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From pure materials to polytypic heterostructures and dilute alloys
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The tedious parameterization process remains a key bottleneck hindering broader adoption of
the empirical tight-binding method. Here, we discuss the challenges and requirements of finding
parameters for Slater-Koster-based empirical tight-binding schemes, and explain the shortcomings
of the parameterization procedures commonly used in the literature. We then propose our way
to address these challenges, through the presentation of an open-sourced parameterization toolbox
that breaks up the task into several, incremental stages. The prototype of our toolbox is tailored
especially to deal with a recently proposed, highly transferable scheme, but can be easily adapted to
any Slater-Koster-based scheme. A case study of fitting GaN parameters is considered. Remarkably,
the obtained GaN parameter set shows high transferability when being applied to various contexts:
from simple zincblende or wurtzite bulk cases, to polytypic heterostructures and even the cases of
highly mismatched alloys in their dilute limits. This confirms the effectiveness and robustness of
our parameterization approach.

Keywords: empirical tight-binding, parameterization, transferability, nitride, polytype, highly mismatched

alloy

I. INTRODUCTION

Since the seminal work of Slater and Koster in 1954
[1] that set a firm ground for the practical usages of the
empirical tight-binding (ETB), this method has served
as a cornerstone of semiconductor modeling for decades.
Because of its wide range of applications, there are many
flavors of ETB that focus on different aspects of the ma-
terial and device simulations. Comprehensive topical re-
views discussing the method, different flavors as well as
their applications can be found for example in [2-6]. In
the context of this work, by “ETB” we refer to those
which are highly specialized on accurately describing the
electronic and optical properties of the semiconductor
materials. The ETB offers a computationally efficient
framework for predicting electronic and optical proper-
ties of nanostructures with atomistic precision. Its utility
spans a diverse range of systems such as quantum dots [7],
nanowires [8], quantum wells [9], random alloys [10] and
even hybrid perovskites [11]. In these systems, conven-
tional continuum models like k - p theory often fall short
in accurately capturing atomic-scale effects, particularly
in complex geometries or materials with significant local
variations. While higher-accuracy methods like density
functional theory (DFT) can address these limitations,
they become computationally intractable for large-scale
nanostructures. The ETB, therefore, strikes a crucial
balance, providing atomistic resolution with significantly
reduced computational cost compared to DFT, making
it ideal for simulating large and complex systems where
k - p is inadequate and DFT is too expensive. However,
the ETB’s accuracy critically depends on the parameter
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set’s quality, requiring careful balancing of competing de-
mands: accurate reproduction of bulk band structures,
faithful capture of strain-induced deformations, and ro-
bust transferability across various situations such as dif-
ferent crystal phases, heterostructures and alloys.

As an empirical method, one of the main bottlenecks of
the ETB scheme is the availability of large databases of
transferable parameter sets for various materials of inter-
est. In fact, every ETB implementation requires its own
parameter sets, that should be compatible with the un-
derlying physics of that scheme. Therefore, if researchers
want to broaden the application range of a certain ETB
scheme, the task of parameter-fitting (or also referred to
as parameterization procedure) is unavoidable. In addi-
tion, the accuracy and transferability of ETB calculations
is believed to depend heavily on the quality of the fitting
parameters [7]. However, the parameterization proce-
dure is not as trivial as it seems to be at first glance,
especially for more sophisticated ETB schemes, which
typically need a large number of parameters. Here it is
quite relevant to mention the Wannier construction and
interpolation - a popular approach to build the effective
tight-binding models in which the electronic states from
ab-initio calculations are used to construct the (maxi-
mally localized) Wannier functions, which in turn are
used as the basis set to calculate the physical proper-
ties of the given structure (for a topical review, see [12]).
Being different in the philosophy, the ETB does not ex-
plicitly know its basis functions, but cares only about
the coupling parameters between them and how these
coupling parameters change as the atomistic structure
changes, which is also modeled by some other parameters
(see Section IT A). The ultimate goal of the ETB param-
eterization, simply speaking, is to find the best values of
these parameters.
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Traditional parameterization approaches usually try to
fit only the features of the band structure, which may not
always lead to highly transferable parameter sets [13].
The lack of a standardized and easily-implementable pa-
rameterization procedure has hindered the widespread
adoption of advanced ETB schemes, which in general re-
quire much more fitting parameters, limiting their im-
pacts on the research community. Thus, the open avail-
ability of such a parameterization procedure has far-
reaching implications for the computational modeling
community. It facilitates the use of sophisticated ETB
methods, enabling researchers to harness the power of
these tools for studying semiconductor alloys and het-
erostructures of interest. In this spirit, one of the key
goals of this article is to delineate an easy-to-implement,
easy-to-use and computationally effective parameteriza-
tion procedure that can be tailored to suit any ETB
scheme based on the Slater-Koster framework.

This work aims to address the above deficiencies by
proposing a strategy for performing the ETB parame-
terization accompanied by an open-sourced toolbox of
scripts. Our strategy combines the strengths of multi-
objective optimization algorithms with a physically mo-
tivated staging approach. The process is divided into
multiple stages, each focused on a specific subset of pa-
rameters and DFT targets. Stage 1 starts with estimat-
ing the parameters for a minimal sp? basis and then for
a larger sp3d®s* basis, following the recipes in [14] and
[15], respectively. These estimated values serve as a rea-
sonable initial guess and help to determine the energy
bounds for the optimization in Stage 2, where the multi-
objective optimization algorithm tries to find the best fit
of the onsite and hopping parameters to reproduce both
the band energies and the wavefunction characters of the
unstrained zincblende configuration. Stage 3 is similar,
but the band offset’s variation and the parameters related
to bond-length dependencies are fitted instead. Finally,
in stage 4 the parameters related to higher-order strain
corrections are obtained. This staging approach reduces
the dimensionality of the optimization problem at each
stage, making it more tractable and less computationally
demanding. We also utilized a set of physically moti-
vated constraints and regularization techniques to ensure
the physical meaningfulness and transferability of the re-
sulting parameter sets.

The effectiveness of our parameterization strategy is
then demonstrated through a case study of GaN, a wide-
bandgap semiconductor that can exist in both wurtzite
and zincblende phases [16]. By applying our method
to parameterize zincblende GaN, we obtained a highly
transferable parameter set that is able to reproduce the
DFT bulk band structures of both crystal phases with
sufficient fidelity. Moreover, we will demonstrate that
our GaN parameter set is also applicable to the more
complex cases of polytypic heterostructures and highly
mismatched alloys (HMAs), reproducing results compa-
rable to corresponding DFT calculations. This success-
ful parameterization validates the robustness of our ap-

proach and highlights the importance of having an effec-
tive and easy-to-use parameterization procedure for the
wider adoption of advanced ETB schemes. By lower-
ing the barrier to entry, our work aims to accelerate the
discovery and design of novel materials and devices, con-
tributing partly to the searches for technological break-
throughs in fields such as material science and electronic
engineering.

This paper is structured as follows. In Section II we
briefly present the theoretical foundation of the ETB
method, mentioning the landscape of the various ETB
schemes in the literature and then focus on the require-
ments and challenges of the parameterization procedure;
Section III is a detailed description of our parameteriza-
tion strategy, using GaN as an example; the validations
of the obtained GaN parameter sets are then exhibited
in Section IV to show the effectiveness of our approach;
finally, Section V is devoted to the conclusions and out-
looks.

