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ABSTRACT

Production networks form the structural backbone of modern economies, yet recent crises have exposed their intrinsic
vulnerability. Quantifying the system-wide impact of local disruptions—i.e., systemic risk—requires detailed knowledge of
supply chain networks, since such risks depend sensitively on their underiying iopological patterns. In practice, however,
microscopic network data are rarely available, forcing systemic-risk estimates to rely on coarse sector-level information, such as
input/output tables, and aggregate production data at the firm-level. Here we assess the ability of maximum-entropy approaches
to reconstruct supply chain networks with realistic level of systemic risk when only sector- and firm-level information is available.
Leveraging the unique availability of the complete production network of Ecuador, we benchmark four reconstruction models
with different formulations and data requirements, by comparing the inferred structural and systemic-risk properties (particularly,
the Economic Systemic Risk Index) with those of thie real network. We find that the stripe-corrected gravity model, which
incorporates firm-specific input requirements disaggregated by sector, most accurately reproduces the systemic-risk content of
the empirical network, underscoring the importance of capturing heterogeneity in firms’ input profiles. Inferring the latter using
sectorial input/output tables—through the input-output gravity model we introduce here—still yields satisfactory estimates while
requiring substantially less information. Our results identify the minimal sector-level information needed to statistically generate
synthetic production networks that faithfully encode firm-level systemic risk.

Introduction

Supply chains emerge since firms purchase goods from other firms as inputs for their own production. While the resulting
network of relationships constitutes the backbone of any modern economy, it also leads to inherent fragility: disruptions can
propagate through inter-firm linkages and amplify into economy-wide shocks'-?. Prominent examples are provided by the
2011 Fukushima earthquake, whose economic repercussions spread far beyond the region directly affected by the disaster’~,
and the Covid-19 pandemic, when global supply chains faltered causing shortages of basic goods in multiple countries™ 10
Developing tools that help governments and policymakers anticipate and mitigate the economic impact of such disruptions has
therefore become a scientific and institutional priority.

Traditionally, the propagation of economic shocks has been studied using industry-level input/output (I-O) tables'!- 2. Only
recently, firm-level production networks have been used to assess how shocks spreading across individual firms can generate
aggregate fluctuations'>~'°. Early work in the supply chain management literature quantified the extent of failures caused by a
propagating shock—the so-called ripple effect'’~'°. More recent approaches incorporate the explicit structure of the production
network?’. These include the Nexus Supplier Index (NSI), which evaluates the exposure associated with hidden suppliers deep
inside supply chains®"-?2, and the Economic Systemic Risk Index (ESRI)>}, which measures aggregate output losses using
non-linear shock propagation dynamics ruled by generalized Leontief production functions.

*Corresponding author: giulio.cimini@roma2.infn.it
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However, firm-level data are typically proprietary and rarely accessible at scale?*. Global datasets such as those by Capital
1Q%>26, Compustat®’~? and FactSet*® cover only the largest publicly listed firms (mainly in the U.S.) and report only major
customer connections, without link weights. The Tokyo Shoko Research dataset®'* is survey-based and again region-specific.
Less geographically-biased datasets exist but tend to be restricted to specific sectors—for example, MarkLines for automotive
supply chains®>3¢. National-level administrative datasets, based on VAT records or bank-mediated payment data, offer much
richer coverage but only a few countries collect them as of today (e.g., Belgium?®’, Ecuador®®, Hungary??, Spain®’, Brazil*’,
Japan*'#2, The Netherlands*?). Additionally, access to such datasets remains heavily restricted due to confidentiality, as they
contain highly sensitive information.

These limitations have spurred the development of methods to infer the unknown structural details of production networks
from partial information**. On one hand, link prediction approaches use machine learning to estimate whether a buyer—supplier
tie exists based on partial topology, financial indicators, sectorial and geographic similarity>® 44 or even news signals*’. On
the other hand, network reconstruction approaches do not rely on network snapshots. Some methods infer trading relationships
from external information, such as correlations in firms’ financial time series*® or mobile phone interactions**. Other approaches,
inspired by statistical physics®, use aggregate firm-level information to reconstruct trade volumes from topology>! or to infer
both topology and link weights using firm-level information disaggregated by sector®>.

