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1. Introduction

Finding among the algebraic curves of a fixed genus, the ones with the largest number
of points over a finite field of fixed cardinality, is an interesting effort in algebraic geom-
etry and number theory which also has applications in coding theory (see for example
[27, Section 8.4]). The Weil bound prescribes the inequality

#C(Fy) < g+ 1+ 294/4,

where #C(F,) is the number of points over a finite field Fy, with ¢ being a prime power,
of a nonsingular, projective, absolutely irreducible curve C' of genus g.

Let ¢ be a fixed prime power. As it is shown in [29] and [31], the previous estimate
cannot be sharp for g large since

Ng(Fq) < 9(v/a—1) +o(g), for g — +oo,
where Ny(F,) := o Jnax #C(F,). Several sequences {C),}nen of algebraic curves
of genus g
over F, with increasing genus g,, have been found to achieve the asymptotic bound
Cn(F
lim #7((1) = /¢ — 1. Among these sequences, one of the most classical example is

n—-+oo gn
obtained by taking modular curves Xo(m) with certain increasing levels m and counting

supersingular points over a field [F,, where ¢ is a square, see [28]. Concerning curves with
small genus, the website [30] is devoted to collect the full list of known upper bounds
M, (F,) and lower bounds L4(IF,) for Ny(F,), when g < 50 and for fields of characteristic
less than 100 with small cardinality. Notice that My (F,) and L, (F,;) depend on the
current state of the art in this line of research.

In this paper we look at this question concentrating on a large class of modular curves.
Namely, we consider modular curves X i associated to a subgroup H of GLy(Z/nZ) such
that, for each prime p dividing n, with maximum power e, the reduction of H modulo p°
is either a Borel subgroup, a Cartan subgroup, or the normalizer of a Cartan subgroup of
GL2(Z /p°Z). We also consider quotients of these curves by Atkin-Lehner involutions w,,
whenever H is a Borel subgroup at p. We give an algorithm which computes the number
of points over a finite field on these modular curves, without having the equation of the
curve, but only using the trace of Hecke operators acting on modular abelian varieties
associated to weight 2 newforms invariant under the congruence subgroup I'g(m). Nu-
merical approximations of these traces can be computed with the methods described in
[3] and they have been collected for m < 10000 in the database available at [18].

We applied our algorithm to these modular curves over small finite fields of charac-
teristic less than 20 using data available on [18]. Furthermore, in September 2022 we
compared our results with the best known curves available on the database [30] and we
found many improvements that we list in the final section of this paper.

To make the computation, we prove that the Jacobian of the modular curves Xpg we
are considering, are isogenous to a product of modular abelian varieties associated to
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weight 2 newforms invariant under the congruence subgroup T'g(m). We give explicitly
this factorization of the Jacobian (Theorem 3.8), generalizing results of [8], [15], [9], [11].

The idea to use these types of modular curves builds on recent work on computing
equations, rational points, and automorphism groups for such curves, as for example
[19], [23], [12], [11], [13], [10], [22], [4], [5], [16], [1]. Another algorithm has been recently
devised for computing the number of points on Xy for a general H, see [26, Section 5].
Their method does not make use of the factorization of the Jacobian of the modular
curve up to isogeny, but they rather can obtain it case by case as a consequence of
the computation of the number of points of the curves over many fields of different
characteristic [26, Section 6].

The paper is organized as follows. In Section 2 we introduce the definitions related
to the modular curves we are considering. In Section 3 we describe the Jacobians of our
curves, up to isogeny, explicitly in terms of the Jacobian of Borel modular curves. In
Section 4 we discuss the algorithm we use to compute the number of points over finite
fields.

In Section 5 we give asymptotic results to estimate the number of [F,-points on our
curves when the genus ¢ is large. Finally, in Section 6 and in the Appendix, we collect
the results obtained. In particular, for every choice of g and [F,, we list in the Appendix
the curve with the largest number of points among the ones we considered, and in
Section 6, for the convenience of the reader, we collect all the examples which improve
the previously known lower bounds L, (F,).

2. Modular curves of mixed type

Let n be a positive integer. For each subgroup H of GL9(Z/nZ) with surjective
determinant, we define

Ty = {7y €SLy(Z) : T (mod n) lies in H}.

Let H = {7 € C : Im(7) > 0} be the complex upper half-plane and denote by H* = HU
P1(Q) the extended complex upper half-plane. We define the modular curve associated
to H:

For a more detailed reference about this construction see [11, Section 1]. In the following,

we choose a non-square element ¢ € (Z/p°Z)* when p is an odd prime and e is a positive
integer. We define the following subgroups of GLy(Z/p°Z) for every prime p:

BY(p®) := {(CCZ 2) ya,¢,d € Z/p°Z, ad# 0 mod p};

cor)={( 4) wac@mzr:
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c:w) =) u{ (1 §)-bee @y

Chs(29) := {(Z aib) ya,b € Z/2°7Z, (a,b) £ (0,0) mod 2};
C

1s(29) U (Z a‘ab> ,a,b € Z)2°Z, (a,b) £ (0,0) mod 2};

a b

Cut) = { (5 %) e 2/pZo(a) # 0.0 modp} . ifpis oda
CL(p®) := Cus(p©) U {(b a) ya,b € Z/p°Z, (a,b) Z (0,0) mod p} , if p is odd;

Br(pe) = {(Cngrl bZ )aaabacad € Z/peZ7 ad7_é0m0dp}a
forr=0,1,...,e—1;

T.(p%) := {( ar bZ ) ya,b,c,d € Z/p°Z,ad — bep®” € (Z/peZ)X}.

We remark that T, (p®) = Cs(p°®) and that Cs(p®), Cus(p®) are respectively a split and a
non-split Cartan subgroup of GLy(Z/p°Z) and, with the exception of C;(2°), the groups
CH(p®), CL(p®) are the corresponding normalizers inside GLo(Z/p°Z).

Given ng, ng+, Ns, Mg+, Mns, Nns+ Pairwise coprime positive integers such that

n = ngNg+NgNg+NpsNys+. By Chinese Remainder Theorem we have GLo(Z/nZ) =
[1;_, GL2(Z /p§'Z). We look at the subgroups of GL2(Z/nZ) of the following form

BO(p$h), if pi | nono+,
. Cs(pi'), if pi| s,
H HHP where H,, = { CF(p), if p; | n, (2.1)
=1 Cus(pi), if pi | Nns,
Ci(pi?), if pi | nifs.

Then we define our modular curves of mixed type as

X (no, no+, Ns, N+, Nng, Nyt ) 1= X /(wp,, for every prime p; dividing no+), (2.2)
X(no, no+, Nns, nns+) = X(?’L(), no+, 1, 1, nys, nns+)7 (23)
where wy, denotes the Atkin-Lehner operator associated to p;. Let n = p{*---p¢" be

the prime factorization of n. We also define, for every positive integer n, the congruence
subgroup

(5+) modn},

To(n) :=={(*") €eSLa(Z): (“%) = (51
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we denote the C-vector space of the cusp forms of weight 2 invariant under T'g(n) by
S2(To(n)) and by S3V(I'y(n)) the subspace generated by the newforms. We define the
modular curve:

Xo(n) = F()(’rl)\H*

We also denote the Jacobian of this curve by Jy(n) := Jac(Xo(n)) and its new part
by J&°%(n), which is the factor of Jy(n) isogenous to the abelian variety associated to

new
83" (Lo(n)).
Remark 2.4. There is an isomorphism of algebraic curves
2 2
X(TL(), No+, Mg, Nt Nns; nns*) = X(nons » 100+ Mg+, Tlns, Mns+ )

Indeed, writing the above curves respectively as Xp, /W7 = I''\H* and Xp,/Ws =
[y\H*, for I'y, T’y subgroups of PGLI®*>?(R) = Aut(H), the group T'; can be obtained
conjugating I'y firstly by (nsg . _01> and then conjugating again by a suitable matrix
in SLy(Z). )

3. Jacobians of modular curves of mixed type and generalization of Chen’s isogeny

With the notation introduced in Section 2, in this section we show that the Jacobian
of the curves X (ng,ng+,ns, N+, Nns, Nps+ ) 1S isogenous to a product of Atkin-Lehner
quotients of J3°V(m) for suitable levels m. This generalizes a set of results beginning
with Chen’s work in [8] who proved the existence of an isogeny between the Jacobian
of X¢,.(p) and J§°¥(p?), and between Xeit () and J3 (p %)/{w,). This type of isogenies
are often referred to as Chen’s isogenies. We start with the key lemma where we discuss
separately the four Cartan cases.

Lemma 3.1. Let n > 1 be an integer and let H < GLa(Z/nZ) be a subgroup. We use the
following notation:

Jncw( )wplwmmwpk = J(r)ww(n)/<wp1va2v s ’wpk>’

for p1,...,px distinct primes dividing n and wy, the Atkin-Lehner involution associated
to pj, for j=1,...,k. Then we have:

(1) If H = Cs(n) :==TI,_, Cs(p§*), then

Jac(Xpy) = H Jo( %), (3.2)

d|n?

where og(m) is the number of positive divisors of an integer m.
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(2) If H=CF(n) :=T1I,_, C5(p§"), then

Jac(Xp) = H Jo ™ ( % TLT), (3.3)

where oy is the function defined by

o) {%(f+1), if f is odd,

5 +wy, if fis even,

for a prime p and a positive integer f, and of(mimse) = of(m1)of(ma), for my, mo
coprime positive integers.
(3) If H = Cys(n) :=[Ti—; Cus(p§?), then

Jac(Xpg) = Jos(n) ~ [ ] 76" (d?). (3.4)
d|n

(4) If H=CJ(n) = 11—, CL(p5"), then

Jac(Xp) = H JOEW (d2)Wrr o (3.5)

where p1,...,ps are all the primes dividing d.

Proof. Part 1. We have
Jac(Xpy) = Js(n) = Jo(n?),
because W, 'T'c, (n) ()W, = To(n?), where W, := () '), and
n2) ~ [T 5@y (),
djn2

because of classical Atkin-Lehner theory about the oldforms (see [14]).
Part 2. Let n = p{* ...p;* be the prime factorization of n and let Wy, for a positive
integer ), be the matrix defined in [2, after Lemma 7]. We have

Jac(Xpy) = JH(n) =2 Jo(n?)Wr-rk,

_ N1,
because (2 01 ) Lot in) (2 01) is congruent to <Fo (n?), Wpfel e Wpi€k> modulo
scalar matrices. Then

wp ~Wp new 0'0 %)
‘]0( 1 k o~ H J

d|n?
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because of Atkin-Lehner theory (see [2, Equations 5.1 and 5.2]).
Part 3. Let n = p{*...p;" be the prime factorization. For each ¢ = pi' ...pi"‘, we
define
Ty, (p;j)a if f; is even,
5

k
K(c) =[] K;(07) < GLy(Z/cZ), with K;(p}) := ,
(o) H i(py’) 2(Z/cZ) i(p") Baa(s), it f, i odd.

Then, using the machinery in [15] together with [11, Proposition 3.2], we get
Jac(Xp) = Jus(n) ~ ] Jac(Xp (o)™,
c|n?
where the functions €(c) and m(c) are defined by

1, if pf|n?,

(3.6)
2, otherwise,

5(pf) = (*1)f, and m(pf) = {

for a prime power dividing n? and by (d1da) = &(d1)e(d2) and m(dide) = m(dy)m(dz)
for dy,dy coprime divisors of n2. (For example if n? = p?¢? and ¢ = p = p'q®, then
m(c) = m(p')m(q®) = 4.) Moreover, we have

[T Jac(X k() @™ = I Jo(e)=©m,

c|n? c|n?

because I' () and I'g(c) are conjugate, as explained in [11, proof of Theorem 3.8]. Then
we have

H Jo(c)s(c)m(c) ~ H ngew(d)s(c)m(c)oo(ﬁ),

c|n? c|n? d|c

because of classical Atkin-Lehner theory about the oldforms (see [14]). Last equality:

H H JgeW(d)a(C)m(c)UO(i) = H Jgew(dz),

c|n? d|c d|n

follows by
H ngcw(d)s(c)m(c)ag(ﬁ) — H H J(r)lcw(d)s(c)m(c)ao(ﬁ) —
c|n? d|c d|n? d|c|n?
_ H chw(d)zdlcmz s(c)m(c)ag(g);
d|n?
and, if n =p{' ...p* and d =p{" ...pY* and c = p{l .. .pi’“ are the prime factorizations

of n,d, ¢, we have
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2eq 2ep

Z E(C)m ( ) Z Z fl. (pfl_ pik) (p.{l_gl.-.pik—gk>:
d|c|n? fi=q fre=9k
ko 2e k 2e;—1
:H 5 ( fJ QJ) H 7g]+1+ Z(i]‘)f‘}2(fjig]+]‘) —
J=1fi=g; J=1 fi=g;
k 2e;—1 2e;—1 1
=] (2¢ -9 +1+2 Z Difi+201-g) Y (D)5 | =]] (5(1 + (—1)«%‘)) =
j=1 fi=9; j=1
_JL, ifg=...=gr=0mod 2,
0, otherwise,
where in the fifth equality we used
bt a b b a—1 b—1
i_ LT ¢ —z ax —bx
éx =1 and sz = :E)2+ T ,

hence

H J(I)lew(d)Zd\ In2 e(e)m(c)oo(g) _ HJ(I)’IGW(dQ)l

d|n? d|n
Part 4. Given the factorization n = pi* ... pg", for each ¢ = p{l . pi’“, we define

Ty, (P;j)a if f; # 2e; and even,
2

HK' ) <GLy(Z/cZ), with Kj(p'):={ CF (), it f; = 2,
Bﬁ(pjj), if f; is odd.
2

Then, using the machinery explained in [15], together with [9, Theorem 1.1] and its
extension to the even case described in Section 3 and in the appendix of [11], we get

Jac(Xy) = Ji(n) ~ [ [ Jac(Xk ()",

c|n?

where ¢ is defined as in the proof of Part 3.
Then, defining the matrices Wy, for a positive integer @, as in [2, after Lemma 7]
and since (SL _01) Cror(e) (7?1 _01)_1 is congruent to <I‘0(c), Wp,_fj for pjles.t. fj = 2ej>

modulo scalar matrices, where m is such that ¢ = m?[["j=1 p;, we have
fio

[T Jac(X k)@ 2 ] Jo(e) @,

c|n? c|n?
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where
/ Pp—
[T wy,; == Wy, -
pjle s.t.
fi=2e;
Then

HJ 5( pr]NHH new caoﬁ)7

c|n? c|n? d|c

is similar to Parts 1 and 2, where

. 112
{ao@f), if o[ 57)

oo(p?), otherwise,

for a prime power dividing %2 and o((d1d2) = o{(d1)o{(dz) for di,ds coprime divisors

of " . Last equality:

H HJSIEW(d)E(C)UO <) HJnew d2)wp1 ka

c|n? d|c d|n

follows by

mr*

H HJ(I)ICW c)ay( H H Jncw (c)op(4) —

c|n? d|c d|n? d|c|n?

