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ABSTRACT

The effect of fluctuations on the stability of the zero-voltage state in the Josephson junction has been extensively investigated in the last four
decades, due to the fundamental interest in this macroscopic quantum system and in view of possible application as a detector and, more
recently, as base for quantum logic. Thermal induced escape from the zero-voltage state is well explained by consolidated theories based on
the standard junction electrical model. However, at very low temperatures, significant deviations have been experimentally observed, which
have triggered additional theories based on quantization of the Josephson junction effective potential and on macroscopic quantum tunnel-
ing. By looking at experiments carried out in the last forty years, we show here that the reported experimental data can be well described by
standard theories down to zero temperature, provided that the Josephson potential is shifted by a constant amount, related to the junction
plasma frequency. An explanation of this shift is given in terms of Anderson equations, relating chemical potential to phases, energies, and

particle numbers in a superfluid flow.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0152369

Applications of weak superconductivity in several areas of cryo-
genic electronics and engineering' ~ have stimulated work for charac-
terizing noise phenomena in Josephson junctions and devices either
from thermal® or from other physical sources.” Modeling based on
the RCS] (Resistively and Capacitively Shunted Junction)’ electrical
model has been very helpful in interpreting thermal fluctuations and
escape phenomena in the Josephson effect.” ' Experimental data’' on
escape associated with fast bias current sweep have been framed within
nonequilibrium dynamics'” and specific initial conditions in the RCSJ
model; these latter can also affect the escape process for high bias cur-
rents when temperature and dissipation are very low."” It has been

recently shown that the Kramers model for thermal escape fails
in describing the escape current distributions of the RCSJ model at
very low temperatures and dissipation'’ while, in these limits, the
Buttiker-Harris-Landauer (BHL)” model well describes the escape
properties.

Both BHL and Kramers models, however, fail to describe relevant
features observed in real experiments at very low temperatures on
Josephson junctions. When the bias current becomes close to the
junction critical current, the escape occurs for values lower than those
predicted by the Kramers model (see, e.g., Ref. 14) and by the BHL
as well.'” This evidence suggests that the early escapes out of the
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(a)

zero-voltage state, observed in the experiments for high values of the
bias current, could be due to a sort of an “effective” lowering of the
potential barrier responsible for the escape.

Within the RCSJ model, the energy of a single Josephson junction
reads'®

I.®,
RO =5

In this equation, ¢ is the phase difference between the wavefunctions
of the two superconductors generating the junction, I, is the maxi-
mum Josephson supercurrent, I is the externally applied dc current,
and ®) =h/2e=2.07x10"" Wb is the flux quantum
(h = 6.63 x 10™** J’s is the Planck constant and e = 1.60 x 107'° C
is the electron charge). Normalizing Eq. (1) by the Josephson energy
E = L% e obtain the dimensionless potential:

2n 0
U(p) = (1 —cosp) —no, ()

where n = I/I, is the normalized bias current. From Eq. (2), it is pos-
sible to calculate, as a function of 7, the “height” of the potential as the
energy difference AU between a minimum and its successive maxi-
mum [see Fig. 1(2a)]

I1®,

o (1)

(1—=cosq)—

AU(n)zZ( l—nz—ncosfln). (3)

We recall now that, given a superfluid flow regulated by a phase
parameter, just like by the phase difference between the electrodes of a
Josephson junction ¢, Anderson'® ' predicted a relation between the
time derivative of the phase parameter and the chemical potential x in
the form

dp OE
T = = u. 4
h Frie v woor hv=up (4)
This equation, where i = h/2n, holds for any frequency v =2

2n
_ 1do . . . ..
=% and expresses a dynamical process in which any deviation

from the equilibrium is restored by the chemical potential, a condition
which can generate eventually time oscillations of the phase. Indeed, if
no voltages or external bias currents are applied this kind of oscillation
is known as zero-bias Josephson plasma oscillations with a frequency

vy = o /2m =1/2m,/ é’;léf where C represents the junction

capacitance.