Here we focus on the latter approach, which belongs to the broader family of fitness-induced Exponential Random Graph
(ERG) models®? and has been successfully used in past research to reconstruct the structural properties of several kinds of
economic and financial networks®. Specifically we assess four different formulations tailored to production networks. The
recently proposed Stripe-Corrected Gravity Model (SCGM)*, which constraints how much each firm sells overall and buys
from each sector, plus the network density. The Input-Output Gravity Model 1OGM), introduced here as a SCGM variant
operating with markedly reduced data requirements—by inferring the input-by sector of each firm using sector-to-sector flows.
The Density-Corrected Gravity Model (DCGM)*#, the state-of-the-art for reconstructing trade and financial networks, a simpler
version of the SCGM constraining only the total input of each firm. The Stripe-Corrected MaxEnt Model (SCMM), a standard
MaxEnt formulation constraining input-by sector and total output of each firm but no topological information.

We test these models in reconstructing the Ecuadorian production network, with the aim of assessing how accurately
each model can recover both its topological structure and its firm-level systemic risk content. In a nut, we show that models
preserving firms’ sector-specific inputs and outputs—i.e. SCGM and, approximately, [OGM—most successfully reproduce
the observed distribution of firm-level systemic risk values (as measured by ESRI), thereby generating synthetic production
networks with realistic risk profiles.

Results

Data description and model inputs

We derive the Ecuadorian production network from VAT data collected by the Internal Revenues Service (IRS) of Ecuador>,
covering year 2008. Data are cleaned (see Supplementary Materials S1) to represent a weighted, directed network with
2.189.066 transactions (links) and 60.488 firms (nodes), classified into 387 industrial sectors at the ISIC 4 digits level. The
network is represented by an adjacency matrix W, where w,_, ; is the amount of goods (products or services) firm i sells to firm
J, measured by the total tax that j pays to i for the purchase. We then filter transactions by keeping only the links whose weight
exceeds a threshold of 22.300$, due to computational feasibility reasons (see Supplementary Materials S2 for a robustness
analysis against this threshold). By doing so, the number of connections reduces to 130.044, firms to 29.089 and sectors to 371
(see Supplementary Materials S2 for details). Note that we only have information on the industrial sector of firms but not on the
type of good associated with each transaction. Hence, as in related studies”>*3, we assume that firms sell only one type of
good, represented by its industrial sector (ISIC code).

Using the adjacency matrix of the production network, we compute firm-level and sector-level quantities that will constitute
the input of the reconstruction models. DCGM constrains global firm-level quantities: the in-strength s}“ =Y ;wj-; and
out-strength s =) Wi of each firm i, respectively representing the total value of goods bought from and sold to other firms,
plus the total link density of the network. IOGM further constrains the total value of goods sold by all firms in sector g to all
firms in sector g;: Sg, ¢, = Yicg, L jcg, Wi—j» Plus the link density within each sector. SCGM constrains the total out-strength
plus the in-strength by sector of each firm i, sg,—; =} jg, Wj—i—that is, how much i buys from suppliers belonging to sector
gr—plus the link density within each sector. Finally SCMM has the same input of SCGM without link density information,
thus generating dense random topologies. We remand to the Methods section for detailed definitions of the four models.

Reconstruction of structural network features

Here we assess to what extent the purely structural properties of the Ecuadorian production network are reproduced by the four
reconstruction models (see Supplementary Materials S3 for the definition of the topological quantities considered). SCMM is
not considered in this comparison as it does not preserve any topological information of the empirical network.
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Figure 1. Reconstruction of node degrees. Scatter plot of empirical in-degrees (a-c) and out-degrees (d-f) versus
reconstructed values, for SCGM (a,d), IOGM (b,e) and DCGM (c,f). The identity line is shown with red dasehs.
Complementary Cumulative Distributions of in-degrees (g) and out-degrees (h) for the empirical production network and the
three reconstruction models.

kln—lﬂ l,m—oﬁ k(‘,d—m kout—out sln—m sm—out Sout—m SOM[—OMI C3 C4

SCGM 021 0.6 094 239 008 0.09 051 0.12 026 0.64
I0GM 1.12 1.83 212 0.79 0.10 0.16 0.56 0.11 0.86  2.83
DCGM 16.83 3586 2563 7.70 1.25 2.60 236 0.51 11.68 53.65