_ H Jnew Zdl In2 a(c)ao(g)

d|n?
and, if d = p{" ... pJ" is the prime factorization of d, we have

2eq 2ep

Y el ( ) S o) <p{rg1mp£kfgk) —
d|c|n? fi=g =9k
k 2e; k 2e;—1
« [ 2ej—g; .
CTT S 0o () =TT (w5 (227) + 32 -0 -
J=1fi=g; j=1 Ji=9;
k 2e;—1 2e;—1
* 2e;—
=TI (o (32 7) + X 0+ Y (17 | =
Jj=1 fi=g; fi=9;
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k .
Iz wp,, ifgr=...=gr =0mod 2,
0, otherwise,

where in the fifth equality we used

b—1 _ _
;a0 —ab -2 az®l —bat!
E r*=——— and E it = 5 + ,
; 11—z (1—2x) 1—x
1=a

hence

H Jé’ew(d)zdICIWQ e(0)op(s) _ ngew(dZ)wm...wpk. O

d|n? d|n

Theorem 3.8. Let X := X (ng, ng+,Ns, Mg+, Nns, s+ ) be as in Equation (2.2), then

2
ngn ot "t | I
U(’(dod:)%( a0+ g+ ) Wp

Jac(X) ~ ] 76" (dodo+ dsds+ d2od2s) PEP(nt) (3.9)
4N
where N := n0n0+n§n§+nnsnns+ and d := dodg+dsdg+ dpsdys+, with dy | ng, do+|ng+,

ds|n§; ds+|n§+7 dns|nns; dns*‘”ns*; and

Jnew(pilpgz t .pzk)wmwm...wpk = new<p1 p2 . 'pzk)/<wp1 » Wpg s« - - >wpk>>
for p1,...,px distinct primes and wy, is the Atkin-Lehner involution associated to pj,
for j =1,...,k; moreover P(m) is the set of prime divisors of an integer m and oo(m)

is the number of positive divisors of m and of is the function defined by

oi(p’) = {%<f+ 1), if f is odd,

%—i— wp, if f is even,

for a prime p and a positive integer f, and of(mimz) = of(my)of(ms), for mi,mo
coprime positive integers.

Proof. This is a natural extension of the previous lemma and the argument is the same.

Given c¢ys and c,g+ divisors of n2, and nns+ respectively, for each ¢ := ngng+nsng+ CnsCng+ ,

we define

I 5"

p’lle
p prime

where, if e is the p-adic valuation of n, we define
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B°(pf), if p|nono+,

Cs(p'),  ifplns,

CE(p’),  if plngs,

K(p') :={ Bs-1(p®), if plenscns+ and if f is odd,

T (p°), if plepscns+ and f is even and f # 2e,
, if plens and f = 2e,

CH(p®),  if pleps+ and f = 2e.

Again, using the machinery explained in [15], together with the representation theoretic
results in [9] and [11], and defining €, m, o{, as in Equations (3.6) and (3.7), we find that

Jac(X )70+ ~

~ H JaC(XK(nUn0+ nen_+ cnscns+))E(Cns)éf(cns+)m(cns)pr0+ [a]

Cns |nx215

Crst Mot

’
- H Jo(nongen2nZy euseagr )0 ot e g T MM wr, e

2
Cns [Ny,

2
Cogt Moot

2 2
no )« [ Pot 52 o (5 Yo (32 Y 5o
N H HJgew(d)s(cnS)E(C‘]S+)m(CDS)(TO(do)0-0<d0+)Uo<ds)00<ds+ )‘70 s )OO\ T ) _
CnS|nis d|N

2
Cnst Inns+

=11 JgeW(dod0+dsds+dgsd§S+)”0(%)”5 (ﬁ)(’(d*)"(
d|N

where d and N are defined in the statement of the theorem and the product [ [ wy, , varies
over all the primes po+ dividing ng+, the product [] wyp_, varies over all the primes pg+
dividing c¢+, the product prns , varies over all the primes p,s+ dividing n,s+ and the
product ]’ wp, , varies over all the primes p,g+ such that v,  (cps+) = vp_, (n2.1),
where v, (m) is the exponent of the prime p in the prime factorization of m. O

4. Computing the number of points

Let p and ¢ be distinct primes. Let C' be a smooth, projective, algebraic curve over Q
with good reduction over F,. Let Ta,(Jac(C)) be the Tate module of C, i.e., the inverse
limit of the £™-torsion group Jac(C)[¢™], and let V; = Ta,(Jac(C)) ®z, Q. be the Q-
vector space associated to Tay(Jac(C')). The trace of the Frobenius automorphism Frob,«
acting on V} satisfies:

tr(Frob,x V) = p* + 1 — #C(F,»), (4.1)
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for every positive integer k. (see [21, Theorem 11.1]). When C' is a modular curve associ-
ated to a group of matrices containing the scalar matrices, the Eichler-Shimura relation
(see [14, Theorem 8.7.2]) implies that the trace of Frobenius can be obtained from a
linear combination of traces of Hecke operators, as we explain in Section 5.

We are interested in applying Equation (4.1) when C' = X (ng, ng+, Nis, Ns+ s Nng, Nns+ )
as in Equation (2.2) and p does not divide n = ng ng+nsng+ npsnps+. Using Theorem 3.8,
the number of points over I, can be computed in terms of the eigenvalues of the Hecke
operator T}, € End(J§°7(d)), whose level d divides n. By [14, Theorem 6.6.6], we have
that J3"(d) is isogenous to a direct sum P A;O(d/ ) of Abelian varicties A ¢ associated
to the Galois orbits of the normalized eigenforms f € Sa(To(d’)), where d’ | d. In the
following part of this section we explain how to compute tr(Frob,|V;) explicitly when
C = Xp. This, by Equation (4.1) above, allows to compute the number of points of Xy
on F,. Finally, we explain how to compute the number of points of Xy on every finite
field (not only prime fields). The following lemma is well known, but we report the proof
for convenience of the reader.

Lemma 4.2. Let n be a positive integer, let p, £ be distinct primes not dividing n and
let Vy = Tag(Jo(n)r,) ®@z, Q¢ be the Qe-vector space associated to the Tate module of
Xo(n)r,. Then

trr (Frob, | V) = T,

where T, is the Hecke operator associated to the prime p and the trace is taken on V; as
Tg,-module with Tg, := Tz ®z Q¢ and Tz denotes the Hecke algebra Z[T,, : n > 0].

Proof. We have that V4 is a free rank 2 module over Tq, (see [14, Lemma 9.5.3]). Consider
the Weil pairing (-,-): Vo x Vu = Qy(1), see [20, before Lemma 16.2, p. 132] where we
identify Jo(n) with its dual variety via the principal polarization. Let V;* be the dual
module of V; where for every linear operator T': V, — V; we have the dual action on V,
ie., Ty :=¢@oT, for every ¢ € V;*. Let ®: V;, — V,;* be the isomorphism sending = in
the map ®,: V; — Qy defined by ®,(y) := (y,z). Each Hecke operator T, is self-adjoint
with respect to the Weil pairing, see Lemma 4.3 below. This implies that & commutes
with the natural action of Tg, on each side, i.e., ® is a isomorphism of Tg,-modules.

The Verschiebung Ver, = [p|Frob, ! is the dual isogeny of Frob, on Jacobians
and it is the adjoint of Frob, with respect to Weil pairing, in fact: (x, Ver,(y)) =
(x, [p]Frob;I(y)):@:, Frobgl(y»p:Frobp((x, Frobgl(y»):(Frobp(w), Frobp(Frob;I(y) )
= (Frob,(z),y). Hence ® o Frob, = Ver, o ®. This implies that try(Frob,|V;) =
tr (Verp|V,"). But, with respect to a fixed basis on V; and its dual basis on V;*, the
matrix of Ver, on V;* is the transpose of the matrix of Ver, on Vy, so try (Frob,|Vy) =
trp (Ver,|Ve). Applying the trace to the Eichler-Shimura relation Frob, + Ver, = T,
(see [14, Theorem 8.7.2]), we get 2trp(Frob,|Vy) = trr(Zp|Ve) = 27, and, hence
try (Frob,|Vy) =T,. O
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Lemma 4.3. For all pairwise coprime positive integers N,n, £, with £ prime, the Hecke
operator T, is self-adjoint with respect to the Weil pairing on Jo(N)[™].

Proof. Since T, can be written as a polynomial in the operators 7T}, for primes p dividing
n and all these T),’s commute with each other, then it is enough to treat the case where
n = p is prime.

We focus on the action of T, on divisors supported on non-cuspidal points. Indeed,
since the number of cusps is finite, each element of Jy(IN) can be represented as a divisor
supported in the non-cuspidal locus. We recall that the non-cuspidal points of Xo(NV)
parametrize data (E,G), where E is an elliptic curve and G is a cyclic subgroup of order
N of E[N] and the non-cuspidal points of Xo(Np) parametrize data (E,¢: E — E',G),
for E, G as before and ¢ an isogeny of degree p. With this notation, let p1,pa: Xo(Np) —
Xo(N) be the maps defined by

pl(E7§0: E— E,aG) = (E7G)7 pQ(E,QDI E— ElvG) = (EI7QO(G))7

and extended by continuity on the whole curve. Then T}, = (p2).p; as an endomorphism
of the Jacobian.

We recall that for each non-constant map of curves f: C — C’, the maps f* and
f+« between the two Jacobians are adjoint with respect to the Weil pairings. Indeed,
given divisors D, D’ respectively on C,C’ that define N-torsion points in the respective
Jacobians and such that f,(D) is disjoint from D’, take rational functions g, ¢’ such with
div(g) = ND and div(¢') = ND’, so that

* 1)/ !
.oy = S0 Comat) o,
(g /)(D) (9'(f«(D))
where (,) denotes the Weil pairing on the N-torsion subgroup and Normy is the norm
of the finite extension of function fields f#: K(C’) — K(C), namely for each rational
function h on C” we denote Normy(h) = detg(cy(-h: K(C") = K(C")) € K(C).
As a consequence of the above general fact, the adjoint of T}, is T;; = (p1).p3, i.e.,

it is induced by the transposed correspondence of T,,. Hence, to prove our statement,
it is enough proving that the image of the map (p1,p2): Xo(Np) — Xo(N) x Xo(N) is
symmetric. Indeed, given z = (E,G), y = (E',G’) in Xo(N) x Xo(N), the point (x,y)
lies in the image of (p1,p2) if and only if there exists an isogeny ¢: E — E’ of degree p
such that p(G) = G’. If this happens, then the dual isogeny ¢: E' — E sends G’ into
G, since G = [p|G = ¢(p(G)) = ¢(G’). In other words whenever (x,y) lies in the image
of (p1,p2), then (y, x) lies in the same image, i.e., the image of (p1,p2) is symmetric. O

The following proposition explains how to compute tr(Frob,|Vz) explicitly when the
abelian variety considered is not necessarily a Jacobian but it is a product of Ay for
f eS8y (Ty(ny)), where ny € Zq is the level of f. It implies the case we are interested
in: C' = Xy for H as described in the statement of Theorem 3.8.
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Proposition 4.4. Let F be a finite subset of the set of the Galois orbits of normalized
eigenforms of U, S2*"(Lo(n)), and let J =[] e A;lf, where Ay is the abelian va-
riety associated to Galois orbit of f (see [1/, Definition 6.6.3]) and my € Z~. Moreover,
let Vo = Tay(J) @z, Q¢ be the Qq-vector space associated to the Tate module of J. Then
the characteristic polynomial of Frob, acting on Vy is

IT II @ —ap(m)a+p)m,

[fleF he[f]

where ay(h) is the p-th Fourier coefficient of h.

Proof. It is enough to treat the case F = {[f]} for f an eigenform of level n. Let

S:= @ Ch  CSFV(To(n)),
helf]

and let T be the Hecke algebra of A; defined as the maximal quotient of the Hecke
algebra T’ of Jy(n) such that the action of T’ on Ay acts through T. Also, for each ring
R, let T :=T ® R.

By [14, Lemma 9.5.3], V; is a free module of rank 2 over Tg,, and the characteristic
polynomial of Frob,, as a Tg,-linear endomorphism is 2 — T,z +p. Indeed, by Lemma 4.2
this characteristic polynomial is of the form 22 — T,z 4 a for a certain a € Tg,. Since
Tq, acts faithfully on Vp, the element a is the unique element of Tg, such that Frobf) —
TyFrob, +a = 0, and a = p satisfies this property because, by Eichler-Shimura Relation
and denoting by Ver, the Verschiebung operator, we have

Frob? — T,Frob, + p = Frob? — (Frob, + Ver,)Frob,, + Frob, Ver, =
= (Frob, — Ver,)(Frob, — Frob,) = 0.
In particular, the characteristic polynomial of Frob, as a Q-linear endomorphism of V,
is
det @, o) (Frobp — z[V; ®q, Qe[z])

= NormTQé [2]/Qex] (det To, [z] (FI‘Obp — x|V, ®Q, Qg[z])) =

= NOI‘mTQE [2]/Q¢[z] (1‘2 —Tyx + p) = NOI‘IHTO [2]/Qlx] (1‘2 —Tyx + p) =

= Normr.(4)/cla) (2° — Tpx + p),
where, given a ring extension A C B such that B is a finite, free A-module, we denote
Normp,4(t) := deta(-t: B — B), i.e., the determinant of the multiplication by ¢ inside

B as a A-module endomorphism. Since S is a free T¢-module of rank 1, then S = T¢
as Te-modules, hence,
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Normr,. [2]/C|[z] ($2 —Tpx +p) =det Cla] (1‘2 —Tpx +p|S®cClz]) = H (CCQ — ap(h)m +p),
he(f]

where the last equality is true because the elements h € [f] are a basis of eigenvectors
for T}, in S, with eigenvalue a,(h). O

Using Theorem 3.8 and Formula 4.2 above we can compute # X (ng, no+, Mons, Mns+ ) (Fq)
for all prime power ¢ = p* not dividing n = ngng+ nushns+ . We concentrate on these cases
because of the isomorphism of Remark 2.4. The algorithm runs as follows:

Algorithm 4.5. Computing the number of points of X (ng, no+, Nns, Nns+) over Fy.

(1) For every d|n, compute dy := ged(ng,d) and similarly df, dys and dye+ and let
D := dodf d%,d? . .

(2) For every d|n, choose a basis B(d) of new eigenforms of level D and let B := (J,, B(d)
be the union of these bases.

(3) For every d | n and for each prime ¢ | d;f, compute the eigenvalue of f € B(d) with
respect to the Atkin-Lehner operator wy and discard from B the f’s with eigenvalue
—1 (these data are available on the database [18] for D < 10000).

