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Dipartimento di Fisica, Università Roma Tre and INFN, Sezione di Roma Tre,

Via della Vasca Navale 84, I-00146 Rome, Italy

Guido Martinelli
INFN, Sezione di Roma, Piazzale Aldo Moro 2, I-00185 Roma, Italy

and Dipartimento di Fisica, Università di Roma La Sapienza,
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We develop a strategy for computing the B → Klþl− and B̄s → γlþl− decay amplitudes using lattice
QCD (where l� are charged leptons). We focus on those terms which contain complex contributions to the
amplitude, due to on-shell intermediate states propagating between the weak operator and electromagnetic
current(s). Such terms, which are generally estimated using model calculations and represent significant
uncertainties in the phenomenological predictions for these decays, cannot be computed using standard
lattice QCD techniques. It has recently been shown that such contributions can be computed using spectral
density methods and our proposed strategy, which we discuss in detail, is built on this approach. The
complex contributions include the “charming penguins” [matrix elements of the current-current operators

OðcÞ
1 and OðcÞ

2 defined in Eq. (6) below], in which the charm-quark loop can propagate long distances,
particularly close to the region of charmonium resonances. They also include the contributions from
the chromomagnetic operator [O8 in standard notation, defined in Eq. (8) below]. We discuss the
renormalization of the ultraviolet divergences, and in particular those which arise due to “contact” terms,
and explain how those which appear as inverse powers of the lattice spacing can be subtracted
nonperturbatively. We apply the spectral density methods in an instructive exploratory computation of
the charming penguin diagram in B → Klþl− decays in which the virtual photon is emitted from the
charm-quark loop [the diagram in Fig. 1(a) below] and discuss the prospects and strategies for the reliable
determination of the amplitudes in future dedicated computations; computations which are, however,
beyond the scope of the present paper.
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I. INTRODUCTION

In the Standard Model (SM), flavor changing neutral
current (FCNC) BðsÞ decays are strongly suppressed and
thus represent a window for discovering new physics (NP)
effects. At the quark level b → sðdÞ transitions give rise to a
variety of interesting processes that have been measured
experimentally and compared to theoretical predictions, e.g
B → K�γ or B → Kð�Þlþl− and B̄s → γlþl− [1–22]. The
main limitation in the comparison between experimental
measurements and theoretical predictions is that the evalu-
ation of the hadronic matrix elements generally relies on
phenomenological models for which it is very difficult to
estimate the uncertainty. In this paper we show that, as the
result of a number of recent theoretical developments
[23,24], a full class of semileptonic FCNC decays, spe-
cifically those with 0 or 1 stable hadron in the final state and
hence including several of the ones mentioned above, can
be computed quantitatively from first principles using
lattice QCD, paving the way toward truly quantitative,
and in the future precise, tests of the theory.
We start by explaining the phenomenological motivation

for developing the framework by briefly reviewing the
experimental status of b → s exclusive measurements. The
precise measurements of B → Kð�Þlþl− decays by LHCb
[10,11,13,25–27], see also [7–9,12,14–17,19], opened a
new exciting sector of FCNC phenomenology. While the

hints of the presence of NP in the ratio of branching fractions
RK ¼ BðBþ → Kþμþμ−Þ=BðBþ → Kþeþe−Þ [28,29], and
similarly in RK� , RKS

, RK�þ [30–32], have disappeared
[33,34], there nevertheless remain some tensions between
SM estimates and experimental measurements in absolute
BRs and angular distributions [35–42] (see however
[43–46]), and it is therefore very important to produce
reliable theoretical predictions of these quantities in the
SM and beyond. In this paper we show how this can be
achieved for B → Klþl− decays, and in particular how the
charming penguin contributions, i.e., contributions from
diagrams containing charm-quark loops, can be determined
(see, for example, Fig. 1).
The LHCb experiment has set an upper bound for the

branching ratio of the B0
s → γμþμ− decay at large values of

q2, where
ffiffiffiffiffi
q2

p
is the invariant mass of the muon pair,

BðB0
s → μþμ−γÞj ffiffiffiffi

q2
p

>4.9 GeV
< 2.0 × 10−9 ð1Þ

at 95% confidence level [21]. This result was obtained from
the μþμ− invariant mass distribution near the kinematical
end point. Subsequently the collaboration has searched for
fully reconstructed B0

s → μþμ−γ decays and set the follow-
ing bound at large values of q2

BðB0
s → μþμ−γÞj ffiffiffiffi

q2
p

>3.92 GeV
< 4.2 × 10−8 ð2Þ

(a) (b)

(c) (d)

FIG. 1. Connected quark-flow diagrams for the processB → Klþl− which contain a charm-quark loop. The shaded circle, markedOðcÞ
1;2,

represents either of the two current-current operators OðcÞ
1 or OðcÞ

2 defined in Eq. (6). The charged leptons l�, which couple to the virtual
photon, γ�, are not shown. Panels (a)–(d) correspond, respectively, to photon emission from the charm, strange, down, and bottom quarks.
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at 95% confidence level [22]. In addition the collaboration
has set upper bounds for the branching ratios for bins inffiffiffiffiffi
q2

p
below the charmonium resonances. The LHCb is

continuing its search for this decay with the upgraded
detector and increased luminosity in LHC’s Run 3.1 In
Ref. [47], using Lattice QCD, we have evaluated all the
contributions to the amplitude and rate from the matrix
elements of the reduced effective Hamiltonian in Eq. (10)
with the exception of those from the charming penguins,

i.e., those of the operatorsOðcÞ
1 andOðcÞ

2 [defined in Eq. (6)]
and also of the chromomagnetic operator O8 [defined in
Eq. (8)]. In that paper we used a phenomenological ansatz,
based on vector meson dominance, to estimate the charm-
ing penguin contributions. Our final result for the partial
branching ratio was

BðB0
s → μþμ−γÞj ffiffiffiffi

q2
p

>4.9 GeV
¼ 6.9ð9Þ × 10−11; ð3Þ

considerably below the experimental upper bound in
Eq. (1). The rate for this decay is dominated by the matrix
elements of O9 and O10, in particular by the corresponding

vector form factor, and the contributions from OðcÞ
1;2 were

estimated to be relatively small. However, within the range
of parameters used in Sec. V of Ref. [47], the inclusion of

the operatorsOðcÞ
1;2 had a significant effect on the errors, e.g.,

from 15% for
ffiffiffiffiffi
q2

p
> 4.9 GeV, increasing as we approach

the charmonium resonances to 30% for
ffiffiffiffiffi
q2

p
> 4.2 GeV.

In the present paper we present a strategy for computing the
charming penguin contributions in Lattice QCD, using an
extension of the spectral density approach proposed in
Ref. [24], showing that it is now possible to envisage a
reduction of the uncertainties and a coverage of the full
kinematic region in q2, where q2 is the invariant mass of the
lepton pair.
The decay B → K�γ is, as yet, an unexplored channel in

lattice calculations and presents additional issues related to
the instability of the K� meson. In particular the reconstruc-
tion of the Minkowski amplitude from Euclidean lattice
correlation functions is more complex and the necessary
theoretical framework has not yet been fully developed. For
this reason we do not discuss B → K�lþl− and B → K�γ
decays further in this paper, although we anticipate that the
method developed in this paper may eventually be an
important element in the determination of the corresponding
amplitudes.
Motivated by the challenge to obtain reliable theoretical

results with which the experimental results outlined above
can be compared, we now begin a discussion of the theory.
For real physical quantities, such as leptonic decay con-
stants, semileptonic form factors (between states which are
stable under strong interactions), and the B-parameters of

neutral pseudoscalar-meson mixing, the continuation from
Minkowski to Euclidean space poses no difficulty and they
can readily be determined from lattice QCD computations
of Euclidean correlation functions (see, for example, the
comprehensive compilation of results in Ref. [48]). Since
Euclidean correlation functions are real, difficulties in the
continuation from Minkowski to Euclidean space arise
when the physical quantities of interest are complex. This is
particularly severe for the evaluation of the amplitudes for
B-decays, where a large number of on-shell intermediate
states can propagate and contribute to the imaginary part. In
an attempt to overcome this complication, methods based
on the spectral representation have been developed
[23,24,49–56] and applied to a variety of physical proc-
esses, including Refs. [47,57–69]. In particular, in Ref. [24]
a method has been proposed which allows for the deter-
mination of both the real and imaginary parts of complex
amplitudes in which the hadronic factor is of the generic
form:

HðkÞ ¼ i
Z

d4 x eik·xhFjT½J1ðxÞJ2ð0Þ�jIi; ð4Þ

where T represents “time ordering,” J1;2 are two local
composite hadronic operators, and the initial and final
states, I and F, are single hadrons or the QCD vacuum. The
method is based on the spectral representation of the
corresponding time-dependent correlation functions and
overcomes the difficulties related to the analytic continu-
ation from Minkowski to Euclidean time which arise when
there are intermediate states propagating between the two
currents with energies smaller than those of the external
states contributing to the amplitude. In its numerical
implementation, the method relies on the Hansen, Lupo,
Tantalo (HLT) technique of Ref. [23] for evaluating the
spectral function smeared with a proper kernel. In the
proposal of Ref. [24] the smearing parameter is provided by
the standard iϵ prescription used to regularize Feynman
integrals. For conciseness, in what follows we will refer to
the approach developed in Ref. [24] as the spectral function
reconstruction (SFR) method.
In this paper we study the decays B → Klþl− and

B̄s → γlþl−,2 focusing particularly (but not exclusively)
on contributions from the so-called charming penguins,
i.e., diagrams with charm-quark loops which contain long-
distance contributions in the region of charmonium reso-
nances as well as imaginary parts. Charming penguins
constitute one of the main sources of power corrections to
the decay amplitude computed in the infinite mb (mass of
the b-quark) limit using QCD factorization [70–72], since
they involve current-current operators with Oð1Þ Wilson

1See the Cern Courier, May-June 2024, p.6.

2We present the discussion here for B̄s → γlþl− decays with a
valence b quark, but of course it can be trivially translated to Bs
decays with a valence b̄ antiquark.
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coefficients and leading Cabibbo-Kobayashi-Maskawa
(CKM) factors [73–75]. Indeed, the enhancement due to
the Wilson coefficient might overcome the power suppres-
sion of the matrix element, resulting in a contribution which
may, in principle, be comparable to the one generated by
the semileptonic operators at leading power in the 1=mb
expansion, and thus be very relevant for phenomenology
[43,44]. In particular, charming penguin matrix elements
have the same quantum numbers as the semileptonic
operator with a vector-lepton coupling, and therefore their
contributions might be misidentified as being due to new
physics, leading to apparent deviations from the Standard
Model in the angular analysis of B → K�μþμ− decays
[35–41]. So far, charming penguin contributions have been
estimated in a model-dependent way [38,76–78], since
such contributions cannot be evaluated using traditional
lattice QCD techniques. In this paper, we demonstrate that
the SFR method can be combined with lattice QCD to
determine the contributions to the B → Klþl− decay
amplitude from charming penguins and the chromo-
magnetic operator O8. For the process B̄s → γlþl−, the
charming penguin contributions involve matrix elements
of three local currents (two electromagnetic ones to which
the real and virtual photons couple and the weak b → s
current), and we demonstrate that the SFR method can also
be extended to this case, allowing for the evaluation of the
amplitude from the computation of Euclidean correlation
functions. Indeed, as we show in Sec. III C, the method can
be generalized to an arbitrary number of operators. We also
note that in the amplitudes for B̄s → γlþl− decays, two
simultaneous unitarity cuts can be present.
In evaluating the matrix elements of multilocal operators,

such as those in Eq. (4), in addition to the ultraviolet
divergences which arise in the renormalization of each local
operator, additional divergences can appear as “contact
terms” when two (or more) operators approach each other.
This is the case for the decays we are studying in this paper
from the region of configuration space where the electro-
magnetic and weak b → s currents are close to each other.
Although the renormalization of such contact terms is
standard procedure, and in this case results in the
appearance of the operators O7 and O9 in the effective
Hamiltonian [see Eq. (5) below], a subtlety appears when
we apply the spectral density methods which require the
contributions from the different time orderings to be
considered separately. In Sec. VII A we show that the
reduction of the superficial degree of divergence from
quadratic to logarithmic due to electromagnetic current
conservation in diagrams such as those in Fig. 1(a) does
not hold separately for each time ordering, but only when
they are combined. We present a method for the separation
of terms with ultraviolet divergences (and hence, in
particular, the cancellation of the power divergences)
from the long-distance contributions requiring spectral
density techniques.

The renormalization of each of the bare lattice local
operators appearing in the multilocal matrix element is
largely a well-studied issue and the details depend on the
lattice regularization being used. The particular issue for
the renormalization of the current-current operators OðcÞ

1

and OðcÞ
2 defined in Eq. (6) below is the nonperturbative

subtraction of power divergences, made more difficult by
the absence of the GIM (Glashow-Illiopoulos-Maiani)
mechanism in the effective theory for b-decays.
Although this is a more general issue than just for the
applications of the HLT and SFR methods, we explain
it in detail in Sec. VII B and show how the subtraction of
power divergences can be performed nonperturbatively in
the particular lattice discretization which we are using in
exploratory numerical studies, the details of which are
given in Sec. VIII.
In order to begin testing the feasibility of the proposed

method, we have carried out an exploratory lattice QCD
calculation of the Euclidean correlation functions from
which the contribution to the B → Klþl− decay amplitude
from the charming-penguin diagram in Fig. 1(a), i.e., the
diagram in which the virtual photon is emitted by the cc̄
pair, can be extracted using the SFR/HLT method. This
proof-of-principle study was performed on a single gauge
ensemble, corresponding to a lattice spacing a ≃ 0.08 fm,
generated by the Extended Twisted Mass Collaboration
(ETMC), with Nf ¼ 2þ 1þ 1 Wilson-Clover twisted
mass dynamical fermions. The calculation was carried
out at a single (small) value of the kaon’s three-momentum,
jp⃗Kj ≃ 250 MeV, and with a lighter-than-physical b-quark
mass set to mb ¼ 2mc, while all other quark masses were
set to their physical values. Using the SFR/HLT framework,
we computed the charming penguin contribution to the
smeared amplitude and studied its behavior across a range
of smearing parameters ε, comparing the results to expect-
ations based on a simple model employing the vacuum
saturation approximation (VSA). The results obtained and
the prospects for a complete, high-precision calculation are
discussed in Sec. VIII, where we also highlight the
numerical challenges posed by the presence of narrow
charmonium resonances, such as the J=ψ and ψð2SÞ. We
are pleased to note however, that the results for q2 ¼
ðplþ þ pl−Þ2 sufficiently above the region of the main
charmonium resonances are very encouraging. We also
outline possible strategies for reliably isolating the con-
tributions from the resonances, including combining model
approaches with lattice data, which may enable a controlled
extrapolation to the physical ε → 0 limit, an extrapolation
that becomes particularly delicate when the spectral density
displays a nonsmooth behavior.
The plan for the remainder of the paper is as follows. In

Sec. II we recall the relevant effective b → s Hamiltonian
mediating the processes mentioned above. We then explain
the reason why spectral density methods are necessary in
Sec. III and provide an introduction to the SFR method.

ROBERTO FREZZOTTI et al. PHYS. REV. D 113, 034509 (2026)

034509-4



The following two sections are devoted to a demonstration
that the contributions from charming penguins can indeed
be evaluated using this method for B → Klþl− decays
(Sec. IV) and for B̄s → μþμ−γ decays (Sec. V). In Sec. VI
we briefly discuss the remaining contributions to the
amplitude and explain how they can be determined using
lattice computations. Issues concerning renormalization,
and in particular the appearance of ultraviolet divergences
due to contact terms as well as the subtraction of power
divergences (i.e., terms which diverge as inverse powers of
the lattice spacing) are explained in Sec. VII. In Sec. VIII
we present the results of an exploratory numerical calcu-
lation of the charming penguin contribution to the
B → Klþl− decay and discuss the prospects for a full

calculation of the hadronic amplitude. We present our
conclusions in Sec. IX. There are two Appendixes;
Appendix A in which we make some further comments
about the renormalization of the contact terms and
Appendix B in which we exploit the time reversal and
parity symmetries of QCD to demonstrate that the spectral
density for B → Klþl− decays is real.

II. THE EFFECTIVE WEAK HAMILTONIAN FOR
B → Kð�Þl+l− AND B → γl+l− DECAYS

The effective Hamiltonian for b → s decays can be
written as

Heff ¼ −
4GFffiffiffi

2
p

�
λufC1ðμÞðOðcÞ

1 ðμÞ −OðuÞ
1 ðμÞÞ þ C2ðμÞðOðcÞ

2 ðμÞ −OðuÞ
2 ðμÞÞg þ λt

X10
n¼1

CnðμÞOnðμÞ
�
; ð5Þ

where the Cn are Wilson coefficients, λq ¼ VqbV�
qs, and V is the CKMmatrix. Defining the projectors PL ¼ ð1 − γ5Þ=2 and

PR ¼ ð1þ γ5Þ=2, the operators in Eq. (5) are as follows: OðqÞ
1;2 are the current-current operators

OðqÞ
1 ¼ ðs̄jγμPLqiÞðq̄iγμPLbjÞ; OðqÞ

2 ¼ ðs̄iγμPLqiÞðq̄jγμPLbjÞ; ð6Þ

where q ¼ u or c and i, j are color labels. In the sum over n on the right-hand side of Eq. (5), O1 ¼ OðcÞ
1 and O2 ¼ OðcÞ

2 ;
O3−6 are the QCD penguin operators,

O3 ¼ ðs̄γμPLbÞ
X
q

ðq̄γμPLqÞ; O4 ¼ ðs̄iγμPLbjÞ
X
q

ðq̄jγμPLqiÞ;

O5 ¼ ðs̄γμPLbÞ
X
q

ðq̄γμPRqÞ; O6 ¼ ðs̄iγμPLbjÞ
X
q

ðq̄jγμPRqiÞ; ð7Þ

O7;8 are the photon and gluon magnetic dipole operators

O7 ¼
e

ð4πÞ2mbðs̄σμνPRbÞFμν; O8 ¼
gs

ð4πÞ2mbðs̄σμνTaPRbÞGa
μν; ð8Þ

and O9;10 are the semileptonic operators

O9 ¼
e2

ð4πÞ2 ðs̄γ
μPLbÞðlγμlÞ; O10 ¼

e2

ð4πÞ2 ðs̄γ
μPLbÞðlγμγ5lÞ: ð9Þ

There is a hierarchy among the different contributions to
the decay amplitudes. The dominant contributions are from
the operators O7−10 (loop-level Wilson coefficients and
tree-level matrix elements) and from operatorsO1;2 [Wilson
coefficients atOð1Þ3 and loop-level matrix elements], while
the contributions from the QCD penguin operatorsO3−6 are

suppressed by the small Wilson coefficients C3−6 and by
the loop matrix elements. The gluonic dipole operator O8

plays a special role, since it has a loop-level Wilson
coefficient but a tree-level matrix element when the gluon
interacts with the spectator quark. Finally, the GIM-

suppressed combinations OðcÞ
1;2 −OðuÞ

1;2 are doubly Cabibbo

suppressed and therefore negligible with respect to OðcÞ
1;2. In

this paper, we therefore work with the reduced effective
Hamiltonian

3C1 and C2 appear at OðαsÞ and tree-level respectively, but the
perturbation series for both contains leading logarithms.
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H̃eff ¼ −
4GFffiffiffi

2
p VtbV�

tsfC1O
ðcÞ
1 þ C2O

ðcÞ
2 þ C7O7

þ C8O8 þ C9O9 þ C10O10g: ð10Þ

We demonstrate in this paper that the matrix elements of

operatorsOðcÞ
1 andOðcÞ

2 , the so-called charming penguins as
well as those of the chromomagnetic operator O8, can be
calculated using lattice QCD. The techniques adopted in
this paper for evaluating the amplitude with the reduced
effective Hamiltonian in Eq. (10) can also be used to
evaluate the neglected matrix elements, including those
containing the QCD penguin operators O3-O6 or CKM-
suppressed operators. Their evaluation presents no new
conceptual issues (although diagrams with different topol-
ogies may appear) and therefore for the main body of this
paper we focus on the dominant contributions to the
amplitude, the matrix element of H̃eff in Eq. (10).

III. MOTIVATION FOR THE INTRODUCTION OF
SPECTRAL DENSITY METHODS

In this section we explain the necessity of introducing
methods based on the spectral density approach and
provide an introduction to the particular approach we
implement, i.e., the SFR method [24] combined with the
HLT procedure [23]. In lattice QCD physical quantities are
obtained from the computation of correlation functions at
one or more Euclidean times. It is therefore natural, when
considering the continuation from Minkowski to Euclidean
space of multilocal operators, to divide the time integrations
into contributions from different orderings of the time
coordinates of the local operators. In Sec. III A we demon-
strate that one of the two time orderings for the process
B → Klþl− contributes an imaginary part to the amplitude
and in Sec. III B we show that three of the six time orderings
for the decay B̄s → γlþl− do so as well. This motivates the
introduction of spectral density techniques. The expressions
for the contributions to the hadronic matrix elements are
given below in Eqs. (12) and (13) for B → Klþl− decays
and Eqs. (15)–(20) for B̄s → γlþl− decays.
The results for B → Klþl− decays in Eqs. (12)and (13)

correspond to matrix elements of two local operators, and
hence one time separation between them. Their contribution
to the amplitude can be evaluated by implementing the SFR
method [24]. On the other hand, the decays B̄s → γlþl−

correspond to matrix elements of three local operators, with
two time intervals between them, and so the equations
Eqs. (15)–(20) represent an extension of the SFR method.
In Sec. III Cwe show that such extensions can be generalized
to the matrix elements of an arbitrary number, n say, of
operators with n! time orderings and, for each time ordering,
n − 1 time intervals between the operators. The generic
relations are presented in Eqs. (24) and (28) and can be
applied to processes with matrix elements of an arbitrary
number of operators.

Since in this section we consider the contributions from
matrix elements containing the two current-current oper-
ators, OðcÞ

1 and OðcÞ
2 in the effective Hamiltonian of Eq. (5)

(i.e., the charming penguin contributions), for which the
formal discussion is identical, in order to simplify the

notation we write OðcÞ
1;2 to indicate either OðcÞ

1 or OðcÞ
2 .