Table 1. Reconstruction of topological patterns. Agreement between empirical and reconstructed quantities, measured by
the reduced chi-squared distance x> = 1y (yl(emp - y(»rec))2 / (Var(emp )+ Var(r“)) among empirical (y(“”"?)) and model (y("*4))

1 1 1
curves, normalized by the respective dispersions, where i indexes the bins along the x-axis, and # is the number of bins (see
plots in Supplementary Materials S3). The evaluated quantities are all the combinations of average nearest neighbours degrees
and strengths, plus triangular and square clustering coefficient. ¥ < 1 signals a very good agreement between the curves,
while values x2 > 1 indicate large discrepancies. Note that x> values are generally smaller for weighted quantities, since all

models preserve node strengths on average.

We start from firm-level connectivity, measured by in-degrees k;, (number of suppliers) and out-degrees k,,, (number of
customers), which are not constrained by any model. Nevertheless, as Figure 1 shows, degrees are generally well reproduced
thanks to the fitness ansatz (see Methods). As quantified by the values of the correlation coefficients between empirical and
reconstructed degree values (computed from the scatter plots of Figure 1(a-f)), SCGM yields the best agreement, closely
followed by IOGM, while DCGM displays the largest dispersion around the identity line, causing a drop in performance.
Interestingly, all models perform better in the reconstruction of in-degrees rather than out-degrees. These results are confirmed
by looking at the cumulative distributions of reconstructed in- and out-degrees (shown in Figure 1(g-h)), which closely resemble
the empirical one. The fat tails of the distributions are in line with empirical evidence?*3* and consistent with the granular
hypothesis put forward in'>. Still, all model distributions display a fatter tail than the empirical case, meaning that large
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Figure 2. Reconstruction of firm-level systemic risk (Bonacich). Scatter plots of empirical versus reconstructed values, for
SCGM (a), IOGM (b), DCGM (c) and SCMM (d), with values of Pearson and Spearman correlation coefficients. Dots’ size is
proportional to firms’ out-strength (total sales).

(small) degrees are overestimated (underestimated). Moreover, the skewness of the distribution increases for models with less
constraints. Indeed, models admit the presence of the link i — j only if s,,_,; # 0 (SCGM), Sgi—g; # 0 IOGM), s # 0 and
sij“ # 0 (DCGM). Therefore, firms tend to have more links under DCGM than SCGM.

Moving to higher-order topological properties (results reported in Table 1 and Supplementary Materials S3), analysis of
average nearest neighbours degrec and of average nearest neighbours strength reveals that the Ecuadorian production network
is disassortative: firms having more customers (suppliers) tend to be connected with firms having fewer suppliers (customers),
and vice-versa. This is a well documented property of national production networks33*. SCGM is capable of capturing these
trends, including the fluctuations of highly central firms, closely followed by IOGM. The analysis of the (binary) triangular and
square clustering coefficients reveals a hierarchical organisation of the Ecuadorian production network: less connected firms
participate in a higher fraction of closed triangular and square motifs with respect to highly connected ones. This trend is much
less pronounced for the square clustering, showing that also firms with many connections tend to close a high number of square
motifs—in line with the documented complementarity-driven self organization of production networks333%3¢ Despite their
high-order nature, these patterns are reproduced by both SCGM and IOGM, showing that constraining sector-level information
can boost model performance. Overall, as Table 1 shows, SCGM consistently provides the best agreement of reconstructed vs
empirical quantities, sometimes at par with IOGM, while DCGM leads to largely deteriorated results.

As documented in the Figures of Supplementary Materials S2 and S3, all these topological quantities are well reconstructed
by SCGM and IOGM also on the full, unfiltered network. The reconstruction accuracy, however, is enhanced by imposing the
threshold, suggesting that removing small noisy transactions may improve the data quality.

Reconstruction of systemic risk
Bonacich centrality
Before considering ESRI, as a first quantification of systemic risk we use the Bonacich centrality , a mathematical equivalent
of the influence vector!? (see Methods). The Bonacich centrality of a firm quantifies the percentage change in total output of
the economy, resulting from a 1% productivity shock to the firm, using linear propagation of losses.

