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Abstract: We study the modular Hamiltonian associated with a Gaussian state on the
Weyl algebra. We obtain necessary/sufficient criteria for the local equivalence of Gaus-
sian states, independently of the classical results by Araki and Yamagami, Van Daele,
Holevo. We also present a criterion for a Bogoliubov automorphism to be weakly in-
ner in the GNS representation. The main application of our analysis is the description
of the vacuum modular Hamiltonian associated with a time-zero interval in the scalar,
massive, free QFT in two spacetime dimensions, thus complementing the recent results
in higher space dimensions (Longo and Morsella in The massive modular Hamiltonian.
arXiv:2012.00565). In particular, we have the formula for the local entropy of a one-
dimensional Klein—Gordon wave packet and Araki’s vacuum relative entropy of a co-
herent state on a double cone von Neumann algebra. Besides, we derive the type 111
factor property. Incidentally, we run across certain positive selfadjoint extensions of the
Laplacian, with outer boundary conditions, seemingly not considered so far.

1. Introduction

The Heisenberg commutation relations are at the core of Quantum Mechanics. From the
mathematical viewpoint, they have a more transparent formulation in Weyl’s exponential
form. If H is a real linear space equipped with a non-degenerate symplectic form S, one
considers the free *-algebra A(H) linearly generated by the (unitaries) V(h), h € H,
that satisfy the commutation relations (CCR)

V(h+k)=PPOV)V (), hkeH, (1)

V (h)* = V(—h). The Weyl algebra A (H ) admits a unique C* norm, soits C* completion
is a simple C*-algebra, the Weyl C*-algebra C*(H). The representations, and the states,
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of A(H) and of C*(H) are so in one-to-one correspondence. We refer to [8,14,34] for
the basic theory.

For a finite-dimensional H, von Neumann’s famous uniqueness theorem shows that
all representations of C*(H), with V (-) weakly continuous, are quasi-equivalent. As is
well known, in Quantum Field Theory (QFT) one deals with infinitely many degrees of
freedom and many inequivalent representations arise, see [20].

Due to the relations (1), a state on C*(H) is determined by its value on the Weyl
unitaries; a natural class of states is given by the ones with Gaussian kernel. A state ¢,
is called Gaussian, or quasi-free, if

gu(V () = em2400)

with « a real bilinear form « on H, that has to be compatible with .

Assuming now that H is separating with respect to «, as is the case of alocal subspace
in QFT, the GNS vector associated with ¢, is cyclic and separating for the von Neumann
algebra A(H) generated by C*(H) in the representation. So there is an associated
Tomita—Takesaki modular structure, see [41], that we are going to exploit in this paper.

Modular theory is a deep, fundamental operator algebraic structure that is widely
known and we refrain from explaining it here, giving for granted the reader to be at least
partly familiar with that. We however point out two relevant aspects for our work. The
first one is motivational and concerns the growing interest on the modular Hamiltonian
in nowadays physical literature, especially in connection with entropy aspects (see e.g.
refs in [28]). The other aspect concerns the crucial role taken by the modular theory of
standard subspaces, see [27]; this general framework, where Operator Algebras are not
immediately visible, reveals a surprisingly rich structure and is suitable for applications
of various kind. Most of our paper will deal with standard subspaces.

Our motivation for this paper is the description of the local modular Hamiltonian
associated with the free, massive, scalar QFT in 1 + 1 spacetime dimension, in order to
complement the higher dimensional results, that were obtained after decades of investi-
gations [30]. We give our formula in Sect. 5.2. Although the present formula could be
guessed from the higher dimensional one, its proof is definitely non-trivial because the
deformation arguments from the massless case are not directly available now, due to the
well known infrared singularities; indeed the free, massless, scalar QFT does not exist
in 1 + 1 dimension.

As a consequence, we compute the local entropy of a low dimensional Klein—Gordon
wave packet. This gives also Araki’s vacuum relative entropy of a coherent state on alocal
von Neumann algebra the free, massive, scalar QFT, now also in the 1+ 1 dimension case.
We refer to [9,28-30] for background results and explanation of the context. We also
show the type 111 factor property for the net of local von Neumann algebras associated
with the free, massive, scalar QFT on a low dimensional Minkowski spacetime.

We now briefly describe part of the background of our work. The Canonical Com-
mutation Relations (1) and Anti-Commutation Relations are ubiquitous and intrinsic
in Quantum Physics. The study of the corresponding linear symmetries (symplectic
transformations, CCR case) is a natural problem; the automorphisms of the associated
operator algebras are called Bogoliubov automorphisms, see [14,15]. The classical re-
sult of Shale [39] characterises the Bogoliubov automorphisms that are unitarily imple-
mentable on the Fock representation. Criteria of unitary implementability in a quasi-free
representation were given by Araki and Yamagami [5], van Daele [42] and Holevo [23],
these works are independent of the modular theory, although the last two rely on the
purification construction, that originated in the classical paper by Powers and Stgrmer
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in the CAR case [36]. Woronowicz partly related the purification map to the modular
theory and reconsidered the CAR case [43]. However, the modular structure of the Weyl
algebra has not been fully exploited so far, although the CCR case is natural to be studied
from this point of view.

We work in the context of the standard form of a von Neumann algebra studied by
Araki, Connes and Haagerup [3,11,21]. If an automorphism of a von Neumann algebra
in standard form is unitarily implementable, then it is canonically implementable; so
we know where to look for a possible implementation. This will provide us with a
criterion for local normality that is independent of the mentioned previous criteria, we
however make use of Shale’s criterion. We shall give necessary/sufficient criteria for the
quasi-equivalence of Gaussian states in terms of the modular data.

A key point in our analysis concerns the cutting projection on a standard subspace
studied in [9]. On one hand, this projection is expressed in terms of the modular data,
on the other hand it has a geometric description in the QFT framework. The cutting
projection is thus a link between geometry and modular theory, so it gives us a powerful
tool.

Among our results, we have indeed necessary/sufficient criteria for the quasi-equivalence
of two Gaussian states ¢g,, ¢4, on C*(H), in terms of the difference of certain func-
tions of the modular Hamiltonians, that are related to the cutting projections. However,
our present applications to QFT are based on our general analysis, not directly to the
mentioned criteria.

The following diagram illustrates the interplay among the three equivalent structures
associated with standard subspaces and the geometric way out to QFT:

modular data
cutting projection

’ subspace geometry | ----------5 > | QFT

geometric

complex structure ‘

Our paper is organised as follows. We first study the modular structure of stan-
dard subspaces, especially in relations with polarisers and cutting projections. We then
study the local normality/weak innerness of Bogoliubov transformations, and the quasi-
equivalence of Gaussian states, in terms of modular Hamiltonians and other modular
data. Finally, we present our mentioned applications in Quantum Field Theory. We also
includes appendices, in particular concerning inequalities and functional calculus for real
linear operators in the form we shall need. Finally, we point out certain positive selfad-
joint extensions of the Laplacian, naturally arising via the inverse Helmholtz operator,
that might have their own interest.

2. Basic Structure
This section contains the analysis of some general, structural aspects related to closed,

real linear subspaces of a complex Hilbert space, from the point of view of the modular
theory.
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2.1. One-particle structure. Let H be areal vector space. A symplectic form $ on H is
areal, bilinear, anti-symmetric form on H. We shall say that 8 is non-degenerate on H
if

kerf={he H:B(h k) =0, Yk € H} = {0}.

We shall say that 8 is fotally degenerate if ker 8 = H, namely 8 = 0. A symplectic
space is a real linear space H equipped with a symplectic form 8.

Given a symplectic space (H, ), a real scalar product « on H is compatible with 8
(or B is compatible with «) if the inequality

B(h, k)? < a(h, hya(k, k), h keH, )

holds. Given a compatible «, note that ker 8 is closed (w.r.t. &), 8 = O on ker 8 and S is
non-degenerate on (ker 8 )L Clearly, B extends to a symplectic form on the completion
H of H w.r.t. «, compatible with the extension of «. (However 8 may be degenerate on
H even if B is non-degenerate on H.)

A one-particle structure on H associated with the compatible scalar product « (see
[24]) is a pair (H, k), where H is a complex Hilbert space and « : H — H is a real
linear map satisfying

(@) Nk (h1), k(h2)) = a(hy, ho) and J(k (h1), k (h2)) = B(h1, h2), hi, ha € H,
(b) «(H) +ik(H) is dense in H.
Note that « is injective because

heH, k(h)=0= Rh), k) =0= a(h,h) =0=h =0. 3)

With H the completion of H w.r.t. o, 8 extends to a compatible symplectic form on H.
Then « extends to a real linear map « : H — ‘H with (H, k) a one-particle structure for
H.

In the following proposition, we shall anticipate a couple of facts explained in later
sections. The uniqueness can be found in [24]; the existence is inspired by [34].

Proposition 2.1. Let H be a symplectic space with a compatible scalar product «. There
exists a one-particle structure (H, k) on H associated with a. It is unique, modulo unitary
equivalence; namely, if (H', ') is another one-particle structure on H, there exists a
unitary U : H — H' such that the following diagram commutes:

. s H
H/ly
>

Proof. Uniqueness. The linear map U : x(h) — «’(h) is well defined on « (H) by (3).
Moreover, it extends to a complex linear map « (H) +ix (H) — «'(H) +ix’(H) and is
isometric because

[l (h) + i (O1I* = [ ()11 + [k (k)1 + 290 (ke (), i (k)
= [k (W + 1k ) [1> = 23 (e (), K (k)
=alh,h)+alk, k) —28(h, k) = ||/<’(h) + i;c’(k)||2,

so U extends to a unitary operator with the desired property.
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Existence. By replacing H with its completion w.r.t. o, we may assume that H is
complete. Suppose first that 8 is totally degenerate, i.e. § = 0, and let Hc the usual
complexification of H, namely Hc = H @ H as real Hilbert space with complex

structure given by the matrix i = |:? _Ol:| Thenk :he H— h®0 € Hcisa

one-particle structure on H associated with «.
Suppose now that § is non-degenerate and consider the polariser Dy (Sect. 2.2).
If ker(D%, + 1) = {0}, i.e. H is separating (see Lemma 2.2), the orthogonal dilation

provides a one-particle structure on H associated with & (Sect. 2.4). If D?, = —1, then
Dy is a complex structure on H, so the identity map is a one-particle structure. Taking
the direct sum, we see that a one-particle structure exists if 8 is non-degenerate.

