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We report an investigation of the Snyder noncommutative spacetime and of some of its most natural
generalizations, also looking at them as a powerful tool for comparing different notions of dimensionality
of a quantum spacetime. It is known that (generalized-)Snyder noncommutativity, while having rich
off-shell implications (kinematical Hilbert space), does not affect noninteracting on-shell particles
(physical Hilbert space), and we argue that physically meaningful notions of dimensionality should
describe such spacetimes as trivially four-dimensional, without any running with scales. By studying
the thermodynamics of a gas of massless particles living on these spacetimes, we find that indeed the
Snyder model and its generalizations have constant thermal dimension of four. We also compute the
spectral dimension of the Snyder model and its generalizations, finding that, as a result of its sensitivity
to off-shell properties, it runs from the standard value of four in the infrared towards lower values in the
ultraviolet limit.
© 2018 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction of this picture by analyzing the thermodynamical properties® of a
gas of photons living on Snyder spacetime. We also show that the
same conclusions are reached in its generalization introduced in
[10,11] as a covariant extension of the deformed model of Heisen-
berg phase space proposed in [12].

Our main objective, however, is to propose the Snyder model
and its generalizations as a rather natural arena for testing dif-
ferent proposals for the notion of dimensionality of a quantum
spacetime: in light of the observations we just summarized, phys-
ically meaningful notions of dimensionality should describe such
spacetimes as trivially four-dimensional, without any running with
scales.

In order to make our case for this, we use the (generalized)
Snyder model to compare the behavior of two different notions
of dimensionality that can be applied to quantum spacetime. The
thermal dimension, first proposed in [13], is computed by exploit-
ing the fact that some thermodynamical properties of a gas of

The Snyder noncommutative spacetime [1] is the earliest and
one of the most studied proposals for describing quantum prop-
erties of spacetime at the Planck scale. It is generally understood
as an interesting case of spacetime whose coordinates have dis-
crete spectrum [2,3], as one can most rigorously establish within
a manifestly-covariant analysis [4-7] on the kinematical Hilbert
space. However, this discreteness leaves no trace! on the physical
Hilbert space [3], obtained by enforcing the on-shellness require-
ment for physical noninteracting particles. In an appropriate sense
it is a spacetime whose unphysical/abstract points are quantized
but whose physical events (crossing of worldlines of on-shell par-
ticles) are indistinguishable from those of ordinary (commutative)
Minkowski spacetime. Here we provide further results in support
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1 Similar conclusions were also reached in studies [8] of the semiclassical limit of
the Snyder model.
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2 Some thermodynamical implications of Snyder noncommutativity were previ-
ously studied in [9], but only considering a “nonrelativistic” (Galileian) regime and
restricting the noncommutativity to three-dimensional Euclidean space.
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massless particles living on standard Minkowski spacetime scale
with temperature in a way that depends on the dimensionality of
the spacetime itself. One can then associate an effective dimension
to the quantum spacetime by looking at the scaling with tem-
perature of the same quantities, evaluated for a gas of massless
particles living on it. The spectral dimension is a geometrical no-
tion of dimensionality that has been used in several approaches to
quantum gravity research [14-22]. It is deeply linked to the prop-
erties of the Euclideanized d’Alembertian of the theory, and can be
thought of as the effective dimension probed by a fictitious diffu-
sion process on the Euclideanized spacetime.