(4) Compute the Hecke eigenvalue a,(f) for every f € B (these data are available on
the database [18] for D < 10000).

(5) For each f € B, compute my := oo(no/do)do(no+/do+, f), where og(m) is the num-
ber of positive divisors of m and m — Go(m, f) is the multiplicative function defined
by

(r+1), ifrisodd,

ao(p", f) = if r is even and wy f = f,

N3 N3 NI
—_

if r is even and wyf = —f.

(6) If k = 1, then compute Frobenius traces acting on Ay: tr(Frob,|Af) = 32, ¢ (4 ap(h),
where [f] is the Galois orbit of f.

(7) If £ > 1, then compute the (complex) roots a(h) and S(h) of quadratic the poly-
nomial 2% — a,(h)xr + p = 0, for each h € [f]. Then compute tr(Frob,|As) =
2 ohels] (a(h)* + B(h)*), using Equation (4.1)

(8) Finally, #X (ng, no+, Nns, s+ )(Fg) = ¢+ 1 — Z[f] mytr(Froby|Af), where the sum
is taken over the distinct orbits for f € B.

Example 4.6. We compute the number of points of X(1,163,1,1,1,1) = X(;r(163) over
Fy2 without using the explicit equation in [19]. Consider the space of cusp forms
83V (T'9(163)). This space has dimension 13 and let fi, fo, f3 be representatives un-
der the Galois action. The class of f; has just one element, the class of fs has 5 elements
and the class of f3 has 7 elements. Since f3 has negative eigenvalue, its class is discarded.
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We compute my, =my, = 1, hence the genus of X (163) is 6. The Hecke eigenvalues are
as(f1) = 0 and ag(h) = —2.711,—2.484, —1.634,0.163, 1.666, for h € [f2]. We consider
the polynomial (2% —az(f1)z +2) e (22 —az(h)x+2). We denote its roots by «; and
B, where a1 = 1.4144, oip = —1.355+0.402¢, a3 = —1.24240.675¢, oy = —0.817+1.1541,
as ~ 0.081 4 1.4114, ag =~ 0.833 4 1.1425¢ and B; = &; is the complex conjugated of a;.
Hence #X (163)(Fp2) =4+1— Y7 (a? +p?) =4+ 145 =10.

Example 4.7. We compute the number of points of X (1,17,1,1,1,3) over Fy. We have
to consider the space of cusp forms S5V (I'y(D)) at levels D = 1,9,17,153. The first two
spaces are trivial. The third one has dimension 1, but the corresponding representative
under the Galois action must be discarded, since the eigenvalue of Atkin-Lehner operator
wy7 is —1. Finally, the last space has 5 representatives under the Galois action and we
denote them by f1, fo, f3, f1, f5. Four of these classes should be discarded since they
have at least a negative eigenvalue. We denote by f the unique representative whose both
eigenvalues of w3 and wi7 are positive. Then Ay has dimension 1 and my = o¢(1)o(1) =
1, so it follows that the genus of X (1,17,1,1,1,3) must be 1. The eigenvalue of T, acting
on fis as(f) = —2. Then #X(1,17,1,1,1,3)(F2) = 2+ 142 = 5. This is the maximum
possible value for an elliptic curve over Fy according to [30].

Example 4.8. We compute the number of points of X (5,3,1,1,2,1) over Fr2. We have
to consider the space of cusp forms S3¥(I'o(D)) at levels D = 1,3,4,5,12,15, 20, 60.
Only the spaces corresponding to D = 15 and D = 20 are non-trivial, more pre-
cisely, S2°¥(I'o(D)) has dimension 1 in both these cases. We denote by f; and fo,
respectively, the corresponding representative under the Galois action. In both cases,
the action under the Atkin-Lehner involution ws gives positive eigenvalues so both f;
and fo must be considered. Since my, = oo(1)og(1) = 1 and my, = o9(1)05(3) = 1,
it follows that X(5,3,1,1,2,1) has genus 2. The eigenvalue of T7 acting on f; and
fo are 0 and 2, respectively. Denote by aj,f1,a2,B2 the roots of the polynomial
(22 4+ 7)(2® — 20 + 7). Then oy ~ 2.646i, 5 ~ —2.646i, ay ~ 1+ 2.499i, By ~ 1 — 2.499i
and #X(5,3,1,1,2,1)(Fr2) =72 +1 -7 (@2 4+ ) =49 + 1 + 24 = 74.

5. Asymptotic estimates

In this section we estimate the number of points on the reductions over prime finite
fields of the curves X = X (ng,no+, Ns, Ne+, Nns, Mg+ )- We start by recalling a classical
formula which we then combine with estimates on the trace of Hecke operators. Notice
that by Theorem 3.8, the space of regular differentials on X can be identified with a direct
sum of spaces of newforms of shape S5V (T(d))"V for W a certain group of Atkin-Lehner
operators and d a suitable positive integer. In particular, this decomposition defines an
action of Hecke operators on Qﬁ( /C
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Proposition 5.1. Given X = X(ng,ng+,ng, Nt , s, st ) and defining T,—1 := 0, we
have

#X (Fpe) = p° + 1 — tr(The

x/c) Fptr(The-2 Q% c),
for each integer e = 1 and for every prime p not dividing n = ngng+ NsNe+ NnsMng+ -

Proof. Let a,...,04,01,...,08y be the eigenvalues of the Frobenius acting on the Tate
module of the Jacobian of Xp,. By Proposition 4.4, up to reordering, we can suppose
that o + B; = ap(fi), where f1,..., fy are the normalized eigenforms giving a basis of
Q}( /C Hence because of Equation (4.1) and Proposition 4.4, it is enough to prove that

ai + B = ape(fi) — papefz(fz')- (5.2)

The case e = 1 is true defining a,-1 := 0. Since o;3; = p (by Proposition 4.4), and
T2 = T7 — p (by [14, Equation (5.10)]), we have

ap2(fi) = p = ap(fi)? = 2p = (@i + B:)* = 20:8 = of + 7,
which proves the case e = 2. For the inductive step we recall that on Qﬁ( /c We have
Tpe = plpe—2 = Tp(Tpe—1 — pTpe—s) — p(Tpe—2 — pThpe-1).
Hence, supposing that Equation (5.2) holds for e—1 and e—2, we get

ape (fi) = Page—2(f:) = ap(fi)(ape—1 (fi) — paye-a(f;)) — plape-2(f;) — paye-a(f;))
= (o + B) (ot + BT — (i) (a2 4+ B =af + 5. O

To estimate the traces of Hecke operators on S3¢¥(I'g(d))" for W a group of Atkin-
Lehner operators, it is enough to estimate tr(T,w,,|S5"(Ly(d))) for each w,, € W.
A small remark on notation: given the prime factorization d = p7? - - p¢r, here and in
Section 3, we sometimes write w,, meaning w plis while other times we use the usual
notation w,, for m | d such that ged(m,d/m) = 1. To estimate the trace of Tjw,,, for
such a divisor m of d, we look at [7, Proposition 2.8], which states:

|tr (T, |S5Y (To(d))) — 6(VE € Z)F(d,m)| < co(k + Vkd)od(d)oo (k) log?(4kd), (5.3)

where ¢g is an absolute constant, o is the function counting the number of divisors of a
natural number, §(condition) is 1 if the condition is true and 0 otherwise, and

52| L 500312
F(d,m) ::u(\/ﬁ)% H (1_%_ (Eglm)_’_ (fel)m))
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with P(N) the set of prime divisors of an integer N, and p the Méebius function extended
so that p(y/m) = 01if /m is not an integer. Combining Equation (5.3) and Proposition 5.1
we get the following proposition.

Proposition 5.4. There exists an absolute constant C such that, for each curve X =
X (ng, no+, Mg, N+, N, Nus+ ) 0f genus g and for each prime power ¢ = p° coprime to
NN+ NsNs+ NnsNns+ , We have

#X(Fy) < C(q+ \/gq)glogllgggplog3 q, if ¢ is not a square,
170 . .
|#X(Fq) - (p - 1)g| < C(q + \/QQ)glogloggplogg q, if q is a square.

Proof. We start by slightly simplifying Equation (5.3): using [24, Theorem 1] to bound
0o, we get

[tx (wim|S3°" (To(d))) = F(d,m)| < 2c0d? ¥ mifora (55)
when specializing to k = 1 in Equation (5.3); while for k¥ = r a prime power we have
62(Tyw |S5 (T (d))) — 6(v/7 € Z)F(d,m)| < 20cod®sosd (r + Vrd)log®r.  (5.6)

Since we are only interested in the cases where S5V (I'o(d)) # 0, we restrict to the cases
d > 11, hence loglog d makes sense and is positive.
We recall that, for each finite group G acting on a finite vector space V', the linear op-

erator ) ¢
for each group of the form W = (w, : £ € Q) with Q a subset of the prime divisors of d,

g: V — V has trace equal to #G dim(V “). Hence, applying Equation (5.5),

we can write

dim(Jo(d)V) = — 3 (w3 (Do(d)) = F(d, W) + e(d, W), (5.7)

1 1 e e
Fd,W):=—— F(d =— F(d 00 - 4) =
( ’ ) #W meEW ( ’m) #W “ .“ZZ}CQ ( »*+1 )

d p(eeer?) 1 6(Plg) 6P
T aw Z H Iz H (1727 2 @ ):

{lenwer‘}ggéE{Zlvn;‘g'V'} Z\d
L¢{l1,....0}
d 1 8214y 8L
#Wg(lé z B )
¢Q

gee/? 1 6(2)1L) (3L
Z H M(ee[ ) H (1 7" 7 + 73 ) =

{01, £} CQLE{lr o b))
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d 1 o(21L) 5L
:—H<1*‘*(| ), )

#W l 2 3
(¢Q
1 0(P1E)  0(PLE)  pee?)
(- =+ o) 2
leQ
d 1 1 go(d) _9 1— 1.2

> 1--)1-—=)2%> 2)72 > ¢ d' " Toeioga

o0(d) g( =R 2 @t? '

where ¢ is the Euler’s totient function, estimated as in [17, Theorem 327], and ¢ is the
Riemann zeta function. Analogously, Equation (5.6) implies that

1

tr(Z; |85 (Po(d)") = W

S (T |83 (To(d)) = (5.8)

wm €W

=06(\/r € Z)F(d, W) + e(d, W,7),

with |e(d, W, )| < 20codTstosa (1 + \/rd) log® r-.

We now look at the curve X. Using Theorem 3.8 to write Q}X /C as a sum of spaces of
the form S5%(T(d))" and taking linear combinations of Equations (5.8) and (5.7), we
get

g=F+e¢, tr(Tr|Q§(/C) =6(Vr € Z)F + ¢, (5.9)

F—;oo(zzgf) 3 03(%)F(dod0+dsds+disdﬁs+,<wg:€|mdns+)),

2 2
B non? L[ Motns o o _
€= Ed Uo(dods ) g o (7d0+ds+m2)e(d0d0+dsds+dnsdns+, (wy €|mdns+>),

2 2
_ TN + Mo+ T+ 2 12 .
€& = ;Uo( i ds) DY (7(10+ ds+m2)e(d0d0+dsds+dnsdn5+, (we s Omdpsr),T),

where the external sums are indexed over d equal to the product of dy, do+, ds, dg+, dns,
dps+, which vary across the divisors respectively of ng, ng+,n2, n§+,nns, Nnst, While the
internal sums of the form ZmQII . are indexed over the positive integers m such that m?
divides k and ged(k, %) = 1, and finally o is the multiplicative function such that
og (0¢) = [5] for each prime power £°. Under the notation N = nong+nZnZinin .,
using [24, Theorem 1] and the previous estimates on F(d, W), e(d, W) and e(d, W, r), we

get
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F F(N,<weif‘nns+>)>clleﬁ7

WV

€| < oo(N)3 max{|e(d, W)| : d|N, W < (wy : £|d)} < 2coNzt1estos™

le;| < 00(N)? max{e(d, W,r) : d|N,W < (wg : £|d)} < 20¢o N T tos ¥ (r 4+ VrN)log®r.

Plugging the first two bounds above into Equation (5.9), for appropriate constants ¢y
and c3, we have

g > coN 1= Toglog
that implies
N < %gHﬁ.
Again using Equation (5.9) and the bounds on ¢, €., we get, for a suitable ¢4, that

te(1, Q% )c) — 6(vr € Z)g| = ey — 6(V/r € Z)e|
< 200Nzt oatos N 4 20co N oelos ¥ (r+ VrN)log®r
< ea(r + V/rg? Fesioes ) geetoes log® 7.

This estimate, together with Proposition 5.1, implies the desired result. O

The above proposition implies that, for a fixed q, we expect a large number of points
on our curves mostly for ¢ = p?. Anyway, the estimates are only relevant for N large
with respect to ¢, and indeed we found records also for fields of the form p°.

Remark 5.10. As first shown in [25] (see also [28, Section 1] or [6, Section 3.3]), the
case ¢ = p? is known to provide many rational points in modular curves, thanks to the
presence of supersingular points: the j-invariant of a supersingular elliptic curve E lies
in Fp2 and, up to twisting, the absolute Galois of IF> acts diagonally on the torsion of £.
For example, the bounds in [6, Lemma 3.20] imply that, for each congruence subgroup
I’ C SLy(Z), and for each prime p coprime to the level, we have

Xr(Fp2) > (p—1)(gr — 1), (5.11)

where gr is the genus of X. This inequality can easily be extended to our curves. Indeed,
let X = X (no,ng+, Ns, N+, Nns, Nus+ ), with genus g and let p be a prime not dividing
NENo+ NsNgt+ NpsNps+. Then we can write X = Xp/G for a suitable choice of I' and of
a group of automorphisms G. The Riemann-Hurwitz’s formula implies that g satisfies
g—1 < (gr—1)/(#G). The inclusion X (Fj2) O X1 (F,2)/G, together with orbit counting
implies that X (IF,2) has cardinality at least #Xr(F,2)/#G. Using also Equation (5.11)
we get X([Fp2) > (p—1)(g —1).
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6. Greatest hits

We implemented Algorithm 4.5 and applied it to all the curves for which we could
compute the number of points using the numerical data available at [18]. In Table 6.1
and Table 6.2 we list all the improved bounds, which we found, for the number of points
of X (ng,no+, s, Nns+) over Fy, where nong+nZn? . < 10000 and ¢ = p* is a prime
power with p < 20 and k£ < 5. As explained in Remark 2.4, the search along this set of
curves gives the same results over the bigger set of X (ng, ng+, ns, N+, Nns, Nps+ ) CULVES
since

#X (ng, no+, Ng, N+, Mg, s+ ) (Fg) = #X (ngn?, n0+nf+ 1,1, Ning, st ) (Fg).