A. Time-ordered diagrams contributing
to B → Kl+l− decay amplitudes

For B → Klþl− decays, with the B meson at rest, the
hadronic factor in the amplitude is

Hν
1;2ðq⃗Þ ¼ i

Z
d4 x eiq·xhKðp⃗KÞjT½Jνemðt; x⃗ÞOðcÞ

1;2ð0Þ�jBð0⃗Þi

¼ i

�Z
0

−∞
dt eiq0thKðp⃗KÞjOðcÞ

1;2ð0ÞJ̃νemðt; q⃗ÞjBð0⃗Þi

þ
Z

∞

0

dt eiq0thKðp⃗KÞjJ̃νemðt; q⃗ÞOðcÞ
1;2ð0ÞjBð0⃗Þi

�
;

ð11Þ

where T denotes time ordering, J̃νemðt; q⃗Þ ¼
R
d3 x e−iq⃗·x⃗×

Jνemðt; x⃗Þ and Jνemðt; x⃗Þ ¼
P

f Qff̄ðt; x⃗Þγνfðt; x⃗Þ (f denotes
the flavor quantum number of the quark and Qu;c ¼ 2=3
and Qd;s;b ¼ −1=3) is the electromagnetic current coupling
to the virtual photon with four-momentum q. Note that
q0 ¼ mB − EK, where EK is the energy of the kaon,
EK ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

K þ q⃗2
p

, so that Hν
1;2 is a function of q⃗ only.

We now consider each of the two terms on the right-hand
side of the second line of Eq. (11) in turn:

(i) In the first term on the right-hand side of Eq. (11), in
which t < 0, the hadronic states propagating be-
tween the two operators have beauty and strangeness
quantum numbers B ¼ 1 and S ¼ 0 respectively and
three-momentum −q⃗ [see Fig. 2(a)]. They therefore
have energies greater than mB − q0. This contribu-
tion to the amplitude is therefore real and can be
calculated in the standard way from lattice compu-
tations of Euclidean correlation functions [see
Eq. (45) below].

(ii) In the second term on the other hand, in which t > 0

[see Fig. 2(b)], the operators OðcÞ
1;2ð0Þ annihilate the

b̄-quark and create an s̄-quark, so that the states
propagating between the two operators have B ¼ 0
and S ¼ 1. There is a continuous spectrum of such
on-shell states with energies less than mB and so
there is an imaginary contribution to the amplitude.
To be specific, the contribution to Hν

1;2ðq⃗Þ from the
region t > 0 can be written in the spectral density
form [see Eq. (47) below]

Hνþ
1;2ðq⃗Þ ¼

Z
∞

E�

dE
2π

ρνþ1;2ðE; q⃗Þ
E −mB − iϵ

; ð12Þ
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where the spectral density is given by

ρνþ1;2ðE; q⃗Þ ¼ hKð−q⃗ÞjJνemð0Þð2πÞ3δðP̂Þð2πÞ
× δðĤ − EÞO1;2ð0ÞjBð0⃗Þi; ð13Þ

P̂ and Ĥ are the three-momentum and Hamiltonian oper-
ators respectively and E� is the lowest energy of the on-
shell intermediate states propagating between the two
operators. Since there are on-shell states with E < mB
and (as always) states with E > mB, the pole at E ¼ mB is
present in the region of integration over E and the iϵ cannot
be dropped. The SFR method is designed to determine both
the real and imaginary parts of the amplitude. It has been
proposed and applied for the first time to the decays
P → lν̄lðl0þl0−Þ, where l and l0 are charged leptons
[24], and then to the matrix element of O7 in B → γlþl−

decays [47]. In Sec. IV we apply the method to the matrix

elements of OðcÞ
1;2 in B → Klþl− decays.

B. Time-ordered diagrams contributing
to B̄s → γl+l− decay amplitudes

For B → γlþl− decays, with the B meson at rest, the
hadronic factor in the amplitude is

Hμν
1;2ðk⃗Þ ¼ i

Z
dt

Z
d3 x

Z
dtW

×
Z

d3 y h0jT½Jμγ ðt; x⃗ÞJνγ� ð0; y⃗ÞOðcÞ
1;2ðtW; 0⃗Þ�j

× B̄sð0⃗Þieik·x eik⃗·y⃗; ð14Þ

where Jμγ and Jνγ� are the electromagnetic currents which
emit the real and virtual photons with momenta k and q ¼
pB − k respectively, k2 ¼ 0 and pB ¼ ðmB̄s

; 0⃗Þ.4 Now the
matrix element is of three local operators and there are six

possible time-orderings, three of which give contributions
to the amplitude containing an imaginary part.
(i) tW < 0 < t [Fig. 3(a)]: The operators OðcÞ

1;2ðtWÞ
annihilate the b̄ antiquark so that the hadronic states
propagating between tW and time 0 have beauty quantum
number B ¼ 0 (and strangeness S ¼ 0) and there is a
continuum of such on-shell states with energies below mB̄s

.
This contribution therefore has an imaginary part. The on-
shell states propagating between times 0 and t also have
B ¼ 0; however, they have positive invariant masses and
therefore cannot combine into the final-state massless
photon. Only one of the two time intervals, ½tW; 0�, allows
for energy-conserving on-shell propagating hadronic states.
We will see in Eq. (54) in Sec. V that this first contribution
can be written in the spectral density form5

Hμν
1 ðk⃗Þ ¼

Z
∞

E�
1

dE1

2π

Z
∞

E�
2

dE2

2π

ρμν1 ðE1; E2; k⃗Þ
ðE1 −mB̄s

− iϵÞðE2 − k0Þ
;

ð15Þ

where

ρμν1 ðE1; E2; k⃗Þ ¼ h0jJμγ ð0Þð2πÞ4δðP̂ − k⃗ÞδðĤ − E2ÞJνγ� ð0Þ
× ð2πÞ3δð3ÞðP̂ÞδðĤ − E1ÞOðcÞ

1;2ð0ÞjB̄sð0⃗Þi;
ð16Þ

P̂ and Ĥ are again the three-momentum and Hamiltonian
operators and E�

1;2 are the threshold energies for the two
channels. The first factor in the denominator,mB̄s

− E1 þ iϵ,
arises from the tW integration whereas the second, k0 − E2

comes from the t integration. Sincek0 < E2,wedrop the iϵ in
this factor (although as explained in Sec. VA this is not
necessary).
(ii) tW < t < 0 [Fig. 3(b)]: As in the previous case, the

operators OðcÞ
1;2ðtWÞ annihilate the b̄ antiquark so that the

hadronic states propagating between tW and time t have
beauty quantum number B ¼ 0 (and strangeness S ¼ 0)

(a) (b)

FIG. 2. Schematic illustrations of the two time-orderings in Eq. (11) contributing to B → Klþl− decays. The dashed lines between
the operators represent all propagating states with the indicated B and S quantum numbers. The emission of the virtual photon is
not shown. Panel (a) corresponds to the time ordering t < 0, while panel (b) corresponds to t > 0.

4To simplify the notation we have omitted the label em on the
currents, leaving it implicit that these are electromagnetic currents
defined after Eq. (11). It is convenient to distinguish the position
at which the real and virtual photons are emitted and this we do
by the labels γ and γ� respectively.

5In order to simplify the notation we have dropped the labels
1,2 on Hν. The subscript 1 on Hμν

1 ðk⃗Þ indicates the first time-
ordering and Eq. (15) holds for both operators OðcÞ

1 and OðcÞ
2 .
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and there is a continuum of such on-shell states with energies below mB̄s
leading to an imaginary part in the corresponding

propagator. In addition, however, the hadronic states propagating between t and 0 also have B ¼ 0 and if q2 is greater than
the threshold for such states, (e.g., ππ states in a p-wave), the corresponding propagator also contains an imaginary part.
We will see in Eq. (61) in Sec. V that this second contribution can be written in the form

Hμν
2 ðk⃗Þ ¼ −

Z
∞

E�
1

dE1

2π

Z
∞

E�
2

dE2

2π

ρμν2 ðE1; E2; k⃗Þ
ðE1 −mB̄s

− iϵÞðE2 þ k0 −mB̄s
− iϵÞ ; ð17Þ

where

ρμν2 ðE1; E2; k⃗Þ ¼ h0jJνγ�ð0Þð2πÞ4δð3ÞðP̂þ k⃗ÞδðĤ − E2ÞJμγ ð0Þð2πÞ4δð3ÞðP̂ÞδðĤ − E1ÞOðcÞ
1;2ð0ÞjB̄sð0⃗Þi: ð18Þ

The energy E1 is that of the zero momentum B ¼ 0 states
propagating between tW and t and therefore the first pole in
the denominator in Eq. (17) is always in the range of the E1

integration and, as before, the corresponding iϵ cannot be
dropped. The energy E2 is that of the B ¼ 0 states with
momentum q⃗ ¼ −k⃗, and whether the second pole in the
denominator of Eq. (17) is in the range of the E2 integration
depends on the value of k⃗. If q0 ¼ mB̄s

− k0 is greater than
E�
2 then the second pole will be in the range of integration

and again we cannot drop the iϵ. This is the case, for
example, when q2 is above the charmonium resonances and
obtaining the amplitude from Euclidean correlation func-
tions requires a generalization of the SFR method in order
to use the HLT approach to evaluate the spectral density.
In Eq. (17) we have written the two propagators with the

same iϵ and the physical result is obtained by taking
the limit ϵ → 0. We note that in intermediate stages of the
SFT/HLT procedure, different values of ϵ could be used in
each propagator. Whether there is any advantage in using
this freedom, particularly in reducing lattice artifacts, can
be investigated in future numerical computations.
(iii) t < tW < 0 [Fig. 3(c)]: For this time-ordering the

emission of the real photon at t, implies that the states
propagating between t and tW have B ¼ −1 and three-
momentum q⃗ ¼ −k⃗ and hence an energy greater than mB̄s

.

The corresponding propagator is therefore real. On the
other hand the states propagating between tW and 0 have
B ¼ 0 and again if q2 is greater than the threshold for such
states then there is an imaginary part in the amplitude.
We will see in Eq. (69) in Sec. V that this third

contribution can be written in the form

Hμν
3 ðk⃗Þ¼

Z
∞

E�
1

dE1

2π

Z
∞

E�
2

dE2

2π

ρ3ðE1;E2; k⃗Þ
ðE1−mB̄s

þk0ÞðE2−q0− iϵÞ ;

ð19Þ

where q0 ¼ mB̄s
− k0 is the energy of the virtual photon

and

ρμν3 ðE1; E2; k⃗Þ ¼ h0jJνγ� ð0Þð2πÞ4δð3ÞðP̂þ k⃗ÞδðĤ − E2Þ
×OðcÞ

1;2ð0Þð2πÞ4δð3ÞðP̂þ k⃗ÞδðĤ − E1Þ
× Jμγ ð0ÞjB̄sð0⃗Þi: ð20Þ

The form of the denominator in Eq. (19) reflects the
discussion in the previous paragraph. The energy E1 is
that of B ¼ −1 intermediate states propagating between t
and tW and is greater than mB̄s

− k0 for all values of k⃗.

(a) (b)

(c)

FIG. 3. Schematic illustrations of the three time-orderings in Eq. (14) which contribute an imaginary part to the B → γlþl− decay
amplitude. The dashed lines between the operators represent all propagating states with the indicated B quantum number. The emission
of the real and virtual photons is not shown. Panel (a) corresponds to the time ordering tW < 0 < t, panel (b) to tW < t < 0, while
panel (c) to t < tW < 0.
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The corresponding pole is therefore not in the range
of the E1 integration and we have dropped the iϵ in the
corresponding propagator (although as explained in
Sec. V C this is not necessary). The energy E2 is that
of the B ¼ 0 intermediate states propagating between tW
and 0 and for larger values of q0, the pole at E2 ¼ q0 is in
the range of the E2 integration and we therefore need to
keep the iϵ.
The remaining three time-orderings, 0 < tW < t,

0 < t < tW , and t < 0 < tW do not have energy-conserving
intermediate states which can go on-shell and hence only
give real contributions to the amplitude. Their computation
therefore does not require the use of spectral density
methods.

C. Generalized spectral density representation

In this paper we are particularly interested in B →
Klþl− and B̄s → γlþl− decays; however, we now show
that the discussion above can be generalized to hadronic
factors containing the matrix elements of an arbitrary
number n of composite local operators. Consider the
multilocal hadronic matrix element

HðkI;kF;k1;k2;…;knÞ

¼
Z Yn

i¼1

fd4xi eiki·xighFðkFÞjT½O1ðx1Þ���OnðxnÞ�jIðkIÞi;

ð21Þ

where the initial and final states, jIðkIÞi and jFðkFÞi, are
either on-shell single-particle states or possibly the vacuum.
In the discussion above, for B → Kμþμ− decays n ¼ 2 and
the initial and final states are the B and K mesons, whereas
for B̄s → γlþl− decays n ¼ 3 and the initial and final
states are the B̄s meson and the vacuum respectively.
For each of the n! time-orderings we can write the

contribution to HðkI; kF; k1; k2;…; knÞ in terms of a spec-
tral density. In the above, we have done so explicitly for
those time-orderings which contribute an imaginary part to
the B → Klþl− decay amplitude in Eqs. (12) and (13) or
to the B̄s → γlþl− amplitude in Eqs. (15)–(20). We have
not written the contributions to H from the remaining time-
orderings because they can be evaluated using standard
techniques without requiring spectral density techniques.
For the general case in Eq. (21) we start by writing

ThFðkFÞjO1ðx1Þ � � �OnðxnÞjIðkIÞi ¼
Xn!
P¼1

θðx0P1
− x0P2

Þ � � � θðx0Pn−1
− x0Pn

ÞhFðkFÞjOP1
ðxP1

Þ � � �OPn
ðxPn

ÞjIðkIÞi; ð22Þ

where the sum runs over the n! permutations of the hadronic operators and fP1;…; Png is the ordering of the indices
f1;…; ng generated by the permutation P. We express each matrix element in the sum on the right-hand side of Eq. (22) as
follows:

hFðkFÞjOP1
ðxP1

Þ � � �OPn
ðxPn

ÞjIðkIÞi
¼ eikF ·xP1−ikI ·xPn hFðkFÞjOP1

ð0Þe−iP̂·ðxP1−xP2 Þ � � �OPn−1
ð0Þe−iP̂·ðxPn−1−xPn ÞOPn

ð0ÞjIðkIÞi

¼ eikF ·xP1−ikI ·xPn
Z

d4p1

ð2πÞ4 � � �
d4pn−1

ð2πÞ4
�Yn−1

j¼1

e−ipj·ðxPj−xPjþ1
Þ
�
ρPðp1;…; pn−1Þ; ð23Þ

where P̂ ¼ ðĤ; P̂Þ is the four-momentum operator and the generalized spectral density is given by

ρPðp1;…; pn−1Þ ¼ hFðkFÞjOP1
ð0Þð2πÞð4Þδð4ÞðP̂ − p1ÞOP2

ð0Þ � � �OPn−1
ð0Þð2πÞ4δð4ÞðP̂ − pn−1ÞOPn

ð0ÞjIðkIÞi: ð24Þ

We now define

k̄Pj
¼ kF þ

Xj

i¼1

kPj
ð25Þ

and perform the spatial integrals in Eq. (21) to obtain the contribution to HðkI; kF; k1; k2;…; knÞ from this time-ordering
[which we label by HPðkI; kF; k1; k2;…; knÞ]
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HPðkI; kF; k1; k2;…; knÞ ¼ ð2πÞ3δð3Þ
�
k⃗I − k⃗F −

Xn
i¼1

k⃗i

��Yn−1
i¼1

Z
d4pi

ð2πÞ4 ð2πÞ
3δð3Þðp⃗i − ⃗k̄Pi

Þ
�
ρPðp1;…; pn−1Þ

×
Z

dx0P1

Z
dx0P2

� � �
Z

dx0Pn
θðx0P1

− x0P2
Þ � � � θðx0Pn−1

− x0Pn
Þeiðk0Fx0P1−k0I x0Pn Þ

×
�Yn

r¼1

eik
0
Pr
x0Pr

��Yn−1
j¼1

e
−ip0

j ðx0Pj−x
0
Pjþ1

Þ
�
; ð26Þ

where we have used
P

n
j¼1 k⃗Pj

¼ P
n
j¼1 k⃗j.

Each of the step functions in Eq. (26) can be written in the representation

θðx0Pj
− x0Pjþ1

Þ ¼
Z

dEj

2πi
e
iEjðx0Pj−x

0
Pjþ1

Þ

Ej − iϵ
; ð27Þ

where the ϵ → 0 limit is implicit. The time integrations can now be performed giving

HPðkI; kF; k1; k2;…; knÞ ¼ ð−iÞn−1ð2πÞ4δð4Þ
�
kI − kF −

Xn
i¼1

ki

��Yn−1
i¼1

Z
d4pi

ð2πÞ4
ð2πÞ3δð3Þðp⃗i − ⃗k̄Pi

Þ
p0
i − k̄0Pi

− iϵ

�
ρPðp1;…; pn−1Þ;

ð28Þ

and HðkI; kF; k1; k2;…; knÞ ¼
P

n!
P¼1HPðk1; k2;…; knÞ.

The results in Eqs. (24) and (28) are illustrated in
Fig. 4. Since for each time ordering, the integrals over
the spatial coordinates x⃗Pi

are performed over all space,
three-momentum is conserved at each vertex so that

p⃗i ¼ ⃗k̄i as stated in Eq. (28). Since for each time-ordering
energy is not conserved at the vertices, an integral over the
energies remains, with a singularity when the energy p0

i of
an internal state is equal to the corresponding external
energy k̄Pi

. As we have seen in the examples in Secs. III A
and III B, whether or not the poles are present for a
particular time-ordering depends on the quantum numbers
of the operators and states. In those examples, there is no

three-momentum transfer at the weak operator OðcÞ
1;2.

For the specific decays and time-orderings considered in
Secs. III A and III B and in the following sections, we have
used a different notation which, however, can readily be
seen to be equivalent to the general formula in Eq. (28).
Thus for example, in Eq. (15) for the first time-ordering,
n ¼ 3, k0I ¼ mB̄s

, k0F ¼ 0, k̄0P1
¼ k0, k̄0P2

¼ mB̄s
and we

have replaced the integration variables p0
1 and p

0
2 by E2 and

E1 respectively. The expressions for the hadronic factors in
Eqs. (12), (17), and (19) together with the corresponding
spectral densities, can similarly be seen to be specific
examples of Eqs. (28) and (24).
In the discussion in Secs. III A and III B we have

imposed four momentum conservation (i.e., kI ¼
kF þP

n
i¼1 ki in the notation of Eq. (21)) by hand and

used translation invariance to set the position of one of the
operators to be at the origin. Apart from this, we now see
that for the B → Klþl− decays, Eqs. (13) and (12) for the
t > 0 time-ordering, i.e., the one which requires the spectral
density method, is a special case for n ¼ 2 of the general
result in Eqs. (28) and (24). In this case, n ¼ 2, kI ¼
ðmB; 0⃗Þ and kF ¼ ðEK;−q⃗Þ, where q⃗ is the momentum of
the virtual photon. Similarly for B̄s → γlþl− decays for
which n ¼ 3, Eqs. (15)–(20) correspond to the three time-
orderings which require the spectral density approach.
The above discussion has been presented in Minkowski

space. The HLT method allows for an evaluation of the

FIG. 4. Schematic diagram illustrating the time-ordering described in the text. The dashed lines represent the particles coupling to the
operators OPi

; ði ¼ 1;…; nÞ and carrying the momentum kPi
.
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spectral densities from Euclidean correlation functions. A
fully general analysis of the connection of spectral densities
with S-matrix elements has been performed in Ref. [55] by
generalizing the arguments of Ref. [49].
As an illustration of the SFR method proposed for n ¼ 2

in Ref. [24], we consider B → Klþl− decays discussed in
Sec. III A. We start with Eq. (12),

Hνþ
1;2ðq⃗Þ ¼

Z
∞

E�

dE
2π

ρνþ1;2ðE; q⃗Þ
E −mB − iϵ

¼ i
Z

∞

0

dt eiq0t Cνþ
1;2ðt; q⃗Þ;

ð29Þ

and the (Minkowski) correlation function is given in terms
of the spectral density by

Cνþ
1;2ðt; q⃗Þ ¼

Z
∞

E�

dE
2π

e−iðE−EKÞt ρνþ1;2ðEÞ; ð30Þ

whereEK ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

K þ q⃗2
p

is the energy of the final state kaon.
The expression for the correlation function in terms of the
spectral density can readily be continued to Euclidean space
so that it is amenable to lattice computations,

Cνþ
1;2;Eðt; q⃗Þ ¼

Z
∞

E�

dE
2π

e−ðE−EKÞt ρνþ1;2ðEÞ; ð31Þ

where the subscript E on the left-hand side denotes
Euclidean.6 The HLTmethod [23] is based on the expansion
of the smearing kernel in terms of exponentials as follows:

1

E −mB − iϵ
≃
Xnmax

n

gnðmB; ϵÞe−aEn; ð32Þ

where the gnðmB; ϵÞ are complex coefficients and a is the
lattice spacing. This relies on the key observation ofRef. [49]
(generalized in Ref. [55]) that by relying on the Stone-
Weierstrass theorem such a representation is exact in the limit
nmax → ∞. We now define the smeared hadronic factor