In the following Section 2 we present the Snyder model and
its generalizations, defined by the deformed Heisenberg commuta-
tors of phase space coordinates. We construct the kinematical and
physical Hilbert spaces, as first developed in [3] for the Snyder
case. We show that the nontrivial spacetime properties encoded
in the kinematical Hilbert space (e.g coordinate discreteness) do
not survive in the restriction to the physical Hilbert space, that
behaves as that of undeformed Minkowski spacetime. To make
this point stronger, and emphasize that it is a significant result,
in Subsection 2.1 we contrast it to the nontriviality of both the
kinematical and physical Hilbert spaces of the x-Minkowski model
for spacetime noncommutativity [23,24]. The fact that the (gen-
eralized) Snyder geometry is discrete, but this discreteness is not
observable, leads us to argue that indeed the model is a good
test ground for evaluating the sensitivity to unphysical spacetime
properties of different notions of dimensionality. In particular, we
expect that any physically relevant notion of dimensionality should
not be affected by the unobservable discreteness characterizing the
(generalized) Snyder spacetime. In Section 3 we show that indeed
the thermal dimension is not sensitive to unphysical properties,
since it is constantly equal to the standard value of four for both
the Snyder model and its generalizations. As a cross-check, we
show that however the thermal dimension does show a running if
we modify the physical properties of the model by taking higher-
order functions of the energy-momentum invariant to characterize
the dispersion relation. So the thermal dimension does flag physi-
cally relevant departures from standard Minkowski spacetime. The
spectral dimension is dealt with in Section 4 and it demonstrates
to be dominated by the unphysical geometrical properties of the
(generalized) Snyder spacetime, with its value running from the
standard value of four in the infrared to smaller values in the ul-
traviolet. Matters become even worse if we modify the on-shell
condition as done for the thermal dimension. In fact, in this case
the spectral dimension it not always well defined, because of di-
vergences introduced by the Euclideanized d’Alembertian.

2. The Snyder model and its generalizations

The Snyder model is characterized by the following deformed
Heisenberg relations between phase space coordinates:

[x, p] =i [ —22pp].
[x, x'] = —ir? (px” — p¥x"), (1)
[p*. p"] =0,

where X is the length scale of coordinates noncommutativity,
n*¥ = diag[1, —1, —1, —1] and we adopted units such that ¢ =1
and i = 1. A generalization of this was proposed in [10,11], that
introduced further corrections to the commutators, depending on
a new length scale A, in principle independent from A:

[x*, p¥]=—i [(1 —R2pop It — Azp“p"] ,

202 =22 —22(2X2 +A%)p,pP
1—22p,pP
[p*, p"]=0. (2)

such that the Snyder model is recovered for A = 0.

While the Snyder commutation rules in Eq. (1) are compatible
with standard generators of relativistic symmetries, for the more
general model in Eq. (2) a deformed representation on phase space
of rotation generators £;; and of boost generators Ljg is required
for compatibility with the symplectic structure of Eq. (2) and with
undeformed commutators of the Lorentz sector of the Poincaré al-
gebra:

[x"*, xV] =i (pHx¥ — px),

B —1
L= (1-32ppp")  (Rubv —x0Py). (3)

Given that for both the Snyder model and its generalization the
algebra of symmetry generators is undeformed, in both cases the
Casimir takes the usual special-relativistic form,

C=pup". (4)

The construction of the kinematical Hilbert space of the (gen-
eralized) Snyder model relies on the representation of the non-
commuting coordinates x* on the operators {g", p*} that satisfy
standard Heisenberg relations,

[¢".q"] =[p".p"] =0,
[quv pU]=_in,U.V’ (5)

and are the phase-space operators of covariant quantum mechanics
[4-7]. One can easily find a family of viable representations,

X =(1-2%pyp")g — 2*p*pqy + iy pH, (6)

spanned by the new parameter y, with dimensions of a length
squared.’ This representation reduces to the one found in [3] for
the Snyder model in the limit 2 =y =0 and was previously con-
sidered in [10,11,25]. The states of the kinematical Hilbert space
are normalizable wave functions, whose scalar product can be
written in the momentum space representation as

(Vo) Z/d,u(P)llf*(P)fﬁ(P)- (7)

The measure du(p) is defined by the requirements that the co-
ordinates x* be Hermitian operators on the kinematical Hilbert
space (so that the kinematical Hilbert space actually encodes the
geometrical properties of the noncommutative spacetime) and that
the scalar product is invariant under the action of the Lorentz gen-
erators in Eq. (3). These conditions select the following measure
[11]:

dup) =d*p[1- 2+ 2w pu| (®)

23245)%2 2y
2(22+22)
matical Hilbert space of the (generalized) Snyder model is nontriv-
ial and correspondingly encodes nontrivial properties of the space-
time coordinates x*, such as a discrete spectrum [3]. However,
physical observables are not defined on the kinematical Hilbert

with o = . Because of this deformed measure, the kine-

3 Note that this parameter has no role in the definition of the model itself, since
it does not enter in the commutators of the phase space coordinates, Eq. (2), and
is only relevant in the mapping between the noncommuting coordinates and the
auxiliary operators {g*, p¥}.
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space, but on the physical one, which is the restriction of the
Hilbert space to states that satisfy the Hamiltonian constraint
C —m? =0. And, as we show in the following, in a non-interacting
theory (generalized) Snyder noncommutativity leaves no trace on
the physical Hilbert space.