The entries list the genus g of the curve, the size ¢ of the finite field, the 4-tuple
(no, Mo+, Mns, Nps+ ) and the number #X (F,) of Fy-points of X (ng, no+, Nns, Nns+ ). When
a lower bound L, (F,) is not yet available, we list a curve of genus g with M points only
if the corresponding upper bound satisfies My(F,) < ¢+1+ V2(M —q—1), as it is done
in the database [30] at the time of writing (September 2022).

Table 6.1
Improved bounds of the form #X (ng, ng+, Nns, Nns+ ) (Fy) for nong+ nisnis+ < 10000 and g < 25.
g q (no, no+, Mns, Mg+ ) #X(Fg) g q (n0, not, Mns, Mns+)  #X(Fy)
5 52 (1,572,1,1) 71 14 132 (7,19,1,3) 442
6 32 (1,398,1,1) 37 15 72 (1,956,1,1) 214
7 11° (1,12,1,7) 166589 15 13° (27,14,1,1) 384496
8 132 (1,4,9,1) 364 15 17° (1,80,3,1) 1445778
9 35 (5,17,2,1) 464 16 112 (9,1,1,7) 414
9 75 (99,1,1,1) 18968 16 11° (3,4,1,7) 172432
9 112 (4,43,1,1) 1812 17 132 (7,3,1,8) 500
9 11° (8,39,1,1) 167544 18 32 (1,878,1,1) 73
9 13° (96,1,1,1) 382096 18 7° (1,179,1,4) 224
9 17° (41,4,1,1) 1438108 18 172 (1,271,1,3) 746
10 55 (1,668,1,1) 4092 19 22 (225,1,1,1) 38
10 11° (3,104,1,1) 168744 19 132 (4,1,9,1) 582
10 13° (27,7,1,1) 382887 20 32 (1,1244,1,1) 80
10 19° (92,1,1,1) 2499156 20 172 (8,13,1,3) 862
11 72 (1,764,1,1) 176 21 112 (256,1,1,1) 464
11 17° (104,1,1,1) 1438748 21 172 (45,1,1,4) 824
11 19° (17,4,1,3) 2501908 22 22 (1,761,1,1) 43
12 32 (4,7,1,5) 58 22 32 (121,4,1,1) 80
12 52 (16,13,1,1) 122 22 132 (12,25,1,1) 594
12 112 (12,13,1,1) 338 23 52 (1,887,1,1) 180
12 72 (1,718,1,1) 171 23 132 (3,476,1,1) 594
12 11° (12,13,1,1) 170676 23 192 (3,1,14,1) 988
12 19° (16,13,1,1) 1445778 24 52 (1,412,1,3) 188
13 52 (4,143,1,1) 126 24 112 (9,2,1,7) 498
13 72 (1,599,1,1) 184 24 172 (1,981,1,1) 880
13 132 (9,1,1,8) 456 25 52 (4,167,1,1) 204
13 172 (144,1,1,1) 696 25 132 (180,1,1,1) 672
14 3?2 (1,734,1,1) 59 25 172 (49,1,2,3) 990

—
=

72 (1,734,1,1) 194 25 115 (24,13,1,1) 180048
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Table 6.2

Improved bounds of the form #X (ng, no+, nns, Mg+ ) (Fq) for 25 < g < 50.
g q (n0, Mo+, Nns, st ) #X(Fg) g q (no, o+, Nns, Nust)  #X(Fg)
27 52 (1,1509,1,1) 191 36 52 (1,2327,1,1) 236
27 112 (9,76,1,1) 584 36 52 (4,79,1,3) 243
28 52 (1,1336,1,1) 200 37 192 (9,1,2,7) 1452
20 22 (1,1091,1,1) 55 38 32 (1,1231,1,1) 131
29 52 (1,2004,1,1) 200 38 172 (1,416,1, 3) 1224
29 172 (99,4,1,1) 1000 39 52 (1,1774,1,1) 260
29 192 (99,4,1,1) 1216 40 32 (1,1756,1,1) 142
30 32 (1,1375,1,1) 99 40 5?2 (1,1559,1,1) 264
30 132 (8,61,1,1) 730 41 52 (3,83,1,4) 256
30 192 (8,61,1,1) 1202 41 112 (128,1,1,3) 880
31 52 (1,1532,1,1) 228 42 32 (1,1279,1,1) 132
31 132 (81,7,1,1) 744 42 52 (1,2012,1,1) 296
31 172 (4,455,1,1) 1038 43 5?2 (3,623,1,1) 266
31 192 (9,1,7,1) 1260 43 72 (9,43,2,1) 444
31 13° (27,28,1,1) 398892 44 32 (1,1966,1,1) 136
32 32 (1,1039,1,1) 112 44 52 (1,1487,1,1) 289
32 52 (1,542, 1, 3) 213 45 32 (1,1399,1,1) 145
32 192 (11,140,1,1) 1236 45 52 (1,1427,1,1) 275
33 52 (1,1319,1,1) 225 46 52 (4,263,1,1) 306
34 32 (1,1678,1,1) 113 47 22 (1,2681,1,1) 74
34 52 (1,1223,1,1) 241 47 52 (3,383,1,1) 298
34 132 (9,100,1,1) 798 48 52 (1,796,1,3) 302
34 172 (16,1,1,7) 1260 48 132 (9,97,1,1) 1058
34 11° (12,1,1,7) 180450 49 52 (4,311,1,1) 315
35 32 (1,1916,1,1) 122 50 52 (1,2396,1,1) 306
35 52 (1,1916,1,1) 242 50 72 (1,2396,1,1) 506
36 32 (4,199,1,1) 130 50 192 (9,146,1,1) 1750

Data availability
Data will be made available on request.
Appendix A. More data

In Tables A.1, A2, A3, A4, A5 A6, A7 and A.8, we list the maximal values
that we found for the number of points of the curves X (ng, no+, nns, nps+) over Iy, for
n0n0+ngsnfm+ < 10000 and ¢ = p* a prime power with p < 20, k < 5 for p odd and k < 6
for p = 2. As in Section 6 we restrict our search to the curves X (ng, no+, nns, Nns+ ). The
entries are of the type (ng, no+, Nns, Nns+) — #X (N0, Mo+, Nns, Nus+ ) (Fg) and the field
is indicated only once at the top of the column. All the values that improve previous
known lower bounds L4(IF,) are in bold. When a lower bound L,(IF,) is not yet available,
we display in bold curves with M points only if the corresponding upper bound satisfies
My(F,) < g+1++2(M —q—1), as it is done in the database [30] at the time of writing
(September 2022).
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Table A.1

Table for max{#X (no, no+, Nns, Nns+ ) (Fq)} with ¢ = 2% and nono+ nﬁsn
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2 . < 10000.

nst

Fa

Fa

Fa

Fa

Fa

Fa

20

21

22

23

24

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

a7

48

49

(1,17,1,3)—=5

(1,67,1,1)—6

(1,97,1,1) =7

(1,47,1,3)—=7

(1,157,1,1)—8

(1,223,1,1)—9

(1,193,1,1)—8

(1,427,1,1)—10
(3,91,1,1)—10

(1,307, 1,1)—10
(1,313,1,1)—11
(3,73,1,1) =11

(3,133,1,1)—12
(1,871,1,1)—10
(1,433,1,1)—13
(3,97,1,1)—13

(1,457, 1,1)—12
(1,323,1,3)—12
(1,973,1,1)—14
(1,1443,1,1)—>13
(1,619,1,1)—12
(1,577,1,1)—16
(1,613,1,1)—13
(1,643,1,1)—16
(1,1267,1,1)—14
(3,157,1,1)—15
(1,733,1,1)—16
(1,787,1,1)—15
(1,757,1,1)—15
(1,1263,1,1)—16
(1,517,1,3)—14
(1,1299,1,1)—16
(1,853,1,1)—16
(1,937,1,1)—16
(1,1063,1,1)—16
(1,1413,1,1)—>15
(3,223,1,1)—18
(1,1897,1,1)—>17
(1,1497,1,1)—17
(1,353, 1,3)—20
(3,427,1,1)—20
(1,1123,1,1)—21
(1,2191,1,1)—>18
(1,1731,1,1)—20
(1,707, 1,8)—17
(1,2257,1,1)—18
(3,283,1,1)—18
(1,1237,1,1)—21
(1,1857,1,1)—19

(1,1929,1,1)—21

(1,1,1,11)—9
(1,29,1,3)—10
(1,17,1,5)—14
(1,7,1,15)=15
(1,645,1,1)—17
(1,447,1,1)—=19
(1,5,1,11)—20
(1,545, 1, 1)—22
(1,689,1,1)—24
(1,13,1,15)—27
(1,717,1,1)—25
(3,131,1,1)—29
(135,1,1,1)—30
(1,521, 1,1)—31
(1,879,1,1)—33
(1,569, 1,1)—34
(1,29,1,7)—=35
(1,1077,1,1)—36
(225,1,1,1)—-38
(1,1041,1,1)—38
(3,17,1,5)—42
(1,761,1,1)—43
(1,83,1,5)—43
(1,1469,1,1)—44
(1,1437,1,1)—46
(1,971, 1, 1)—49
(1,1383,1,1)—49
(1,941, 1,1)—52
(1,1091,1,1)—55
(1,231,1,5)—51
(1,1,1,57) =54
(1,1527,1,1)—53
(1,349, 1,3)—56
(1,1109,1,1)—60
(1,1707,1,1)—59
(1,2051,1,1)—=59
(27,25,1,1)—63
(1,1181,1,1) 62
(1,409, 1,3)—65
(1,1559,1,1)—66
(1,2045,1,1)—64
(1,1361,1,1)—73
(3,581,1,1)—68
(1,2105,1,1)—66
(1,2651,1,1)—=71
(1,2229,1,1)—72
(1,2681,1,1)—74
(1,5,1,27)—=72
(1,1481,1,1)—77

(1,4407,1,1) 78

(1,5,3,1)—>14
(5,7,1,1)—16
(1,175,1,1)—16
(7,17,1,1)>16
(3,1,1,7)—=17
(1,9,1,7)—17
(15,11,1,1)—16
(25,7,1,1)—=25
(3,1,7,1)—=26
(1,343,1,1)—17
(5,7,3,1)—=24
(3,73,1,1)—17
(1,621,1,1)—22
(13,33,1,1)—16
(1,9,7,1)—26
(1,657,1,1)—17
(1,669,1,1)—18
(71,1,1,3)—16
(41,9,1,1)—18
(1,865,1,1)—16
(245,1,1,1)—28
(1,577,1,1)—22
(71,7,1,1)—18
(1,727,1,1)—19
(1,175,3,1)—24
(1,1029,1,1)—21
(1,1191,1,1)—21
(25,7,1,3)—25
(19,5,3,1)—26
(1,1417,1,1)—19
(27,23,1,1)—32
(7,187,1,1)—21
(1,853,1,1)—22
(1,937,1,1)—19
(1,1389,1,1)—22
(5,47, 1,3)—20
(3,5,7,1)—26
(1,997, 1, 1) =21
(1,1497,1,1)—23
(1,353,1,3)—>23
(65,11,1,1)—28
(1,1123,1,1)—24
(13,1,7,1)—26
(1,1731,1,1)—23
(3,493, 1, 1)—22
(1,1863,1,1)—25
(3,13,1,7)—21
(1,1237,1,1)—27
(39,23,1,1)—28

(1,1929,1,1)—24

(1,17,1,3) =25
(1,1,9,1)—31
(7,13,1,1)—33
(13,7,1,1)—32
(1,555,1,1)—33
(3,37,1,1)—45
(5,27,1,1)—39
(1,333,1,1)—43
(9,19,1,1)—62
(127,1, 1, 1)—40
(1,1295,1,1)—43
(1,513,1,1)—56
(9,1,5,1)—60
(1,43,1,5)—44
(3,185,1,1)—=61
(1,23,5,1)—50
(65,1,1,3)—52
(9,37,1,1)—83
(11,57,1,1)—55
(7,111,1,1)—65
(1,39,5,1)—65
(13,57,1,1) =67
(1,1881,1,1)—62
(1,1665,1,1)—>67
(5,17,3,1)—=72
(1,2373,1,1)—56
(91,1, 1,3)—80
(27,19,1,1)—108
(295,1,1,1)—58
(1,2553,1,1)—63
(25,39,1,1)—-73
(1,1,27,1)—67
(363,1,1,1)—72
(7,185,1,1)—76
(119,1,1,3)—88
(11,195,1,1) =67
(15,37,1,1)—98
(1,3219,1,1) 74
(33,19, 1,1)—92
(1,2471,1,1) 72
(375,1,1,1)—78
(1,2103,1,1)—80
(473,1,1,1)—92
(1,4301,1,1)—>78
(39,19, 1, 1)—100
(1,4403,1,1)—82
(29,37, 1,1)—92
(3,629,1,1)—96
(21,37, 1,1)—120

(1,5,1,23)—+82

(1,11,1,3)—44
(1,13,3,1)—51
(1,11,3,1)—63
(5,29,1,1)—53
(13,1,3,1)—62
(1,297,1,1)—66
(1,423,1,1)—56
(31,5,1,1)—64
(19,1, 3,1)—60
(19,11,1,1)—64
(13,19,1,1)—65
(1,47,3,1)—59
(5,53,1,1)—76
(27,11,1,1)—93
(1,79,3,1) =72
(5,89,1,1)—73
(7,61,1,1)—67
(9,47,1,1)—97
(11,1,1,7)—65
(19,23,1,1)—64
(247,1,1,1)—64
(5,159,1,1)—64
(15,29,1,1)—84
(7,89,1,1) =76
(5,19,3,1)—80
(7,195,1,1)—72
(1,5,3,7)—64
(1,1325,1,1)—91
(173,3,1,1)—65
(19,11, 1,3)—86
(1,247,3,1)—=80
(1,7,11,1)=107
(19,1,1,7)—65
(23,11,1,3) =77
(7,19,3,1)—80
(11,115, 1,1)—=70
(7,1,3,5)—82
(121,7,1,1) =69
(11,13,3,1)—80
(9,145, 1, 1) 67
(1,53,5,1)—112
(13,115,1,1)—63
(9,101,1,1)—72
(263,3,1,1)—64
(63,11,1,1)—124
(1,47,1,9)—94
(81,11,1,1)—93
(1,803,1,3)—=57
(13,83,1,1) =77

