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We develop a strategy for computing the B — K£7¢~ and B, — y/+¢~ decay amplitudes using lattice
QCD (where #* are charged leptons). We focus on those terms which contain complex contributions to the
amplitude, due to on-shell intermediate states propagating between the weak operator and electromagnetic
current(s). Such terms, which are generally estimated using model calculations and represent significant
uncertainties in the phenomenological predictions for these decays, cannot be computed using standard
lattice QCD techniques. It has recently been shown that such contributions can be computed using spectral
density methods and our proposed strategy, which we discuss in detail, is built on this approach. The
complex contributions include the “charming penguins” [matrix elements of the current-current operators

0§C> and 0<26) defined in Eq. (6) below], in which the charm-quark loop can propagate long distances,
particularly close to the region of charmonium resonances. They also include the contributions from
the chromomagnetic operator [Og in standard notation, defined in Eq. (8) below]. We discuss the
renormalization of the ultraviolet divergences, and in particular those which arise due to “contact” terms,
and explain how those which appear as inverse powers of the lattice spacing can be subtracted
nonperturbatively. We apply the spectral density methods in an instructive exploratory computation of
the charming penguin diagram in B — K¢~ decays in which the virtual photon is emitted from the
charm-quark loop [the diagram in Fig. 1(a) below] and discuss the prospects and strategies for the reliable
determination of the amplitudes in future dedicated computations; computations which are, however,
beyond the scope of the present paper.
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I. INTRODUCTION

In the Standard Model (SM), flavor changing neutral
current (FCNC) By decays are strongly suppressed and
thus represent a window for discovering new physics (NP)
effects. At the quark level b — s(d) transitions give rise to a
variety of interesting processes that have been measured
experimentally and compared to theoretical predictions, e.g
B — K*y or B— K¢+~ and B, — y£ ¢~ [1-22]. The
main limitation in the comparison between experimental
measurements and theoretical predictions is that the evalu-
ation of the hadronic matrix elements generally relies on
phenomenological models for which it is very difficult to
estimate the uncertainty. In this paper we show that, as the
result of a number of recent theoretical developments
[23,24], a full class of semileptonic FCNC decays, spe-
cifically those with O or 1 stable hadron in the final state and
hence including several of the ones mentioned above, can
be computed quantitatively from first principles using
lattice QCD, paving the way toward truly quantitative,
and in the future precise, tests of the theory.

We start by explaining the phenomenological motivation
for developing the framework by briefly reviewing the
experimental status of b — s exclusive measurements. The
precise measurements of B — K*)#+#~ decays by LHCb
[10,11,13,25-27], see also [7-9,12,14-17,19], opened a
new exciting sector of FCNC phenomenology. While the

hints of the presence of NP in the ratio of branching fractions
Ry =B(Bt - K'u"u™)/B(Bt - KTe'e™) [28,29], and
similarly in Rg+, Rk, Ry [30-32], have disappeared
[33,34], there nevertheless remain some tensions between
SM estimates and experimental measurements in absolute
BRs and angular distributions [35-42] (see however
[43—46]), and it is therefore very important to produce
reliable theoretical predictions of these quantities in the
SM and beyond. In this paper we show how this can be
achieved for B - K#* ¢~ decays, and in particular how the
charming penguin contributions, i.e., contributions from
diagrams containing charm-quark loops, can be determined
(see, for example, Fig. 1).

The LHCb experiment has set an upper bound for the
branching ratio of the BY — yu*u~ decay at large values of

g%, where \/? is the invariant mass of the muon pair,
B(BY —» ,u*lu_y)|\/q—2>49 Gev < 2.0x107° (1)

at 95% confidence level [21]. This result was obtained from
the up~ invariant mass distribution near the kinematical
end point. Subsequently the collaboration has searched for
fully reconstructed B — it u~y decays and set the follow-
ing bound at large values of ¢>

B(B? - /ﬁy_y)|\/‘?>3.92 Goy 42X 108 (2)

K 0

BO

BO

(d)

FIG. 1. Connected quark-flow diagrams for the process B — K# ¢~ which contain a charm-quark loop. The shaded circle, marked 0(12,

represents either of the two current-current operators 0<1”) or 0(26)

defined in Eq. (6). The charged leptons #*, which couple to the virtual

photon, y*, are not shown. Panels (a)-(d) correspond, respectively, to photon emission from the charm, strange, down, and bottom quarks.
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at 95% confidence level [22]. In addition the collaboration
has set upper bounds for the branching ratios for bins in

\/? below the charmonium resonances. The LHCb is
continuing its search for this decay with the upgraded
detector and increased luminosity in LHC’s Run 3." In
Ref. [47], using Lattice QCD, we have evaluated all the
contributions to the amplitude and rate from the matrix
elements of the reduced effective Hamiltonian in Eq. (10)
with the exception of those from the charming penguins,

i.e., those of the operators O(IC) and Ogc) [defined in Eq. (6)]
and also of the chromomagnetic operator Og [defined in
Eq. (8)]. In that paper we used a phenomenological ansatz,
based on vector meson dominance, to estimate the charm-
ing penguin contributions. Our final result for the partial
branching ratio was

considerably below the experimental upper bound in
Eq. (1). The rate for this decay is dominated by the matrix
elements of Oq and O, in particular by the corresponding
vector form factor, and the contributions from 0(12 were
estimated to be relatively small. However, within the range
of parameters used in Sec. V of Ref. [47], the inclusion of
(c)

the operators O, ; had a significant effect on the errors, e.g.,

from 15% for \/q*> > 4.9 GeV, increasing as we approach

the charmonium resonances to 30% for \/&E > 4.2 GeV.
In the present paper we present a strategy for computing the
charming penguin contributions in Lattice QCD, using an
extension of the spectral density approach proposed in
Ref. [24], showing that it iS now possible to envisage a
reduction of the uncertainties and a coverage of the full
kinematic region in g, where ¢ is the invariant mass of the
lepton pair.

The decay B — K*y is, as yet, an unexplored channel in
lattice calculations and presents additional issues related to
the instability of the K* meson. In particular the reconstruc-
tion of the Minkowski amplitude from Euclidean lattice
correlation functions is more complex and the necessary
theoretical framework has not yet been fully developed. For
this reason we do not discuss B — K*##~ and B — K*y
decays further in this paper, although we anticipate that the
method developed in this paper may eventually be an
important element in the determination of the corresponding
amplitudes.

Motivated by the challenge to obtain reliable theoretical
results with which the experimental results outlined above
can be compared, we now begin a discussion of the theory.
For real physical quantities, such as leptonic decay con-
stants, semileptonic form factors (between states which are
stable under strong interactions), and the B-parameters of

'See the Cern Courier, May-June 2024, p.6.

neutral pseudoscalar-meson mixing, the continuation from
Minkowski to Euclidean space poses no difficulty and they
can readily be determined from lattice QCD computations
of Euclidean correlation functions (see, for example, the
comprehensive compilation of results in Ref. [48]). Since
Euclidean correlation functions are real, difficulties in the
continuation from Minkowski to Euclidean space arise
when the physical quantities of interest are complex. This is
particularly severe for the evaluation of the amplitudes for
B-decays, where a large number of on-shell intermediate
states can propagate and contribute to the imaginary part. In
an attempt to overcome this complication, methods based
on the spectral representation have been developed
[23,24,49-56] and applied to a variety of physical proc-
esses, including Refs. [47,57-69]. In particular, in Ref. [24]
a method has been proposed which allows for the deter-
mination of both the real and imaginary parts of complex
amplitudes in which the hadronic factor is of the generic
form:

H(k) = i/d“xei"'x(FlT[Jl () 20]1),  (4)

where T represents “time ordering,” J;, are two local
composite hadronic operators, and the initial and final
states, / and F, are single hadrons or the QCD vacuum. The
method is based on the spectral representation of the
corresponding time-dependent correlation functions and
overcomes the difficulties related to the analytic continu-
ation from Minkowski to Euclidean time which arise when
there are intermediate states propagating between the two
currents with energies smaller than those of the external
states contributing to the amplitude. In its numerical
implementation, the method relies on the Hansen, Lupo,
Tantalo (HLT) technique of Ref. [23] for evaluating the
spectral function smeared with a proper kernel. In the
proposal of Ref. [24] the smearing parameter is provided by
the standard ie prescription used to regularize Feynman
integrals. For conciseness, in what follows we will refer to
the approach developed in Ref. [24] as the spectral function
reconstruction (SFR) method.

In this paper we study the decays B — K£"¢~ and
B, - ytte focusing particularly (but not exclusively)
on contributions from the so-called charming penguins,
i.e., diagrams with charm-quark loops which contain long-
distance contributions in the region of charmonium reso-
nances as well as imaginary parts. Charming penguins
constitute one of the main sources of power corrections to
the decay amplitude computed in the infinite m; (mass of
the b-quark) limit using QCD factorization [70-72], since
they involve current-current operators with O(1) Wilson

*We present the discussion here for B, — y#* £~ decays with a
valence b quark, but of course it can be trivially translated to By
decays with a valence b antiquark.
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coefficients and leading Cabibbo-Kobayashi-Maskawa
(CKM) factors [73-75]. Indeed, the enhancement due to
the Wilson coefficient might overcome the power suppres-
sion of the matrix element, resulting in a contribution which
may, in principle, be comparable to the one generated by
the semileptonic operators at leading power in the 1/my,,
expansion, and thus be very relevant for phenomenology
[43,44]. In particular, charming penguin matrix elements
have the same quantum numbers as the semileptonic
operator with a vector-lepton coupling, and therefore their
contributions might be misidentified as being due to new
physics, leading to apparent deviations from the Standard
Model in the angular analysis of B — K*u*u~ decays
[35-41]. So far, charming penguin contributions have been
estimated in a model-dependent way [38,76-78], since
such contributions cannot be evaluated using traditional
lattice QCD techniques. In this paper, we demonstrate that
the SFR method can be combined with lattice QCD to
determine the contributions to the B — K£T¢~ decay
amplitude from charming penguins and the chromo-
magnetic operator Qg. For the process B, — yZ*¢~, the
charming penguin contributions involve matrix elements
of three local currents (two electromagnetic ones to which
the real and virtual photons couple and the weak b — s
current), and we demonstrate that the SFR method can also
be extended to this case, allowing for the evaluation of the
amplitude from the computation of Euclidean correlation
functions. Indeed, as we show in Sec. III C, the method can
be generalized to an arbitrary number of operators. We also
note that in the amplitudes for B, — yZ+#~ decays, two
simultaneous unitarity cuts can be present.

In evaluating the matrix elements of multilocal operators,
such as those in Eq. (4), in addition to the ultraviolet
divergences which arise in the renormalization of each local
operator, additional divergences can appear as ‘“‘contact
terms” when two (or more) operators approach each other.
This is the case for the decays we are studying in this paper
from the region of configuration space where the electro-
magnetic and weak b — s currents are close to each other.
Although the renormalization of such contact terms is
standard procedure, and in this case results in the
appearance of the operators O; and Oq in the effective
Hamiltonian [see Eq. (5) below], a subtlety appears when
we apply the spectral density methods which require the
contributions from the different time orderings to be
considered separately. In Sec. VIIA we show that the
reduction of the superficial degree of divergence from
quadratic to logarithmic due to electromagnetic current
conservation in diagrams such as those in Fig. 1(a) does
not hold separately for each time ordering, but only when
they are combined. We present a method for the separation
of terms with ultraviolet divergences (and hence, in
particular, the cancellation of the power divergences)
from the long-distance contributions requiring spectral
density techniques.

The renormalization of each of the bare lattice local
operators appearing in the multilocal matrix element is
largely a well-studied issue and the details depend on the
lattice regularization being used. The particular issue for
the renormalization of the current-current operators O}°

and Ogc) defined in Eq. (6) below is the nonperturbative
subtraction of power divergences, made more difficult by
the absence of the GIM (Glashow-Illiopoulos-Maiani)
mechanism in the effective theory for b-decays.
Although this is a more general issue than just for the
applications of the HLT and SFR methods, we explain
it in detail in Sec. VII B and show how the subtraction of
power divergences can be performed nonperturbatively in
the particular lattice discretization which we are using in
exploratory numerical studies, the details of which are
given in Sec. VIIL

In order to begin testing the feasibility of the proposed
method, we have carried out an exploratory lattice QCD
calculation of the Euclidean correlation functions from
which the contribution to the B — K##~ decay amplitude
from the charming-penguin diagram in Fig. 1(a), i.e., the
diagram in which the virtual photon is emitted by the cc
pair, can be extracted using the SFR/HLT method. This
proof-of-principle study was performed on a single gauge
ensemble, corresponding to a lattice spacing a ~ 0.08 fm,
generated by the Extended Twisted Mass Collaboration
(ETMC), with Ny =2+ 1+ 1 Wilson-Clover twisted
mass dynamical fermions. The calculation was carried
out at a single (small) value of the kaon’s three-momentum,
|Pk| =250 MeV, and with a lighter-than-physical b-quark
mass set to m;, = 2m,, while all other quark masses were
set to their physical values. Using the SFR/HLT framework,
we computed the charming penguin contribution to the
smeared amplitude and studied its behavior across a range
of smearing parameters &, comparing the results to expect-
ations based on a simple model employing the vacuum
saturation approximation (VSA). The results obtained and
the prospects for a complete, high-precision calculation are
discussed in Sec. VIII, where we also highlight the
numerical challenges posed by the presence of narrow
charmonium resonances, such as the J/y and y(2S). We
are pleased to note however, that the results for q2 =
(pe+ + pi-)? sufficiently above the region of the main
charmonium resonances are very encouraging. We also
outline possible strategies for reliably isolating the con-
tributions from the resonances, including combining model
approaches with lattice data, which may enable a controlled
extrapolation to the physical € — 0 limit, an extrapolation
that becomes particularly delicate when the spectral density
displays a nonsmooth behavior.

The plan for the remainder of the paper is as follows. In
Sec. II we recall the relevant effective » — s Hamiltonian
mediating the processes mentioned above. We then explain
the reason why spectral density methods are necessary in
Sec. III and provide an introduction to the SFR method.
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The following two sections are devoted to a demonstration
that the contributions from charming penguins can indeed
be evaluated using this method for B — K£"¢~ decays
(Sec. IV) and for B, — u*pu~y decays (Sec. V). In Sec. VI
we briefly discuss the remaining contributions to the
amplitude and explain how they can be determined using
lattice computations. Issues concerning renormalization,
and in particular the appearance of ultraviolet divergences
due to contact terms as well as the subtraction of power
divergences (i.e., terms which diverge as inverse powers of
the lattice spacing) are explained in Sec. VII. In Sec. VIII
we present the results of an exploratory numerical calcu-
lation of the charming penguin contribution to the
B — K£*¢~ decay and discuss the prospects for a full

4Gy

10
Hﬁ————@Aqud%w—0@@»+meﬁmo—®Wm»+a§jqugm}
n=1

V2

calculation of the hadronic amplitude. We present our
conclusions in Sec. IX. There are two Appendixes;
Appendix A in which we make some further comments
about the renormalization of the contact terms and
Appendix B in which we exploit the time reversal and
parity symmetries of QCD to demonstrate that the spectral
density for B - K£"¢~ decays is real.

Il. THE EFFECTIVE WEAK HAMILTONIAN FOR
B > K®¢*¢~ AND B — y¢*¢~ DECAYS

The effective Hamiltonian for b — s decays can be
written as

(5)

where the C,, are Wilson coefficients, 4, = V V7, and V is the CKM matrix. Defining the projectors P; = (1 — y>)/2 and

qs>
Pr = (1 +¢°)/2, the operators in Eq. (5) are as follows: O

0\ = (3/y"PLq") @'y, PLbY),

where ¢ = u or ¢ and i, j are color labels. In the sum over n on the right-hand side of Eq. (5), O; = O(f) and O, = 0, ;

O;_¢ are the QCD penguin operators,

03 = (EV”PLb)Z(q}'MPLQ)’
q

Os = (57"P.b)> _(ar"Prq),
q

O, ¢ are the photon and gluon magnetic dipole operators

my, (56" Pgrb)F,,,

(47)°
and Oy o are the semileptonic operators

2

e
0o =
? 7 (4n)?

(57#PLb)(Cy,L),

There is a hierarchy among the different contributions to
the decay amplitudes. The dominant contributions are from
the operators O;_;y (loop-level Wilson coefficients and
tree-level matrix elements) and from operators O , [Wilson
coefficients at 0(1)3 and loop-level matrix elements], while
the contributions from the QCD penguin operators O;_¢ are

’C, and C, appear at O(a;) and tree-level respectively, but the
perturbation series for both contains leading logarithms.

(q)
12

are the current-current operators

0\ = (s'y"PLq') (7, PLbY), (6)

()

04 = (3'y"PLb')> (3'7"PLq"),

q

O = (5'V"PLb))Y (37" Prq); (7)
q
gs = vra a .
08 = Wm,,(sa” T PRb)Gﬂw (8)
g 2y, 5
Oy = W(W”PLIJ)(WMV £). 9)

suppressed by the small Wilson coefficients C3_g and by
the loop matrix elements. The gluonic dipole operator Og
plays a special role, since it has a loop-level Wilson
coefficient but a tree-level matrix element when the gluon
interacts with the spectator quark. Finally, the GIM-

suppressed combinations 0(1‘; — 0'") are doubly Cabibbo
(

suppressed and therefore negligible with respect to 012. In

this paper, we therefore work with the reduced effective
Hamiltonian

034509-5
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~ 4G C C
Fogr = —TZFv,bv;z{c’]o(l '+ c,0Y + 0,

+ C303 + Cy0g + C1904}. (10)

We demonstrate in this paper that the matrix elements of

operators OEC) and Oéc), the so-called charming penguins as
well as those of the chromomagnetic operator Og, can be
calculated using lattice QCD. The techniques adopted in
this paper for evaluating the amplitude with the reduced
effective Hamiltonian in Eq. (10) can also be used to
evaluate the neglected matrix elements, including those
containing the QCD penguin operators O5-Og or CKM-
suppressed operators. Their evaluation presents no new
conceptual issues (although diagrams with different topol-
ogies may appear) and therefore for the main body of this
paper we focus on the dominant contributions to the
amplitude, the matrix element of g in Eq. (10).