The existence of a one-particle structure then follows in general because
H = H, ® Hy, where the restriction of 8 to H, is totally degenerate and to Hy is
non-degenerate. 0O

2.2. Polariser. Let H C 'H be a closed, real linear subspace of the complex Hilbert
space H. By the Riesz lemma, there exists a unique bounded, real linear operator Dy
on H such that

B(h,k) = a(h, Duk), h,k € H, “)

We have

[IDull <1, Dy =—Dnu.
The operator Dy is called the polariser of H. As
S(h, k) = —N(h,ik) = —NR(h, Egik), h, ke H,
we have one of our basic relations
Dy = —Eniln, )
where Eg is the orthogonal projection onto H.

Let H' = (i H)® be the symplectic complement of H. We shall say that H is factorial
if HN H = {0}.

Lemma 2.2. We have
ker(D% +1) = HNiH, (6)
thus H is separating iﬁ‘ker(D%{ + 1) = {0}. Furthermore,
ker(Dy) =ker = HN H'. 7

thus H is factorial iff ker(Dg) = {0}.
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Proof. As Dy = —Egi|y, with Ey the orthogonal projection of H onto H (5), we
have

D} = EniEnily = —EnEinln (8)
so,if h € H,

(D% +1Dh =0« EyEigh=h < he HNiH,

showing the first part of the lemma.
Last assertion follows as

ker B = ran(Dy)*" = ker(Dj}y) = ker(Dp)
and clearlyker = HNH'. O
Proposition 2.3. 1 € ker(D% + 1) & ||Dyhl|| = ||h|| & Dyh = —ih.

Proof. Let h € ker(D% + 1), thus D%,h = —h, so ||D%h|| = ||h|| and this implies
[|Duh|| = ||h]| because ||Dg|| < 1. Thus ||Egih|| = ||k|| = ||ik]|, so h € i H; hence
heHNiH.So Dyh = —Egpih = —ih.

Conversely, assume that Dgh = —ih; then ih € H, so ||Dghl|| = ||Egih|| =
[|h]]. Finally, assume the equality ||[Dgh|| = ||h]| to hold. Then ||Egih|| = |lik|l,
so Egih = ih, hence Dyh = —Eyih = —ih, so D} = —h, namely h €

ker(D% +1). O

2.3. Standard subspaces. Let H be a complex Hilbert space and H a closed, real linear
subspace. We say that H is cyclic it H +i H is dense in 'H, separating if H Ni H = {0},
standard if it is both cyclic and separating.

Let H C H be a closed, real linear subspace of H and 8 = J(-, -) on H, where (-, -)
is the complex scalar product on H; then g is a symplectic form on H that makes it a
symplectic space. Moreover, o = (-, -) is a compatible real scalar product on H.

An abstract standard subspace is a triple (H, «, 8), where H is a real Hilbert space,
« is the real scalar product on H and 8 is a symplectic form on H compatible with «, so
that H separating, that is ker(D%i + 1) = {0}, with Dp the polariser of H, see Lemma
2.2.

By Proposition 2.1, an abstract standard subspace can be uniquely identified, up to
unitary equivalence, with a standard subspace of a complex Hilbert space as above.

We shall say that the abstract standard subspace (H, o, B) is factorial if ker(Dp) =
{0}, namely B is non-degenerate.

In view of the above explanations, we shall often directly deal with standard subspaces
of a complex Hilbert space H.

Given a standard subspace H of H, we shall denote by Jy and Ay the modular
conjugation and the modular operator of H; they are defined by the polar decomposition

Sy =Jy A}f of the closed, densely defined, anti-linear involution on H

Sug:h+ik— h—ik, h,keH.

Ay is a non-singular, positive selfadjoint operator, Jy is an anti-unitary involution and
we have

JnAgdy = Ay ©)
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The fundamental relations are
AYH=H, JyH=H' seR,
see [25,27,37]. We denote by
LH = IOg AH

the modular Hamiltonian of H. We often simplify the notation setting L = Ly and
similarly for other operators.

Assume now H to be standard and factorial. Let E i be the real orthogonal projection
from H onto H as above and Pg the cutting projection

Py:h+h'+—h, heH heH. (10)

Py : D(Py) C 'H — 'H is a closed, densely defined, real linear operator with domain
D(Py)=H+H'.
Recall two formulas respectively in [17] and in [9]:

Eg=+Ag)" +IgAP0+am~", (11)
Py=(—Ap)  +Igagid—amh (12)

more precisely, Py is the closure of the right hand side of (12).
These formulas can be written as

Ep=0+Sp)(1+Ap)"", (13)
Py =(+Sy)(1— A", (14)

SO give
Py =En(1+Ap)(1 — Ag)~' = —Eg coth(Ly/2). (15)

In the following, if T : D(T) C 'H — "H is areal linear operator, T |y is the restriction
of T to D(T|g) = D(T) N H, that we may consider also as operator H — H if
ran(T|g) C H, as it will be clear from the context.

Proposition 2.4. Let H C 'H be a factorial standard subspace. The polariser Dy of H
and its inverse Dl_il are given by

Dy = —Eyily =i(Ag — D(Ag + D)7y =itanh(Ly /2) 4, (16)
Dy' = Puily = —i(Ag+ (Mg — D7y = —icoth(Ly/D|y.  (17)
As a consequence, Pyi|g is a skew-selfadjoint real linear operator on H.
Proof. As JuAnJy = Ay', Eq. (11) gives

En=0+Am)"" +An(l+Ay) "IN,

therefore
Epih = ((1 + A AL+ AH)_ISH)ih — (1 +Ap) " Nih— Ayl + Ay lik
=0 =Am)A+Ax) " tin, (18)
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h € H, thus
Enily =1 —Am)(1+ A~ tily. (19)

As Dy = —Egi|n (5), Eq. (16) is proved.
Concerning formula (17), since H is left invariant by (Ay + 1)(Agy — 1)~ from
(15) we get

PHi|H = —EH COth(LH/z)i“-[ = —i COth(LH/2)|H = —i(AH + 1)(AH — 1)_1|H~

So Pyi|y is skew-selfadjoint because H is globally A’;I'—invariant, s € R [30, Prop.
22]. O

Corollary 2.5. We have

B 1
J1+ D2 =2(AY2 4 A7 =—( . 20
*Ph A+ Ay ) ln cosh(Ly/2)H 20

_ 1
D;'\/1+ D% = —2i(A)7 — A,H)7! =_-—’ : 21
H H HAg =By ) =G 7D u b

Proof. By Proposition 2.4 Dy =i tanh(L g /2)|n, thus
D} = —tanh®(Ly /2)| . (22)
o) D%_I is a bounded selfadjoint operator on H (as real linear operator). Therefore

1

1+ D% = (1 —tanh?>(Ly /2 z—‘ ’
= (Lu/2lu)|y cosh?(Ly /2) 1H

(23)

thus (20) holds.
By Proposition 2.4 we then have

DY /1+ D2 :_iw :—i;‘ )
H H cosh(Ly/2) 11 sinh(L g /2) |1

O

The following corollary follows at once from [31]. The type of a subspace refers to the
second quantisation von Neumann algebra.

Corollary 2.6. We have
EnEp|u =1+ D3. (24)
Therefore, H is a type I subspace iff 1 + D%{ is a trace class operator.

Proof. By [31, Lemma 2.4], we have EgEy/|lgp = 4Ag(1 + AH)_2|H; by (23), we
have
1

- | =1+D%.
cosh?(Ly /2) |1 H

4Ag(1+Ap) 2y =

The corollary thus follows by [31, Cor. 2.6]. O
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By (24) and (8), we have the nice identity
EnEplg+EgEigly =1 (25)

Let (H, oy, B) be abstract standard subspaces, k = 1, 2, and suppose that ¢ is equivalent
to arp, thus there exists a bounded, positive linear map 7 : H — H with bounded inverse
such that oy (h, k) = a1 (h, Tk). Then

ay(h, Dik) = B(h, k) = az(h, D2k) = ay(h, T Dsk),

thus D; = T D».

2.4. Orthogonal dilation. Let H be areal Hilbert space, with real scalar product ¢, and
consider the doubling

H=HoH

(direct sum of real Hilbert spaces). We consider a symplectic form § on H, that we
assume to be non-degenerate and compatible with . Let D be the polariser of 8 on
H given by (4). So ker(D) = {0}. We also assume that ker(1 + D% = {0}, namely
(H, o, B) is a factorial abstract subspace (6). Set

. D V+/1+ D? 26)

| vV1+D? -D |
with V the phase of D in the polar decomposition, D = V|D|; note that V commutes
with D, because D is skew-selfadjoint, and v2=—-1 (see [7,34]). Then ¢ is a unitary

on H and (> = —1, namely « is a complex structure on H.
Let ‘H be the complex Hilbert space given by H and t. The scalar product of H is
given by
(h1 @ ha, ki @ ko) = G(h1 @ ha, ki @ ka) +iB(h1 & ha, k1 © ko)

with@ = o @ o and B(h ® ha, ki ® k) = &(h1 @ ha, L(k1 @ k2)).
The embedding « : H — H

K:h—>xkh)y=h®0
satisfies the condition b) in Sect. 2.1, that is & (k (h), k (k)) = a(h, k) and
Bk (h), k(k) = G(h @0, ((k ®0)) = &(h ® 0, Dk ® VN1 + D2k))
= a(h, Dk) = B(h, k),
h, ke H.