(29,65,1,1)—-73

(1,1,1,11)—81
(1,3,1,7)—91
(7,15,1,1)—103
(1,1,5,3)—119
(3,1,1,7)—117
(9,13,1,1)—143
(1,9,5,1)—=110
(5,1,1,9)—113
(3,85,1,1)—153
(1,175,1,3)—126
(5,43,1,1)—121
(1,765,1,1)—143
(15,13,1,1)—142
(3,1,1,11)—135
(9,31,1,1)—170
(9,1,1,7)—237
(3,103,1,1)—170
(5,73,1,1)—153
(27,13,1,1)—207
(1,9,1,11)—151
(9,49, 1,1)—188
(7,73,1,1)—162
(77,5,1,1)—152
(1,1339,1,1)—138
(49,11, 1,1)—220
(9,85,1,1)—199
(7,101,1,1)—=157
(25,7,1,3)—167
(7,155,1,1) =164
(1,1,5,7)—137
(9,1,7,1)—186
(3,193,1,1)—161
(9,67,1,1)—182
(11,67,1,1)—170
(25,31,1,1)—270
(1,1413,1,1)—171
(1,23,7,1)—196
(7,113,1,1)—>161
(45,13,1,1)—242
(1,1,5,9)—197
(55,13,1,1)—=174
(5,301,1,1)—174
(9,155,1,1)—>156
(11,101, 1,1)—168
(3,515,1,1)—=202
(9,1,1,11)—259
(1,1899,1,1)—216
(5,193,1,1)—201
(5,309, 1,1)—205

(1,93,5,1)-206
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Table A.2

Table for max{#X (nog, no+, Nns, Nns+ ) (Fq)} with ¢ = 3k and ”O”W”is"iw < 10000.
g Fs Fj. Fs s Fas
1 (1,37,1,1)>7 (1,5,1,8)—16 (1,1,2,5)—38 (1,7,1,4)—96 (1,1,1,11)—275
2 (1,85,1,1)—8 (1,14,1,5)—20 (1,11,4,1)—44 (23,1,1,1)—116 (1,14,1,5)—306
3 (4,13,1,1)—10 (4,31,1,1)—28 (1,29,2,1)—46 (1,95,2,1)—124 (1,136, 1,1)—304
4 (1,148,1,1)—11 (44,1,1,1)—30 (1,41,2,1)—44 (1,160,1,1)—138  (5,17,1,1)—346
5 (1,212,1,1)—12 (1,28,1,5)—32 (5,44,1,1)—52 (23,4,1,1)—132 (1,28,1,5)—366
6  (1,340,1,1)—13  (1,398,1,1)—37 (1,8,5,1)—56 (1,272,1,1)—142  (121,1,1,1)—364
7 (1,296,1,1)—13  (4,71,1,1)—39 (31,4,1,1)—54 (61,2,1,1)—137 (4,95,1,1)—366
8 (1,293,1,1)—12 (7,13,2,1)—42 (1,23,4,1)—44 (101,1,1,1)—152 (8,17,1,1)—364
9 (4,37,1,1)>16 (8,31,1,1)—48 (1,7,8,1)—52 (32,5,1,1)—176 (5,17,2,1)—464
10 (1,277,1,1)—16 (1,755,1,1)—47 (16,11, 1,1)—52 (4,65,1,1)—180 (1,191,2,1)—383
11 (1,317,1,1)—15  (1,439,1,1)—53 (104,1,1,1)—56  (115,1,1,1)—164  (8,35,1,1)—364
12 (1,424,1,1)—16 (4,7,1,5)—58 (17,20, 1,1)—44 (1,37,4,1)—166 (4,7,1,5)—484
13 (1,373,1,1)>18 (1,632,1,1)—56 (20,11,1,1)—72 (7,32,1,1)—168 (1,632, 1,1)—448
14 (1,554,1,1)—18 (1,734,1,1)—59 (124,1,1,1)—56 (61,4,1,1)—160 (61,5,1,1)—344
15 (1,113,1,4)—17  (1,1055,1,1)—63 (5,29,2,1)—50 (5,7,4,1)—198 (161,1,1,1)—384
16 (1,893,1,1)—17  (1,796,1,1)—70 (16,23,1,1)—=52  (16,17,1,1)—210  (1,305,2,1)—414
17 (1,634,1,1)—19 (1,92,1,5)—64 (5,88,1,1)—64 (1,592,1,1)—172 (7,4,1,5)—448
18 (1,692,1,1)—20  (1,878,1,1)—73 (7,25,2,1)—52 (8,37,1,1)—170 (7,82,1,1)—374
19 (1,746,1,1)—21 (1,839,1,1)—72 (11, 1,2, 5)—60 (37,5,2,1)—196 (1,1120,1,1)—366
20 (1,778,1,1)>19  (1,1244,1,1)—80 (1,451,2,1)—44  (8,65,1,1)—198 (25,17, 1,1)—526
21 (1,677,1,1)—20 (256,1,1,1)—80 (32,11, 1,1)—52 (125,1,2,1)—208 (7,115,1,1)—446
22 (1,788,1,1)—24 (121,4,1,1)—80 (13,19,2,1)—64 (13,19,2,1)—178 (16,35,1,1)—484
23 (1,613,1,1)—22  (1,1084,1,1)—92 (208,1,1,1)—=56  (11,35,2,1)—214  (7,92,1,1)—408
24 (1,653,1,1)—23 (1,751,1,1)—82 (1,11,1,16)—54 (5,77,2,1)—228 (5,136, 1,1)—464
25 (1,1460,1,1)—22  (4,167,1,1)—87 (5,49,2,1)—56 (1,31,5,1)—222 (20,17,1,1)—552
26 (8,53,1,1)—24 (1,1436,1,1)—92 (52,7,1,1)—56 (19,7,1,4)—180 (1,79,4,1)—462
27 (1,1397,1,1)>22  (4,151,1,1)—100 (232,1,1,1)—56 (7,47,2,1)—198 (7,47,2,1)—472
28 (1,1730,1,1)—20  (4,191,1,1)—99 (7,41,2,1)—62 (13,68,1,1)—212 (7,41,2,1)—402
29 (1,757,1,1)—25  (8,7,1,5)—104 (17,19,2,1)—62  (19,44,1,1)—202  (8,79,1,1)—604
30 (1,1114,1,1)—25  (1,1375,1,1)—99 (31,16,1,1)—56 (1,1,5,7)—248 (25,34,1,1)—475
31 (1,1285,1,1)—21  (1,2159,1,1)—102 (5,176, 1,1)—60 (11,7,4,1)—216 (5,61,2,1)—522
32 (1,1226,1,1)—25  (1,1039,1,1)—112  (23,44,1,1)—54  (43,22,1,1)>215  (1,1264,1,1)—490
33 (1,1108,1,1)—31 (1,103,1,5)—111 (40,11,1,1)—80 (32,17,1,1)—256 (1,43,5,1)—524
34 (1,877,1,1)—26  (1,1678,1,1)—113  (4,253,1,1)—54  (5,67,2,1)—246 (1,47,5,1)—440
35 (1,1465,1,1)—24  (1,1916,1,1)—122  (119,5,1,1)—72 (25,31, 1,1)—242 (28,1,1,5)—608
36 (1,1192,1,1)—24  (4,199,1,1)—130 (7,53,2,1)—72 (16,37,1,1)—274 (16,47,1,1)—444
37 (1,1268,1,1)—28  (4,239,1,1)—123 (7,59,2,1)—62 (37,5,1,4)—222 (4,179,1,1)—408
38 (1,997,1,1)—26 (1,1231,1,1)—131  (1,77,2,5)—48 (1,185, 4,1)—228 (1,2212,1,1)—362
39 (4,157,1,1)>28  (1,1511,1,1)—128 (23,1,2,5)—66 (7,95,2,1)—268 (4,163,1,1)—454
40 (1,1514,1,1)—29  (1,1756,1,1)—142  (275,2,1,1)—54 (1,68,5,1)—260 (1,68,5,1)—502
41 (1,1384,1,1)—24  (1,3020,1,1)—130 (88,7,1,1)—56 (128,5,1,1)—240  (145,4,1,1)—488
42 (1,109, 1,5)—27 (1,1279,1,1)—132  (11,41,2,1)—64 (25,1,1,7)—260 (13,115,1,1)—436
43 (1,1117,1,1)—32  (4,391,1,1)—132 (1,59,1,7)—55 (11,35,1,4)—252  (25,17,2,1)—624
44 (1,1492,1,1)—35  (1,1966,1,1)—136  (179,4,1,1)—54 (7,67,2,1)—270 (19,13, 1,4)—466
45  (1,1706,1,1)—25  (1,1399,1,1)—145  (17,29,2,1)—68 (161,4,1,1)—264 (32,35,1,1)—604
46 (1,1642,1,1)—27  (1,2455,1,1)—139 (47,16,1,1)—=54  (1,74,5,1)—284 (61,17,1,1)—442
47 (1,1576,1,1)—30  (1,3598,1,1)—139 (47,11,2,1)—60 (55,7,2,1)—296 (7,115,2,1)—462
48 (1,1213,1,1)—33  (1,3484,1,1)—144 (1,1588,1,1)—=51  (5,77,1,4)—259 (31,17, 2,1)—402
49 (4,197,1,1)—36 (4,311,1,1)—159 (29,1,2,5)—72 (5,97,2,1)—284 (5,316,1,1)—584
50 (1,2285,1,1)—28  (1,2126,1,1)—154 (29,19, 2,1)—74 (1,2992,1,1)—258  (7,236,1,1)—514
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Table A.3
g F5
1 (1,7,1,4)—10
2 (1,67,1,1)—12
3 (4,19,1,1)>15
4 (1,172,1,1)—17
5 (1,278,1,1)—16
6 (1,163,1,1)—19
7 (1,268,1,1)—21
8 (1,403,1,1)—21
9 (4,43,1,1)—24
10 (1,422,1,1)—23
11 (1,331,1,1)—24
12 (1,203, 1,3)—23
13 (1,379,1,1)—26
14 (1,988,1,1)—21
15 (4,67,1,1)—30
16 (1,662,1,1)—28
17 (8,11,1,3)—28
18 (1,499,1,1)—31
19 (1,652,1,1)—33
20 (1,547,1,1)—33
21 (3,172,1,1)—34
22 (1,844,1,1)—38
23 (1,921,1,1)—30
24 (1,227,1,3)—29
25 (4,171,1,1)—30
26 (1,739,1,1)—38
27 (3,163,1,1)—36
28 (1,787,1,1)—35
29 (1,1094,1,1)—37
30 (4,139,1,1)—39
31 (1,1132,1,1)—37
32 (1,1227,1,1)—35
33 (3,268, 1,1)—42
34 (1,1228,1,1)—41
35 (1,1304,1,1)—39
36 (1,428, 1,3)—45
37 (1,1324,1,1)—46
38 (1,1956,1,1)—37
39 (1,1051,1,1)—48
40 (1,1641,1,1)—39
41 (1,1963,1,1)—34
42 (12,43,1,1)—48
43 (1,1516,1,1)—50
44 (1,431,1,3)—37
45 (1,3014,1,1)—36
46 (1,76,1,7)—40
a7 (1,1766,1,1)—43
48 (4,211,1,1)—57
49 (1,1814,1,1)—45
50 (1,1688,1,1)—46

(1,1,1,21)—36
(1,51,1,4)—46
(1,19, 1,12)—56
(4,47,1,1)—66
(1,572,1,1)—71
(8,13,1,1)—74
(16,9,1,1)—84
(1,27,4,1)—88
(1,622,1,1)—90
(1,668,1,1)—108
(1,503,1,1)—109
(16,13,1,1)—>122
(4,143,1,1)—126
(1,1007,1,1)—117
(1,719,1,1)—127
(1,647,1,1)—136
(196, 1,1,1)—142
(1,271,1,3)—146
(1,1006, 1,1)—154
(1,1052,1,1)—164
(1,743,1,1)—152
(121,4,1,1)—164
(1,887,1,1)—180
(1,412,1,3)—188
(4,167,1,1)—204
(1,1294,1,1)—188
(1,1509,1,1)—191
(1,1336,1,1)—200
(1,2004,1,1)—>200
(3,2,1,13)—191
(1,1532,1,1)—228
(1,542,1,3)—213
(1,1319,1,1)—225
(1,1223,1,1)—241
(1,1916,1,1)—242
(1,2327,1,1)—236
(4,79,1,3)—>243
(1,2177, 1, 1)—226
(1,1774,1,1)—260
(1,1559,1,1)—264
(3,83,1,4)—256
(1,2012,1,1)—296
(3,623,1,1)—266
(1,1487,1,1)—289
(1,1427,1,1)—275
(4,263,1,1)—306
(3,383,1,1)—298
(1,796,1,3)—302
(4,811,1,1)—315
(1,2396,1,1)—306

(1,132,1,1)—148
(1,14,3,1)—170
(1,28,3,1)—192
(4,33,1,1)—174
(1,1,3,8)—=170
(3,53,1,1)—178
(4,7,3,1)—240
(76,1,1,1)—174
(93,1,1,1)—200
(1,113,2,1)—166
(112,1,1,1)—204
(1,11, 3,4)—204
(129, 1, 1, 1)—200
(3,41,2,1)—194
(93,2,1,1)—204
(23,3,1,4)—180
(8,7,3,1)—288
(9,11, 1,4)—204
(1,112, 3, 1)—240
(11,43,1,1)—186
(7,8,3,1)—244
(188,1,1,1)—246
(1,17,8,1)—244
(1,1989, 1,1)—204
(1,11,9,1)—210
(163, 1,2, 1)—190
(129, 1,2,1)—196
(7,41,2,1)—218
(93,4,1,1)—248
(1,297, 1,4)—210
(1,1,11,4)—228
(1,97,4,1)—208
(11,14, 3,1)—218
(7,1,2,9)—190
(1,194, 3, 1)—230
(1,1908,1,1)—218
(7,59,2,1)—218
(9,89,1,1)—252
(16,7,3,1)—336
(163, 4,1, 1)—222
(56,1,3,1)—288
(3,221,2,1)—274
(1,224,3,1)—248
(16,77,1,1)—254
(3,167, 2,1)—266
(27,44,1,1)—244
(81,11,1,1)—282
(8,97,1,1)—222
(36,17,1,1)—294
(9,136,1,1)—226

(1,1,1,11)—675
(1,67,1,1)—724
(1,29,2,1)—738
(61,1,1,1)—758
(19,1, 1,3)—817
(9,13, 1,1)—902
(1,232,1,1)—854
(9,26,1,1)—885
(19,9, 1,1)—898
(4,41,1,1)—942
(39,4, 1,1)—>888
(1,148, 1,3)—839
(9,13,2,1)—936
(19,4, 1,3)—1000
(21,11, 1,1)—908
(8,1,1,7)—974
(171,1,1,1)—1060
(9,52, 1,1)—1082
(27,13,1,1)—1026
(1,87,4,1)—1096
(1,232, 1,3)—966
(4,29, 1,3)—996
(1,772,1,1)—1096
(7,23, 1,3)—942
(1,1804, 1,1)—952
(1,916,1,1)—1114
(3,364,1,1)—1056
(16,29,1,1)—1218
(3,232,1,1)—1288
(19,17,2,1)—1032
(21,11,2,1)—1268
(3,193,1,1)—1150
(9,67,1,1)—1016
(16,1, 1,7)—1260
(117,4,1,1)—1204
(16,37,1,1)—1202
(36,13,1,1)—1296
(3,229,1,1)—1268
(3,29,4,1)—1328
(12,41,1,1)—1326
(17,91,1,1)—1168

