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Abstract. In the capital asset pricing model (CAPM), it is ex post optimal to index. To ex-
amine the implications of market indexing, we develop a conditional CAPM with costless
private information in which some investors are, for exogenous reasons, ex ante indexers.
We show that, as more nonindexers become indexers, the price efficiency of stocks dimin-
ishes, asset prices comove, and the statistical fit (measured by R?) of the CAPM regression
decreases. We also report asset prices at the limit, when 100% of the investors are market

Copyright: © 2021 The Author(s)

History: Accepted by Tyler Shumway, finance.

Open Access Statement: This work is licensed under a Creative Commons Attribution 4.0 International Li-
cense. You are free to copy, distribute, transmit and adapt this work, but you must attribute this
work as “Management Science. Copyright © 2021 The Author(s) https://doi.org/10.1287 /mnsc.2021.
4114, used under a Creative Commons Attribution License: https:// creativecommons.org/licenses /

by/4.0/.”

Keywords: partially revealing rational expectation equilibrium « conditional CAPM « market indexing « comovement « R? « 100% indexing

What each prudent investor must do is to decide
what fraction of savings he can afford, in this age of
inflation, to keep in equities and in other things. An
unmanaged, low-turnover, low-fee index fund is
merely an efficient way of holding that part deemed
appropriate for equities.

(Samuelson 1976)

1. Introduction

The separation theorem is the theoretical underpin-
ning of passive investment, and the capital asset
pricing model (CAPM) risk-return relation is the most
important pricing implication of the separation theo-
rem. The CAPM, however, is silent about the impact
of market indexing on asset prices. In this paper, we
extend mean-variance equilibrium analysis to exam-
ine the implications of market indexing when (i) the
separation result holds and (ii) a conditional CAPM
holds. Thus, we frame the results in the standard
CAPM terminology.

Our starting point is a multiasset version of Gross-
man’s rational expectation model (Grossman 1976,
1978). Uncertainty is modeled using the multivariate
normal distribution, and investors have negative expo-
nential utilities. Investors costlessly observe private
signals about asset payoffs and combine their private
information with information contained in equilibrium
prices. In that setting, Grossman (1978) shows that the
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equilibrium prices aggregate all payoff-relevant pri-
vate information about asset payoffs (the equilibrium
is fully revealing). Moreover, a conditional CAPM
holds, whereby everyone selects an investment portfo-
lio on the capital market line (combinations of the risk-
free asset and market portfolio).

We modify the classical Grossman framework by
supposing that some investors are market indexers—
those who restrict their investment portfolios to the
capital market line. Even though, in Grossman’s mod-
el, this restriction is ex post nonbinding, having it
imposed ex ante means that, whereas everyone partic-
ipates in the price discovery process of the market
portfolio and the risk-free asset, only nonindexers par-
ticipate in the price discovery of individual stocks.
Consequently, the equilibrium is not fully revealing,
and it is meaningful to study the implications of in-
dexing on asset prices.

After removing market indexers’ demand, the
group of nonindexers is still left to hold, in aggregate,
the remaining fraction of the market portfolio. As in
the classic CAPM, the equilibrium outcome is that
each nonindexer’s investment portfolio is also located
on the capital market line. Thus, all investment portfo-
lios—those of indexers and those of nonindexers—are
located on the capital market line. The resulting equi-
librium result is that allocations, the price of the
market portfolio, and the risk-free interest rate are all
unaffected by the level of market indexing.
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We note that equilibrium prices depend on the real-
izations of signals and, furthermore, that the prices of
individual stocks also depend on the specific partition
of investors into indexers and nonindexers. Hence, pri-
ces are themselves random variables. Our comparative
statics analysis is based on statistical properties of these
prices. Those statistics do not depend on the specific
data sample (i.e., the realization of the signals); they de-
pend only on the number of indexers in the economy.

As we already stated, market indexing does not im-
pact the price of the market portfolio, and, hence,
indexing does not affect the price efficiency of the mar-
ket portfolio. However, we show that indexing reduces
the price efficiency of individual stocks. This result natu-
rally follows from the assumption that indexers do not
participate in the price discovery of individual assets.
Another way to express this result is in terms of the sys-
tematic and idiosyncratic payoff risk of individual assets.
The systematic risk is unaffected, whereas the idiosyn-
cratic risk increases with the level of indexing.

The next result is that, although the CAPM risk-
return relation holds in equilibrium, the statistical
strength of the relation, measured by R?, is reduced.
This reduction in the explanatory power of the market
portfolio is solely driven by the increase in idiosyn-
cratic payoff risk.

The last result we report is that indexing causes co-
movement in stock prices. We start by noting that the
price of the market portfolio is a public source of in-
formation that relays some of the indexers’ informa-
tion about individual assets. This information is noisy.
To see why, suppose that an indexer sees a high signal
for some asset. Trade by this indexer drives up the
price of the market portfolio (assuming it is positively
correlated with the portfolio of other assets), but this
trade is not associated with a particular asset; it raises
the prices of all assets. Thus, the price of the market
portfolio is a public, but noisy, signal. As we have al-
ready pointed out, the information content of the mar-
ket portfolio is unaffected by the level of indexing.
However, as the number of indexers increases, the
novelty of the information contained in the market
portfolio increases. At one extreme, when everyone is
a nonindexer, the equilibrium is fully revealing, and,
accordingly, the information in the market portfolio’s
price is redundant. At the other extreme, when every-
one is an indexer, the market portfolio is the only
source of public information. Thus, the greater the lev-
el of indexing is, the more heavily nonindexers rely on
the market portfolio when they price individual as-
sets. This reliance translates to comovement in prices.

In equilibrium, the exogenous restriction of market
indexers to the capital market line is ex post binding.
Because equilibrium prices do not fully reflect index-
ers’ information, any indexer can do better by trading
individual assets at the equilibrium prices. Our

modeling choice to impose the restriction is in the
spirit of Levy (1978) and Merton (1987), who study
equilibrium outcomes that result from an exogenous
restriction on portfolio holdings. In these studies, the
restricted investors forgo the full benefits of diversifi-
cation. In our model, indexers forgo the full benefits
of their costless private information. Thus, index trad-
ers in our model play the role of noise traders, except
that, as in Levy (1978) and Merton (1987), we give
them the discretion to optimize within the exogenous
constraint. Such exogenous investment constraints ex-
ist in some employer-sponsored retirement accounts
and state-sponsored college savings accounts.

Our paper contributes to the study of index invest-
ment in several aspects. Bond and Garcia (2021) and
Liu and Wang (2018) also model mean-variance com-
petitive economies in which a group of investors is
confined to an index. These models focus on the im-
pact of index investment on information production
and welfare, whereas our model focuses on asset pric-
ing. In addition, in the Bond and Garcia (2021) model,
investors also face a participation cost: it is costly to
participate in markets but cheaper to index, allowing
their model to capture the notion that indexing de-
mocratizes the investment world. For Liu and Wang
(2018), the cost of acquiring information about assets
is an increasing, convex, multidimensional function of
signal precisions. This cost structure allows their mod-
el to demonstrate how a rise in index investment can
have different impacts on information production in
the index asset and the nonindex asset.

Interestingly, Campbell et al. (2001) find that from
1962 to 1997, market variance was stable while firms’
variances more than doubled, implying an increase in
the idiosyncratic variance. These authors provide sev-
eral possible explanations for this finding, such as the
breakup of conglomerates. Also, Irvine and Pontiff
(2009) report that idiosyncratic return volatility in-
creases over time due to economy-wide competition,
whereas Campbell (2017) and Rawley et al. (2018) find
that the volatility of a highly diversified portfolio
stays constant. The present paper provides a new ex-
planation to these findings, namely that the rise of
passive investment can explain the higher idiosyncrat-
ic variance without the increase in market volatility.

Our paper also relates to the study of the price effi-
ciency of individual stocks. Both Bennett et al. (2020)
and Billett et al. (2020) find that the informativeness of
individual stock prices declines after joining the S&P
500 index. Our theory supports their finding: as index
trading increases, stock prices impound less idiosyn-
cratic information, thus becoming less informative.

