K. Mitter and T. R. Ramadas. “The two-dimensional O(N) nonlinear o-model: Renormal-
isation and effective actions”. In: Communications in Mathematical Physics 122.4 (1989), pp.
575-596. URL: https://doi.org/10.1007/b£01256494.

U. Mosel. Fields, Symmetries, and Quarks. Texts and Monographs in Physics. Springer Berlin,
Heidelberg, New York 1999. eprint: https://doi.org/10.1007/978-3-662-03841-3.

A. M. Polyakov. Gauge Fields and Strings. First Edition. Vol. 3. Contemporary Concepts in
Physics. Routledge, London, 1987. URL: https://doi.org/10.1201/9780203755082.

A. Pordt and T. Reisz. “On the Renormalization Group Iteration of a Two-dimensional Hierar-
chical Nonlinear O(N) o Model”. In: Annales de I’Institut Henri Poincaré, Section A: Physique
Theorique 55.1 (1991), pp. 545-587. URL: https://eudml.org/doc/76540.

K. Yamamoto. “On a Mathematical Definition of a Renormalization Transformation for Lattice
Gauge Theories”. In: Letters in Mathematical Physics 57.3 (2001), pp. 269-281. URL: https:
//doi.org/10.1023/a:1012404416600.

46


https://doi.org/10.1007/978-1-4612-4728-9
https://doi.org/10.1016/0550-3213(85)90606-6
https://doi.org/10.1007/s002200050576
https://doi.org/10.1007/s002200050576
https://doi.org/10.1007/bf01197703
https://doi.org/10.1007/bf02097397
https://doi.org/10.1007/bf02097397
https://doi.org/10.1007/bf01256494
https://doi.org/10.1007/978-3-662-03841-3
https://doi.org/10.1201/9780203755082
https://eudml.org/doc/76540
https://doi.org/10.1023/a:1012404416600
https://doi.org/10.1023/a:1012404416600

	Introduction
	The setting and results

	Preparations
	Linearization of the constraint
	Sets of configurations

	Geometric considerations
	Variational calculus on Lie groups
	Tangent space of the constraint manifold
	Derivation of the critical point equation
	Structure of the expressions 

	Analytic considerations
	Existence of solutions of the critical point equation
	Strict positivity of G-1, G and QG Q*
	Exponential decay of integral kernels of G, (QGQ*)-1
	Method of images
	L-bounds on G(), (QG()Q*)-1, (QG()R*Q*)-1
	L-bounds for the blackremainder 
	The main result

	Random walk expansions
	Short range localizing functions
	Exponential decay of integral kernels of operators and their inverses

	Some technical lemmas