(1,2316,1,1)—1182
(1, 2088, 1,1)—1400

(8,29,1,3)—1174
(17,29,2,1)—1224
(9,1,1,11)—1438
(7,99,2,1)—1196
(4,193,1,1)—1466
(4,351,1,1)—1200
(67,4,1,3)—1168

(1,13,1,4)—3227
(1,167,1,1)—3328
(13,1, 1,4)—3404
(1,334,1,1)—3530
(1,572,1,1)—3631
(12,7,1,1)—3612
(7,33,1,1)—3644
(1,46,3,1)—3684
(87,1,1,1)—3768
(1,668,1,1)—4092
(13,23,1,1)—3912
(1,868,1,1)—3786
(29,9, 1,1)—3768
(9,46, 1,1)—3848
(21,11, 1, 1)—4044
(68,3,1,1)—3852
(1,92,3,1)—4186
(13,46, 1,1)—3858
(87,1,2,1)—4084
(1,724,1,1)—3972
(247,1,1,1)—3804
(1,1242, 1, 1)—4048
(17, 36,1, 1)—3928
(1,3,4,7)—3764
(4,167,1,1)—4332
(3,208, 1,1)—3934
(9,92,1,1)—4186
(9,82, 1,1)—4060
(9,29,2,1)—4202
(367,1,1,1)—3888
(204,1,1,1)—4332
(1,32,1,7)—3886
(1,184, 3,1)—4242
(4,23,3,1)—4686
(13,92, 1, 1)—4604
(1,1557,1,1)—4110
(151,4,1,1)—4284
(1,836, 1,3)—4026
(13,23, 1,3)—4012
(12,41, 1, 1)—3966
(1,1281,2,1)—4074
(1,418, 3,1)—4128
(1,1556, 1, 1)—4650
(8,29,1,3)—4166
(63,11,1,1)—4564
(1,7,13,1)—4514
(9,107,1,1)—4414
(3,89, 1,4)—4058
(27,46,1,1)—4718
(3,524, 1,1)—4324
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Table for max{#X (nog, no+, Nns, Nns+ ) (Fq)} with ¢ = 7% and ngng+ nisn
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< 10000.
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g

Fr

Fe

Fos

Frs

Fos

(1,1,1,15)—13
(8,1,1,3)—16
(1,113,1,1)—18
(1,137,1,1)—21
(1,4,1,15)—24
(1,73,1,3)—26
(1,257,1,1)—26
(1,356,1,1)—24
(1,97,1,3)—29
(1,146, 1,3)—26
(1,353,1,1)—33
(1,452,1,1)—36
(4,1,1,15)—36
(1,194, 1,3)—31
(1,548,1,1)—40
(12,17,1,1)—36
(1,706,1,1)—35
(1,785,1,1)—33
(1,593,1,1)—39
(1,1394,1,1)—33
(1,193, 1,3)—41
(1,1356,1,1)—37
(1,617,1,1)—45
(1,292,1,3)—44
(1,16, 1,15)—36
(1,932,1,1)—48
(8,1,1,15)—48
(4,113,1,1)—54
(1,53,1,8)—36
(1,929,1,1)—43
(1,1096,1,1)—46
(1,386, 1,3)—47
(1,388,1,3)—56
(4,137,1,1)—60
(3,257,1,1)—52
(1,977,1,1)—56
(1,1097,1,1)—54
(1,1937,1,1)—48
(1,2033,1,1)—51
(1,1412,1,1)—64
(1,1193,1,1)—60
(1,2852,1,1)—54
(1,1217,1,1)—57
(1,697,1,3)—53
(1,1604,1,1)—56
(1,2788,1,1)—52
(1,164,1,5)—56
(1,317,1,4)—62
(1,4,1,39)—48
(1,2561,1,1)—52

(1,1,1,11)—64
(1,1,1,16)—78
(1,124, 1,3)—92
(20,3,1,1)—102
(52,1,1,1)—>112
(1,359,1,1)—121
(1,1,16,1)—148
(1,431,1,1)—138
(1,151,1,3)—167
(27,1,1,4)—153
(1,764,1,1)—176
(1,718,1,1)—171
(1,599,1,1)—184
(8,43,2,1)—>194
(1,956,1,1)—214
(81,4,1,1)—210
(1,92,1,5)—216
(1,179,1,4)—>224
(3,191, 1, 1)—232
(1,1052,1,1)—242
(3,284, 1,1)—252
(100, 3, 1, 1)—246
(1,911, 1, 1)—264
(1,412, 1, 3)—272
(1,1751,1,1)—284
(1,1436,1,1)—312
(3,23,1,5)—288
(4,191, 1, 1)—330
(16,1,5,1)—304
(1,1019, 1, 1)—300
(16,5,3,1)—324
(1,1184,1,1)—330
(1,1724,1,1)—370
(1,1678,1,1)—337
(1,1916,1,1)—364
(1,604, 1,3)—392
(4,79,1,3)—408
(1,2155,1,1)—352
(1,1511,1,1)—387
(4,23,1,5)—402
(3,359, 1,1)—412
(1,2012,1,1)—396
(9,43,2,1)—>444
(1,2759,1,1)—402
(1,3071,1,1)—410
(4,263, 1, 1)—450
(1,3,26,1)—416
(1,796, 1,3)—452
(12,71, 1, 1)—480

(1,2396,1,1)—506

(1,76,1,1)—380
(1,33,2,1)—412
(1,71,2,1)—446
(3,55,1,1)—440
(8,11, 1,1)—440
(1,33,4,1)—480
(12,11,1,1)—474
(1,4,9,1)—508
(3,76,1,1)—528
(16,11,1,1)—536
(3,55,2,1)—556
(9,38,1,1)—548
(1,279,2,1)—504
(3,220,1,1)—510
(40,1, 1,3)—584
(1,796,1,1)—526
(1,9,1,20)—532
(12,19,1,1)—584
(4,1,9,1)—612
(1,34,5,1)—478
(24,11,1,1)—632
(188,1,1,1)—594
(9,110,1,1)—566
(1,71,4,1)—540
(27,1, 1, 5)—660
(17,44,1,1)—566
(9,76,1,1)—824
(27,19,1,1)—558
(1,957, 2,1)—592
(3,244,1,1)—582
(12,55,1,1)—696
(3,440,1,1)—510
(1,43,5,1)—662
(9,55,2,1)—606
(8,165,1,1)—556
(4,199, 1,1)—656
(9,1,1,20)—784
(1,1956, 1,1)—578
(4,163,1,1)—704
(1,2052, 1,1)—546
(1,19,9, 1)—600
(5,244,1,1)—544
(48,11,1,1)—872
(3,481,1,1)—512
(32,33,1,1)—760
(47,16,1,1)—594
(1,837,2,1)—544
(9,220,1,1)—746
(1,1,38,1)—644
(27,55,1,1)—622

(1,1,1,24)—2496
(1,1, 4,3)—2590
(1,29,2,1)—2684
(16,1, 1, 3)—2778
(29,1,2,1)—2808
(3,68,1,1)—2774
(68,1,1,1)—2844
(1,304,1,1)—2831
(8,19, 1,1)—2904
(19, 1,2, 3)—2976
(117,1,1,1)—3052
(1,500, 1, 1)—2893
(9,13,2,1)—3048
(83,1,2,1)—3002
(4,67,1,1)—3104
(12,17, 1, 1)—3090
(5,67,1,1)—3228
(16,19,1,1)—3118
(27,13,1,1)—3267
(1,724,1,1)—3201
(184,1,1,1)—2968
(4,89,1,1)—3174
(9,53, 1,1)—3308
(1,307, 2,1)—3089
(117,1,2,1)—3408
(1,5,2,11)—3165
(232,1,1,1)—3340
(16,29, 1, 1)—3498
(9,29,2,1)—3352
(9,94, 1,1)—3352
(80,1, 1, 3)—+3396
(1,31,4,3)—3496
(4,201,1,1)—3578
(5,67,2,1)—3622
(117,4,1,1)—3412
(11,195, 1,1)—3352
(351,1,1,1)—3366
(1,2320,1,1)—3178
(5,31, 2, 3)—3590
(27, 13,2, 1)—=3504
(31,1, 1,8)—3474
(1,2136, 1,1)—3446
(4,267,1,1)—3612
(8,145, 1,1)—3598
(4,181,1,1)—3992
(3,277,1,1)—3964
(1,2412,1,1)—3380
(1,577,2,1)—3474
(17,67,1,1)—3470
(5,268, 1,1)—4084

(1,4,1,5)—17050
(1,8,1,5)—17292
(1,290,1,1)—17534
(1,22,3,1)—17770
(11,9,1,1)—18012
(4,3,1,5)—=17795
(8,1,1,5)—18496
(11,20, 1,1)—18496
(99,1,1,1)—18968
(19,11,1,1)—18143
(17,4,1,3)—18724
(1,43,4,1)—17968
(19,18,1,1)—18368
(1,59,4,1)—18520
(55,4,1,1)—19216
(4,11,3,1)—18732
(185,1,1,1)—18804
(5,116,1,1)—18888
(1,19,1,15)—18613
(83,4,1,1)—18438
(207,1,1,1)—19568
(4,145,1,1)—18648
(1,2204,1,1)—18811
(1,808,1,1)—19211
(4,101, 1,1)—19362
(185,2,1,1)—19586
(8,1,1,15)—19488
(1,479,2,1)—19743
(99,4, 1,1)—19936
(1,1850,1,1)—18714
(297, 1,1, 1)—20352
(1,2390,1,1)—18682
(88,5,1,1)—20168
(13,76,1,1)—19650
(13,29, 2,1)—19382
(1,604, 1,3)—19580
(151,4,1,1)—19336
(1,2678,1,1)—18889
(5,284,1,1)—19984
(1,2064,1,1)—19478
(1,152, 1,5)—19604
(1,22,3,5)—19234
(20,29, 1,1)—20766
(1,1654,1,1)—19418
(4,19, 1,5)—20462
(1,181, 2,3)—19392
(1,925, 2,1)—19272
(13,116, 1,1)—20284
(36,1, 1,5)—20880
(8,101, 1,1)—21084
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Table A.5

Table for max{# X (no, 7o+, ns, Tns+ ) (Fq) } with ¢ = 11% and nong+n2,n,. < 10000.
g9 F1 Fia2 Fiys Fips Fi1s
1 (1,20,1,3)—18 (1,1,1,15)—144 (1,43,1,1)—1404 (1,37,1,1)—14875 (1,5,1,12)—161854
2 (1,133,1,1)—21 (1,167,1,1)—166 (16,3,1,1)—1468 (1,161,1,1)—15118 (1,3,1,7)—162656
3 (1,109,1,1)—25 (1,105,1,4)—188 (4,19,1,1)—1488 (1,27,1,4)—15287 (1,312,1,1)—163458
4 (1,148,1,1)—27 (1,32,1,3)—210 (1,172,1,1)—1600 (3,1,1,8)—15466 (3,13,2,1)—164260
5 (1,181,1,1)—32 (1,1,2,15)—232 (19,3,2,1)—1494 (1,378,1,1)—15699 (3,1,1,7)—165062
6 (1,244,1,1)—32 (1,103, 1, 3)—239 (1,1,3,7)—1622 (12,7,1,1)—15590 (3,52,1,1)—165864
7 (1,229,1,1)—37 (1,64,1,3)—276 (4,5,3,1)—1572 (3,140, 1,1)—15636 (1,12,1,7)—166589
8 (1,362,1,1)—35 (3,80,1,1)—266 (76,1,1,1)—1740 (1,532,1,1)—15673 (1,468, 1,1)—165864
9 (1,101, 1,3)—36 (1,1, 10, 3)—320 (4,43,1,1)—1812 (9,28,1,1)—16496 (8,89,1,1)—167544
10 (1,458,1,1)—38 (108,1,1,1)—306 (43,4,1,1)—1568 (27,1,1,4)—16308 (3,104,1,1)—168744
11 (1,349,1,1)—43 (112,1,1,1)—316 (5,76,1,1)—1600 (3,64,1,1)—16012 (39,4,1,1)—166888
12 (1,436,1,1)—44 (12,18,1,1)—338  (1,137,2,1)—1760 (1,703,1,1)—16125 (12,13,1,1)—170676
13 (1,37,1,5)—40 (25,1,2,3)—408 (1,1092,1,1)—1642  (1,756,1,1)—17241 (4,1,7,1)—165786
14 (1,52,1,5)—44 (1,2,13,1)—341 (95,2,1,1)—1628 (1,562,1,1)—16181 (1,329,2,1)—>165858
15 (4,61,1,1)—48 (153,1,1,1)—380 (91,3,1,1)—1724 (27,14, 1,1)—16800 (1,24,1,7)—166581
16 (1,41,1,12)—47 (9,1,1,7)—414 (4,83,1,1)—1683 (1,208, 1,3)—16050 (3,4,1,7)—172432
17 (1,698,1,1)—47 (15,26, 1,1)—390 (152,1,1,1)—1880 (1,634,1,1)—16135 (1,936, 1,1)—168592
18 (3,109,1,1)—44 (9,52,1,1)—422 (19,16, 1,1)—1740 (4,133,1,1)—16751 (4,73,1,1)—167268
19 (1,794,1,1)—47 (64,1,1,3)—540 (217,1,1,1)—1744 (36,7,1,1)—17244 (4,117,1,1)—170676
20 (1,724,1,1)—61 (1,1244,1,1)—438 (43,12,1,1)—1772 (1,665,2,1)—16365 (49,12, 1,1)—167696
21 (1,232,1,3)—44 (256,1,1,1)—464  (8,43,1,1)—1896 (45,1,1,4)—17048 (3,196, 1,1)—172508
22 (4,29,1,3)—54 (16,25,1,1)—462 (92,3,1,1)—1788 (1,1147,1,1)—16431 (1,267,1,4)—167708
23 (1,661,1,1)—62 (1,2204,1,1)—471 (1,777,2,1)—1728 (8,105,1,1)—16672 (156,1,1,1)—172572
24 (1,1189,1,1)—54  (9,2,1,7)—498 (1,4,3,7)—1800 (293,1,1,1)—16398 (1,36,1,7)—172432
25  (1,1047,1,1)—52  (32,13,1,1)—544 (20,19,1,1)—1824 (1,673,1,1)—16916 (24,13,1,1)—180048
26 (1,916,1,1)—69 (3,208, 1,1)—502 (3,323,1,1)—1808 (1,904, 1,1)—16278 (3,208, 1,1)—170676
27 (4,109,1,1)—66 (9,76,1,1)—584 (95,4,1,1)—1800 (1,2490,1,1)—16742  (1,1143,1,1)—168884
28 (1,269,1,3)—64 (4,191,1,1)—546 (4,43,1,3)—1812 (27,16,1,1)—17298 (3,254,1,1)—168264
29 (1,829,1,1)—65 (8,7,1,5)—524 (72,5,1,1)—1784 (9,140, 1,1) 17694 (1,203,3,1)—171650
30  (3,244,1,1)—64 (1,1019,1,1)—515 (5,87,2,1)—1720 (1,1512,1,1)—17203  (1,89,4,1)—168420
31 (1,104, 1,5)—54 (1,2159,1,1)—574 (5,7,1,8)—1864 (27,28,1,1)—19164 (3,4,7,1)—174416
32 (1,293,1,3)—51 (125,1,1,3)—574 (1,1,25,1)—1838 (27,5,1,4)—16766 (3,8,1,7)—172546
33 (4,13,1,5)—66 (1,439, 1, 3)—>608 (13,3,1,8)—1842 (1,280,3,1)—17420 (1,1764,1,1)—172508
34 (1,404,1,3)—68 (12,1,1,7)—624 (5,137,1,1)—2006 (5,27,1,4)—17466 (12,1,1,7)—180450
35  (1,2356,1,1)—56  (1,1916,1,1)—620 (228,1,1,1)—2028 (1,421,2,1)—>17478 (13,92, 1,1)—170088
36 (12,37,1,1)—60 (1, 2080, 1,1)—658 (149,4,1,1)—1764 (1,681,2,1)—17001 (8,73,1,1)—172324
37 (1,1021,1,1)—77  (36,13,1,1)—720 (152, 3,1,1)—2072 (9,64,1,1)—17784 (8,3,1,7)—174120
38 (3,229,1,1)—70 (3,520, 1,1)—642 (13,140,1,1)—1946  (7,37,1,3)—17752 (5,68,1,3)—168964
39 (1,2172,1,1)—66  (40,13,1,1)—708 (183,1,2,1)—1972 (8,133,1,1)—17788 (8,117,1,1)—180048
40 (1,1396,1,1)—84  (16,65,1,1)—714 (1,783,2,1)—1835 (16,13,1,3)—17634 (4,329, 1,1)—172542
41 (1,1448,1,1)—65  (128,1,1,3)—880  (172,3,1,1)—1938 (72,7,1,1)—18544 (147,4,1,1)—174568
42 (4,301,1,1)—66 (1,2157,1,1)—686 (12,43,1,1)—1986 (1,2136,1,1)—17259 (1,406, 3,1)—171972
43 (1,1129,1,1)—59  (400,1,1,1)—732 (8,129, 1,1)—2068 (27,1,1,8)—18330 (1,2088,1,1)—170956
44 (1,148,1,5)—78 (1,1966, 1,1)—697 (8,89,1,1)—1852 (181,1,1,3)—17758 (196,3,1,1)—169398
45  (4,181,1,1)—90 (9,4,5,1)—800 (184,3,1,1)—1832 (40,21, 1,1)—17984 (12,49, 1,1)—179250
46 (1,586, 1,3)—60 (9,142, 1,1)—742 (3,137,2,1)—2080 (4,61,1,3)—17712 (1,4260,1,1)—169720
47 (1,2245,1,1)—65  (3,416,1,1)—804 (13,1,2,7)—1846 (1,3780,1,1)—18179 (3,416, 1,1)—173304
48 (1,1588,1,1)—75  (1,796,1,3)—818 (1,274,3,1)—1826 (81,14,1,1)—18816 (3,89,1,4)—173222
49 (1,500,1,3)—73 (4,311,1,1)—840 (37,21,2,1)—1964 (384,1,1,1)—17952 (312,1,1,1)—180336
50  (1,1684,1,1)—85  (1,2396,1,1)—830 (7,149, 1,1)—1856 (1,1684,1,1)—17711 (412,1,1,1)—170832