Lemma 2.7. « (H) cyclic and separating in H, sokisa one-particle structure for H
with respect to a and x (H) is a factorial subspace.

Proof. «k(H) cyclic means that the linear span of H @0 and {¢t(h 6 0) : h € H}is dense
in H. As

t(th®0)=Dh@®—-V~1+D%h,
Kk (H) is cyclic iff ran(V+/1 + D?) is dense, thus iff ker(1 + D?) = {0}. The proof is then
complete by Lemma 2.2. O

By the above discussion H C H is a factorial standard subspace. We call H C H the
orthogonal dilation of (H, ) with respect to «.
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2.5. Symplectic dilation. Let (H, o, 8) be an abstract factorial standard subspace. Con-
sider the doubled symplectic space (H & H, ), where B = 8 & —B.
With D the polariser of «, let Hy = ran(D) and set

D! D~ 'V1+D?
Lz[—Dl 1+D?  —D~! } @7

where the matrix entries are defined as real linear operators (H, «) — (H, ) with
domain Hy. Then

2 =1
on Hy @ Hy. A direct calculation shows that

B, o) =BE n), & ne Ho® Ho; (28)

setting

Q) = BE, ), &ne Ho® Ho, (29)

we have a real scalar product @ on Hy @& Hy which is compatible with ,é Let H be the
completion of Hy & Hp with respect to &; then H is a real Hilbert space with scalar
product still denoted by &.

By (28), (29), ¢ preserves &, so the closure of ¢ is a complex structure on H, and ¢ is
the polariser of & w.r.t. B. Then B extends to a symplectic form on H compatible with
@.So H is indeed a complex Hilbert space and H C H is a real linear subspace, where
H is identified with H @ 0.

We call H C 'H the symplectic dilation of (H, ) with respect to «.

Proposition 2.8. H is a factorial standard subspace of the symplectic dilation H. There-
fore the symplectic and the orthogonal dilations are unitarily equivalent.

Proof. H is complete, thus closed in H. Since the polariser of H in His equal to D, the
proposition follows by Lemma 2.2. O

3. Bogoliubov Automorphisms

In this section we study symplectic maps that promote to unitarily implementable auto-
morphisms on the Fock space.

Given a symplectic space (H, ), we consider the Weyl algebra A(H) associated
with H, namely the free *-algebra complex linearly generated by the Weyl unitaries
V(h), h € H, that satisfy the commutation relations

V(h+k) = PEOVRYVK), V(' =V(—h), hkeH.

The C* envelop of A(H) is the Weyl C*-algebra C*(H). If 8 non-degenerate, there
exists a unique C* norm on A(H) and C*(H) is a simple C*-algebra.

Let H be a complex Hilbert space and ¢’? be the Bosonic Fock Hilbert space over
‘H. Then we have the Fock representation of C*(Hr) on e where ‘Hg is 'H as a real
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linear space, equipped with the symplectic form 8 = J(-, -). In the Fock representation,
the Weyl unitaries are determined by their action on the vacuum vector ¢°

V(e = e 2Meh p e, (30)

where e” is the coherent vector associated with 4. So the Fock vacuum state Q= (2, - €%
of C*(HR) is given by

o(V() = e P hen. G1)

With H any real linear subspace of H, the Fock representation determines a representa-
tion of C*(H) on e™t, which is cyclic on eMiff Hisa cyclic subspace of H. We denote
by A(H) the von Neumann algebra on e’ generated by the image of C*(H) in this
representation. We refer to [8,26,27,32] for details.

3.1. Global automorphisms. Let H be acomplex Hilbert space and ™M the Fock space as
above. A symplecticmap T : D(T) C ‘H — Hisareal linear map with D(T) and ran(T")
dense, that preserves the imaginary part of the scalar product, thus J(T&, Tn) = J(&, n),
&, ne D(T).

Let T : D(T) C 'H — 'H be a symplectic map. Then

NGTE Tn) =N31&,n), & ne D),
thus iT& € D(T*) and T*iT& = i& for all € € D(T), namely
T T =i|p), (32)

therefore ker(7) = {0}, T is closable because T* is densely defined, and 771 =
—iT™i|ran(T)> SO T*|; ran(T) is @ symplectic map too. It also follows that

T bounded <= T* bounded < T~ bounded. (33)

We then have the associated Bogoliubov homomorphism vt of the Weyl algebra A (D ( T))
onto A(ran(T)):

O :V(E)— V(TE), € € D(T).

LetT : ' H — H beabounded, everywhere defined symplectic map; the criterion of Shale
[39] gives a necessary and sufficient condition in order that ¢7 be unitary implementable
on eH, under the assumption that 7 has a bounded inverse:

O unitary implementable <= T*T — 1 € L2(H) <= [T.i] € L2(H), (34)

where [T,i] = Ti —iT = Ti(1 — T*T) is the commutator and £2(H) are the real
linear, Hilbert—Schmidt operator on .

Due to the equivalence (33), the assumption T~ bounded in (34) can be dropped (as
we assume that ran(7") is dense).

We shall deal with symplectic maps that, a priori, are not everywhere defined. How-
ever the following holds.
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Lemma3.1. Let T : D(T) C 'H — 'H be a symplectic map. Then O is unitarily
implementable iff V7 is unitarily implementable, where T is the closure of T. In this
case, T is bounded.

Proof. First we show that, if 97 is implemented by a unitary U on eM  then T is bounded.
Indeed, if £, € D(T) is a sequence of vectors with &, — 0, then V(§,) — 1 strongly,
thus V(T§,) = UV (,)U* — 1, s0

o((V(Tg)) = e 2IT&l*

with ¢ the Fock vacuum state, therefore ||T&,|| — 0 and T is bounded.

If 97 is implemented, then ¥ is obviously implementable by the same unitary.
Conversely, assume that 97 is implementable by a unitary U on H. So T is bounded.
Hence T is a bounded, everywhere defined symplectic map. Let £ € H and choose a
sequence of elements &, € D(T) such that &, — &. Then

I7(V(©) = V(T8 = lim V(T§,) =limUV(E)U* = UVEUT,

so ¥ is implemented by U. O

3.2. Hilbert—Schmidt perturbations. Motivated by Shale’s criterion, we study here Hilbert—
Schmidt conditions related to the symplectic dilation of a symplectic map.

We use the following notations: If H is a complex Hilbert space, L7 (H) denotes
the space of real linear, densely defined operators T on H that are bounded and the
closure T belongs to the Schatten p-ideal with respect to the real part of the scalar
product, 1 < p < oo. If Hy, H> are complex Hilbert spaces, T € LP (H{, H) means
T*T € Eg(Hl). If H C 'H is a standard subspace, T € LP(H) means that T is a real
linear, everywhere defined operator on H in the Schatten p-ideal with respect to the real

part of the scalar product. Similarly, T € LP(H;, Hy) means T € L7 (H).

Let now H C H be a factorial standard subspace of the Hilbert space H and C :
H + H — H + H’ areal linear operator. As H + H' is the linear direct sum of H and
H’, we may write C as a matrix of operators

Cn Cn
C = 35
|:C21 C22:| 35)

(the symplectic matrix decomposition). Thus
Cii = PuCly, Ci2=PuCly,...

and Cy; is an operator H — H, Cy; is an operator H' — H, etc.
We want to study the Hilbert—Schmidt condition for C. Note that

C e L*(H) < EyCEy € L*(H), EgCEy. € L2(H)...

With D = Dy the polariser and J = Jy the modular conjugation, the symplectic matrix
decomposition of the complex structure is

. D! D~'W1+ D2J
i = 5 0 ; (36)
—JD'V1+ D2 —JD7 1y
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as follows from (27) and the uniqueness of the dilation. Note, in particular, the identity

Pyily = —JD~'V1 + D2. (37)

Lemma 3.2. The following symplectic matrix representations hold:

- |1 Y1+D2J E. = |0 —VI+D2J| oo 0 0
=10 0 © THET o 1 et Y VAT YR N

Proof. We have

. -D 0
Eyi = |: 0 0} (38)
because E i is equal to —D on H and zeroon H' = iHY. AsEy = —(Egi)i, the first

equality in the lemma follows by matrix multiplication with (36). The second equality
is then simply obtained as

_ 2
EHL=1—EH=[8 ”I‘DJ].

Last equality follows as

Ew =JEyJ

and the symplectic matrix decomposition of J is [2 éi|

Lemma 3.3. Let C : H+ H' — H + H' be a real linear map such that iCi = C, with
symplectic matrix decomposition (35). We have

EuClg =Cn+~1+D2JCy, (39)
EnCilg = DC1a, (40)
EyiClg = JDJCay, 41)
EgCly = JV1+D2Ciy+ Co. (42)

Proof. We have

Ey

| Cl1+N1+D2JCy Cip+~1+D2JCyp
C = 0 0 , 43)

thus
EnCly =Cy +vV1+D2JCy ,

namely, (39) holds.
Since Ci = —iC, we have

. . D 0
EHCIZ—EHZCZ[O O]C,
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SO
EyCi = [Dg“ Dglzi|,
thus
EuCilgr = DCr2
and (40) holds.