Our model also adds to the literature that examines
price comovements in different settings. According to
Barberis and Shleifer (2003), rational traders take ad-
vantage of the extrapolative expectations of switchers
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who reallocate holdings from one set of assets to an-
other. Barberis et al. (2005) review additional theories
of comovement that stem from market frictions or
noise traders’ sentiment. Comovement also shows
up in market structure-type models. According to
Bhattacharya and O’Hara (2018), comovement stems
from the inability to precisely tease out of the
exchange-traded funds information relevant to indi-
vidual assets. Cong and Xu (2019) present a model in
which a nonredundant composite security is designed
to cater to the needs of factor investors. They show
that the introduction of the composite security in-
creases comovement in prices. On the empirical side,
Glosten et al. (2021) find that exchange traded funds
activity increases return comovement due to the time-
ly incorporation of systematic earnings information.

In the literature on active asset management, the
term indexing is sometimes used as shorthand for
benchmark indexing. Whenever investors are exposed
to a benchmark index that is not the market portfolio,
benchmarking distorts assets pricing. This point was
demonstrated in a static, mean-variance setting with
proportional fees by Brennan (1993) and in a dynamic
setting with symmetric fees by Cuoco and Kaniel
(2011). In our model, the index is the market portfolio,
and we nevertheless find distortions due to indexing.'

Our model, finally, contributes to the literature on
partially revealing equilibria. To avoid the fully reveal-
ing outcome, this literature relies on noise trading (Kyle
1985), supply uncertainty (Hellwig 1980, Admati 1985),
extrinsic noise (DeMarzo and Skiadas 1998), or on pref-
erence uncertainty (see Ausubel 1990 and the dynamic
model of Detemple 2002). Our model relies on none of
these. Instead, the equilibrium we compute is partially
revealing because index investors only participate in the
price discovery process for the market portfolio.

The remainder of this paper is organized as follows.
Section 2 describes the model. In Section 3, we define
statistical sufficiency. In Section 4, we compute a par-
tially revealing equilibrium with index investors. Sec-
tion 5 presents, as a limiting case of our model, an
equilibrium in which all investors are indexers. In Sec-
tion 6, we study the asset pricing implications of the
model. Section 7 concludes.

2. The Model

We study a two-period, single-good exchange economy
with a risk-free financial asset (a bond in zero net sup-
ply), n risky real assets (stocks), and m investors. Risky
assets are labeled i=1,...,n, and investors are labeled
k=1, ...,m. Investors have exponential utility, and we
model uncertainty using the normal distribution. Thus,
wealth plays no role in investment decisions, the econo-
my is a mean-variance economy, and conditional
variance-covariance matrices are deterministic.

For each risky asset, we normalize the number of
outstanding shares to one. A stock portfolio is a vector
x=[x1 Xn ]' in R" with the interpretation that x; is
the number of shares of the ith risky asset. Let 1 € R"
denote the vector of all ones, so 1 is the market portfolio.
Whenever an investor holds a stock portfolio that is a
strictly positive scalar multiplication of 1, we can say,
interchangeably, that the investor holds the market or
that the investment portfolio (a portfolio of bonds and
stocks) is on the capital market line.

The prices of the assets are denominated in units of
the time-zero consumption good, and the assets’ pay-
offs are denominated in units of the time-one con-
sumption good. The consumption good is perishable,
so the only way to transfer consumption between pe-
riods is through the capital market.

The payoff of the bond is one. The price of the bond is
denoted by py. The vector of random payoffs, per share,
of the risky assets is denoted by v=[v; v, ], where
v ~ N(iy, 2vy).” Thus, the random payoff of a stock
portfolio x is x'v. The vector of share prices is denoted
by p=[p pn], so the cost of x is X' p. When we
need to work with scalars, we use the dot product.
Thus, the payoff and the cost of the stock portfolio are
sometimes expressed as x-v and x-p, respectively. In
particular, we let vy =1-v and ppy =1- p denote the
payoff and the price of the market portfolio.

Investors costlessly observe the realizations of pri-
vate signals centered around v. The signals are

Vk=1..m, sy=v+g,
Ek"‘N(O, zee)'

The random vectors {v, €y, ..., €,} are nondegener-
ate, jointly normally distributed, and mutually inde-
pendent. The nondegeneracy assumption implies that
the two matrices of variance-covariance, 2y and 2.,
are positive definite.

The exponential utility assumption implies that in-
vestors’ initial endowments are not relevant for their
investment decisions. For simplicity of exposition, we
turn off heterogeneity in endowments. Specifically,
we assume that each investor is endowed with ¢ units
of the time-zero consumption good, zero bonds, and
the stock portfolio (1/m)1.

Subject to (s.t.) the budget constraint, the kth inves-
tor chooses the number of time-zero consumption
units, ¢; the number of bonds, b; and a stock portfolio,
x, to maximize the expected value of the utility func-
tion

Uk(c,b,x - v)=—e P —gplbtxv)
Let
12\
p (mkz_} Pr )
denote the harmonic mean of the coefficients of risk
aversion. Investors are either market indexers or
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nonindexers. Market indexers are exogenously con-
fined to holding the market. Nonindexers solve a com-
plete portfolio selection problem. Later, we will show
that this exogenous partition entails no welfare impli-
cations, in the sense that the equilibrium expected
utility and allocations are unaffected by whether an
investor is an indexer or not.

We denote the set of indices of market indexers by
I and the set of indices of the nonindexers by N.7. We
have |I|+|NZ|=m. For now, we assume that both
types of investors are present. In Section 5, we relax
this assumption.

We can now write the investors’ problems as fol-
lows:

Vke NI, max E[Uk(c,b,x-V)|sk, p,prl

¢,b,x
s.t. ¢—c+(0=b)ps+((1/m)1-x)-p=0,
VkelT, rcnba[); E[Ux(c,b, qvmkt)lsk/pmkt/pf ]
s.t. c—c+(0—b)ps+(1/m—q)pmi=0.

Let ¢y, by, and x; denote the optimal solutions of the
previous maximization problems for k in either NI or
I, and x; = q,1, whenever k € 7. The solutions of the
maximization problems that investors face depend on
the realization of the prices and signals, but for brevity
our notation does not show this dependency.

A rational expectation equilibrium (REE) is a random
pair (p,py) such that for each joint realization of prices
and signals, the market for the consumption good, the
market for debt, and the market for risky assets clear:

m m m
Sla=me, D=0, D x= > x> gl1=1
k=1 k=1 k=1  keNI kel

The definition of a rational expectation equilibrium
is too permissive. For example, there is a rational expec-
tation equilibrium in which p;=v;/(1+7¢). In this
unreasonable equilibrium, prices reveal the future. Fur-
thermore, even in a noisy environment that includes
random numbers of shares or noise trading, these prices
form a rational expectation equilibrium. To rule out this
future-telling equilibrium, we can follow Grossman
(1976, 1978) and require that equilibrium prices be ex-
pressed as functions of the signals. However, in our
model, only the nonindexers participate in the price dis-
covery of individual assets. Therefore, we are interested
in an equilibrium in which prices of individual assets
depend only on information available to nonindexers.

The information available to nonindexers consists
of their private signals and two additional public sig-
nals: the bond price and the price of the market port-
folio. These prices are informative because indexers
base their trades on them. Given that these prices are
endogenous, we define the equilibrium implicitly.

We denote by s and sy the concatenations of
all investors’ signals and all nonindexers’ signals,

respectively. We say that an REE is an REE in the
presence of indexers if (p,py) is a (measurable) function
of s, and, in addition, p can be expressed as a (mea-
surable) function of ps, pmit, and snj.

Note that knowing s alone is sufficient to compute
equilibrium prices. Thus, we rule out future-telling equi-
libria or the equilibria with extrinsic noise studied by
DeMarzo and Skiadas (1998). Furthermore, the defini-
tion requires that knowing snz, pf, and pmy be sufficient
to compute the prices of individual assets. Thus, we also
rule out Grossman’s fully revealing equilibrium.

3. Sufficiency

Grossman (1976, 1978) uses the notion of statistical
sufficiency to define informational efficiency in ratio-
nal expectation equilibria. This statistical metaphor re-
quires that we think of the realization of signals as a
data sample that the market uses to estimate the un-
known future payoff of assets. Under this interpreta-
tion, the market prices, themselves functions of the
signals, are treated as a sample statistic.

Let u (representing the unknown) and w (represent-
ing the data sample) be two random vectors with a
given joint distribution. Let #(w) be a statistic. Follow-
ing Grossman (1978), we say that t(w) is sufficient for
u if, for any measurable function F, we have®

E[F(w)|w]=E[F(u)[t(w)].