III. MOTIVATION FOR THE INTRODUCTION OF
SPECTRAL DENSITY METHODS

In this section we explain the necessity of introducing
methods based on the spectral density approach and
provide an introduction to the particular approach we
implement, i.e., the SFR method [24] combined with the
HLT procedure [23]. In lattice QCD physical quantities are
obtained from the computation of correlation functions at
one or more Euclidean times. It is therefore natural, when
considering the continuation from Minkowski to Euclidean
space of multilocal operators, to divide the time integrations
into contributions from different orderings of the time
coordinates of the local operators. In Sec. III A we demon-
strate that one of the two time orderings for the process
B — K£T¢~ contributes an imaginary part to the amplitude
and in Sec. III B we show that three of the six time orderings
for the decay B, — y£Z* ¢~ do so as well. This motivates the
introduction of spectral density techniques. The expressions
for the contributions to the hadronic matrix elements are
given below in Egs. (12) and (13) for B > K£*¢~ decays
and Egs. (15)—(20) for B; — yZ+¢~ decays.

The results for B — K£+ ¢~ decays in Egs. (12)and (13)
correspond to matrix elements of two local operators, and
hence one time separation between them. Their contribution
to the amplitude can be evaluated by implementing the SFR
method [24]. On the other hand, the decays B, — yZ* ¢~
correspond to matrix elements of three local operators, with
two time intervals between them, and so the equations
Egs. (15)—(20) represent an extension of the SFR method.
In Sec. I1II C we show that such extensions can be generalized
to the matrix elements of an arbitrary number, n say, of
operators with n! time orderings and, for each time ordering,
n—1 time intervals between the operators. The generic
relations are presented in Egs. (24) and (28) and can be
applied to processes with matrix elements of an arbitrary
number of operators.

Since in this section we consider the contributions from
matrix elements containing the two current-current oper-
ators, 0(lc> and Oéc) in the effective Hamiltonian of Eq. (5)
(i.e., the charming penguin contributions), for which the
formal discussion is identical, in order to simplify the

notation we write 05‘2) to indicate either O(IC) or 0&0).

A. Time-ordered diagrams contributing
to B - K¢ *¢~ decay amplitudes

For B - K¢~ decays, with the B meson at rest, the
hadronic factor in the amplitude is

HA(3) = i / &b x 45 (K (3| T (1. 7) 001 B(D))

- i{/_o di ¢! (K (px)|0')(0) T4 (2, §)| B(0))

()

+ [ e (K a>o§f‘%<0>|3<6>>},
(1)

where T denotes time ordering, J%,(1, §) = [ d® x e7'7¥x
Jon(2.%) and J&, (1,.X) = >, O, f (1.X)y"f(2.X) (f denotes
the flavor quantum number of the quark and Q, . =2/3
and Q,,, = —1/3) is the electromagnetic current coupling
to the virtual photon with four-momentum ¢. Note that
qo = mp — Eg, where Ey is the energy of the kaon,

Ex = +\/m% + ¢* so that HY, is a function of g only.
We now consider each of the two terms on the right-hand
side of the second line of Eq. (11) in turn:

(1) In the first term on the right-hand side of Eq. (11), in
which ¢ < 0, the hadronic states propagating be-
tween the two operators have beauty and strangeness
quantum numbers B = 1 and S = 0 respectively and
three-momentum —¢ [see Fig. 2(a)]. They therefore
have energies greater than mp — go. This contribu-
tion to the amplitude is therefore real and can be
calculated in the standard way from lattice compu-
tations of Euclidean correlation functions [see
Eq. (45) below].

(i1) In the second term on the other hand, in which r > 0

[see Fig. 2(b)], the operators 05‘3(0) annihilate the

b-quark and create an 5-quark, so that the states
propagating between the two operators have B = 0
and S = 1. There is a continuous spectrum of such
on-shell states with energies less than mp and so
there is an imaginary contribution to the amplitude.
To be specific, the contribution to HY ,(g) from the
region ¢ > 0 can be written in the spectral density
form [see Eq. (47) below]

e dE p(ED)
HY% = —_—— 12
R e (D)

034509-6



THEORETICAL FRAMEWORK FOR LATTICE QCD ...

PHYS. REV. D 113, 034509 (2026)

B=1,5=0
B(0) —>—e=--=---- CREEEEEE O—— K(Pk)
S (8, @) 0!9)(0)
(a)

B=0,S=1
B(0) ——0Q------- o o—— K(pk)
0{9)(0) T (t: @)
(b)

FIG. 2. Schematic illustrations of the two time-orderings in Eq. (11) contributing to B - K# ¢~ decays. The dashed lines between
the operators represent all propagating states with the indicated B and S quantum numbers. The emission of the virtual photon is
not shown. Panel (a) corresponds to the time ordering ¢ < 0, while panel (b) corresponds to # > 0.

where the spectral density is given by

PEA(E. §) = (K(=) |5 (0) (22)*5(P) (27)
x 8(H — E)0,,(0)|B(0)), (13)

P and A are the three-momentum and Hamiltonian oper-
ators respectively and E* is the lowest energy of the on-
shell intermediate states propagating between the two
operators. Since there are on-shell states with E < myp
and (as always) states with E > mgp, the pole at E = myp is
present in the region of integration over E and the ie cannot
be dropped. The SFR method is designed to determine both
the real and imaginary parts of the amplitude. It has been
proposed and applied for the first time to the decays
P — ¢0,(¢'"¢'"), where ¢ and ¢’ are charged leptons
[24], and then to the matrix element of O in B — y£T¢~
decays [47]. In Sec. IV we apply the method to the matrix

elements of 05‘% in B —» K¢~ decays.

B. Time-ordered diagrams contributing
to B, » y?* ¢~ decay amplitudes

For B — y£+¢~ decays, with the B meson at rest, the
hadronic factor in the amplitude is

H", (k) :i/dt/d3x/dtw
x / &y (OTLE(1, )72 (0,5) 0, O)]

x B,(0))e** k7, (14)

where J}, and J}. are the electromagnetic currents which
emit the real and virtual photons with momenta k and g =

— k respectively, k> =0 and py = (ml_r;‘,a).4 Now the
matrix element is of three local operators and there are six

“To simplify the notation we have omitted the label em on the
currents, leaving it implicit that these are electromagnetic currents
defined after Eq. (11). It is convenient to distinguish the position
at which the real and virtual photons are emitted and this we do
by the labels y and yx* respectively.

possible time-orderings, three of which give contributions
to the amplitude containing an imaginary part.

(i) tw <0<t [Fig. 3(a)]: The operators O(IQ(tW)
annihilate the b antiquark so that the hadronic states
propagating between ty, and time 0 have beauty quantum
number B =0 (and strangeness S = 0) and there is a
continuum of such on-shell states with energies below mj .
This contribution therefore has an imaginary part. The on-
shell states propagating between times 0 and ¢ also have
B = 0; however, they have positive invariant masses and
therefore cannot combine into the final-state massless
photon. Only one of the two time intervals, [ty, 0], allows
for energy-conserving on-shell propagating hadronic states.
We will see in Eq. (54) in Sec. V that this first contribution
can be written in the spectral density form’

" dE, dEz Py, Ey, k)
i / / mg, — i€)(Ey — ko)’
(15)
where
P (Ey. B k) = (0J5(0)(22)*8(P = K)8(H - E,)J%. (0)

x (27)26®) (P)3(H — E,)0\(0)|B,(0)),
(16)

P and H are again the three-momentum and Hamiltonian
operators and E7, are the threshold energies for the two
channels. The first factor in the denominator, mp — E; + i,
arises from the ty, integration whereas the second, k, —
comes from the ¢ integration. Since k, < E,, we drop the ie in
this factor (although as explained in Sec. VA this is not
necessary).

(i) ty < t < 0 [Fig. 3(b)]: As in the previous case, the
operators ng%(tw) annihilate the b antiquark so that the
hadronic states propagating between fy, and time ¢ have

beauty quantum number B = 0 (and strangeness S = 0)

*In order to simplify the notation we have dropped the labels
1,2 on H*. The subscript 1 on HY"(k) indicates the first time-

ordering and Eq. (15) holds for both operators 0\” and O
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B=0 B=0 B=0 B=0
By(0) ——Or----- - - - B,(0) ——O----- R P R -
0% (tw) Jv.(0,9) JE(t, k) 0L (tw) JH(tE) 7.0,
(a) (b)
B=-1 B=0

0 (tw) JY.(0,0)

(©

FIG. 3. Schematic illustrations of the three time-orderings in Eq. (14) which contribute an imaginary part to the B — y£¢~ decay
amplitude. The dashed lines between the operators represent all propagating states with the indicated B quantum number. The emission
of the real and virtual photons is not shown. Panel (a) corresponds to the time ordering ¢,y < 0 < ¢, panel (b) to tyy < ¢ < 0, while
panel (c) to t < ty <O.

and there is a continuum of such on-shell states with energies below mp leading to an imaginary part in the corresponding

propagator. In addition, however, the hadronic states propagating between ¢ and 0 also have B = 0 and if ¢ is greater than
the threshold for such states, (e.g., zz states in a p-wave), the corresponding propagator also contains an imaginary part.

We will see in Eq. (61) in Sec. V that this second contribution can be written in the form

” dE, dEz P (Ey. Ey. k)
H, / * / * g, = i€)(Ex 1 ko —mp, —i€)’ {17
where
PA(Ey, Ey k) = (0]7%.(0)(27)*513) (P P+ K)S(H — Ey)J4(0)(21)*63) (P)5(H — E,)0\(0)|B,(0)). (18)

The energy E| is that of the zero momentum B = 0 states
propagating between ty, and ¢ and therefore the first pole in
the denominator in Eq. (17) is always in the range of the E;
integration and, as before, the corresponding ie cannot be
dropped. The energy E, is that of the B = 0 states with

momentum g = —1?, and whether the second pole in the
denominator of Eq. (17) is in the range of the E, integration

depends on the value of k. If qo = mp,_— ko is greater than
E; then the second pole will be in the range of integration
and again we cannot drop the ie. This is the case, for
example, when g2 is above the charmonium resonances and
obtaining the amplitude from Euclidean correlation func-
tions requires a generalization of the SFR method in order
to use the HLT approach to evaluate the spectral density.

In Eq. (17) we have written the two propagators with the
same ie and the physical result is obtained by taking
the limit € — 0. We note that in intermediate stages of the
SFT/HLT procedure, different values of € could be used in
each propagator. Whether there is any advantage in using
this freedom, particularly in reducing lattice artifacts, can
be investigated in future numerical computations.

(iii) ¢ < tyy < O [Fig. 3(c)]: For this time-ordering the
emission of the real photon at ¢, implies that the states
propagating between ¢ and ty have B = —1 and three-

momentum g = —k and hence an energy greater than mg .

|

The corresponding propagator is therefore real. On the

other hand the states propagating between fy, and O have

B = 0 and again if ¢? is greater than the threshold for such

states then there is an imaginary part in the amplitude.
We will see in Eq. (69) in Sec. V that this third

contribution can be written in the form

/ dE, / dE2

,03(E|,E2,k)
—mp +ko)(Ey—qo—i€)’

(19)

H’w

where g = mp_— k is the energy of the virtual photon
and

Pi(E1 Ex,K) = (0]J2.(0) (27) 51 (P

+
x 0\(0)(27)*63) (P + k)S8(H - E,)

x J4(0)[B,(0)). (20)

The form of the denominator in Eq. (19) reflects the
discussion in the previous paragraph. The energy E; is
that of B = —1 intermediate states propagating between ¢t

and ty and is greater than mp — kq for all values of k.
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The corresponding pole is therefore not in the range
of the E; integration and we have dropped the ie in the
corresponding propagator (although as explained in
Sec. V C this is not necessary). The energy E, is that
of the B = 0 intermediate states propagating between fy,
and 0 and for larger values of g, the pole at E, = ¢ is in
the range of the E, integration and we therefore need to
keep the ie.

The remaining three time-orderings, 0 <ty < f,
0 <t <ty,andt < 0 < ty do not have energy-conserving
intermediate states which can go on-shell and hence only
give real contributions to the amplitude. Their computation
therefore does not require the use of spectral density
methods.

C. Generalized spectral density representation

In this paper we are particularly interested in B —
K£+¢~ and B, — y£* ¢~ decays; however, we now show
that the discussion above can be generalized to hadronic
factors containing the matrix elements of an arbitrary
number n of composite local operators. Consider the
multilocal hadronic matrix element

H(k[,kF;kl,kz,...,kn)

-/ T [ xie™ HEEITION (1) - Ol (k).
i=1
(1)

where the initial and final states, |I(k;)) and |F(kg)), are
either on-shell single-particle states or possibly the vacuum.
In the discussion above, for B — Ku™u~ decays n = 2 and
the initial and final states are the B and K mesons, whereas
for B, — y£*¢~ decays n =3 and the initial and final
states are the B, meson and the vacuum respectively.

For each of the n! time-orderings we can write the
contribution to H(k;, kg; ki, ks, ..., k,) in terms of a spec-
tral density. In the above, we have done so explicitly for
those time-orderings which contribute an imaginary part to
the B - K¢ ¢~ decay amplitude in Egs. (12) and (13) or
to the B, — yZ* ¢~ amplitude in Egs. (15)—(20). We have
not written the contributions to H from the remaining time-
orderings because they can be evaluated using standard
techniques without requiring spectral density techniques.
For the general case in Eq. (21) we start by writing

T(F(kp)|Oy(x1) - Oy (x,)[I(kp)) = Y O(xp, —xp,) - O(xp | —xp J(F(kp)|Op, (xp,) - Op, (xp,)|I(kp)).  (22)
1 2 n—1 n
P=1
where the sum runs over the n! permutations of the hadronic operators and {Py, ..., P,} is the ordering of the indices
{1, ..., n} generated by the permutation P. We express each matrix element in the sum on the right-hand side of Eq. (22) as
follows:
(F(kp)|Op,(xp,) - Op, (xp,)|I(k;))
= e (F (k)| 0, (0)eF =) - 0 (0)e ) 0, (0)]1(Ky))
: : d*pr Ay (5T —iper -
— ikpxp =ik xp, 1 n—1 ip; (ij xpﬁl) 23
e / (271_)4 (271_)4 {]1_‘[6 }pP(pla ’pn—l)v ( )
where P = (H ,i’) is the four-momentum operator and the generalized spectral density is given by
pp(Pr. s Puct) = (F(kp)|Op, (0)(22) V69 (P — p1)Op, (0) - Op,_, (0)(22)*6Y (P — p,1)Op, (0)[1(k))).  (24)
We now define
B J
kp, = kr + Z kp, (25)
i=1

and perform the spatial integrals in Eq. (21) to obtain the contribution to H(k;, kp; ky, ky, ...

[which we label by Hp(k;. kpiky. k. ....k,)]

, k,,) from this time-ordering
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/4 kp /4 kp, /,4 kp, o /4 kp, < kp, Akp
N BRI N
kr Pn—-1 Pn—2 p2 p1 kp

FIG. 4. Schematic diagram illustrating the time-ordering described in the text. The dashed lines represent the particles coupling to the
operators Op , (i = 1,...,n) and carrying the momentum kp .

n n—1 A
- - - d i
Hp(kp kpsky ko, . k,) = (2m)360) (kf—kF—Zk,){H / E 754 (27)*
=1 i=1
(K00 —k9x9
/dxpl /de : /de O(xp, —xp)---0(xp  —xp)e i(Kpxp, ~Hix,)
X {H e’kPr"Pr}{H e_ip-(;(x(’]’f_x%f“)}, (26)

r=1 j=1

59 (7 - %P,>}pp<p1, e Pat)

where we have used > 1 kp, = > 1 k;.

Each of the step functions in Eq. (26) can be written in the representation

dE iE (x(;, x% 1)

2ni E; —

j —ie

where the ¢ — 0 limit is implicit. The time integrations can now be performed giving

>{ / 2” %5 k(op__-kp)}PP(le--an_l),

HP<kI7 kF; kl, kz, ey kn) = (_i>”_1(2ﬂ')45(4) (kl

and H(kl, kp;kl, kz, ceey kn) = Zg':l Hp(kl, kz, . kn)

The results in Eqgs. (24) and (28) are illustrated in
Fig. 4. Since for each time ordering, the integrals over
the spatial coordinates )'c'pi are performed over all space,
three-momentum is conserved at each vertex so that

P: = k; as stated in Eq. (28). Since for each time-ordering
energy is not conserved at the vertices, an integral over the
energies remains, with a singularity when the energy p? of
an internal state is equal to the corresponding external
energy I_cpl_. As we have seen in the examples in Secs. III A
and III B, whether or not the poles are present for a
particular time-ordering depends on the quantum numbers
of the operators and states. In those examples, there is no
three-momentum transfer at the weak operator O(IC%

For the specific decays and time-orderings considered in
Secs. III A and III B and in the following sections, we have
used a different notation which, however, can readily be
seen to be equivalent to the general formula in Eq. (28).
Thus for example, in Eq. (15) for the first time-ordering,
n=3, k{ =mp, ki =0, k) =k°, k) =mp and we

(28)

have replaced the integration variables p{ and p3 by E, and
E, respectively. The expressions for the hadronic factors in
Egs. (12), (17), and (19) together with the corresponding
spectral densities, can similarly be seen to be specific
examples of Egs. (28) and (24).

In the discussion in Secs. IIIA and IIIB we have
imposed four momentum conservation (i.e., k; =
kp+ > " k; in the notation of Eq. (21)) by hand and
used translation invariance to set the position of one of the
operators to be at the origin. Apart from this, we now see
that for the B — K£ £~ decays, Eqgs. (13) and (12) for the
t > 0 time-ordering, i.e., the one which requires the spectral
density method, is a special case for n = 2 of the general
result in Eqgs. (28) and (24). In this case, n =2, k; =
(mg, 6) and kr = (Eg,—q), where g is the momentum of
the virtual photon. Similarly for B, — yZ*#~ decays for
which n = 3, Egs. (15)—(20) correspond to the three time-
orderings which require the spectral density approach.

The above discussion has been presented in Minkowski
space. The HLT method allows for an evaluation of the
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spectral densities from Euclidean correlation functions. A
fully general analysis of the connection of spectral densities
with S-matrix elements has been performed in Ref. [55] by
generalizing the arguments of Ref. [49].