With C/ = JCJ, we then get
EpiCly = JEgJiCly = —JEyJCily = —JEyClJily = JExClil|y
= J(ExC/i)|gJ = JDCl,J = JDJJIC],J =JDJCa,

so (41) holds.
Similarly, from (39) we get (42). O

With H a standard subspace, a symplectic map of the standard subspace H is a real
linear map 7' : H — H such that

(Th, Tk) =3I(h, k), h,keH,
equivalently
N(Th, DTk) = N(h, Dk), h,k € H,
SO
T symplectic & T*DT = D;

if T is invertible, we shall say that T is a symplectic bijection of H.
Now, let H be a factorial standard subspace and T : H — H a symplectic bijection.
Denote by T the symplectic map 7 & JTJ : H+ H — H + H', namely T =

TPy +JTJ Py, ie.
~ [t 0
r= [0 JTJ]

in the symplectic matrix description. We have

Fi I TD™! TD~'V1+D2J
—JTD 'V1+ D2 —JTD™ 'y ’
F_| bt D-'W1+DITJ
—JD W1+ D2T —JD'Ty
ol [ 1,07 [T, D~'VT+D2)J
| =J[T. D71+ D2 —JIT, D117

Note that
i[T,ili =i(Ti —iT)i=—iT +Ti =[T,il.
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Corollary 3.4. We have

EulT,illp = [T, D" =1+ D2[1,D'V1+D?], (44)
Ey[T,ililw = D[T, D~'V1+ D2]J, 45)
Ewi[T,i]lp = —JD[T. D"'V1+D?], (46)
Ew([T,i)lw = J(¥V1+ D [T, D"'V1+ D2] — [T, D7"])J. 47

Proof. We apply Lemma 3.3 with C = [T, i]. By (39), we get (44). By (40), we get
(45). By (41), we get (46). By (42), we get (47). O

Proposition 3.5. [T,i]e L2 (H) iff both the following conditions hold:
@) [T, D™"1—~1+D2[T,D7'V1+ D?] e L2(H),
(b) D[T, D~'V1+ D2] € L2(H).

Proof. Assume [f, il € £2(H). Then the operators (44), (45) are Hilbert—Schmidt, and
this implies that the operators in the statement are in £>(H).

Conversely, assume that the operators in the statement are in £2(H). Then the oper-
ators in Lemma 3.4 are in £2(H).

Now,
Ey.CEyL =iEpiCiEyi = —iEgCEpi,
thus
Ey.ClyL € L2(HY) < EyCly € L2(H');
moreover,

EpClyL € L2(HY, H) < EyCil|y € L>(H', H). (48)
We conclude that all the four matrix elements in the orthogonal decomposition of [T, i]
are in £2(H), thus [T, i] € £L*(H). O
Corollary 3.6. Assume [T, D~'] € L*(H) and [T, D~'V1+ D?| € L*(H). Then
[T,i] € L2(H).
Proof. If the assumptions are satisfied, then a) and b) of Proposition 3.5 clearly hold
because D and v/ 1 + D? are bounded. O

3.2.1. Finite codimensional subspaces of standard subspaces Let H be a standard sub-
space of the complex Hilbert space H and H C H a finite-codimensional closed sub-
space of H. ] )

With D and D the polarisers of H and H, we clearly have

D =FD|y, (49)

where F : H — H is the orthogonal projection. )
Let H- C H be the real orthogonal complement of H in H. We have the matrix
decomposition of D w.rt. H = H + H-

D
o-]? ] 0

where the starred entries have finite rank or co-rank.
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Lemma 3.7. 1+D%{ € LP(H) (resp. is compact) iﬁ‘l+Di—l € LP(H) (resp. is compact).
Proof. We have
(1+ D3|y =1y +Dyly =1z +FDyFDyly
= Fly+FD}|y+(FDu(1 — F)Dyly)
=1+ D% + (FDu(1 — F)Dylp)
and we may apply next lemma because F'Dy (1 — F)Dy| g is a finite rank operator. O

Lemma 3.8. Let H C Hbea finite codimensional inclusion of Hilbert spaces, Fy :
H — H bounded projections and Dy bounded linear operators on H, k =1, 2.

Then F1D1|gy — FoDoliy € LP(H) (resp. is compact) iff Dy — Dy € LP(H) (resp.
is compact), p > 1.

Proof. Suppose that F1 D1|g — F2 D3|y is compact (resp. £7). Similarly as in (50), we
have

Dy = Fy Dy F;, + finite rank operator,
thus
D1 — Dy = F1D1F; — F,D>F> + finite rank operator,
hence
(D1 — Dy)|jy = FiD1ly — F2D3|p; + finite rank operator

is compact (resp. L£?) by the assumption. Therefore (D — D;) F| is compact (resp. L)
because Fj is bounded, so

Dy — Dy = (D) — Dy)F1 + (D1 — Dy)(1 — Fy)

is compact (resp. L£?) because 1 — Fj has finite rank.
The converse holds too by reversing the implications. O

3.3. Local automorphisms. Let now Hy be standard factorial subspaces of the Hilbert
spaces Hy, k = 1,2 and T : Hy — H, a symplectic bijection, namely T is real linear,
invertible and B> (Th, Tk) = Bi1(h, k), h, k € Hp, with B the symplectic form on Hj
(the restriction of J(-, -)x to Hy, with (-, -); the scalar product on Hy). Then T' promotes
to a *-isomorphism ¥ between the Weyl C*-algebras C*(H;) and C*(H;)

97 (Vi(h)) = Va(Th).

With A (Hi) the von Neumann algebra associated with Hj on the Bose Fock space
el we want to study when ¢ extends to a normal isomorphism between .4 (H;) and
Ax(Ha). N

Let T : H; — "Hy be the real linear operator, with domain D(T) = Hj + Hl’ and
range ran(T) = H, + H,,

T :h+Jik— Th+ Tk, h,keHj,

where H| is the symplectic complement of Hy in Hj and Jx = Jp,. Then Tisa densely
defined, real linear, symplectic map with dense range from H; to Ho.
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Lemma 3.9. If Tiy — irT is bounded and densely defined, then T is bounded.

Proof. T is closable by Lemma 3.1 so Tiy and i»T are closable too. By _assumptions,
there is a bounded, everywhere defined operator C : ‘Hj — ‘Hj suchthat Ti; = ixT+C
onD = D(T11 —i>T), so the closures of T'i{|p and i, T |p have the same domain. Now

D= D(T) N ilD(T) = D(Pp,) Ni1D(Pg,)

is a core for Py, as follows by Eq. (12). Indeed, A; g, = Ap, and J;, g, = —Jp,, SO
the spectral subspaces of A g, relative to finite closed intervals [a, b] C (0, 1) U (1, oo)
are in the domain of D(Pg,) N D(P;, g,) (see [9]).

Now,

T =TPy +HhTJ(l— Py)

angl one easily ghecks that D is a core for i simi_larly as abov_e. It follows_ that ?il_z

izf + C, with T the closure of T. Therefore, D(Til) = D(igf), SO i]D(T) = D(T).
We conclude that

D(T) > (Hy + H)) +i1(Hy + H) D Hy +i|H| = H, + H{- = H,,
so T is bounded by the closed graph theorem. O

Proposition 3.10. The following are equivalent:

(i) There exists a unitary U : et — M2 sych that UVi(hU* = Vo(Th), h € Hy;
(ii) 97 extends to a normal isomorphism Ay (Hy) — Az (Hp);
(iii) T* —le L2(H1);
@iv) T11 — 12T € L2(Hy, Ho).

Proof. (i) < (ii): Clearly (ii) follows from (i); we show that (ii)) = (i). Let Vi (-) be the
Weyl unitary on eMr, By assumptions, the linear extension of the map V1 (h) — V2(Th),
h € Hj, extends to a normal isomorphism o7+ A1(H)) — Az(H,). Since the vacuum
vector is cyclic and separating for Ay (Hy), we have the associated unitary standard
implementation Uy : e 5 M2 of Y7 w.rt. the vacuum vectors [3,11,21].

(i) < (iii): Assume (i) and let Ur be the vacuum unitary standard implementation
J7 as above. e’k the second quantisation of the modular conjugation J; of H, is the
modular conjugation of the von Neumann algebra Ay (H) w.r.t. the vacuum vector e,
so we have

UrVi(hU;i = Vo(Th), Ure’' =e”Ur,, heH,

therefore
UrVitVi(Lhk)Uy = Va(h)Va(J2k),  h,k € Hi,
namely
UrVi(h+ J1k)UF = Vo(Th + J,Tk),
that is

UrVimU; = Va(Tn), (51)

for all 1 in the domain of T. Then (iii) holds by Lemma 3.1 and Shale’s criterion [39].
Conversely, assuming (iii), by Lemma 3.9 and again by Lemma 3.1 and Shale’s criterion,
we can find a unitary U such that (51) holds.

(iii) and (iv) are equivalent, by using Lemmas 3.1 and 3.9, see e.g. [30]. O
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Corollary 3.11. Let T : Hy — Hj be a symplectic bijection. Then the Bogoliubov
isomorphism 91 : A(Hy) — A(H3) is implemented by a unitary U : e 5 M iff
the following conditions hold:

@ (707" = D3'7) = 1+ D3 (TD7 1+ D} = D71\ /1+ D3 T) € £2(H1, Ho)
(b) DZ(TD;‘,/l +D?— D;'\/1+ D2 T) € L2(Hy, H>).

Proof. The above conditions are the straightforward generalisations of the conditions
a) and b) in Proposition 3.5, so the corollary follows by Proposition 3.10. O

Recall that a real linear map T : H; — H, is symplectic iff T*D, = DT, so the
conditions in the above corollary take a different form by inserting this relation.

4. Gaussian States, Modular Hamiltonian, Quasi-equivalence

Let (H, B) be a symplectic space. With « a real scalar product on H compatible with 8,
let ko, : H — Hg be the one-particle structure associated with o (Proposition 2.1).

Let e’ be the Bose Fock Hilbert space over H, and denote by V,(-) the Weyl
unitaries acting on eMe and by ¥ the vacuum vector of e’e, thus V (h) > V,(h) gives
a representation of C*(H) on eMe (see for example [26]). By (31), we have

(€, Vo (kg ())e®) = e~ 2lKaMIP — p=zahl) — p c g (52)

Proposition 4.1. There exists a unique state ¢, on C*(H) such that
0a(V () = e 2900, (53)

With {H,, . g, Ep,} the GNS triple associated with @, the vector &y, is separating
or the von Neumann algebra A(H) = m, (C*(H) " iff the completion H of H is a

. 8 (2% P

separating subspace, namely ker(D?_-I +1) = {0}

Proof. Equation (52) shows that there exists a state ¢, such that (53) holds. Moreover
(53) determines ¢, because the linear span of the Weyl unitaries is a dense subalgebra
of C*(H).