For example, if we let #(-) be the identity, we see
that w itself is a sufficient statistic. In general, howev-
er, the role of the statistic is to reduce the dimensional-
ity of the data. Thus, t(-) is typically a many-to-one
function. The statistic is sufficient if it perfectly aggre-
gates information in w about the unknown u. In par-
ticular, if the statistic t(w) is a sufficient for u, then

E[ulw]=E[ult(w)], 1
var(ulw)=var(u|t(w)). 2)

To see that (1) holds, we take F(-) (in the definition
of sufficiency) to be the identity. To see that (2) holds,
we take F(u)=uu’ and, in addition, use (1). That is,

var(ulw)=E[uu'|w]—E[u|w]E[ujw]
=E[uu|t(w)]~E[ult(w)]E[ult(w)]
=var(ult(w)).
We need the following lemma.

Lemma 1. Assume u and w are jointly normal. If a statis-
tic t(w) conveys the conditional expectation E[u|lw] in the
sense that there is a measurable function V(-) such that

E[ulw]=¥(t(w)),
then t(w) is sufficient for u.

The proof of Lemma 1 is in the Appendix.
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Note that by taking ¥(-) to be the identity function,
we see that the conditional expectation itself is a suffi-
cient statistic. The lemma is useful because, once we
show that a statistic conveys the conditional expecta-
tion, we can use the two identities, (1) and (2), saving
ourselves lengthy computations.

4. Equilibrium in the Presence

of Indexers

In a rational expectation equilibrium, prices play two
roles: they relay information and determine budgets.
Grossman’s (1978) approach to finding the equilibri-
um prices is to disentangle the two roles. Following
this approach, we first guess the information that
equilibrium prices relay. To compute those prices, we
then consider a symmetric information economy,
called the artificial economy, that is otherwise identi-
cal to the actual economy. In the artificial economy,
prices only determine budgets, and, therefore, equilib-
rium prices are relatively easy to compute. The public
information in the artificial economy can be any statis-
tic that conveys the information we have guessed the
prices in the REE relay. If our guess was right, it is
straightforward to verify that the prices in the artificial
economy form an REE in the actual economy.

For example, when all investors are nonindexers (as
in Grossman’s models), we guess that the equilibrium is
fully revealing, and to find the equilibrium prices, we
use an artificial economy in which the public informa-
tion is a statistic sufficient for v. Grossman (1976, 1978)
uses s, which is the most trivial statistic sufficient for v.
But we can also use other sufficient statistics, such as
E[v|s]. Grossman’s approach is a heuristic, and as such,
we do not have a proof for it. This is why our last step,
when following this approach, is a verification step.

In a model with indexers, our educated guess is
that prices relay all of the information that is in sy;
about v. Therefore, in the artificial economy, everyone
observes a statistic, t(syy), sufficient for v. Our educat-
ed guess has a second component: because all invest-
ors, indexers and nonindexers, participate in the price
discovery of the market portfolio, prices relay all
the information there is in s about v,;. Therefore, in
the artificial economy, everyone also observes another
statistic, t(s), sufficient for v.

Formally, let
g =(MSw+3e) 'Swl, 3)
and define
1 o5
- INT| &Ry (4)

, m
g > sk
k=1

(n+1)x1

The realization of y is going to be the public infor-
mation in the artificial economy that we are about to
define and study. Each of the first n coordinates of y is
the sample average of the nonindexers’ signals. With
normality, it is well known that the sample average is
sufficient for v. The next theorem shows that y,+1, a
statistic computed from s, is sufficient for vpy.

Proposition 1. Treating y and y,+1 as statistics computed
from s, each of them is sufficient for V. In particular,

E[vmktls] = E[vmktly] = E[vmkt |y‘rl+1 ]
=(1-mg) py+Yns1,
Var(vmkt|s) :Var(vmkt|Y) :Var(vmktlyn+ 1)

=(1-mg) Sy 1.

©)
(6)

The proof of Proposition 1 is in the Appendix.
For future reference, we state the identities

cov(v,y) = Evy= [Zvv Mg ]n><(n+1)r )

var(y) =2y, =

1
Sowt—=2 2wl
INT| , 8)

13, ml'Syvg

(n+1)X(n+1)

where the derivations of (7) and (8) are in the
Appendix.

We note that cov(v,y) is independent of the parti-
tion of investors into indexers and nonindexers,
whereas the dependency of var(y) on the partition is
straightforward and involves only the number of non-
indexers, |N1|.

We define the artificial economy to be a symmetric
information economy in which everything is as in the
actual economy, except that everyone observes the re-
alization of y. An equilibrium in the artificial economy
is a pair (p,ps) such that for each realization of y, in-
vestors solve

Vke NI, max E[Ui(c,b,x-v)ly]

¢,b,x
s.t. 5—C+(O_b)Pf+<(1/m)1_x)’onf
Vkel, m;ix E[Ux(c,b,q1-v)ly]
¢ 0,4
s.t. c—c+(0=b)ps+(1/m—q)1-p=0,

and their optimal solutions clear the markets:

ic;;mﬁ, ib;;o, Z Xk+2qk1:1.
k=1 k=1

keNT ker
The next theorem presents the equilibrium prices an-
dallocations. Later, we verify that these prices form an
REE in the presence of indexers in the actual economy.



Downloaded from informs.org by [2606:54c0:3940:78::7e:3b] on 24 October 2022, at 23:19 . For personal use only, all rights reserved.

6224

Baruch and Zhang: Distortion in Prices Due to Passive Investing
Management Science, 2022, vol. 68, no. 8, pp. 6219-6234, © 2021 The Author(s)

Theorem 1. The artificial economy has an equilibrium.
The equilibrium prices are given by

pf=eXp[— % E[Omktlyn+1]1— ﬁvar(vmktlym)]ﬁfj,
—_————

deterministic

] ©)
p=Pf(E [vlyl— % cov(v, 1'Vly)) & E[vly]
1 p , 10
=—p+£cov(v,1 vly), (10)
Pf m— - m - —
| —
deterministic
and the price of the market portfolio is
pmkt:pf[E[vmmym] -2 var(vmktwm)]. ay
N———— —
| —
deterministic

In equilibrium, the optimal stock portfolio, bond holding,
and consumption of the kth investor are

1p
x=——1, (12)

¢ m py

p\Cc+
bk:(l—ﬂ)4c P/, (13)

p)  1+py

Ck=bk+£5. (14)

Pr

The proof of Theorem 1 is in the Appendix.

The fact that equilibrium prices, (p,py), are functions
of y means that we can think of y as a data sample and
the prices as a statistic computed from y. We can see
that these prices convey E[v]y] (to see this, take ¥(p) in
Lemma 1 to be the right-hand side of (10)). Therefore,
the pair (p, py) is a sufficient statistic for v. That is, the
prices in the artificial economy contain all the informa-
tion about v contained in y.* In particular,

E[vly]=E[vlp,pr], (15)
var(vly)=var(vlp, py). (16)

The next theorem shows that these prices are infor-
mationally superior to investors” own private signals.

Theorem 2. When presented with the artificial economy’s
equilibrium prices, individuals view their own signals as re-
dundant in the sense that

Vke NI,Vc,beR, VxeR",
E[Uk(c, b,x - v)lsk, p, pr]=E[Uk(c, b, x - v)|p, py] 17)
=E[U(c, b, x-v)lyl,
andVke I,Vc,b,qeR,
E[Uk(c,b,q1-V)Isy, p, prl=E[Uk(c, b, q1 - v)Ip, pf]

(18)
:E[uk(cl b/ ‘71 : V)|Y]

The proof of Theorem 2 is in the Appendix.

We are now ready to show that the prices in Theorem
1 form an REE in the actual economy. First, the left-hand
sides of (17) and (18) are the investors” objectives in the
actual economy, and the right-hand sides of (17) and (18)
are the investors’ objectives in the artificial economy.
Thus, the objectives are equal. Second, the prices are the
same, so the investors” budget constraints are the same in
both economies. Hence, the optimal allocations are also
identical in both economies. Finally, since these alloca-
tions clear the artificial economy market, they also clear
the market in the actual economy. We conclude that the
artificial economy’s equilibrium prices form a rational ex-
pectation equilibrium in the actual economy. Further-
more, the equilibrium allocations are also identical.