H̃νþ
1;2ðq⃗; ϵÞ≡

Z
∞

E�

dE
2π

ρνþ1;2ðE; q⃗Þ
E −mB − iϵ

≃
Xnmax

n¼1

gnðmB; ϵÞ
Z

∞

E�

dE
2π

e−aEnρνþ1;2ðE; q⃗Þ

¼
Xnmax

n¼1

gnðmB; ϵÞe−aEKnCνþ
1;2;Eðan; q⃗Þ: ð33Þ

Thus H̃νþ
1;2ðq⃗; ϵÞ is given in terms of Euclidean correlation

functions which can be computed in lattice QCD. After
performing the computations at several values of ϵ, if the
ϵ → 0 extrapolation can be performed reliably, then the
physical H1;2ðq⃗Þ is obtained.
The issues concerning the limit ϵ → 0 have been been

discussed in detail in Ref. [24] and are sketched in
Sec. VIII B below, when we discuss our numerical results.
The first issue concerns the fact that the computations are
performed on finite spatial volumes with discrete spectra
requiring the condition ϵL ≫ 1 to obtain reliable smeared
results. When this condition is satisfied, finite volume
effects, which are known to be exponentially small in ϵL
[53], can be safely kept under control. The second issue is
that the smallest values of ϵ that can be reached in practice,
depends on both the finite numbers of discrete lattice points
at which the relevant time-dependent correlation function
has been computed, i.e., on the temporal extension T of the
lattice, and on the statistical accuracy of the lattice data. In
order to ensure good control of the extrapolation ϵ → 0, at
any selected value of E, the condition ϵ ≪ ΔðEÞ must be
satisfied, where ΔðEÞ indicates the typical size of the
interval around E in which the hadronic amplitude is
significantly varying, such as in a region where narrow
resonances contribute to the spectral density. In such cases
the condition ϵ ≪ ΔðEÞ may be difficult to be fulfilled. In
such cases, in order to obtain results with sufficiently small
values of ϵ will require extremely high statistical accuracy
of the lattice data. For this reason, in our numerical study in
Sec. VIII B we evaluate the amplitude at a value of q2

which is above the squared masses of the narrow charmo-
nium resonances, where the amplitude behaves relatively
smoothly. In such an asymptotic regime, one can expect
that the extrapolation can be performed using a polynomial
ansatz.
The decay B̄s → γlþl− corresponds to the case n ¼ 3,

and for each time-ordering there are two time intervals with
different states propagating in each. In particular, we have
seen in Eq. (17), that, depending on the momentum of the
real photon, there may be two poles in the ranges of the
energy integrations. For illustration consider a particular
time-ordering P for n ¼ 3 and the corresponding smeared
kernel

Kϵðp0
1;p

0
2Þ¼KR

ϵ ðp0
1;p

0
2Þþ iKI

ϵðp0
1;p

0
2Þ

¼ −i
ðp0

1−EF−E1− iϵÞ
−i

ðp0
2−EF−E1−E2− iϵÞ ;

ð34Þ

where EF ¼ k0F, E1 ¼ k0P1
and E2 ¼ k0P2

. References [49,55]
allow us to write Kϵðp0

1; p
0
2Þ in the form

6Note that Hνþ
1;2ðq⃗Þ ¼

R
∞
0 dt eq0t Cνþ

1;2;Eðt; q⃗Þ is an incorrect
continuation of Eq. (29) to Euclidean space. This time integral
diverges at large t due to the contributions from intermediate
states with energies smaller thanmB, thus preventing the physical
amplitude from being obtained.
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KX
ϵ ðp0

1; p
0
2Þ ¼ lim

nmax→∞

Xnmax

n1¼1

Xnmax

n2¼1

gXϵ ðn1; n2Þe−an1p0
1
−an2p0

2 ; X ¼ fR; Ig; ð35Þ

where we have introduced the index X ¼ fR; Ig in order to be able to deal separately with the real and imaginary
components. In order to simplify the notation we have not explicitly shown the dependence of the coefficients gXϵ ðn1; n2Þ
upon EF, E1, E2 and nmax. By using the representation of Eq. (35), the connection of Hðk1; k2Þ with Euclidean lattice
correlation functions is readily established:

HPðk1; k2Þ ¼ lim
ϵ→0þ

lim
nmax→∞

Xnmax

n1¼1

Xnmax

n2¼1

½gRϵ ðn1; n2Þ þ igIϵðn1; n2Þ�CPðan1; an2Þ; ð36Þ

where the (amputated) Euclidean correlation function CPðan1; an2Þ is given by

CPðan1; an2Þ ¼ e−an1p
0
1
−an2p0

2ρPðp0
1; p

0
2Þ; ð37Þ

and ρPðp0
1; p

0
2Þ ¼ 0 if p0

1 < p�
1 and/or p0

2 < p�
2. We will

present explicit expressions for the three time-orderings for
B̄s → γlþl− decays in Sec. V below.
The optimal determination of the coefficients gXϵ ðn1; n2Þ

is delicate and is a balance between the systematic
uncertainties in the fit of KX

ϵ ðp0
1; p

0
2Þ in terms of exponen-

tials (in which the coefficients generally become large and
oscillate in sign) and the statistical uncertainties in the
correlation functions. Within the HLT algorithm, explicitly
generalized to the multidimensional case in Ref. [55], this

balance is achieved by determining the coefficients from
the minimization of the functional

WX½g⃗� ¼
AX½g⃗�
AX½0⃗�

þ λB½g⃗�; ð38Þ

where AX½g⃗�, B½g⃗�, and λ are the so-called norm-functional,
error-functional, and trade-off parameter. The norm-func-
tional is a measure of the distance in functional space of the
target kernel KX

ϵ ðp0
1; p

0
2Þ from its approximation in terms of

exponentials. A possible definition is

AX½g⃗� ¼
Z

∞

p�
1

dp0
1

Z
∞

p�
2

dp0
2

�
KX

ϵ ðp0
1; p

0
2Þ −

Xnmax

n1¼1

Xnmax

n2¼1

gðn1; n2Þe−an1p0
1
−an2p0

2

�2
; ð39Þ

where, at this stage, g⃗ is a generic real vector. The error-functional is the square of the statistical error on the approximation
of HX

Pðk1; k2; ϵÞ obtained by using the representation of Eq. (36) without taking the limits and by setting ϵ > 0 and
nmax < ∞. It is given by

B½g⃗� ¼
Xnmax

n1¼1

Xnmax

n2¼1

Xnmax

n̄1¼1

Xnmax

n̄2¼1

gðn1; n2ÞCovPðn1; n2jn̄1; n̄2Þgðn̄1; n̄2Þ; ð40Þ

where CovPðn1; n2jn̄1; n̄2Þ is the statistical covariance of
the lattice correlator CPðan1; an2Þ. By solving the linear
system of equations

∇!g⃗WX½g⃗�jg⃗¼g⃗Xϵ
¼ 0; ð41Þ

one gets the coefficients gXϵ ðn1; n2Þ to be used in order to
approximate the kernel KX

ϵ ðp0
1; p

0
2Þ.

It is important to notice that B½g⃗� is identically zero in the
case of an infinitely precise lattice correlator. Therefore, in

this idealized situation the coefficients gXϵ ðn1; n2Þ corre-
spond to the best fit of the kernelKX

ϵ ðp0
1; p

0
2Þwith respect to

the norm used to define AX½g⃗�. In the realistic situation in
which the lattice correlator contains statistical uncertainties,
the optimal balance between the systematic and statistical
errors on HPðk1; k2Þ is achieved by starting from large
positive values of λ, i.e., from the region in the space of
possible solutions where statistical (systematic) errors are
small (large), and then progressively reducing the trade-off
parameter. Provided that nmax is sufficiently large, the
optimal balance is obtained at the value λ⋆ such that the
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results for HPðk1; k2Þ do not show a statistically signifi-
cant dependence upon the trade-off parameter for λ ≤ λ⋆.
See Refs. [23,57,58,63,64,66,67] for more details on
this “stability analysis” and for other applications of
the procedure.

IV. LATTICE COMPUTATION OF CHARMING
PENGUIN CONTRIBUTIONS TO THE B → Kl+l−

DECAY AMPLITUDE

In this section we apply the discussion and results of
Sec. III C to the evaluation of the charming penguin
contributions to the B → Klþl− decay amplitude:

A1;2 ¼ i
4GFffiffiffi

2
p e2λt C

ðcÞ
1;2½ūðpl−ÞγμvðplþÞ�DμνðqÞ

×
Z

d4 x eiq·xhKðp⃗KÞjT½JνemðxÞOðcÞ
1;2ð0Þ�jBðpBÞi;

ð42Þ

where DμνðqÞ is the propagator of the virtual photon, pl�

are the momenta of the leptons, and the current-current

operators OðcÞ
1;2 are defined in Eq. (6). The corresponding

four connected diagrams are shown in Fig. 1. In the rest
frame of the B meson, from Eq. (42) the hadronic matrix
elements which need to be evaluated are

Hν
1;2ðq⃗Þ ¼ i

Z
d4 x eiq·xhKð−q⃗ÞjT½JνemðxÞOðcÞ

1;2ð0Þ�jBð0⃗Þi;

ð43Þ

where x ¼ ðt; x⃗Þ and q is the four-momentum of the virtual
photon. We note that since electromagnetic current con-
servation implies that qνHνðq⃗Þ ¼ 0 so that Hνðq⃗Þ is
proportional to q2pν

B − ðpB · qÞqν. Combining Hνðq⃗Þ with
the photon propagator and the leptonic current as in
Eq. (42), the contribution to the amplitude is proportional
to pμ

Būðpl−ÞγμvðplþÞwhich is often interpreted as a shift in
the Wilson coefficient C9, C9 → Ceff

9 . The aim of this paper
is to develop the necessary framework to quantify this shift.
Separating the contributions from negative and

positive t, we writeHν
1;2ðq⃗Þ¼Hν

1;2ðq⃗Þθð−tÞþHν
1;2ðq⃗ÞθðtÞ≡

Hν−
1;2ðq⃗ÞþHνþ

1;2ðq⃗Þ and consider these two contributions in
turn. In the rest frame of the B meson, at negative t

Hν−
1;2ðq⃗Þ ¼ i

Z
0

−∞
dt eiq0t Cν−ðt; q⃗Þ ð44Þ

¼ i
Z

0

−∞
dteiq0t

Z
d3xe−iq⃗·x⃗hKð−q⃗ÞjOðcÞ

1;2ð0ÞJνemðt;x⃗ÞjBð0⃗Þi

¼
Z

∞

E�
−

dE
2π

ρν−1;2ðE;q⃗Þ
E−mBþq0−iϵ

; ð45Þ

where the label − in E�
−, Hν−

1;2ðq⃗Þ and ρν−1;2ðE; q⃗Þ indicates
that this expression corresponds to negative times t < 0.
Equation (45) follows directly from the general equa-
tion (28) for the case n ¼ 2 which we are considering
here.7 The spectral density is obtained from Eq. (24),

ρν−1;2ðE; q⃗Þ ¼ hKð−q⃗ÞjJνemð0Þð2πÞ4δð3ÞðP̂þ q⃗Þ
× δðĤ − EÞOðcÞ

1;2ð0ÞjBð0⃗Þi; ð46Þ

where P̂ and Ĥ are the three-momentum and Hamiltonian
operators respectively. The energy E�

− in Eq. (45) is that of
the lowest on-shell state with beauty quantum number
B ¼ 1 and three momentum−q⃗, so that E� > mB − q0. The
pole in Eq. (45) is therefore not in the range of the energy
integration, so that the iϵ in the denominator is unnecessary
and can be omitted. The contribution Hν−

1;2ðq⃗Þ can therefore
be evaluated from the corresponding Euclidean correlation
function, without any difficulty from the continuation from
Minkowski space.
The situation is different for t > 0 as we now show. In

this case

Hνþ
1;2ðq⃗Þ ¼ i

Z
∞

0

dt eiq0t
Z

d3 x e−iq⃗·x⃗

× hKð−q⃗ÞjJνemðt; x⃗ÞOðcÞ
1;2ð0ÞjBð0⃗Þi

¼
Z

∞

E�
þ

dE
2π

ρνþ1;2ðE; q⃗Þ
E −mB − iϵ

; ð47Þ

where the labelþ in E�þ,H
νþ
1;2ðq⃗Þ and ρνþ1;2 indicates that this

expression corresponds to positive times t > 0. Here, as
illustrated in Fig. 2(b), E�þ is the threshold energy for on-
shell states with B ¼ 0 and S ¼ 1 so that E�þ < mB. The iϵ
is therefore necessary to regulate the pole in the integration
over E. The spectral density is readily obtained from
Eq. (24):

ρνþ1;2ðE; q⃗Þ ¼ hKð−q⃗ÞjJνemð0Þð2πÞ3δðP̂Þð2πÞ
× δðĤ − EÞOðcÞ

1;2ð0ÞjBð0⃗Þi: ð48Þ

The SFR method which we propose to use to determine
Hνþ

1;2ðq⃗Þ from the lattice computation of Euclidean corre-
lation functions has been presented in Sec. III C starting
around Eq. (29), resulting in

7Instead of the overall momentum δ-function in (28), we
impose four momentum conservation directly, pK þ q ¼ pB,
where pK and pB ¼ ðmB; 0Þ are the four-momenta of the B
and K mesons respectively, and place the weak operator OðcÞ

1;2 at
the origin.
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Hνþ
1;2ðqÞ ¼ lim

ϵ→0
H̃νþ

1;2ðq; ϵÞ

¼ lim
ϵ→0

Xnmax

n¼1

gnðmB; ϵÞe−aEKn Cνþ
1;2;Eðan; q⃗Þ: ð49Þ

As discussed in detail in Sec. III A of Ref. [24] and
summarized briefly in Sec. III C above, the optimal
determination of the coefficients gn is delicate and is a
balance between the systematic uncertainties in the fit of
1=ðE −mB − iϵÞ in terms of exponentials and the statistical
uncertainties in the correlation functions. The details will
vary from process to process and the stability of the results
will need to be assured case by case, including the one
discussed here.

V. LATTICE COMPUTATION OF CHARMING
PENGUIN CONTRIBUTIONS TO THE B̄s → γl+l−

DECAY AMPLITUDE

In this section we discuss the decay B̄s → γlþl−

illustrated in Fig. 5 and apply the general procedure
described in Sec. III C to this process. We have already
anticipated in Sec. III B that contributions from three of the
six time-orderings require the introduction of spectral

density techniques and we consider each of these in turn.
Although the final results for the spectral densities and the
contributions to the hadronic factor can be deduced from
Eqs. (24) and (28) respectively, it is nevertheless instructive
to follow the steps directly for the specific contributions of
interest.
We label the four-momenta of the real and virtual photons

by k and q respectively and introduce the variable
xγ ≡ 2Eγ=mB̄s

, where Eγ ¼ k0 is the energy of the real
photon in the rest frame of the B̄s meson. The physical range
for xγ is 0 < xγ < 1–4m2

μ=m2
B̄s

and q2 ¼ m2
B̄s
ð1 − xγÞ.

The hadronic factor in the contribution to the amplitude
for the B̄s → μþμ−γ decay from the operators OðcÞ

1;2 is given
by Eq. (14), which we rewrite here for convenience,

Hμν
1;2ðk⃗Þ ¼ i

Z
dt

Z
d3 x

Z
dtW

Z
d3 yh0jT½Jμγ ðt; x⃗ÞJνγ�ð0; y⃗ÞOðcÞ

1;2ðtW; 0⃗Þ�jB̄sð0⃗Þieik·xeik⃗·y⃗; ð50Þ

where T is the time-ordering operator and Jμγ and Jνγ� are the electromagnetic currents which emit the real and virtual

photons respectively with momenta k and q ¼ pB̄s
− k respectively, k2 ¼ 0 and pB̄s

¼ ðmB̄s
; 0⃗Þ.8

As explained in Sec. III B, of the six possible time-orderings, the ones which require the application of the spectral
density approach are the two with tW < min½t; 0� and the one with t < tW < 0 and we now consider each of these in turn.
The steps are natural applications of the procedure sketched in Sec. III C.

A. The contribution from the time-ordering tW < 0 < t

When tW < 0 < t, as illustrated in Fig. 3(a), the contribution to Hμν is

Hμν
1 ðk⃗Þ ¼ i

Z
∞

0

dt
Z

d3 x
Z

0

−∞
dtW

Z
d3 yh0jJμγ ðt; x⃗ÞJνγ� ð0ÞOðcÞ

1;2ðtW; y⃗ÞjB̄sð0⃗Þieik·x

≡ i
Z

0

−∞
dtW

Z
∞

0

dt eik0tCμν
1 ðt; k⃗; tWÞ; ð51Þ

where k0 ¼ jk⃗j, the subscript 1 indicates that this is the contribution from the first time-ordering, and

FIG. 5. Schematic diagram of the decay B̄s → γμþμ−, labeled
with the notation used in the text.

8To simplify the notation we have omitted the label em on the currents, leaving it implicit that these are electromagnetic currents
defined after Eq. (11). It is convenient to distinguish the position at which the real and virtual photons are emitted and this we do by the
labels γ and γ� respectively. We have also omitted the labels 1, 2 labeling the current-current operators on Hμν and on the correlation
functions below.
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Cμν
1 ðt; k⃗; tWÞ ¼

Z
d3 x e−ik⃗·x⃗

Z
d3 yh0jJμγ ðt; x⃗ÞJνγ� ð0ÞOðcÞ

1;2ðtW; y⃗ÞjB̄sð0⃗Þi

¼ e−imB̄s tW

Z
d3 x e−ik⃗·x⃗

Z
d3 yh0jJμγ ð0ÞeiP̂·x⃗e−iĤtJνγ�ð0Þe−iP̂·yeiĤtWOðcÞ

1;2ð0ÞjB̄sð0⃗Þi

¼
Z

∞

E�
1

dE1

2π
eiðE1−mB̄s ÞtW

Z
∞

E�
2

dE2

2π
e−iE2tρμν1 ðE1; E2; k⃗Þ; ð52Þ

where the spectral density is given by

ρμν1 ðE1; E2; k⃗Þ ¼ h0jJμγ ð0Þð2πÞ4δð3ÞðP̂ − k⃗ÞδðĤ − E2ÞJνγ� ð0Þð2πÞ4δð3ÞðP̂ÞδðĤ − E1ÞOðcÞ
1;2ð0ÞjB̄sð0⃗Þi: ð53Þ

Next we perform the t and tW integrations as in Eq. (51) to obtain

Hμν
1 ðk⃗Þ ¼ −i

Z
∞

E�
1

dE1

2π

Z
∞

E�
2

dE2

2π

ρμν1 ðE1; E2; k⃗Þ
ðE1 −mB̄s

− iϵÞðE2 − k0 − iϵÞ : ð54Þ

Since the square of the invariant mass of the intermediate states propagating between the two currents is positive,
E2
2 − jk⃗2j ¼ E2

2 − k20 > 0, the pole at E2 ¼ k0 is not in the range of the E2 integration and the corresponding iϵ is not
necessary. This is not the case for the E1 integration. The threshold E�

1, i.e., the lowest energy of on-shell states in the

spectrum ofOðcÞ
1;2jB̄sð0⃗Þi, is less thanmB̄s

, E�
1 < mB̄s

, and therefore the pole at E1 ¼ mB̄s
is in the range of the E1 integration

and the corresponding iϵ is necessary.
In Eq. (52) we have written the Minkowski correlation function in the form

Cμν
1 ðt; k⃗; tWÞ ¼

Z
∞

E�
1

dE1

2π
e−iðmB̄s−E1ÞtW

Z
∞

E�
2

dE2

2π
e−iE2tρμν1 ðE1; E2; k⃗Þ ð55Þ

and therefore the corresponding correlation function in Euclidean space is

Cμν
1Eðt; k⃗; tWÞ ¼

Z
∞

E�
1

dE1

2π
e−ðmB̄s−E1ÞtW

Z
∞

E�
2

dE2

2π
e−E2tρμν1 ðE1; E2; k⃗Þ; ð56Þ

where the subscript E on the left-hand side denotes “Euclidean.” Following HLT [23] we write

H̃μν
1 ðk⃗; ϵÞ ¼ −a

Xtmax

t¼1

Z
dE2

2π
e−ðE2−k0Þta

Z
dE1

2π

ρμν1 ðE1; E2; k⃗Þ
E1 −mB̄s

− iϵ

¼ −a
Xtmax

t¼1

Xnmax

n¼1

gnðmB̄s
; ϵÞ

Z
dE2

2π
e−ðE2−k0Þta

Z
dE1

2π
e−E1naρμν1 ðE1; E2; k⃗Þ

¼ −a
Xtmax

t¼1

Xnmax

n¼1

gnðmB̄s
; ϵÞek0ta e−mB̄snaCμν

1Eðt; k⃗;−naÞ: ð57Þ

In Eq. (57) we have replaced the integral over t by the
corresponding discrete sum present in lattice QCD com-
putations. The upper limit tmax needs to be chosen so that
the sum over t has converged with sufficient precision. The
physical result is given byHμν

1 ðk⃗Þ ¼ limϵ→0 H̃
μν
1 ðk⃗; ϵÞ in the

continuum limit. The gn are complex, with the real and
imaginary parts to be determined as explained in Sec. III C.

An alternative to the above computation of the hadronic
factor, in which the integral over t is replaced by a discrete
sum, would be to apply the HLT procedure to the product of
the two propagators in Eq. (54) by following the steps
outlined in the discussion around Eq. (34). Note that the
values of ϵ in the two propagators can be chosen to be
different [the one in the factor 1=ðE2 − k0 − iϵÞ can even be
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set to zero]. The different results forHμν
1 ðk⃗Þwill then differ by discretization effects and it is to be investigated whether there

is an advantage in practice to using one of the two procedures.

B. The contribution from the time-ordering tW < t < 0

When the real photon is emitted before the virtual one, as illustrated in Fig. 3(b), the corresponding correlation function is

Cμν
2 ðt; k⃗; tWÞ ¼

Z
d3 x e−ik⃗·x⃗

Z
d3 yh0jJνγ�ð0ÞJμγ ðt; x⃗ÞOðcÞ

1;2ðtW; y⃗ÞjB̄sð0⃗Þi; ð58Þ

¼ e−imB̄s tW h0jJνγ� ð0Þð2πÞ3δðP̂þ k⃗ÞeiĤtJμγ ð0Þð2πÞ3δð3ÞðP̂Þe−iĤðt−tWÞOðcÞ
1;2ð0ÞjB̄sð0⃗Þi;

¼ e−imB̄s tW

Z
∞

E�
1

dE1

ð2πÞ e
iE1t

Z
∞

E�
2

dE2

2π
e−iE

0
2
ðt−tWÞρμν2 ðE1; E2; k⃗Þ; ð59Þ

where

ρμν2 ðE1; E2; k⃗Þ ¼ h0jJνγ�ð0Þð2πÞ4δð3ÞðP̂þ k⃗ÞδðĤ − E1ÞJμγ ð0Þð2πÞ4δð3ÞðP̂ÞδðĤ − E2ÞOðcÞ
1;2ð0ÞjB̄sð0⃗Þi: ð60Þ

The subscripts 2 on Cμν
2 and ρμν2 indicate that these quantities correspond to the second time-ordering.