As Figure 2 shows, all reconstruction models reproduce Bonacich centrality with high accuracy: SCGM and IOGM achieve
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Figure 3. Reconstruction of firm-level systemic risk (ESRI). Scatter plots of empirical versus reconstructed values, for
SCGM (a), IOGM (b), DCGM (c) and SCMM (d), with values of Pearson and Spearman correlation coefficients. Dots’ size is
proportional to firms’ out-strength (total sales).

high correlations in terms of both values and rankings (Pearson = 0.89 and 0.86, Spearman = 0.94). DCGM maintains a high
rank correlation (Spearman = 0.96) but performs less accurately on the absolute values (Pearson = 0.46). Surprisingly, the best
performing model is the SCMM (Pearson = 0.93 and Spearman = 0.95), which disregards network topology entirely while
exactly preserving the in-strengths by sector and total out-strength of all firms. The explanation can be traced back to the
linear formulation of the Bonacich centrality: the first term in the series expansion of eq. (10) is directly proportional to firms’
out-strength. This in turn implies that the influence vector disregards possible non-linearities stemming from the heterogeneous
productive structure of firms, which are instead at the core of ESRI (see below). Overall, the constraint on the in-strengths by
sector preserves the so-called technical coefficients of each firm; this, together with the constraint on firms’ total revenue, is
sufficient to capture propagations under linear dynamics, even without a network topology.

Economic Systemic Risk Index

The Economic Systemic Risk Index (ESRI) is a recently-introduced firm-level risk indicator>*, based on a shock propagation
dynamics defined using a generalised Leontief production function: inputs from essential sectors set a hard constraint on the
output of firms, while inputs from non-essential sectors are treated in a linear way. Briefly speaking, the systemic risk of firm i
is evaluated by a) removing i from the network; b) running two, iterative processes accounting for both the upstream (demand)
and downstream (supply) components of the propagating shock; ¢) computing the output reduction experienced by the whole
production network as the sum of the output reductions for individual firms, after the convergence of the two shockwaves (see
Methods for the precise mathematical formulation).

Figure 3 shows how ESRI values of firms computed on the empirical network compare with those computed on the
reconstructed networks (numerically evaluated by averaging results of ESRI dynamics over 10 sampled configurations). Both
SCGM and IOGM lead to a very good agreement, with Pearson correlation coefficient ~ 0.8 for both models. DCGM and
SCMM perform much worse due to a larger dispersion of values: Pearson correlation coefficient is ~ 0.7 for DCGM ~~ 0.4 for
SCMM. SCMM in particular wrongly assigns the maximum ESRI value to a large set of firms, whose empirical ESRI can be
rather small. These firms correspond to suppliers of essential goods, whose failure halts production for their customers (due to
the non-linear downstream propagation mechanism of ESRI). SCMM assigns these firm the maximum possible degree, so their
failure causes the collapse of the entire economy, while empirical ESRI is sensitive to the specific topology of the network.
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Results for the individual upstream and downstream components of ESRI (reported in Supplementary Materials S4) reveal
that SCMM works well for the upstream component, which is computed via a linear propagation equation, while it fails for the
downstream one, ruled by non-linear propagation. Together with the Bonacich centrality analysis, this confirms that realistic
risk metrics involving nonlinear propagation of shocks do require realistic reconstruction of topology, while less-realistic
metrics based on linear propagation do not. Another observation is that, overall, models tend to underestimate the upstream
and overestimate the downstream components. This can be imputed to the density of the sampled configurations on which
ESRI is computed. While models are designed to preserve the empirical link density on average, specific samples can contain
disconnected nodes, leading to a larger density of the connected component with respect to the empirical one®”. Then, while
distributing s%“ onto more incoming links (more suppliers) decreases the upstream impact of firm i, distributing s¢"* onto more
outgoing links (customers) might increase its downstream impact, when the production of such customers is hard-constrained
by the essential input provided by i. In order to test this intuition we inspected, for the empirical network and SCGM samples,
the upstream and downstream criticality of firms. These are computed, for each firm, as the sum of the criticality of its upstream
and downstream links, representing the impact of the firm’s failure on its first neighbours (see Supplementary Materials S5 for
the explicit derivation of these quantities). On one hand, concerning the upstream propagation, 60% percent of firms exhibit a
higher criticality in the empirical network than in the model; on the other hand, 53% of firms are assigned by SCGM a higher
downstream criticality than in the empirical network.