II. THEORETICAL BACKGROUND
A. Basic idea of ETB

The tight-binding method’s fundamental premise in-
volves expanding a single-electron wavefunction |¢) as
a linear combination of localized atomic-like orbitals
{|¢a,i)} associated with unit cell atoms. Here, ¢ denotes
the atom index while o encapsulates the orbital’s quan-
tum numbers (n,l,m, s). Namely,

|1/)> = Z Ca,i|¢a,i>a (1)

(i)

where (in the position representation) the basis functions
have the form:

<F|¢a,i> = R(n,l),i(m}/—(l,m)(av ©) (2)

with Y(;.,)(0,¢) being the well-known spherical har-
monic functions and R, ;) ;(7) being some highly local-
ized radial functions. The choice of the localized atomic-
like orbitals is natural because one wants the atomistic
resolution of the system, in contrast to the choice of ex-
tended Bloch functions in continuum models like &k - p.
The above basis set can always be orthogonalized via
the Lowdin’s procedure [17]. Then, the single-electron
Hamiltonian can be written as:

H=Y"1bai)Baoilba.
(o)
So 16ai) VEDi)iossl (3)
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(e, 0)#(8,9)
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If the basis set is known a priori, the integrals E, ; and
V. 8:)

(ev,)
to avoid this task in practical simulations because it is

can be computed, in principle. However, we try



rather difficult and tedious [1]. More pragmatically, one
may temporarily put aside the explicit forms of the basis
orbitals to treat these integrals as empirical values be-
ing fitted to higher-accuracy reference targets from the
experiments or more sophisticated calculation methods
such as the ab initio calculations, hence the name “em-
pirical tight-binding”. Within the ETB formalism, the
parameters E, ; are characterized as on-site parameters,
whereas V((fj)) are classified as off-site parameters - al-
ternatively denoted as interatomic coupling or hopping
terms - if ¢ # j. According to the two-center approxima-
tion, these off-site parameters are defined as functions
of the magnitude and orientation of the interatomic dis-
placement vector CZ;J connecting the atomic sites. For

the case ¢ = j, the V(ﬁ )) correspond to intra-atomic

couplings between dlstlnct orbitals localized on the same
atom. Such contributions are usually neglected in con-
ventional implementations of the ETB framework.

Once we have all the necessary parameters, the ETB
Hamiltonian in Eq. 3 can be represented numerically in
the form of a square matrix of the size equal to the num-
ber of orbitals in the simulation cell. Diagonalizing this
matrix provides the eigenvectors (in terms of Ca,i coef-
ficients) and the corresponding eigenenergies. However,
even the Hamiltonian in Eq. 3 is not really convenient to
work with, and thus requires some more simplifications
to make it more practical for realistic simulation tasks.
A general framework for this purpose was introduced by
Slater and Koster in their seminal article [1] in 1954.

In addition to treating the normal bulk case, it is also
required that the ETB is capable of accounting for var-
ious strain effects because of its significant impacts on
the electronic and optical properties of the structures. In
fact, in most heterostructures strain is large enough to
critically influence the electronic states. From an atom-
istic point of view, strain is related to the displacement
of atoms from their relaxed lattice positions, thus possi-
bly breaking symmetries of the crystal and changing the
crystal potential around each atom. Compared to k - p,
where strain can be treated with relative ease based on
the Pikus-Bir strain correction to the Hamiltonian [18],
which only needs the strain tensor related to the deforma-
tion of the Bravais lattice, in ETB strain is encoded in the
atomic positions. Therefore, strain-related corrections to
the Hamiltonian matrix elements, in principle, should be
formulated as functions of atomic coordinates. Only in
the case of sp® parameterizations, an approach based on
Pikus-Bir corrections has been described [19]. In essence,
this means that extra corrections have to be added to the
ETB Hamiltonian matrix via adjusting the existing ETB
parameters of the ideal zero-strain case and/or introduc-
ing additional parameters.

A variety of ETB schemes based on Slater-Koster
framework [1] have been proposed along with their indi-
vidual strain treatments. Beside the ways to account for
strain, these schemes are essentially distinguished from
each other in the basis set (from sp3 to sp>d®s*), in the

orthogonality of the basis set, and in how many nearest-
neighbor shells are considered, etc. Some notable ETB
schemes proposed in the literature for common group-IV
and III-V semiconductor materials are listed in Tables
IIT and IV in Appendix A. The tables compare these
ETB schemes in terms of important characteristics in-
cluding strain-related ones. From these tables, one can
see that generally the more sophisticated strain treat-
ment the model has, the larger number of fitting pa-
rameters it would require. Most of the schemes listed,
including the widely used scheme by Jancu et al. [15]
(hereafter referred to as the “Jancu scheme”), take into
account only some aspects of strain effects, except the
most recent one proposed by Tan et al. [20] (hereafter
referred to as the “Tan scheme”). As shown in a thor-
ough discussion in [10], the Tan scheme is superior to the
Jancu scheme in terms of the transferability at the price
of a much larger number of fitting parameters than any
ETB scheme previously proposed. This leaves us with
the dilemma between the desire to maintain the qual-
ity of the ETB calculations and the demand to find a
large number of fitting parameters having high degree of
transferability.

B. Parameterization’s requirements and challenges

The ETB methodology fundamentally seeks to circum-
vent direct computation of complex atomic orbital inte-
grals by instead fitting parameters to experimental data
or high-accuracy theoretical results. The fitting, or pa-
rameterization procedure, is done with some optimiza-
tion algorithm. The most obvious difficulty one faces
during the parameterization process is the large number
of parameters that need to be taken into account, leading
to a complex optimization landscape. As shown in Ta-
bles III and IV in Appendix A, an ETB scheme like the
Jancu scheme using the sp3d®s* basis set and the first-
nearest-neighbor approximation will require ~ 50 param-
eters for each binary material. For its amended versions
[21-24] or other more sophisticated schemes [20, 25-27],
this number inflates even more. The Tan scheme [20],
with all of its complications, requires a full set of more
than 150 parameters for a binary material. This leads to
some requirements on the choice of the optimization al-
gorithm. With an increasing number of parameters to be
fitted at the same time, the configuration space in which
the optimization algorithm has to search for the best fit
becomes higher in dimensionality. This, on one hand, in-
validates the use of brute-force approaches, on the other
hand, poses a high risk of being stuck in some local ex-
trema that give physically meaningless fits. Thus, the
numerical efficiency of the algorithm and the robustness
of the obtained fit are two important requirements that
need special care when performing the parameterization.

It has been well recognized in the community that,
apart from the sophistication of the ETB scheme itself,
the quality of the accompanying parameter sets also has



an important role in assuring the accuracy of ETB cal-
culations [7]. High-quality parameter sets demonstrate
transferability — maintaining accuracy when applied to
different physical quantities (e.g. optical properties) or
when transferred to different structures made of the same
constituents (e.g. from pure bulk to alloys or heterostruc-
tures, or between different crystal phases, ...). For the
former, the targets to be fitted to (which are usually
taken from DFT) in principle should include the fea-
tures of the band structures (e.g. band dispersions, ef-
fective masses, band splittings, ...) as well as those
of the corresponding wavefunctions (e.g. contributions
from different orbitals). Traditional parameterization ap-
proaches often focus exclusively on band structure repro-
duction, whereas the wavefunction-related features were
usually ignored, or at most only considered as a post-
check after the parameterization as in [15]. This band-
structure-only approach introduces ambiguity, as multi-
ple parameter sets may reproduce band features equally
well while differing dramatically in physical validity [28].
More specifically, by analyzing the case of MoSs in [13],
the authors of that work concluded that matching only
to the band structure is not enough to ensure that the
ETB can accurately reproduce the optical response, and
matching to the wavefunctions in the parameterization
is also needed. Incorporating wavefunction characteris-
tics as primary optimization targets from initial stages
helps to resolve this ambiguity and at the same time im-
prove optimization efficiency. The transferability of the
obtained fit will also be enhanced especially when calcu-
lating the quantities that involve the wavefunctions like
the optical response.

In addition, the best way to ensure the parameter sets
can work well for different structures is to include more
profiles (different materials, strains, crystal phases, ...)
into the fitting. By design, most of the ETB schemes
mentioned in Tables ITT and TV in Appendix A consider
each pure semiconductor material as a separate fitting
problem. For example, after having obtained the param-
eter set for GaAs, one continues fitting e.g. GaSbh sepa-
rately without imposing any constraint on the parame-
ters related to the common Ga ion, though some authors
tried to keep the values of onsite energies of the common
ions in different materials close to each other. This is
not the case in the Tan scheme because the bare onsite
parameters of any ion are fixed no matter the material.
Consequently, the parameter sets of all binary materials
are weakly coupled together by these bare onsite param-
eters and in principle these materials should not be fitted
separately but simultaneously to ensure the transferabil-
ity. An analogous argument applies for including differ-
ent crystal phases of the same material. In summary,
an ideal ETB parameterization procedure should be de-
signed so that it is able to take the wavefunction-related
features into account and work with multiple target pro-
files at the same time, which will demand a significant
amount of computational effort for every iteration of the
optimization algorithm. This once again emphasizes why

an efficient and robust parameterization procedure is in
need.