The physical constraint (along with the restriction to positive-
energy states) can be enforced at the level of the scalar product
[3]:

(V1) hys = / A (P)S (0" py — MOV PI$(D). ()

Once on-shell, the deformed integration measure (8) reduces to
the trivial measure multiplied by a function of the mass, which
can be reabsorbed in the state normalization. Then, after integra-
tion over the energy, the physical scalar product takes the standard
form,

d3p R R
(1) phys ~/ﬁw*<w;,,p>¢(w;,,p), (10)
p

where w; =+/|p|? +m?. And not only is the scalar product unde-
formed, but also any observable on the physical Hilbert space is
so0.* This brings us to the conclusion we anticipated in the Intro-
duction, that while the nontrivial properties of (generalized) Sny-
der spacetime are relevant in the unphysical kinematical Hilbert
space, they leave no trace on the physical Hilbert space (of free
particles). For this reason the (generalized) Snyder model is an
ideal test ground for proposals to characterize the dimensionality
of quantum spacetime. In fact, the results just exposed motivate
the requirement that any physically relevant notion of dimension-
ality should also be insensitive to the coordinate discreteness, and
in particular it should evaluate the dimension to be constantly
equal to the standard value of four.

Before proceeding to analyze the behavior of different notions
of dimension applying them to the (generalized) Snyder model, we
find it useful to pause and compare the results on the kinemati-
cal and physical Hilbert spaces of the (generalized) Snyder model
to the corresponding ones valid for another much studied model
of spacetime noncommutativity, known as x«-Minkowski [23,24].
This comparison will turn out to be very insightful, since we will
show that the triviality of the physical Hilbert space is peculiar to
the (generalized) Snyder model, while in x-Minkowski the traces
of coordinates noncommutativity are not lost in going from the
purely geometrical description of spacetime provided by the kine-
matical Hilbert space to the physical description encoded in the
Hilbert space. For this reason, the x-Minkowski model would not
be a good case study for testing the physical relevance of different
notions of dimensionality, since one would not be able to discern
whether any nontrivial property that is eventually found is to be
ascribed to the physically relevant on-shell theory or is just an un-
physical artifact. So it is exactly the triviality of the physical Hilbert
space of the (generalized) Snyder model that makes it a good can-
didate to evaluate the meaningfulness of different proposal for a
notion of quantum spacetime dimension.

2.1. Aside: kinematical vs. physical Hilbert space of k -Minkowski
noncommutative spacetime

The x-Minkowski spacetime is characterized by the following
commutators between spacetime coordinates [23,24]:

4 This was demonstrated in [3] for the Snyder model. The proof can be easily
extended to the generalized model of Eq. (2) by noting that the modification of the
Lorentz generators described in Eq. (3) reduces to a constant multiplicative factor
once the on-shellness constraint is enforced.

[Xi,X0]=%Xi; [xi.xj] =0, (11)
where i ={1,2,3} and «~! is a length scale. The construction of
the kinematical and physical Hilbert spaces can be performed in
a completely similar way as discussed above. The representation
of the noncommuting coordinates on the phase space operators of
Eq. (5) reads [26,27]:

Xo=qo,  xi=qieP"/~. (12)

The relativistic symmetries of x-Minkowski are deformed, and are
described by the x-Poincaré algebra [23,24]. The action of the sym-
metry generators on the noncommutative spacetime in terms of
the phase space coordinates (5) was given in [26]. For our pur-
poses it is sufficient to note that the Casimir of the x-Poincaré
algebra can be represented as