Performing the t and tW integrations we obtain

Hμν
2 ðk⃗Þ ¼ i

Z
∞

E�
1

dE1

2π

Z
∞

E�
2

dE2

ð2πÞ ρ
μν
2 ðE1; E2; k⃗Þ

Z
0

−∞
dtW eiðE2−mB̄s ÞtW

Z
0

tW

dt eiðE1þk0−E2Þt

¼ −i
Z

∞

E�
1

dE1

2π

Z
∞

p�
2

dE2

ð2πÞ
ρμν2 ðE1; E2; k⃗Þ

ðE0
1 þ k0 −mB̄s

− iϵÞðE0
2 −mB̄s

− iϵÞ : ð61Þ

In this case, as for the first time-ordering (tW < 0 < t) discussed in Sec. VA, the pole at E2 ¼ mB̄s
is always in the range of

the E2 integration and we need to keep the corresponding iϵ. In addition, however, depending on the value of k0, possible
on-shell B ¼ 0 states may exist with energies smaller than q0 ¼ mB̄s

− k0, where q0 is the energy of the virtual photon (i.e.,
of the charge-lepton pair). If this is the case, then the pole at E1 ¼ mB̄s

− k0 ¼ q0 is in the range of the E1 integration and we
also need the corresponding iϵ.
The general procedure described at the end of Sec. III C allows us to expressHμν

2 in terms of Euclidean lattice correlators.
In this case the smearing kernel is

KϵðE1; E2Þ ¼
−1

ðE1 þ k0 −mB̄s
− iϵÞðE2 −mB̄s

− iϵÞ ð62Þ

and its representation in terms of exponentials is given in Eq. (35). Therefore, by introducing the amputated Euclidean
correlation function9

Cμν
2Eðan1; an2; k⃗Þ ¼

Z
∞

E�
1

dE1

2π

Z
∞

E�
2

dE2

ð2πÞ ρ
μν
2 ðE1; E2; k⃗Þe−an1E1−an2E2

¼ e−an2mB̄s

Z
d3x1

Z
d3 x2 eix⃗1·k⃗h0jJνγ� ðan1; x⃗1ÞJμγ ð0ÞOðcÞ

1;2ð−an2; x⃗2ÞjB̄sð0⃗Þi; ð63Þ

one has

Hμν
2 ðk⃗Þ ¼ lim

ϵ→0þ
lim

nmax→∞

Xnmax

n1¼1

Xnmax

n2¼1

i½gRϵ ðn1; n2Þ þ igIϵðn1; n2Þ�Cμν
2Eðan1; an2; k⃗Þ: ð64Þ

9Note that the trilocal matrix element in the Euclidean correlation function in Eq. (63) is translated in space-time with respect to that in
the Minkowski correlator in Eq. (58), so that the real photon is emitted at the origin.
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In Fig. 6 we show examples of the approximation of the
kernel KϵðE1; E2Þ of Eq. (62) by using the HLT algorithm,
i.e., by using Eqs. (38)–(40). For this illustration, we
have set k0 ¼ 0.54 GeV, ϵ ¼ 0.5 GeV, E�

1 ¼ E�
2 ¼ mπ ,

a ¼ 0.05 fm and considered the ideal situation of an
infinitely precise lattice correlation function (λ ¼ 0).
The plots in the first row show the real part of the kernel,
KR

ϵ ðE1; E2Þ, while those in the second row show the
imaginary part, KI

ϵðE1; E2Þ. The plots on the left show the
comparison of the exact kernel (black points) with its HLT
approximation obtained with nmax ¼ 64 and, as can be
seen, the two surfaces are indistinguishable on the scale of
the figures. The plots on the right show a comparison of a
section of the kernel and have been obtained by setting
E1 ¼ mB̄s

and by plotting KϵðmB̄s
; E2Þ as a function of E2.

As can be seen, for both the real (top) and imaginary
(bottom) parts the exact kernel (black line) is approxi-
mated very precisely by setting nmax ¼ 64 (red points)
while some deviations are visible on the scale of the plots

in the case of the approximation obtained with nmax ¼ 40
(blue points).
We have presented these examples in order to provide

evidence that it is also straightforward, even if perhaps
numerical subtle, to cope with the mathematics of approxi-
mating the kernels in cases where they are functions of two
energy variables. This does not mean, however, that a precise
calculation of the physical amplitudewill be straightforward.
Indeed, while in principle there are now no theoretical
obstacles to the extraction of the physical amplitude, the
precision of its determination, and hence its phenomeno-
logical impact, will depend strongly on the statistical
accuracy which can be reached in future computations of
the required lattice Euclidean correlation functions.

C. The contribution from the time-ordering t < tW < 0

The third contribution requiring the implementation of
the HLT procedure comes from the time-ordering t<tW <0
as illustrated in Fig. 3(c),

FIG. 6. In the left column we present examples of the HLT approximations of the kernel KϵðE1; E2Þ of Eq. (62) with k0 ¼ 0.54 GeV
and ϵ ¼ 0.5 GeV. In the right column we present KϵðmB̄s

; E2Þ i.e., the section at fixed E1 ¼ mB̄s
. The plots in the first (second) row

correspond to the real (imaginary) part of the kernel. The exact kernel is plotted in black, the HLT approximation with nmax ¼ 64 in red,
and the one with nmax ¼ 40 in blue.
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Hμν
3 ðk⃗Þ ¼ i

Z
0

−∞
dt

Z
d3 x

Z
0

t
dtW

Z
d3 yh0jJνγ� ð0ÞOðcÞ

1;2ðtW; y⃗ÞJμγ ðt; x⃗ÞjB̄sð0⃗Þieik·x

≡ i
Z

0

−∞
dt

Z
0

t
dtW eik0t Cμν

3 ðt; k⃗; tWÞ: ð65Þ

The correlation function Cμν
3 ðt; k⃗; tWÞ is given by

Cμν
3 ðt; k⃗; tWÞ ¼

Z
d3 x e−ik⃗·x⃗

Z
d3 yh0jJνγ� ð0ÞOðcÞ

1;2ðtW; y⃗ÞJμγ ðt; x⃗ÞjB̄sð0⃗Þi

¼ e−imB̄s th0jJνγ� ð0Þð2πÞ3δð3ÞðP̂þ k⃗ÞeiĤtWOðcÞ
1;2ð0Þð2πÞ3δð3ÞðP̂þ k⃗Þe−iĤðtW−tÞJμγ ð0ÞjB̄sð0⃗Þi

¼ e−imB̄s t
Z

∞

E�
1

dE1

2π
e−iE1ðtW−tÞ

Z
∞

E�
2

dE2

ð2πÞ e
iE2tW ρμν3 ðE1; E2; k⃗Þ; ð66Þ

where

ρμν3 ðE1; E2; k⃗Þ ¼ h0jJνγ� ð0Þð2πÞ4δð3ÞðP̂þ k⃗ÞδðĤ − E2ÞOðcÞ
1;2ð0Þð2πÞ4δð3ÞðP̂þ k⃗ÞδðĤ − E1ÞJμγ ð0ÞjB̄sð0⃗Þi: ð67Þ

The subscripts 3 on Cμν
3 and ρμν3 indicate that these quantities correspond to the third time-ordering.

Performing the t and tW integrations we obtain

Hμν
3 ðk⃗Þ ¼ i

Z
∞

E�
1

dE1

2π

Z
∞

E�
2

dE2

ð2πÞ ρ
μν
3 ðE1; E2; k⃗Þ

Z
0

−∞
dt eiðE1−mBþk0Þt

Z
0

t
dtW e−iðE1−E2ÞtW

¼ i
Z

∞

E�
1

dE1

2π

Z
∞

E�
2

dE2

ð2πÞ
ρμν3 ðE1; E2; k⃗Þ

ðE1 −mB̄s
þ k0 − iϵÞðE2 − q0 − iϵÞ ð68Þ

where q0 is the energy of the virtual photon, q0 ¼
mB̄s

− k0. The energy E1 is that of states with beauty
and strangeness quantum numbers B ¼ −1; S ¼ 1 and
momentum −k⃗ and so E1 > mB̄s

and the denominator
mB̄s

− k0 − E1 in Eq. (68) does not vanish in the range of

the E1 integration for any value of k⃗. We can therefore
drop the iϵ in the first factor in the denominator. However,

as was the case for the second time-ordering (tW < t < 0)
(discussed in Sec. V B), depending on the value of k⃗,
possible on-shell B ¼ 0 states may exist with energies
smaller than q0. This is the case if q0 > E�

2 and we then
need to keep the corresponding iϵ. The hadronic factor is
then obtained after taking ϵ → 0 in the continuum limit:
Hμν

3 ðk⃗Þ ¼ limϵ→0 lima→0 H̃
μν
3 ðk⃗; ϵ; aÞ, where

H̃μν
3 ðk⃗; ϵ; aÞ ¼

Z
∞

E�
1

dE1

2π

Z
∞

E�
2

dE2

2π

ρμν3 ðE1; E2; k⃗Þ
ðE1 −mB̄s

þ k0ÞðE2 − q0 − iϵÞ

¼ a
Xtmax

t¼1

Z
∞

E�
1

dE1

2π

Z
∞

E�
2

dE2

2π
e−ðk0þE1−mB̄s Þta ρ

μν
3 ðE1; E2; k⃗Þ
E2 − q0 − iϵ

¼ a
Xtmax

t¼1

e−k0ta
Xnmax

n¼1

e−mB̄sna gnðq0; ϵÞCμν
3Eððt − nÞa; k⃗;−anÞ: ð69Þ

ROBERTO FREZZOTTI et al. PHYS. REV. D 113, 034509 (2026)

034509-18



As in Sec. VA we have replaced the integral over t by a
discrete sum and also in this case, one might consider
applying the HLT procedure to the product of both
propagators in Eq. (68) by following the steps outlined
in the discussion around Eq. (34). As in the discussion in
Sec. VA the values of ϵ in the two propagators can be
chosen to be different [the one in the factor 1=ðE1 −mB̄ þ
k0 − iϵÞ can even be set to zero]. The different results for
Hμν

3 ðk⃗Þ will differ by discretization effects and it is to be
investigated numerically whether there is an advantage in
practice to using one of the two procedures.
As mentioned in Sec. III B, the remaining three time-

orderings, 0 < tW < t, 0 < t < tW , and t < 0 < tW do not
have energy-conserving intermediate states which can go
on-shell and the computation of their real contributions to
the amplitude therefore does not require the use of spectral
density methods.

VI. EVALUATION OF THE REMAINING
MATRIX ELEMENTS

In the previous sections we have discussed how to
implement the HLT method to evaluate the matrix elements
of bilocal and trilocal operators containingOðcÞ

1 andOðcÞ
2 . In

this section we briefly consider the matrix elements of the
remaining operators in the effective Hamiltonian in Eq. (10).
For B → Klþl− decays, the contributing matrix ele-

ments of the operators O7, O9, and O10 can be determined
from the computation of the corresponding three-point
correlation functions without any complication due the
continuation from Minkowski to Euclidean space in anal-
ogy with the computation of leptonic and semileptonic
form factors. Using Lorentz and gauge invariance, the
hadronic matrix elements of the local operators can be
expressed in terms of real dimensionless invariant form
factors:

hKðpKÞjs̄γμð1 − γ5ÞbjBðpBÞi ¼
�
pK þ pB −

m2
B −m2

K

q2
q

�
μ

fþðq2Þ þ
m2

B −m2
K

q2
qμf0ðq2Þ; ð70Þ

hKðpKÞjs̄σμνbjBðpBÞi ¼ ifðpB þ pKÞμqν − ðpB þ pKÞνqμg
fTðq2Þ

mB þmK
: ð71Þ

The evaluation of these matrix elements can proceed in the standard way by computing Euclidean three-point correlation
functions.
For B̄s → μþμ−γ decays, the determination of the matrix elements of O7, O9, and O10 has been discussed in detail and

implemented numerically in Ref. [47]. The hadronic matrix elements are now of bilocal operators, in addition to the weak
currents there is an electromagnetic current to which the real or virtual photon couples. For O9 and O10 this does not
introduce any theoretical complication and the hadronic matrix elements can also be written in terms of real form factors

Hμν
9 ðp; kÞ ¼ Hμν

10ðp; kÞ≡ i
Z

d4 y eik·y Th0jðs̄γνPLbÞð0ÞJμemðyÞjB̄sðpÞi

≡ −iðgμνk · q − qμkνÞ FA

2mB̄s

þ ϵμνρσkρqσ
FV

2mB̄s

; ð72Þ

where the projector PL ¼ 1−γ5
2

and μ and k (ν and
q ¼ p − k) are the polarization index and momentum of
the real (virtual) photon. The important point is that for
ty ≡ y0 < 0, the on-shell states propagating between the
two operators have B ¼ −1, S ¼ 1 and so have energies
greater than m ¼ Bs, while for ty > 0 they have invariant
masses greater than 0 (the invariant mass of the final-state
real photon). Therefore there are no on-shell intermediate

states propagating between the two operators and hence no
imaginary contributions to the amplitude.
For the corresponding matrix elements of O7 for B̄s →

μþμ−γ decays we distinguish two cases depending on
whether it is the virtual photon or the real one which is
emitted at O7.

(i) Following Ref. [47], we write the hadronic matrix
element for the contribution where the virtual photon
is emitted from O7 as

Hμν
7Aðp; kÞ ¼ i

2mb

q2

Z
d4 y eik·yTh0j − i½s̄σνρqρPRb�ð0ÞJμemðyÞjB̄sðpÞi

≡ −i½gμνk · q − qμkν�FTAðq2Þmb

q2
þ ϵμνρσ kρqσ

FTVðq2Þmb

q2
; ð73Þ
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where PR ¼ 1þγ5

2
. Diagrams for the two time-order-

ings ty < 0 and ty > 0 are sketched in Figs. 7(a)
and 7(b). We see that in both cases on-shell
intermediate states (denoted by the dashed blue line)
with the indicated flavor quantum numbers neces-
sarily have invariant masses greater than that of the
photon which is emitted later [the virtual photon in
Fig. 7(a) and the real photon in Fig. 7(b)]. These
contributions are therefore real and the invariant
form factors FTV and FTA can be computed using
Lattice QCD in the standard way as was done
in Ref. [47].

(ii) As in Ref. [47], we write the hadronic matrix
element for the contribution where the real photon
is emitted from O7 as

Hμν
7Bðp; kÞ ¼ i

2mb

q2

Z
d4 y eiq·y Th0j − i½s̄σμρkρPRb�

× ð0ÞJνemðyÞjB̄sðpÞi

≡ −i½gμνk · q − qμkν� F̄TAðq2Þmb

q2

þ ϵμνρσkρqσ
F̄TVðq2Þmb

q2
; ð74Þ

where in this case the two form factors are equal
F̄TVðq2Þ ¼ F̄TAðq2Þ≡ F̄Tðq2Þ. Diagrams for the
two time-orderings ty < 0 and ty > 0 are sketched
in Figs. 7(c) and 7(d). When ty < 0 there are no
unitarity cuts present, the contribution is therefore
real and can be evaluated without difficulty. When
ty > 0 and in Fig. 7(d), however, the states propa-
gating between the two operators have quantum
numbers B ¼ 0 and S ¼ 0 and hence, for suffi-
ciently large values of q2 can be on-shell (e.g., the Φ

meson, K − K̄ states or even Zweig suppressed
lighter states) and therefore contribute an imaginary
part. In Ref. [47], the HLT method was applied to
evaluate this term, and although the uncertainty was
found to be large, the computation confirmed the
expectation that this contribution is very small.

The contributions from the penguin operators O3−6 and
from the chromomagnetic operator O8 are expected to be
numerically small. They must, however, be introduced to
perform the full renormalization of the operators in the
reduced effective Hamiltonian. Fortunately, they can be
included in the same framework, based on the SFR and
HLT methods, discussed in detail for charming penguins in
the previous sections. For example, concerning the con-
tribution of O8 in B → Klþl− decays, the hadronic factor

is given by the first line of Eq. (11) with OðcÞ
1;2 replaced by

O8 and the evaluation of the amplitude follows in the same
way as for the charming penguins. This is true, in particular,
for the contribution from the time-ordering in which the
electromagnetic current is inserted after the weak operator
O8, for which the SFR and HLT methods are required.
Similarly, the contribution of the operator O8 to the had-
ronic factor for B̄s → γlþl− decays is given by Eq. (14)

with OðcÞ
1;2 replaced by O8 and the evaluation of the

amplitude follows the same steps as for the charming
penguins. The renormalization of the operator O8 is
discussed briefly in Sec. VII B 4 below.
In due course, as the computation of the leading

contributions becomes sufficiently precise, the computation
of the CKM suppressed contributions can also proceed
following the same steps.

VII. RENORMALIZATION

The main aim of this paper is the demonstration,
presented in the preceding sections, that, using recent

(a) (b)

(c) (d)

FIG. 7. Schematic time-ordered diagrams of matrix elements of the bilocal operator T½JemðyÞO7ð0Þ� for B̄s → μþμ−γ decays. The four
diagrams correspond to (a) and (b) the virtual photon emitted from O7 with ty ≡ y0 < 0 and ty > 0, respectively, and (c) and (d) the real
photon emitted from O7 with ty < 0 and ty > 0, respectively.
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methods based on the spectral density representation of the
hadronic amplitudes, the real and imaginary parts of the
amplitudes containing charming penguins can be evaluated
from computations of Euclidean correlation functions. In
order to complete the determination of the amplitudes, it is
necessary to renormalize the ultraviolet divergences which
are present in the diagrams. Although the general tech-
niques required to perform the renormalization can be
considered to be standard, some subtleties do appear in the
evaluation of the diagrams in Fig. 1 and in this section we
discuss how to handle these. These include logarithmic
divergences in the diagrams of Fig. 1 which appear from
the contact term when the electromagnetic current Jem
approaches the weak operator OðcÞ

1;2. Although not specific
to the decays being studied in this paper, a significant
additional complication is the presence of divergences
which appear as inverse powers of the lattice spacing

due to the mixing of OðcÞ
1;2 with operators of lower

dimension, including the scalar and pseudoscalar densities,
s̄b and s̄γ5b. We discuss the contact terms in Sec. VII A and
the subtraction of the power divergences in Sec. VII B.

A. The contact terms

The nonperturbative renormalization relating local lattice
operators containing logarithmic ultraviolet divergences
with those defined in continuum schemes, such as the
RI-Mom or RI-SMom schemes [79,80], is a standard
procedure. Since the Wilson coefficients have usually been
calculated in the MS scheme, which is a purely perturbative
one, the matrix elements computed in the intermediate
RI-(S)Mom schemes have to be matched to the MS scheme
and this matching is necessarily performed in perturbation
theory. For the purposes of this section we assume that such
a renormalization within QCD has been performed for the

operators OðcÞ
1;2, including the subtraction of the power

divergences as described in Sec. VII B.