As an illustration of the SFR method proposed for n = 2
in Ref. [24], we consider B — K£ ¢~ decays discussed in
Sec. IIT A. We start with Eq. (12),

R ©dE pi5(E.q) . [e . 7
M0 = | e gy e D)

(29)

and the (Minkowski) correlation function is given in terms
of the spectral density by

e B (). (30)

. [wdE
C5(.G) :/

o 2

where Ex = \/m% + ¢ is the energy of the final state kaon.
The expression for the correlation function in terms of the
spectral density can readily be continued to Euclidean space
so that it is amenable to lattice computations,

o dE

Crapltd) = [T om e (e, ()

where the subscript £ on the left-hand side denotes
Euclidean.® The HLT method [23] is based on the expansion
of the smearing kernel in terms of exponentials as follows:

1 Mmax

= gn(mB’ 6)6

—aEn 32
E —mpg —ie ’ (32)

where the g,(mg, ¢) are complex coefficients and a is the
lattice spacing. This relies on the key observation of Ref. [49]
(generalized in Ref. [55]) that by relying on the Stone-
Weierstrass theorem such a representation is exact in the limit
RNy — 0. We now define the smeared hadronic factor

+ >
HY(Ge) = /ood_E Pia(E.9)
LA g 2 E—mg—ic

Mmax 00 dE .
~> " ga(mp.e€) / 5 ¢ PiA(E. )
n=1 E 4T

Mimax
=D gulmp, €)™ Er"Cy p(an, §).

n=1

(33)

“Note that HY%(q) = [ dre® C4h p(1.§) is an incorrect
continuation of Eq. (29) to Euclidean space. This time integral
diverges at large ¢ due to the contributions from intermediate
states with energies smaller than m g, thus preventing the physical
amplitude from being obtained.

Thus A%%(g:€) is given in terms of Euclidean correlation
functions which can be computed in lattice QCD. After
performing the computations at several values of e, if the
€ — 0 extrapolation can be performed reliably, then the
physical H, ,(g) is obtained.

The issues concerning the limit ¢ — 0 have been been
discussed in detail in Ref. [24] and are sketched in
Sec. VIII B below, when we discuss our numerical results.
The first issue concerns the fact that the computations are
performed on finite spatial volumes with discrete spectra
requiring the condition €L > 1 to obtain reliable smeared
results. When this condition is satisfied, finite volume
effects, which are known to be exponentially small in ¢L
[53], can be safely kept under control. The second issue is
that the smallest values of ¢ that can be reached in practice,
depends on both the finite numbers of discrete lattice points
at which the relevant time-dependent correlation function
has been computed, i.e., on the temporal extension T of the
lattice, and on the statistical accuracy of the lattice data. In
order to ensure good control of the extrapolation € — 0, at
any selected value of E, the condition ¢ < A(E) must be
satisfied, where A(E) indicates the typical size of the
interval around E in which the hadronic amplitude is
significantly varying, such as in a region where narrow
resonances contribute to the spectral density. In such cases
the condition ¢ < A(E) may be difficult to be fulfilled. In
such cases, in order to obtain results with sufficiently small
values of e will require extremely high statistical accuracy
of the lattice data. For this reason, in our numerical study in
Sec. VIIIB we evaluate the amplitude at a value of g°
which is above the squared masses of the narrow charmo-
nium resonances, where the amplitude behaves relatively
smoothly. In such an asympftotic regime, one can expect
that the extrapolation can be performed using a polynomial
ansatz.

The decay B, — y£ ¢~ corresponds to the case n = 3,
and for each time-ordering there are two time intervals with
different states propagating in each. In particular, we have
seen in Eq. (17), that, depending on the momentum of the
real photon, there may be two poles in the ranges of the
energy integrations. For illustration consider a particular
time-ordering P for n = 3 and the corresponding smeared
kernel

Ko(pY.p3) =KE(pY. p3) +iKL(p. pY)
—i —i
(P) —Ep—E ~ie)(p) —Ep—E, —E;—i€)’

(34)

where Ep = k)., E; = kp and E, = kj, . References [49,55]
allow us to write K.(p{, p9) in the form
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nmax ”max 0 0
X —an;py—an
> g (ny, ny)emempizamrt,

n=1n,=1

KE(pl.p9) = lim

Npax =0

X = {R.1}, (35)

where we have introduced the index X = {R,I} in order to be able to deal separately with the real and imaginary
components. In order to simplify the notation we have not explicitly shown the dependence of the coefficients gX(n;, n,)
upon Ep, E|, E, and n,,.. By using the representation of Eq. (35), the connection of H(k,, k,) with Euclidean lattice

correlation functions is readily established:

Mmax  max

Hp(kl, kz) = lim lim
€—>0" Npaxy—00
ny=1n,=1

Z Z (98 (1. n3) + igl(n1. ny)|Cp(an,, any), (36)

where the (amputated) Euclidean correlation function Cp(an;, an,) is given by

Cplany.any) = emmi=anrp, (0. pY).  (37)

and pp(pY, p9) = 0 if p¥ < p; and/or pY < p3. We will
present explicit expressions for the three time-orderings for
B, — y¢*¢~ decays in Sec. V below.

The optimal determination of the coefficients gX(n;, n,)
is delicate and is a balance between the systematic
uncertainties in the fit of KX(p?, p9) in terms of exponen-
tials (in which the coefficients generally become large and
oscillate in sign) and the statistical uncertainties in the
correlation functions. Within the HLT algorithm, explicitly
generalized to the multidimensional case in Ref. [55], this

Ax[d] =/* dp?/* dp} [Ki‘(p?,p‘%)—z >
Py Py

balance is achieved by determining the coefficients from
the minimization of the functional

m@:f%+w@ (38)

where Ax[g], B[g], and A are the so-called norm-functional,
error-functional, and trade-off parameter. The norm-func-
tional is a measure of the distance in functional space of the
target kernel KX (p9, p9) from its approximation in terms of
exponentials. A possible definition is

Mmax  Mmax o o 2
glmy, mp)emmpimanain| (39)

ny=1n,=1

where, at this stage, ¢ is a generic real vector. The error-functional is the square of the statistical error on the approximation
of HX(ky,ky;€) obtained by using the representation of Eq. (36) without taking the limits and by setting € > 0 and

Nmax < 00. It is given by

Mmax  Mmax max Mmax

Blg| =

ni=1ny=1n;=1n,=1

where Covp(n;, ny|iy, ii,) is the statistical covariance of
the lattice correlator Cp(any, an,). By solving the linear
system of equations

=4 —
V§WX[9]|3=§§ =0, (41)

one gets the coefficients gX (n;, n,) to be used in order to
approximate the kernel KX (p9, p9).

It is important to notice that B[g] is identically zero in the
case of an infinitely precise lattice correlator. Therefore, in

g(ny,ny) Covp(ny, ny|ity, itn)g(7y, i), (40)

this idealized situation the coefficients gX(n;,n,) corre-
spond to the best fit of the kernel KX (p?, p9) with respect to
the norm used to define Ay[g]. In the realistic situation in
which the lattice correlator contains statistical uncertainties,
the optimal balance between the systematic and statistical
errors on Hp(ky, ky) is achieved by starting from large
positive values of 4, i.e., from the region in the space of
possible solutions where statistical (systematic) errors are
small (large), and then progressively reducing the trade-off
parameter. Provided that n,, is sufficiently large, the
optimal balance is obtained at the value A, such that the
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results for Hp(k;, k,) do not show a statistically signifi-
cant dependence upon the trade-off parameter for 1 < 4,.
See Refs. [23,57,58,63,64,66,67] for more details on
this “stability analysis” and for other applications of
the procedure.

IV. LATTICE COMPUTATION OF CHARMING
PENGUIN CONTRIBUTIONS TO THE B —» K¢* ¢~
DECAY AMPLITUDE

In this section we apply the discussion and results of
Sec. IIIC to the evaluation of the charming penguin
contributions to the B — KZ ¢~ decay amplitude:

45; 4, Ca(p ) v(pe Do (@)

. / d* x 45 (K (B i) | T[T4m(x) O2(0)]| B ().
(42)

A]ZZ

where D, (q) is the propagator of the virtual photon, p -
are the momenta of the leptons, and the current-current
operators O(IC% are defined in Eq. (6). The corresponding
four connected diagrams are shown in Fig. 1. In the rest
frame of the B meson, from Eq. (42) the hadronic matrix
elements which need to be evaluated are

HY,() =i / d* x ¢4 (K (=) |T[T4n(x)0') (0)]|B(0)),
(43)

where x = (¢, X) and ¢ is the four-momentum of the virtual
photon. We note that since electromagnetic current con-
servation 1mp11es that ¢,H"(q) =0 so that H"(q) is
proportional to ¢*>p% — (pg - ¢)¢*. Combining H*(g) with
the photon propagator and the leptonic current as in
Eq. (42), the contribution to the amplitude is proportional
to pit(ps-)y,v(pe+) which is often interpreted as a shift in
the Wilson coefficient Cy, Co — CST. The aim of this paper
is to develop the necessary framework to quantify this shift.
Separating the contributions from negative and
positive ¢, we write HY ,(q) = HY ,(q)0(—t)+H{ ,(q)0(t)=
HY5(q)+HY5(g) and consider these two contributions in
turn. In the rest frame of the B meson, at negative ¢

0 .
HYS(G) = i / dt et C(1,3) (44)

:i/_o dzeiqoz/ds qf<1<(—q‘)|0(1f§(o)]gm(t,@|B(5)>

[Se]

/oodE P2(E.q)
E

* 271'E—m3+(/I()—l'€’

(45)

where the label — in E*, H{3(q) and p{;(E, q) indicates
that this expression corresponds to negative times ¢ < 0.
Equation (45) follows directly from the general equa-
tion (28) for the case n =2 which we are considering
here.” The spectral density is obtained from Eq. (24),

G)Jem(0)(27)*6 (P + q)
9(0)|B(0)), (40)

Pi(E. q) = (K(-
x 8(H — E)O\

where P and A are the three-momentum and Hamiltonian
operators respectively. The energy E* in Eq. (45) is that of
the lowest on-shell state with beauty quantum number
B = 1 and three momentum —g, so that E* > my — ¢°. The
pole in Eq. (45) is therefore not in the range of the energy
integration, so that the ie in the denominator is unnecessary
and can be omitted. The contribution H%;(g) can therefore
be evaluated from the corresponding Euclidean correlation
function, without any difficulty from the continuation from
Minkowski space.

The situation is different for # > 0 as we now show. In
this case

H{%(q) = i/o dteiqot/d3xe‘i‘7"?

x (K(=3) |4 (1, )0(0)|B(0))

E E,
:/ dE pi5(E.q) ’ (7)
E: ZﬂE—mB—l(—Z

where the label + in E*., H{;(q) and p'} indicates that this
expression corresponds to positive times ¢ > 0. Here, as
illustrated in Fig. 2(b), E7, is the threshold energy for on-
shell states with B = 0 and § = 1 so that E*, < mg. The ie
is therefore necessary to regulate the pole in the integration
over E. The spectral density is readily obtained from
Eq. (24):

3)4(0) (27)35(P) (27)
015(0)[B(0)). (48)

/)12(E q) = (K(-
x 8(H — E)

The SFR method which we propose to use to determine
HY{%(q) from the lattice computation of Euclidean corre-
lation functions has been presented in Sec. III C starting
around Eq. (29), resulting in

"Instead of the overall momentum &-function in (28), we
impose four momentum conservation directly, px + ¢ = pp,
where pyx and pz = (mp,0) are the four-momenta of the B
and K mesons respectively, and place the weak operator 0(1 % at
the origin.
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HY}(q) = limHY) (g3 €)

Mmax

= limZgn(mB, e)e Exn Oy p(an. q).  (49)

e—0 i

As discussed in detail in Sec.III A of Ref. [24] and
summarized briefly in Sec. IIIC above, the optimal
determination of the coefficients g, is delicate and is a
balance between the systematic uncertainties in the fit of
1/(E — mp — i€) in terms of exponentials and the statistical
uncertainties in the correlation functions. The details will
vary from process to process and the stability of the results
will need to be assured case by case, including the one
discussed here.

V. LATTICE COMPUTATION OF CHARMING
PENGUIN CONTRIBUTIONS TO THE B, - y¢*¢~
DECAY AMPLITUDE

In this section we discuss the decay B, — yZ+¢~
illustrated in Fig. 5 and apply the general procedure
described in Sec. III C to this process. We have already
anticipated in Sec. III B that contributions from three of the
six time-orderings require the introduction of spectral

FIG. 5. Schematic diagram of the decay B, — yu*u~, labeled
with the notation used in the text.

density techniques and we consider each of these in turn.
Although the final results for the spectral densities and the
contributions to the hadronic factor can be deduced from
Egs. (24) and (28) respectively, it is nevertheless instructive
to follow the steps directly for the specific contributions of
interest.

We label the four-momenta of the real and virtual photons
by k and ¢ respectively and introduce the variable
x, =2E,/mp , where E, = k; is the energy of the real
photon in the rest frame of the B, meson. The physical range
for x, is 0 < x, < 1—4m,%/m%s and ¢> = m%‘(l - x,).

The hadronic factor in the contribution to the amplitude
for the B, — u*u~y decay from the operators 01f2 is given
by Eq. (14), which we rewrite here for convenience,

H (k) =i / dt / & x / dty / & y(O|T[J (1.%)7% (0. 5) 01 (1. 0)]| B, (0)) e, (50)

where T is the time-ordering operator and J4 and Jy. are the electromagnetic currents which emit the real and virtual

photons respectively with momenta k and g = pp_— k respectively, k*> =0 and PB, = (mgy, 6)8

As explained in Sec. III B, of the six possible time-orderings, the ones which require the application of the spectral
density approach are the two with #y; < min[z, 0] and the one with 7 < #y < 0 and we now consider each of these in turn.
The steps are natural applications of the procedure sketched in Sec. III C.

A. The contribution from the time-ordering ¢,y < 0 < ¢

When tyy < 0 < t, as illustrated in Fig. 3(a), the contribution to H** is

H' (k)

) 0 R .
[T [ [ any [ d 03200005 BG)et
0 —00
0 ) . =
i/ dtW/ dt e C (1, k; ty), (51)
—00 0

where ky = \/?\, the subscript 1 indicates that this is the contribution from the first time-ordering, and

¥To simplify the notation we have omitted the label em on the currents, leaving it implicit that these are electromagnetic currents
defined after Eq. (11). It is convenient to distinguish the position at which the real and virtual photons are emitted and this we do by the
labels y and yx respectively. We have also omitted the labels 1, 2 labeling the current-current operators on H** and on the correlation

functions below.
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O (1, Fety) = / £ x e / & y(0174(1, %)% (0) 0\, 7)1, (0)
—e_imB“tW/d3x€_ii€'}/d3y<0|J’;<O)eiP'ze_iﬁtJ;*(0) —iP-y thwO (0)|B ( )>
/oo dE,
= —e¢
T 277,'

where the spectral density is given by

. odE, . 7
i(E\—mg )ty / 2 e_’EZI,Ollw(El JEy k), (52)
E; 277.'

P (Ey, By, k) = (0J%(0)(22)*) (P — K)S(H — Ex)J2. (0)(27) 81 (P)S(H — E1)O\)(0)|B,(0))- (53)

Next we perform the ¢ and ty, integrations as in Eq. (51) to obtain

H;w _ —z/ dE; / dEz P (Ey, Ey k)
] —mp —ie)(Ey — ko —i€)’

Since the square of the invariant mass of the intermediate states propagating between the two currents is positive,

- |l;2| = E5 — k3 > 0, the pole at E, = kg is not in the range of the E, integration and the corresponding ie is not
necessary. This is not the case for the E; integration. The threshold E7, i.e., the lowest energy of on-shell states in the

spectrum of O(f% |B, (6)) is less than mp , E7 < mp , and therefore the pole at E; = my_is in the range of the E, integration

(54)

and the corresponding ie is necessary.

In Eq. (52) we have written the Minkowski correlation function in the form

2

2w

> ©dE, _ dE
Cl(tk;ty) = / * S pilmp,—En)ty / * 2e-'Ez’p"”(El,Ez,k) (55)
1

and therefore the corresponding correlation function in Euclidean space is

- ©dE dE
C!l”;f(t’ k, tW) = / 7]€_<m’§s_El)tW / 2e_E2[ lw(El’E29k)’ (56)
1

2w

2w

where the subscript £ on the left-hand side denotes “Euclidean.” Following HLT [23] we write

- N max dE2
Hﬂu k, - _ —(Ez—k(,)m/
| (k.€) a E / o

t=1

2w

dE] pﬂy(El s E2, I_C))
2 E]

mg — i€

2

Tmax Mma
max max dE2 B 3 dE _ N
= —azzgn(mg‘,e)/—e (E, ko)ta/_le Elnap/]w<E1’E2’k)

t=1 n=1
tmax nmax
=—a
t=1 n=l1

In Eq. (57) we have replaced the integral over ¢ by the
corresponding discrete sum present in lattice QCD com-
putations. The upper limit ¢,,,, needs to be chosen so that
the sum over ¢ has converged with sufficient precision. The
physical result is given by H{" (k) = lim,_ I:I’f”(% €) in the
continuum limit. The g, are complex, with the real and
imaginary parts to be determined as explained in Sec. III C.

Zgn (mp, . e)ekor e s CHL(1, k:—na). (57)

An alternative to the above computation of the hadronic
factor, in which the integral over ¢ is replaced by a discrete
sum, would be to apply the HLT procedure to the product of
the two propagators in Eq. (54) by following the steps
outlined in the discussion around Eq. (34). Note that the
values of ¢ in the two propagators can be chosen to be
different [the one in the factor 1/(E, — ko — i€) can even be
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set to zero]. The different results for H’f”(l?) will then differ by discretization effects and it is to be investigated whether there
is an advantage in practice to using one of the two procedures.

B. The contribution from the time-ordering ty, <¢ < 0

When the real photon is emitted before the virtual one, as illustrated in Fig. 3(b), the corresponding correlation function is
Cy(tFiny) = [ @xe [ @017 (0)27(0.900) (1. B, D). (58)

= ¢ (0] (0)(22)*6(P + K)eH1 7 (0) (27)380) (P)e =) 01 (0) | B, (0)).