To see that the REE we reported in Theorem 1 satis-
fies the definition of an REE in the presence of indexers,
we need to verify two additional conditions. The first is
that the prices are functions of the signals. Because pri-
ces are functions of y, and y is a function of the signals,
the first condition is indeed satisfied. The second condi-
tion that we need to verify is that p can be expressed as
a function of sy, p, and pmi. We already know that p
is a function of y. Each of the first n coordinates are a
function of sy;. Equations (5)-(6) and (11) imply that
ynH:M—Fa constant. Therefore, the prices in Theo-
rem 1 form an REE in the presence of indexers.

We can find other rational expectations equilibria
using Grossman’s apparatus of artificial economies.
We could start with an artificial economy in which ev-
eryone observes v and s, or even just replace the first
n coordinates of y with a sample mean of any group
of investors, provided that this group contains all the
nonindexers. The prices in each of those artificial
economies would form a rational expectation equilib-
rium. Nevertheless, the prices in Theorem 1 are the
only ones we know of that satisfy our definition of
REE in the presence of indexers.

Returning our attention to Theorem 1, we see that
price of the bond, (9), and the price of the market port-
folio, (11), do not depend on the specific partition of
investors into indexers and nonindexers. This is be-
cause the conditional expected payoff and conditional
variance of the market portfolio do not depend on the
partition (see (5) and (6)). Therefore, the equilibrium
allocations, (12)—(14), also do not depend on the spe-
cific partition. In particular, all investment portfolios
are located on the capital market line, and the location
on the line is independent of the specific partition. We
conclude that, in terms of welfare implications, index-
ing in this economy is benign.

5. Asset Pricing When All Investors

Are Indexers
In deriving the rational expectation equilibrium in the
presence of indexers, we have explicitly assumed that
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some investors are indexers and some are nonin-
dexers. When all investors are indexers, it is unclear
how individual assets are priced. It is conceivable that
there are infinitely many equilibria, all of which agree
on the price of the market portfolio but disagree on
the prices of individual assets. Our model can be used
to pick one of these equilibria, the equilibrium that
corresponds to the limiting case of our model in which
all investors are indexers. This limiting case is the one
in which we set y=y,+1, and we consider any state-
ment about nonindexers to be trivially satisfied be-
cause the set of nonindexers is empty. The analysis in
the previous section is then valid, providing us with
asset prices in a model in which all investors are
indexers.

For completeness of discussion, we also note that,
when all investors are nonindexers, the last coordinate
of y is redundant. We can remove this last coordinate
from y and carry the analysis exactly as in the previ-
ous section, considering any statement about indexers
to be trivially satisfied because the set of indexers is
empty.

To visualize the two corner cases, we consider the
mean-variance frontier for different levels of index in-
vestment. That is, we define the risk-free return as
rr=(1—ps)/ps and the return on asset i as
r;=(v;—p;)/pi- The equilibrium expected return and
variance of return are E[rip,pf] and var(rlp,ps).

Figure 1. Frontiers and Capital Market Line for Different
Levels of Market Indexing

0.04
0% Indexers
5% Indexers
0.035 50% Indexers
95% Indexers
0.03 100% Indexers
£
Z 0025
15
~
T 0.02
hc}
5
2 0.015 Market
=
0.01
Ty
0.005

0 02 04 06 038 1 1.2 14

Standard Deviation of Return (Risk)
Notes. These are the realized mean-variance frontiers in an example
with six risky assets and 10,000 investors. The capital market line and
the position of the market portfolio (the tangency point) do not
depend on the fraction of indexers. In contrast, the five points in the
center of the frontiers stand for the same individual risky asset, illus-

trating that the indexing affects the expected return and risk of the in-
dividual assets.

Figure 1 shows an example in which the realizations
of the signals are fixed, and the only thing that we
change is the partition of investors into indexers and
nonindexers. The figure depicts, in the volatility-
return plane, the capital market line and the mean-
variance frontiers for different partitions of the set of
investors. The capital market line is the same, regard-
less of the partition.

The figure shows the most common situation we
found in the many simulations we tried: the mean-
variance frontier that corresponds to a partition of the
investors with a large set of indexers is nested in the
mean-variance frontier that corresponds to a partition
with a smaller set of indexers. To further investigate
the hierarchy of the frontiers, we study the following
example.

1

setn = 2, 3,y =02P and 3y =0d2P. Note that in this ex-
ample, the assets are not necessarily identically dis-
tributed because we did not make any assumption of
W,- The assets are also not necessarily independently
distributed because p may be different from zero.

Example. Let P=(Il) p) be a correlation matrix, and

We say that the frontiers are nested when the mean-
variance frontier that corresponds to the equilibrium
when all investors are indexers is nested in the mean-
variance frontier that corresponds to a partition with
all investors nonindexers. We state, without showing
our work, our findings: if the realized signals equal
their expected values, then the frontiers are nested.
Moreover, we have

prob.(Frontiers are nested)=

1

? o3y2m(1—p)

(— |E(v1—v2)|o.+E(v1—07) o§+mo§)

"
1

? o2y2m(1-p)

(~IE@ ~02)lo+ B2 —o1)y o2 +ma?) |

2

where ® is the standard normal distribution. Because
max{ry,72}>0, the probability that the frontiers are
nested is strictly greater than half. Because r1+1,<0,
this probability is also strictly smaller than one.

As we let Ev; get closer to Evy, 1 and r; get closer to
zero, so both ®(r1) and ®(r,) approach 1/2, and con-
sequently their sum, the probability that the frontiers
are nested, approaches one. To see why, we note that
when the mean returns do not vary much from one
another, the mean-variance frontier is thin, and conse-
quently more likely to be nested. Now, in this exam-
ple, when Ev; = Ev, and all investors are indexers,
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assets’ returns are ex post returns are identically dis-
tributed, and in particular, they have the same mean.

Finally, when the correlation coefficient approaches
one, min{ry, 7} goes to —oco while their max goes to
oo, and consequently the probability that the frontiers
are nested approaches one.

6. Implications for Asset Pricing
In this section, we present some implications of our
model for asset pricing. First, we show that indexing re-
duces the efficiency of prices. Second, we show that in-
dexing causes comovements in asset prices. Lastly, we
show that the CAPM holds even in the presence of in-
dexing. However, the statistical strength of the CAPM
diminishes as we increase the level of index investment.
The implications we report are no more than corol-
laries to the fact that though indexers do not partici-
pate in the price discovery of individual assets, they
do participate in the price discovery of the market
portfolio. To algebraically express this dichotomy be-
tween individual assets and the market portfolio, we
rely on two technical lemmas.

Lemma 2. Let x€R" be an arbitrary stock portfolio. By
means of matching terms, define 0 € R" and the scalar q to be

(60 qlixeen s =X Zwy,y - (19)

The following three statements are equivalent:

a. The stock portfolio x is a scalar multiplication of the
market portfolio.

b. x=¢g1.

c. 0=0.

That (b) implies (a) is a tautology. The complete
proof of Lemma 2 is in the Appendix. Building on this
result, we now show that for every risky asset i,
cov(v;, Umitlp, ps) is independent of the partition of in-
vestors into indexers and nonindexers. We state this
result in a matrix form.

Lemma 3. The vector cov(v,1'v|p,pf)=cov(v,1'v|y) is
independent of the level of index investment.

The proof of Lemma 3 is in the Appendix.

6.1. Price Efficiency

A natural way to measure the efficiency of prices is to
consider the variance of the payoff, conditional on pri-
ces. The more information prices convey, the lower is
the conditional variance. Due to the joint normality of
v and y, we have

_ _ -1
var(vlp, ps) (1—6)Var(v|y)—2w—2vy2yy v (20)

The next theorem tells us that market indexing does
not hamper the price efficiency of the market portfolio.
However, indexing reduces the efficiency of prices of in-
dividual assets. The intuition behind these results is as

follows. Prices aggregate payoff-relevant information.
Since everyone invests in the market portfolio and the
bond, a partial equilibrium result is that the information
content of both p,, and pris insensitive to the level of in-
dexing. On the other hand, only nonindexers invest in
individual assets, giving us a second partial equilibrium
result: prices aggregate information in sy; about the
payoff of individual assets. Since our definition of equi-
librium precludes prices from revealing information be-
yond that in sy, p,,, and ps, we conclude that an increase
in the level of indexing reduces the price efficiency of in-
dividual assets. In fact, the theorem shows even more.
Not only does the distortion to price efficiency not di-
minish, but also, as the level of indexing increases, the
distortion increases. Although at first glance this result
may seem surprising, it is natural if we think in terms of
increasing the number of nonindexers in the economy.
As we increase the number of nonindexers in the econo-
my, the additional information revealed through the
price discovery process is diminished.” But this is the
same as saying that prices lose their information content
at a greater rate as we increase the number of indexers.
We present the theorem in a matrix form.