V. Dose et al. / Journal of Algebra 635 (2023) 790-821

817

Table A.6

Table for max{#X (nog, no+, Nns, Nns+ ) (Fq)} with ¢ = 13* and nong+ nisnis+ < 10000.
g Fis Fig2 Figs Figs Figs
1 (1,1,1,21)—21 (1,1,1,11)—196 (1,4,1,5)—2290 (1,1,1,15)—28899 (1,1,1,24)—372496
2 (1,107,1,1)—26 (1,4,1,7)—222 (11,4,1,1)—2382 (1,165,1,1)—29166 (1,276,1,1)—373698
3 (1,43,1,3)—29 (1,4,1,9)—242 (1,49, 1, 3)—>2408 (1,43, 1, 3)—>29573 (1,37, 1, 3)—374900
4 (1,214,1,1)—31 (7,19,1,1)—270 (7,1,2,3)—2478 (1,172, 1,1)—29840 (9,14,1,1)—376094
5 (1,323,1,1)—34 (1,23,2,3)—291 (5,44,1,1)—2548 (1,4,1,15)—29950 (32,3,1,1)—377296
6 (1,67,1,3)—41 (23,1,1,3)—308 (1,5,4,3)—2478 (1,609, 1,1)—29775 (12,7, 1,1)—376094
7 (9,7,2,1)—36 (9,16,1,1)—324 (1,5, 8,1)—2600 (1,100, 1, 3)—30426 (9,16, 1,1)—377304
8 (1,344,1,1)—36 (1,4,9,1)—>364 (55,2,1,1)—2670 (1,344,1,1)—29876 (1,552, 1,1)—375968
9 (1,428,1,1)—46 (40,3,1,1)—368 (24,5, 1,1)—2600 (4,43,1,1)—30719 (96,1,1,1)—382096
10 (1,347,1,1)—45 (1,37,2,3)—390 (19,1,2,3)—2574 (7,60,1,1)—31012 (27,7,1,1)—+382887
11 (1,44,1,5)—45 (5,74,1,1)—392 (1,45, 4,1)—2600 (8,33,1,1)—30156 (37,7, 1,1)—379002
12 (1,172,1,3)—50 (23,1,2,3)—422 (11,29,1, 1)—2646 (71,1,2,1)—31162 (79,1, 2,1)—378298
13 (1,467,1,1)—49 (9,1,1,8)—>456 (3,79,1,1)—2828 (5,82, 1,1)—30826 (1,756,1,1)—381309
14 (1,443,1,1)—56 (7,19,1, 3)—»442 (7,59,1,1)—2644 (1,1410,1,1)—30560 (1,380, 1, 3)—378758
15 (1,716,1,1)—50 (4,61,1,1)—482 (55,4,1,1)—2984 (1,16, 5, 1)—30980 (27,14,1,1)—384496
16 (4,83,1,1)—54 (3,97,1,1)—488 (16,7, 1,3)—2910 (1,69, 4,1)—31380 (11,27,1,1)—380118
17 (1,694,1,1)—52 (7,3,1,8)—500 (73,1, 1,3)—2608 (71,4,1,1)—30956 (8,69,1,1)—381044
18 (1,1292,1,1)—57 (1,271,1,3)—524 (3,158, 1,1)—3030 (71,1,1,3)—31154 (1,561, 2,1)—380465
19 (1,19,1,15)—52 (4,1,9,1)>582 (64,5,1,1)—2984 (132,1,1,1)—31548 (36,7, 1,1)—384492
20  (1,1041,1,1)—50 (1,61,4,1)—516 (29,4,1,3)—2614 (9,58,1,1)—31153 (79,1, 1, 3)—383320
21 (1,268,1,3)—71 (45,7,1,1)—548 (56,1, 1,3)—2936 (8,43,1,1)—31580 (45,1, 1, 4)—386432
22 (4,107,1,1)—69 (12,25,1,1)—594 (7,16, 1, 3)—2922 (28,15,1,1)—32754 (3,385, 1,1)—384556
23 (1,1115,1,1)—53 (3,476,1,1)—594  (1,1422,1,1)—2898  (1,617,1,1)—31089 (97,4, 1,1)—382266
24 (1,683,1,1)—70 (4,183,1,1)—626 (1,292, 1,3)—2762 (1,71,4,1)—31694 (1,407, 1, 3)—381949
25 (4,11,1,5)—60 (180,1,1,1)—672  (1,158,3,1)—2810 (1,1827,1,1)—31694 (4,131, 1, 1)—382905
26 (1,326,1,3)—61 (1,343,2,1)—628 (1,505,2,1)—2824 (1,5,2,11)—»31763 (8,53,1,1)—382246
27 (1,283,1,3)—53 (1,2,17,1)—638 (113,1, 1, 3)—2942 (71,2, 1, 3)—32030 (17,11, 1, 3)—382800
28 (4,43,1,3)—75 (1,1151,1,1)—670 (4,1, 1, 21)—»2898 (4,43, 1, 3)—>32979 (3,227,1,1)—381918
20 (1,1401,1,1)—59 (289,2,1,1)—682 (3,5,8,1)—3368 (16,1, 5,1)—32776 (17,19, 2, 1)—384860
30 (1,344,1,3)—64 (8,61,1,1)—730 (1,2162,1,1)—2697 (1,344, 1,3)—32088 (79,2, 1, 3)—385836
31 (3,263,1,1)—58 (81,7,1,1)—744 (220,1,1,1)—3372 (3,23,4,1)—32168 (27,28,1,1)—398892
32 (3,332,1,1)>72 (1,542, 1,3)—728 (1,1264,1,1)—2809 (5,172, 1,1)—32060 (47,21,1,1)—381924
33 (1,2086,1,1)—61 (1,1319,1,1)—744 (4,201, 1,1)—3308 (5,43,1,3)—31964 (288,1,1,1)—391712
34 (1,2060,1,1)—67 (9,100,1,1)—798  (139,4,1,1)—2896 (284,1,1,1)—33606 (11,27, 2,1)—384738
35 (1,947,1,1)—82 (28,19,1,1)—796 (355,1,1,1)—3036 (71,8,1,1)—32916 (37,28,1,1)—388916
36 (1,1388,1,1)—86 (1,604, 1,3)—758 (19, 58,1, 1)—2755 (1,159, 4, 1)—32482 (7,53, 2,1)—386202
37 (1,1366,1,1)—76 (4,239,1,1)—792 (4,49, 1,3)—3204 (1,1,2,27)—32331 (1,1,34,1)—384712
38 (1,263,1,4)>71 (16,57,1,1)—854 (27,2,1,5)—2770 (3,203, 2,1)—32838 (316,1,1,1)—388882
39 (1,1676,1,1)—62 (21,1,1,8)—812 (3,316,1,1)—3736 (21,29, 1,1)—32324 (395,1,1,1)—385084
40 (4,323,1,1)—78 (1,2471,1,1)—844 (3,580, 1, 1)—3000 (4,265, 1,1)—32952 (79,1, 2,3)—388218
41 (1,1187,1,1)—83 (441,1,1,1)—856 (128, 5,1,1)—3368 (88,7,1,1)—33344 (160, 3,1,1)—386912
42 (1,1163,1,1)—81 (1,2012,1,1)—836  (1,1407,2,1)—>2808  (12,43,1,1)—32882 (1,2196,1,1)—384018
43 (1,1283,1,1)—84 (27,1,1,8)—933 (112,1, 1, 3)—3660 (84,5,1,1)—33252 (289,1,2,1)—391428
44 (3,428,1,1)—92 (1,1487,1,1)—863  (8,145,1,1)—2970 (7,240,1,1)—31474 (59,4, 1,3)—388810
45 (1,1367,1,1)—74 (1,12,11,1)—936 (1,45,8,1)—3220 (56,15, 1, 1)—33280 (141, 4,1, 1)—392568
46 (4,67,1,3)—102 (4,55,3,1)—894 (9,134,1,1)—3063 (12,77,1,1)—32718 (1,2323,1,1)—388185
47 (1,536,1,3)—79 (3,253,2,1)—928 (1,28,9,1)—3116 (213,1,2,1)—33516 (21, 55,1,1)—392126
48 (1,1772,1,1)—110  (9,97,1,1)—1058  (1,1588,1,1)—2864 (1,430, 3, 1)—32480 (8,97, 1,1)—385894
49 (4,227,1,1)—84 (225,1,2,1)—1040  (1,2844,1,1)—3472  (27,46,1,1)—32134 (4,227,1,1)—>388284
50  (1,1499,1,1)—75 (1,2302,1,1)—968  (103,11,1,1)—2786  (1,1696,1,1)—32230 (27,55, 1,1)—385532
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Table A.7