We associate to this frequency the corresponding energy and the
“zero-bias” chemical potential, which we indicate as hvy = p,.
When applying the Kramers model to potential escape processes
in the Josephson effect, the bias-dependent plasma frequency
; = wo(1 — 1*)" plays a relevant role as an attempt frequency for the
“jumps” out of the potential wells, Eq. (3), determining the escape rate
'(£) out of the potential itself, given by the equation'*

EAU
I'(t) = wjexp (— liBT ), (5)

where kg = 1.38 x 10723 J/K is the Boltzmann constant.

Based on the above considerations, even when 1 = 0 and the
junction is in the zero-voltage state, an energy exists in the well, corre-
sponding to the zero-bias current plasma oscillations, and its existence
implies that the lowest energy attainable in the junctions will not be

pubs.aip.org/aip/apl
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FIG. 1. (a) The Josephson potential U(¢), from Eq. (2), for n = 0.5. The arrows
indicate the barrier height AU. The inset shows the » dependence of AU. (b)
Escape current distributions, obtained from numerical simulations of the RCSJ
model with thermal fluctuations. The normalized bias sweep rate was 2.1 x 10°,
the normalized dissipation was 0.05, and the Josephson critical current value was
1.957 uA (the same of Ref. 15). The solid curves represent the escape distributions
computed by using Eq. (5) where AU is from Eq. (3).

zero, corresponding to the minimum of U(@), but y,. Consequently,
the effective height of the Josephson barrier, in the limit T — 0, is
obtained by replacing E;AU with (EAU — ), with u, = hu.
Therefore, the escape from the well will not occur for the maximum
value 7 = 1 but for a slightly smaller value. Note that we are not modi-
fying the shape of U(¢), but we are shifting up the zero of the energy
in Eq. (5) by a constant amount related to the zero-bias Josephson
plasma frequency. The bias dependence of the phase oscillations in the
potential well is considered in the attempt rate w; in Eq. (5).

The argument of the previous paragraph is consistent with two
more equations derived by P. W. Anderson for superfluid flow.'” One
of these reads
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for the time averaged difference of the chemical potential generated by
the presence of vortices between the two superfluid banks:'” in that case,
N represents the number of 27 advances due to vortices. In Josephson
terms, the difference on the left side of Eq. (6) stands for an average
chemical potential difference established by a voltage existing across the
junction. The right-hand side stands for the time average of the time
derivative of the number N of 27 phase advances, corresponding to a
specific Josephson dc voltage across the junction. Equation (6) tells us
that highest energy resolution would correspond to N =1 (i.e., only
one 27 phase-advance) when time is averaged in the shortest character-
istic Josephson period (in dc voltage states Josephson phase advances in
27 increments). Taking as shortest Josephson time, the inverse of the
zero-bias plasma frequency, Eq. (6) becomes (1, — i) = hvy = i,
where we have averaged the right-hand side over t =1/v, and
assumed to have one 27 phase slip in this time. Thus, we find a limit
resolution for the chemical potential (and voltage) difference to be possi-
bly detected in characteristic time in the voltage state exists and this
minimal resolution is established by 1.

A different way to look at the “quantum” limit discussed above
comes from another Anderson equation, namely,

dn OE

at 0’
In this case, now n is the number of particles in the superfluid state
(Cooper pairs of electrons). Assuming that dn = 1 as the minimal
flow that could generate a 27 phase difference (and a dc voltage
increase) across the junction, we find OF dt = h. Then, for the smallest
possible variation of characteristic Josephson time dt = 1/v,, we find
that OE = hyy = 1, is the minimal energy increment corresponding
to a 27 phase flip generated the current flow of a single Cooper pair:
We find again that it is reasonable to assume that the chemical poten-
tial p4, represents a limit for time-resolved energy detection processes
in the Josephson effect.