Theorem 3 (Efficiency of Prices). Let x € R" be a stock
portfolio, and consider changes as we increase |I|. If x is a
scalar multiplication of the market portfolio, then the condi-
tional variance var(x vlps, p) does not change. For all other
stock portfolios, var(x vlps, p) strictly increases at an in-
creasing rate.

Proof. Because increasing |7| is equivalent to decreas-
ing INT|, we can examine the derivative of the condi-
tional variance with respect to |[NJ|. We fix a stock
portfolio x, and, by matching terms, define 6 and g as
in (19). Because x, 2y, and 2,y are independent of the

number [N 7|, we have®
gvar(x vlp,pr) 1 93y
aNT Wy N

_ 1 0
INTE See Unx]l [ l
01 o |49 1)

—_—
92yy
INT]

2;},1 DI

=[6 gq]

1
[ <=
Tk 3.¢e0=0.

The inequality arises because 2 is positive defi-
nite. The inequality is strict if and only if 6#0. Accord-
ing to Lemma 2, 6=0 if and only if the stock portfolio
x is a scalar multiplication of 1.

Since |I|=m—|NI|, we also have
82var(x'v|p, r)
INIP
increasing as we increase |7|, it is enough to show that
the second derivative with respect to |N' 7| is increasing.

9*var(x vlp, py) _
P

. Thus, to prove that the rate of change is
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We differentiate both sides of the first equality in (21),
relying on the fact that x and 2y are independent of
the number [N 1|

Z1 02y
F] avar(x/v|p,pf):x 8(23’}’ 9|NI|2YY S 5
INI| NI 4 INTI| v
-1
Ay By 1y Py 11 2y F) . E
WINTIANT ™YY =W gNTR W yya|/v~7|a|)\/z|
105y o1 03y 1 , 1 P2y 1
+
XS S S N X Sy Sy |NI|22W2
= LA D
5 N’
2, > >
-1 d Yy - Yy
+ =0.
XSSt I T 2 Sy SN S0

PD

To see that Eyy is positive definite (PD), we note
that y is nondegenerate, and hence 3.y is positive defi-
nite. The inverse of a positive definite is positive defi-

nite. Finally,

azzyy _ 2 |: 266 071><1]
INIP INIP|Oixn O

is positive semidefinite (PSD) because 2. is positive

definite. Q.E.D.

Example. The result in Theorem 3 is qualitative. To
get a quantitative result, we need to impose stronger
distributional assumptions. We let 3,,=c?P and
Sv=02P, where P is a correlation matrix with all off-
diagonal elements equal to p. Thus, p measures the
correlation in the economy, 02 measures the ex ante
payoff uncertainty, and o> measures the noise in
the signals. For the covariance matrices to be positive
definite, we must also assume p>—1/(n—1). The dis-
tributional assumptions are as in the example we
presented in Section 5, except that now # is arbitrary.
Under these simplifying assumptions, we can analyti-
cally compute equilibrium outcomes. In particular,
the conditional variance of v is

n((n-1)p+1)ogo;

21 42
maoy+ oy

var(Umk|p, pr)=

7

and the conditional variance of individual payoffs is

identical for all assets and equal to

(((1 p)|N[|+((n - )m)og(n—l)+o§|N[|mn)
n(mog+03) (03N I|+07) '

var(vilp, py) =0,

Using the identity |[NZ|=m—|7| and the chain rule,
a simple differentiation with respect to |7| shows that

dvar(vilp,pr) _ (n—1) (1-p)oyo;
7] n (NIl2+a2?

and
Pvar(olp,py) _2(1-1) (1-p)ose?
AP n (NIlo2+o?)
consistent with Theorem 3.

4

We can use this example to find how the interaction
between indexing and ex ante correlation affects price
efficiency. We expect that the greater the correlation
among assets is, the more informative the market
portfolio will be about individual assets and, conse-
quently, the smaller the impact of indexing on asset
prices will be. To see whether our model provides
support for this intuition, we examine the cross deriv-
ative. Indeed, we find that

P#var(vilp,pr) _ (n—1) ata?
dpd|7] n (NZI|o2+a2)
Thus, while increasing the level of indexing in-
creases the conditional variance (and thereby reduces

price efficiency), this increase in the variance is small-
er when the correlation coefficient increases.

6.2. Comovement

Index trading can cause comovement of asset prices
for a variety of reasons. The most obvious is that com-
monality in demand translates to commonality in
prices. In our model, indexing does not impact equi-
librium allocations, and therefore there is no common-
ality in demand. Nevertheless, indexing in our model
causes asset prices to comove.

As we have already shown, market indexing does
not influence the price of the market portfolio or its in-
formation content. However, the more indexers are
present, the more heavily nonindexers rely on the
price of the market portfolio as a source of informa-
tion. At one extreme, when all investors are nonin-
dexers, the information in the price of the market
portfolio is redundant. At the other extreme, as we ap-
proach 100% indexers, the price of the market portfo-
lio becomes the sole source of information for pricing
all assets.

We use the notion of correlation to measure co-
movement. Pearson’s correlation is designed to mea-
sure linear dependency, and nominal prices in our
model are related to each other in a nonlinear manner.
On the other hand, the discounted prices, Pr p, de-
pend linearly on y, and hence depend linearly on each
other. We therefore use the discounted prices to dem-
onstrate the comovement.

For any asset i, let e; and 1—e; be the portfolios that
include only asset i and all assets except for asset i, re-
spectively. This yields the following.

Theorem 4 (Comovement in Asset Prices). If corr(e; Pr p,
(1-e) P 1p)>0, then increasing the level of indexing strzct—
ly mcreases the correlation.

For the proof of Theorem 4, see the Appendix.

As the percentage of indexers approaches 100%, the
information content of y approaches the information
content of ,+1 (see the discussion in Section 5). At the
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Figure 2. Correlation in Discounted Prices Becomes Perfect
When the Percentage of Index Investors is 100%
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Notes. In this example, there are four risky assets, and for each we
compute the correlation between it and the portfolio of remaining as-
sets. The payoff of one of the assets is negatively correlated with the
payoff of the remaining assets. The parameters in this example are
5 1 1 -1

LY R 2| and 3.=10,000x5,.
-1 -2 =3 10

The values of p, u,, and ¢ are irrelevant for the purpose of computing
these correlations.

n=4, m=10,000, 3=

limit, discounted prices are perfectly correlated be-
cause discounted prices of individual assets are ex-
pressed as a linear function of y,11. We note that
Cong and Xu (2019) and Glosten et al. (2021) also find
that the presence of investors that trade baskets of se-
curities leads to price comovement.

In Figure 2, we provide an example of how index-
ing can distort asset prices. In this example, the payoff
of one asset is negatively correlated with the remain-
ing assets” payoff. One thinks of an asset as a natural
hedge against market movements. Indeed, at a low
level of indexing, this asset’s price typically moves in
the opposite direction of the market. However, as we
can see from the figure, even though the conditions in
Theorem 4 do not hold, this asset’s price comoves
with the market at a high level of indexing.

6.3. The CAPM

In general, to show that the CAPM risk-return rela-
tionship holds in an economy, it is sufficient that one
nonindexer, with mean-variance risk preferences,
holds the market portfolio. And we have shown that
all nonindexers hold the market portfolio. Therefore,
we can easily prove the following.

Theorem 5 (Conditional CAPM). In the economy with index
investors, the CAPM holds. That is, let

e var(rmielps, p)

Then the following risk-return relation holds:

Elrilps, pl=1¢+ Bi(E[rmuelpy, p1—77). (22)

The proof of Theorem 5 is in the Appendix.

Because the conditional CAPM holds in our model,
the theory of linear regression is applicable, and it
is meaningful to use R* as a measure of the strength
of the CAPM regression of r;—7¢ on ry—7¢. In prac-
tice, one computes the sample R*. Here, we compute
the population R>. We have the following.

Theorem 6 (Conditional R?). For every asset i, R of the
CAPM risk-return relation decreases with |1|.