Asky(H)iscyclicin Hy, ko (H) is a standard subspace of H,, iff k,, (H) is separating.
On the other hand, € is cyclic and separating for the von Neumann algebra generated
by the V,(h)’s, h € H,iff k, (H) is a standard subspace of H, see [26]. The proposition
then follows by the uniqueness of the GNS representation. O

The state ¢, determined by (53) is well known and is called the Gaussian, or quasi-
free, state associated with «, see [14,34]. It is usually defined by showing directly, by
positivity, that the Gaussian kernel (53) defines a state.
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We summarise in the following diagram the two above considered, unitarily equiva-
lent constructions with the GNS representation of a Gaussian state:

(H a, B) —> C*(H) —s> Hwa,&oa

%}z))
heH

[ \

1 str
(H,«, B) p > He Fock > eH“,eO

4_______

As a consequence, if H is a standard subspace, the modular group o % of ¢, on C*(H)
is given by

of*(V(h) =V (Ah), heH, seR,

therefore the study of the modular structure of A(H) can be reduced to the study of the
modular structure of H.

The following quasi-equivalence criterion is related to the analysis in [5,23,42],
although we do not rely on their work.

In the following, we shall always deal with factorial standard subspaces.

Theorem 4.2. Let (H, ay, B) be factorial, abstract standard subspaces, k = 1, 2. The
Gaussian states ¢q, and ¢y, are quasi-equivalent iff both

(7' = p7Y = 14 D2 (D7 1+ D} = D714 D) e 20H) (%)
DZ(D;I,/1+D%—D;1,/1+D§) e L2(H), (55)

hold, where Dy, is the polariser of (H, oy, B).

Proof. Let Hy, be the symplectic dilation of (H, Bi) with respect to o ; so H C Hy is a
factorial standard subspace. We have spelled out the conditions for the symplectic map

[:H—> Hto promote a unitary between the Fock spaces over H; and Hy (I is the
identity on H @ H as vector spaces). Shale’s criterion gives

iy —ial € L2(Hy, Ha),

and

that entails the statement of the theorem by Proposition 3.5. O

We now consider the property

Piitly — Pyialy € L2(H), (56)

that is
D' — Dyt e L2(H), (57)

that is
i1 coth(L1/2)|g — iz coth(Ly/2)| g € L2(H). (58)

We write a] & «» if Property (56) holds.
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Corollary 4.3. Assume a1 =~ ay. The Gaussian states ¢y, and ¢, are quasi-equivalent

iff

Dy\J1+ 03 (14D} 1+ D3) e £2(H) (59)

and

(y1+07 = \1+D3) e 20, (60)

Proof. Asa) =~ ay,1i.e. Dfl — D;l e L2(H), clearly (54) is equivalent to

J1+ D2 (D7 1+ 0} = D711+ D3) € £2(h), ©1)

which is equivalent to (59).
On the other hand, (55) is equivalent to (60), again because Dl_1 — D, le L2(H).
So the corollary follows by Thm. 4.2. 0O

Corollary 4.4. Assume a1 =~ ap. The Gaussian states ¢y, and ¢4, are quasi-equivalent

iff
(Dl_l,/l+Df—D2_1,/l+D§) e L2(H) (62)

and

(y1+0} =1+ D3) € 20, (63)

Proof. Note first that, by (20), (63) is the same as

1
cosh(L1/2) ‘H ~ cosh(L,/2) ‘H

€ L2(H). (64)

Let us now assume that a1 & « and that (64) holds. By Cor. 4.3, we have to prove that
(59) is equivalent to (62).
By (37), (59) is equivalent to

/. l _ 1 )
P212(COSh(L1/2)‘H COSh(L2/2)‘H) el (H, Hz),

with P, the cutting projection Hy — H. As P; = 1 — P, Eq. (59) is thus equivalent to

1 1
Pziz( ‘ —
cosh(L/2)!H  cosh(L;,/2)

‘H) e C2(H), (65)

namely

(p3'1+ D} = D'\J1+ DF) € L2, (66)

Since /1 + Df is bounded, and | ~ a», the above equation is equivalent to (62). O
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Corollary 4.5. The Gaussian states ¢y, and ¢y, are quasi-equivalent if

. 1 . 1
"Sinh(L1/2) la ~ Psinh(La)2) 1

€ L2(H). (67)

Proof. Assume first that ] & «. Then (67), i.e. (62), is equivalent to (66), and (66) im-
plies (63) since D, is bounded. So Cor. 4.4 applies and ¢,, and ¢, are quasi-equivalent.

To end our proof, we now show that (67) implies &y ~ a.Let F bedefinedby f(x) =
F(g(x)), with f(x) = coth(x), g(x) = 1/ sinh(x). Then f'(x) = F'(y)g'(x), withy =

g(x), so F'(y) = f'(x)/g'(x) = (1/sinh*(x))/(cosh(x)/sinh*(x)) = 1/cosh(x),
therefore F' is uniformly Lipschitz. Since O is not in the point spectrum of Ly, it follows
by Cor. 6.5 that (67) implies (58), namely o1 ~ op. O

Now, if A1, A, are bounded, real linear operators on H with trivial kernel, we have
Al — Ay = A4 — ATHA,
on the domain of the right hand side operator, thus
ATl — A e LP(H) = A — Ay e LP(H), p=>1. (68)

We then have:

Corollary 4.6. If
iy coth(L1/4)| g — iz coth(La/4) |y € L>(H), (69)

then the Gaussian states ¢y, and ¢o, on C*(H) are quasi-equivalent.

Proof. By assumption (69) holds, so also

i1 tanh(L1/4)i1 |y — irtanh(Lg/2)iz |y € L2(H), (70)
holds by (68); therefore
i1(coth(Ly1/4)|y — tanh(L1/4)| i) — i2(coth(La/4) |y — tanh(L2/4) 1) € L2(H).
Since coth(x/2) — tanh(x/2) = 2/ sinh(x), we have

o
" Sinh(L,/2) ‘H

2 Sinh(L,/2) ‘H € L3(H). 7D

So our corollary follows by Cor. 4.5. O

The above corollary suggests that ¢, and ¢4, are quasi-equivalent if Pyiy|g — P2z |y
is compact with proper values decaying sufficiently fast.
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4.1. Weakly inner Bogoliubov automorphisms. In this section, we study the condition
for a real linear, symplectic bijection of a standard space to give rise to a weakly inner
automorphism in the representation associated with a given Gaussian state.

Let H C H be a factorial standard subspace of the complex Hilbert space H, T :
H — H asymplectic bijection and 91 the associated Bogoliubov automorphism of the
Weyl algebra A(H). Denote by A(H) the weak closure of A(H) on e asin previous
sections.

We consider the real linear map on H given by

T(h+h)=Th+h', heH, W eH,

thus D(T) = ran(T) = H + H'. One immediately sees that Tisa symplectic map on

H.
Note that D([T,i]) = D(T)NiD(T) = D(Py) N D(P;g) is dense in H, indeed a
core for Py, as in the proof of Lemma 3.9.

Lemma 4.7. Let T be a symplectic bijection on H. The following are equivalent:

(1) 97 extends to an inner automorphism of A(H);

(i) T*T — 1 € L2(H);
(i) [T, i] € L2(H).
Proof. Since A(H’) is the commutant of A(H), 97 extends to an inner automorphism
of A(H) if and only if the Bogoliubov automorphism associated with T is unitarily
implementable on e™. Therefore the equivalence (i) < (ii) follows by Shale’s criterion
and Lemma 3.1.

(i1) < (iii) follows again by Shale’s criterion, Lemma 3.1 and the obvious adaptation
of Lemma 3.9. O

Setnow T = 1+Xand X = X ®0on H+H'. Inthe symplectic matrix decomposition,
we have

%i— |XD™" XD7'W1+D2J
0 0 ’
. D™ 'x 0
T |—=JD"W1+D2X 0]
(FLil = [X.i] = [X, D1 XD W1+ D2J
’ ’ JD W1+ D2X 0 ’

With C = [X, i], we apply Lemma 3.3. Then

EuCly =Ci+¥1+D2JCy = [X,D 1+ (D' + D)X, (72)
EyCilg = DC1» = DXD™'V1+ D2J, (73)
EiClyg = JDJCy = JV1+ DX, (74)

EyCly =JV1+D2Cia+Cxp = JV1+D2XD 'V1+ D2J. (75)
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Note that
D™'+ D = —i(coth(L/2) —tanh(L/2))| ,
= —i/cosh(L/2) sinh(L/2)|,, = —2i/sinh(L)|,.
D 'W1+D2=—

1
sinh(L/2) ‘H'

Proposition 4.8. [T, i] € £L2(H) iff all the operators

(X, D1+ '+D)X =XD"'+ DX,
DXD~'V1+ D2,

V1+D2X,

V1+D2XD'W1+ D2,

are in L*(H).
In particular, this is the case if XD~' € L*>(H).

Proof. [f", i] € L2(H) iff all the operators in (72), (73), (74), (75) are Hilbert—Schmidt,
so the first part of the statement holds. Now, XD~! € £2(H) implies that all the
operators in the statement are Hilbert—Schmidt too as they are obtained by left/right
multiplication of X D! by bounded operators, X D~ € £?(H) is a sufficient condition

for [T,i] € L2(H). O

Theorem 4.9. Let (H, o, 8) be an abstract factorial standard subspaceandT : H — H
a bijective symplectic map. Then V1 extends to an inner automorphism of the von
Neumann algebra A(H), in the GNS representation of g iff the conditions in Proposition
4.8 hold.

Proof. The theorem follows now by Lemma (4.7). O

5. QFT and the Modular Hamiltonian

We now work out the studied abstract structure, within the context of Quantum Field
Theory. We then provide a couple of applications of our results.