Table for max{# X (no, 7o+, ns, Tns+ ) (Fq) } with ¢ = 17% and nong+n2,n2,. < 10000.
g Fi7 Fi72 Fizs Fi7s Fi7s
1 (1,190,1,1)—25 (1,1,1,11)—324 (1,61, 1,1)—5054 (1,3, 1,8)—84096 (1,2,1,9)—1422141
2 (1,23, 1,3)—30 (1,161,1,1)—358 (3,29,1,1)—5166 (1,88, 1,1)—84670 (1,14, 1, 5)—1424424
3 (1,127,1,1)—36 (1,71,2,1)—392 (4,1,1,5)—5256 (3,70,1,1)—85244 (33,1,1,1)—1426584
4 (16,5,1,1)—42 (1,31, 2,3)—426 (7,20, 1,1)—5350 (12,5,1,1)—85818 (1,7, 5,1)—1429090
5 (1,316,1,1)—38 (9,1,4,1)—448 (5,31,1,1)—5390 (3,40,1,1) 85496 (1,208, 1, 1)—1430904
6 (1,92, 1, 3)—>46 (3,2, 5,1)—460 (1,47,1,4)—5372 (1,24, 1, 5)—86345 (8,13,1,1)—1432818
7 (1,3,1,16)—40 (16,9,1,1)—516 (5,11, 1, 3)—>5572 (1,365, 1,1)—86577 (1,129, 2,1)—1431052
8 (1,412,1,1)—50 (1,545,1,1)—508 (1,44,3,1)—5482 (1,412,1,1)—86662 (1,540, 1, 1)—1432069
9 (32,5,1,1)—48 (99,1,1,1)—560 (31,3, 2,1)—5602 (24,5,1,1)—86896 (41,4,1,1)—1438108
10 (1,31,1,5)—53 (108,1,1,1)—630 (25,12,1,1)—5482  (3,88,1,1)—>88046 (1,416,1,1)—1435932
11 (1,508,1,1)—62 (49,1, 1, 3)—592 (5,76,1,1)—5620 (112,1,1,1)—87148 (104,1,1,1)—-1438748
12 (1,184,1,3)—56 (1,1,4,7)—630 (1,169,2,1)—5616 (1,137, 2, 1)—86722 (16,13,1,1)—1445778
13 (4,23,1,3)—66 (144,1,1,1)—696 (5,99, 1,1)—5668 (3,79,1,1)—87166 (143,1,1,1)—1436100
14 (1,988,1,1)—56 (1,13,4,3)—676 (27,11,1,1)—5664  (1,1030,1,1)—86795 (11, 13,2, 1)—1437974
15 (15,7,2,1)—52 (1,16,1,7)—703 (155,1,1,1)—5632 (1,792, 1,1)—87972 (1,80,3,1)—1445778
16 (1,463,1,1)—64 (1,208, 1,3)—762 (7,20, 1,3)—5782 (16, 23,1, 1)—87522 (1,1419,1,1)— 1439212
17 (1,487,1,1)—72 (1,11,7,1)—750 (5,11, 3,1)—6100 (37,12,1,1)—88710 (1,64,3,1)—1438724
18 (4,103,1,1)—75 (1,271,1,3)—746 (1,628,1,1)—5861  (4,103,1,1)—88715 (1,1032, 1, 1)— 1436450
19 (1,607,1,1)—66 (225,1,1,1)—836 (1,229,2,1)—5708 (48,5, 1, 1)—89052 (164,1,1, 1)~ 1449636
20 (1,284,1,3)—60 (8,13,1,3)—>862 (1,61,4,1)—5794 (3,61,2,1)—87914 (143,2,1,1)—1441098
21 (1,892,1,1)—72 (45,1,1,4)—»824 (5,41,2,1)—5792 (125, 1, 2, 1)—88208 (27,20, 1, 1)— 1446644
22 (1,23,1,9)—70 (4,215,1,1)—864 (1,220,3,1)—5846  (1,411,2,1)—88554 (188,1,1,1)—1442166
23 (1,974,1,1)—74 (1,36,5,1)—816 (5,44, 1, 3)—>5848 (208, 1,1,1)—88324 (208, 1,1, 1)—1454436
24 (4,127,1,1)—93 (1,981,1,1)—880 (1,898,1,1)—5851  (3,115,2,1)—»87682 (5,97,1,1)—1441184
25  (1,163,1,4)—79 (49,1, 2,3)—990 (3,83,2,1)—5946 (1,1460,1,1)—90199 (32,13, 1, 1)—1458896
26 (1,1351,1,1)—63 (1,343,2,1)—884 (1,507,2,1)—6080 (5,103, 1, 1)—89642 (1,1203, 1, 1)—1444846
27 (1,263,1,3)—72 (5,148, 1,1)—970 (3,47, 1, 4)—6246 (7,64, 1,1)—89420 (33,13,1,1)—1454252
28 (1,79,1,5)—80 (16,27, 1,1)—954 (3,227,1,1)—5880 (1,143, 4, 1)—88598 (4,47,1, 3) 1446690
29 (8,23,1,3)—88 (99,4,1,1)—1000 (45,11,1,1)—6292  (1,1626,1,1)—88391 (9,80, 1, 1)—»1449606
30 (1,823,1,1)—95 (13,74,1,1)—967 (8,61,1,1)—5942 (9,61,1,1)—92918 (5,203, 1, 1)— 1448331
31 (1,368,1,3)—70 (4,455,1,1)-1038  (4,41,1,3)—6018 (1,2520,1,1)—88688  (16,5,3,1)—1461144
32 (1,1454,1,1)—75 (1,32,1,7)—1054 (1,205,2,3)—6220  (1,2163,1,1)—89129 (4,7, 5, 1)—1444680
33 (1,124,1,5)—82 (25,1,1,8)—1038 (8,11, 3,1)—6240 (4,259,1,1)—>88796 (13,1,8,1)—1451692
34 (1,883,1,1)—73 (16,1,1,7)—1260 (28,5, 1,3)—6102 (1,2060,1,1)—92738 (1,206, 3, 1)—1446024
35 (1,2332,1,1)—87 (304,1,1,1)—1084 (327,1,1,1)—6136 (13,19, 1, 3)—92680 (3,1,16,1)—1448348
36 (1,1927,1,1)—81 (1,604, 1,3)—1064 (31,13,2,1)—6010  (8,73,1,1)—88394 (3,292,1,1)—1449610
37 (1,1468,1,1)—94 (324,1,1,1)—1224 (320,1,1,1)—6552 (19,56, 1, 1)—89848 (64,1, 3,1)—1451520
38 (1,2360,1,1)—72 (1,416,1,3)—»1224  (1,77,2,5)—6394 (76,7,1,1)—91222 (37,23,1,1)—1443873
39 (1,526,1,3)—79 (369,1,1,1)—1148 (4,157,1,1)—6738  (9,79,1,1)—93212 (328,1,1,1)—1469476
40 (1,2812,1,1)—75 (16,13,1,3)—1434 (1,183,4,1)—5942  (7,183,1,1)—89452 (44,13,1,1)—1463658
41 (1,1087,1,1)—104  (8,231,1,1)—1200 (13,11,3,1)—6332  (72,7,1,1)—92080 (9,11, 4, 1)~ 1456004
42 (1,1646,1,1)—101  (12,43,1,1)—1250 (1,41, 4, 3)—6350 (1,2136,1,1)—90030  (173,4,1,1)—1458362
43 (4,71,1,3)—84 (8,81,1,1)—1308 (523,1,1,1)—6058 (4,267, 1,1)—92988 (5,406, 1,1)—1454311
44 (1,568, 1,3)—80 (1,2759,1,1)—1209  (179,4,1,1)—5876  (89,12,1,1)—89410 (3,428,1,1)— 1457298
45 (4,223,1,1)—105 (9,4,5,1)—1392 (5,396,1,1)—6128 (9,124, 1,1)—92240 (376,1,1,1)—1451608
46 (1,28,1,11)—82 (3,139, 2,1)—1266 (27,44,1,1)—6378 (3,137, 2,1)—92478 (108,5,1,1)—1457166
47 (1,3278,1,1)—77 (1,4991,1,1)—1312  (81,11,1,1)—6258  (5,372,1,1)—91346 (31,5, 3,1)—1455628
48 (1,1327,1,1)—110  (1,419,1,4)—1326 (5,47,1,4)—6272 (1,763, 1, 3)—90002 (11,155, 1,1)— 1453916
49 (1,1303,1,1)—119 (4,311,1,1)—1356 (8,285,1,1)—6364 (1,3100,1,1)—91704 (416,1,1,1)—1476512
50  (1,2126,1,1)—85 (3,860, 1,1)—1396 (5,297,1,1)—6572 (3,151, 2,1)—92038 (1,659, 2, 1)—1447175
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Table A.8
Table for max{#X (nog, no+, Nns, Nns+ ) (Fq)} with ¢ = 19* and nong+ nisnis+ < 10000.
9 Fio Fig2 Figs Figs Figs

S B I}

© o N o

11
12
13
14
15
16
17
18
19
20
21
22
23
24

26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

(1,1,1,24)—28
(1,5,1,7)—32
(1,149,1,1)—38
(1,305,1,1)—39
(1,212,1,1)—42
(1,269,1,1)—43
(1,298, 1, 1)—47
(1,505,1,1)—43
(1,404, 1,1)—49
(1,3894,1,1)—51
(1,389,1,1)—64
(1,461,1,1)—58
(4,53,1,1)—60
(1,509, 1,1)—65
(1,596,1,1)—73
(1,53, 1, 5)—62
(1,218, 1, 3)—>60
(3,149,1,1)—70
(1,137, 1, 4)—60
(1,778,1,1) =71
(1,229, 1,3)—74
(1,788,1,1)—71
(3,212,1,1)—72
(1,653,1,1)—65
(4,101,1,1)—72
(8,53, 1,1)—80
(1,821,1,1)—88
(12,29,1,1)—84
(1,106, 1, 5)—82
(1,1341,1,1)—76
(4,221,1,1)—78
(1,1527,1,1)—81
(1,349, 1, 3)—>77
(1,1109, 1, 1)—82
(1,2132,1,1)—81
(1,436, 1, 3)—92
(4,149,1,1)—108
(1,1061,1,1)—112
(1,1841,1,1) =77
(1,37, 1,15)—90
(1,1945,1,1)—83
(1,1229,1,1)—103
(1,1556,1,1)—125
(1,2501, 1, 1)—97
(1,421,1,3)—116
(1,1642,1,1)—101
(1,1576,1,1)—89
(3,89, 1,4)—92
(1,2996, 1, 1)—102

(1,1844,1,1)—113

(1,1,1,11)—400
(1,29, 1, 3)—438
(11,5, 1, 1)—476
(1,319,1,1)—504
(11,12,1,1)—536
(1,73, 1, 3)—560
(1,671,1,1)—585
(1,4,9,1)—616
(128,1,1,1)—688
(92,1,1,1)—702
(117,1,1,1)—724
(3,1,2,7)—=750
(1,335,2,1)—743
(3,146,1,1)—790
(3,49,2,1)—816
(1,657,1,1)—870
(148,1,1,1)—»844
(4,73,1,1)—854
(1,1, 5,12)—900
(1,1244,1,1)—898
(147,2,1,1)—990
(1,1314,1,1)—954
(3,1,14,1)—-988
(1,29, 5,1)—990
(4,121,1,1)—1035
(1,146, 3, 1) —1042
(1,976,1,1)—1116
(1,3036, 1, 1)~ 1095
(99,4,1,1)—1216
(8,61,1,1)—1202
(9,1,7,1)—1260
(11, 140,1,1)—1236
(4,219,1,1)—1226
(5,67,2,1)—1230
(49,18,1,1)—1256
(9,73,1,1)—1490
(9,1,2,7)—1452
(31,25,1,1)—1276
(1,286,1,5)—1312
(4,23,1,5)—1386
(441,1,1,1)—1480
(18,73,1,1)—1364
(84,5,1,1)—1428
(3,1001, 1, 1) —»1402
(1,719, 2,1)—1458
(8,1,1,11)—1542
(1,28,9,1)—1528
(1,796, 1, 3)—1640
(9,49,2,1)—1668
(9,146,1,1)—1750

(1,3,1,8)—7024
(5,12,1,1)—7188
(9,1, 1,4)—7352
(1,79,2,1)—7249
(9,1,4,1)—7352
(29,4, 1,1)—7420
(5,27, 1,1)—7464
(9,35,1,1)—7534
(21,1,1,4)—7676
(27,7,1,1)—7848
(13,1, 1,12)—>7612
(4,7,1,5) 7646
(9,1, 1,8)—=7900
(59,6, 1,1)—7987
(27,14,1, 1) 7676
(7,75,1,1)—7682
(65,4,1,1)—7836
(3,175, 1, 1)—7604
(177,1,1,1)—>7726
(3,7,1,8)—8004
(45,7, 1,1)—8408
(1,939,1,1)—7865
(1,3,2,13)—7788
(21, 26,1, 1)—>7884
(13,9,1,4)—8312
(28, 13,1, 1)—>7996
(9,13, 1,4)—8156
(236, 1,1, 1)—8190
(63,1, 1,4)—8656
(1,307, 1, 3)—>7730
(27, 35,1, 1)—>8862
(4,7,5,1)—8140
(7,4,5,1)—7928
(284, 1,1, 1)—7962
(21, 25,1, 1)—>8212
(1,681, 2,1)—8025
(1,1252, 1, 1) —»8692
(1,1185,2,1)—7844
(21,1, 1, 8)—8444
(109,10, 1, 1)— 7976
(315,1,1, 1)—+8752
(11,41,2,1)—8152
(405, 1,1, 1)—>8448
(49,26, 1, 1) —>8486
(1,35,1,11)—8087
(1,28,1,11)—>8832
(291,2,1,1)—>7874
(5,378, 1, 1)—8006
(175,4,1, 1)—>8636
(1,21,5,4)—8572

(1,11, 1, 3)—131040
(1,5,1,7)—131758
(1,23, 1,4)—132476
(1,260, 1,1)—133194
(1,130, 1, 3)—132984
(8,13, 1,1)—133478
(3,35,2,1)—133428
(7,39,1,1)—133678
(13,20, 1,1)—134816
(4,65,1,1)—135582
(1,13,2,5)—134932
(16, 13,1, 1) —» 135482
(3,8,1,5)—135354
(1,260, 1, 3)—138038
(9,31,1,1)—136520
(4,195,1,1)—137010
(1,954, 1,1)—135986
(3,260, 1,1)—137262
(52,5,1,1)—138036
(8,65,1,1)—137706
(1,268, 1,3)—136514
(12,25,1,1)—138078
(9,4,1,5)—137176
(23,1,1,12) > 136514
(32,13,1,1)—140432
(7,156, 1,1)—137452
(5,187, 1, 1)—138692
(1,2340, 1, 1)— 142106
(5,52, 1,3)—142264
(12,31, 1,1)— 137906
(4,65, 1,3)—141924
(1, 2296, 1, 1)— 135780
(24, 1,1, 5)—139664
(9,100, 1, 1)—139794
(7,198,1,1)—139180
(1,1812,1,1)—141771
(8,195,1,1)—141368
(9,106, 1, 1)—139805
(104,5,1,1)—141252
(12,65,1,1)—>143874
(9,5,1,8)—139504
(25,1,1,7)—139658
(1,1556, 1, 1)—141021
(1, 1599, 2, 1)— 138385
(9,124,1,1)—141752
(12,77,1,1)—140142
(15,62, 1, 1)~ 140160
(1,2538, 1, 1)—138845
(36,1,1,5)—145608

(1,2992, 1, 1)—140498

(1,43, 1, 1)—2478982

(1,191, 1, 1)—2482286
(23,2, 1, 1)—2484746

(1,262, 1, 1)—2487889
(23,4, 1,1)—2490510

(1,103, 1, 3) 2490728
(4,45, 1,1)—2490516

(103, 1, 1, 1)—2490892
(1,11, 2, 5)—2494874

(92,1,1,1)—2499156
(17,4, 1, 3)—2501908
(17,3, 1, 4)—2500509

(1,275, 2, 1)—2502798
(16,21, 1, 1)—2496276
(153,1,1, 1)—2503472
(131,2,1, 1)—2500451
(85,1,2,1)—2498104

(5,116, 1, 1)—2495456
(11, 52,1, 1) 2504088
(1,866, 1, 1)—2500405
(184, 1,1, 1)—2510840
(9,68, 1,1)—2508032

(17,36, 1, 1)—2516432
(1,412, 1, 3)—2513990
(68,1, 1,3)—2521824

(8,17, 1,3)—2511764

(25,11, 2,1)—2515812
(11, 25,2, 1)—2514876
(1,1537,1,1)—2518632
(9,61, 1,1)—2506088

(9,17, 1,4)—2512864

(131,4, 1, 1)—2509080
(309, 1,1, 1)—2516440
(23,40, 1, 1) 2509530
(1,907, 1, 1)—2508643
(1,553, 1, 3) 2508416
(4,275,1,1)—2524158
(5,68, 1, 3) 2506686

(123,4, 1, 1)—2525140
(44, 13,1, 1) 2522796
(23,52, 1, 1)—2523780
(1,2406, 1, 1) —2514753
(92,7,1,1)—2518236

(1,4242,1,1)—2515428
(161, 4,1, 1)—2531308
(16,105, 1, 1) —2521700
(153,4,1, 1)—2545480
(1,578, 1, 3)—2517253
(68,9, 1,1)—2543304

(303,2, 1, 1)—2520964
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