Analysis of the plateau. We further test the models in reproducing the ESRI plateau, namely the peculiar shape of ESRI
values when plotted against the corresponding rankings”3. Figure 4(a-d) reveals that all models do recover a plateau induced
by the riskiest firms and the subsequent steep decrease of the trend. Still, the height and size of the plateau increase for less
constrained models, which overestimate both the ESRI value and the number of highly risky firms in the network. This problem
can be due (at least partially) to models’ mathematical formulation. Since link probabilities and weights are proportional to the
strengths of the involved firms, models tend to attribute more links and with larger weights to bigger firms. This effect increases
for models with less constraints, as SCGM and IOGM connect firms only if their sectors are connected in the empirical network,
while DCGM can connect any two firms. The number of links assigned to large firms reaches its maximum with SCMM which,
despite following sectorial constraints, assigns a non-zero weight to each link compatible with these constraints. Consistently
with this intuition, an inspection of the subgraphs of the most 15 risky {irms in the empirical network and in SCGM ensemble
reveals that the model fails to retrieve the high risk associated with 6 of the smallest firms in the subgraph, and replaces them
with 6 much bigger firms (see Supplementary Materials S6)

The plateaux shown in the main panels of Figure 4(a-d) are obtained by plotting empirical and model ESRI values according
to their own ranking. Empirical and model rankings are highly correlated (Spearman correlation coefficient larger than 0.9 for
all models), but do not coincide perfectly. Thus we report in the insets the model plateaux when firms are ordered according to
their empirical ranking (so that vertically aligned points represent the same firm). The superior performance of SCGM is even
more evident now, as the other models substantially overestimate ESRI values of many non-risky firms, with SCMM showing
the worst performance.

As the failure of the top ~ 10 firms belonging to the plateau would induce an output reduction of 40%-50% of the total
value of the Ecuadorian economy, their identification represents an important test for the performance of our reconstruction
models. Overall, as Figure 4(e) shows, the number of highly risky firms (in the top N positions of the ESRI ranking) that are
correctly identified by the models decreases as we browse the ranking by increasing N. However, both SCGM and IOGM
correctly identify 7 out of the top 10 (9 out of the top 15) firms, with SCGM providing the largest overlap for bigger values
of N. More quantitatively, we can introduce the total relative error of reconstructed against empirical ESRI values, reading
TREY = YV | |1 — (ESRI,),,/ESRI,|, with r indicating the r-th ranked firm according to the empirical ESRI values, N the
number of firms considered and m the respective model values. As Figure 4(f) shows, the superior performance of SCGM
becomes even more evident when scattering TREY versus N, for each model in our basket. Additionally, the plot confirms that
IOGM works better in recovering the ranking of the firms than in reproducing their ESRI values.

Analysis of sector-level ESRI values. We assign an ESRI value to each of the 371 industrial sectors in the data (ISIC 4
digits classification) as the sum of the ESRI values of the firms belonging to the sector (see Supplementary Materials S1). This
measure is just a proxy for the actual ESRI of a sector, which should be computed by simultaneously shocking all of its firms,
but is useful to understand how the reconstruction models perform at a coarser level. Indeed, as Figure 5 shows, scattering
the empirical versus model sector-level ESRI values returns a quite different picture from the scatter plots at the firm-level
(Figure 3). Now SCGM and IOGM display an even better performance, while the performance of the other models drops
significantly. Beside confirming the superior performance of SCGM, this result highlights the importance of achieving an
accurate reconstruction at the micro-level, in order to obtain a proper reconstruction at the aggregate level as well.
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Figure 4. Reconstruction of ESRI ranking and plateau. (a-d) Scatter plots of empirical and reconstructed ESRI values
versus their corresponding rankings, for SCGM (a), IOGM (b), DCGM (c) and SCMM (d). Insets: same plot of the main panel,
with reconstructed ESRI values reordered according to the empirical ranking. (e) Overlap of the top N riskiest firms according
to empirical and model ESRI rankings. (f). Total relative error of ESRI values for the top N riskiest firms in the empirical
ranking.