Ce = (2i)? sinh? (5—0) —ePo/% B2, (13)
K
and is used to define the on-shell constraint for point particles of

mass m:
Ce —m?=0. (14)

The kinematical Hilbert space is again equipped with the scalar
product

(Vo) =/d,u(p)1//*(p)¢(l9), (15)

where now the measure on momentum space is of course required
to be invariant under the x-Poincaré relativistic symmetries:

du(p) = dpod® pe 3P0/, (16)

The physical Hilbert space, obtained after enforcing the Hamilto-
nian constraint (14), is characterized by the scalar product

(U 1B)phys = [ d(p)S(C —M2O(Po) Y~ () (). (17)

In contrast to what happens in the (generalized) Snyder case,
where the fact that the integration measure (8) only depends on
momenta via the Casimir turned out to be crucial in establishing
the triviality of the physical Hilbert space, it is easy to convince
oneself that the scalar product of Eq. (17) is still nontrivial. In fact,
not only does the momentum space measure (16) not reduce to
the standard one when evaluated on-shell, but the Hamiltonian
constraint is itself deformed. For this reason, the fuzziness char-
acterizing «-Minkowski coordinates [26] leaves observable traces
in the fuzziness of trajectories of freely-propagating particles [27].
One would then expect that any notion of distance that is sen-
sitive to physically relevant properties of spacetime would give
nontrivial result when applied to the x-Minkowski models. How-
ever, it would do so just as a notion of distance that is sensitive
to off-shell properties would. For this reason, models such as the
k-Minkowski one are not ideally suited to select physical notions
of dimensionality.

3. Thermal dimension of the (generalized) Snyder model

Having motivated the appropriateness of the (generalized) Sny-
der model in testing the physical relevance of different notions of
dimensionality, in this Section we analyze the behavior of the ther-
mal dimension.

In a gas of standard special-relativistic massless particles, both
the Stefan-Boltzmann law, describing the scaling of the total en-
ergy of the gas U with its temperature T, and the equation of state
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parameter, relating the energy density o and pressure P, depend
on the dimension of spacetime in a well-defined way. Specifically,
if the gas of photons lives in a D + 1 dimensional spacetime, then
the Stefan-Boltzmann law reads

Uoc TP+, (18)
while the equation of state parameter w = P/p equals
1
w=—. 19
5 (19)

The thermal dimension of a quantum spacetime can be computed
by considering a gas of photons living on such a space and compar-
ing the behavior of the Stefan-Boltzmann law and of the equation
of state to those described by Egs. (18)-(19). In this way, one can
associate an effective dimension to the quantum spacetime model
[13]. In the following, we will focus on a gas of photons whose
phase space and symmetries are described by the (generalized)
Snyder model defined in the previous Section.

The thermodynamics of a gas of massless particles is encoded
in the partition function. The relevant possibly nontrivial ingredi-
ents that contribute to its evaluation are the on-shell relation and
the measure of integration on momentum space [13,28]. As was
shown in the previous Section, for the (generalized) Snyder model
only the integration measure is deformed (see Eq. (8)), while the
on-shellness is codified by the standard Casimir, Eq. (4). So the as-
sociated partition function can be written in a covariant form as:

—_— V 0 .
logQ =~ 3 / dup)[3( 00"

-2p° log (1 — e’po/kBT)] , (20)

where kg is the Boltzmann constant and §(2) enforces the on-
shell relation C = 0. We can see already at this level that there is
no reason to expect the thermal dimension to behave nontrivially.
In fact, the only deformation with respect to the standard case re-
sides in the momentum space measure, that however enters in the
picture in the same way as it did in the definition of the physical
Hilbert space, Eq. (9). And, as discussed in that context, once the
on-shell condition is enforced on the measure, its nontrivial contri-
bution becomes an irrelevant constant factor. This is in fact what
happens also in the partition function. After integrating out the
energy and enforcing the on-shell relation, the partition function
reads

174 . -
logQO(—(er)3 /d3p10g(1 —e 'pV"BT), (21)
which is the same expression as for a standard gas of photons.
So the thermodynamical properties of (generalized) Snyder pho-
tons are undeformed and the thermal dimension is constant and
equal to four. We would like to emphasize that the fact that the
deformed momentum space measure is trivial on-shell played a
crucial role in reaching this result.