_ goimsty /Ew (dz% piEi / °°dz_liz eiEi-tw) g (B, By, B, (59)
where
P5(Eq. Eq, K) = (0172 (0) (22)*6C) (P + R)S(H — Ey)J%(0) (278 (P)S(H — E5) 0\(0)|B,(0)).  (60)

The subscripts 2 on C5” and p5" indicate that these quantities correspond to the second time-ordering.
Performing the 7 and ty, integrations we obtain

- ©dE, [ dE o o
Hy' (k) = i / : / 2p’5” (Ey, Ex, k) / dtyy e/Famma )i / dt e'ErthoEx)t
T : —00 ty

:_i/“’@/‘” dE, Py (Ey, Ey, k) ‘ (61)
E} P,

2z Jp; (27) (E9 + ko — mp — ie)(ES — mp — ie)

In this case, as for the first time-ordering (7, < 0 < ) discussed in Sec. V A, the pole at E;, = mp_is always in the range of
the E, integration and we need to keep the corresponding ie. In addition, however, depending on the value of &, possible
on-shell B = 0 states may exist with energies smaller than g, = mp_— ko, where gy, is the energy of the virtual photon (i.e.,
of the charge-lepton pair). If this is the case, then the pole at E; = mp_— ko = gy is in the range of the E; integration and we

also need the corresponding ie.
The general procedure described at the end of Sec. III C allows us to express H5” in terms of Euclidean lattice correlators.
In this case the smearing kernel is

-1
(Ey + ko —mp_—ie)(E; —mp — ie)

K.(E\. Ey) = (62)

and its representation in terms of exponentials is given in Eq. (35). Therefore, by introducing the amputated Euclidean
correlation function’

X dE dE
C’Z%(anl’anﬁk) —/ 1/ 2 El,Ez,k) —an  Ey—amE,
E} ;
— p—ammp, /d3x1/d3x2 ei}1.1?<O|J;*(an1,551)]’;(0)052(—61712,}2)|Bs(6)>, (63)

one has

Mmax  Mmax

UV 7 1 .
H5 (k) = 512(1)1 nthoo Zl Zl (g8 (n1, ny) + igi(ny, ny)] 2E(a”1,a”2’k)- (64)
ny=1n,=

°Note that the trilocal matrix element in the Euclidean correlation function in Eq. (63) is translated in space-time with respect to that in
the Minkowski correlator in Eq. (58), so that the real photon is emitted at the origin.
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FIG. 6. In the left column we present examples of the HLT approximations of the kernel K, (E,, E,) of Eq. (62) with k° = 0.54 GeV
and ¢ = 0.5 GeV. In the right column we present K.(m B, E,) i.e., the section at fixed E; = m ,- The plots in the first (second) row

correspond to the real (imaginary) part of the kernel. The exact kernel is plotted in black, the HLT approximation with n,,, = 64 in red,

and the one with n,,, =40 in blue.

In Fig. 6 we show examples of the approximation of the
kernel K.(E, E,) of Eq. (62) by using the HLT algorithm,
i.e., by using Egs. (38)—(40). For this illustration, we
have set kK =0.54 GeV, ¢ =05 GeV, E} = E} =m,,
a =10.05 fm and considered the ideal situation of an
infinitely precise lattice correlation function (1 = 0).
The plots in the first row show the real part of the kernel,
KR(E,,E,), while those in the second row show the
imaginary part, K!(E,, E,). The plots on the left show the
comparison of the exact kernel (black points) with its HLT
approximation obtained with n.,, = 64 and, as can be
seen, the two surfaces are indistinguishable on the scale of
the figures. The plots on the right show a comparison of a
section of the kernel and have been obtained by setting
E; = mp_and by plotting K.(mp_, E,) as a function of E,.
As can be seen, for both the real (top) and imaginary
(bottom) parts the exact kernel (black line) is approxi-
mated very precisely by setting n,,,, = 64 (red points)
while some deviations are visible on the scale of the plots

in the case of the approximation obtained with n,, = 40
(blue points).

We have presented these examples in order to provide
evidence that it is also straightforward, even if perhaps
numerical subtle, to cope with the mathematics of approxi-
mating the kernels in cases where they are functions of two
energy variables. This does not mean, however, that a precise
calculation of the physical amplitude will be straightforward.
Indeed, while in principle there are now no theoretical
obstacles to the extraction of the physical amplitude, the
precision of its determination, and hence its phenomeno-
logical impact, will depend strongly on the statistical
accuracy which can be reached in future computations of
the required lattice Euclidean correlation functions.

C. The contribution from the time-ordering ¢ < ¢ty < 0

The third contribution requiring the implementation of
the HLT procedure comes from the time-ordering 7 < ty, <0
as illustrated in Fig. 3(c),
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H (R / dr / & x / dty / & {012 (0)0') 1y, )42, %) B (D)
zi/ dt/ dtWeikofC’g”(t,k;tW). (65)
—00 t

The correlation function C%’(z, ki ty) is given by

c(tfity) = [ @xe s [ @ y(0l0)0(]
= e "51(0]J%.(0)(27)36) (P + k)e

/ dE,

2

:e—imet/ dEl —zE

where

- ~

,0 (ElvE27 )

(tw. ¥) 7 (

v 013(0) (2250 (P +

(01%.(0) (27)*33) (P + K)6(H — E)0{(0) (27)*6) (P

£, %)|B,(0)

-

+ K)emHw=7(0)| B, (0))

eiB2tv phY (Ey, Ey, k), (66)

+ R)5(H - E)J4(0)|B,(©).  (67)

The subscripts 3 on C4" and p4" indicate that these quantities correspond to the third time-ordering.

Performing the 7 and ty, integrations we obtain

dE, [ dE 0
HY (k / . / zpf‘” (E1, Ex, k) / dt e'Er=ms ko)t / dty e~ (Ei=E)tw
. —o0 t

(Ey. Ey, 1_5)

/ dEl/ dE2
=1
E1 =

where ¢, is the energy of the virtual photon, g, =
mp — ko. The energy E, is that of states with beauty
and strangeness quantum numbers B = —1,5 =1 and
momentum —k and so E; > mp and the denominator
mp — ko — E; in Eq. (68) does not vanish in the range of
the E; integration for any value of k. We can therefore
drop the ie in the first factor in the denominator. However,

o > dE dE
Hg‘”(k,e,a):/ l/ 2

Imax Mmax

—mp + ko — ie)(E; — qo — i€)

(68)

as was the case for the second time-ordering (¢ < ¢ < 0)

(discussed in Sec. V B), depending on the value of l:,
possible on-shell B =0 states may exist with energies
smaller than g,. This is the case if gy > E; and we then
need to keep the corresponding ie. The hadronic factor is
then obtained after taking ¢ — 0 in the continuum limit:

H" (k) = lim,_ lim,_o A" (k. ¢, a), where

pgw(El’EZ’]_é)

—mp, + ko) (Ex — o — i€)

E, —qy—ie

max/ dEl/ dE2 e~ (kotEi—mp ) tap/w(El’EZ’k)

aze kota Ze—mg‘na 9n(q0:€)C*((1 = n)a. ks —an). (69)
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As in Sec. VA we have replaced the integral over ¢ by a
discrete sum and also in this case, one might consider
applying the HLT procedure to the product of both
propagators in Eq. (68) by following the steps outlined
in the discussion around Eq. (34). As in the discussion in
Sec. VA the values of ¢ in the two propagators can be
chosen to be different [the one in the factor 1/(E, — mp +
ko — i€) can even be set to zero]. The different results for

H" (k) will differ by discretization effects and it is to be
investigated numerically whether there is an advantage in
practice to using one of the two procedures.

As mentioned in Sec. III B, the remaining three time-
orderings, 0 <ty <t,0 <t < ty, and t < 0 < ty do not
have energy-conserving intermediate states which can go
on-shell and the computation of their real contributions to
the amplitude therefore does not require the use of spectral
density methods.
|

(K(pk)|5y*(1 = y°)b|B(pp)) = (pK +pp—

(K(pg)|56"b|B(pg)) = i{(ps + Px)'q" — (P + Px)"q"}

VI. EVALUATION OF THE REMAINING
MATRIX ELEMENTS

In the previous sections we have discussed how to
implement the HLT method to evaluate the matrix elements
of bilocal and trilocal operators containing O(lc) and 0%0). In
this section we briefly consider the matrix elements of the
remaining operators in the effective Hamiltonian in Eq. (10).

For B — K£*¢~ decays, the contributing matrix ele-
ments of the operators O, Oy, and O, can be determined
from the computation of the corresponding three-point
correlation functions without any complication due the
continuation from Minkowski to Euclidean space in anal-
ogy with the computation of leptonic and semileptonic
form factors. Using Lorentz and gauge invariance, the
hadronic matrix elements of the local operators can be
expressed in terms of real dimensionless invariant form
factors:

2 _ 02 u 2 2
") )+ T ) (70
2
fr(q”) . (71)

mpg +mg

The evaluation of these matrix elements can proceed in the standard way by computing Euclidean three-point correlation

functions.

For B; — u"u~y decays, the determination of the matrix elements of O;, Og, and O, has been discussed in detail and

implemented numerically in Ref. [47]. The hadronic matrix elements are now of bilocal operators, in addition to the weak
currents there is an electromagnetic current to which the real or virtual photon couples. For O¢ and O, this does not
introduce any theoretical complication and the hadronic matrix elements can also be written in terms of real form factors

HY (p, k) = B (p k) = i / by 3 T(0|(57PLb) (0) ()| By ()

Fa
= —i("k - g — g"k’) —2
i(¢k-q-q )2m35
where the projector P; = % and ¢ and k£ (v and

q = p — k) are the polarization index and momentum of
the real (virtual) photon. The important point is that for
ty = y? < 0, the on-shell states propagating between the
two operators have B = —1, § = 1 and so have energies
greater than m = By, while for 7, > 0 they have invariant
masses greater than O (the invariant mass of the final-state
real photon). Therefore there are no on-shell intermediate

Fy
ek, Gy —— 72
+ T (72)
|
states propagating between the two operators and hence no

imaginary contributions to the amplitude.

For the corresponding matrix elements of O for B, —
utu"y decays we distinguish two cases depending on
whether it is the virtual photon or the real one which is
emitted at O;.

(i) Following Ref. [47], we write the hadronic matrix

element for the contribution where the virtual photon
is emitted from O as

, 2m . o ]
HE (1) = i3 / dby FIT(0] — i[5, Prb)(0)in(y) B, ()

=—ilg"k-q - q"k]

FTA(QZ)

FTV(qz)mb
2 9,

my, )
kg,

e (73)
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FIG. 7.

Schematic time-ordered diagrams of matrix elements of the bilocal operator T'[J ., () O4(0)] for B; — u* u~y decays. The four

diagrams correspond to (a) and (b) the virtual photon emitted from O; with ¢, = y0 < 0and ty > 0, respectively, and (c) and (d) the real

photon emitted from O; with 7, <0 and ¢, > 0, respectively.

where Pr = # Diagrams for the two time-order-
ings 7, <0 and ¢, > 0 are sketched in Figs. 7(a)
and 7(b). We see that in both cases on-shell
intermediate states (denoted by the dashed blue line)
with the indicated flavor quantum numbers neces-
sarily have invariant masses greater than that of the
photon which is emitted later [the virtual photon in
Fig. 7(a) and the real photon in Fig. 7(b)]. These
contributions are therefore real and the invariant
form factors Fry and Fp, can be computed using
Lattice QCD in the standard way as was done
in Ref. [47].

(i) As in Ref. [47], we write the hadronic matrix
element for the contribution where the real photon
is emitted from O as

2 )
HE (p. k) = i% / d*y 43 T(0| = i[5k, Pyb)

x (0)J%u (y)|Bs(p))

F 2
= —ilgk- q - i) T
o, Frv(g*)m
+ 6/4 P kpqo' v q2 b N (74)

where in this case the two form factors are equal
Fry(q?) = Fr4(¢*) = F7(q?). Diagrams for the
two time-orderings t, < 0 and t, > 0 are sketched
in Figs. 7(c) and 7(d). When 7, <0 there are no
unitarity cuts present, the contribution is therefore
real and can be evaluated without difficulty. When
t, > 0 and in Fig. 7(d), however, the states propa-
gating between the two operators have quantum
numbers B =0 and S =0 and hence, for suffi-
ciently large values of ¢ can be on-shell (e.g., the ®

meson, K — K states or even Zweig suppressed
lighter states) and therefore contribute an imaginary
part. In Ref. [47], the HLT method was applied to
evaluate this term, and although the uncertainty was
found to be large, the computation confirmed the
expectation that this contribution is very small.

The contributions from the penguin operators Oz_g and
from the chromomagnetic operator Og are expected to be
numerically small. They must, however, be introduced to
perform the full renormalization of the operators in the
reduced effective Hamiltonian. Fortunately, they can be
included in the same framework, based on the SFR and
HLT methods, discussed in detail for charming penguins in
the previous sections. For example, concerning the con-
tribution of Og in B - K# ¢~ decays, the hadronic factor
is given by the first line of Eq. (11) with 0\) replaced by
Og and the evaluation of the amplitude follows in the same
way as for the charming penguins. This is true, in particular,
for the contribution from the time-ordering in which the
electromagnetic current is inserted after the weak operator
Oy, for which the SFR and HLT methods are required.
Similarly, the contribution of the operator Og to the had-
ronic factor for B, — yZ+ ¢~ decays is given by Eq. (14)
with 05‘% replaced by Og and the evaluation of the
amplitude follows the same steps as for the charming
penguins. The renormalization of the operator Og is
discussed briefly in Sec. VII B 4 below.

In due course, as the computation of the leading
contributions becomes sufficiently precise, the computation
of the CKM suppressed contributions can also proceed
following the same steps.

VII. RENORMALIZATION

The main aim of this paper is the demonstration,
presented in the preceding sections, that, using recent
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methods based on the spectral density representation of the
hadronic amplitudes, the real and imaginary parts of the
amplitudes containing charming penguins can be evaluated
from computations of Euclidean correlation functions. In
order to complete the determination of the amplitudes, it is
necessary to renormalize the ultraviolet divergences which
are present in the diagrams. Although the general tech-
niques required to perform the renormalization can be
considered to be standard, some subtleties do appear in the
evaluation of the diagrams in Fig. 1 and in this section we
discuss how to handle these. These include logarithmic
divergences in the diagrams of Fig. 1 which appear from
the contact term when the electromagnetic current J
approaches the weak operator 05‘% Although not specific
to the decays being studied in this paper, a significant
additional complication is the presence of divergences

which appear as inverse powers of the lattice spacing
due to the mixing of O(IC% with operators of lower
dimension, including the scalar and pseudoscalar densities,
5b and 57°b. We discuss the contact terms in Sec. VII A and

the subtraction of the power divergences in Sec. VII B.

A. The contact terms

The nonperturbative renormalization relating local lattice
operators containing logarithmic ultraviolet divergences
with those defined in continuum schemes, such as the
RI-Mom or RI-SMom schemes [79,80], is a standard
procedure. Since the Wilson coefficients have usually been
calculated in the MS scheme, which is a purely perturbative
one, the matrix elements computed in the intermediate
RI-(S)Mom schemes have to be matched to the MS scheme
and this matching is necessarily performed in perturbation
theory. For the purposes of this section we assume that such
a renormalization within QCD has been performed for the
operators O(IC; including the subtraction of the power

divergences as described in Sec. VII B.
|

1 3 3 1

In addition to the ultraviolet divergences present in
the renormalization of the local operators 052 in QCD,
other divergences appear as the electromagnetic current
approaches one of the weak operators O(IC% and, in
particular, lead to the appearance of the operators O5
and Oy in the effective Hamiltonian in Eq. (5). The
renormalization of these contact terms is the subject of
this section. Following the earlier sections, we present the
discussion in Minkowski space, but it can readily be
translated into Euclidean space by making the replacement
t— —it.

For illustration we start by considering B - K£+¢~
decays and the Feynman diagrams of Fig. 1(a) in which the
photon is emitted from a charm quark. By dimensional
power-counting, the charm-quark loop would be quadrati-
cally divergent in the ultraviolet cutoff, i.e., would diverge
as 1/a? in a Euclidean lattice QCD computation. However,
just as for the vacuum polarization in QED, electromag-
netic current conservation reduces the degree of divergence
by two, so that the divergence is logarithmic. In this case,
the matrix elements are proportional to (pg - )" — ¢* Pk,
where v is the Lorentz index of the virtual photon, whereas,
for example, matrix elements of weak currents in semi-
leptonic decays are proportional to a single power of
momentum. When applying the SFR method, however,
we evaluate the diagrams by computing the contributions
from the two time-orderings ¢t < 0 and ¢ > 0 separately, see
Egs. (45) and (47). Each of these terms is separately
quadratically divergent, and the divergence cancels when
the two contributions are summed, leaving only a loga-
rithmic divergence to be renormalized in the standard way.
In order to manage the treatment of ultraviolet divergences
effectively, we propose to introduce subtractions into the
energy integral for H4%(g) in Eq. (47), so as to separate the
divergences at large energy E from the behavior around
the pole at £ ~ mp which we treat using the SFR method.
To this end we introduce the simple identity

3
6my

E—mg—ie E—i€+E+mB—i€_E+2mB—i6:(E—mB—ie)(E—ie)(E+mB—ie)(E+2mB—i€)'

(75)

We see therefore that if we were to replace 1/(E — mp — ic¢) in the expression for Hﬁ*z in Eq. (47) by the four terms on the

left-hand side of Eq. (75), and noting that p**(E, §) o E? at large E, the corresponding energy integral would be finite.
Moreover the three additional terms on the left-hand side of Eq. (75) have been chosen so as not to have poles in the range of
the energy integration.10 Recalling Eq. (30), the desired separation can now be readily achieved,

H{%(q) = lim

e—0

wdE p{5(E,q ® ‘ B . _ .
/. z—”%zﬁ [T e et <31 [T dre i cyeg)

+ l'/o dt e_i<2m3+E’()tC7:;(t, é’) + 11_{% H72;3sub5(a’ 6), (76)

"Clearly the choice of such terms is not unique.
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where

3 1

.  dE 1
Hv+,35ubs ->’ = / “= _
@)= o E—my—ic E—ic

%
T

The term Hffs“bs(?], €), defined in Eq. (77), has been
designed so that it has no ultraviolet divergences, even at
finite values of €. We envisage applying the HLT procedure
to each of the four terms in Eq. (77). The first three terms on
the right-hand side of Eq. (76) compensate for the sub-
tractions introduced in the definition of H’ffmbs(?], €)
given in Eq. (77). They have no poles in the range of
the integration over E so that we can set € = 0 in these
terms. They do, however, have quadratic and linear ultra-
violet divergences. In order to cancel the power divergen-
ces, we combine these three terms with the contribution
from the region ¢ < 0 in Eq. (44) in a correlated way so that
only the logarithmic divergence remains. In a lattice QCD
computation this combination is performed through a jack-
knife analysis, with the expectation that the correlations
between the four terms will reduce the resulting uncertainty.