In addition to the ultraviolet divergences present in
the renormalization of the local operators OðcÞ

1;2 in QCD,
other divergences appear as the electromagnetic current

approaches one of the weak operators OðcÞ
1;2 and, in

particular, lead to the appearance of the operators O7

and O9 in the effective Hamiltonian in Eq. (5). The
renormalization of these contact terms is the subject of
this section. Following the earlier sections, we present the
discussion in Minkowski space, but it can readily be
translated into Euclidean space by making the replacement
t → −it.
For illustration we start by considering B → Klþl−

decays and the Feynman diagrams of Fig. 1(a) in which the
photon is emitted from a charm quark. By dimensional
power-counting, the charm-quark loop would be quadrati-
cally divergent in the ultraviolet cutoff, i.e., would diverge
as 1=a2 in a Euclidean lattice QCD computation. However,
just as for the vacuum polarization in QED, electromag-
netic current conservation reduces the degree of divergence
by two, so that the divergence is logarithmic. In this case,
the matrix elements are proportional to ðpB · qÞqν − q2pν

B,
where ν is the Lorentz index of the virtual photon, whereas,
for example, matrix elements of weak currents in semi-
leptonic decays are proportional to a single power of
momentum. When applying the SFR method, however,
we evaluate the diagrams by computing the contributions
from the two time-orderings t < 0 and t > 0 separately, see
Eqs. (45) and (47). Each of these terms is separately
quadratically divergent, and the divergence cancels when
the two contributions are summed, leaving only a loga-
rithmic divergence to be renormalized in the standard way.
In order to manage the treatment of ultraviolet divergences
effectively, we propose to introduce subtractions into the
energy integral for Hνþ

1;2ðq⃗Þ in Eq. (47), so as to separate the
divergences at large energy E from the behavior around
the pole at E ≃mB which we treat using the SFR method.
To this end we introduce the simple identity

1

E −mB − iϵ
−

3

E − iϵ
þ 3

EþmB − iϵ
−

1

Eþ 2mB − iϵ
¼ 6m3

B

ðE −mB − iϵÞðE − iϵÞðEþmB − iϵÞðEþ 2mB − iϵÞ : ð75Þ

We see therefore that if we were to replace 1=ðE −mB − iϵÞ in the expression for Hνþ
1;2 in Eq. (47) by the four terms on the

left-hand side of Eq. (75), and noting that ρνþðE; q⃗Þ ∝ E2 at large E, the corresponding energy integral would be finite.
Moreover the three additional terms on the left-hand side of Eq. (75) have been chosen so as not to have poles in the range of
the energy integration.10 Recalling Eq. (30), the desired separation can now be readily achieved,

Hνþ
1;2ðq⃗Þ ¼ lim

ϵ→0

Z
∞

E�
þ

dE
2π

ρνþ1;2ðE; q⃗Þ
E −mB − iϵ

¼ 3i
Z

∞

0

dt e−iEKt Cνþ
1;2ðt; q⃗Þ − 3i

Z
∞

0

dt e−iðmBþEKÞtCνþ
1;2ðt; q⃗Þ

þ i
Z

∞

0

dt e−ið2mBþEKÞtCνþ
1;2ðt; q⃗Þ þ lim

ϵ→0
Hνþ;3subs

1;2 ðq⃗; ϵÞ; ð76Þ

10Clearly the choice of such terms is not unique.
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where

Hνþ;3subs
1;2 ðq⃗; ϵÞ≡

Z
∞

E�
þ

dE
2π

�
1

E −mB − iϵ
−

3

E − iϵ
þ 3

EþmB − iϵ
−

1

Eþ 2mB − iϵ

�
ρνþ1;2ðE; q⃗Þ: ð77Þ

The term Hνþ;3subs
1;2 ðq⃗; ϵÞ, defined in Eq. (77), has been

designed so that it has no ultraviolet divergences, even at
finite values of ϵ. We envisage applying the HLT procedure
to each of the four terms in Eq. (77). The first three terms on
the right-hand side of Eq. (76) compensate for the sub-
tractions introduced in the definition of Hνþ;3subs

1;2 ðq⃗; ϵÞ
given in Eq. (77). They have no poles in the range of
the integration over E so that we can set ϵ ¼ 0 in these
terms. They do, however, have quadratic and linear ultra-
violet divergences. In order to cancel the power divergen-
ces, we combine these three terms with the contribution
from the region t < 0 in Eq. (44) in a correlated way so that
only the logarithmic divergence remains. In a lattice QCD
computation this combination is performed through a jack-
knife analysis, with the expectation that the correlations
between the four terms will reduce the resulting uncertainty.
Note that Hνþ;3subs

1;2 ðq⃗; ϵÞ defined in Eq. (77) can be
written in the form

Hνþ;3subs
1;2 ðq⃗; ϵÞ ¼ i

Z
∞

0

dtfeiðq0þiϵÞt − 3e−iðEK−iϵÞt

þ 3e−iðmBþEK−iϵÞt − e−ið2mBþEK−iϵÞtg
× Cνþ

1;2ðt; q⃗Þ; ð78Þ

so that the integrand vanishes at the point t ¼ 0. When
evaluating the time integration in a Euclidean computation
on a discrete lattice the contribution from the point at t ¼ 0
must therefore be included in the remaining terms.
In Appendix A we present some additional remarks

concerning the contact terms. Specifically, we describe the
procedure for renormalizing the logarithmic divergence
resulting in the appearance of the operators O9 and O7 in
the effective Hamiltonian (10). We also explain how the
transverse structure of the amplitude is recovered when the
contributions from the two time-orderings are combined.
A corresponding procedure needs to be developed and

applied to the contact terms present in the amplitude for

B̄s → γlþl− decays. We postpone the presentation of the
details to a future publication, when we will be in a position
to have learned from the experience of computing the
charming penguin contributions to B → Klþl− decay
amplitudes. Here we only note that for the process
B̄s → γlþl−, there are also diagrams in which both the
real and virtual photons are emitted from the charm-quark
loop as in Fig. 8. Although the superficial degree of
divergence of such diagrams would allow for a logarithmic
ultraviolet divergence, and indeed, even at lowest order,
each of the two diagrams in Fig. 8 separately has such a
divergence, electromagnetic gauge invariance ensures that
sum of the two contributions from these diagrams is finite.
The requirement that the matrix element in Eq. (50)
vanishes when contracted with kμ and qν ¼ ðpB̄s

− kÞν,
implies that the matrix element is proportional to two
powers of the external momenta which is sufficient to make
it finite. However, similarly to the above discussion of the
cancellation of the power divergences in B → Klþl−

decays, the cancellation of the logarithmic ultraviolet
divergences in the diagrams of Fig. 8 requires the sum
of the contributions from all the time-orderings. This is true
since we use the lattice conserved vector current. Had we
used the local vector current a more complicated subtrac-
tion procedure would need to be implemented but we do
not discuss this here.

B. Subtraction of power divergences

The renormalization of the relevant lattice operators
appearing in Eqs. (6)–(9) and their matching to the
Wilson coefficients of the effective Hamiltonians in
Eqs. (5) and (10) depends on the lattice regularization of
the QCD quark action. In this subsection we present a
general discussion about the renormalization of the
composite operators of the Hamiltonian (10) and then,
for illustration, we will specialize to the renormalization of
the operators usingWilson-Clover twisted mass fermions at
maximal twist [81], which is the action used in Ref. [47]

(a) (b)

FIG. 8. Panels (a) and (b) show the two diagrams for the decay B̄s → μþμ−γ in which both the real photon γ with momentum k and the
virtual photon with momentum q are emitted from the charm-quark loop.
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and in the ongoing numerical implementation of the
methods discussed above.
The two semileptonic operators in Eq. (9) renormalize as

combinations of a vector and an axial vector current, thus in
order to match them to the corresponding continuum
operators we simply have

O9 ¼
e2

ð4πÞ2 ðZVV̂
μ − ZAÂ

μÞðlγμlÞ;

O10 ¼
e2

ð4πÞ2 ðZVV̂
μ − ZAÂ

μÞðlγμγ5lÞ; ð79Þ

where V̂μ ¼ s̄γμb and Âμ ¼ s̄γμγ5b are the bare lattice
vector and axial vector currents. The constants ZV and ZA
depend on the lattice regularization and are usually deter-
mined nonperturbatively using the Ward identities (WI)
[82,83] or some nonperturbative renormalization pro-
cedure, such as the RI-Mom [79], RI-SMom [80], or the
Schrödinger functional [84] schemes.
At the order in the electromagnetic coupling at which we

are working, the operator O7 simply renormalizes as the
tensor operator

O7ðμÞ ¼ ZTðμa; αsÞT̂μνFμν; ð80Þ

where T̂μν ¼ s̄σμνPRb is the bare lattice operator and
ZTðμa; αsÞ can be determined using one’s preferred non-
perturbative method, such as those in Refs. [79,80,84].
The renormalization of the operators OðcÞ

1;2 and of the
tensor operator O8 is considerably more complicated. The
mixing induced by electromagnetic corrections has been
described above in Sec. VII A, whereas we start here the
discussion of the renormalization due to QCD corrections.

OðcÞ
1;2 can mix with operators of lower dimensions,

specifically with the scalar and pseudoscalar densities
and two tensor operators

s̄b; s̄γ5b; s̄σμνTabGa
μν; s̄γ5σμνTabGa

μν; ð81Þ

with power divergent coefficients. The subtraction coef-
ficients required to remove the power divergences cannot
be computed in perturbation theory and a nonperturbative
subtraction procedure is required [85]. For compactness of
notation, the last two operators in Eq. (81) will be denoted
as s̄σ ·Gb and s̄γ5σ ·Gb in the remainder of this section.
The chromomagnetic operator O8 can also mix with the

scalar and pseudoscalar densities with power divergent
coefficients whereas the mixing with s̄σ ·Gb and s̄γ5σ · Gb
is at most logarithmically divergent and can be computed
either in perturbation theory or with a nonperturbative
method [79,80,84]. The renormalization of O8 will be
discussed in the dedicated Sec. VII B 4 below.

For the operators OðcÞ
1;2 the degree of divergence of the

mixing coefficients is reduced as a consequence of three
symmetries of the QCD action:

(i) CS which is the product of charge conjugation,
b ↔ s flavor exchange and mb ↔ ms;

(ii) S3 which is the combined transformation of P5

defined by

qfðxÞ → γ5γ0qfðxPÞ; q̄fðxÞ → −q̄fðxPÞγ0γ5;
ð82Þ

for all flavors f, together with mf → −mf, where
xP ≡ ðt;−x⃗Þ. P5 also requires a parity transforma-
tion of the gauge links [86], not given here because
its form and role is standard.

(iii) Rsp
5f which, for a given flavor f, is the transformation

qfðxÞ→ q0fðxÞ ¼ γ5qfðxÞ;
q̄fðxÞ→ q̄0fðxÞ ¼ −q̄fðxÞγ5; mf → −mf: ð83Þ

The corresponding transformations can also be defined for
the regularized lattice actions (the details of the lattice
transformations depend on the lattice regularization).
We now introduce the parity violating and parity

conserving components of the operators O� ≡ 1=2ðOðcÞ
2 �

OðcÞ
1 Þ [we omit the label (c) for the remainder of this

section]

O�
VAþAV ¼ 1

2
½ðs̄γμcÞðc̄γμγ5bÞ � ðs̄γμbÞðc̄γμγ5cÞ�

þ 1

2
½ðs̄γμγ5cÞðc̄γμbÞ � ðs̄γμγ5bÞðc̄γμcÞ�; ð84Þ

O�
VVþAA ¼ 1

2
½ðs̄γμcÞðc̄γμbÞ � ðs̄γμbÞðc̄γμcÞ�

þ 1

2
½ðs̄γμγ5cÞðc̄γμγ5bÞ � ðs̄γμγ5bÞðc̄γμγ5cÞ�:

ð85Þ

The weak operators O�
VAþAV are odd under the CS

symmetry whereas s̄b, s̄γ5b and the tensor operators s̄σ ·
Gb and s̄γ5σ ·Gb are all even. Thus the mixing coefficients
of these operators to O�

VAþAV are proportional to mb −ms.
Under the S3 symmetry, the parity violating operators

O�
VAþAV are odd, as are ðmb −msÞs̄γ5b and ðmb−

msÞs̄γ5σ · Gb, whereas ðmb −msÞs̄b and ðmb −msÞs̄σ ·
Gb are even. Thus O�

VAþAV mix with the lower dimensional
operators of Eq. (81) multiplied by the appropriate powers of
the quark masses:
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ðmb −msÞs̄γ5b; ðmb −msÞðmb þmsÞs̄b;
ðmb −msÞs̄γ5σ · Gb; ðmb −msÞðmb þmsÞs̄σ · Gb:

ð86Þ

This demonstrates that the mixing coefficients with the
chromomagnetic operators are finite or at most logarithmi-
cally divergent, whereas the coefficients of the operators
ðmb −msÞs̄γ5b and ðmb −msÞðmb þmsÞs̄b are quadrati-
cally and linearly divergent respectively.
For the parity conserving component we use the Rsp

5b
symmetry defined in Eq. (82), under which O�

VAþAV →
O�

VVþAA, so that O
�
VVþAA mixes with the lower dimensional

operators of Eq. (81) multiplied by powers of the quark
masses as follows:

ðmb þmsÞs̄b; ðmb −msÞðmb þmsÞs̄γ5b;
ðmb þmsÞs̄σ · Gb; ðmb −msÞðmb þmsÞs̄γ5σ ·Gb:

ð87Þ

The degree of divergence of the mixing coefficients can be
readily derived as in the previous discussion.
In chirally invariant formulations of lattice QCD and in

regularizations which preserve parity, half of the mixing
terms listed in Eqs. (86) and (87), namely those of O�

VAþAV
with parity even terms and those ofO�

VVþAA with parity odd
terms, are absent. They can also be eliminated if the
symmetries Rsp

5b and Rsp
5s are enforced in the correlators

computed in the lattice regularized theory (by introducing
suitable replicas of the valence fermions b and s, see below).
The renormalization of the operators depends on the

lattice regularization of the quark action and on the
presence or absence of the GIM mechanism. Note that
in the case of OðcÞ

1;2, GIM is absent since the top quark is
much heavier than the lattice cutoff.

1. Renormalization in the presence
of the GIM mechanism

Although for the processes that we are studying we do
not have the GIM mechanism, we can imagine introducing
a fictitious top quark with a varying mass mt. The
dependence of the value of the matrix elements of the
operators as a function ofmt is known from the perturbative
renormalization group, provided that mt ≫ ΛQCD, and can
be extrapolated to a renormalization scale μ ≃ 1=a so as to
match the effective Hamiltonian of Eq. (10), as first
proposed in a different context in Ref. [87] . This motivates
considering also the subtraction of power divergences in the
presence of the GIM mechanism.
In the presence of GIM the mixing coefficients will

acquire an additional factor of ðmt −mcÞ, thus, for exam-
ple, the parity violating operators O�

VAþAV , will mix with

the lower dimensional operators of Eq. (81) multiplied now
by powers of the quark masses as follows:

ðmt−mcÞðmb−msÞs̄γ5b; ðmt−mcÞðmb−msÞs̄γ5σ ·Gb;
ðmt−mcÞðmb−msÞs̄b; ðmt−mcÞðmb−msÞs̄σ ·Gb:

ð88Þ

The symmetries (i) and (ii) defined above imply that
the parity violating operators given in the first line of
Eq. (88) get an additional mass factor, either ðmt þmcÞ or
ðmb þmsÞ. This implies that the only residual power
divergence of O�

VAþAV is the linear one, due to the mixing
with the scalar density. This linear divergence can be
eliminated by imposing that the matrix element of the
operator Õ�

VAþAV between the B meson and the vacuum
vanishes 11

h0jÕ�
VAþAV jBi ¼ h0jO�

VAþAV þ C�
VAþAV

a
ðmt −mcÞ

× ðmb −msÞs̄bjBi ¼ 0: ð89Þ

For the parity conserving part, O�
VVþAA the mixing

pattern is analogous and the elimination of the residual
1=a divergence can be achieved by imposing

hKjÕ�
VVþAAjBi ¼ hKjO�

VVþAA þ
C�
VVþAA

a
ðmt −mcÞ

× ðmb þmsÞs̄γ5bjBi ¼ 0: ð90Þ

If we specialize to twisted mass fermions one can also
use the strategy described in full detail in Ref. [86], which
we will not discuss here, and eliminate the linear diver-
gences using several replicas of the number of top and
charm flavors with different Wilson parameters rf.

2. Renormalization without the GIM mechanism

In this section we specialize to twisted mass fermions
although strategies similar to the one explained below can
be implemented also with other lattice regularizations.
We will give also the lattice version of the symmetries
discussed in (i)–(iii) above. A more detailed discussion can
be found in Ref. [86].
Without GIM we can adapt the approach of Ref. [86] in

order to completely eliminate the power divergences non-
perturbatively. In order to implement this approach we
distinguish the sea quarks, which enter in the action used to
generate the gauge field configurations, from the valence
Ostervalder-Seiler (OS) quenched quarks, which enter in
the weak operators and in the sinks and sources used to
annihilate or create the external particles.

11We are not assuming that the lattice regularization preserves
parity.
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In order to implement the strategy of Ref. [86], we need
the lattice version of several symmetries. We start by
recalling some basic facts about twisted mass fermions:
(1) The OS action for the valence quark field qf is

defined as

SOSðmf; rfÞ ¼
X
x

q̄fðxÞ½γ · ∇̃ − iγ5WcrðrfÞ

þmf�qfðxÞ; ð91Þ

with

γ · ∇̃ ¼ 1

2

X
μ

γμð∇�
μ þ∇μÞ;

WcrðrfÞ ¼ −
rf
2

X
μ

∇�
μ∇μ þMcrðrfÞ; ð92Þ

where ∇μψðxÞ¼1
a½UμðxÞψðxþμ̂Þ−ψðxÞ�, ∇�

μψðxÞ ¼
1
a ½ψðxÞ −U†

μðx − aμ̂Þψðx − aμ̂Þ� and UμðxÞ is the
gauge link. The critical mass, Mcr satisfies
Mcrð−rfÞ ¼ −McrðrfÞ and the renormalized va-
lence quark mass is defined by

m̂f ¼ ZmðrfÞmf: ð93Þ

We will ignore the transformation properties of the
ghost fields, described in Ref. [86], because they are
not relevant to our discussion.

(2) Consider the change of variables

R5f∶ qfðxÞ → q0fðxÞ ¼ γ5qfðxÞ;
q̄fðxÞ → q̄0fðxÞ ¼ −q̄fðxÞγ5; ð94Þ

then a symmetry of each flavor action is given by the
spurionic Rsp

5f transformation

Rsp
5f ¼ R5f × ðrf → −rfÞ × ðmf → −mfÞ: ð95Þ

(3) The valence action is invariant under the spurionic
symmetry P × ðrf → −rfÞ, where P is the parity
operator

qfðxÞ → γ0qfðxPÞ; q̄fðxÞ → q̄fðxPÞγ0; ð96Þ

for all the flavors.
(4) We introduce the further spurionic transformation

which leaves the lattice action invariant

S3 ¼ P5 × ðM → −MÞ; ð97Þ

whereM≡ fall f;mfg and P5 is the transformation

qfðxÞ → γ5γ0qfðxPÞ; q̄fðxÞ → −q̄fðxPÞγ0γ5:
ð98Þ

(5) We recall the charge conjugation symmetry, C, for
the valence quarks

C∶qfðxÞ → iγ0γ2q̄Tf ðxÞ; q̄fðxÞ → −qTf ðxÞiγ0γ2:
ð99Þ

(6) We will also use the transformations

ðf1↔ f2Þ∶ qf1 ↔ qf2 ; ðf1↔ f2Þ5∶ qf1 → γ5qf2 ;

q̄f1 →−q̄f2γ5: ð100Þ

(7) Finally we have the CS symmetry CS ¼ ðs ↔ bÞ ×
C × ðms ↔ mbÞ under which both s̄b and s̄γ5b
are even.

We now discuss the subtraction of the power divergences
of the diagrams (b) and (c) of Fig. 1. Following Ref. [86], in
order to reduce the degree of divergence of the operators it is
convenient to consider at a formal level an auxiliary gauge
model, ð4s6vÞ, where, in addition to the four lightest sea
quark flavors (usea,dsea, ssea, and csea) and theb and s valence
quarks, the charm valence quarks are replicated in four
copies c½i�; i ¼ 0–3, together with the corresponding ghosts,
required to cancel the associated valence determinant.12

We start by considering the parity violating and parity
conserving four-fermion operators

O�½k�
VAþAV ¼ 1

2
½ðs̄γμc½k�Þðc̄½k�γμγ5bÞ � ðs̄γμbÞðc̄½k�γμγ5c½k�Þ�

þ 1

2
½ðs̄γμγ5c½k�Þðc̄½k�γμbÞ � ðs̄γμγ5bÞðc̄½k�γμc½k�Þ�;

ð101Þ

O�½k�
VVþAA ¼ 1

2
½ðs̄γμc½k�Þðc̄½k�γμbÞ � ðs̄γμbÞðc̄½k�γμc½k�Þ�

þ 1

2
½ðs̄γμγ5c½k�Þðc̄½k�γμγ5bÞ

� ðs̄γμγ5bÞðc̄½k�γμγ5c½k�Þ�; ð102Þ

where the label [k] denotes one of the four copies of the
valence charm quarks, whose renormalized masses must
all be taken to be equal to each other and to the mass of the
sea charm quark. For the parity violating component, the
operators which enter in the correlation function necessary
to extract the physical amplitudes are

12In the notation of Ref. [86] c½0� ¼ c; c½1� ¼ c0; c½2� ¼ c00, and
c½3� ¼ c000.
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O�
VAþAV ¼ O�½0�

VAþAV þO�½1�
VAþAV −

1

2
O�½2�

VAþAV −
1

2
O�½3�

VAþAV;

ð103Þ

and in this case we take

rb ¼ rs; rs ¼ rc½0� ¼ −rc½1� ¼ rc½2� ¼ −rc½3� : ð104Þ

Similarly

O�
VVþAA ¼ O�½0�

VVþAA þO�½1�
VVþAA −

1

2
O�½2�

VVþAA −
1

2
O�½3�

VVþAA;

ð105Þ

for which we take

rb ¼ −rs; rs ¼ rc½0� ¼ −rc½1� ¼ rc½2� ¼ −rc½3� : ð106Þ

The operators in Eqs. (103) and (105) are even for
rc → −rc and in Ref. [86] it was demonstrated that the
correlation functions of interest in the model ð4s6vÞ are
exactly the same as in standard QCD, up to discretization
errors of Oða2Þ.
Since c½1� and c½3� have the same Wilson parameter

(rc½1� ¼ rc½3� ) and the same renormalized mass, we do not
need four charm flavors, three are sufficient, and we may
simplify the above expressions and write

O�
VAþAV ¼ O�½0�

VAþAV þ 1

2
O�½1�

VAþAV −
1

2
O�½2�

VAþAV;

O�
VVþAA ¼ O�½0�

VVþAA þ
1

2
O�½1�

VVþAA −
1

2
O�½2�

VVþAA: ð107Þ

Without GIM we can use CS and S3 ¼ P5 × ðM → −MÞ to
show that the parity violating operator mixes with

ðmb −msÞs̄γ5b and ðmb −msÞðmb þmsÞs̄b; ð108Þ

thus the coefficients of the pseudoscalar and scalar densities
are quadratically and linearly divergent respectively. The
quadratic divergence can be eliminated by imposing that
the matrix element of the operator between the B meson
and the vacuum vanishes, namely

h0jÕ�
VAþAV jBi ¼ h0jO�

VAþAV þ C�
VAþAV

a2

× ðmb −msÞs̄γ5bjBi ¼ 0: ð109Þ

The linear divergence of the coefficient of the operator
ðmb −msÞs̄γ5b is odd in rf, being proportional to mcrf,
and, since the action and the operators are even in rf, it
vanishes. Thus the next term of the coefficient of the
operator ðmb −msÞs̄γ5b corresponds to a factor propor-
tional to m2

c and is finite or at most logarithmically

divergent. The linear divergence due to the mixing of
the operator O�

VAþAV with the scalar density is absent since
the coefficient of the scalar density is odd in rf whereas the
operator and the action are (or can be made) even. The
mixing with the operator s̄γ5σ ·Gb is only logarithmically
divergent and can either be computed in perturbation theory
or by using the nonperturbative RI-(S)Mom or Schrödinger
functional schemes.
For the parity conserving operator, the most severe UV

divergence is the one with the scalar operator and we
replace the condition in Eq. (109) with

hKjÕ�
VVþAAjBi ¼ hKjO�

VVþAA þ
C�
VVþAA

a2

× ðmb þmsÞs̄bjBi ¼ 0: ð110Þ

This completes the explicit demonstration that with
twisted mass fermions, all the power divergences can be
subtracted nonperturbatively. Frezzotti and Rossi in
Ref. [86] also considered the mixing of O�

VAþAV and
O�

VVþAA with other operators of dimension six. They have
shown that after the subtraction of the power divergences
the renormalization of the subtracted operators is multipli-
cative. Since the demonstration does not depend on GIM it
remains valid also in our case.