Different from the above traditional approach which is
band-structure-only and not multi-profile, the Tan ETB
scheme is backed by a more advanced strategy called
DFT mapping method [29, 30] developed by the same
research group. Basically, in this method the explicit an-
alytical forms of the radial parts of the atomic-like basis
functions s, p, d are chosen in advance (e.g. Slater-type
orbitals, Gaussian functions or something else) with some
adjustable parameters. For a given set of these adjustable
radial-function parameters, the basis functions are or-
thogonalized using Léwdin’s procedure [17], and the or-
thogonalized basis set is then used to build the tight-
binding Hamiltonian matrix. In this process, the various
integrals F, ; and V((fzj)) must be calculated numerically.
The tight-binding Hamiltonian matrix is diagonalized to
obtain the tight-binding energies and wavefunctions (rep-
resented in the orthogonal basis set above). One then
calculates the loss function that characterizes the match-
ing between the results from tight-binding and those from
the referenced DFT. The total loss function is a weighted
sum of three contributions, stemming from the compar-
isons of the band energies, the effective masses and the
wavefunctions [31]. The total loss function is used by the
optimization algorithm to decide how to modify the ad-
justable radial-function parameters in the next iteration.
The parameterization is terminated when this loss func-
tion converges to a minimum. Once the atomic-like basis
set is available, the ETB parameters of the ETB scheme
can be deduced.

The power of this DFT mapping strategy has been
demonstrated by the simulation results in [10, 20, 29, 30].
However, problems arise for other researchers wanting to
utilize this strategy to extend the parameter database to
other materials. The most obvious hurdle is the com-
putational effort this method would require. For exam-
ple, one would need to numerically calculate the ETB
integrals, which is a tedious task and should be avoided
in general according to the philosophy of Slater-Koster
framework. Besides, other minor steps such as orthog-
onalizing via the Lowdin procedure, diagonalizing the
Hamiltonian matrix and projecting the DFT wavefunc-
tions onto the atomic-like basis functions, etc ... are also
not lightweight in computation. All of these steps need to
be done for each trial parameter set, thus requiring high-
performance computing facilities, otherwise the compu-
tational time would be excessively long. On the other
hand, there is only a single loss function to be min-
imized (single-objective optimization). Obviously, the
value of the total loss function will change depending on
the weight assigned to the three contributing loss func-
tions, impacting the fitting procedure. In other words, by
setting the weights we inject our bias on how one quan-
tity is more important than the others, and on what the
best fit should be, i.e., changing the values of the weights
gives different best fits. Also note that the band energies,
the effective masses and the wavefunctions are distinct in



the physical nature, and there is no a prior: guideline to
determine the relative magnitudes of the corresponding
weights. Last but not least, to the authors’ knowledge
no standalone code implementation of the DFT mapping
method has been made public so far. That said, if other
researchers would like to perform the parameterization
on their owns, they will need to implement the method
themselves from scratch, which is a difficult task due to
all of the mentioned complexities of the DFT mapping
strategy. Therefore, a simplified, more user-friendly and
more computationally efficient alternative that retains
the main spirit of the DF'T mapping method is desired. In
the next section, we will present such a parameterization
strategy developed in our research group that we applied
in practice for the Tan scheme. It is, however, straightfor-
ward to modify this strategy for any other ETB scheme
based on the Slater-Koster framework.

III. THE PARAMETERIZATION STRATEGY

Our approach proposed here still follows the same idea
of matching both band energies and wavefunctions (note
that the effective masses are just characteristics derived
from the band dispersions) and fitting multiple profiles at
the same time. However, there are some different features
that make our approach more pragmatic for practical use.
Firstly, we fit directly the ETB parameters and not the
parameters of the radial functions, that is, we neither
need to find an explicit basis set nor calculate the ETB
integrals to build the Hamiltonian matrix. Secondly, we
consider the band energies and the wavefunctions as two
separate objectives to be fitted instead of summing their
loss functions together in a weighted manner. This makes
the parameterization become a multi-objective optimiza-
tion problem and we used the multi-objective genetic
algorithm (MOGA) supplied by the Global Optimiza-
tion Toolbox [32] of MATLAB® [33]. In this situa-
tion there is not only a single best fit, instead the al-
gorithm will try to find a collection of fits called Pareto
front in which one objective cannot be improved with-
out sacrificing the other objectives. At the end of the
parameterization procedure, it is the user’s responsibil-
ity to pick out the most suitable one among the Pareto
fits. The wavefunctions from ETB and DFT are com-
pared in terms of orbital-character contributions (i.e., the
squared modules of the expansion coefficients) of s-, p-
, d-symmetry orbitals of cation and anion. Comparing
the squared modules of the expansion coefficients saves
us from the cumbersome wavefunction-phase matching in
the DFT mapping method.

In order to cope with the large number of fitting pa-
rameters, the whole parameterization procedure is di-
vided into stages so that the parameter set is fitted por-
tion by portion, in the order from the most important to
the least important parameters, instead of fitting all of
them at the same time. This helps reduce the dimension-
ality of the configuration space that the algorithm needs

to handle, thus enhancing the efficiency, robustness, and
portability. In the following, to make the descriptions of
the stages more intuitive, we take the parameterization
of GaN as an example. Also, we visualize the workflow of
our strategy by a schematic flowchart in Fig. 1, hoping
this can make it easier for the readers to follow.

The DFT targets need to be prepared beforehand.
Producing high-quality DFT results is also not easy and
should be discussed on its own. The DFT targets we
used in this work were prepared using the commercial
software QuantumATK [34] (see Appendix B for more
details about our preparation of the DFT targets). The
ETB calculations (using either the Jancu scheme or the
Tan scheme) was performed using our UPTIGHT code,
which is an integrated module in the multiscale simula-
tion software TiberCAD [35, 36]. Given all the necessary
DFT data, we proceeded to fit an ETB parameter set for
GaN that is compatible with the Tan scheme as follows.

Stage 1: Estimating Jancu-like parameters’ values

It is obvious that for materials in zincblende phase
without any external strain, due to lattice symmetries
a large number of parameters in the Tan scheme be-
come irrelevant to the results and the Tan scheme is ex-
actly equivalent to the Jancu scheme in the appearance.
Therefore, we can start by fitting these Jancu-like pa-
rameters to the unstrained zincblende GaN target. How-
ever, before that we need reasonable estimations for the
ranges of these parameters. The best way to do this is to
first use the minimal basis set sp> and then include more
orbitals (s* and d). The reason is that for sp® basis set
there are simple expressions relating directly the values of
the DFT band energies for zincblende structure at some
critical k-points (e.g. I' and X points) to the parame-
ters. We followed the steps described in Subsection 3a of
[14] to deduce the onsite energies of s and p orbitals and
the hopping parameters between them, as given in Table
V in Appendix C for demonstration (spin-orbit coupling
was temporarily ignored at this step). Because the or-
bital energies of isolated atoms (here Ga and N atoms)
were used as part of the inputs, the onsite energies in
this table seem to have reasonable values relative to each
other. Note that, however, onsite energies are always
determined up to some constant so that shifting all the
onsite energies up or down the same amount of energy
does not change the band dispersions but only the band
offset when compared to other materials. It should be
emphasized that this small parameter set already gives a
reasonably good agreement for the valence band disper-
sions and the band gap of unstrained zincblende GaN, as
shown in Fig. 2

Next, we extended the basis set to sp3d®s* and esti-
mated other parameters in a similar way as described by
Jancu et al. in Subsection IV.A of [15]. Namely, we first
calculated the so-called Euniy = (h/a)?/(2mg) ~ 7.3252
eV where ¢ = 0.4531 nm is the lattice constant of un-
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FIG. 2. The ETB band structure (red lines) of unstrained
zincblende GaN produced with the sp® parameters obtained

following the steps in [14] in comparison with the DFT one
(blue lines).

strained zincblende GaN at 300 K, mg is the mass of elec-
tron, h is the Planck’s constant. Then, the free-electron
model’s parameters given in Table I of [15] were used as
scaling factors multiplied with Ey,;; to estimate the val-

ues of the other Jancu-like parameters [37]. Since there
are two onsite parameters Es_ and E;_, we assigned their
average value to F; in that table so that F; and Es are
calculated based on the differences with respect to FEj.
Alternatively, assuming that zincblende GaN’s parame-
ters are more or less similar to other zincblende III-V
materials whose parameters were already given in [15],
we can use those parameter sets to deduce more reason-
able scaling factors than using those of the free-electron
model. In essence, the goal of this stage is to have an idea
about the reasonable energy ranges of the ETB parame-
ters (approximately a few eV around the corresponding
estimated values), thus helping the optimization algo-
rithm to limit the search space in the next stage. Finally,
we utilized the fact that the onsite energies can always
be determined up to a constant to shift all the estimated
onsite parameters an amount of energy so that F, = 0.
This, on one hand, is to keep the range of onsite energies
not too large unnecessarily, on the other hand, to exclude
one parameter, namely E;_, out of the fitting process in
the next stage.
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Stage 2: Fitting Jancu-like parameters