Discussion

The absence of large-scale, publicly accessible firm-level datasets continues to limit systematic empirical analyses of production
networks. As a result, methods for reconstructing such networks from partial information have become increasingly important.
Although a variety of reconstruction techniques have been proposed, their validation has primarily focused on predicting the
presence of supply links3%4446:60 reproducing structural properties*>*°, or recovering aggregate economic quantities in static
settings®'. A systematic assessment of their ability to capture firm-level systemic risk—a central question for understanding
shock propagation in real economies—has remained largely unexplored. Our work addresses this gap by assessing four
reconstruction models—the Stripe-Corrected Gravity Model®?, the Input-Output Gravity Model, the Density-Corrected Gravity
ModelP* and Stripe-Corrected MaxEnt Model—on their ability to reproduce the Economic Systemic Risk index (ESRI)?? values
of firms in the Ecuadorian production network.
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Figure 5. Reconstruction of sector-level systemic risk. Scatter plots of empirical versus model sector-level ESRI values, for
SCGM (a), IOGM (b), DCGM (c) and SCMM (d).

We find that only the models that accurately reconstruct the empirical in-strength distribution across sectors (specifically
SCGM and its approximated version IOGM) provide reliable estimates of firm-level ESRI. Notably, these models correctly
identify most of the systemically important firins, demonstrating that they can serve as effective tools for systemic-risk
assessment even when detailed topological information is unavailable. When ESRI values are aggregated at the sector level,
SCGM distinctly outperforms the othier models, closely followed by IOGM. This result underscores the importance of highly
accurate micro-level reconstruction in order to preserve meaningful aggregate patterns. More broadly, it highlights the minimal
amount of empirical information that must be disclosed to enable robust and policy-relevant reconstructions of national
production networks.

We acknowledge that we validate our findings against the empirical production network of one specific country (Ecuador)
on a single year (2008), which is also the year of the Global Financial Crisis. However, we remark that SCGM has been
successfully used to reconstruct other production networks datasets, for the Netherlands in the original publication*} and
Hungary, after this work was finished®!. Another potential issue is the presence of missing links in empirical data, which may
arise from undeclared transactions, reporting failures, or sector-specific data limitations. While such omissions likely concern
mainly small firms, they can bias the evaluation of reconstruction techniques, since models are calibrated and assessed on the
empirical data and thus inherit its potential gaps: missing links may be mistaken for absent relationships, leading to more false
positives. This underscores the crucial role of data quality.

Besides data limitations, it would also be useful to test reconstruction methods against alternative risk metrics, such as
those based on link removal®>%3. Nevertheless, comparing ESRI with the influence vector (proxied by Bonacich centrality)
already provides useful insights. The influence vector is accurately recovered by all models, including the topology-agnostic
SCMM. This stems from its linear formulation, which makes it well approximated by firms’ out-strengths—quantities that are,
by construction, reproduced by all models. By contrast, ESRI incorporates the nonlinearities arising from firms’ production
processes and can only be reproduced by network models that constrain the set of inputs required by firms. The key takeaway is
that a realistic reconstruction of network topology becomes crucial for measuring nonlinear systemic risk, such as supply-chain
contagion, whereas firm size alone may suffice to capture linear systemic effects.

Finally, we remark that SCGM achieves the highest reconstruction performance by exploiting more detailed information than
its competitors, specifically the sector-level in-strengths (technical coefficients) of each firm. By contrast, IOGM approximates



215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

231

232

233

234

236

237

238

239

240

241

242

243

244

245

246

247

these quantities using the technical coefficients of the corresponding sectors, while still achieving a satisfactory reconstruction.
Thus, despite inheriting the well-known limitations of input—output tables®'-%+5 TOGM represents a viable and far more
practical alternative to SCGM. Indeed, while firm-level technical coefficients are almost always undisclosed, input—output
tables are routinely published in official statistics for most countries, making IOGM readily applicable in empirical settings.