3. Renormalization with an extended
symmetry of the valence quarks

Another possibility, which may prove to be more
convenient to implement, is based on the symmetry of
the fermion action with maximally twisted Wilson quarks,
namely P ×Dd × ðM → −MÞ [86], where P is the parity
transformation and, for what is relevant for the present
discussion, Dd is given by

qfðxÞ → e3iπ=2qfð−xÞ; q̄fðxÞ → e3iπ=2q̄fð−xÞ;
UμðxÞ → U†

μð−x − aμ̂Þ; ð111Þ

and on the extension of Rsp
5b and Rsp

5s , see Eq. (95), to
valence quarks. In practice this possibility amounts to
simply averaging the relevant correlation functions over
rb ¼ �1 and rs ¼ �1 (ðrb; rsÞ ¼ ðþþ;þ−;−þ;−−Þ).
Following Refs. [86] and [88] one can show that the
transformation properties of the different operators under
CS, S3, R

sp
5b × Rsp

5s , andP ×Dd × ðM → −MÞ are sufficient
to eliminate the mixing of the parity violating operators
O�

VAþAV with the opposite parity operators s̄σ ·Gb and s̄b
as well as with all other parity violating or conserving
operators of dimension six. The subtraction of the quad-
ratically divergent term proceeds exactly as in Eq. (109).
Similarly, one can show that for the parity conserving
operators O�

VVþAA, the extension of Rsp
5b × Rsp

5s to valence
quarks is sufficient to eliminate the mixing with the
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opposite parity operators s̄γ5σ ·Gb and s̄γ5b as well as with
all other parity conserving or violating operators of
dimension six. The subtraction of the quadratically diver-
gent term proceeds exactly as Eq. (110).
In the presence of the GIM mechanism, the average of

the correlation functions over rb ¼ �1 and rs ¼ �1 also
reduces the degree of divergence of the mixing of the
operators O�

VAþAV and O�
VVþAA with lower dimensional

operators. In the present case the mixing coefficients must
have also the same transformation properties of O�

VAþAV

and O�
VVþAA with respect to Πf¼allfR

sp
5f including f ¼ s

and f ¼ b. For this reason, for the operator O�
VAþAV,

instead of Eq. (88) the mixing structure will include

ðm2
t −m2

cÞðmb −msÞs̄γ5b; ð112Þ

with a logarithmically divergent coefficient, while the
coefficient of the operator

ðm2
t −m2

cÞðmb −msÞs̄γ5σ ·Gb; ð113Þ

by dimensional counting, is reduced to a lattice artifact of
Oða2Þ. The coefficients of the mixing with the parity
conserving operators s̄b and σ̄ · Gb vanish. For the parity
conserving operators O�

VVþAA the mixing structure will
include

ðm2
t −m2

cÞðmb −msÞs̄b; ð114Þ

with a logarithmically divergent coefficient while the
coefficient of the operator,

ðm2
t −m2

cÞðmb −msÞs̄σ ·Gb; ð115Þ

is again reduced to a lattice artifact of Oða2Þ by dimen-
sional counting. The coefficients of the mixing with the
parity violating operators s̄γ5b and γ̄5σ ·Gb vanish.
For both the parity-violating and parity-conserving cases

the subtraction of the logarithmic divergences can be
performed either by computing the coefficients of the
operators in perturbation theory or nonperturbatively in
analogy with Eqs. (89) and (90).

4. Renormalization of the operator O8

The elimination of the power divergences of the chro-
momagnetic operators s̄γ5σ ·Gb and s̄σ · Gb is much
simpler since they can only mix with the pseudoscalar
and scalar densities with quadratically divergent coeffi-
cients. Thus, for example, we may eliminate the quadratic
divergence of the operator s̄γ5σ ·Gb by imposing the
condition

h0js̄γ5σ · Gbþ Cσ5

a2
s̄γ5bjBi ¼ 0: ð116Þ

Indeed with twisted mass fermions there is also a possible
linear divergence coming from the mixing with the oppo-
site parity operator OmS ¼ ðmbrb þmsrsÞs̄b [88], which
can be eliminated by imposing the condition

hKjs̄γ5σ · Gbþ Cσ5

a2
s̄γ5bþ Cσ5

mS

a
OmSjBi ¼ 0: ð117Þ

For the parity conserving operator s̄σ ·Gb we again use
the Rsp

5b symmetry and impose the following renormaliza-
tion conditions:

hKjs̄σ ·Gbþ Cσ

a2
s̄bjBi ¼ 0; ð118Þ

h0js̄σ ·Gbþ Cσ

a2
s̄bþ Cσ

mP

a
OmPjBi ¼ 0; ð119Þ

where OmP ¼ ðmbrb þmsrsÞs̄γ5b.
Once the power divergences have been subtracted, the

chromomagnetic operators must be multiplicatively renor-
malized either in perturbation theory or nonperturbatively. In
the latter case the renormalization procedure is particularly
complicated since the external legs in the Green’s functions
are off-mass-shell and the operators mix with gauge non-
invariant operators; for more details see Ref. [88].
The mixing of chromomagnetic operators of definite

parity with densities of the opposite parity (multiplied by
factors linear in the quark masses) is removed if one
averages the correlators containing the insertion of the
chromomagnetic operator over opposite values of rb and rs.
In this case, in contrast to the four-fermion operators
O�

AVþVA and O�
VVþAA where an average over four cases

is necessary, the form of OmS and OmP implies that it is
sufficient to average over two cases, e.g., ðrb; rsÞ ¼ ð1; 1Þ
and ð−1;−1Þ.

VIII. EXPLORATORY LATTICE QCD
CALCULATION OF CHARMING PENGUIN
CONTRIBUTIONS TO B → Kl+l− DECAY

AMPLITUDES

To test the effectiveness of the proposed method, we
have carried out an exploratory numerical calculation of
Cνþ
1;2;Eðt; q⃗Þ in Eq. (31) on a single gauge ensemble

generated by the Extended Twisted Mass Collaboration
with Nf ¼ 2þ 1þ 1 dynamical Wilson-Clover twisted
mass fermions. This ensemble corresponds to a lattice
spacing a ≃ 0.079 fm. Further information about the gauge
ensemble used in the present calculation is collected in
Table I. We employ the mixed-action lattice framework
introduced in Ref. [86], and described in the Appendixes of
Ref. [89]. The action of the valence quarks is discretized in
the OS regularization [see Eq. (91)]
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S ¼
X

f¼u;d;s;c;b

SOSðmf; rfÞ; ð120Þ

where mf is the mass of the quark with flavor f (with
mu ¼ md ¼ ml), and rf ¼ �1 is the sign of the twisted
Wilson parameter for the flavor f (ru;c ¼ −rd;s;b ¼ 1 for
the present calculation).
For this numerical test we have limited ourselves to the

calculation of the charming penguin diagram in Fig. 1(a).
Since we are only interested here in investigating the
potential of the SFR/HLT method, we do not consider
issues related to the renormalization of the weak effective
Hamiltonian discussed above, and compute the penguin
contraction of the bare correlator. Note, however, that the
diagram in Fig. 1(a) does not have ultraviolet power
divergences.13 in contrast to those in Figs. 1(b)–1(d) which
do. This is important, as the presence of unsubtracted power
divergences might hide the physical signal in the bare

correlation functions. The renormalization of the logarithmic
divergence present in the diagram of Fig. 1(a) is discussed in
detail in Sec.VII A andAppendixA. In particular, in Eq. (77)
we have defined the quantity Hνþ;3subs

1;2 ðq⃗; ϵÞ which has no
contact divergences but which contains the terms requiring
the application of the spectral density methods. It is
Hνþ;3subs

1;2 ðq⃗; ϵÞ which is the focus of this numerical study.
We work in the rest frame of the B meson and consider a

single value of the virtual photon’s three-momentum jq⃗j ¼
2π=L (where L ¼ 64 a ≃ 5.1 fm is the spatial extent of the
lattice). In physical units jq⃗j ¼ jp⃗Kj ≃ 250 MeV. The
gauge ensemble used in the present calculation corresponds
to physical light, strange and charm quark masses, but the
b-quark has a lighter-than-physical mass, mb ¼ 2mc. The
momentum q⃗ is chosen to be in the third direction,
q⃗ ¼ ð0; 0; jq⃗jÞ. We have evaluated the following four-point
correlation functions [retaining only the Wick contraction
leading to the quark-connected diagram in Fig. 1(a)]

Cν
1;2;Eðt; q⃗; tK; tBÞ ¼

X
x⃗;y⃗;z⃗

e−iq⃗ðx⃗−y⃗Þh0jT½ϕKðtK; y⃗ÞJνemðt; x⃗ÞOðcÞ
1;2ð0Þϕ†

Bð−tB; z⃗Þ�j0i; ð121Þ

where ϕ†
B and ϕK are interpolating operators which create the Bmeson and annihilate the K meson, respectively. In order to

improve the overlap of the interpolating operators with the initial and final states, we have used Gaussian smeared
interpolating fields ϕ†

B and ϕK. The time tB in Eq. (121) has been fixed to tB ¼ 12a, and the correlation functions have been
evaluated as a function of both t and tK . To amputate the external states we have also evaluated the B- and K-meson two-
point correlation functions,

CK
2ptðtÞ≡

X
x⃗

e−iq⃗ x⃗h0jϕKðt; x⃗Þϕ†
Kð0; 0⃗Þj0i ¼

jZKj2
2EK

ðe−EKt þ e−EKðT−tÞÞ þ…; ð122Þ

CB
2ptðtÞ≡

X
x⃗

h0jϕBðt; x⃗Þϕ†
Bð0; x⃗Þj0i ¼

jZBj2
2mB

ðe−mBt þ e−mBðT−tÞÞ þ…; ð123Þ

where T ¼ 2L is the temporal extent of the lattice and the ellipses represent subleading terms in the limit of large times. For
tB; tK → þ∞ one has

TABLE I. The Nf ¼ 2þ 1þ 1 ETMC gauge ensemble used in the present computation. We present the spatial
extent in lattice units L=a, the pion mass mπ , the lattice spacing a, and the values of the bare light- (aml), strange-
(ams), and charm-quark mass (amc), in lattice units. The strange and charm quark masses are tuned so as to produce
a charged kaon mass mK ¼ 494.6 MeV and a Ds meson massmDs

¼ 1967 MeV. As explained in the text, we have
taken a lighter-than-physical b-quark mass, mb ¼ 2mc.

ID L=a mπ [GeV] a [fm] aml ams amc

B64 64 140.2(3) 0.07948(11) 0.00072 0.0182782 0.231567

13This can be seen by interpreting the diagram considered as a correlation function in a partially quenched theory in which the charm
quark field cðxÞ and the charm antiquark field c̄ðxÞ entering both the four-fermion operators and the electromagnetic current, are
considered as distinct fields, cðxÞ and c̄0ðxÞ, sharing the same mass electric-charge and twisted Wilson parameter rc ¼ rc0. Since the four
fermion operators have then ΔS ¼ −ΔB ¼ ΔC ¼ −ΔC0 ¼ 1, they cannot mix with lower-dimensional operators.
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Cν
1;2;Eðt; q⃗; tK; tBÞ ¼

ZB

2mB

ZK

2EK
e−mBtBe−EKtK × hKð−q⃗ÞjT½J̃νemðt; q⃗ÞOðcÞ

1;2ð0Þ�jBð0⃗Þi

¼ ZB

2mB

ZK

2EK
e−mBtBe−EKtK × Cν

1;2;Eðt; q⃗Þ

¼ ZB

2mB

ZK

2EK
e−mBtBe−EKtK × ½θðtÞCνþ

1;2;Eðt; q⃗Þ þ θð−tÞCν−
1;2;Eðt; q⃗Þ�: ð124Þ

In evaluating the Euclidean correlation functions we have
taken Jνemðt; x⃗Þ to be the exactly-conserved point-split
electromagnetic current given in Eq. (B10) of Ref. [90].
The computations have been performed using approxi-
mately 400 gauge configurations. On each configuration, in
order to improve the signal, we exploited the invariance
under space-time translations and repeated the calculation
by placing the four-fermion operators in Oð100Þ randomly
selected space-time positions, using point sources for the
quark propagators which begin or end at the weak oper-
ators. Moreover, we have found it numerically advanta-
geous to average the correlation functions computed with
oppositely oriented three-momenta q⃗ and −q⃗. The corre-
lated average of correlation functions with opposite three-
momenta leads to a reduction of the statistical uncertainties
by a factor larger than two. In order to simplify the notation,
in the following we drop the suffix E in the Euclidean
correlation functions.
We find it convenient to perform a Fierz rearrangement

of the operators OðqÞ
1 and OðqÞ

2 in Eq. (6), and write them in
the form

OðqÞ
1 ¼ ðs̄jγμPLbjÞðq̄iγμPLqiÞ;

OðqÞ
2 ¼ ðs̄jγμPLbiÞðq̄iγμPLqjÞ: ð125Þ

We separate the operators OðqÞ
1;2 into their vector-vector

(VV), axial-axial (AA), and axial-vector (VAþ AV) com-
ponents

OðqÞ
1;2 ¼ OðqÞ

1;2;VV þOðqÞ
1;2;AA þOðqÞ

1;2;AVþVA; ð126Þ

where

OðqÞ
1;VV ¼ ðs̄jγμbjÞðq̄iγμqiÞ;

OðqÞ
1;AA ¼ ðs̄jγμγ5bjÞðq̄iγμγ5qiÞ; ð127Þ

OðqÞ
2;VV ¼ ðs̄jγμbiÞðq̄iγμqjÞ;

OðqÞ
2;AA ¼ ðs̄jγμγ5biÞðq̄iγμγ5qjÞ: ð128Þ

The operators OðqÞ
1;2;VAþAV are defined similarly; however,

being parity-odd, they do not contribute to the B → Klþl−

amplitude (see also Appendix B), and will therefore not be
considered in the following.
The Euclidean correlators corresponding to the vector-

vector and axial-axial components of OðcÞ
1;2 are given by

Cν
1;2;VV;AAðt; q⃗Þ≡ hKð−q⃗ÞjT½J̃νemðt; q⃗ÞOðcÞ

1;2;VV;AAð0Þ�jBð0⃗Þi:
ð129Þ

The motivation for separating the correlators into their
vector-vector and axial-axial components is that in the
vacuum saturation approximation only the Cν

1;2;VVðt; q⃗Þ
are nonzero. Moreover, in that approximation Cν

1;VVðt; q⃗Þ ¼
NcCν

2;VVðt; q⃗Þ, where Nc ¼ 3 is the number of colors.
Therefore, if the vacuum-saturation-approximation is a
reasonable description of the correlation functions,
one expects Cν

1;VVðt; q⃗Þ to be the largest of the four
contributions. In Fig. 9, we show the longitudinal compo-
nents, C3

1;2;VV;AAðt; q⃗Þ, of the bare correlators in the second
time-ordering t > 0, in which the issue of the analytic
continuation of the physical Minkowski amplitude to
Euclidean spacetime is present. The figure shows the
correlators

C̃3
1;2;VV;AAðt; q⃗Þ ¼ e−EKtC3

1;2;VV;AAðt; q⃗Þ; t > 0 ð130Þ

which are related to the vector and axial components of the
spectral densities ρνþ1;2 introduced in Sec. III A by a Laplace
transform,

C̃ν
1;2;VV;AAðt; q⃗Þ ¼

Z
∞

E�

dE
2π

e−Etρνþ1;2;VV;AAðE; q⃗Þ;

ρνþ1;2ðt; q⃗Þ ¼ ρνþ1;2;VVðt; q⃗Þ þ ρνþ1;2;AAðt; q⃗Þ: ð131Þ

For improved visualization at Euclidean times of
Oð0.5–1 fmÞ, the correlators C̃3

1;2;VV;AAðt; q⃗Þ have been
multiplied by a factor of t12 in the figure. The Euclidean
correlators relevant for the B → Klþl− decay are shown in
the top panel of Fig. 9. As the figure shows the largest
contribution comes from theC3

1;VVðt; q⃗Þ term, in linewith the
expectation based on the VSA.We also note that C3

2;VVðt; q⃗Þ
is approximately three times smaller than C3

1;VVðt; q⃗Þ, again
in line with the expectation based on the VSA. However, in
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the axial channel, while C3
1;AAðt; q⃗Þ is zero within the

uncertainties (which is the prediction of the VSA), this is
not the case forC3

2;AAðt; q⃗Þ, which is similar inmagnitude but
opposite in sign to C3

2;VVðt; q⃗Þ.
In the bottom panel of Fig. 9, we also show the Euclidean

correlation functions obtained by replacing the spectator
light quark with a strange quark. These correlators allow us
to determine the charming penguin contributions to the
Bs → ηss0lþl− decay amplitude, where ηss0 is a fictitious
pseudoscalar meson of mass mηss0 ¼ 689.9ð5Þ MeV [91],
composed of two mass degenerate quarks s and s0, each
having mass equal to that of the strange quark. The main
reason to consider these correlators is their markedly
smaller statistical uncertainty, approximately a factor of
five smaller than in the B → Klþl− case, which allows for
a more stringent test of the potential of the SFR/HLT
method. Because the present study is exploratory and
intended as a proof of principle, we have not yet carried
out a high-statistics computation of the B → Klþl−

correlators. Their precision can be substantially improved

in future work, and in this respect the analysis of the
charming penguin contributions to Bs → ηss0lþl− offers a
benchmark for the accuracy that might be achieved once
substantial computational resources are devoted to the
calculation of the Euclidean correlators relevant for the
charming–penguin contribution to B → Klþl−.
We have also computed the effective masses of the

correlators C̃3
1;2;VV;AAðt; q⃗Þ. In the large-time limit, the

effective mass has a plateau at a value corresponding to
the energy of the lowest-lying intermediate state contrib-
uting to the correlation function. For B → Klþl− corre-
lators this is a J=ψ þ K state, while for Bs → ηss0lþl−

decays it is a J=ψ þ ηss0 state. In Fig. 10 we show the
effective mass of the correlator C̃3

1;VVðt; q⃗Þ. The top panel in
the figure corresponds to the B → Klþl− decay, while the
bottom panel to Bs → ηss0lþl−. The horizontal lines in the
top and bottom panel correspond respectively to the value
of mJ=ψ þmK and mJ=ψ þmηss0 . As is clear from the
figures, the effective masses converge toward the expected
values.

FIG. 9. Top: bare correlators C̃3
1;2;VV;AAðt; q⃗Þ, defined in Eqs. (129)–(130), corresponding to the B → Klþl− decay. Bottom: the

correlators C̃3
1;2;VV;AAðt; q⃗Þ corresponding to the B → ηss0lþl− decay, obtained by replacing the (spectator) light-quark in the

B → Klþl− correlation function by a strange quark as described in the text.N ¼ 1 andN ¼ 2 correspond to the operatorsOðcÞ
1 andOðcÞ

2

respectively. In each case the results have been multiplied by t12, i.e., t to the power 12, for visualization purposes.
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A. From the Euclidean correlators to the amplitude
using the SFR/HLT method

In this section we discuss the determination of the
Minkowski amplitude from the Euclidean correlation func-
tions discussed above. Since for this proof-of-principles
calculation we are only interested in showing that the
infrared problem related to the analytic continuation to
Euclidean spacetime can be handled using the SFR/HLT
technique, we focus on the calculation of the three-times-
subtracted amplitude, Hνþ;3subsðq⃗; εÞ, defined in Eq. (77),
which, as already discussed, is free of contact divergences.
As explained in detail in Sec. VII A, in order to obtain the
full Minkowski amplitude, including the contribution from
the first time-ordering, one must add to Hνþ;3subs a set of
terms that do not require spectral density methods and
which we do not evaluate here.
As previously mentioned, we have performed the

calculation of the Euclidean correlators at a single value
of the heavy-quark mass, mh ¼ 2mc, which corresponds
to a mass of the heavy-light meson of mH ≃ 2.9 GeV. A
complete calculation of the charming penguin contribu-
tions requires (in addition to performing the nonpertur-
bative renormalization) the determination of the Euclidean
correlators for multiple heavy-quark masses followed
by an extrapolation of the results to the physical point,
mH ¼ mB ≃ 5.280 GeV. Making explicit the dependence
of the Euclidean correlators (and of the underlying

spectral densities) on the heavy-light meson mass mH,
we define

C̃νþ
1;2ðt; q⃗;mHÞ ¼

Z
∞

E�

dE
2π

e−Etρνþ1;2ðE; q⃗;mHÞ; ð132Þ

Hνþ;3subs
1;2 ðq⃗; ε;mH;mÞ ¼

Z
∞

E�

dE
2π

ρνþ1;2ðE; q⃗;mHÞKεðE;mÞ;

ð133Þ

where the kernel function KεðE;mÞ is given by

KεðE;mÞ¼ 1

E−m− iε
þ 3

Eþm− iε
−

3

E− iε

−
1

Eþ2m− iε

¼ 6m3

ðE−m− iϵÞðE− iϵÞðEþm− iϵÞðEþ2m− iϵÞ :

ð134Þ

The amplitude Hνþ;3subsðq⃗; εÞ defined in Eq. (77) is then
recovered in the double limit

FIG. 10. Top: effective mass of the correlator C3
1;VVðt; q⃗Þ for the B → Klþl− decay. Bottom: effective mass of the correlator

C3
1;VVðt; q⃗Þ for the Bs → ηss0lþl− decay. In both panels the horizontal black lines correspond to the energy of the expected lowest-lying

intermediate state.
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Hνþ;3subs
1;2 ðq⃗; εÞ ¼ lim

mH→mB

lim
m→mB

Hνþ;3subs
1;2 ðq⃗; ε;mH;mÞ:

ð135Þ

The introduction of the additional mass parameterm in the
kernel function KεðE;mÞ might seem unnecessary; natu-
rally one would set m ¼ mH. However, setting m ¼ mH
results in a nonsmooth dependence of the amplitude on
the meson mass mH, as will be explained in Sec. VIII B.
Before doing so, we discuss the determination of the
smeared amplitudes Hνþ;3subs