As mentioned previously, the spirit of our parameteri-
zation procedure is to utilize both the information from
the DFT band dispersions ET]aiT and the DFT wavefunc-
tions [WPETY (1 is the band index) . In particular, for the
band disf)ersions we calculated all 8 valence bands and
6 lowest conduction bands (including spin-degeneracy)
along the k-path L — I' — X in the Brillouin zone at
some specific equally spaced k-points. The loss function
LF for band dispersions defined as the weighted sum of
squared differences between the DFT energies with the
corresponding ETB ones:

Z wey [ BT — BRI (4)

Here w? . are the weights which are set manually to ad-
just the ﬁttlng quality at different zones, depending on
the interest. Typically, we pay more attention to the
band energies near the band gap and close to the criti-
cal k-points. Because we will never reach a perfect fit,
prioritizing the important zones and compromising a bit
of the fitting quality for unimportant zones can help the
algorithm reach the convergence faster. For the wave-
functions, we assumed |‘IIDFT) can be expanded in terms
of the atomic-like orbitals with s, p, d, ...symmetries as

|‘I’DFT> = cn klSe) + fk‘pc> + Cf:k‘dc> +

Cn k|5a> + nak [pa) + Ciak|da> +0 (5)

where ¢ n. are the expansion coefficients of the corre-
spondlng orbitals on either cation (i = ¢) or anion (i = a)
and O stands for the contributions from orbitals that
lie much higher in energy. For the bands of interest O
should be negligibly small and the squared modules of
these ¢, % coefficients should add up to almost 1. Hence,
for comparing the wavefunction composition we chose the
Hellinger metric [38] as usually used for the comparison
of probability distributions. The corresponding loss func-
tion LY for this is defined as:
2
). ®

LY
>z
It should be hlghhghted that since we used the mod-
ules of the ¢ i coefficients (which bear the probabilistic
meaning) 1nstead of the coefficients themselves, we did
not need to worry about wavefunction-phase rnatching

as when comparing them directly in [30]. Note that for
s. and s, in the ETB, we also included the contributions

DFT NoT) ETB,«;

n,k

of sz:;k and CfEk’ respectively (see Appendix D for more
discussions on this).

The task of the MOGA is to minimize the two objec-
tives L¥ and LY at the same time. In this stage, only
the DFT profile of unstrained zincblende GaN was used
and we had to fit approximately 30 Jancu-like param-
eters: the onsite orbital energies and the first-nearest-
neighbor hopping parameters. The estimated values of

these parameters in the previous stage may be supplied
to MOGA as one of the initial guesses, whereas all the
other guesses of the population were generated randomly
within the energy ranges of a few eV around the corre-
sponding estimated values. The algorithm tried to search
for the Pareto points (each point is a distinct trial param-
eter set) in the objective space, as illustrated in Fig. 3.
(See Appendix E for a trick to speed up the convergence.)
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FIG. 3. An illustration of the optimization points (red points)
in the two-dimensional objective space that form the so-called
Pareto front (there are other non-Pareto optimization points
that are not shown for the clarity). The two blue lines repre-
sent the cutoffs for LZ and LY to exclude uninteresting points
and keep only Pareto points in the grey zone. These chosen
points will be used as the initial guesses for the next cycle to
speed up the convergence (see Appendix E for more details).

At the end of this stage we obtain a set of Pareto points
from which the most suitable one (i.e., the most suitable
parameter set) has to be chosen manually by examin-
ing the quality of the fitting of the band dispersions and
wavefunction compositions. The human bias on priori-
tizing LT or LY only comes into play at this decision step
instead of being embedded from the beginning as by us-
ing the single-objective optimization algorithm, allowing
us to have more choices depending on the desired trade-
off between matching band energies and orbital compo-
sitions. Note that because the Jancu-like parameters are
the most important portion of the parameter set, this
stage is the most challenging and time-consuming stage
of the whole procedure, thus requiring special care and
patience.

Stage 3: Fitting distance-scaling parameters

Given the Jancu-like parameters from Stage 2, in this
stage we fitted the parameters related to the distance de-
pendencies of the onsite energies, hopping energies and
band offset (for some discussions on why the band off-



set is involved in this stage, see Appendix F). The setup
is similar to Stage 2 except that now we did not use
the unstrained target profile but multiple profiles corre-
sponding to the zincblende GaN under different hydro-
static strains, i.e. purely isotropic strains (from —6% to
+6%). In the Tan scheme, the distance scaling is mod-
eled by exponential factors of the form exp(—A-J) where
0 is the difference between the actual bond length and
the reference bond length while A are the fitting pa-
rameters characterizing how fast the energy couplings
in Stage 2 “decay” with respect to the bond length.
For a sp®d®s* scheme, at first we have 21 such AV (or
7 as denoted in [20] )parameters corresponding to 21
first-nearest-neighbor hopping energies. Moreover, the
Jancu-like onsite energies that we fitted in Stage 2 (de-

noted as H&O)a) are further decomposed into several
terms (see Eq. 6 in [20]): the orbital-specific bare on-
site parameters E,, due to the potential of atom ¢ it-
self, the orbital-specific monopole contributions from its
four nearest neighbors Z =1 Iy, exp(=AL - 6) and the
monopole contribution again to the Varlatlon of the band
offset Z 1 Oijexp(—AY;-0). All of the these parameters
have 1mpacts on the Hamiltonian when the bond length
changes, so we need to fit them all simultaneously. How-
ever, we can reduce the number of fitting parameters in
this stage by making use of the above decompositions of

H&??ai to deduce the following 7 linear constraints:

Esa = H§S)sa + Esc + 4(Isc a sa L)v
E,, =HY, +E, +A(,,—1I,.)
By = HE?’S* + By, +4(1,., c),
Eda :H( )d +ESL+4(ISL(L aL)?
Ipc‘a (H]()O)pc =+ Esc - Epc)/4 + ISc,a?
Lo = (HD. + B, — B[4+,
Ly, =HY, + By, —By)/A+IL.,.  (7)

Therefore, 7 dependent parameters can be excluded. On
the other hand, because we wanted to make our newly
obtained GaN parameters compatible with the existing
III-V parameter sets published in [20], the 4 E,,, param-
eters of the Ga cation in that paper were reused here. To
summarize, in this stage we only had to fit 36 (instead
of 47) parameters in total: 5 I, 8 A1, O, A9 and 21 ) for
the hopping energies. As a result, we will obtain a set
of parameters that can now describe the zincblende GaN
under either zero strain or hydrostatic strains.

Stage 4: Fitting the remaining parameters

Now we still have ~ 75 remaining parameters to fit
to obtain a full set of ETB parameters compatible with
the Tan scheme. Following the notations in [20], these
include:

«:8;,;. characterizing the intracouplings between
orbitals on the same ion i due to dipole or
quadrupole components of its j*" nearest neighbor-
ing ion’s potential;

® Pu.iimls Saip;im| and Qq,p,1m|: Telated to the av-
eraged dipole (P and S) and quadrupole (Q) cor-
rections to the intercoupling Vi, 5,m| (after the dis-
tance scaling) from the nearest neighboring ions of
the coupling pair.

In a perfect zincblende crystal (i.e., no strain or only
hydrostatic strains), the effects of these corrections will
exactly cancel each other out, and thus there is no impact
on the ETB calculations. That is why we were able to
ignore them in the previous stages and isolate only the
Jancu-like and distance-scaling parameters, consequently
reducing the number of parameters that the optimization
needs to handle simultaneously. This is the main spirit of
dividing the whole parameterization strategy into stages.
However, the impacts of C', P, S and (), cannot be further
decoupled from each other, so we had to fit them all at
once in this stage. Note that many of these parameters
were intentionally set to zero by Tan et al. in [20], but
here we kept them all adjustable.