5.1. One-particle space of the free scalar QFT. This section concerns the one-particle
space of the free scalar QFT, especially in the low dimensional case. Although we are
primarily interested in the low dimensional case in this paper, we start by describing the
higher dimensional case in order to clarify the general picture. In the following, d is the
space dimension, so R? is the time-zero space of the Minkowski spacetime RY*!, cf.
[30].
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5.1.1. Case d > 2,m > 0 Let S denote the real linear space of smooth, compactly
supported real functions on Rd, d > 2.

Let H,f 172 be the real Hilbert space of real tempered distributions f € §’ (R%) such
that the Fourier transform f is a Borel function and

1F1Ry s = /R ol )1 f ) Pp < +ov. 76)

+1/2

Sisdensein H, '~ and wu,, : H,,I/Z — H,;l/z, with

s f @) =/ IpI* +m? f(p), (77
is a unitary operator. Then
S (78)
m _Mm 0
. . 1/2 —1/2 g2
is a unitary operator 1, on H, = H,'~ ® H, '~ with 1;, = —1, namely a complex

structure on H,, that so becomes a complex Hilbert space H,, with the imaginary part
of the scalar product given by

1
AL &) (s k) = 5((h, &) — (£, 0), (79)

which is independent of m > 0 (where (-, -) is the L? scalar product).

With B the unit ball of R, we shall denote by H,, £/ 2(B) the subspace of H,
associated with B consisting of the distributions f € §’ Rd) as above that are supported
in B. We have

+1/2

:|:1/2 172,

(B) = closure of C;°(B) in Hy,

and the standard subspace of H,, associated with B is

2 172

Hy (B) = (B) ® Hp '~ (B).
Here C(°(B) denotes the space of real C* function on R? with compact support in B.

The H,,(B)’s,m > 0, are the same linear space with the same Hilbert space topologies
(see e.g. [30]). We shall often identify these spaces as topological vector spaces.

In the following, we consider the abstract standard spaces (H, o, ) where H =
H,,(B), B is the symplectic form on H given by (79) and «,, is the real scalar product
on H as a real subspace of H,,.

Denote by P, the cutting projection on H,, relative to H,, (B). Then Py, 1,,| 1, (B) 1S
areal linear, densely defined operator on H.

—1/2

Proposition 5.1. Pyt 172 5 = Potol 17 is £P(Hy*(B), Hy'2(B)) if p > d /2.

/B) (
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Proof. The cutting projection P,, is given by the matrix |:F())+ PO :|, with P+ : D(Py) C
H,f 2 H,f /2 the operator of multiplication by the characteristic function xp of B

in H,fl/z [9,30]. Thus we have

- 0 Pipy,!
Py, = |:—P—Mm 0
and we have to show that P_,,, — P_jg : H,L/Z(B) — H,;]/Z(B) isin LP iff p > d /2,
namely that

f € Hy*(B) > (m — o) f1z € Hy'*(B)

is LP iff p > d /2. Note that, in Fourier transform,

2
(m — 10 F) @) = (1P +m2 — \/Ip|?) f(p) = - f(@. (80)
(G = 1100 £ 0 = " ) P m +/ipP?

We have the following commutative diagram

Hrll/z(B) P_pom — P—po N Hﬂ;l/Z(B)

Lq sz‘ (81)

L2(B) "1 [2(rd) X 12(B)

where xp is the multiplication operator by the characteristic function of B in Lz(Rd),
i.e. the orthogonal projection L2(R%) — L?(B), and (1, 15 are natural embeddings.

We need a couple of lemmas in order to conclude our proof.
Lemma 5.2. The operator (i, — jo) : L>(B) — L*(R?) isin LP iff p > d.
Proof. By (80) we have

((m — 120) £) (@) = a(ph (Ip> +m*) ™% f(p) (82)

witha(s) = m*>~/s2 +m2/(+/s? + m2+s), so and 1/a are bounded continuous functions
on R¥. Therefore

—1,2

tm — 1o = A(V —m?) 2,

with A the multiplication operator by a, a bounded linear operator with bounded inverse.
So

(83)

—12
(V2 —m?) / lL28) € LP < (m — 10)|12(5) € L7

as operator L*(B) — L*(R?). Let us show that u,,'|;2(5, = (V? — m2)7]/2|Lz(B) €
LP(L*(B), L*(RY)), namely that T = u,'E € LP(L*(R?)), with E the orthogonal
projection LZ(R?) — L2(B). As w,' : L>(RY) — L?(R?) is selfadjoint, we have
T* = Eu,;l, so we have to show that T*T = Eu;zE € ﬁg, namely that

E(V? —m?)™! e LT (L2(B)).

)
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Now, E(VZ—m%)~Lis equal to (V,% —mH ™1, with V,% the Laplacian on B with external
boundary condition (6.3). We conclude that

E(V2—m?) Mpam € L5A2B) & (V2 —mD) ' e L3 (L2B) & p>d

by Corollary 6.7. 0O

Lemma 5.3. Both embeddings 1 : HY*(B) — L*(B) and 1> : L*(B) — H,,'/*
are in LP if p > 2d. (Also ifd = 1, m > 0 in this lemma.)

Proof. By Gramsch’s result [18], the embedding H,lfl (B) — H,[n (B)isin LP iffk —1 >
%. In particular, ¢; and ¢, are in LP iff p > 2d. O

(B)

Recall the generalised Holder inequality for operators in the Schatten ideals: if p > 1,
Pk =1,

Tvellr, hellr . T,elPr =TT T, ell if —=—+—+...—,

see [40, Thm. 2.8].

End of proof of Proposition 5.1. We first show that P_u,, — P_pg : l/Z(B) —
]/2 (B)is LP iff p > d /2. This operator is the product of three operators 2 [ (x5 (tm —

,bLo)]L], see the commutative diagram (81). By Lemmas 5.2, 5.3, and by formula (84),
we then get that P_ju,m — P_po @ HY*(B) — H,, /*(B) is £P if
1 1 1

1
—=—+—+—, p1>d, pp>2d, p3>2d,
P P P2 P3

thusif p > d/2. O

5.1.2. Cased =1

e Case m > 0. In this case the one-particle Hilbert space is defined exactly as in
the higher dimensional case. In particular H,f,t 172 is defined by (76) and 1, (78) is
a complex structure on H,, = Hl/2 ® Hﬁl/2

Hm, m > 0. The subspace H,, /Z(B) of Hy,
dimensional case, with B = (—1, 1).

so we have a complex Hilbert space

172 45 again defined as in the higher

We now set
1/Z(B) = closure of C0 (B) in H,, /
with
= {feS:f(O):/Rf(x)dsz}, (85)
CS(B) = C(B)N'S, and
H,(B) = Hy/*(B) & Hy,'/*(B). (86)
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Proposition 5.4. H,, (B) is a standard subspace of H,, of

Hyn = Hp(B) + 1y Hy (B). (87)

Proof. As H,(B) C Hyu(B), clearly H,(B) is separating, so the statement is
obvious. 0O

o Casem = 0. HOl /2 is defined as in the higher dimensional case (76):

1/2 {f e SR): f Borel function &/ |p||f(p)|2dp < +c>o}

‘We now set
a2 = {f e S'(R) : f Borel functlon&/ p~ 11 £ Pdp < +oo}
Note that
ScHI? m>0, ScH? ScH'

Then 1o (defined by (78) with m = 0) is a complex structure on Hy = HOl /2 ® Ho_ 12
and we get a complex Hilbert space Ho with underlying real Hilbert space H.

The subspace H(} / 2(B) of HO1 /% is defined as in the higher dimensional case. We also
set

_I/Z(B) = closure of C0 (B) in H /

and
Ho(B) = Hy'*(B) @ H; '*(B). (88)

Hy(B) is a standard subspace of Ho. Note that, in the massless case, our notation is
unconventional: Hy is the usual one-particle space and H( has not been defined yet. See
also [6,12] for related structures.

5.2. The modular Hamiltonian, d = 1. We now describe the modular Hamiltonian
associated with the unit double cone in the free, scalar QFT on the 1 + 1 dimensional
Minkowski spacetime. Recall that the modular Hamiltonian on the Fock space is the
second quantisation of the modular Hamiltonian on the one-particle space, that will
therefore be the subject of our analysis. In this subsection B = (—1, 1).

Lemma 5.5. The H,,(B)’s, m > 0, are the same linear space with the same Hilbert
space topologies. Moreover, H,,(B) is a factorial standard subspace of Hon.

Proof. The proof that the natural, real linear identifications of the H,, (B)’s preserve the
Hilbert space topology is a simple adaptation of the one given in the higher dimensional
case, see [30]. ) )

We have seen in Proposition 5.4 that H,,(B) is a standard subspace of H,,. The
factoriality of Ho(B) follows, for example, by [22]. Now, the identification of H,,(B)
with Ho(B) preserves the symplectic form. Since the factoriality is equivalent to the
non-degeneracy of the symplectic form, also H,,(B) is factorial. O
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Lemma 5.6. Hm (B), the symplectic complement ome (B)in Hm, is equal to H,,,(B)' N
Hn-

Proof. The inclusion H,,(B)’ N Hm C Hm (B) is immediate. We prove the opposite

inclusion. Let f @ g € Hup = Hl/2 ® H,, Sz belong to H,,(B). By (79),
(h,g) —(f,k)=0 (39)
forall h @ k € H,(B) = HyY*(B) ® H,,"/*(B).

Setting k = 0, we see that (h, g) = 0 for all h € C§°(B), so g is supported in the
complement B of B, so g € Hy, 2 2(B") (for example by Haag duality).

Set now h = 0. Then (£, k) = O for all k € H,, /*(B). Let F be the bounded linear
functional on H,,, 1/Z(B)

F(k) = (f k) =/fk, k € Hy'*(B);

as H,;l/z(B) has codimension one in H,;l/z(B), there exists fj € H,L/Z(B) such that,
in particular,

Fo) = [ fik. ke L),
therefore fo = 0. So (f, k) = 0 for all k € C{°(B) and this implies f € H'/2(B¢) by
Haag duality. O
Denote by Pm the cutting projection on Hm relative to Hm(B).
Lemma 5.7. We have

. P+ 0
P = [0 P_] (90)

with Py (resp. P_) the operator of multiplication by xg on H,,l/z (resp. on I-'I,,;l/z).