In Fig. 1(b), we show some escape current distributions, obtained
from numerical simulations of the RCSJ model in the presence of ther-
mal fluctuations and by repeatably sweeping the bias current and
recording the value of the current corresponding to the escape out of
the zero-voltage state. Details of the integration routine are given in
Refs. 13 and 14, Sec. 2.6. For comparison, in the same figure, the theo-
retical Kramers distributions, computed from Eq. (5) and using for
AU the value from Eq. (3), are also shown as solid curves. We see that
the peak position and the distribution width are well accounted for by
the Kramers model down to tens of mK, in this case where the nor-
malized dissipation is 0.05." As recalled before, in the limit of very
low temperatures (few hundreds of mK and below), and decreasing
the dissipation, the distribution peak and width do not follow anymore
the values expected from the Kramers theory and the BHL model is
necessary to describe the escape features of the numerical simulations
of the RCSJ model."”

However, both Kramers and BHL predict that, for “thermal” ini-
tial conditions of the system and when the temperature tends to zero,
the distribution peak current should go to the unity, but this is not the
case in the experiments where lower values are always observed.”'* >
Therefore, we can conclude that both Kramers and BHL models, and

@)
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their related escape rate defined essentially by Eq. (5), can be adequate
for the RCS] dynamical system but do not describe real Josephson
junctions escape features at very low temperatures.

We have extracted the values corresponding to the average escape
current for the distributions, such as those shown in Fig. 1(b), from
thermal escape measurements performed in the last four deca-
des."”"”"*” Such values have been compared with those obtained from
the Kramers thermal escape Eq. (5) with AUg = AU — 1y /E; in
place of AU, obtaining an average agreement (evaluated for all the
considered experiments) contained within a 1.5% discrepancy. This
remarkable agreement indicates that the experimental data, all taken
in the tens of milliKelvin range, reach values close to the “zero-
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- - -Kramers

0.75 o Exp. (Yu, 2010, Ref. 15)
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0.7 . .
10° 107
kT /E;

FIG. 2. (a) Comparison between the predictions of our model based on the limit set
by the chemical potential 1,: We have the experimental values on the horizontal
axis and the “theoretical” predictions on the vertical axis. (b) The position of the
escape peak taken from Ref. 15 compared with that obtained from escape simula-
tions by subtracting to the Josephson potential the chemical potential.
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temperature limit” already in this range. Thus, when the thermal
energy kzT becomes comparable with 1, the effect of the chemical
potential becomes significant.

In Fig. 2(a), we show a comparison between the proposed model
and experiments. The plot is obtained recording on the horizontal axis
the experimental values of the current corresponding to the peak of
escape histograms, measured at the lowest reported temperatures, and
on the vertical axis the corresponding value of our calculations based
on the redefined potential barrier height. As we see the points are rea-
sonably well aligned along a straight line (linear correlation coefficient
0.98, intercept 0.21 = 0.06, and slope 0.78 = 0.06). We note that the
points are not aligned along with the bisector of the plane. This is
not surprising since on the vertical axis we have values computed for
T = 0 while on the horizontal axis we have experimental values mea-
sured in the tens of milliKelvin range. A statistical test (paired two
sample t-test) performed to check the limits of the agreement gives a
probability less than 10> that the predictions of our model and the
experimental data are not related. The linear correlation shows that
the chemical potential does have an effect in determining the limit val-
ues of the escape peaks.