The setup is still similar to Stage 2, except that the
target profiles are now for the non-hydrostatic strains of
zincblende GaN such as uniaxial, biaxial or shear strains.
Moreover, it can be reasonably expected that these dipole
or quadrupole corrections are inferior to the monopole
contributions and do not change the band dispersions
drastically. Therefore, we can save some computational
resources and boost the speed if, for the L loss function,
we consider only the changes of the energy bands and the
band edge splittings (if any) at the important critical k-
points compared to the unstrained profile. This trick was
also used by the authors of [20]. At the end of this stage,
we obtained the full parameter set for GaN which is fully
compatible with the Tan ETB scheme.

IV. A CASE STUDY OF GaN

The parameter set for GaN at room temperature, as
shown in Tables VI and VII in Appendix C, was obtained
by applying the strategy in Section III using only the
target profiles of zincblende GaN and without any fur-
ther refinement. Moreover, we utilized only part of the
zincblende GaN band structures along the L — I' — X k-
path instead of the full Brillouin zone. In this section, the
quality and the transferability of this parameter set will
be demonstrated via several typical test cases. The first
and simplest test is to reproduce the full-Brillouin zone
band structures of GaN in both zincblende and wurtzite
phases. Upon passing the first test, the polytype trans-
ferability of this parameter set is further tested when
applied to simulate a GaN polytypic heterostructure. Fi-
nally, we apply the parameters to perform preliminary in-
vestigations on the problems of ITI-V highly mismatched



alloys (HMAs) - namely GaPN, GaAsN and GaSbN - in
both of their dilute limits.

A. GaN in zincblende and wurtzite phases
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FIG. 4.  The bulk band structures of GaN in zincblende
(upper panel) and wurtzite (lower panel) phases at 300 K
reproduced by our ETB parameters (red lines) and by hybrid-
functional DET (blue lines).

Fig. 4 shows the band structures of GaN in both
zincblende and wurtzite phases given by our fitted pa-
rameters in comparison with those from the hybrid-
functional DFT calculations. The quality of the ETB
band dispersions for the case of zincblende is rather good
over the whole Brillouin zone, apart from a region near
W and K points, although the fitting considered only
L —T — X k-path. For the higher conduction bands, the
fitting quality is lower as expected. However, noting the
much larger energy scale of GaN compared to other III-V
semiconductors, these higher conduction bands that are
far away from the band gap are typically less relevant in
practical applications.

Interestingly, the same parameter set can reproduce
equivalently well the band structure of wurtzite GaN,
demonstrating the polytypic transferability of our param-
eterization. Although the wurtzite band gap is slightly
smaller than the DFT value and there are quite large dis-
crepancies for the lowest conduction bands around K and

H points, the general appearance of the ETB wurtzite
band structure is in surprisingly good agreement with
the corresponding DFT data, especially around the zone
center. Moreover, our ETB parameters predicted that
the valence band edge of the wurtzite phase to be 86
meV higher than that of the zincblende one, which is in
excellent agreement with the experimental estimation of
~ 90 meV in [39]. The fact that the relative band offset
between different crystal phases of the same material is
a built-in feature instead of being added by hand is an
advantage in simulating the heterostructures involving
polytypism (see Section IV B).

In order to make a comparison in the effectiveness be-
tween our parameterization strategy and the DFT map-
ping method, we show in Fig. 5 the band structure of
wurtzite GaAs using the parameters given by Tan et al.
in [20], together with the corresponding hybrid-functional
DFT calculation. It should be emphasized that the pa-
rameters in [20] were also obtained by fitting exclusively
to the zincblende phase. It can be observed, that the
degree of polytypic transferability is similar to our case,
which substantiates the effectiveness of our parameter-
ization strategy as a simplified alternative to the DFT
mapping approach of [29, 30].
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FIG. 5. The band structure of GaAs in wurtzite phase at 300
K reproduced by ETB with the parameters in [20] (red lines)
and by hybrid-functional DFT (blue lines).

It is also worth mentioning that some researchers have
made a lot of efforts to achieve such polytypic transfer-
ability, e.g. in [22, 40, 41]. Let us consider a case study of
[41] where the authors tried to find such parameter sets
for group-IV and non-nitride III-V semiconductors, in-
cluding GaAs. They pointed out that the parameter sets
for zincblende materials given by Jancu et al. in [15] are
poorly transferable to wurtzite phase because some im-
portant physical effects are missing in the Jancu scheme.
They then attempted to modify these parameter sets by
simultaneously fitting both the zincblende and wurtzite
band structures, still using the original Jancu scheme.
However, they found that they had to compromise the
fitting quality of the band structures away from the cen-
ter of the Brillouin zone in both phases to better fit the



features at the center such as the direct gap and the
effective masses of the conduction band, as illustrated
in Fig. 1 in their Supplemental Material. From these
facts we can conclude that the Tan scheme, thanks to its
higher level of sophistication, appears to be superior to
the Jancu scheme in achieving polytypic transferability.

B. Polytypic GaN superlattice

Energy (eV)

Density of States (V')

Energy (eV)

FIG. 6. The band dispersions (upper panel) and the total
density of states (DOS) function (lower panel) of the consid-
ered GaN polytypic superlattice (stacking order ACBAB, see
the text). The grey zone in the lower panel indicates the band
gap.

Polytypic heterostructures, where the crystal phase
(e.g., zincblende and wurtzite) rather than the chemi-
cal composition is spatially varying, have emerged as a
promising platform for high-performance electronic and
optoelectronic devices [42—44]. These structures increase
the quality of the interfaces [45] compared to traditional
material heterostructures by enabling atomically sharp
interfaces with minimal defect densities.

Atomistic simulations of heterostructures involving
polytypism require a unified framework to describe dif-
ferent crystal phases of the same materials. Traditional
ETB schemes often lack polytypic transferability due to
inconsistent parameterization of strain and orbital inter-
actions across crystal phases, thus giving rise to both
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technical and conceptual problems. For example, to sim-
ulate the polytypic GaAs superlattices in [46] using the
Jancu scheme, the authors had to use two distinct param-
eter sets for GaAs, one from [15] for the zincblende phase
and one from [41] for wurtzite phase. As a consequence,
this led to the conceptual question of uniquely assigning
every atom to either zincblende or wurtzite. Moreover,
it was not clear how the interfacial Ga-As intercouplings
should be treated, and the physical justifications for the
choice of taking linear combinations of the two bulk val-
ues as in [46] was not thoroughly discussed. Also, using
different parameter sets requires us to put the relative
band offset’s value by hand.

We emphasize that all of the above problems will dis-
appear if we use a single polytype-transferable parameter
set to simulate the polytypic heterostructures. Motivated
by this, we further test the polytypic transferability of
our GaN parameter set by comparing the ETB results
for a zincblende-wurtzite GaN superlattice with those of
DFT. Note that the valence band offset of ~ 90 meV be-
tween wurtzite and zincblende phases is already encoded
within the parameters. The chosen GaN polytypic super-
lattice has the stacking order ACBAB in Ramsdell nota-
tion [47] (we follow the conventions used in [46]), which is
the minimal combination between the zincblende phase
(stacking order ABC' along its [111] axis) and wurtzite
phase (stacking order AB along its [0001] axis). A visu-
alization of the unit cell of this minimal GaN polytypic
superlattice with 5 Ga atoms and 5 N atoms is shown in
the right panel of Fig. 7.

In Fig. 6 we compare the band dispersions and the
density of states (DOS) function calculated by our ETB
parameters with the corresponding DFT results. For
the band dispersions, the ETB matches very well with
DFT. The very slight underestimation of the superlat-
tice’s band gap is an inheritance from the fact that our
parameters slightly underestimate the bulk band gap of
GaN in wurtzite phase. The DOS functions in both DFT
and ETB are obtained using the tetrahedron method in
[48, 49] with the same k-space grid in the first Brillouin
zone. The matching between the ETB DOS and the DFT
DOS is fairly good, especially in the energy range near
the band gap. However, at ~ 2 eV below the valence
band edge, the DOS is underestimated by ETB. Next, we
assess the projected DOS (PDOS) onto different atomic
sites in a superlattice cell. The results are demonstrated
in Fig. 7 along with a visualization of the corresponding
unit cell. The ETB PDOS in the valence band is fairly
good, while it deviates from the DFT results at high ener-
gies in the conduction band, as expected. More precisely,
the ETB underestimates the PDOS on all Ga sites, while
it overestimates the PDOS on the N sites. These differ-
ences, however, approximately cancel each other out so
that the total DOS aligns to that of DFT even at higher
energies as shown in Fig. 6.
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FIG. 7. The DOS projected (in eV™!) on each atomic site
in each period of the considered GalN polytypic superlattice
(stacking order ACBAB, see the text).