Proof. Let fdg € Hy = HI/ZEBFI7 be in the domain ofP and set Pm(f@g) =
fo ® go € Hy(B). Thus (f — fo) ® (g — go) belongs to H,(B), the symplectic
complement of Hm(B) in H,,; so, by Lemma 5.6,

(f — fo) ® (g — g0) € Hy*(BS) @ H,, "> (B°)

and this shows that Pm is a diagonal matrix of the form (90).
We then have

P_g =go= xBg = xa((g — g0) + 80) = xBS.

The equation P,f = xpf, with f in the domain of P, follows by similar
arguments. 0O

—12

Proposition 5.8. (Pt — Poto)l 12, belongs to L' (' (B), HY*(B)).
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Proof. By Lemma 5.7, we have

. -1
Pmlm:|: _O P, :|

—P 0
We have to show that P_ U — P_ no : Hy, (B) 1/ (B)isin L', namely, namely
that
1 2 v—1/2
f € B> (B) = (um — 110) f15 € Hpy " (B)

is £!. Similarly as above, we have the following commutative diagram

1/2 P_ Hm — 1/2

(B) —HmzPlo o pol2py ¢ HyVB)

L” LQT oD

L2(B) L% 2Ry — X2 12(B)

Here ¢ is the restriction to H 12 (B) of the embedding of H,, 1/2 (B) into L2(R). Then

P—Mm —P_ no - Hm (B) 1/ (B) is L! by the same argument as in the proof of
Proposition 5.1. O

5.2.1. m = 0 In the massless case, the modular group associated with the unit, time-
zero interval B acts geometrically on the spacetime double cone spanned by B [22]. We
have:

Theorem 5.9. In the free scalar, massless, quantum field theory in 1 + 1 spacetime
dimension, the modular Hamiltonian log A p ¢ associated with the unit interval B, that

is with the standard subspace Ho(B) C Ho, is given by

. 0 L1 -x?
logAgg =2 2 ; 92
og Ap o = 2mig [%(1 — x2)9% — xd, 0 92)
Setting log AB,O = —2JTAO and Ao = —l()k(), we have that f(o is essentially skew-

selfadjoint on SxS. f(ég = K0|HO(B) is skew-selfadjoint on Hy(B) and C3°(B) ngo(B)
is a core for f(g.

Proof. The formula is obtained as in [30], with obvious modifications. O

5.2.2. m > 0 The following analysis, done in [30] in the case d > 2, extends verbatim
tothe cased = 1. Let Knlf : D(K,ff) C H, (B) — H,,(B) be the real linear operator on
H,,(B) given by

0 F1—r?

KB = 2 93

" [%(1 r2)(V? —m?) —rd, — ym>GE 0 ©3)

(m > 0); the domain D(K,ff) is defined in [30], K,ff is Hermitian on C(‘)"’(B)2 (proved
to be essentially skew-selfadjoint in the case d > 2 in [30]).

Here, G,ﬁ Y 2(B) — H,, s 2(B) is the inverse Helmholtz operator on B, namely

Gon=E-=V>+m)™ | 1 (94)

(B)’
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with E : H'/2 — H)?(B) the orthogonal projection.

Then K,, : D(K,;) C Hy, — H,, is defined as the closure of the complex linear
extension of K,E to D(K,,) = D(K,ﬁ) + lmD(K,f), and

Ap = —1, Ky
is a Hermitian operator on H,,. Our aim is to show that
log Apm = —21Ay,, m>0,

alsoin the d = 1 case. We note that G ffl is given by the following commutative diagram

GB _
H,/*(B) —— H,'*(B)

B A

Rv) 2\—1
128y " 12(B)
where V,%L is the Laplacian on B with external boundary conditions in Appendix 6.3.

5.2.3. m > 0 We now set
Ho(B) = Hy(B) @R C Ho =Ho @ C.

Hy(B) is a real Hilbert space with the direct sum scalar product. We choose a vector
u € Hy(B), u ¢ Hy(B). Clearly, the real linear identification I : Hy(B) — H,,(B)
extends to a real linear, topological identification I : Hy(B) — H,,(B) mapping 0 & 1
to u. Namely [ is a bounded, invertible real linear map Ho(B) — H,,(B). When we
compare operators acting on Hy(B) and on H,,(B), we identify these two spaces and
consider the operators acting on the same topological linear space Ho(B) = H,; (B).

Let log A, and log A g, be the modular Hamiltonian of H,,(B) C 'H,, and of
H,,(B) C H,, respectively, m > 0. In the massless case, let log A 8.0 be the modular
Hamiltonian of Hy(B) C Ho and set

log Apo = log AB,O @0 on Hp.

Similarly, let Dy, be the polariser of Hy, (B), Dm the polariser of Hm(B), m > 0. With
Dy the polariser of Hy(B), set

Do = Dy®0 on Hy(B).

Lemma 5.10.

1 1
1, tanh (E log AB,m)| — 1o tanh (5 log AB,0)| 95)

Hy/*(B) Hy*(B)

is in LV (HY*(B), Hy, /> (B)). (With the identification Hy(B) = Ho(B).)

Proof. By Proposition 5.8, (D'n_i1 - D()_l)|H_I/2(B) isin £!, so D,, — Dy is in £1. By

Lemma 3.8, (D,, — Do)| HY2(B) isin £! too. This is equivalent to requirement that the

a
1/2 —1/2

operator (95) is in L' (H,/“(B), H,, '“(B)). O
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Lemma 5.11. The operator ( — 21 AmlH,,(B) — t0l0g A3,0|HO(B)) isin LP, p > 1,
m > 0. Moreover, Kg = Al n, () is skew-selfadjoint on Hy, (B).

Proof. Since H,,(B) is closed and finite codimensional in H,,(B), it suffices to show
that

— 271w Aml g, 8y — 10108 Aol ) (96)
isin L7, p > 1. By (93) and (92), the operator (96) is equal to the sum of two operators

2 0 0 +lm2 0 0
11—x» o727 |GE o
that are both in L?, p > 1, see [30].

The skew-selfadjointness of K n’f then follows by [30, Prop. 2.1]. O

Theorem 5.12. The modular Hamiltonian log A g », associated with the unit, time-zero
interval B in the free scalar, massive, quantum field theory in 1 + 1 dimension is given

by
I, log A = -2 0 %( Y 97)
m 08 2 Bm = l(1—x2)(az—m2)—xax—- 2GE T 0
on H,, (B), with G,ﬁ : l/Z(B) - H, (B) the inverse Helmholtz operator on B
(94).
Proof. By Lemma 5.11,
=271 Am | H, (B — 10108 AB 0| Hy(B)

isin £!, thus
1
1 tanh(zr Ay,) | p,, By — 10 tanh (5 log AB’()) | Ho(B) 98)

isin L?, p > 1, by Corollary 6.5, so it is compact.
By Lemma 5.10, also
1
— 1o tanh (2 log Ap 0)|

1
I,, tanh (Elog AB,m)I (99)

Hy/*(B) 2(B)

is compact. Set
1
T =1, tanh (E log AB,m)|Hm(B) — Iy tanh(nAm)|Hm(B);

by (98) and (99), T|,,1/2

(B).
we infer that so T| H)(B)

[16]. This implies —szJTAm| /2gy = lm log Ap, ml

is compact. As A’g’m commutes with 7, thus with T*T
is equal to zero because Ap ,, has empty point spectrum
By As both these operators
are skew-selfadjoint on Hm(B) we have —i,,2w A, | 1/2(3) tm log A | H)2(p) O1
H,,(B), thus on the intersection of Hy, (B) + 1, H,; (B) with the domain of log Ap ,, isa

core for log Ap n, being a dense A” ,-invariant subspace; and it is also a core for A,
by the same argument. Thus

—1y2m Ay =ty 10g AR i,
namely (97) holds. O
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5.3. Local entropy of a Klein-Gordon wave packet, d = 1. Although this section con-
tains a main application of our paper, we shall be very short on its background as this is
explained in details in [9,30].

Let ® be Klein—-Gordon wave, d = 1, m > 0, with compactly supported, smooth
Cauchy data f, g. Thus 3>® — 32® = —m?>® and f = ®|—0, g = 9, P|;=. The
entropy S¢ of ® is given by

S(b = 3(@, P[-[i IOg AH CD).

Here, H = H,,(B), Ag is the modular operator and Pp is the cutting projection
associated with H. @ is the vector f & g € H, = H,i,/ 2 ® H, 1/ 2. Recall that the

time-zero energy density of ® is given by (TO((Y)"))¢ = 1(g2+ @ )2 +m2 f2).

Theorem 5.13. The entropy So of the Klein—-Gordon wave ® in the unit interval (—1, 1)
at time t = 0 is given by

17 .2 1,
so=2n [ 1 e dr e [ 1 / Gl =) fO)f()dxdy
(100)

where G, is the Green function for the Helmholtz operator, G, (x) = ﬁe‘mm.
Proof. The proof follows the one in the higher dimensional case; this is possible as we
now have the formula for the local modular Hamiltonian. O

Note that the above results have a straightforward version with B replaced by any other
interval, same as [30].

5.4. Further consequences in QFT. In this section, we provide a few direct conse-
quences in second quantisation of our results.

5.4.1. Local entropy of coherent states By the analysis in [9,29,30], we have an imme-
diate corollary in Quantum Field Theory concerning the local vacuum relative entropy
of a coherent state.

Let A, (B) be the von Neumann algebra associated with the unit space ball B (thus
to the causal envelope O of B) by the free, neutral QFT on the Minkowski spacetime,
d>1,m>0.

Corollary 5.14. Araki’s relative entropy S(pe | @) on A, (O) (see [4]) between the vac-
uum state ¢ and the coherent state ¢ associated with the one-particle wave ® € H,,
is given by (100).