1;2 ðq⃗; ε;mH;mÞ for general ε
and m, and for fixed values of mH ≃ 2.9 GeV and
jq⃗j ¼ jp⃗Kj ≃ 250 MeV.
To determine the smeared amplitude in Eq. (133), we use

the HLT method, modifying the discussion in Sec. III C to
the kernel function KεðE;mÞ in Eq. (134). The goal is to
find, for each nonzero value of the smearing parameter ε,
the best approximation of KεðE;mÞ in terms of the basis
function fe−aEngn¼1;…;nmax

, namely

Re½KεðE;mÞ� ≃
Xnmax

n¼1

gRn ðm; εÞe−aEn;

Im½KεðE;mÞ� ≃
Xnmax

n¼1

gInðm; εÞe−aEn; ð136Þ

where a is the lattice spacing and nmax is the dimension of
the exponential basis. In our calculation we take nmaxa ≃
2.7 fm (nmax ¼ 34) and the resulting uncertainty from the
truncation of the summation in n is much smaller than the
statistical error. In this way, once the coefficients gRn and
gIn are known, the smeared amplitude can be obtained
from the knowledge of the Euclidean correlators similarly
to Eq. (33)

Hνþ;3subs
1;2 ðq⃗; ε;mH;mÞ

¼
Z

∞

E�

dE
2π

ðKR
ε ðE;mÞ þ iKI

εðE;mÞÞρνþ1;2ðE; q⃗;mHÞ

≃
Xnmax

n¼1

ðgRn ðm; εÞ þ igInðm; εÞÞ
Z

∞

E�

dE
2π

e−aEnρνþ1;2ðE; q⃗;mHÞ

¼
Xnmax

n¼1

ðgRn ðm; εÞ þ igInðm; εÞÞC̃νþ
1;2ðan; q⃗;mHÞ; ð137Þ

where KR
ε and KI

ε are the real and imaginary parts
respectively of the kernel function. As explained in detail
in Ref. [23], and sketched in Sec. III C, the determination of
the coefficients gRn and gIn presents a certain number of
technical difficulties. Any determination of the smeared
hadronic vector based on Eqs. (136) and (137) will be
inevitably affected by both systematic errors (due to the
inexact reconstruction of the kernels) and statistical un-
certainties [due to the fluctuations of the correlator

C̃νþ
1;2ðt; q⃗;mHÞ], which need to be controlled simultane-

ously. Requiring an overly precise kernel reconstruction
leads to strongly oscillating coefficients gRn and gIn, which
magnify the statistical errors of the correlators when
evaluating the sum in the last line of Eq. (137). The
HLT method enables an optimal balance between statistical
and systematic errors to be found by minimizing each of the
two linear combinations

Wβ
R½g�≡ Aβ

R½g�
Aβ
R½0�

þ λB½g�; Wβ
I ½g�≡ Aβ

I ½g�
Aβ
I ½0�

þ λB½g�;

ð138Þ

where the functionals Aβ
R;I are given by

Aβ
R;I½g� ¼

Z
∞

Eth

dE eβaE
				
Xnmax

n¼1

gn e−aEn − KR;I
ε ðE;mÞ

				
2

;

g ¼ ðg1;…; gnmax
Þ; Eth ≤ E�: ð139Þ

and are a measure of the quality of the reconstruction of the
real and imaginary parts of the kernel. The error-functional
B½g� is defined by

B½g� ¼ 1

ðC̃νþ
1;2ð0; q⃗;mHÞÞ2

Xnmax

n1;n2¼1

gn1 gn2Covðan1; an2Þ;

ð140Þ

where Cov is the covariance matrix of the Euclidean lattice
correlator C̃νþ

1;2ðt; q⃗;mHÞ, and λ is the so-called trade-off
parameter. In Eq. (139), β andEth are algorithmic parameters
which we set to β ¼ 1.99 and Eth ¼ 3.5 GeV (3.7 GeV) in
the case of B → Klþl− (Bs → ηss0lþl−).14 In the presence
of statistical errors, the functional B disfavors coefficients g
leading to large statistical uncertainties in the reconstructed
smeared amplitude. The balance between having small
systematic errors (smallAβ

R½g� andAβ
I ½g�) and small statistical

errors (small B½g�) depends on the tunable parameter λ. Its
optimal value λopt is determined by monitoring the evolution
of the reconstructed smeared amplitude for different values
of λ. The optimal value is chosen to be in the statistically
dominated regime, where λ is sufficiently small that the
systematic error due to the kernel reconstruction is smaller
than the statistical error (therefore, in this region, the results
are stable under variations of λ within statistical uncertain-
ties), but still large enough to have reasonably small
statistical uncertainties. The kernel functions that we use
at nonzero lattice spacing are obtained from Eq. (134) by the
replacement

14For the convergence of the integral β must be smaller than 2.
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1

x − iε
→

a
sinhaðx − iεÞ ; ð141Þ

and therefore differ from the continuum counterparts by
Oða2Þ discretization effects.
Exploiting the linearity of the procedure, we divide the

HLT reconstruction of the kernel into two parts. The first,
and the more challenging, part is the HLT reconstruction
of the first term on the right-hand side of the first line of
Eq. (134). The second part is the reconstruction of the
remaining three terms. This latter step poses no difficulty,
as these terms do not develop a pole within the integration
range in the limit ε → 0, allowing for highly accurate kernel
reconstruction. Once both components are reconstructed,
we sum their contributions. In Fig. 11, we show an
illustrative example of the stability analysis that is per-
formed in order to obtain the smeared amplitude using the
HLT method. The results shown correspond to the contri-

bution from the operator OðcÞ
1 to Bs → ηss0lþl− for m ¼

4.5 GeV and ε ¼ 0.8 GeV. The figure presents the stability
analyses of both contributions discussed above: the blue
points correspond to the reconstruction of the first term of

the kernel function, while the black points correspond to the
combined contribution of the remaining three terms. In the
figurewe have inverted the sign of the latter andmultiplied its
(small) imaginary part by a factor of six for visualization
purposes. The HLT reconstruction of the final three terms is
exceptionally precise; in the figure, the corresponding values
ofAW ½g�=AW ½0�, whereAW ½g�≡ Aβ¼0

W ½g�, have been rescaled
by factors of107 and105 forW ¼ R andW ¼ I, respectively.
The red data points (filled squares) appearing in each of the
two plots of Fig. 11, correspond to the chosen optimal value
λopt, while the magenta ones (empty circles) correspond to
the values λsyst determined imposing the condition

B½gλsyst �
AR=I½gλsyst �

¼ 10
B½gλopt �

AR=I½gλopt �
: ð142Þ

The difference between the reconstructions obtained using
λ ¼ λopt and λ ¼ λsyst is added as a systematic uncertainty in
the final error. Finally, in Fig. 12 we show a comparison
between the exact and reconstructed kernels KεðE;mÞ
obtained using the HLT procedure in the illustrative case
shown in Fig. 11. We will now discuss our results for the

FIG. 11. Real (bottom panel) and imaginary (top panel) parts of H3þ;3subs
1 ðq⃗; ε;mH;mÞ for m ¼ 4.5 GeV and ε ¼ 0.8 GeV, shown in

lattice units as a function of the ratio AR;I½g�=AR;I½0�, which is a measure of the goodness of the kernel reconstruction. The plot illustrates
a representative example of the stability analysis. Blue and black points correspond respectively to the contributions from the first term
and the remaining three terms of the kernel function in the first line of Eq. (134). As described in the text, the sign of the latter has been
inverted and its imaginary part scaled by a factor of six for better visualization. Moreover, the values of AW ½g�=AW ½0� corresponding to
the black points in the figure have been rescaled by factors of 107 and 105 forW ¼ R andW ¼ I, respectively. Filled squares and empty
circles indicate reconstructions performed with λ ¼ λopt and λ ¼ λsyst, respectively; see text for details.
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smeared amplitude as a function of the kernel parameters
m and ε.

B. Numerical results

We have performed the analysis outlined in the previous
section for several values of m in the range (3.5,5.5) GeV
and for several values of ε. In all cases, we have recon-
structed both the real and imaginary part of the full kernel
function in Eq. (134). For each choice of the parameterm in
the kernel, we have evaluated the smeared amplitude for
several values of ε, chosen as follows:

εðmÞ¼ αðjm−EthjþδÞ; α¼ 0.5;0.6;0.8;1;1.25;1.5;2;

δ¼ 150MeV: ð143Þ

This m-dependent choice for the simulated values of ε is
made for two reasons. Firstly, the numerical difficulty
of the HLT reconstruction depends mainly on the ratio
jm − Ethj=ε for m > Eth; the scaling in Eq. (143) therefore
keeps the difficulty of the HLT reconstruction approxi-
mately m-independent for fixed α. The presence of the
offset δ is to avoid ε getting too small when m ≃ Eth. Very
small values of ε typically correspond to very large
statistical and systematic errors. Secondly, as has been
shown in Ref. [24], the smeared amplitude can be described
by a low–order polynomial in ε of the form

Hνþ;3subs
1;2 ðq⃗; ε;mH;mÞ
¼ Hνþ;3subs

1;2 ðq⃗; 0;mH;mÞ þ Aεþ Bε2 þ…; ð144Þ

where the ellipses are Oðε3Þ terms that can be neglected,
only when

ε ≪ ΔðmÞ; ð145Þ

where ΔðmÞ denotes the characteristic energy gap around
m over which the spectral density ρνþ1;2ðE; q⃗;mHÞ varies
appreciably. Only for ε≲ ΔðmÞ can one safely extrapolate
to the ε → 0 limit using the ansatz in Eq. (144), and the
authors of Ref. [24] refer to this region as to the asymptotic
regime. The spectral densities are expected to become
progressively smoother as one increasesm above the region
of the main charmonium resonances, so increasingly larger
ε values are sufficient to enter the asymptotic regime, which
justifies the use of larger ε for larger values of m. In
contrast, near the resonance peaks,ΔðmÞ can be very small,
so very small values of ε may be required before Eq. (144)
applies.
In Fig. 13 we show the real and imaginary part of the

smeared amplitude H3þ;3subs
1 ðq⃗; ε;mH;mÞ for jq⃗j ≃

250 MeV and mH ≃ 2.9 GeV, as a function of m and
for the different choices of the parameter α in Eq. (143).
The figure corresponds to the charming penguin contribu-
tion to the Bs → ηss0lþl− decay. The analogous plots

for the OðcÞ
2 contribution to the Bs → ηss0lþl− decay are

shown in Fig. 14, and for the OðcÞ
1 contribution to the B →

Klþl− decay in Fig. 15.15

For the OðcÞ
1 contribution to the Bs → ηss0lþl− decay, as

seen in Fig. 13, the imaginary part of the reconstructed
subtracted amplitude shows a clear peak around the energy
of the J=ψ þ ηss0 system, while the real part changes sign

FIG. 12. The reconstructed kernels KR=I
ε ðE;mÞ obtained in the HLT reconstruction with λ ¼ λopt shown in Fig. 11 (dashed lines), are

compared to the exact ones (solid lines). The vertical line corresponds to the value of the algorithmic parameter Eth ≤ E� in Eq. (139).
The results are given in lattice units.

15The OðcÞ
2 contribution to the B → Klþl− decay is qualita-

tively similar to the OðcÞ
2 contribution to the Bs → ηss0lþl−

decay; however, it has substantially larger statistical uncertainties.
For this reason we do not find it useful to present it here.

ROBERTO FREZZOTTI et al. PHYS. REV. D 113, 034509 (2026)

034509-34



after passing the resonance peak, which is the expected
behavior in presence of a sharp resonance. As α decreases
(and hence ε decreases), the local structure of the under-
lying spectral density emerges, with the peaks becoming
more pronounced. After passing the ψð2SÞ þ ηss0 peak, the
dependence on α becomes smoother, in line with expect-
ations. Note that a hint of the presence of the ψð2SÞ
resonance can be observed in the smeared amplitude, as
both its real and imaginary parts begin to rise again when
approaching the expected location of the resonance.
However, since the smearing resolution is not as good as
in the case of the J=ψ , the corresponding feature appears
significantly broader and less pronounced, making a
precise identification of the ψð2SÞ more challenging.
The OðcÞ

2 contribution to Bs → ηss0lþl− in Fig. 14 does
not show instead the pronounced peak that is visible in the

OðcÞ
1 contribution at the same values of α, while the OðcÞ

1

contribution to B → Klþl− in Fig. 15 is qualitatively

similar to that of Bs → ηss0lþl−. Note that the OðcÞ
2

contribution to Bs → ηss0lþl− is approximately one order

of magnitude smaller than the corresponding OðcÞ
1 contribu-

tion. This suppression is larger than that present in the
vacuum saturation approximation, which predicts only a
1=Nc reduction. This is because the axial-axial component of

the OðcÞ
2 correlator, which is predicted to vanish in the VSA,

partially cancels the vector-vector contribution, making

larger the net suppression relative to OðcÞ
1 . Finally, the

OðcÞ
1 contribution to B → Klþl−, shown in Fig. 15, is

similar to the corresponding contribution to Bs →
ηss0lþl− in Fig. 13. As expected, the uncertainties are,
however, larger, due to the noise induced by the light-quark
propagator.
We are now in a position to explain the motivation for the

introduction of the mass parameter m. The spectral density
ρνþðE; q⃗;mHÞ is not expected to change qualitatively by
increasing the mass of the heavy meson. Indeed, since we
work at physical light, strange, and charm quark masses,
the positions of the resonance peaks are clearly independent
of mH. What depends on the heavy-meson mass are the
heights of the peaks, namely the matrix elements

FIG. 13. The real (bottom) and imaginary (top) components of the smeared amplitude H3þ;3subs
1 ðq⃗; ε;mH;mÞ, as a function of m, for

some simulated values of α in Eq. (143). The continuous lines correspond to spline interpolations of the lattice data.
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An ¼ hnjOðcÞ
1;2jBðsÞi; ð146Þ

where n labels each allowed intermediate state propagating

between theOðcÞ
1;2 operators and the electromagnetic current.

Therefore, one does not expect a sharp, nonsmooth
dependence of the spectral density on mH. However, by
setting m ¼ mH, an artificial nonsmooth dependence on
mH would be introduced. To understand this point, let us
assume that, in order to extrapolate to the physical b-quark
mass, as typically done, a series of simulations for various
mH values, starting from mDðsÞ , are performed. By com-
puting the smeared amplitude with m ¼ mH at each point,
one finds that, at the lowest simulated heavy-meson mass,
the smeared amplitude is evaluated below the main
charmonium peaks; then as mH increases, one surfs over
the different charmonium resonances before reaching
m ¼ mBðsÞ . Because the behavior of the smeared amplitude
below (or close to) the main cc̄ resonances is expected to
differ markedly from that at much larger energies of

OðmBðsÞ Þ, the resulting mass scaling obtained with
m ¼ mH would be highly complicated and difficult to
handle. An alternative possibility is to always set
m ¼ mBðsÞ , but this would induce large discretization
effects.16 In our previous paper on Bs → μþμ−γ decays
[47], a similar problem arose when computing the tensor
form factor F̄T. In that case, exploiting the freedom to
adopt any functional dependence mðmHÞ satisfying
mðmBÞ ¼ mB, we considered

mðmHÞ ¼ ð1 − rÞmH þ rmB; ð147Þ

FIG. 14. The real (bottom) and imaginary (top) components of the smeared amplitude H3þ;3subs
2 ðq⃗; ε;mH;mÞ, as a function of m, for

some of the simulated values of α in Eq. (143). The continuous lines correspond to spline interpolations of the lattice data.

16In the figure, we present results up to m ≃mB, where
discretization effects can become significant. This proof-of-
principle study is restricted to a single lattice spacing, which
limits our ability to assess these effects. In future work,
simulations at multiple lattice spacings will allow us to system-
atically monitor the size of the cutoff effects as a function of m,
and to exclude the region of large m where these effects are too
large to permit a reliable continuum-limit extrapolation.
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with r∈ ½0; 1�. For r ¼ 1 one has m ¼ mB, and for r ¼ 0
one has m ¼ mH. Intermediate values of r interpolate
between these extremes. The guiding principle is to
choose r small enough to avoid large discretization
effects, yet large enough that, at the lowest simulated
heavy-meson mass mmin

H , the quantity mmin ≡ rmmin
H þ

ð1 − rÞmB lies above the main charmonium resonances.
The effectiveness of this strategy will be explored in future
studies, where the heavy-quark-mass extrapolation to the
physical b-quark mass will be performed.

C. Comparison with a simple model for the spectral
density and the extrapolation to ε= 0

Having presented our results for both the real and
imaginary parts of the smeared amplitude, we now compare
them to those obtained from a simple model for the spectral
density. The main motivation for this comparison is to gain
a first qualitative understanding of the lattice results. The
spectral density model we construct is based on the VSA.

Within the VSA approximation, the spectral density
ρν1ðE; q⃗; mHÞ for B → Klþl− decays is

ρνþ;VSA
1 ðE;q⃗;mHÞ¼ qchKð−q⃗Þjs̄γμbjHð0⃗Þi

× h0jVμð0ÞδðE−EK − ĤÞVνð0; q⃗Þj0i;
ð148Þ

FIG. 15. The real (bottom) and imaginary (top) components of the smeared amplitude H3þ;3subs
1 ðq⃗; ε;mH;mÞ, relevant for the B →

Klþl− decay, as a function of m, for some of the simulated values of α in Eq. (143). The continuous lines correspond to spline
interpolations of the lattice data.

TABLE II. The input parameters mV , fV , and ΓV used in the
spectral density model in Eqs. (148)–(150). All the parameters are
taken from the PDG [92] except for the value the mass of J=ψ
which has been taken from our lattice data at the lattice spacing
a ≃ 0.0795 fm.

J=ψ ψð2SÞ ψð3770Þ ψð4040Þ ψð4170Þ
mV [GeV] 3.05 3.69 3.77 4.04 4.19
fV [GeV] 0.412 0.296 0.100 0.187 0.142
ΓV [MeV] 0.093 0.294 27.2 80 70
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where Vμ ≡ c̄γμc. For Bs → ηss0lþl− decays, one makes
the obvious replacements in Eq. (148): K → ηss0 ,
EK → Eηss0 , and H → Hs. The weak b → s matrix element
for B → Klþl− decays can be written in terms of the
standard semileptonic form factors f0 and fþ as

hKð−q⃗Þjs̄γμbjHð0⃗Þi ¼ fþðq2Þ
�
pμ
H þ pμ

K −
m2

H −m2
K

q2
qμ
�

þ f0ðq2Þ
m2

H −m2
K

q2
qμ; ð149Þ

where pH and pK are the four-momenta of the heavy
meson and kaon respectively and q ¼ pH − pK . For
Bs → ηss0lþl−, Eq. (149) holds with the same obvious
replacements as above.
The charm-current spectral density is modeled as a sum

of Breit-Wigner distributions corresponding to the leading

charmonium resonances supplemented by a tree-level
perturbative continuum:

h0jVμð0ÞδðE − ĤÞVνð0; q⃗Þj0i

¼
X
V

f2Vm
2
V

2EV

�
δμ

ν −
kVμkνV
m2

V

�
ΓV

2π

1

ðE − EVÞ2 þ ðΓV=2Þ2
þ ðδνμq̃2 − q̃ν q̃μÞρccpertðq̃2Þ; ð150Þ

where the sum extends over the J=ψ , ψð2SÞ, ψð3770Þ,
ψð4040Þ, andψð4170Þ resonances. InEq. (150),mV ,ΓV , and
fV are the mass, total width, and decay constant of the
resonance,EV ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

V þjq⃗j2
p

, q̃¼ðE;q⃗Þ, and kV ¼ ðEV; q⃗Þ.
The quantities mV , ΓV and fV are taken from the PDG [92]
(with the exception of the J=ψ mass which is taken from our
lattice data), whereas the form factors fþðq2Þ and f0ðq2Þ are
obtained from our lattice data at the same lattice spacing,

FIG. 16. The real (bottom) and imaginary (top) part of the smeared amplitude H3þ;3subs
1 ðq⃗; ε;mH;mÞ in the case of Bs → ηss0lþl−

decays, as a function of m, for α ¼ 1.5 (blue) and α ¼ 0.5 (red). The red and blue colored bands correspond to the model predictions,
while the data points are from our lattice computation. The gray semitransparent bands correspond to the results of the model calculation
in the ε → 0 limit. The dashed vertical bands in the bottom plot indicate the position of the J=ψ þ ηss0 and ψð2SÞ þ ηss0 states. The
model uncertainty has been estimated as discussed in the text.
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heavy-quark mass and three-momentum q⃗ used in the
charming-penguin calculation. In Table II we collect the
values of mV , fV , and ΓV we used for each charmonium
resonance V.
The perturbative spectral function has the leading-order

[Oðα0sÞ] form

ρccpertðq̃2Þ ¼
3

12π2

�
1 −

sth
q̃2

�
1=2

�
1þ sth

2q̃2

�
θðq̃2 − sthÞ;

ð151Þ

where sth marks the onset of the perturbative continuum,
which must lie above the main charmonium resonances. In
perturbative QCD one has sth ¼ 4m2

c; in the present study
we consider sth ≃ ð3.7 GeVÞ2 and sth ≃ ð4.1 GeVÞ2 and
quote half of the difference between the corresponding
results as an estimate of the model uncertainty. Within
the VSA one has ρνþ;VSA

1 ¼ 3ρνþ;VSA
2 . Note that our

model does not include DsD� and D�
sD (or DsD�

s in the
Bs → ηss0 case) rescattering contributions, which are purely
nonfactorizable.