Note that HY57"*(g.€) defined in Eq. (77) can be
written in the form

H11”523subs (é, 6) — i/°° dt{ei(qo+ig)z _ 3g—i(EK—i€)t
’ 0
4 3e—ilmptEg—ie)t _ e—i(2m3+EK—ie)t}

x C15(1.4), (78)

so that the integrand vanishes at the point # = 0. When
evaluating the time integration in a Euclidean computation
on a discrete lattice the contribution from the point at t = 0
must therefore be included in the remaining terms.

In Appendix A we present some additional remarks
concerning the contact terms. Specifically, we describe the
procedure for renormalizing the logarithmic divergence
resulting in the appearance of the operators Oy and O in
the effective Hamiltonian (10). We also explain how the
transverse structure of the amplitude is recovered when the
contributions from the two time-orderings are combined.

A corresponding procedure needs to be developed and
applied to the contact terms present in the amplitude for

- “(E, §). 1
E+ mpg —ie E+2mB—i€}p1‘2( 9) (77)

B, — y¢*¢~ decays. We postpone the presentation of the
details to a future publication, when we will be in a position
to have learned from the experience of computing the
charming penguin contributions to B — K£7¢~ decay
amplitudes. Here we only note that for the process
B, — y£*¢~, there are also diagrams in which both the
real and virtual photons are emitted from the charm-quark
loop as in Fig. 8. Although the superficial degree of
divergence of such diagrams would allow for a logarithmic
ultraviolet divergence, and indeed, even at lowest order,
each of the two diagrams in Fig. 8 separately has such a
divergence, electromagnetic gauge invariance ensures that
sum of the two contributions from these diagrams is finite.
The requirement that the matrix element in Eq. (50)
vanishes when contracted with k* and ¢ = (pp — k),
implies that the matrix element is proportional to two
powers of the external momenta which is sufficient to make
it finite. However, similarly to the above discussion of the
cancellation of the power divergences in B — K£T¢~
decays, the cancellation of the logarithmic ultraviolet
divergences in the diagrams of Fig. 8 requires the sum
of the contributions from all the time-orderings. This is true
since we use the lattice conserved vector current. Had we
used the local vector current a more complicated subtrac-
tion procedure would need to be implemented but we do
not discuss this here.

B. Subtraction of power divergences

The renormalization of the relevant lattice operators
appearing in Egs. (6)—-(9) and their matching to the
Wilson coefficients of the effective Hamiltonians in
Egs. (5) and (10) depends on the lattice regularization of
the QCD quark action. In this subsection we present a
general discussion about the renormalization of the
composite operators of the Hamiltonian (10) and then,
for illustration, we will specialize to the renormalization of
the operators using Wilson-Clover twisted mass fermions at
maximal twist [81], which is the action used in Ref. [47]

FIG. 8. Panels (a) and (b) show the two diagrams for the decay B, — u* "y in which both the real photon y with momentum k and the
virtual photon with momentum ¢ are emitted from the charm-quark loop.
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and in the ongoing numerical implementation of the
methods discussed above.

The two semileptonic operators in Eq. (9) renormalize as
combinations of a vector and an axial vector current, thus in
order to match them to the corresponding continuum
operators we simply have

2

e ~ n
09 = (47[)2 (ZVV” - ZAA”)(fyﬂf)’
2
e A~ N —
010 = (471_)2 (ZVVM - ZAAM)(fyﬂYSl’p)’ (79)

where V* = 5y#b and A = sy"ysb are the bare lattice
vector and axial vector currents. The constants Z;, and Z,
depend on the lattice regularization and are usually deter-
mined nonperturbatively using the Ward identities (WI)
[82,83] or some nonperturbative renormalization pro-
cedure, such as the RI-Mom [79], RI-SMom [80], or the
Schrodinger functional [84] schemes.

At the order in the electromagnetic coupling at which we
are working, the operator O, simply renormalizes as the
tensor operator

07 (/’L) - ZT(/’la’ as)TMDFuw (80)
where 7" = 50" Pgb is the bare lattice operator and
Zr(pa,a,) can be determined using one’s preferred non-
perturbative method, such as those in Refs. [)79,80,84].

The renormalization of the operators 05?2 and of the
tensor operator Oy is considerably more complicated. The
mixing induced by electromagnetic corrections has been
described above in Sec. VII A, whereas we start here the
discussion of the renormalization due to QCD corrections.

OEC; can mix with operators of lower dimensions,
specifically with the scalar and pseudoscalar densities
and two tensor operators
5b,

< vra a
56"T*bGy,,

(81)
with power divergent coefficients. The subtraction coef-
ficients required to remove the power divergences cannot
be computed in perturbation theory and a nonperturbative
subtraction procedure is required [85]. For compactness of
notation, the last two operators in Eq. (81) will be denoted
as 5o - Gb and Syso - Gb in the remainder of this section.

The chromomagnetic operator Og can also mix with the
scalar and pseudoscalar densities with power divergent
coefficients whereas the mixing with 5o - Gb and 5yso - Gb
is at most logarithmically divergent and can be computed
either in perturbation theory or with a nonperturbative
method [79,80,84]. The renormalization of Og will be
discussed in the dedicated Sec. VII B 4 below.

5ysb, 5ys6"'TbGy,,

For the operators O(IC% the degree of divergence of the

mixing coefficients is reduced as a consequence of three
symmetries of the QCD action:

(i) CS which is the product of charge conjugation,
b < s flavor exchange and m,;, < mg;
S3 which is the combined transformation of Psj
defined by

(i)

Gr(x) = —=aqr(xp)yors,
(82)

‘If(x) - 757051f(xP)’

for all flavors f, together with my — —my, where
xp = (t,—X). Ps also requires a parity transforma-
tion of the gauge links [86], not given here because
its form and role is standard.

(iii) R;? which, for a given flavor f, is the transformation
qr(x) = g (x) =r5q,(x),
Gr(x) = @y(x) ==q;(x)rs,  mp—>-—mp. (83)

The corresponding transformations can also be defined for
the regularized lattice actions (the details of the lattice
transformations depend on the lattice regularization).

We now introduce the parity violating and parity
conserving components of the operators O = 1/ 2(0;0) +
O(f)) [we omit the label (¢) for the remainder of this
section]

L, _ _ _
O:Kl/:AJrAV = D) [(S}’ﬂc)(c?’ﬂsb) + (S}’ﬂb)(c}’ﬂsc)]

1

+ 5 [(rurse)(@rub) £ (Syursb)(ey,c)l,

. (34)

Oty an = 3 (7,0)(E1,b) & (51,0) e7,0)]

43 [50) Er,rsb) & Gr,rsb) r,50)]
(85)

The weak operators O3, ,, are odd under the CS
symmetry whereas sb, sysb and the tensor operators 5o -
Gb and 5ys0 - Gb are all even. Thus the mixing coefficients
of these operators to O, 44y are proportional to m;, — m.

Under the S; symmetry, the parity violating operators
OF .y are odd, as are (my, —mg)Sysb and (m,—
my)Syso - Gb, whereas (mj, —mg)sb and (mj, — my)5o -
Gb are even. Thus O3, ,,, mix with the lower dimensional
operators of Eq. (81) multiplied by the appropriate powers of
the quark masses:
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(mb _ms>§75bv (mb _ms)(mb +ms)§b7
(my —my)(my, + mg)so - Gb.

(86)

(my, — my)syso - Gb,

This demonstrates that the mixing coefficients with the
chromomagnetic operators are finite or at most logarithmi-
cally divergent, whereas the coefficients of the operators
(my, — my)3ysb and (my, — my)(my, + m,)sb are quadrati-
cally and linearly divergent respectively.

For the parity conserving component we use the R:)
symmetry defined in Eq. (82), under which O3, ,, —
Oy 4 aa» SO that OFy, 4, mixes with the lower dimensional
operators of Eq. (81) multiplied by powers of the quark
masses as follows:

(mb + ms)ib,
(my, + my)5c - Gb,

(mb - ms)(mb + ms)EySb’
(my —my)(my, +my)Syso - Gb.
(87)

The degree of divergence of the mixing coefficients can be
readily derived as in the previous discussion.

In chirally invariant formulations of lattice QCD and in
regularizations which preserve parity, half of the mixing
terms listed in Egs. (86) and (87), namely those of O, 4y,
with parity even terms and those of O3y, ,, With parity odd
terms, are absent. They can also be eliminated if the
symmetries R:/ and R:’ are enforced in the correlators
computed in the lattice regularized theory (by introducing
suitable replicas of the valence fermions b and s, see below).

The renormalization of the operators depends on the
lattice regularization of the quark action and on the
presence or absence of the GIM mechanism. Note that
in the case of 08 GIM is absent since the top quark is
much heavier than the lattice cutoff.

1. Renormalization in the presence
of the GIM mechanism

Although for the processes that we are studying we do
not have the GIM mechanism, we can imagine introducing
a fictitious top quark with a varying mass m,. The
dependence of the value of the matrix elements of the
operators as a function of m, is known from the perturbative
renormalization group, provided that m, > Agcp, and can
be extrapolated to a renormalization scale y ~ 1/a so as to
match the effective Hamiltonian of Eq. (10), as first
proposed in a different context in Ref. [87] . This motivates
considering also the subtraction of power divergences in the
presence of the GIM mechanism.

In the presence of GIM the mixing coefficients will
acquire an additional factor of (m, — m,.), thus, for exam-
ple, the parity violating operators O3, 4av»> Will mix with

the lower dimensional operators of Eq. (81) multiplied now
by powers of the quark masses as follows:

(mt_mc)(mb_ms)g}/Sb» (mt_mc)(mb_ms'>§y50'Gb’
(m,—m.)(my, —my)so-Gb.

(88)

(mt - mc)(mb - ms)gb’

The symmetries (i) and (ii) defined above imply that
the parity violating operators given in the first line of
Eq. (88) get an additional mass factor, either (m, + m,) or
(my + my). This implies that the only residual power
divergence of OF,, 4y is the linear one, due to the mixing
with the scalar density. This linear divergence can be
eliminated by imposing that the matrix element of the
operator 0%, ., between the B meson and the vacuum
vanishes

- ct
<0|O$A+AV|B> = <O|O€/EA+AV + W;MV (mt - mc)

x (my, —my)sb|B) = 0. (89)

For the parity conserving part, 0'% 4an the mi.xing
pattern is analogous and the elimination of the residual
1/a divergence can be achieved by imposing

- CcE
<K|O$V+AA|B> = <K|0$V+AA + %(’”z - m,)
x (my + my)Sysb|B) = 0. (90)

If we specialize to twisted mass fermions one can also
use the strategy described in full detail in Ref. [86], which
we will not discuss here, and eliminate the linear diver-
gences using several replicas of the number of top and
charm flavors with different Wilson parameters r;.

2. Renormalization without the GIM mechanism

In this section we specialize to twisted mass fermions
although strategies similar to the one explained below can
be implemented also with other lattice regularizations.
We will give also the lattice version of the symmetries
discussed in (i)—(iii) above. A more detailed discussion can
be found in Ref. [86].

Without GIM we can adapt the approach of Ref. [86] in
order to completely eliminate the power divergences non-
perturbatively. In order to implement this approach we
distinguish the sea quarks, which enter in the action used to
generate the gauge field configurations, from the valence
Ostervalder-Seiler (OS) quenched quarks, which enter in
the weak operators and in the sinks and sources used to
annihilate or create the external particles.

""We are not assuming that the lattice regularization preserves
parity.
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In order to implement the strategy of Ref. [86], we need
the lattice version of several symmetries. We start by
recalling some basic facts about twisted mass fermions:

(1) The OS action for the valence quark field g, is

defined as
Sos(my.rp) = ZQf —iysWe,(ry)

+ mylq(x), (91)
with

~ 1 .
y - V = Ezyﬂ(vﬂ + Vﬂ),

ZV*V + M (r), (92)

erf

where V,y(x)=4{U,, (x)y (x-+2) ()], Vi (x) =
Liy(x) = Uf(x — ap)y(x — app)] and U,(x) is the
gauge link. The critical mass, M., satisfies
M, (=ry) = =M, (ry) and the renormalized va-
lence quark mass is defined by

iy = Z,(r;)my. (93)

We will ignore the transformation properties of the
ghost fields, described in Ref. [86], because they are
not relevant to our discussion.

(2) Consider the change of variables

/

Rsy: qp(x) = qf(x) = rsqp(x),
qr(x) = g5(x) = =g (x)rs, (94)

then a symmetry of each flavor action is given by the
spurionic Ry transformation

(3) The valence action is invariant under the spurionic
symmetry P x (r; — —ry), where P is the parity
operator

qr(x) = voqs(xp), Gr(x) = gs(xp)ro,  (96)

for all the flavors.

(4) We introduce the further spurionic transformation
which leaves the lattice action invariant

S5 =Ps x (M - —M), (97)

where M = {all f, m,} and Ps is the transformation

Gr(x) = =qr(xp)yors.
(98)

Qf(x) - YSYOQf(xP)’
(5) We recall the charge conjugation symmetry, C, for
the valence quarks

C:qp(x) — i?’o}’z‘_];(x), Gr(x) — —CIJ{(X)WOY}

(99)

(6) We will also use the transformations
(fief)ian,<arn.  (fi<f2)sqp, =754y,
qr, = —4qy5,7s- (100)

(7) Finally we have the CS symmetry CS = (s <> b) X
C x (mg <> my,) under which both 5b and 5ysb
are even.

We now discuss the subtraction of the power divergences
of the diagrams (b) and (c) of Fig. 1. Following Ref. [86], in
order to reduce the degree of divergence of the operators it is
convenient to consider at a formal level an auxiliary gauge
model, (4s6v), where, in addition to the four lightest sea
quark flavors (i4sea, dseas Sseas N o) and the b and s valence
quarks, the charm valence quarks are replicated in four
copies cll, i = 0-3, together with the corresponding ghosts,
required to cancel the associated valence determinant.

We start by considering the parity violating and parity
conserving four-fermion operators

OtﬂAv [(S},ﬂ ) (@Wy ysb) £ (57,b)(c¥y,yscl)]
i) L (57,5 (@H7,b) £ (57,75b) (@7, cM),
(101)
OV¥ian = {(syc ) (@y,b) + (57,b) (M)
t5 [(57;4756“‘})(5“‘]}’,47519)
+ (57,75b) (€¥y,rsc)], (102)

where the label [k] denotes one of the four copies of the
valence charm quarks, whose renormalized masses must
all be taken to be equal to each other and to the mass of the
sea charm quark. For the parity violating component, the
operators which enter in the correlation function necessary
to extract the physical amplitudes are

’In the notation of Ref. [86] ¢ = ¢, clll = ¢/, Pl = ¢” and

CB] = .
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Ofear = iy + Oty =500k ay =3 O
(103)
and in this case we take
ry =T, Py =T = =T =T =—rg.  (104)
Similarly

+[0 +[1 1 _ip I _4p3
0$V+AA = OVH-AA + 0V£/LAA - B OV\[/—]Q—AA - B OV‘[/LAA,

(105)
for which we take

r, = —rs, Py = Tjo) = =T = Fop = =T (106)

The operators in Eqgs. (103) and (105) are even for
r. —» —r,. and in Ref. [86] it was demonstrated that the
correlation functions of interest in the model (4s6v) are
exactly the same as in standard QCD, up to discretization
errors of O(a?).

Since ¢!l and ¢ have the same Wilson parameter
(r.n = rym) and the same renormalized mass, we do not
need four charm flavors, three are sufficient, and we may
simplify the above expressions and write

400 I _4p 1 _ip
0$A+Av - OVf[t]+AV + B OV,L]+AV - B Ov/[x]wxv’

o0l 1 _ip 1 ol

VV+AA + 5 0VV+AA - E VV+AA* (107)

O$V+AA =
Without GIM we can use CS and S3 = Ps X (M — —M) to
show that the parity violating operator mixes with

(mb - ms>§75b and (mb - ms)(mb + ms)gbv (108)
thus the coefficients of the pseudoscalar and scalar densities
are quadratically and linearly divergent respectively. The
quadratic divergence can be eliminated by imposing that
the matrix element of the operator between the B meson
and the vacuum vanishes, namely

- C#
<O|O:\EA+AV|B> - <0|0$A+AV + VQ;AV

x (my, — my)sysb|B) = 0. (109)
The linear divergence of the coefficient of the operator
(my, — my)Sysb is odd in rs, being proportional to m,r;,
and, since the action and the operators are even in ry, it
vanishes. Thus the next term of the coefficient of the
operator (my, — my)Sysb corresponds to a factor propor-

tional to m2 and is finite or at most logarithmically

divergent. The linear divergence due to the mixing of
the operator O, , ,,, With the scalar density is absent since
the coefficient of the scalar density is odd in r; whereas the
operator and the action are (or can be made) even. The
mixing with the operator 5yso - Gb is only logarithmically
divergent and can either be computed in perturbation theory
or by using the nonperturbative RI-(S)Mom or Schrédinger
functional schemes.

For the parity conserving operator, the most severe UV
divergence is the one with the scalar operator and we
replace the condition in Eq. (109) with

= C% AA
<K|0\j/:V+AA|B> = <K|0$V+AA + a;

x (my, + my)sb|B) = 0. (110)

This completes the explicit demonstration that with
twisted mass fermions, all the power divergences can be
subtracted nonperturbatively. Frezzotti and Rossi in
Ref. [86] also considered the mixing of O%,,,, and
Oy, 44 With other operators of dimension six. They have
shown that after the subtraction of the power divergences
the renormalization of the subtracted operators is multipli-
cative. Since the demonstration does not depend on GIM it
remains valid also in our case.

3. Renormalization with an extended
symmetry of the valence quarks

Another possibility, which may prove to be more
convenient to implement, is based on the symmetry of
the fermion action with maximally twisted Wilson quarks,
namely P x D, x (M — —M) [86], where P is the parity
transformation and, for what is relevant for the present
discussion, D, is given by

3in/2

qr(x) = e 2q(=x), gr(x) » €72q,(—x),

U,(x) = Ui(=x — af), (111)
and on the extension of R:, and R:’, see Eq. (95), to
valence quarks. In practice this possibility amounts to
simply averaging the relevant correlation functions over
r,==21 and r,==+1 ((ry,ry) = (++,+—, —+,—)).
Following Refs. [86] and [88] one can show that the
transformation properties of the different operators under
CS, S5, Ry x RP  and P x Dy x (M — —M) are sufficient
to eliminate the mixing of the parity violating operators
03, 14y With the opposite parity operators 56 - Gb and 5b
as well as with all other parity violating or conserving
operators of dimension six. The subtraction of the quad-
ratically divergent term proceeds exactly as in Eq. (109).
Similarly, one can show that for the parity conserving
operators Oy, 44, the extension of R:) x RZ” to valence
quarks is sufficient to eliminate the mixing with the
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opposite parity operators 5yso - Gb and §ysb as well as with
all other parity conserving or violating operators of
dimension six. The subtraction of the quadratically diver-
gent term proceeds exactly as Eq. (110).