C. Highly mismatched alloys in dilute limits

While conventional semiconductor alloys - whose con-
stituent species are similar in terms of atomic size, ionic-
ity and electronegativity - have been investigated inten-
sively, the situation of HMAs - whose constituent species
are distinctly differ in terms of the properties mentioned
above - is more challenging from the experimental per-
spective [50]. HMAs have recently received growing at-
tention from the community, mainly due to the advance-
ments in preparation techniques that allow to grow such
alloys over extended composition ranges [51, 52|, and sec-
ondly to their unique electronic and optical properties,
especially the large reduction of the band gap even in
the dilute limit, i.e. at very low alloy compositions (usu-
ally a few percent) [53, 54].

Within the HMAs involving group-III and group-V el-
ements, GaAs:N (zincblende GaAs diluted with N) is
probably the most typical representative. In addition,
GaP:N and GaSb:N are also of technological interest.
Similarly, wurtzite GaN can be diluted with P, As or
Sb. The peculiarities of the electronic band structure
of HMAs compared to those of conventional ITI-V alloys
require a good theoretical understanding of the changes
in the band gap and/or band edges for potential appli-
cations. In this regard, most studies in the literature
utilized the band anti-crossing (BAC) model [55-57] to
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quickly obtain phenomenological descriptions of these di-
lute HMAs, while other works are based on DFT calcula-
tions (see [50] and the references therein). Here we apply
our ETB parameters for GaN - together with the already
available parameters for GaP, GaAs, GaSb from [20] - to
carry out preliminary investigations on three II1I-V HMAs
including GaPN, GaAsN, GaSbN in both of their dilute
limits using the supercell approach with a single impurity
in each supercell. The details of the supercell simulations
can be found in Appendix G. The alloy composition is
of %N =~ 1.56% for the cases of dilute-N zincblende Ga-
V HMAs, while it is of %P/%As/%Sb ~ 0.78% for the
cases of wurtzite GaN diluted with P, As or Sb.

In Fig. 8 we present the calculated effective band struc-
tures of the dilute HMAs along with the band structures
of the host materials overlaid on top for the sake of com-
parison. The simulated data show a reasonable chem-
ical trend from P—As—Sb. In all the dilute-N cases
(top panels in Fig. 8), the nitrogen impurity induces
clear band splittings of the conduction band edge at T,
which is consistent with the physical picture of the BAC
model (see [58, 59] for GaP:N, [56] for GaAs:N, [60] for
GaSh:N). In the opposite cases (bottom panels in Fig.
8), our ETB simulations predict modest changes in the
conduction bands, while newly formed localized valence
band edges appear, which originate from the P/As/Sb-
impurity levels lying inside the GaN’s band gap. These
restructured valence band edges are responsible for the
abrupt decreases of the optical band gap as observed in
the photoluminescence spectra when just a small amount
of P/As/Sb is incorporated into the wurtzite GaN (see
Section III. F. of [50]).

For a quantitative analysis, we compared our re-
sults with published hybrid-functional DFT calculations
and with experimental data. For the case of dilute
Ga(P/As/Sb):N alloys, we compared only with DFT cal-
culations using the same supercell configuration as ours,
namely Gags(P/As/Sb)es:N;. Qualitatively, our effective
band structures for GaP:N and GaAs:N in the top row
of Fig. 8 compare well with the ones found in [61] (Fig.
2g) and [62] (Fig. 2a), respectively, while we did not
find DFT effective band structures of GaSb:N. In Table I
we present the band-gap reduction at the I'-point result-
ing from our ETB calculations in comparison with both
DFT and experimental data from the literature. Gener-
ally speaking, both ETB and DFT results deviate consid-
erably from the experimental values. However, while the
hybrid-functional DFT systematically overestimates the
I'-gap reduction of the dilute Ga(P/As/Sb):N alloys, in
average our ETB gives values closer to the experimental
data.

In the case of dilute GaN:(P/As/Sb) alloys, the most
interesting feature is the abrupt band-gap reduction in
the ultra-dilute regime (i.e., %P/%As/%Sb < 1%) be-
cause it closely reflects the energetic position of the impu-
rity P/As/Sb-level with respect to the valence band edge
of GaN. Effective band structures calculated by hybrid-
functional DFT for such ultra-dilute alloys are given in
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The effective band structures (the black-to-pink color-map) of three HMAs in both dilute limits along with the

band structure of the host material on top (the dashed cyan lines). For the labels, “ZB” and “WZ” stand for “zincblende”
and “wurtzite”, respectively. In each row of panels, the energy range is the same, so that one can easily compare the relative

positions between the bands in different materials.

[63] (Fig. 6, first row). Once again, our ETB effective
band structures in Fig. 8 (second row) closely resemble
the DFT ones. In Table IT we collect the band-gap reduc-
tion from our ETB in comparison with the DFT results
from [63] and with experimental data. In this case, our
ETB-predicted values agree well with the measured data,
while the hybrid-functional DFT systematically underes-
timates the band-gap reductions.

TABLE 1. Values (in eV) of the I'-gap reduction for dilute
zincblende Ga(P/As/Sb):N alloys (%N = 1.56%).
GaP:N | GaAs:N | GaSb:N
ETB |~ 0.57 ~ 0.08 ~ 0.44
DFT |~ 1.00 [61] [~ 0.40 [62]|~ 0.58 [64]
Exp. |~ 0.70 [65] [~ 0.24 [66]]~ 0.32 [67]

TABLE II. Values (in eV) of the abrupt band-gap reduction
for ultra-dilute wurtzite GaN:(P/As/Sb) alloys.
GaN:P GaN:AS GaN:Sb
ETB|~ 0.34 ~ 0.62 ~ 1.34
DFT|~ 0.17 [63] |~ 0.41 [63] |~ 0.98 [63]

~ 0.50 -0.54|~ 0.6 — 0.8/~ 1.2—-1.3
[50, 68] 50, 69, 70]|[50, 52, 71, 72]

Exp.

From Tables I and IT we can observe that the hybrid-
functional DFT tends to lower the energetic positions

of the newly formed band edge states, resulting in an
under- and overestimation of the band gap reduction for
the dilute GaN:(P/As/Sb) and Ga(P/As/Sb):N alloys,
respectively. A similar issue has been observed by the
current authors when calculating the band-gap variation
of GaAsSb alloy using hybrid-functional DFT [73]. One
possible cause could be the limited size of the supercells
used in the hybrid-functional DFT calculations [74]. This
would indicate that a correct description of random al-
loys would need much larger supercells, which from a
computational point of view is more easily manageable
with ETB than with hybrid-functional DFT.

V. CONCLUSIONS AND OUTLOOK

The ETB is one of the most commonly used methods
for electronic and optoelectronic simulations. The so-
phisticated ETB schemes that are needed to obtain high
accuracy and transferability for practical simulations re-
quire the availability of high-quality sets of ETB param-
eters. However, obtaining such high-quality parameter
sets poses many challenges. Motivated by this, here we
have presented a simplified and computationally efficient
strategy for the ETB parameterization which retains the
main spirit of a more complicated approach called the
DFT mapping method [29, 30]. The code implementa-
tion of our strategy is open-sourced and can be easily
used or modified by other researchers.



We applied our parameterization strategy to GalN as
an example, obtaining a full set of ETB parameters that
is compatible with the advanced ETB scheme of Tan
et al. [20]. The effectiveness and validity of our strat-
egy (as well as the obtained GaN parameters) were as-
sessed via several typical test cases: the transferability
between the two crystal phases zincblende and wurtzite,
the transferability from bulk to a polytypic superlattice,
and the transferability to highly mismatched alloys in di-
lute regimes. Although there are still some discrepancies,
the overall results are very encouraging in the sense that
they exhibit a similar degree of polytypic transferabil-
ity as the parameters obtained via the more complicated
DFT mapping method, suggesting our parameterization
strategy is a viable alternative. Considering the mod-
est DFT data available in our GaN example (only the
band dispersions along L — I' — X and the wavefunction
compositions at these three critical k-points), one can
expect that the current discrepancies would be improved
by enriching the DFT targets (e.g. full-zone band struc-
tures, wavefunction compositions at all critical k-points,
wurtzite targets, etc ...).