In order for the reader to compare this case where the thermal
dimension is undeformed to one where the model has physically
relevant nontrivial properties, and verify that the thermal dimen-
sion does flag these, we modify the physical constraint of the
Snyder model, using a function of the Casimir (4) to define the
on-shellness condition:

Qe(p)=C— %' =0, (22)

where £ is a positive integer and ¢ is a positive constant with the
dimension of a length, in principle independent from the other

pltkgT)*

131

. . . L I | kgT
103 1072 0.1 1 10 100 1000

Fig. 1. Temperature dependence of the energy density of a gas of photons whose
partition function is given by Eq. (23), with & = 1. The temperature is in Planckian
units, while the energy density is in arbitrary units.

parameters of the model. Note that, being it given by a function of
the Casimir, this constraint is still compatible with the (standard)
relativistic symmetries of Snyder spacetime. The partition function
then reads:

14
log Qs o~ 3 / du(p)[5(20)0(p") -

2p° log (1 - e’po/kBT) ] . (23)

This is completely analogous to the partition function of the
Asymptotic-Safety-inspired model studied in [13]. As discussed in
more detail there, the partition function receives contributions
from the two positive-energy solutions of the on-shell condition:

- 0 > 1
S0° ~1BD 8(p° = /IpI + 72
2IPl 26 /B2 + %

At low temperatures only the first term is relevant, while at super-
Planckian temperatures the two contributions are effectively equiv-
alent. So in these two regimes the thermal dimension takes the
standard value of four.” It is only at intermediate scales that the
two on-shell relations are relevantly different and both contribute
to the partition function. And in fact at intermediate scales, around
the Planck scale, the Stefan-Boltzmann law and the equation of
state have a nontrivial behavior, as shown in Figs. 1 and 2. Accord-
ingly, at intermediate scales the thermal dimension takes values
higher than four, as shown in Fig. 3.

8(82) = (24)

4. Spectral dimension of the (generalized) Snyder model

As mentioned in the Introduction, the spectral dimension is the
effective dimension probed by a fictitious diffusion process on the
Euclideanized spacetime. It is determined by the dependence of
the average return probability on the (fictitious) diffusion time. The
average return probability related to the diffusion process is com-
puted as

P(s) / du® (pyes 27 ® (25)

5 Because of the doubling of equivalent contributions, at high temperatures the
numerical value of the energy density is twice as much the value at low tempera-
tures, but it scales in the usual way with the temperature, so it does not affect the
thermal dimension.
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103 1072 0.1 1 10 100 1000

Fig. 2. Temperature dependence of the equation of state parameter of a gas of pho-
tons whose partition function is given by Eq. (23), with & = 1. The temperature is
in Planckian units.

dr(kgT)
450

4.4;
4.2;
4.1

4.0F

103 1072 0.1 1 10 100 1000

kgT

Fig. 3. Temperature dependence of the thermal dimension of a gas of photons whose
partition function is given by Eq. (23), with & = 1. The temperature is in Planckian
units.

where s is the diffusion time, duE)(p) is the Euclideanized mea-
sure on momentum space and (5 (p) is the Euclidean d’Alember-
tian. The spectral dimension is then defined as:
dg(s) = _2M . (26)
dlogs

The ultraviolet value of the spectral dimension, which is sensitive
to the (ultra-)Planck-scale properties of the theory, is obtained in
the s — 0 limit. It was already suggested [13,29] that, while the
spectral dimension could possibly be useful in characterizing some
geometrical properties of quantum spacetime, is it however un-
physical, being it sensitive to the off-shell modes of the theory. In
the following we expose this by computing the spectral dimension
of the (generalized) Snyder model, for which we have shown above
that all nontrivial features are unphysical, at least at the level of
the free theory.