Mannik (2005) (a)

n=0.951 (2.78 pA)

0.9+
é 0.8
o Exp.
- - Kramers
0.77 —— Our model
......... AU(n) = hwy
* T, =97.0 mK
0.6 ' '
10'3 10_2
kpT/E;
1 Yu (2010) (©
6105 TRk, n=0.958 (1.89 pA)
091
3
é 0.85
o Exp.
0.8 - - Kramers
——Our model
0.75¢F .. AU(n) = hwy
* T = 62.5 mK
0.7 : '
107 107
kpT/E;
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In Fig. 2(b) are reported experimental data from Ref. 15 relative
to the escape distribution peak position at different temperatures. The
label of the vertical axis 7,,, stands for switching current and represents
the position, in normalized units, of the average current of the escape
distributions. On the horizontal axis is reported the temperature nor-
malized to Ej/kp. These data are compared with Kramers and our pro-
posed model. It is clearly shown that, when we use the y, correction,
the experimental data get closer to the theoretical curve in the very low
temperature region, where the Kramers predictions deviate from the
experimental data. We note that our model does not have any addi-
tional fitting parameter, and the value used for y,, is refereed to T = 0.
Nevertheless, the good agreement with the experimental data is evi-
dent. In the figure legend is also reported the value of the extrapolated
zero-temperature average escape current, in normalized units and in
real units. The last value is computed using the junction critical cur-
rent provided by Ref. 15.

Let us consider now the effect of non-zero temperature on the
chemical potential. As custom in several contexts of thermodynamics
and chemistry, we replace the value of the zero-temperature chemical
potential 1, = hi by a simple expression generating its temperature

Li (2007) (b)

~~

3
o7
o Exp.
- - Kramers
0.6 —— Our model
......... AU(n) = hwy
0.5F % T, =91.3 mK
107 107
kpT/E;
; Oelsner (2013) (d)
- n=0.951 (2.13 pA)
09}
“308F
@«
=
| e Exp.
0.7 - - Kramers
——Our model
06k = AUm) = huy
’ * T =53.6 mK
10 107 1072

ksT/E;

FIG. 3. The experimental results relative to the temperature dependence of the average switching current are shown along with the prediction of Kramers and our model in
obtained for experiments reported in Refs. 26 (a), 23 (b), 15 (c), and 25 (d). Dots are experimental data, continuous lines show our model, and the dashed line is Kramers the-
ory prediction. The horizontal dotted line represents the current value at which the effective energy barrier height vanishes, at T = 0K. The intersection with Kramers predic-

tion defines Ty, identified by a star.
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TABLE I. The main values extracted for the experiments and the results of the model presented here. I;, C, dl/dt, and I are derived from the experimental results reported in
the work referred in the first column. I, and /s, are derived from the model presented here. g = kg/(hvy), see main text.

Source I (uA) C (pF) dl/dt (mAs™") Lt (uA) Iem (uA) Liat_m (UA) g™
Minnik ef al.”° 2.900 0.26 0.088 2.76 2.902 2.78 0.71
Liet al” 0.748 0.088 0.16 0.66 0.796 0.68 0.81
Yuetal'® 1.957 0.62 0.4 1.86 1.967 1.89 1.34
Oelsner et al.”” 2.200 0.33 0.0001 2.12 2.244 2.13 0.92

dependence. We choose the simple form u(T) = yo(1 — g T), where
u(T) is positive for T < 1/g and tends to p, when T — 0. Its effect
becomes negligible for T > 1/g, and the escape rate of Eq. (5) returns
to the standard Kramers expression. Here, g is a parameter giving the
scale of temperature dependence of g, and a reasonable assumption
for its value is g = kg/uy = kg/(hvy). In this framework, we have
compared with our improved model the available experimental data
on the temperature dependence of the peak position of escape distri-
bution histograms. In other terms, we replace now E; AU in Eq. (5)
with E; AU — u(T), without introducing any fitting parameter.
Typical examples of such comparisons are shown in Fig. 3 in the
case of the four experiments reported in Refs. 26 (a), 23 (b), 15 (c),
and 25 (d). The dashed curve is the prediction of Kramers model,
which overshoots the value of the critical current as the temperature

(@)

Minnik (2005)

0.02
0.015¢}

o 0.0l

0.005 ® Exp.

R =-0.9964

0.6 0.8 1

Yu (2010) ©
0.02

0.015

© 0.0}

0.005 e Exp.