Proof. We have

R*  =corr®(r;, 1y +Bi(rmue— 1) Ipf, P)
oV (ri, Birmielpr, P)
~ var(rilpy, p)Xvar(B;rmlps, p)
B cov2(vi, Umielps, P)
B var(vilps, p) X var(Omilps, p)
~ cov¥(0;, Umulpy, P)
(16) var(v;|ps, p) X var(Vmily)

From Lemma 3, we know the numerator is indepen-
dent of the partition. From (6), we know var(vmily) is
independent of the partition. Thus, whether R* de-
creases as the level of indexing increases depends on
whether var(v[ps, p) increases with the level of index-
ing. The latter is true because we can apply Theorem 3
with x=e;. Q.E.D.

One can read the result to mean that, as index trad-
ing increases, the market portfolio’s explanatory pow-
er decreases. However, we already know that prices
perfectly aggregate market-level information, regard-
less of indexing. Thus, the result we reported in Theo-
rem 6 is driven solely by the fact that idiosyncratic
risk increases with indexing. Figure 3 depicts an
example.

In the international finance literature, researchers
document that R’s are lower in developed countries
than in developing countries. Morck et al. (2000) attri-
bute their empirical findings to better protection of
property rights in developed markets. Jin and Myers
(2006) attribute their empirical findings to better cor-
porate transparency in developed markets. To the ex-
tent that indexing is more common in developed
countries, our model provides a new explanation for
the lower R’s in developed countries.
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Figure 3. R? of the CAPM Risk-Return Relation Decreases
When the Percentage of Index Investors Increases
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Notes. In this example there are four assets, and for each one we com-
pute its R%. The parameters are the same as those used in Figure 2.

As in other conditional CAPM models, betas are
random variables. In fact, a bit of algebra shows that
p,= Pmit cov(v;, Umielps, p)

Copi var(Umily)

The only term that depends on the level of indexing
is p;, the price of the asset. Multiplying and dividing
Bi by py, and using (10), we see that 3; is a ratio of two
Gaussian random variables. Therefore, moments of
betas do not exist in our model. Consequently, it is
meaningless in our model to talk about how the mean
of beta (or any other moment) changes with the level
of indexing. This result is an artifact of our technical
assumption that payoffs are normally distributed.

7. Concluding Remarks
Markowitz (1952) studies mean-variance portfolio se-
lection and discovers the efficient frontier. Tobin
(1958) adds the risk-free asset, discovers the separa-
tion theorem, and explains that “Markowitz’s main in-
terest is prescription of rules of rational behaviour for
investors; [whereas] the main concern of [my] paper is
the implications for economic theory, mainly compar-
ative statics, that can be derived from assuming that
investors do in fact follow [Markowitz’s] rules”
(p. 85). We add costless private signals, and the main
concern of our paper is the implications—mainly com-
parative statics—derived from assuming that some in-
vestors follow Tobin’s rule.

The essence of the model is that index investors do
not participate in the price discovery process of

individual assets but do participate in the price dis-
covery process of the market portfolio. Therefore,
there is a dichotomy between the impact of indexing
on the price of the market portfolio and the prices of
individual assets. We have expressed this dichotomy
in terms of price efficiency, price comovement, and
the statistical strength of the CAPM.
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Appendix. Equilibrium: Proofs

Proof of Lemma 1. Lemma 2 of Grossman (1978) shows
that the conditional expectation is a sufficient statistic. Then,
in the appendix, Grossman (1978) shows that the definition
of sufficiency via conditional expectations is equivalent to the
classic factorization criterion. Using the factorization criterion,
it is trivial to complete the proof. To keep this paper self-
contained, we provide an alternative proof.

We start by proving that if the conditions in the lemma
hold, then (1) and (2) hold.

To prove (1), we do not need to use the assumption of
joint normality. We have

E[ulw]= ¥(t(w))=E[¥(t(w))[t(w)|=E[E[ulw]|t(w)]=E[ult(w)].

To prove (2), we use the assumption that u and w are
jointly normal. That is, the conditional variance is determinis-
tic, and hence

var(ulw)=E[var(u|w)|t(w)]

(since var(ulw) is deterministic)
=E[E[(u—E[ulw])(u—E[ulw]) [w]|t(w)]

(definition of conditional variance)
=E[(u—E[ulw])(u—E[ulw]) [t(w)]

(the law of iterated conditional expectations)

=E[(u—E[ult(w)])(u—E[ul(w)]) [t(w)]

(we already proved that E[u|lw]=E[u|t(w)])
=var(u|t(w))

(definition of conditional variance).

Having proved (1) and (2), we need to show that t{(w) is
sufficient. We first show that this is the case when ¥(-) is the
identity function. In other words, we want to show that sta-
tistic E[ulw] is sufficient for u. Because u and w are jointly
normal, u and E[ulw] are jointly normal as well. Thus, the
mean and variance fully characterize both the distributions
of u, conditional on w, and the distribution of u, conditional
on E[ulw]. We have shown that the mean and variance are
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identical, and therefore we conclude that these two condi-
tional distributions are identical. Hence, by the law of the un-
conscious statistician, the conditional expected value of an ar-
bitrary F(u) is also identical. We have proved that E[u|lw] is
sufficient for u.

We now consider an arbitrary measurable function Y(-).
The assumption of the lemma is that E[ulw]= P(t(w)).
Thus, having already proved that the conditional expectation
is sufficient, we know ¥(t(w)) is sufficient. Take an arbitrary
F(u). We have

E[F(u)lw]=E[F(u)|¥(t(w))]

(‘P(t(w)) is sufficient)

[E[F(u)|#(t(w))]|t(w)]

(smce E[F(u)|¥(t(w))] is a mesurable function of t(w))
=E[E[F(w)|w)][t(w)]

(agam we already know P(f(w)) is sufﬁc1ent)
=E[F(u)|t(w)]

(the law of iterated conditional expectations). Q.E.D

E

Proof of Proposition 1. From Lemma 1, to show that y
and y,+1 are sufficient statistics, it is enough to show that
Yn+1 conveys E[1'v|s]. This is our first goal. Because v and s
are jointly normally distributed, we have
E[vls]=p, +cov(v,s)var(s) ' (s—E[s]) =
E[1'v|s]=1"u, +1 cov(v,s)var(s) " (s—E[s]).

To express E[1'v|s] in terms of the primitives of the model,
we use the definition of the signals to write

cov(v,8)=[Zw -+ 2w,

and
zvv +Eee Evv e EVV
Evv 2vv +Eee e 2vv
var(s)= : : . :
2.vv 2VV EVV 4256 nmxXnm

We then note that we can write the identity

[I"Xn e IHXV! ]n><nm
=[ (M +3e) ™ (M +3ee) ™ JucmvVar(s).

(A1)

Therefore, by multiplying each side of (A.1) on the right
by Var(s) and on the left by 3.y, we obtain

coV(V,8)Var(s) ' =[Sy (i +3ee) ' Sy +See)

Multiplying both sides of the previous equation on the left
by 1, and recalling the definition of g (see (3)), we conclude
that

1cov(v,s)var(s) '=[g - g i

Thus,
E[1'v|s] =1'yv +1'cov(v,s)var(s) '(s—E[s])
m

=1 p,+tg > (sc—n,)
=1
:(1—mg)(;tv+ g'Zsk
k=1

—_——
Yn+1

(A2)

depends on s only through y,+1. That is, in Lemma 1 we
take ¥(y.+1) to be the right-hand side of (A.2) to conclude
Yn+1 is sufficient for 1'v. Also, in Lemma 1 we take P(y)
to be the right-hand side of (A.2) to conclude that y is also
sufficient for 1'v.

We already computed the conditional expectation. To con-
clude the proof, we now compute the conditional variance.
Because v and s are jointly normally distributed, we have

var(vls) =Sy —cov(v,s)var(s) 'cov(s,v) =

var(1'vls)=1S1—1 cov(v,s)var(s) " cov(s,v)1
=13,1-mg 31 QED

Derivation of Equation (7).

1
_— Sk
INTI &Ry

grzsk

cov(v,y) = Zyy=cov|v,

m
€| cov|v,mgv+g > e
|NI| keNT k=1

=[3w mIngl O

= COV(V vVt ——

Derivation of Equation (8).