We expect that our toolbox and procedure can help
other researchers to perform the parameterization them-
selves and obtain high-quality parameter sets for the ma-
terials of interest, promoting the use of reliable but effi-
cient atomistic simulations using ETB.
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VI. CODE IMPLEMENTATION

Our ETB parameterization toolbox is available at [75].
This toolbox was tailored to work with the UPTIGHT
code for the ETB calculations, which is also available
freely at [76].
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Appendix A: A brief overview of the landscape of
empirical tight-binding schemes

Tables III and IV together list some notable ETB
schemes proposed in the literature for common group-
IV and III-V semiconductor materials, comparing their
strain-related characteristics.

TABLE III. Comparison of strain-related characteristics of various ETB schemes proposed in the literature. “Elem.” stands
for elemental materials (e.g. C, Si, Ge) while “binary” is for binary materials (e.g. GaAs).

Scheme Munoz et al.| T'serbak et al.| Mercer et al.| Grosso et al.| Jancu et al.| Wang et al.| Boykin et al.
(1993) [77] | (1993) [78] | (1994) [79] | (1995) [80] | (1998) [15] | (1999) [81]| (2002) [25]
Basis . . "
sps sp Sp sp spds sp spds
set
Neighbor first third first second first any first
shells nearest nearest nearest nearest nearest nearest
Onsite yes yes yes
shift
Onsite » » d ves
splitting
Intra-
. p-p
coupling
Hopping s*p yes
correction
Distance Harrison Harrison Harrison Harrison Harrison
other other
scaling law law law law law
Appl}j for h.ydl.rostatlc h.yd?ostatlc not clear h.yd?ostatlc h.yd.rostatlc any any
strains | biaxial [001]| biaxial [001] biaxial [001] |biaxial [001]
Parameters Si, Ge Si si,ce | ©5hGe Si | GaAs, InAs
for III-V
No. of binary: ~18| elem.: ~18 | elem.: ~38 | elem.: ~18 elem.; ~33 elem.: ~60 | binary: ~69
parameters binary: ~52
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TABLE IV. Comparison of strain-related characteristics of various ETB schemes proposed in the literature (continued, end).

Scheme Jancu et al. Niguet et al.| Boykin et al.| Raouafi et al. | Nestoklon et al.| Tan et al.
(2007) [21] (2009) [26] | (2010) [27] | (2016) [25] (2016) [24] (2016) [20]
Basis spds™ spds™ spds™ spds™ spds”* spds™
set
Neighbor first first first first first first
shells nearest nearest nearest nearest nearest nearest
Onsite yes yes yes yes yes yes
shift
Ounsite
yes yes yes yes yes yes
splitting
p-p,
Intré— ves d, p-p; p-p; ves
coupling d-d d-d
d-d
H0pp1f1g ves
correction
Distance Harrison Harrison Harrison Harrison Harrison .
exponential
scaling law law law law law
Apply for hydrostatic any any any any any
strains |biaxial [001], [111]
Parameters Ge Si, Ge (ALTn)(As,Sh)| (Ga,In)(As,Sb) | b G®
for III-V (no N)
No. of elem.: ~40 elem.: ~46 | elem.: ~50 | binary: ~60 binary: ~62 e.lem.: ~100
parameters binary: ~150

Appendix B: Preparing the DFT targets

The DFT data needed in our parameterization proce-
dure include the band structure targets and the wave-
function composition targets. The commercial soft-
ware QuantumATK [34] (version U-2022.12-SP1) was ex-
ploited for the DFT calculations. The hybrid functional
HSE [82] was chosen to model the exchange-correlation
term. The mixing parameter « in the HSE functional
was chosen so that the DFT band gap of the unstrained
zincblende GaN matches the experimental value at room
temperature, resulting in a = 0.39; while the screening
length was kept fixed at 0.11 Bohr~!. A plane-wave ba-
sis set was chosen (implementation details in [34]), with
a wavefunction cutoff of 35 Hartree. The PseudoDojo
pseudopotentials [83] were used. The k-points sampling
for the self-consistent calculation was set to a density of
4 A in all directions. For the actual calculations, the
Brillouin zone was sampled along the L — ' — X k-path,
with 20 equally spaced points for each segment. We cal-
culated the DFT band energies (8 valence bands and 6
conduction bands, including spin-degeneracy) at all of
these k-points for the profiles with zero strain or hydro-
static strains. For the profiles with the other kinds of
strains, because they are less important to the param-
eterization, only the eigenenergies at the three critical
k-points L, I', and X were calculated.

Regarding the wavefunction compositions, our ETB
parameterization requires the squared modules of the

projections of the DFT wavefunctions onto the atomic-
like orbitals with s, p, d, ...symmetries (see Egs. (5) and
(6) in the paper). However, since this information is not
readily available in QuantumATK’s outputs, additional
mathematical treatment is needed as follows. At each k-
point, the projected density of states (PDOS) D(FE) for a
given orbital symmetry was calculated in QuantumATK
using the Gaussian broadening ¢ = 10 meV. Then, in
combination with the knowledge of N eigenenergies (at
the same k-point), we have the following system of N
linear equations for each kind of orbital symmetry (e.g.
Sc-symmetry):

D?®e (El) = G1,1|<SC|\I/1>‘2 + ...+ Gl,N|<sc|\I/N>|2
D*(Ey) = Gaal(sc[01)|* + ... + Go,n[(sc| W)

D*(En) = Gnal(sc|P1)]* + ... + Gn v [(sc|Tn) 2

where G;; = e*(Ei’EJ')Q/(Q"Q)/(QWUQ) is the Gaussian
function and the squared modules of the projections
|(se|¥)|? (i = 1,...,N) are the unknowns we need to
solve for. Doing similarly for the other orbital symme-
tries, we obtained the compositions of all DFT wave-
functions corresponding to all calculated eigenenergies.
In our example of GaN parameterization, we used only
the DFT wavefunction compositions at the three critical
k-points L, I'; X for the fitting, but as many k-points as
needed can be included.



The Python scripts for the DFT calculations of GaN
with QuantumATK as well as for extracting the DFT
targets are also provided in our ETB parameterization
toolbox at [75].

Appendix C: GaN parameter sets

In Table V we show the estimated values of the sp?
parameters for the unstrained zincblende profile of GaN.
Tables VI and VII show the actual sp3d®s* parameters for
GaN that we fitted using our parameterization strategy.

TABLE V. Estimations of sp® parameters for unstrained
zincblende profile of GaN calculated from the DFT eigenen-
ergies at I’ and X following the steps in [14]. “Est.” stands
for “Estimation”.

Onsite Es, E,. Es, By,
Est. (eV)|—2.01264|8.85579|—13.34384(2.99523
Hopping | Vs,sco | Vsapeo Viasco Voapeo | Voaper
Est. (eV)|—2.31458|4.10657| 3.08572 |5.67216|—0.90473

TABLE VI. The fitted values (unitless for As, in eV for the
others) of the GaN parameters at 300 K for the onsite ener-
gies, spin-orbit couplings, band offset variation and intracou-
plings (following the notations in [20]). The reference bond
length is dyer = 0.19622 nm, dd is zero.

E.. | Ep. | E;: | Ea. | Ac
1.4880 | 8.6528 |12.7318|13.5576 | 0.0243
E., | Ep, | Ey» | Ea, | Aa
-20.7643| 4.5320 |19.4300 | 14.1842 | 0.0045

Isc,a Ipc,a I~ Idc a Aca

c,a ’

2.9456 | 4.3728 | 6.0053 | 6.2920 | 0.0000
Lo | Tpae | Lz, | Taae | Bac
6.8839 | 2.4550 | 4.3555 | 10.6617 | 0.0000
Xoca | Apea | Aezo | Mo o

1.4634 | 1.3582 | 1.5771 | 0.9555 | -3.0657
Moo | Apae | Aez. | Ma | Ho

1.0309 | 0.9055 | 1.1065 | 2.0302 | 0.6178

Cscpc,a Cpcpc,a Cs:pc,a Cpcdc,a Cdcdma

1.9965 | 2.9987 | 1.2260 | 2.2931 | 2.8622

Csapa,c|Cpapasc Cs;;pa,c Cpada,c|Cdada,c

1.8985 | 1.4113 | 1.9991 | 1.6511 | 2.3293
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TABLE VII. The fitted values (in eV) of the GaN parameters
at 300 K for the intercouplings between Ga cation and N anion
(following the notations in [20]). The reference bond length
i8 drof = 0.19622 nm, dd is zero.