We now use Eq. (133) to evaluate the three-times-
subtracted smeared amplitude Hνþ;3subs

1;2 ðq⃗; ε;mH;mÞ as a
function of m and ε within this model of the spectral
density. Since our first-principles calculation is carried out
at a single lattice spacing, the energy integral in Eq. (133) is
effectively restricted to E≲Oð1=aÞ. To mimic this in the
model we introduce an ultraviolet cutoff EUV ¼ n=a and
analyse the cases n ¼ 2.5 and n ¼ 4, taking the half-
difference between the two results as an approximate
estimate of cutoff effects. As already mentioned, in our
lattice calculation, the smeared amplitude is computed with

the bare operators OðcÞ
1 and OðcÞ

2 , which are subject to
multiplicative renormalization and operator mixing. As an
attempt to take this into account, we will fix the overall
normalization of the model spectral density in such a way
that it reproduces our lattice data below the J=ψ threshold,
as we will explain below.
We now compare our first-principles lattice results with

the model predictions. We do this for the Bs → ηss0lþl−

amplitude for which the lattice results have significantly
smaller errors than those for the B → Klþl− amplitude. In
Fig. 16 we show the comparison between our lattice results

FIG. 17. Same as in Fig. 16 for the OðcÞ
2 contribution to Bs → ηss0lþl−.
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and the model predictions for the contribution from the

operator OðcÞ
1 to H3þ;3subs

1 ðq⃗; ε;mH;mÞ for the Bs →
ηss0lþl− decay. The lattice results for fþðq2Þ and f0ðq2Þ
which we input into the model for the spectral density are17

fþðq2Þ ≃ 1.44ð15Þ; f0ðq2Þ ¼ 0.87ð1Þ: ð152Þ

The comparison is shown for two different values of α,
α ¼ 1.5, 0.5 and for both the real (bottom panel of Fig. 16)
and imaginary part (top panel of Fig. 16) of the (three-times-
subtracted) smeared amplitude.
We find that in order to match the model predictions to the

lattice data below threshold (m < mJ=ψ þmηss0 ) for theO
ðcÞ
1

contribution an additional multiplicative factor 2.3 needs to
be introduced. This is reasonable, as the typical magnitude of
the missing renormalization is expected to be anOð1Þ effect.
In the figures the model predictions have been multiplied by
this factor. Overall, as the figure shows, we do observe a

fairly good agreement between themodel predictions and the

lattice results for the contribution from the operatorOðcÞ
1 . The

analogous comparison for the OðcÞ
2 contribution to Bs →

ηss0lþl− is shown in Fig. 17 for α ¼ 1.5 and 0.8. In this case
the model prediction is larger in magnitude than our first-
principles results, and moreover the model predictions seem
to differ qualitatively from the lattice results. As already
noted, this outcome is not unexpected: in our ab-initio
calculation the axial-axial contribution from the operator

OðcÞ
2 , which is absent in theVSA, partially cancels the vector-

vector term, so that the net OðcÞ
2 contribution is smaller than

the VSA estimate.18 Future investigations will be needed to

FIG. 18. α dependence of our results for the contribution from OðcÞ
1 contribution to the subtracted amplitude Bs → ηss0lþl− in the

region of large m. The top (bottom) panel shows our result for the imaginary (real) part of the smeared amplitude. The different colors
correspond to different values of m in the high-m region. The vertical lines correspond for each m to the α value leading to
ϵðmÞ ¼ ΔðmÞ, were ΔðmÞ is estimated according to Eq. (153).

17Within the model, we use only the central values of fþðq2Þ
and f0ðq2Þ, neglecting their uncertainties.

18Clearly, one could adjust the overall normalization of the
model by matching the model and lattice predictions below
threshold for theOðcÞ

2 contribution. However, since the model and
lattice spectral function exhibit qualitatively different behavior
for this operator, the required normalization factor would vary
with the choice of α. The main conclusion to be drawn is that the
VSA-based model fails to capture the essential features of the
lattice data for the OðcÞ

2 contribution.
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establishwhether this suppression is driven by the systematic
uncertainties that presently affect our calculation—mainly
lattice cutoff effects and the absence of nonperturbative
renormalization—or whether it reflects a genuine physical
effect.
In Figs. 16 and 17, we show in gray the model prediction

in the physical limit ε → 0. As discussed in the previous
subsection, the lattice data computed at finite ε can be
reliably extrapolated to this limit using the ansatz of
Eq. (144), but only in the asymptotic regime where
ε≲ ΔðmÞ. This behavior is clearly visible in Fig. 16,
where, in the vicinity of the dominant charmonium reso-
nances, the ε → 0 curve significantly deviates from the data
points at nonzero ε. This indicates that naive polynomial
extrapolation becomes unreliable in these regions, as ΔðmÞ
is small and the spectral function varies too rapidly. In such
cases, a more robust approach is to explicitly model the
resonant part of the spectral density, for instance using
Breit-Wigner functions with a small number of fit param-
eters, as proposed in the SFR work [24].
In contrast, for mass values well above the resonance

region, the dependence on ε is much milder, and poly-
nomial extrapolation becomes viable. However, even in this
regime, a model-independent extrapolation still requires
that ε≲ ΔðmÞ be satisfied. In Figs. 18 and 19, we show our

results in this high-mass region, plotted as a function of α,
for the Bs → ηss0 and B → K transitions respectively. The
vertical lines indicate the values of α corresponding to
ΔðmÞ, estimated as

ΔðmÞ ¼ jm −mψð2SÞ −mKjðB → KÞ; ð153Þ

ΔðmÞ ¼ jm −mψð2SÞ −mηss0 jðBs → ηss0 Þ: ð154Þ

As the figures show, the current precision of the Euclidean
correlation functions does not yet allow us to reach the
regime ε < ΔðmÞ, which is needed for a smooth poly-
nomial extrapolation. Nonetheless, since this work repre-
sents a proof-of-principles study, we have not yet explored
advanced noise-reduction strategies nor performed a high-
statistics calculation of the correlation functions. Our
results are therefore encouraging: the smallest ε values
we can currently achieve are only slightly larger than the
estimated ΔðmÞ, suggesting that reaching the required
regime is within reach of a dedicated effort.
Since the primary limitation arises from the narrow

charmonium resonances J=ψ and ψð2SÞ, a hybrid strategy
remains viable: use a physically motivated model for the
resonant contributions endowed with free parameters to be

FIG. 19. Same as in Fig. 18 in the case of the OðcÞ
1 contribution to B → Klþl−.
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fitted to data as mentioned above, and describe the
remaining smoother background with a polynomial in ε.
This approach could enable a controlled extrapolation to
the physical limit even with the current range of ε. We plan
to investigate all these aspects, including improved statis-
tics, noise reduction techniques, and combined model-data
fitting strategies, in future dedicated studies.

IX. CONCLUSIONS

A full computation of the decay amplitudes is very
important for the phenomenological study of the FCNC
decays B → Klþl− and B → γlþl− and the analysis of
the tensions with the Standard Model. In this paper we have
presented a complete theoretical framework for the calcu-
lation of these amplitudes from lattice computations of
Euclidean correlation functions. The method is designed to
overcome the difficulty in evaluating in Euclidean space the
complex contributions to the amplitudes arising from
diagrams which contain on-shell intermediate states propa-
gating between the weak b → s transition operator and the
electromagnetic current. Such contributions, which include
those from “charming penguins” and the chromomagnetic
operator O8, cannot be evaluated using standard lattice
techniques, and we therefore rely on spectral density
methods such as SFR [24] and HLT [23].
Although our focus here is on the evaluation of B →

Klþl− and B → γlþl− decay amplitudes, we stress that
the method is general and can be applied to other processes
in which the hadronic factor is given in terms of matrix
elements of multilocal operators with on-shell intermediate
states propagating in one or more channels. This is
explained in Sec. III C.
When evaluating the matrix elements of multilocal

operators, in addition to the ultraviolet divergences present
in the renormalization of the local operators, new “contact-
term” divergences can arise as two of the local operators
approach each other. This happens, for example, with the
weak b → s and electomagnetic current in B → Klþl−

decays resulting in the appearance of the operators O7 and
O9 in the effective Hamiltonian H̃eff in Eq. (10). Although,
as a result of electromagnetic current conservation, these
divergences are logarithmic, we show in Sec. VII A that
each of the two time-orderings which contribute to the B →
Klþl− amplitude is quadratically divergent and that the
quadratic divergence cancels when the two contributions
are summed. We present a method for the separation of
the terms containing ultraviolet divergences (including the
cancellation of the power divergences) which can be
evaluated using standard lattice methods, from the long-
distance contributions requiring spectral density techniques
[see the discussion around Eq. (75)].
In lattice QCD, the operators OðcÞ

1;2 themselves contain
power divergences; the details of their nonperturbative
subtraction depend on the lattice discretization being used.
In Sec. VII B we showed how such a subtraction can be

achieved for the lattice action, based on twisted mass
fermions, used in the exploratory numerical work reported
in Sec. VIII.
In Sec. VIII we reported on an exploratory numerical

study of the charming penguin contribution to the B →
Klþl− decay amplitudes. The computations were per-
formed on a single gauge-field ensemble and with a lighter-
than-physical b-quark (mb ¼ 2mc) to avoid large lattice
artifacts. The lighter quarks have their physical masses. In
order to investigate the method more precisely, we have
also applied it to the decay B → ηss0lþl−, where ηss0 is a
pseudoscalar meson with s and s0 degenerate quarks with
masses equal to the physical strange quark mass. The
absence of u and d quarks in this decay results in
significantly smaller statistical errors allowing for a more
detailed investigation of the approach. The results of this
preliminary study are very encouraging; both the real and
imaginary components of the three-times-subtracted had-
ronic factors H3þ;3subs

1;2 , defined in Eq. (77), are determined
for a range of values of the smearing parameter ϵ. A
comparison of the lattice results with those from a model
based on the vacuum saturation approximation, which
neglects nonfactorizing effects, while naturally differing
in detail was qualitatively satisfactory, providing further
confidence in the method. The numerical study did,
however, underline the challenges which will have to be
overcome in a full scale computation of the physical
amplitude, particularly with regard to the ϵ → 0 extrapo-
lation. Within the available statistics, we were barely able,
if at all, to reach the asymptotic regime where the
extrapolation can be performed using the polynomial
scaling ansatz in Eq. (144) so that the correlation functions
will need to be evaluated more precisely.
The approach developed in this paper provides the

framework allowing us to embark on the long-term project
of the complete evaluation of the amplitudes and the results
will be reported in future publications. If the model
expectations of several authors that the contributions from
the charming penguins and of the operator O8 are very
small are true [38,76–78], then we will not require very
small relative errors to establish this. Such a situation arose
in the evaluation of the form factor F̄T for B → γlþl−

decays, where the relative error wasOð100%Þ, but this was
sufficient to establish that its contribution was negligible
[47]. If, on the other hand, the contributions from the
charming penguins and/or O8 are larger, then we will, of
course, require a better relative precision to determine
them. Much exciting flavor physics phenomenology is now
becoming possible.
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APPENDIX A: FURTHER REMARKS
CONCERNING THE CONTACT TERMS

In this appendix we add some further remarks concern-
ing the contact terms discussed in Sec. VII A. Specifically,
we describe the procedure for renormalizing the logarith-
mic divergence resulting in the appearance of the operators
O9 and O7 in the effective Hamiltonian (10). We also
explain how the transverse structure of the amplitude is
recovered when the contributions from the two time-
orderings are combined.
We start by explaining the appearance of the operatorO9

in the effective Hamiltonian and explain the procedure to
renormalize the corresponding divergence into the MS
scheme to correspond with the known Wilson coefficient
function. The general procedure is analogous to that used to
renormalize the contact terms in rare K → πνν̄ decays [93].
(1) Let J̃μemðqÞ be the Fourier transform of JμemðxÞ. We

compute the matrix elements hsðp̃sÞjfT½J̃μemðq̃Þ×
OSMom

1;2 ð0Þ�gLata jbðp̃bÞi and, using the appropriate
projectors, hsðp̃sÞjs̄ð0ÞγνPLbð0Þjbðp̃bÞi (μ;ν¼1–4)
in the Landau gauge, at the kinematics chosen for the
RI-SMom renormalization, p̃2

b ¼ p̃2
s ¼ q̃2 ¼ μ2 in

the limit of zero quark masses. Here the indices Lat
and a on the bilocal operator indicate that the
divergence due to the contact term is regulated in
the lattice regularization at a lattice spacing a. We
have introduced the tildes over q̃, p̃s, and p̃b to
indicate that these are the momenta at which the
renormalization conditions are applied.

(2) By electromagnetic gauge invariance hsðp̃sÞjT½J̃μemðq̃ÞOðcÞ
1;2ð0Þ�jbðp̃bÞi is proportional to ðq̃2gμν − q̃μq̃νÞ×

hsðp̃sÞjs̄ð0ÞγνPLbð0Þjbðp̃bÞi.
(3) Next, at the renormalization point, we impose the condition

hsðp̃sÞjT½J̃μemðq̃ÞOSMom
1;2 ð0Þ� − c1;2ðμ; aÞðq̃2gμν − q̃μq̃νÞs̄ð0ÞγνPLbð0Þjbðp̃bÞi ¼ 0 ðA1Þ

and determine the coefficients c1;2ðμ; aÞ. We define the bilocal operator in the RI-SMom scheme by

fT½J̃μemðqÞOSMom
1;2 ð0Þ�gSMom

μ ≡ fT½J̃μemðqÞOSMom
1;2 � − ðq2gμν − qμqνÞc1;2ðμ; aÞs̄ð0ÞγμPLbð0ÞgLata : ðA2Þ

(4) The relation between the local operators O1;2 in the RI-SMom and MS schemes, after subtraction of the power
divergences, is obtained perturbatively in the standard way and here we assume that this has been done. Similarly the
bilocal operator renormalized in the MS scheme is related to fT½J̃μemðqÞOSMom

1;2 ð0Þ�gSMom
μ by

fT½J̃μemðqÞOMS
1;2 ð0Þ�gMS

μ ¼ fT½J̃μemðqÞOMS
1;2 ð0Þ�gSMom

μ þ d1;2ðμÞðq2gμν − qμqνÞs̄ð0ÞγνPLbð0Þ; ðA3Þ

where, for illustration we have chosen the scale μ to be the same as in Eq. (A1). The coefficients d1;2ðμÞ are obtained
in perturbation theory by ensuring that Eq. (A3) is satisfied between conveniently chosen external states.
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(5) Using this procedure, the hadronic matrix elements of fT½J̃μemðqÞOMS
1;2 ð0Þ�gMS

μ , with all divergences renormalized in
the MS scheme, can be obtained from lattice computations combined with, as usual and unavoidably, perturbation
theory to match the RI-SMom scheme to MS.

In higher orders of QCD perturbation theory, the operator O7 appears and, with the use of tensor projection operators, the
corresponding procedure can be followed to obtain OSMom

7 nonperturbatively from the lattice operators and then to relate

OSMom
7 to OMS

7 .
We now trace how the transverse structure of the matrix element is restored when the contributions from the two regions

t < 0 and t > 0 are added together. From the first line of Eq. (47) we have

qνH
νþ
1;2ðq⃗Þ ¼

Z
∞

0

dt
Z

d3 xð∂νeiq·xÞhKð−q⃗ÞjJνemðt; x⃗ÞOðcÞ
1;2ð0ÞjBð0⃗Þi

¼ −
Z

∞

0

dt
Z

d3 x eiq·xhKð−q⃗Þjð∂νJνemðt; x⃗ÞÞOðcÞ
1;2ð0ÞjBð0⃗Þi −

Z
d3 x e−iq⃗·x⃗hKð−q⃗ÞjJ0emð0; x⃗ÞOðcÞ

1;2ð0ÞjBð0⃗Þi

¼ −
Z

d3 x e−iq⃗·x⃗hKð−q⃗ÞjJ0emð0; x⃗ÞOðcÞ
1;2ð0ÞjBð0⃗Þi: ðA4Þ

Similarly

qνHν−
1;2ðq⃗Þ ¼

Z
d3 x e−iq⃗·x⃗hKð−q⃗ÞjOðcÞ

1;2ð0ÞJ0emð0; x⃗ÞjBð0⃗Þi; ðA5Þ

so that

qνðHνþ
1;2ðq⃗Þ þHν−

1;2ðq⃗ÞÞ ¼
Z

d3 x e−iq⃗·x⃗hKð−q⃗Þj½OðcÞ
1;2ð0Þ; J0emð0; x⃗Þ�jBð0⃗Þi

¼
Z

d3 xhKð−q⃗Þj½OðcÞ
1;2ð0Þ; J0emð0; x⃗Þ�jBð0⃗Þi

¼ ðQB −QKÞhKð−q⃗ÞjOðcÞ
1;2ð0ÞjBð0⃗Þi ¼ 0; ðA6Þ

whereQB andQK are the electric charges of the B and K mesons respectively and we have used the fact that the equal-time

commutator ½OðcÞ
1;2ð0Þ; J0emð0; x⃗Þ� vanishes except at x⃗ ¼ 0⃗. We have therefore demonstrated that the sum of the contributions

from t < 0 and t > 0 is transverse, whereas the two contributions individually are not.

APPENDIX B: CONSEQUENCES OF PARITY AND TIME REVERSAL SYMMETRIES FOR THE
REALITY OF THE SPECTRAL DENSITY

In this appendix we exploit the parity and time reversal symmetries of QCD to show that the spectral density for the decay
B → Klþl− is real. We denote the parity and time reversal operators by P and T respectively and define X≡ PT . The
vector and axial-vector currents transform under the combined PT transformation as follows:

Xψ̄f1ðxÞγμψf2ðxÞðXÞ−1 ¼ ψ̄f1ð−xÞγμψf2ð−xÞ; ðB1Þ

Xψ̄f1ðxÞγμγ5ψf2ðxÞðXÞ−1 ¼ −ψ̄f1ð−xÞγμγ5ψf2ð−xÞ: ðB2Þ

The subscripts f1;2 denote the flavor quantum numbers of the quark fields.
For the four quark operators we introduce the natural notation,

VVf1f2f3f4ðxÞ ¼ ψ̄f1ðxÞγμψf2ðxÞψ̄f3ðxÞγμψf4ðxÞ; AAf1f2f3f4ðxÞ ¼ ψ̄f1ðxÞγμγ5ψf2ðxÞψ̄f3ðxÞγμγ5ψf4ðxÞ; ðB3Þ

VAf1f2f3f4ðxÞ ¼ ψ̄f1ðxÞγμψf2ðxÞψ̄f3ðxÞγμγ5ψf4ðxÞ; AVf1f2f3f4ðxÞ ¼ ψ̄f1ðxÞγμγ5ψf2ðxÞψ̄f3ðxÞγμψf4ðxÞ: ðB4Þ

The transformation properties of the parity conserving (VV; AA) and parity violating (VA; AV) components of the four-
quark weak operators differ in sign as follows:
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XVVf1f2f3f4ðxÞX−1 ¼ þVVf1f2f3f4ð−xÞ; XAAf1f2f3f4ðxÞX−1 ¼ þAAf1f2f3f4ð−xÞ; ðB5Þ

XVAf1f2f3f4ðxÞX−1 ¼ −VAf1f2f3f4ð−xÞ; XAVf1f2f3f4ðxÞX−1 ¼ −AVf1f2f3f4ð−xÞ: ðB6Þ

Using the Eqs. (B1), (B5), and (B6), together with the relations hTfjTOT−1jT ii ¼ hfjOjii� and XjPi ¼ −jPi for a
pseudoscalar state jPi, and noting that δð4ÞðP̂ − lÞ [where P̂ ¼ ðĤ; P̂Þ is the four-momentum operator and l is a generic
four-momentum] is invariant under the PT symmetry, we find that the parity conserving contributions satisfy

hKðp⃗KÞjJνemð0Þδð4ÞðP̂ − lÞVVf1f2f3f4ð0ÞjBðp⃗BÞi ¼ þhKðp⃗KÞjJνemð0Þδð4ÞðP̂ − lÞVVf1f2f3f4ð0ÞjBðp⃗BÞi�; ðB7Þ

hKðp⃗KÞjJνemð0Þδð4ÞðP̂ − lÞAAf1f2f3f4ð0ÞjBðp⃗BÞi ¼ þhKðp⃗KÞjJνemð0Þδð4ÞðP̂ − lÞAAf1f2f3f4ð0ÞjBðp⃗BÞi�; ðB8Þ

whereas the parity odd terms satisfy

hKðp⃗KÞjJνemð0Þδð4ÞðP̂ − lÞVAf1f2f3f4ð0ÞjBðp⃗BÞi ¼ −hKðp⃗KÞjJνemð0Þδð4ÞðP̂ − lÞVAf1f2f3f4ð0ÞjBðp⃗BÞi�; ðB9Þ

hKðp⃗KÞjJνemð0Þδð4ÞðP̂ − lÞAVf1f2f3f4ð0ÞjBðp⃗BÞi ¼ −hKðp⃗KÞjJνemð0Þδð4ÞðP̂ − lÞAVf1f2f3f4ð0ÞjBðp⃗BÞi�: ðB10Þ

We have already mentioned that the weak operators VV and AA are parity conserving and VA and AV are parity violating.
In the present context this means that the matrix elements

MνðpK; pB; lÞ≡ hKðp⃗KÞjJνemð0Þδð4ÞðP̂ − lÞOð0ÞjBðp⃗BÞi ¼ �Pν
ρMρðPpk;PpB;PlÞ; ðB11Þ

where theþ sign on the right-hand side corresponds toOð0Þ ¼ VVð0Þ or AAð0Þ and the − sign toOð0Þ ¼ VAð0Þ or AVð0Þ.
The matrix P ¼ diagð1;−1;−1;−1Þ and, when acting on a four-momentum p ¼ ðp0; p⃗Þ we have Pp ¼ ðp0;−p⃗Þ. This
implies that the matrix elements can be decomposed in terms of invariant form factors FB, FK, Fl, and Fodd as follows:

MνðpK; pB; lÞ ¼ FBpν
B þ FKpν

K þ Fllν; O ¼ VV or AA; ðB12Þ

MνðpK; pB; lÞ ¼ iϵναβγðpBÞαðpKÞβlγFodd; O ¼ VA or AV: ðB13Þ

We now deduce the consequences of the above discussion for the spectral density ρνþ1;2ðE; q⃗Þ in Eq. (48) which appears in
the time-ordering requiring the SFR method for B → Klþl− decays. In this case p⃗B ¼ ⃗l ¼ 0⃗ so that the coefficient of Fodd

in Eq. (B13) is zero. Thus only the components VV and AA contribute to ρνþ1;2ðE; q⃗Þ which is therefore real [see Eqs. (B7)
and (B8)].
A similar analysis can be carried out for B̄s → γlþl− decays. The three spectral densities corresponding to contributions

requiring spectral density methods are given in Eqs. (53), (60), and (67).
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