In the presence of the GIM mechanism, the average of
the correlation functions over r, = +1 and r, = +1 also
reduces the degree of divergence of the mixing of the
operators OF,, 4y and OFy 4, with lower dimensional
operators. In the present case the mixing coefficients must
have also the same transformation properties of O, 4y
and Oy, 4, With respect to Iy, RS} including f = s
and f = b. For this reason, for the operator O, 4y
instead of Eq. (88) the mixing structure will include

(mtz - mg)(mb - ms>3‘]/5b,

(112)
with a logarithmically divergent coefficient, while the
coefficient of the operator

(m? = mg)(my —m,)Syso - Gb,

(113)
by dimensional counting, is reduced to a lattice artifact of
O(a?). The coefficients of the mixing with the parity
conserving operators sb and & - Gb vanish. For the parity
conserving operators Oy, 4, the mixing structure will
include

(m? = mg)(my, — my)sb.

(114)
with a logarithmically divergent coefficient while the
coefficient of the operator,

(m? — m2)(my, — my)50 - Gb, (115)
is again reduced to a lattice artifact of O(a?) by dimen-
sional counting. The coefficients of the mixing with the
parity violating operators 5ysb and 750 - Gb vanish.

For both the parity-violating and parity-conserving cases
the subtraction of the logarithmic divergences can be
performed either by computing the coefficients of the

operators in perturbation theory or nonperturbatively in
analogy with Egs. (89) and (90).

4. Renormalization of the operator Og

The elimination of the power divergences of the chro-
momagnetic operators 5yso-Gb and so-Gb is much
simpler since they can only mix with the pseudoscalar
and scalar densities with quadratically divergent coeffi-
cients. Thus, for example, we may eliminate the quadratic
divergence of the operator 5yso-Gb by imposing the
condition

S

C

Indeed with twisted mass fermions there is also a possible
linear divergence coming from the mixing with the oppo-
site parity operator O,,g = (myr;, + myr;)sb [88], which
can be eliminated by imposing the condition

65 05

C C
(K|5yso - Gb + ?Sysb + ;"S 0,.s|B) = 0.

(117)

For the parity conserving operator 5o - Gb we again use
the R, symmetry and impose the following renormaliza-
tion conditions:

_ C7_
<K|sa-Gb+?sb|B> =0, (118)

ce ce
(0|56 - Gb + b+ ;"P 0,,p|B) =0, (119)

where O,,p = (myry, + mgrg)sysb.

Once the power divergences have been subtracted, the
chromomagnetic operators must be multiplicatively renor-
malized either in perturbation theory or nonperturbatively. In
the latter case the renormalization procedure is particularly
complicated since the external legs in the Green’s functions
are off-mass-shell and the operators mix with gauge non-
invariant operators; for more details see Ref. [88].

The mixing of chromomagnetic operators of definite
parity with densities of the opposite parity (multiplied by
factors linear in the quark masses) is removed if one
averages the correlators containing the insertion of the
chromomagnetic operator over opposite values of r;, and r,.
In this case, in contrast to the four-fermion operators
OZy.va and OFy. ., where an average over four cases
is necessary, the form of O, and O,,p implies that it is
sufficient to average over two cases, e.g., (rp, ) = (1,1)
and (—1,-1).

VIII. EXPLORATORY LATTICE QCD
CALCULATION OF CHARMING PENGUIN
CONTRIBUTIONS TO B - K¢*¢~ DECAY

AMPLITUDES

To test the effectiveness of the proposed method, we
have carried out an exploratory numerical calculation of
C'5.5(1.g) in Eq. (31) on a single gauge ensemble
generated by the Extended Twisted Mass Collaboration
with Ny =2+ 1+ 1 dynamical Wilson-Clover twisted
mass fermions. This ensemble corresponds to a lattice
spacing a ~ 0.079 fm. Further information about the gauge
ensemble used in the present calculation is collected in
Table I. We employ the mixed-action lattice framework
introduced in Ref. [86], and described in the Appendixes of
Ref. [89]. The action of the valence quarks is discretized in
the OS regularization [see Eq. (91)]
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TABLE L. The Ny =2+ 1+ 1 ETMC gauge ensemble used in the present computation. We present the spatial
extent in lattice units L/a, the pion mass m,, the lattice spacing a, and the values of the bare light- (am,), strange-
(amy), and charm-quark mass (am..), in lattice units. The strange and charm quark masses are tuned so as to produce
a charged kaon mass my = 494.6 MeV and a D, meson mass m, = 1967 MeV. As explained in the text, we have
taken a lighter-than-physical b-quark mass, m;, = 2m,..

ID L/a m, [GeV] a [fm] amy am am,
B64 64 140.2(3) 0.07948(11) 0.00072 0.0182782 0.231567
S = Z Sos(m £ f>’ (120) correlation functions. The renormalization of the logarithmic

f=u.d,s.c.b

where m is the mass of the quark with flavor f (with
m, =my = my), and r; = £1 is the sign of the twisted
Wilson parameter for the flavor f (r, .= —r,,, = 1 for
the present calculation).

For this numerical test we have limited ourselves to the
calculation of the charming penguin diagram in Fig. 1(a).
Since we are only interested here in investigating the
potential of the SFR/HLT method, we do not consider
issues related to the renormalization of the weak effective
Hamiltonian discussed above, and compute the penguin
contraction of the bare correlator. Note, however, that the
diagram in Fig. 1(a) does not have ultraviolet power
divergences.13 in contrast to those in Figs. 1(b)-1(d) which
do. This is important, as the presence of unsubtracted power

divergences might hide the physical signal in the bare
|

Clop(t. @it t5) = D e TETN0|T [y (1, 3)%m (1, )01 (0)h (—15, D]]0),

=1
2y

5.

divergence present in the diagram of Fig. 1(a) is discussed in
detail in Sec. VII A and Appendix A. In particular, in Eq. (77)
we have defined the quantity H%57*">(g,¢) which has no
contact divergences but which contains the terms requiring
the application of the spectral density methods. It is
H?E;‘%“bs(Ej, €) which is the focus of this numerical study.
We work in the rest frame of the B meson and consider a
single value of the virtual photon’s three-momentum |g| =
27z/L (where L = 64 a ~ 5.1 fm is the spatial extent of the
lattice). In physical units |g| = |px| =250 MeV. The
gauge ensemble used in the present calculation corresponds
to physical light, strange and charm quark masses, but the
b-quark has a lighter-than-physical mass, m; = 2m,.. The
momentum ¢ is chosen to be in the third direction,
G = (0,0, |q|). We have evaluated the following four-point
correlation functions [retaining only the Wick contraction
leading to the quark-connected diagram in Fig. 1(a)]

(121)

where qﬁg and ¢ g are interpolating operators which create the B meson and annihilate the K meson, respectively. In order to
improve the overlap of the interpolating operators with the initial and final states, we have used Gaussian smeared
interpolating fields (/)g and ¢g. The time #5 in Eq. (121) has been fixed to tz = 124, and the correlation functions have been
evaluated as a function of both ¢ and 7g. To amputate the external states we have also evaluated the B- and K-meson two-
point correlation functions,

CKL(1) =) e (0| (1. %)l (0,0)]0) = |22g|2 (e Ext 4 e Ex(T=0)) (122)
B K
2
€2 (1) = S (01a(t, D80, )0 = 221 (mmat 4 gmmatr=0) 4 (123)

2m
R B

where T = 2L is the temporal extent of the lattice and the ellipses represent subleading terms in the limit of large times. For
tp,tx — oo one has

YThis can be seen by interpreting the diagram considered as a correlation function in a partially quenched theory in which the charm
quark field ¢(x) and the charm antiquark field ¢(x) entering both the four-fermion operators and the electromagnetic current, are
considered as distinct fields, ¢(x) and ¢’(x), sharing the same mass electric-charge and twisted Wilson parameter r. = r. Since the four
fermion operators have then AS = —AB = AC = —A(C’ = 1, they cannot mix with lower-dimensional operators.
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Clop(t, Gitg.tg) =

In evaluating the Euclidean correlation functions we have
taken J%,(#,X) to be the exactly-conserved point-split
electromagnetic current given in Eq. (B10) of Ref. [90].
The computations have been performed using approxi-
mately 400 gauge configurations. On each configuration, in
order to improve the signal, we exploited the invariance
under space-time translations and repeated the calculation
by placing the four-fermion operators in O(100) randomly
selected space-time positions, using point sources for the
quark propagators which begin or end at the weak oper-
ators. Moreover, we have found it numerically advanta-
geous to average the correlation functions computed with
oppositely oriented three-momenta ¢ and —g. The corre-
lated average of correlation functions with opposite three-
momenta leads to a reduction of the statistical uncertainties
by a factor larger than two. In order to simplify the notation,
in the following we drop the suffix £ in the Euclidean
correlation functions.

We find it convenient to perform a Fierz rearrangement
of the operators O(q) and 0<q in Eq. (6), and write them in
the form

= (EjyﬂPLbj)(éiyﬂPLqi>’

) = ST Pub) @y PLd) (125)
We separate the operators 0(1”’2) into their vector-vector
(VV), axial-axial (AA), and axial-vector (VA + AV) com-
ponents

O(qu) = 0(1‘]2) 174 + 05[,12);AA + O(1q2>Av+VA, (126)
where
Oy = (7" (@r,q).
Oy = @rrb)@rr’d). (127)
0, = (57"b)) @'y, q),
O = G b) @’ d). (128)

The operators 05’2;‘, a+ay are defined similarly; however,
being parity-odd, they do not contribute to the B — K£ ¢~

S ¢ e B [0() CY g (1, G) + 0=

LK gomitsg~Exti (K (=) |T[To(1. ) 0')(0)]|B(D))

—mpty ,—Egt v -
K gt ~Exts x €Y 5,1 (1,7)

HC (1, )] (124)

amplitude (see also Appendix B), and will therefore not be
considered in the following.

The Euclidean correlators corresponding to the vector-
vector and axial-axial components of 0(1‘% are given by

D)\ TTem(1.) 01y 44 (0)]|B(0)).
(129)

Clovvanl(t,q) = (K(=

The motivation for separating the correlators into their
vector-vector and axial-axial components is that in the
vacuum saturation approximation only the C%,.,y(t, )
are nonzero. Moreover, in that approximation CY.,, (1, §) =
N.C5.,y(t,q), where N, =3 is the number of colors.
Therefore, if the vacuum-saturation-approximation is a
reasonable description of the correlation functions,
one expects Ci.,y(t.g) to be the largest of the four
contributions. In Fig. 9, we show the longitudinal compo-
nents, C7 5.y 44(2. G), of the bare correlators in the second
time-ordering ¢ > 0, in which the issue of the analytic
continuation of the physical Minkowski amplitude to
Euclidean spacetime is present. The figure shows the
correlators

-E

t>0 (130

C?Q;VV,AA(L g)=e KIC?,Z;VV,AA(L ),

which are related to the vector and axial components of the
spectral densities p’f; introduced in Sec. III A by a Laplace
transform,

o dE .
Ee EtPIfJE VV,AA (E.q).

CII,2;VV,AA(tv q) = /

P15(t.9)

*

= pihwv () + P 5aa(t. ). (131)
For improved visualization at Euclidean times of
O(0.5-1 fm), the correlators C3 .,y 44(7,G) have been
multiplied by a factor of #'? in the figure. The Euclidean
correlators relevant for the B — K¢~ decay are shown in
the top panel of Fig. 9. As the figure shows the largest
contribution comes from the C3.,,,, (¢, §) term, in line with the
expectation based on the VSA. We also note that C3.,,, (¢, §)
is approximately three times smaller than C 1;Vv(t, q), again

in line with the expectation based on the VSA. However, in
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FIG. 9. Top: bare correlators C?,z;vv. a4 (1, G), defined in Egs. (129)-(130), corresponding to the B — K£ "¢~ decay. Bottom: the
correlators C?Q;VV,AA(L q) corresponding to the B — #,,¢"¢~ decay, obtained by replacing the (spectator) light-quark in the

B — K¢ 7¢ correlation function by a strange quark as described in the text. N = 1 and N = 2 correspond to the operators 0(16) and 02‘)
respectively. In each case the results have been multiplied by #'2, i.e., t to the power 12, for visualization purposes.

the axial channel, while C?;AA(t, q) is zero within the
uncertainties (which is the prediction of the VSA), this is
not the case for C3., , (¢, §), which is similar in magnitude but
opposite in sign to C3.,,, (7. §).

In the bottom panel of Fig. 9, we also show the Euclidean
correlation functions obtained by replacing the spectator
light quark with a strange quark. These correlators allow us
to determine the charming penguin contributions to the
B, — n,¢ ¢~ decay amplitude, where 7,y is a fictitious
pseudoscalar meson of mass m, , = 689.9(5) MeV [91],
composed of two mass degenerate quarks s and s', each
having mass equal to that of the strange quark. The main
reason to consider these correlators is their markedly
smaller statistical uncertainty, approximately a factor of
five smaller than in the B — K£Z1¢~ case, which allows for
a more stringent test of the potential of the SFR/HLT
method. Because the present study is exploratory and
intended as a proof of principle, we have not yet carried
out a high-statistics computation of the B — K£"¢~
correlators. Their precision can be substantially improved

in future work, and in this respect the analysis of the
charming penguin contributions to B; — 5, "¢~ offers a
benchmark for the accuracy that might be achieved once
substantial computational resources are devoted to the
calculation of the Euclidean correlators relevant for the
charming—penguin contribution to B - K¢~

We have also computed the effective masses of the
correlators C3 5.y 44(7.G). In the large-time limit, the
effective mass has a plateau at a value corresponding to
the energy of the lowest-lying intermediate state contrib-
uting to the correlation function. For B - K£ ¢~ corre-
lators this is a J/yw + K state, while for B, — 5 ¢ ¢~
decays it is a J/y + 1, state. In Fig. 10 we show the
effective mass of the correlator C?’Vv(t, G)- The top panel in
the figure corresponds to the B — K¢+ £~ decay, while the
bottom panel to B; — 5,,¢+¢~. The horizontal lines in the
top and bottom panel correspond respectively to the value
of my, +mg and my, +my, ,. As is clear from the
figures, the effective masses converge toward the expected
values.

034509-30



THEORETICAL FRAMEWORK FOR LATTICE QCD ..

PHYS. REV. D 113, 034509 (2026)

1o B — Kt~

41} My MK —
— 4l m o :
= 4 Effective mass of C.y/(t, §) -8+
& 39} m ’
< 38} @

T m
< 3.7t mm DO
Sgﬁ m[ﬂmmmm[ﬂmmm[ﬂmm[ﬂmmmmmm

3.0}

0.5 1 1.5 2 2.5
t [fm]
By — WSSIEJFE*

4.6 ’@ mJ/q, + mnss, J—
= 44f o Effective mass of C3y/(t, 7) &~
3 ;

—~ 42} S
>
= (O]
4 ]
g I
3.8 L ®®®®®m®mmmmmnnmnmnm@_e_@_e_®
0.5 1 1.5 2 2.5

t [fmn]

FIG. 10. Top: effective mass of the correlator C3.,(z,§) for the B — K¢*¢~ decay. Bottom: effective mass of the correlator
Ci vy (2, G) for the By — n,¢¢ "¢~ decay. In both panels the horizontal black lines correspond to the energy of the expected lowest-lying

intermediate state.

A. From the Euclidean correlators to the amplitude
using the SFR/HLT method

In this section we discuss the determination of the
Minkowski amplitude from the Euclidean correlation func-
tions discussed above. Since for this proof-of-principles
calculation we are only interested in showing that the
infrared problem related to the analytic continuation to
Euclidean spacetime can be handled using the SFR/HLT
technique, we focus on the calculation of the three-times-
subtracted amplitude, H* ™35 (g, ¢), defined in Eq. (77),
which, as already discussed, is free of contact divergences.
As explained in detail in Sec. VII A, in order to obtain the
full Minkowski amplitude, including the contribution from
the first time-ordering, one must add to H**3%s a set of
terms that do not require spectral density methods and
which we do not evaluate here.

As previously mentioned, we have performed the
calculation of the Euclidean correlators at a single value
of the heavy-quark mass, m;, = 2m,, which corresponds
to a mass of the heavy-light meson of my ~2.9 GeV. A
complete calculation of the charming penguin contribu-
tions requires (in addition to performing the nonpertur-
bative renormalization) the determination of the Euclidean
correlators for multiple heavy-quark masses followed
by an extrapolation of the results to the physical point,
my = mp ~5.280 GeV. Making explicit the dependence
of the Euclidean correlators (and of the underlying

spectral densities) on the heavy-light meson mass myg,
we define

©dE . .

Co(tGimn) = [ 7S AE Gy, (132)

o wdE ,,
HIIE’3SUbS(q,€; mH’m) — / 7p‘{_+2(E,q;mH)K€(E, m),

E* 2
(133)
where the kernel function K.(E, m) is given by
1 3 3
K.(E,m)= -
) = e Y Erm—ie E—ic
1
E+2m—ie
B 6m’
~ (E-m—ie)(E—ie)(E+m—ie)(E+2m—ie)
(134)

The amplitude H**3"5(g, ¢) defined in Eq. (77) is then
recovered in the double limit
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HYE¥™(G,e) = lim  lim

my—mp m—mpg

Hu+ 3sub3(q’8 mH,m).

(135)

The introduction of the additional mass parameter m in the
kernel function K, (E,m) might seem unnecessary; natu-
rally one would set m = my. However, setting m = my
results in a nonsmooth dependence of the amplitude on
the meson mass my, as will be explained in Sec. VIII B.
Before doing so, we discuss the determination of the
smeared amplitudes H"Jr 3UbS(G e:my, m) for general e
and m, and for fixed values of my ~2.9 GeV and
|| = |Px| =250 MeV.