Hopping| V n P S Q
SaSco  |-3.1643]1.8086| 1.8473 | 1.1501 | 0.9511
Sapeo | 5.4257|1.0147(-0.0001| 0.0553 | 1.1067
SaSpo [-3.4842]1.7856(-1.9318| 2.8704 | 1.0081
Sadco |-6.6181|1.6501|0.1828 | 2.9817 |-0.1728
DaSco | 3.8917 [1.3524|-0.0910| 0.8578 | 0.4757
PaPco | 5.9404 |1.1427(-2.2018| 2.9703 |-2.9963
paseo | 0.0007 [1.2228]-0.1261| 1.0698 | 2.2125
Padco  [-3.2043|0.8668 [-1.2852 | 2.5879 |-2.5806
snsco |-3.5653|1.44071 2.9995 |-2.7408| 0.2975
snsno | 5.2904 |1.1554(-2.8393| 2.9928 | 1.7727
snsno [-0.0001|1.3222] 2.4965 |-0.6782| 1.7631
sadco [-3.9379(2.0987|2.9211 | 0.3757 |-0.1125
dasco |-0.0004|1.3353]2.9848 | 0.1848 |-0.5041
depeo 1-0.1525(2.35472.0903 |-0.1071|-0.6331
desio  |-7.7754|2.4998| 0.3276 | 2.8865 |-0.3205
dedco |-8.5526(2.1937|-0.0774| 2.7196 | 2.9947
PaPeT  [-2.2936(1.6952| 0.6729 |-0.1421 | 0.0000
padem | 2.8875(0.6597 | 2.6884 [-1.9101 2.9930
dapem | 6.8886 |1.7848(-0.1391|2.4785 | 0.4517
dadem | 7.3331|1.5381|0.6581 | 1.4277 | 2.9553
ded:6 |-1.3819/0.0077| 2.2604 | 1.4651 |-0.0088

Appendix D: The contributions of s*-orbitals to the
s-composition of the wavefunctions

Because the DFT calculations can give only the or-
bital compositions in terms of s-, p- and d-symmetry or-
bitals, a natural question is what to do with the contri-
butions of s*-orbitals in the ETB calculations. Possible
choices are: (i) ignore s*-contributions and only compare
s-contributions in the ETB with that in the DFT, or (ii)
sum up s- and s*-contributions in the ETB together and
compare the sum with the s-contributions in the DFT.
Note that the s* orbital can be interpreted as the s or-
bital of the next higher shell (right after the valence shell)
in the electron configuration of the atom [14]. Thus, one
probably choose the option (ii), based on the physical
intuition that both s and s* orbitals have s-symmetry
and should be treated in the same way and the DFT
s-composition already included the contributions from
both s and s*. In fact, we can derive a mathematical
condition to test whether this is the case or not. Assum-
ing only the s orbitals in the valence shells contribute to
the DFT s-compositions of the wavefunctions, for a fair
comparison between the ETB and the DFT calculations
we have to use the sp?d® ETB basis set, i.e. without
s*. With this basis set, the ETB Hamiltonian matrix for
a zincblende crystal at I'-point can be written in block-



diagonal form in which the s. and s, orbitals (¢ and a
stand for “cation” and “anion”) are decoupled from the
other orbitals and together form a 2 x 2 matrix block (for

each spin):
SeS C
Hs s, = VA

where C' and A are the onsite energies of s. and s,
respectively, while V' is the coupling strength between
them. One can easily analytically diagonalize this ma-
trix block to obtain the two eigenenergies Fy (assuming
E_ < E;)and two corresponding orthonormalized eigen-

vectors 1L = (céE ) The E_ energy is the lowest
valence band and E+ is the lowest conduction band at
I'-point. From the eigenvectors 14, with some lengthy
but simple mathematical arrangements, one can derive

the following condition:
1 1
|es. |2

(D1)

>
Gk 2
and a similar condition for s,. That said, if only the s
orbitals in the valence shells contribute to the DFT s-
compositions, then those compositions must satisfy the
condition in Eq. (D2), otherwise there must be contri-
butions from other s-symmetry orbitals, namely from s*
orbitals. We checked the DFT s-compositions at I'-point
of the zincblende GaN and found that the condition (D2)
is not fulfilled. This means we can never match the s-
compositions in the DFT targets by solely using the ETB
s-compositions. In order to have a fair comparison, the
ETB s*-compositions must be added, as anticipated in
option (ii) above.

Appendix E: A trick to speed up the convergence

The MOGA in Matlab is designed to ensure the di-
versity in the Pareto points, i.e., these points tend to
spread over a large range in the objective space. This
fact makes the algorithm slower after some iterations be-
cause it spends time on improving uninteresting points,
i.e., the points that achieve a low value in one of the loss
functions, but have unacceptably high value in the other.
To boost the speed and guide the MOGA to focus only
on the most potential points, we used the following trick
(see Fig. 3 for a visualization):

1. Stop the current optimization cycle if there is only
little improvement over many iterations;

2. Choose some cutoffs for the L¥ and LY cost func-
tions and keep only Pareto points that lie within
both the cutoffs while filtering out all the others;

3. Redefine the two objectives so that if a point have
LE (or LY) cost greater than the corresponding
cutoff, then multiply its LY (L¥) cost by some large
number (e.g. by a factor of 10) to move this point
out of the interest of MOGA;
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4. Restart MOGA for a new cycle, this time use the
filtered points as the new initial guesses (along with
the randomly generated ones).

This trick can be repeated as many times as needed until
the Pareto front can no longer be considerably improved.

Appendix F: Comments on fitting band offset’s
variation

As discussed in [10], one of the advantages of the Tan
scheme with respect to the Jancu scheme is that the Tan
scheme takes the band offset variation as an integrated
part while the Jancu scheme does not. In the Tan scheme,
the variation of the band offset is present in the deter-
mination of the diagonal Hamiltonian matrix elements
via the terms O, ; exp(— /\O - 0) with O;; being some
pair-type-specific parameter to be fitted (see Equations
(6) and (8) in [20]). Note that the movement of the va-
lence band edge in the energy under hydrostatic strain
relative to its “unstrained” position (i.e. the valence hy-
drostatic deformation potential) is not due only to the
terms O; j exp(—A{; - §) but is the net result of the inter-
play between the distance scaling of the onsite energies,
hopping energies and band offset. That is why the band
offset variation must be taken in Stage 3 instead of being
treated a posteriori. To do that, the target DFT band
structures for different hydrostatic strains must supply
the absolute energy values of the valence band edges with
respect to the same common reference energy level.

Appendix G: Details of the supercell simulations

FIG. 9.
supercells used in our supercell simulations for the HMAs:
zincblende GaP:N, GaAs:N, GaSb:N on the left; wurtzite
GaN:P, GaN:As, GaN:Sb on the right. The single impurity
atom is colored in red.

Visualizations of the atomistic structures of the

The supercells simulations were performed in the
framework of TiberCAD [35, 36]. For each of three dilute-
N zincblende HMAs, a supercell of the size 4 x 4 x 4
unit cells containing 128 atoms of the host material
(GaP/GaAs/GaSb) was built, then one anion (P/As/Sb)



is substituted by a N atom, resulting in a composition of
%N = 1.56%. Similarly, for each of three dilute-P/As/Sb
wurtzite HMAs, a GaN supercell of 4 x 4 x 4 unit cells
containing 256 atoms was built, then one N atom is re-
placed by a P/As/Sb atom, resulting in a composition
of %P /%As/%Sb =~ 0.78%. The atomistic structures of
the zincblende and wurtzite HMAs are visualized in Fig.
9. We then fully relaxed the whole supercell using a
simple valence force-field (VFF) method [84] before solv-
ing for its effective band structure using the Tan ETB
scheme [20] and a unfolding technique described in [85].
The information about the lattice parameters and elastic
constants of the parent materials in both zincblende and

17

wurtzite phases, which is required by the VFF model in
the relaxation step, was collected from [86-89] with the
preference to use the experimental values where available.
Moreover, the relative valence band offsets between the
parent materials in zincblende phase, except GaN, were
taken from [86]. For zincblende GaN, we chose a band
offset of 2.1 eV below zincblende GaAs, based on the
diagram in Fig. 11 of [52]. Ounce the band offsets be-
tween the parent materials in zincblende phase are set,
the corresponding band offsets in wurtzite phase follow
automatically thanks to the polytype transferability of
the Tan ETB scheme.
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