Wi >
var Sy | CoV| Sk, 8 Sj
('lekeNI ) (|N]|keNI k=1 )

var(y) =3y, = .
[de)y Sk, T Sk var, g' Sk
I ( Z |N I |keNI ) ( ; )
[ 1
Swtiro=2e 2wl
= INT| . O

13 ml'Sg

Proof of Theorem 1. The equilibrium allocations (12)—(14)
clear the markets. We obtain the price of the market portfo-
lio, (11), by multiplying (10) from the left by 1, using Propo-
sition 1 to replace conditioning on y with conditioning on
yn+1~

Thus, all we need to show is that given the bond price, (9),
and the price of risky assets, (10), the allocations are optimal.

Whether the investor is an indexer, the stock allocation,
(12), is a scalar multiplication of 1. Thus, to prove the opti-
mality of (12), we can ignore the constraint of indexers to
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hold the market portfolio. The problem of the kth investor is
Jie = max E[Ug(c, b, x-v)ly]
c,b,x
subject to ¢ —c+(0—b)ps+((1/m)1—x) - p=0
Uk(cr(f—c)lﬂ(l/m)l_x) 'lp’x ' v) Y

= max E
cER,xeR™

m((c L1 /m)1—x) L+ Elvly]— xvar(vly)x)
= max —e P‘—¢
ceR, xeR"

(c— C) 1 +,}, ,,lfpmkt

_ *Pk( )
=max —e *“+e X max
ceR Xx€R"

—pk( ( [V\y]——p) fx var<v|y>x)
—e .

(A3)

We solve this problem recursively. The first-order condi-
tion (f.o.c.) with respect to x is

— P_ p+E[vly]l— (Var(v|y) +var(vly) )

We replace x with x; to emphasize that this is the optimal
stock portfolio of the kth investor. Using the symmetry of the
variance matrix, we rearrange and obtain

Xp= plkvar(vly)_l(E [vly]— ;—fp) (A4)

Plugging the prices stated in the theorem, (10), back into
the f.o.c, (A4), we see that the optimal stock portfolio is in-
deed (12).

Next, inserting (10) and (12) back into (A.3), we get

_ 1 b1 Dyar .
o= max—ene—e m((c Ot e+ Bvar(om \y))
(S

B *Pk((ﬂ Ot P T Pk (vmkt|Vn+1))
= max —e P“—e e
Proposition 1 ceR

We take the f.o.c. with respect to ¢, and replace ¢ with ¢y

ek — Pk 7pk((c E‘)erm pfpf"lier:n " p;kvar(vn&l‘]/twl))
ek —

pe” (A5)
To find the optimal bond holding, we use the budget
constraint:

_ 1 _ 1
kaf—C_Ck'*‘(a l—xk) p (E)C_ Tt p (1— o )Pmkt (A.6)

Now, solving (A.5) and (A.6) for by and ¢ gives us the equi-
librium bond holding, (13), and consumption, (14). Q.E.D.

Proof of Theorem 2. We first consider (17). Fix ke NI. We
are going to prove a stronger result. Let F(-) be an arbitrary
measurable function. We want to prove

E[F(V)ls, p,pf]1=E[F(v)lp, pr1=E[F(v)ly]. (A7)

Indeed, since c, b, and x are constants, (17) is a special case
of (A.7) with F(v)=Uy(c,b,x - v).

Equation (10) shows that the pair (p,ps) conveys the condi-
tional expectation E[v]y], and hence from Lemma 1, the pair
(p, pr) is sufficient for v. This proves that the second equality
of (A7) holds.

To prove the first equality, we start by showing that y con-
veys the conditional expectation E[vly, si].

From the definitions of y and s;, we see that

Lixn
01><n

cov(y, sp)=cov(y, y)[

(n+1)><n.

Multiplying both sides of this identity from the left by
cov(yy) , we get

cov(yy) Cov(y,sk) [len]( : . (A8)
n+1)Xn

Because all random variables are jointly normal, we have

E[vlsy, yl=my+[cov(v,sr) cov(v,y)]
[ cov(sesk) cov(syy) Il sy—Esy ]
| cov(ysy) cov(yy) | | y—Ey |

(A9)
=u,+[cov(v,v) cov(v,v) mcov(v,v)g]

| cov(sisk) cov(syy) Il sy—Esy ]
| cov(yst) cov(yy) | | y—Ey |

where for the second equality we have used the definitions
of sy and y to compute cov(v,s;) and cov(v,y).

The block matrix inversion formula implies that we can
write”

-1
cov(spsy) cov(spy)| F G
cov(ysy) cov(yy) —cov(y,y)flcov(y, si)F H
F G
= Lixn ,
a8 | — F H
01 Xn

where the specifics of Fxn, Guxn+1), and Hg,1)x@+1) are
not important. Inserting back into (A.9), we see that

Sk—ESk]

y—Ey |

where the specifics of J,(,4+1) are not important. We con-

clude that E[v]s,y] depends only on y (and not on sy). That
is, y conveys E[V]s, y]. Applying Lemma 1, we get

E[F(V)ly, sc]=E[F(v)ly]. (A.10)

Elvise, y1= iy +[ O an][

Thus,
E[F(v)Is, p, prl
=E[E[F(V)Ist, y]Isk, P, pf]
(by the law of iterated conditional expectations)
=E[E[F(V)ly]lsk, P, pr]
(A.10)
=E[E[F(v)lp, prllsk, p, pr]
(the second equality of (A.7), which we already proved)

=E[F(v)lp, pr]-

This shows that the first equality of (A.7) holds, and con-
cludes the proof that (17) holds. We now turn our attention
to (18). We fix k € 7. Again, we prove a stronger result. Let
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F(-) be an arbitrary (univariate) measurable function. We
want to prove

E[F(1-v)lsk, p,pf]=E[F(1-V)lp,pf]=E

Indeed, since c, b, and g are constants, (18) is a special case
of (A.11) with F(1-v)=U(c,b,q1 - v).

Repeating the same argument that we used earlier in the
proof, (10) shows that the pair (p,pf) conveys the conditional
expectation E[v]y], and hence from Lemma 1, the pair (p, py)
is sufficient for v. This proves that the second equality of
(A.11) holds.

To prove the validity of the first equality in (A.11), we
have

[FA-vyl. (A1)

E[F(1-V)|st, p, pfl
~E[E[F(1- V)is]ls, p,py]

(by the law of iterated conditional expectations)
=E[E[F(1-V)lyllst, P, p]

(first equality in (5))

(the pair (p(y), ps(y)) is sufficient for v)
=E[F(1-v)lp,pf]. QE.D

Proof of Lemma 2. Let x be an arbitrary stock portfolio,
and multiply both sides of (19) by 2y on the right to get the
identity

[0 g1,y =xSy (A12)

To prove that (a) implies both (b) and (c), we set x==51 for
some scalar 6. We then treat (A.12) as a matrix equation for
the unknowns [§' g].

Inserting the expressions for 2,y and 2y (see (7) and (8))
into (A.12) yields

Sevt 65)+q1’2w 0’3 1+mql Sy g
[ ( |NI| 1X(n+1)
=[81"Sy m&1 Swvg lix(ns1)-

(A.13)

Matching terms, it is clear that [0" &] solves (A.12) (when
x=981). Because zyy has full rank, we know that this is the
only solution to (A.12), thus proving that if x is a scalar mul-
tiplication of the market portfolio, then the scalar must be g
and that §=0.

That (b) implies (a) is a tautology. We are only left to
show that (b) and (c) are equivalent.

To prove that (b) implies (c), we assume (b) holds. In other
words, (A.12) is now

[0 q1Sy=q13.y, (A14)
and our goal is to show 0=0. Inserting the expressions for
Sy and 3y (see (7) and (8)) into (A.14) yields

es)—i—ql’Ew 03 1+mql'Syg

1X(n+1)

(E IR

=[q13w  mgl'Swglixmi)-
(A.15)

Matching terms, we see that

1
(E +|N]| ee) 01><n~

Multiplying on the right by 6, we get

1
+——3.]0=0.
0o i)
Noting that (Ew-i- V\%le“) is a positive definite matrix, we
conclude 6=0.
To prove that (c) implies (b), we assume (c) holds. In other

words, we assume 0=0. This means that (A.12) is now

(0" gISyy=xZyy, (A.16)

and our goal is to show that x=g1. Inserting the expres-
sions for 2,y and 2y, (see (7) and (8)) into (A.16) yields

Evv+ ee)+q1’2vv 0'2vv1+mq1'2wg
[ ( |NI| 1X(n+1)
=[xZw

X 2y l1x(n+1)-

After canceling the zero elements, we get the vector
identity

mxzvvg ]1><(n+1)'
(A17)

[lﬂ,Ew mqlrzwg]lx(rﬂrl):[xrzw

Obviously, x=41 satisfies the vector identity. To see that
this is the only x that satisfies the identity, we treat the first
n elements of the vector identity in (A.17), g1 Sy =x Sy, as
a matrix equation in x. Since .y is of full rank, we know the
solution is unique. Thus, x=41 is also the unique solution to
the vector identity (A.17). Q.E.D.