To determine the smeared amplitude in Eq. (133), we use
the HLT method, modifying the discussion in Sec. III C to
the kernel function K,.(E, m) in Eq. (134). The goal is to
find, for each nonzero value of the smearing parameter &,
the best approximation of K.(E,m) in terms of the basis
function {e=9En}, | _, namely

Mmax

E gn m, 8 aEn

Mmax

E gn m, 8 —aEn

where a is the lattice spacing and n,,,, is the dimension of
the exponential basis. In our calculation we take n,,, a ~
2.7 fm (n,,, = 34) and the resulting uncertainty from the
truncation of the summation in » is much smaller than the
statistical error. In this way, once the coefficients gf and
gl are known, the smeared amplitude can be obtained
from the knowledge of the Euclidean correlators similarly
to Eq. (33)

Re[K,.(E, m)] ~

Im[K.(E,m)] ~ (136)

Her ;3subs (q’ & my. I’I’l)

ALl

o dE
=" (hlme) + ighm.e)) [ 757 e (B

n=1
Ny,

.m) + iKL(E.m))p{5(E. G my)

Z gi(m.€) +igy(m,))Cr5(an, Gsmy),  (137)

where KR and K! are the real and imaginary parts
respectively of the kernel function. As explained in detail
in Ref. [23], and sketched in Sec. III C, the determination of
the coefficients ¢gf and ¢/ presents a certain number of
technical difficulties. Any determination of the smeared
hadronic vector based on Eqs. (136) and (137) will be
inevitably affected by both systematic errors (due to the
inexact reconstruction of the kernels) and statistical un-
certainties [due to the fluctuations of the correlator

C‘ﬁfz(t, g;my)], which need to be controlled simultane-
ously. Requiring an overly precise kernel reconstruction
leads to strongly oscillating coefficients ¢g& and g/, which
magnify the statistical errors of the correlators when
evaluating the sum in the last line of Eq. (137). The
HLT method enables an optimal balance between statistical
and systematic errors to be found by minimizing each of the
two linear combinations

ARlg] Allg]

Whigl =—%° 1+ ABlg].  W/lg] =—4> + 1B[g].

zl8] A0 €] 11g] A7l0] 8]
(138)

where the functionals Ag’ ;, are given by

nlﬂdx 2

A lg) = [ d e > gt KE (B
g=(910ny)  En<E. (139)

and are a measure of the quality of the reconstruction of the
real and imaginary parts of the kernel. The error-functional
Blg]| is defined by

1 Mmax

Bgl= "
(CI:E(O’ q; mH)>2 n]’nzzl

n, gn2C0V(an1, al’lz),
(140)

where Cov is the covariance matrix of the Euclidean lattice
correlator C“{E(t, g;my), and A is the so-called trade-off
parameter. In Eq. (139), # and E;, are algorithmic parameters
which we set to f# = 1.99 and Ey, = 3.5 GeV (3.7 GeV) in
the case of B - K£t¢~ (B, — n,0¢T¢7)."* In the presence
of statistical errors, the functional B disfavors coefficients g
leading to large statistical uncertainties in the reconstructed
smeared amplitude. The balance between having small

systematic errors (small A% [¢] and A% [g]) and small statistical
errors (small B[g]) depends on the tunable parameter 4. Its
optimal value A°P' is determined by monitoring the evolution
of the reconstructed smeared amplitude for different values
of 1. The optimal value is chosen to be in the statistically
dominated regime, where A is sufficiently small that the
systematic error due to the kernel reconstruction is smaller
than the statistical error (therefore, in this region, the results
are stable under variations of A within statistical uncertain-
ties), but still large enough to have reasonably small
statistical uncertainties. The kernel functions that we use
at nonzero lattice spacing are obtained from Eq. (134) by the
replacement

"“For the convergence of the integral # must be smaller than 2.
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FIG. 11. Real (bottom panel) and imaginary (top panel) parts of

H?+;3subs (

g.&;my,m) form =4.5 GeV and ¢ = 0.8 GeV, shown in

lattice units as a function of the ratio Ag ;(g]/Ag ;[0], which is a measure of the goodness of the kernel reconstruction. The plot illustrates
a representative example of the stability analysis. Blue and black points correspond respectively to the contributions from the first term
and the remaining three terms of the kernel function in the first line of Eq. (134). As described in the text, the sign of the latter has been
inverted and its imaginary part scaled by a factor of six for better visualization. Moreover, the values of Ay [g]/Ay [0] corresponding to
the black points in the figure have been rescaled by factors of 107 and 10° for W = R and W = I, respectively. Filled squares and empty
circles indicate reconstructions performed with 1 = A°P' and 1 = A%, respectively; see text for details.

1 a

x—ie sinha(x —ie)’ (141)
and therefore differ from the continuum counterparts by
O(a?) discretization effects.

Exploiting the linearity of the procedure, we divide the
HLT reconstruction of the kernel into two parts. The first,
and the more challenging, part is the HLT reconstruction
of the first term on the right-hand side of the first line of
Eq. (134). The second part is the reconstruction of the
remaining three terms. This latter step poses no difficulty,
as these terms do not develop a pole within the integration
range in the limit ¢ — 0, allowing for highly accurate kernel
reconstruction. Once both components are reconstructed,
we sum their contributions. In Fig. 11, we show an
illustrative example of the stability analysis that is per-
formed in order to obtain the smeared amplitude using the

HLT method. The results shown correspond to the contri-

bution from the operator O(IC) to B, > n,¢T¢" for m =

4.5 GeV and € = 0.8 GeV. The figure presents the stability
analyses of both contributions discussed above: the blue
points correspond to the reconstruction of the first term of

the kernel function, while the black points correspond to the
combined contribution of the remaining three terms. In the
figure we have inverted the sign of the latter and multiplied its
(small) imaginary part by a factor of six for visualization
purposes. The HLT reconstruction of the final three terms is
exceptionally precise; in the figure, the corresponding values
of Ay[g]/Aw[0], where Ay [g] = A/‘fvz 0 [g], have been rescaled
by factors of 107 and 10° for W = Rand W = I, respectively.
The red data points (filled squares) appearing in each of the
two plots of Fig. 11, correspond to the chosen optimal value
A°Pt while the magenta ones (empty circles) correspond to
the values A% determined imposing the condition

Blg on]
AR/I [&1“?‘]

Blgjs]

=10
Agyi1(gim]

(142)

The difference between the reconstructions obtained using
A = A" and A = A% is added as a systematic uncertainty in
the final error. Finally, in Fig. 12 we show a comparison
between the exact and reconstructed kernels K,.(E,m)
obtained using the HLT procedure in the illustrative case
shown in Fig. 11. We will now discuss our results for the
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FIG. 12. The reconstructed kernels K~/ "(E, m) obtained in the HLT reconstruction with A = A°P shown in Fig. 11 (dashed lines), are
compared to the exact ones (solid lines). The vertical line corresponds to the value of the algorithmic parameter Ey, < E* in Eq. (139).

The results are given in lattice units.

smeared amplitude as a function of the kernel parameters
m and e.

B. Numerical results

We have performed the analysis outlined in the previous
section for several values of m in the range (3.5,5.5) GeV
and for several values of . In all cases, we have recon-
structed both the real and imaginary part of the full kernel
function in Eq. (134). For each choice of the parameter m in
the kernel, we have evaluated the smeared amplitude for
several values of &, chosen as follows:

e(m) = a(|m— Ey| +96),
5=150 MeV.

a=0.5,0.6,0.8,1,1.25,1.5,2,
(143)

This m-dependent choice for the simulated values of ¢ is
made for two reasons. Firstly, the numerical difficulty
of the HLT reconstruction depends mainly on the ratio
|m — Ey|/€ for m > Ey; the scaling in Eq. (143) therefore
keeps the difficulty of the HLT reconstruction approxi-
mately m-independent for fixed a. The presence of the
offset 0 is to avoid e getting too small when m ~ Ej;,. Very
small values of e typically correspond to very large
statistical and systematic errors. Secondly, as has been
shown in Ref. [24], the smeared amplitude can be described
by a low—order polynomial in & of the form

v+:3subs /= |
H1.2 ((’Lg’mva)

= H{5™ (G, 0mpg.m) + Ae + B + ... (144)

where the ellipses are O(e®) terms that can be neglected,
only when

e << A(m), (145)
where A(m) denotes the characteristic energy gap around
m over which the spectral density pi%(E, g;my) varies
appreciably. Only for ¢ < A(m) can one safely extrapolate
to the € — O limit using the ansatz in Eq. (144), and the
authors of Ref. [24] refer to this region as to the asymptotic
regime. The spectral densities are expected to become
progressively smoother as one increases m above the region
of the main charmonium resonances, so increasingly larger
€ values are sufficient to enter the asymptotic regime, which
justifies the use of larger e for larger values of m. In
contrast, near the resonance peaks, A(m) can be very small,
so very small values of & may be required before Eq. (144)
applies.

In Fig. 13 we show the real and imaginary part of the
smeared amplitude H; "G, &;my, m)  for |g|~
250 MeV and my ~2.9 GeV, as a function of m and
for the different choices of the parameter a in Eq. (143).
The figure corresponds to the charming penguin contribu-
tion to the B, — 5, ¢7¢~ decay. The analogous plots

for the 0(20) contribution to the B, — n,,£"¢~ decay are
shown in Fig. 14, and for the O\
K¢t ¢~ decay in Fig. 15.°

For the O(IC contribution to the B; — 5,,¢" ¢~ decay, as
seen in Fig. 13, the imaginary part of the reconstructed
subtracted amplitude shows a clear peak around the energy
of the J/w + n,y system, while the real part changes sign

contribution to the B —

SThe O<2”) contribution to the B — K£" ¢~ decay is qualita-

tively similar to the 0<26) contribution to the By — ¢ ¢~
decay; however, it has substantially larger statistical uncertainties.
For this reason we do not find it useful to present it here.
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The real (bottom) and imaginary (top) components of the smeared amplitude
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some simulated values of a in Eq. (143). The continuous lines correspond to spline interpolations of the lattice data.

after passing the resonance peak, which is the expected
behavior in presence of a sharp resonance. As a decreases
(and hence & decreases), the local structure of the under-
lying spectral density emerges, with the peaks becoming
more pronounced. After passing the y(2S) + 5, peak, the
dependence on @ becomes smoother, in line with expect-
ations. Note that a hint of the presence of the y/(2S5)
resonance can be observed in the smeared amplitude, as
both its real and imaginary parts begin to rise again when
approaching the expected location of the resonance.
However, since the smearing resolution is not as good as
in the case of the J/y, the corresponding feature appears
significantly broader and less pronounced, making a
precise identification of the w(2S) more challenging.
The 0§C> contribution to By — 5,¢¢ "¢~ in Fig. 14 does
not show instead the pronounced peak that is visible in the
0\ contribution at the same values of a, while the O\
contribution to B — K£7¢~ in Fig. 15 is qualitatively

similar to that of B, — 5,0¢*¢~. Note that the 0&0)
contribution to B, — n,¢¢ ¢~ is approximately one order

of magnitude smaller than the corresponding Ogc) contribu-

tion. This suppression is larger than that present in the
vacuum saturation approximation, which predicts only a
1/N . reduction. This is because the axial-axial component of

the O;C) correlator, which is predicted to vanish in the VSA,
partially cancels the vector-vector contribution, making

larger the net suppression relative to 056). Finally, the

O(f) contribution to B — K#Z*#~, shown in Fig. 15, is
similar to the corresponding contribution to B —
€ ¢~ in Fig. 13. As expected, the uncertainties are,
however, larger, due to the noise induced by the light-quark
propagator.

We are now in a position to explain the motivation for the
introduction of the mass parameter m. The spectral density
P (E, g;my) is not expected to change qualitatively by
increasing the mass of the heavy meson. Indeed, since we
work at physical light, strange, and charm quark masses,
the positions of the resonance peaks are clearly independent
of my. What depends on the heavy-meson mass are the
heights of the peaks, namely the matrix elements
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A, = (n|0\)|By)), (146)

where n labels each allowed intermediate state propagating

between the OEL% operators and the electromagnetic current.
Therefore, one does not expect a sharp, nonsmooth
dependence of the spectral density on my. However, by
setting m = my, an artificial nonsmooth dependence on
my would be introduced. To understand this point, let us
assume that, in order to extrapolate to the physical b-quark
mass, as typically done, a series of simulations for various

my values, starting from mp, . are performed. By com-

puting the smeared amplitude with m = my at each point,
one finds that, at the lowest simulated heavy-meson mass,
the smeared amplitude is evaluated below the main
charmonium peaks; then as my increases, one surfs over
the different charmonium resonances before reaching
m=mg . Because the behavior of the smeared amplitude

below (or close to) the main ¢¢ resonances is expected to
differ markedly from that at much larger energies of

O(mp)), the resulting mass scaling obtained with

m = my would be highly complicated and difficult to
handle. An alternative possibility is to always set
m =mg , but this would induce large discretization

effects.lé In our previous paper on B, — utu~y decays
[47], a similar problem arose when computing the tensor
form factor Fr. In that case, exploiting the freedom to
adopt any functional dependence m(my) satisfying
m(mg) = mg, we considered

(147)

m(mp) = (1 = r)my + rmg,

"°In  the figure, we present results up to m =~ mpg, where
discretization effects can become significant. This proof-of-
principle study is restricted to a single lattice spacing, which
limits our ability to assess these effects. In future work,
simulations at multiple lattice spacings will allow us to system-
atically monitor the size of the cutoff effects as a function of m,
and to exclude the region of large m where these effects are too
large to permit a reliable continuum-limit extrapolation.
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interpolations of the lattice data.

with r€[0, 1]. For r = 1 one has m = mp, and for r =0
one has m = my. Intermediate values of r interpolate
between these extremes. The guiding principle is to
choose r small enough to avoid large discretization
effects, yet large enough that, at the lowest simulated
heavy-meson mass mi", the quantity m™" = rmpi" +
(I — r)mp lies above the main charmonium resonances.
The effectiveness of this strategy will be explored in future
studies, where the heavy-quark-mass extrapolation to the
physical b-quark mass will be performed.

C. Comparison with a simple model for the spectral
density and the extrapolation to =0

Having presented our results for both the real and
imaginary parts of the smeared amplitude, we now compare
them to those obtained from a simple model for the spectral
density. The main motivation for this comparison is to gain
a first qualitative understanding of the lattice results. The
spectral density model we construct is based on the VSA.

Within the VSA approximation, the spectral density
PY(E,q,my) for B— K¢T¢~ decays is

PrVSNE G omy) = g (K(=q)[57*b|H(0))
x (0|, (0)8(E = Ex — H)V*(0,9)|0),
(148)
TABLE II. The input parameters my, fy, and I'y used in the

spectral density model in Egs. (148)—(150). All the parameters are
taken from the PDG [92] except for the value the mass of J/y
which has been taken from our lattice data at the lattice spacing
a~0.0795 fm.

Jlw  w(2S) w(3770) w(4040) w(4170)
my [GeV] 3.05  3.69 3.77 4.04 4.19
fv [GeV] 0412 0296  0.100  0.187 0.142
Iy [MeV] 0093 0294 272 80 70
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where V# = ¢y#c. For B, — n,¢¢ ¢~ decays, one makes
the obvious replacements in Eq. (148): K — ny,
Ex — E, ,,and H — H;. The weak b — s matrix element
for B - K£'¢~ decays can be written in terms of the
standard semileptonic form factors f, and f as

. 2 _ 2
<K(—6N®”bU1«D>=:f+0f)<pé—%p%-zﬁﬁ;1254”>

2 2
My — Mg,

+fo(q2)T‘1 ; (149)

where py and pg are the four-momenta of the heavy
meson and kaon respectively and ¢ = py — px. For
B, — n,T¢, Eq. (149) holds with the same obvious
replacements as above.

The charm-current spectral density is modeled as a sum
of Breit-Wigner distributions corresponding to the leading

charmonium resonances supplemented by a tree-level
perturbative continuum:

(01V,.(0)8(E — ) v*(0.4)[0)

:Zf%/m%/ <5y_kvﬂkl\//>& 1
v 2EV # m%/ 2r (E - Ev>2 + (Fv/2)2

(150)

+ (5Duq2 - qy éy)pf)grt(éz)’

where the sum extends over the J/y, w(2S), w(3770),
w(4040), and y(4170) resonances. In Eq. (150), my, T'y, and
fv are the mass, total width, and decay constant of the
resonance, Ey = \/m¥ +|q|*, = (E,q),and ky = (Ey, ).
The quantities my, I'y and fy are taken from the PDG [92]
(with the exception of the J/y mass which is taken from our
lattice data), whereas the form factors £, (¢?) and f,(q?*) are
obtained from our lattice data at the same lattice spacing,

e(m) = allm — Ey| +9)
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FIG. 16. The real (bottom) and imaginary (top) part of the smeared amplitude H} """ (g, &; my;, m) in the case of By — 5, ¢~
decays, as a function of m, for a = 1.5 (blue) and @ = 0.5 (red). The red and blue colored bands correspond to the model predictions,
while the data points are from our lattice computation. The gray semitransparent bands correspond to the results of the model calculation
in the ¢ — 0 limit. The dashed vertical bands in the bottom plot indicate the position of the J/y + 1, and w(2S) + 5,y states. The

model uncertainty has been estimated as discussed in the text.
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FIG. 17. Same as in Fig. 16 for the 0&0) contribution to By — 5, £".

heavy-quark mass and three-momentum ¢ used in the
charming-penguin calculation. In Table II we collect the
values of my, fy, and I'y, we used for each charmonium
resonance V.

The perturbative spectral function has the leading-order

[0(?)] form
/
(1-30) (2o

where sy, marks the onset of the perturbative continuum,
which must lie above the main charmonium resonances. In
perturbative QCD one has sy, = 4m2; in the present study
we consider sy, =~ (3.7 GeV)? and sy ~ (4.1 GeV)? and
quote half of the difference between the corresponding
results as an estimate of the model uncertainty. Within
the VSA one has pt"V5% =3p5"VS4 Note that our
model does not include D,D* and D;D (or D D} in the
B, — 1,y case) rescattering contributions, which are purely
nonfactorizable.

3
1222

Sth
257

~2

g 2

)

P;C)grt( q° = sw)

(151)

We now use Eq. (133) to evaluate the three-times-
subtracted smeared amplitude H’{Eﬁs‘lbs(c}’, e;my, m) as a
function of m and e within this model of the spectral
density. Since our first-principles calculation is carried out
at a single lattice spacing, the energy integral in Eq. (133) is
effectively restricted to E < O(1/a). To mimic this in the
model we introduce an ultraviolet cutoff EYY = n/a and
analyse the cases n =2.5 and n =4, taking the half-
difference between the two results as an approximate
estimate of cutoff effects. As already mentioned, in our
lattice calculation, the smeared amplitude is computed with
the bare operators O\ and O)”, which are subject to
multiplicative renormalization and operator mixing. As an
attempt to take this into account, we will fix the overall
normalization of the model spectral density in such a way
that it reproduces our lattice data below the J/y threshold,
as we will explain below.