Using the standard choice of Casimir, Eq. (4), the average return
probability reads:

Py o [[atp[14 G2 4400+ 1pP] eI
e / dr [1 + 2+ kz)rz]ia e~ (27)

Note that we have performed a Wick rotation p® — ip® on both
the integration measure and the D’Alembertian and in the second
step we have introduced spherical coordinates r2 = p(z) + 1p|? (the

ds(s)
al — a=0
a=0.5
3L a=1
— a=1.5
2+ — a=2
— a=25
Tr — a=3
a=3.5
or — a=4

‘ ‘ ‘ s
1074 0.1 100 10°

Fig. 4. Spectral dimension deduced from the average return probability in Eq. (27) as
a function of s and for different values of o, with 22 = A2 = 1. (For interpretation of

the colors in the figure(s), the reader is referred to the web version of this article.)

ds(s)

‘ L
1074 0.1 100 105

Fig. 5. Running of the spectral dimension in Snyder model, as deduced from the
average return probability in Eq. (27) with 22 =0, 22 =1 and & = 3.

angular variables can be integrated out and do not contribute to
the spectral dimension). The behavior of the spectral dimension is
shown in Fig. 4 for different values of o, keeping A2 =% =1. As
expected, in the low-energy (s — oo) limit the spectral dimension
always takes the standard value of four. In the UV regime (s —
0), for any « # 0 (in which case the integration measure becomes
trivial) the spectral dimension runs to lower values, that tend to
zero as the value of « increases. The value of o characterizing the
canonical Snyder model, o« = % is the lowest value of « for which
the spectral dimension goes to zero in the UV. We also plot the
behavior of the spectral dimension in the standard Snyder model
(X2 =y =0), see Fig. 5.

While the results just presented already signal that the spec-
tral dimension is not to be trusted in characterizing the physical
properties of quantum spacetime models, it is quite suggestive
that we have to face even bigger difficulties when accounting for
the possibility that the on-shell relation is given by some func-
tion of the Casimir, as in Eq. (22). In fact, not all of the possible
choices of Casimir that we have considered for the thermal di-
mension, Eq. (22), admit a well-defined spectral dimension. This
is not surprising, since the spectral dimension is defined on a Eu-
clideanized version of the model, and in general the Euclidean and
Lorentzian versions of a quantum gravity model can be profoundly
different [30,29]. Adopting this new on-shell condition, the Wick-
rotated form of the D’Alembertian is

—PE+ 1P — 2D @R DT, (28)
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and it is immediate to see that for even values of & the return
probability diverges so that it is not possible to compute the spec-
tral dimension. If we restrict to odd values of &, the average return
probability is

— —
$) X r|14+ A"+ A9)r r'e” : 2 ,
P( ) drl1 ( 2 2) 2 3 —sr2(14+4r)% (29)

and one finds a running of the spectral dimension that has similar
features as the “standard Casimir case” studied above. The role of
& is merely to further shift the UV value of the spectral dimension
towards zero.

5. Closing remarks

Recent research in quantum gravity has devoted quite some ef-
fort to describing the dimension of quantum spacetime. We were
here concerned with the identification of notions of dimensional-
ity that are informative with respect to the physical content of the
theory.

We argued that the Snyder model for noncommutative space-
time (and its generalizations) is an ideal test ground to evaluate
the physical relevance of different proposals for describing dimen-
sionality in the quantum gravity regime. In fact, the (generalized)
Snyder model is quite peculiar in having a highly non-trivial ge-
ometry, such that spacetime coordinates have a discrete spectrum,
but it behaves as standard Minkowski spacetime once the physical
constraint is imposed.

As a first investigation along this line, we compared the behav-
ior of the thermal and spectral dimension associated to (general-
ized) Snyder spacetime. Quite interestingly, we found confirmation
of earlier claims that the former is a good indicator of the presence
of genuinely nontrivial physical properties of quantum spacetime
models, or lack thereof. In fact, we found that the thermal dimen-
sion does not present any running and is constantly equal to the
standard value of four. On the other hand, analysis of the spec-
tral dimension showed that its behavior is dominated by off-shell
properties of the model, so that for the Snyder spacetime it runs
from the value of four in the infrared to zero in the ultraviolet.
This confirms previous concerns regarding the physical relevance
of such notion of dimensionality.
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