Proof of Lemma 3. Because v and y are jointly normally
distributed, we have

var(vly)=var(v)—cov(v, y)var(y,y)flcov(y, V).
Now,

cov(v,1 vly)=var(vly)1=S1—cov(v, y)var(y,y)flcov(y, v)1l

0
=3 wl—cov(v,y) 1;"

_ 7 01><n
(;)Ewl = meg][ 1 }

:Evv(1 7mg)/

where the second equality is a direct application of Lemma
2 to the portfolio x=1. This shows that var(v|y)1 is inde-
pendent of the specific partition of investors into indexers
and nonindexers. Q.E.D.

Proof of Theorem 4. Let f=p;'p denote the discounted
prices. The identity 1 f=e; f+(1—e;) f implies

var(1 f)=var(e; f)+var((1—e;) f)+2cov(e; f, (1—e;) £)).
(A.18)
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Inserting (A.18) into the definition of correlation, we get E 0 El[rmielyl—7¢
) : —rp— . =0 = = .
2cov(er £, (1-¢) f) ["mkely] =17 — eppwivar (rmly) PP Wy var(fugly)

2corr(e; f,(1—e;) f) =
def. Vvar(e; f)y/var((1—e) f)

B var(1 f)—var(e; f) —Var((l—ef)’f)

(A.18) \/‘m Var((l_ei)’f)

Because the denominator is strictly positive, the assump-
tion that this correlation is strictly positive means that the nu-
merator is also strictly positive. Thus, to show that the corre-
lation increases with the level of indexing, it is sufficient to
show that var(1'f) does not change with indexing, whereas
both var(e; f) and var((1—e;) f) strictly decrease with the lev-
el of indexing. To demonstrate this, we now use the law of
total variance:

var(x'v) =Evar(x vly) +var(E[x v]y])
_
N—g—
deterministic 1 ’_)
o var(x v|y)+var| x b p+ mcov(v, 1 vly)
deterministic
=Var(x'v|y)+var(x'pf_lp).

The left-hand side of the this equation is independent of the
level of index investment. As we increase |7|, according to
Theorem 3, the first term on the right does not change when
x=1, proving that var(1'f) does not change with indexing. Re-
peating the same argument, once with x=e; and once with
x=(1—e;), we conclude that both var(e; f) and var((1—e;) f)
strictly decrease with the level of indexing. Q.E.D.

Proof of Theorem 5. Fix ke NI. Let ¢}, b}, and x; be the
investor’s decisions in the equilibrium of the actual economy.
From Theorems 1 and 2, we know that the investor holds
the market. In other words, there is a scalar g; such that
=il

Define wy=b;pf+q;pmxe. We invoke a calculus of a
variation-type argument. Instead of looking at the full prob-
lem, we restrict our attention to a subclass of feasible alloca-
tions that includes the optimal one. Specifically, let us say
that the investor contemplates consuming the optimal ¢} and
investing a fraction ¢ of wj, in the market portfolio, a fraction
k of wj in asset i, and the remaining (1—¢—k)wj; in bonds.
In other words, the allocation the investor contemplates is to
buy w;(1—¢—«)/pr bonds, a fraction w;¢/pmi of the market
portfolio, and an additional w}k/p; shares of asset i. The opti-
mal fraction invested in asset i must satisfy k = 0.

We can write the investor’s problem as follows:

rcnhasz[Uk(c,b,x -V)lps, pl, subject to & —c+(0—b)ps+((1/m)1—x) - p=0

|
Thus, the maximization problem is equivalent to
max(1==k)(1+77)+ @(1+Elrmialy]) + x(1+Elrily])

— kawk (cpzvar(rmkt|y) +2@Kcov (i, 7ily) + szar(ri|y)).

= bma[); E[Ui(cy, b,x-v)ly], subject to bps +x-p=w},
, XER"

= —¢7% + max —E[e” " *Vy], subject to bp;+x- p=w}

b,xeR"
fl—e—k ¢ K
exp| —pw, +—— Ut —0;
Xp( . k( o P P ))

= —e A" +max—E
P

Taking the first-order condition with respect to ¢, and
evaluating at k = 0, yields

Taking the first-order condition with respect to k, and
evaluating at k = 0, yields

E[rily] =1 — eprwicov(rmu, rily) =0.
Combining both conditions, we obtain

OV (Fmkt, ily)
var(rmily)

To conclude, we have to show that instead of conditioning
ony, in (A.19), we can condition on prices.

From (15), we have E[fmkly]=posE[0mkely]=pmi
E[vmkelps, pPl=E[rmielps, p]l. We apply the same argument to
the individual return and get E[r;ly]=E[rilp,p]. Similarly,
from (16), we obtain cov(rmu, 7ily)=cov(rm, rilps, p) and
var(rmuly) =var(rmulpr, p).  QED.

E[rilyl=r+ (Elrmielyl—7¢)- (A.19)

Endnotes

1 Basak and Pavlova (2013) offer an alternative view of what consti-
tutes a distortion due to indexing. Index traders in their model
(called institutional investors) are traders with a different utility
function. However, the presence of institutional investors distorts
prices for a reason more fundamental than benchmarking: preferen-
ces toward risk matter to asset pricing. Indeed, they report distor-
tions in their model even when there is a single risky asset.

2 Notation: Vectors are single-column matrices. The transpose oper-
ation is denoted by a prime symbol. Bold lowercase (Greek or up-
right Roman) letters are used for vectors. Bold uppercase (Greek or
upright Roman) letters are used for matrices. We have no special
notation to distinguish random variables from their realizations.
The context should make our intention clear.

-zl andy=[y1 .. yul, we
interchangeably use the notations cov(z,y) and 2z, to denote the nXm

Given two random vectors, z=| z;

covariance matrix [ cov(z;¥;) ],x,,- Consequently, using submatrix no-
tation, we have

cov(z,

Yill=
v ]) [cov(z,y,) cov(z,y,)].

We routinely use the property that if A and B are deterministic,
then cov(Ax, By)=Acov(x,y)B .

3 See Grossman (1978). In the classic definition of sufficiency, the
unknown is treated as a parameter. In the Bayesian definition of
sufficiency, the unknown is random, but the condition for sufficien-
cy holds for any distribution. Here, the unknown is a random vari-
able with a specific distribution.

# Prices are not informationally equivalent to y, because knowing
the prices one cannot infer y. However, prices contain all the infor-
mation about v contained in y.

5 For example, consider estimating an unobserved value, x, based
on m noisy observations of x. If x and the errors in the observations
are independently and normally distributed, then the conditional
variance of x is 202 /(ma2+02), which is a convex function in m
that asymptotically approaches zero.

6 We use the following standard notation. If A=[a;] is an arbitrary
matrix with elements that depend on a parameter 7, then 22 is the

am

0a;;
matrix [TU] If B and C are arbitrary matrices with elements that
T

do not depend on the parameter 7, then
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oBA™! oA
7(: =—BA 1=
om am

AlC.

7 A note on the block inversion formula: the formula states that if

A B
C D]’ and both D and

A—BD ' Care invertible, then the inverse is given by

one can partition a matrix into four blocks, [

(A-BD'C)! —(A-BD'C)"'BD!
-D'c(A-BD'C)"! D '+D !'C(A-BD'C) 'BD!

Here, the blocks are

[A B}:[COV(SkISk) cov(sk,y)
C D| |cov(y,sy) cov(y,y) |

Clearly, D=cov(y,y) is invertible because it is the variance-
covariance matrix of a nondegenerate multivariate random vector.
From the definition of s, and y and the help of (A.8), we can
see that A—BD 'C=(1-1/|NTI|)2., which is invertible because
we have assumed that ¢ is nondegenerate. Hence, we can use the
block inversion formula.
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