We now compare our first-principles lattice results with
the model predictions. We do this for the B, — i, "¢~
amplitude for which the lattice results have significantly
smaller errors than those for the B — K#T#~ amplitude. In
Fig. 16 we show the comparison between our lattice results
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FIG. 18. a dependence of our results for the contribution from OY

) contribution to the subtracted amplitude B, — 7,4 "¢~ in the

region of large m. The top (bottom) panel shows our result for the imaginary (real) part of the smeared amplitude. The different colors
correspond to different values of m in the high-m region. The vertical lines correspond for each m to the a value leading to

e(m) = A(m), were A(m) is estimated according to Eq. (153).

and the model predictions for the contribution from the
operator OEC) to g,e;mg,m) for the B, —
Ny € t¢~ decay. The lattice results for £ (¢*) and f(q>

which we input into the model for the spectral density are'

H?+;3sub5(

fi(q?) ~1.44(15), folq?) =0.87(1). (152)
The comparison is shown for two different values of a,
a = 1.5, 0.5 and for both the real (bottom panel of Fig. 16)
and imaginary part (top panel of Fig. 16) of the (three-times-
subtracted) smeared amplitude.

We find that in order to match the model predictions to the
lattice data below threshold (m < m;,, + m,,m_,) for the 0(lc>
contribution an additional multiplicative factor 2.3 needs to
be introduced. This is reasonable, as the typical magnitude of
the missing renormalization is expected to be an O(1) effect.
In the figures the model predictions have been multiplied by
this factor. Overall, as the figure shows, we do observe a

""Within the model, we use only the central values of f. (¢2)
and fo(q?), neglecting their uncertainties.

fairly good agreement between the model predictions and the

lattice results for the contribution from the operator Ogc). The

analogous comparison for the 0§C) contribution to B; —

Nse € ¢ is shown in Fig. 17 fora = 1.5 and 0.8. In this case
the model prediction is larger in magnitude than our first-
principles results, and moreover the model predictions seem
to differ qualitatively from the lattice results. As already
noted, this outcome is not unexpected: in our ab-initio
calculation the axial-axial contribution from the operator

026), which is absent in the VSA, partially cancels the vector-

vector term, so that the net 0<2C) contribution is smaller than

the VSA estimate.'® Future investigations will be needed to

18Clearly, one could adjust the overall normalization of the
model by matching the model and lattice predictions below

threshold for the Ogc) contribution. However, since the model and
lattice spectral function exhibit qualitatively different behavior
for this operator, the required normalization factor would vary
with the choice of a. The main conclusion to be drawn is that the
VSA-based model fails to capture the essential features of the

()

lattice data for the O, contribution.
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FIG. 19. Same as in Fig. 18 in the case of the OEC) contribution to B - K£+¢™.

establish whether this suppression is driven by the systematic
uncertainties that presently affect our calculation—mainly
lattice cutoff effects and the absence of nonperturbative
renormalization—or whether it reflects a genuine physical
effect.

In Figs. 16 and 17, we show in gray the model prediction
in the physical limit € — 0. As discussed in the previous
subsection, the lattice data computed at finite ¢ can be
reliably extrapolated to this limit using the ansatz of
Eq. (144), but only in the asymptotic regime where
e S A(m). This behavior is clearly visible in Fig. 16,
where, in the vicinity of the dominant charmonium reso-
nances, the ¢ — 0 curve significantly deviates from the data
points at nonzero ¢. This indicates that naive polynomial
extrapolation becomes unreliable in these regions, as A(m)
is small and the spectral function varies too rapidly. In such
cases, a more robust approach is to explicitly model the
resonant part of the spectral density, for instance using
Breit-Wigner functions with a small number of fit param-
eters, as proposed in the SFR work [24].

In contrast, for mass values well above the resonance
region, the dependence on ¢ is much milder, and poly-
nomial extrapolation becomes viable. However, even in this
regime, a model-independent extrapolation still requires
that ¢ < A(m) be satisfied. In Figs. 18 and 19, we show our

results in this high-mass region, plotted as a function of «,
for the B; — 5,y and B — K transitions respectively. The
vertical lines indicate the values of a corresponding to
A(m), estimated as

A(m) = |m —my,o5) — mg|(B > K),  (153)

A(m) = |m = myo5) = my |(Bs = ny9).  (154)

As the figures show, the current precision of the Euclidean
correlation functions does not yet allow us to reach the
regime & < A(m), which is needed for a smooth poly-
nomial extrapolation. Nonetheless, since this work repre-
sents a proof-of-principles study, we have not yet explored
advanced noise-reduction strategies nor performed a high-
statistics calculation of the correlation functions. Our
results are therefore encouraging: the smallest ¢ values
we can currently achieve are only slightly larger than the
estimated A(m), suggesting that reaching the required
regime is within reach of a dedicated effort.

Since the primary limitation arises from the narrow
charmonium resonances J/y and y/(2S), a hybrid strategy
remains viable: use a physically motivated model for the
resonant contributions endowed with free parameters to be
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fitted to data as mentioned above, and describe the
remaining smoother background with a polynomial in e.
This approach could enable a controlled extrapolation to
the physical limit even with the current range of . We plan
to investigate all these aspects, including improved statis-
tics, noise reduction techniques, and combined model-data
fitting strategies, in future dedicated studies.

IX. CONCLUSIONS

A full computation of the decay amplitudes is very
important for the phenomenological study of the FCNC
decays B — K£7¢~ and B — y£"¢~ and the analysis of
the tensions with the Standard Model. In this paper we have
presented a complete theoretical framework for the calcu-
lation of these amplitudes from lattice computations of
Euclidean correlation functions. The method is designed to
overcome the difficulty in evaluating in Euclidean space the
complex contributions to the amplitudes arising from
diagrams which contain on-shell intermediate states propa-
gating between the weak b — s transition operator and the
electromagnetic current. Such contributions, which include
those from “charming penguins” and the chromomagnetic
operator Og, cannot be evaluated using standard lattice
techniques, and we therefore rely on spectral density
methods such as SFR [24] and HLT [23].

Although our focus here is on the evaluation of B —
K¢£T¢~ and B — y¢ ¢~ decay amplitudes, we stress that
the method is general and can be applied to other processes
in which the hadronic factor is given in terms of matrix
elements of multilocal operators with on-shell intermediate
states propagating in one or more channels. This is
explained in Sec. III C.

When evaluating the matrix elements of multilocal
operators, in addition to the ultraviolet divergences present
in the renormalization of the local operators, new “contact-
term” divergences can arise as two of the local operators
approach each other. This happens, for example, with the
weak b — s and electomagnetic current in B - K£T¢£~
decays resulting in the appearance of the operators O, and
O, in the effective Hamiltonian A5 in Eq. (10). Although,
as a result of electromagnetic current conservation, these
divergences are logarithmic, we show in Sec. VII A that
each of the two time-orderings which contribute to the B —
K¢ +¢~ amplitude is quadratically divergent and that the
quadratic divergence cancels when the two contributions
are summed. We present a method for the separation of
the terms containing ultraviolet divergences (including the
cancellation of the power divergences) which can be
evaluated using standard lattice methods, from the long-
distance contributions requiring spectral density techniques
[see the discussion around Eq. (75)(].

In lattice QCD, the operators Of% themselves contain
power divergences; the details of their nonperturbative
subtraction depend on the lattice discretization being used.
In Sec. VIIB we showed how such a subtraction can be

achieved for the lattice action, based on twisted mass
fermions, used in the exploratory numerical work reported
in Sec. VIIL

In Sec. VIII we reported on an exploratory numerical
study of the charming penguin contribution to the B —
K¢T¢~ decay amplitudes. The computations were per-
formed on a single gauge-field ensemble and with a lighter-
than-physical b-quark (m; = 2m,_) to avoid large lattice
artifacts. The lighter quarks have their physical masses. In
order to investigate the method more precisely, we have
also applied it to the decay B — 5,¢¢ "¢, where 7,y is a
pseudoscalar meson with s and s” degenerate quarks with
masses equal to the physical strange quark mass. The
absence of u and d quarks in this decay results in
significantly smaller statistical errors allowing for a more
detailed investigation of the approach. The results of this
preliminary study are very encouraging; both the real and
imaginary components of the three-times-subtracted had-
ronic factors H ?E;%“bs, defined in Eq. (77), are determined
for a range of values of the smearing parameter €. A
comparison of the lattice results with those from a model
based on the vacuum saturation approximation, which
neglects nonfactorizing effects, while naturally differing
in detail was qualitatively satisfactory, providing further
confidence in the method. The numerical study did,
however, underline the challenges which will have to be
overcome in a full scale computation of the physical
amplitude, particularly with regard to the ¢ — O extrapo-
lation. Within the available statistics, we were barely able,
if at all, to reach the asymptotic regime where the
extrapolation can be performed using the polynomial
scaling ansatz in Eq. (144) so that the correlation functions
will need to be evaluated more precisely.

The approach developed in this paper provides the
framework allowing us to embark on the long-term project
of the complete evaluation of the amplitudes and the results
will be reported in future publications. If the model
expectations of several authors that the contributions from
the charming penguins and of the operator Og are very
small are true [38,76-78], then we will not require very
small relative errors to establish this. Such a situation arose
in the evaluation of the form factor F; for B — y£+¢~
decays, where the relative error was O(100%), but this was
sufficient to establish that its contribution was negligible
[47]. If, on the other hand, the contributions from the
charming penguins and/or Og are larger, then we will, of
course, require a better relative precision to determine
them. Much exciting flavor physics phenomenology is now
becoming possible.
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APPENDIX A: FURTHER REMARKS
CONCERNING THE CONTACT TERMS

In this appendix we add some further remarks concern-
ing the contact terms discussed in Sec. VII A. Specifically,
we describe the procedure for renormalizing the logarith-
mic divergence resulting in the appearance of the operators
Oy and O in the effective Hamiltonian (10). We also
explain how the transverse structure of the amplitude is
recovered when the contributions from the two time-
orderings are combined.

We start by explaining the appearance of the operator Og
in the effective Hamiltonian and explain the procedure to
renormalize the corresponding divergence into the MS
scheme to correspond with the known Wilson coefficient
function. The general procedure is analogous to that used to
renormalize the contact terms in rare K — zvv decays [93].

(1) Let J%,(q) be the Fourier transform of Jhy(x). We

compute the matrix elements (s(p,)|[{T[4n(g)x
oP™om(0)]}5%|b(p,)) and, using the appropriate
projectors, (s(Py)[5(0)y*PLb(0)|b(pp)) (u.v=1-4)
in the Landau gauge, at the kinematics chosen for the
RI-SMom renormalization, p7 = p? = > = y? in
the limit of zero quark masses. Here the indices Lat
and a on the bilocal operator indicate that the
divergence due to the contact term is regulated in
the lattice regularization at a lattice spacing a. We
have introduced the tildes over g, p,, and p, to
indicate that these are the momenta at which the
renormalization conditions are applied.

(2) By electromagnetic gauge invariance <s([7s)|T[.7§m(51)08(0)}|b(f)b)> is proportional to (§*¢g" — §'g")x

(s(Ps)I5(0)y, PLb(0)|b(Ps))-

(3) Next, at the renormalization point, we impose the condition

(s(po)ITTem(@)OFY"(0)] = c12(n. a)(@Pg™ — 3*3*)5(0)y* PLb(0)[b(Py)) = O

(A1)

and determine the coefficients ¢ ,(u, a). We define the bilocal operator in the RI-SMom scheme by

{TTem(q) 05 (O)] 1Mo = {T[Tem(q) OF5™] —

(49" — q"q")c12(u. a)5(0)y* P b(0) }5. (A2)

(4) The relation between the local operators O, in the RI-SMom and MS schemes, after subtraction of the power
divergences, is obtained perturbatively in the standard way and here we assume that this has been done. Similarly the
bilocal operator renormalized in the MS scheme is related to {T[J4, () O5°™(0)]}5Mo™ by

{T[Tn(q)OYS (0)INS = {T[T4m(q) OYS (0)]}SMO™ + ) 5 (1) (40 — 4"¢*)5(0)y,Pb(0).

(A3)

where, for illustration we have chosen the scale y to be the same as in Eq. (A1). The coefficients d; ,(u) are obtained
in perturbation theory by ensuring that Eq. (A3) is satisfied between conveniently chosen external states.
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(5) Using this procedure, the hadronic matrix elements of {T[]é’m(q)Oll\f_;(O)] MS, with all divergences renormalized in

the MS scheme, can be obtained from lattice computations combined with, as usual and unavoidably, perturbation

theory to match the RI-SMom scheme to MS.
In higher orders of QCD perturbation theory, the operator O, appears and, with the use of tensor projection operators, the
corresponding procedure can be followed to obtain 0§M°m nonperturbatively from the lattice operators and then to relate
oSMom 1o O,
We now trace how the transverse structure of the matrix element is restored when the contributions from the two regions
t <0 and t > 0 are added together. From the first line of Eq. (47) we have

atts(@ = [ dr [ 30,60 (K(-D(1. 1100 |B D)
=- / S / & x & (K(=3)|(0,0m(1.3)) 01 (0)] B(0)) / & x =17 (K (=) 7%, (0.7)0.)(0) | B(D))
—— [ @xe TR 07010 BD). (A4)
Similarly
WHE@) = [ & 1T -D)I01U0)18(0.5)]BO). (A5)

so that

4, (HY5(@) + H (@) = / & x T (K (=7)[[04)(0). 1% (0.3)]|B(D))
/ & x(K(=7)][0)(0). J% (0. 7)) | B(©))

= (05 — 0x)(K(~3)|01)(0)|B(0)) = 0. (A6)

where Qg and Qg are the electric charges of the B and K mesons respectively and we have used the fact that the equal-time

commutator [08 (0),J2,,(0, %)] vanishes except at ¥ = 0. We have therefore demonstrated that the sum of the contributions
from ¢t < 0 and 7 > 0 is transverse, whereas the two contributions individually are not.

APPENDIX B: CONSEQUENCES OF PARITY AND TIME REVERSAL SYMMETRIES FOR THE
REALITY OF THE SPECTRAL DENSITY

In this appendix we exploit the parity and time reversal symmetries of QCD to show that the spectral density for the decay
B — K£7¢~ is real. We denote the parity and time reversal operators by P and T respectively and define X = PT. The
vector and axial-vector currents transform under the combined PT transformation as follows:

X s, () y g, () (X)™ = g (=x) 'y, (—x), (B1)
X s, ()7 w s, (0)(X) ™ = =, (=) Py g, (—x). (B2)

The subscripts f, denote the flavor quantum numbers of the quark fields.
For the four quark operators we introduce the natural notation,

VVi apars () = W, )7 w e, (O, )1, (0)s AAp ppp, (%) = 05, ()PP w s, (O 5, ()1, wp, (x); - (B3)

VAs fpar (0) = W s, ()7 w g, ()0 1, (X)7,7°w 7, (%) AV prr (X)) =0 ()" Py, ()W, () 7,07, (x).  (B4)

The transformation properties of the parity conserving (VV,AA) and parity violating (VA, AV) components of the four-
quark weak operators differ in sign as follows:
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XVVf1f2f3f4 (X)X_l = +VVf1f2f3f4(_x); XAAf1f2f3f4 (X)X_l = +AAf1f2f3f4<_x); (BS)

XVAflfzfzfzt (X)X_l = _VAflfzf3f4(_x); XAVflf2f3f4 (X)X_] = _Avflfzfsfzt(_x)‘ (B6)

Using the Egs. (B1), (B5), and (B6), together with the relations (Tf|TOT~![Ti) = (f|0li)* and X|P) = —|P) for a
pseudoscalar state |P), and noting that §*)(P — ) [where P = (H, P) is the four-momentum operator and / is a generic
four-momentum] is invariant under the PT symmetry, we find that the parity conserving contributions satisfy

(K(Bg)|Tan(0)8W (P = D)V Vs, 1.1, (0)|B(Bg)) = +(K(Pi)|[Jom(0)8D (P = )VV s 1.1 (0)|B(Bg))*,  (BT)

<K(15K)|Jlém(o)5(4>(i) - Z)AAflfzfsfzt(O)'B(ﬁB» = +<K(ﬁK)|ng(0)5(4)(ﬁ - l)AAf1f2f3f4(0)|B(ﬁB)>*v (BS)

whereas the parity odd terms satisfy
(K(Px)em(0)8W (P = 1)VA;, 1,11, (0)|B(Pg)) = —(K(Pi )i (0)8W (P = VA, 1,11, (0)[B(Pg))*,  (BY)

(K(Pg)[Ton(0)8W (P = DAV 117 (0)[B(Bg)) = —(K(Px)|Jom(0)8W (P = )AV 1.1, (0)|B(Bg))*.  (B10)

We have already mentioned that the weak operators V'V and AA are parity conserving and VA and AV are parity violating.
In the present context this means that the matrix elements

M*(pi. pp. 1) = (K(P)Vim(0)8“) (P 1)0(0)|B(p)) = £PyM?(Ppy.. Ppi. Pl). (B11)

where the + sign on the right-hand side corresponds to O(0) = VV(0) or AA(0) and the — sign to O(0) = VA(0) or AV(0).

The matrix P = diag(1,—1,—1,—1) and, when acting on a four-momentum p = (p°, p) we have Pp = (p°, —p). This

implies that the matrix elements can be decomposed in terms of invariant form factors Fp, Fg, F;, and F 4 as follows:

M*(pk, pp,1) = Fppy + Fgpk + F/l",

O=VV or AA, (B12)

M*(px.pp.1) = ie" (pp)a(Px)plFoas. ~ O=VA or AV. (B13)

-

We now deduce the consequences of the above discussion for the spectral density p E(E ,q) in Eq. (48) which appears in
the time-ordering requiring the SFR method for B — K¢~ decays. In this case pp = 1 = 0 so that the coefficient of F odd
in Eq. (B13) is zero. Thus only the components V'V and AA contribute to p' E(E , ) which is therefore real [see Eqgs. (B7)
and (B8)]. .

A similar analysis can be carried out for B, — y£Z#~ decays. The three spectral densities corresponding to contributions

requiring spectral density methods are given in Egs. (53), (60), and (67).
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