R =-0.9993

0 " " "
0.7 0.8 0.9 1

<778w>

approaches zero. The red continuous curve is the prediction of our
model, which accounts also for the finite temperature, without addi-
tional fitting parameters. It is worth noting here that, in all experi-
ments so far performed, the high-resolution value of the junction
critical current is computed by fitting the experimental escape distri-
bution data, taken at high temperatures with the Kramers model.
Likewise, we have determined the junction critical current by fitting
the experimental distribution data, taken at all temperatures, with our
model. However, the difference is minimal and is shown in Table I for
the cases referred in Fig. 3. In the same figure, the horizontal dotted
line represents the current value at which the effective energy barrier
height vanishes, at T = 0. The intersection with Kramers prediction
defines T, shown as a star symbol, which is useful to identify
the range of temperatures below which Kramers model fails. The

Li (2007) ®
0.03
0.02
0.01
® Exp.
R =-0.9988
0
0.6 0.8 1
Oelsner (2013) (@
0.015
0.01
0.005
® Exp.
R =-0.9940
0 N " "
0.6 0.8 1

<775w>

FIG. 4. Experimental distribution width vs average switching current, for each given temperature, as obtained from the experiments of Refs. 26 (a), 23 (b), 15 (c), and 25 (d).
The R in the plot indicates the linear correlation coefficient. The linear dependence between these two parameters indicates the same functional dependence on temperature.
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agreement between experimental data and our model is remarkable
and represents a strong signature of the appropriateness of its physical
basis.

In Table I are reported the experimental values of the junction
parameters relative to four experiments reported in Refs. 15, 23, 25,
and 26, and recalled in the first column. In the second column are the
reported junction critical currents, obtained by the authors of the indi-
cated papers as explained above from a fitting with the Kramers model
in the high temperature range. The third column reports the junction
capacitance as estimated in the experimental papers. The fourth col-
umn reports the slope of the current ramp used, while in the fifth col-
umn, the experimentally estimated zero-temperature saturation value
of the average escape current is shown. In the sixth column, we show
the values of the junction critical currents I, , obtained by fitting the
experimental data in the whole temperature range with our model for
thermal escape. We note that this value is very close to that reported in
the experimental papers, obtained, as discussed above, by fitting only
the high temperature part of the escape current distributions. The sev-
enth column shows the values of saturation currents, as derived from
our model. The eightieth column reports the value of g = kg/(hvyp),
computed using the evaluated critical current I, and the junction
capacitance, as declared in the experimental papers.

In Fig. 4, we now plot on one axis the average current position of
the escape histogram and on the other axis the width of the histogram,
relative to the same temperature, as extracted from the four sets of
experimental data used in Fig. 3. As we see in the figure, the points on
the plot are aligned along straight lines with linear correlation coeffi-
cients R very close to one, meaning that the two quantities on the axes
have the same dependence on temperature. Note that the values of the
bias current close to the unity will never be attained, as we have already
discussed; plots very analogous to those shown in Fig. 4 were obtained
for all the experiments we considered. The message of this plot is that,
when analyzing escape processes in Josephson junctions, one can con-
centrate either on peak position or peak width since the two parame-
ters identify each other.

As we see from Figs. 2 and 3, our modified Kramers escape rate
produces very acceptable results for explaining the experimentally
observed phenomena at very low temperatures on Josephson junction
systems. Apart from the slight correction due to the chemical potential
threshold, we see in Fig. 3 that the transition from “high” temperatures
to the very low ones is smooth and there is no evidence of sharp phe-
nomena, as should be expected, based on quantum escape,28 for exam-
ple, at the temperature marked by the red bar in Fig. 1 of Ref. 29. It is
not surprising then that Josephson systems' " can be modeled in sev-
eral physical situations and circumstances (for example when weak rf
pulses or 1f signals are applied) by the classical RCS] model.
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