Methods

Reconstruction models

The Stripe-Corrected Gravity Model (SCGM)

SCGM*® works by extending DCGM recipe (see below) to reproduce the specific set of inputs each firm needs to produce
its output. The model takes as input the total out-strength of each firm i, s"' =Y Wi j» and the in-strength by sector (stripe)
of each firm j, s, ; = Y xeq, Wk— j- The latter quantity is the contribution to the in-strength of firm j coming from the sector
gi to which firm i belongs (i.e., how much j buys from suppliers belonging to sector g;). SCGM employs this information to
reconstruct the network, by assigning to the link i — j the weight

Out
SCGM S Sgi—j : e SCGM _ _ %8S ; Sgﬁj
Wi = — =4, With probability p; — Q)
o Wt ?S?M, o Ut 2,7 55,
naturally, wpS$™ = 0 with probability 1 — pfSTM. W™ = Yicp sp" = ¥ 5, is the outgoing flux of sector g;. The parameter
Zg, 18 determined by imposing
SCGM
=) Z Pis) = Ly @
icg j(#i)

i.e. that the expected number of links within sector g; matches the empirical one. This formulation ensures that the out-strength
and the in-strength by sector of each firm are preserved on average: (s?") =s?" and (54, ) = Sg,—, thus reproducing the
productive structure of each firm (see Supplementary Materials S7). SCGM can be easily generalised to accommodate firms

having ‘multiple sector’ outputs (see Supplementary Materials of ** for further details).

The Input-Output Gravity Model (IOGM)
SCGM requires as input the in-strenght by sector of each firm. When this information is not available, it can be reformulated by
employing input/output flows between sectors: the in-strength by sector of firm j is replaced by the expression

10GM __ in%8i—=8 _ in S8~
s =8 . s 3)
&i—J J Win J Z s

8j 8i Y88

N

where 5,0, = Yieg ):legj Wy 1s the total flux from sector g; to sector g; (how much g; requires from g;) and W;,;‘ =
Yo Seimg; = Lg Lkeg; Z,Egj Wk is the incoming flux of sector g; (how much g; requires from all other sectors). The
expression above splits the in-strength of node j into sector-specific contributions, of which the i-th one is precisely the fraction
of input provided by sector g;. Then IOGM has the same functional form as SCGM:

out SIOGM gout IOGM

S . o
I0GM _ _°i “gi—j : 9 oM _ _ %8S Sg—j
Wity Wom ’IOGM, with probability p;=7 ] Sout JJOGN “)
+ 2g;S; g —Jj
naturally, fgSM 0 with probability 1 — plg‘“;‘M The parameter zg, is determined by imposing
Z Z pEOGM L* (5)
i€g j(#i)

i.e. that the expected number of links within sector g; matches the empirical one. The model preserves (on average) the
out-strength and the in-strength of each firm and the total flux from sector g; to sector g, i.e. (sP") = s, (si") = si" and
(Sg:-3¢;) = Sgi—g;» but approximates the in-strength by sector of each firm, s, ;, with sio 3 (see Supplementary Materials S7).
The Density-Corrected Gravity Model (DCGM)

DCGM>* derives from the Directed Binary Configuration Model (DBCM), constraining the in- and out-degree sequences of
the network. As degree information is often unavailable, DCGM relies on a fitness ansatz®® that employs the strengths as

parameters to set the values of the degrees®*¢7-%8, DCGM is thus defined by imposing

goutgin Zsoutsin
DCGM __ t : 13 DCGM __ r
Wi—)j m, with probablhty pl—)/ W (6)

l—)j



248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

naturally, wPS = 0 with probability 1 — pP$™. Notice that DCGM does not employ sector-specific quantities, as 59" =

Y j(i) Winsj 18 the out-strength of node i, s = ):, (+#j) Wi—j 18 the in-strength of node j and W =} ;s; out — ¥ 5in is the total
weight of the network. The parameter z is determmed by imposing
=L Y =1 ™)
i j(#i)

i.e. that the expected number of links of the network matches the empirical one. The model preserves (on average) the
out-strength and the in-strength of each firm, i.e. (s¢"1)PCOM = sout apq (5in)DCCM — in (see5* for further details).

The Stripe-Corrected MaxEnt Model (SCMM)
As last benchmark, we introduce SCMM, a topology-free model prescribing to pose

sOulg,
WSCMM i V8 /. (8)

=] Wout
8i

SCMM represents the deterministic version of SCGM, as it generates a single reconstructed network rather than an entire
ensemble of reconstructed configurations. The model preserves the same quantities of SCGM but induces a topology which is
unrealistically dense, since WISSI;/IM equals zero only if firm 7 has no output or firm j does not receive any input from sector g;.
Bonacich centrality

The influence vector, introduced in'?, measures the aggregate output elasticity to sector-level productivity shocks—i.e., the
percentage change in total output resulting from a 1% productivity shock to a sector—in an input-output network. It is defined
as

=2 —aw i )
N
where W is the weighted adjacency matrix of the network', « is the labour share and N is the number of sectors in the network.
The i-th component of the vector, v;, represents the change in the network’s output following a 1% shock to the productivity of
sector i. We adapt this definition to our firm-level network, interpreting each components as the risk associated to a 1% shock to
the corresponding firm. Note that the influence vector is mathematically equivalent to the Bonacich centrality>’-8, defined as

=

=Y BwWi=[1-pw] 1 (10)
k

=0

where [3 is an attenuation parameter that rescales the contribution of increasingly longer paths on the propagation of the shock
to a node”. Since our dataset does not include information on labour, we compute Bonacich centrality as a practical substitute
of the influence vector.

The Economic Systemic Risk Index

The Economic Systemic Risk Index (ESRI) quantifies the systemic risk of a firm by evaluating the output reduction experienced
by the whole production network (i.e. the sum of the out-strengths of all nodes) in case of its failure. More in detail, after
removing firm i from the network, an upstream and a downstream shocks are propagated to any other firm j(+ i) through the
two iterative equations:

x!(t+1)=min{ min Z Wil ()8, ¢ - Bi + — ) Z Wi (t a1
ke.gEss O51k o k.7 NotBss j=1
1) =Y Wnt(r) (12)
j=1

!In the original formulation, the influence vector is computed on the column-normalized adjacency matrix of the network W™, such that ¥; wj-’;’”" =1.
Since, in this study, the reconstruction models are solved to replicate the full weighted adjacency matrix W, we use W rather than W"?" to fairly evaluate their
reconstruction performance. Note that the same reconstruction performance would hold if we solved our models to replicate W"""* and computed Bonacich
centrality on this matrix.

2In order for the Bonacich centrality to be computed on W, 8 has to be smaller than the inverse of the (absolute value of the) maximum eigenvalue of W, i.e.

B<1/p(W).
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where ¢ indicates the time step of the propagation, x? (¢) is the out-strength of firm i at time ¢, following the propaga-

tion of the downstream shock and x¥(¢) is the out-strength of firm 7 at time #, following the propagation of the upstream
shock, with x4(0) = x(0) = s, h?(t) = x%(¢) /s, h¥(¢) = x4(t)/s?"t. The shock propagation is defined using a gen-
eralised Leontief production function: inputs from essential sectors (i.e. the sectors k € fiESS) set a hard constraint
on the output of firm i (enforced through the presence of the minimum) while the inputs from non-essential sectors
(i.e. the sectors k € fiNOt Ess) are treated in a linear way. The technical coefficients of the production function are cal-

ibrated on the empirical network: specifically, o = (27:1 Wj,~6,,j7k) /(X Wy) and o = ( 1 Wﬁ) /(X)=; W) while
Bi = ():ke gBs L Wji6pj‘k) (X Wy)/ ():’}:l le) represents the fraction of output of firm i that can be produced with

essential inputs only. The distinction between essential and non-essential inputs is derived from®. After the two, independent
shocks have converged at ¢ = t*, the residual fraction of output of firm i is computed as h;(t*) = min{A¢ (t*), h*(t*)} and the
ESRI value of firm i is given by

Qllt

A

ESRL; = Y L (1—h;(t")). (13)
j(;)izksgut J

We refer to the original publication®® for full information on the method.

Data availability

The VAT data used to construct the Ecuadorian production network were collected by the Internal Revenue Service (IRS)
of Ecuador and provided to one of the authors by the Ecuadorian government. The authors do not have permission to make
these data publicly available due to confidentiality restrictions. Researchers may contact the corresponding author for further
information about possible access options; however, access to the full underlying data is restricted and subject to approval by the
data owner(s). The reconstruction algorithms are available at the github repository https://github.com/mfessina/
supchain_reconstruction.
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