Proof. The case d > 2 is proved in [30]. By applying Theorem 5.13, the corollary
follows now in the d = 1 case too as in [9,29]. O

The formula for S¢ is the same in the massless case, provided one deals with restricted
Cauchy data as above, in order that ® € Hy, see [28, Sect. 4]. See also [10] for a
discussion on relative entropy in a curved spacetime setting.
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5.4.2. Type 111 property We show here the type 111 factor property (see [41]) for
the local von Neumann algebras associated with free, scalar QFT. In the massless case,
this follows from [22]; in the massive case from [16], if d > 1.

Proposition 5.15. A,, (B) is a factor of type [111,d = 1, m > 0.

Proof. A, (B) is a factor because the symplectic form on H,,(B) is non-degenerate.
Concerning the type 111 property, by [17] it suffices to show that the additive subgroup
of R generated by sp,(log Ap ) is equal to R, with sp, denoting the essential spec-
trum. Due to the relation (9), sp,(log A ) is symmetric, so it is enough to show that
spe(tanhz(% log A .n)) D R,

Now, tanhz(% log A ) is bounded, selfadjoint and leaves Hy, (B) invariant, so its
essential spectrum is equal to sp, ( tanhz(% log A m)|H,,( 3)) as real linear operator. By
(16), we then have to show that spe(—D,%,) D [0, 1]. Similarly as in Lemma 3.8, we
have sp,(D2) = sp, (D,%l). On the other hand, spe(D.i) = spe(l')%) because D% - D(z)
is compact by Thm. 5.12 and Thm. 6.3. We then conclude or proof by noticing that
spe(—Dg) D [0, 1], because sp,(log Ap o) = R, see [27]. O
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6. Appendixes

6.1. Functional calculus for real linear operators. The following proposition is part of
Prop. 2.2 of [30]. Let B be the real algebra of complex, bounded Borel functions on R
such that f(—t) = f(¢t)

Proposition 6.1. Let H be a Hilbert space, H C 'H a closed, real linear subspace and
A : D(A) C'H — Haselfadjoint operator. With K = i A, the following are equivalent:

() ¢ H =H, s € R,
(i) f(A)H C H, f € B,
(iii) D(K) N H is densein H, K(D(K)NH) C Hand K : (D(K)NH) CH —~ H
is skew-selfadjoint on H.

If A and H are as in Proposition 6.1, we shall say that H is i A-invariant.
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Let now H be a real Hilbert space and Hc the complexified Hilbert space, namely

Hc = H @ H with complex structure ¢ = [0 -1

1 0 i| We write elements x € Hc as

x=&+um,& ne H. We have

E+u & +m) = EEN+ ) +iEn) —i(n, &),
E +ml)? = 1EI* + 1 Inll*.

Let T be a real linear, bounded operator on H. We denote by T its promotion to Hc:
T:$+Ln > T&+.Tn,

namely T is the unique complex linear operator on Hc that restricts to 7 on H. Then
[IT|| = ||T|| because

T & +upl®> = ITEN? + ITnl> < ITIPAEN* +1nl1») = 1T 11 +ml|.
Note that
T e L2(H) & T e £2(Hp),

indeed ||7V"||% = ||T||% because a real orthonormal basis {e;} for H is also a complex
orthonormal basis for H¢ and

T15 =TIE =) lITell”.
k

Assume that T is skew-selfadjoint on H, namely 7* = —T. Then T is skew-selfadjoint
as complex linear operator on Hc, so .T is abounded selfadjoint operator on Hc. With f
a continuous complex function on R, we may define the complex linear operator f «7T)
on Hc by the usual continuous functional calculus. Let then f € B; by Proposition 6.1
we have

fGT)H C H.

Proposition 6.2. Let H C 'H be a standard subspace and T a skew selfadjoint operator
on H as above. Suppose that

T =iX|y (101)

with X a selfadjoint operator on 'H. With A = —T the selfadjoint operator on Hc as
above, we have

fA)u = fX)|n, (102)

forevery f € B.
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Proof. The statement holds if f(x) = ¢'* because 7 is the infinitesimal skew-selfadjoint
generator of ¢/4|y = ¢/*X|y. So it holds if f is the Fourier transform of a real L!-
function g as

fM)ly = / g(s)e A pds = / g&)e "X pds = f(X)|n
Then (102) holds for every continuous function with compact support f € B, as it can
be uniformly approximated by functions as above by the Stone-Weierstrass theorem.

Let now f be any function in B and fix two vectors &, n € H. There exists a uniformly
bounded sequence of continuous functions f, € B with compact support such that
fn — f almost everywhere with respect to the spectral measures of A and X associated
with &, . Then

@&, f(A)n) =lm(E, fu(A)n) = UmE, f2(X)n) = &, f(X)n)

by the Lebesgue dominated convergence theorem, that concludes our proof because &, n
are arbitrary.

6.2. Operator Lipschitz perturbations. The next theorem is due to Potatov and Sukochev
[35].

Theorem 6.3. Let A1, Ay be selfadjoint operators on a Hilbert space 'H and f a
uniformly Lipschitz function on R. If A1 — Ay € LP(H), with p > 1, then also
f(AD) — f(A2) € LP(H).

Note that, in Thm. 6.3, it suffices to assume that (A; — A»)|p € LP(H) with D a core
for Ay or A,, since then D is a core for both A; or Ay and D(A;) = D(Aj3) because
A1 — Aj is bounded.

The following corollary was communicated to us by F. Sukochev.

Corollary 6.4. Let Ay be a selfadjoint operator on the Hilbert space Hy, k = 1,2, and
suppose that H1 and H, are the same topological vector space, that we call H. Then

A — Ay e LP(H) = f(A1) — f(A2) € LP(H),
p > 1, for every uniformly Lipschitz function f on R.

Proof. Let C : H; — H; be the complex linear identification of H; and H> as topo-
logical vector spaces. So C is a bounded operator with bounded inverse C~!. Then we
have to show that

Al — C'A2C € LP(HY) = f(A1) — CT f(A2)C € LP(Hy),
or, equivalently, that

CAy — AyC € LP(H1, Hy) = Cf(A) — f(A2)C € LP(Hy, Ha).

With K = H; @ H», the operator A = A| @ A, is selfadjoint on IC. Set V = |:2 8],

then

0 0
vA-AV= |:CA1 — AsC 0}
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and

0 0
V) = fAV = [Cf(Al) ~ f(Ax)C 0} ’

so we have to show that
VA— AV € LP(K) = Vf(A) — f(AV € LP(K),

that follows by [35, Eq. (14)]. O
We need a certain real version of Corollary 6.4.

Corollary 6.5. Let Hy C Hy be a standard subspace and Xy a selfadjoint operator on
‘Hy such that Hy is i Xg-invariant, k = 1, 2. Suppose that Hy and H are the same real
linear space H with equivalent scalar products. Then

1 Xilg —i2Xolg € LP(H) = i1 f(XD|g —i2f(X2)|u € LP(H),

p > 1, for every uniformly Lipschitz function f on R such that f(—x) = — f(x).

Proof. Let Hyc be the usual complexification of the real Hilbert space Hy. Then Hi¢
and H;¢ are equivalent complex Hilbert spaces.
Let Ay be the selfadjoint extension of Xy to Hyc as above; by Proposition 6.2, we have

i1X1lg —i2Xolg € LP(H) = A1 — Az € LP(He)
= (f (A1) — 1f (A2) € LP(Hc)
= f(AD|g — tf (A) g € LP(H) = i1 f(X)|g —i2f(X2)|n € LP(H).

6.3. Extensions of the Laplacian via Helmholtz operator. Let H be a Hilbert space,
a closed subspace and A : D(A) C ‘H — H a positive selfadjoint linear operator.

Dy ={& € D(A)NK : A € K}

is dense in K and denote by Ag the restriction of A to Dy, as operator X — K. Clearly
Ay is a positive Hermitian operator on C. We want to study the selfadjoint extensions
of Ag.

Choose m > 0, then (A +m is a bounded selfadjoint operator on { whose norm is
I1(A +m?)~Y| < 1/m?. With E the orthogonal projection of H onto /C, set

2)—1

T =EA+m>) Y. (103)
Then T is a bounded, selfadjoint operator on C and ||T'|| < 1 /m?. We have
T(Ag+m*E =&, £ € Dy. (104)

We note the following.
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e ker(T) = {0}. Let &£ € IC; since T§ = 0 implies

(£, TE) = (£, E(A+mH)7'e) = (&, (A+m*) )
= ((A+m*) 2 (A+mH) V) =0,

we have
TE=0 = (A+m>) =0 = £=0.

e Let A, be defined by (A,,+m?) = T~'.Then A,, is a positive, selfadjoint extension
of Ag on K and A,, > m?. Indeed, Eq. (104) implies

T~ ¢ = (Ag+m?)E, & € D,.

e By theorems of von Neumann, Krein, Friedrichs et al. (see [1,2,38]), every positive
selfadjoint extension of Ag lies between Apin and Apmax, where where A pyin and Amax
are respectively the Krein and the Friedrichs extension of Ay on /. In particular,

Amin = Am = AmaXa (105)

in the quadratic form sense.

Consider now the case of K = L%(B) ¢ 'H = L?*(R%). If f € C*®(0B), consider the
exterior Dirichlet problem for the Helmholtz operator: find a smooth function f¢ on the
complement B¢ of B such that:

flag = f, (V% — mz)fc = 0 on the complement of B;

this problem is studied e.g. [33].

Denote by C,, the space of all f € C°(dB) such that f¢ exists with f¢ and partial
derivatives of all order tending to zero as r = |x| — +oo faster than any inverse power
of r. In this case the solution f€ is unique by the maximum principle.

For completeness, we sketch the following proposition, although it is not needed in this
form in the paper (we need Corollary 6.7).

Proposition 6.6. Ler H = L*>(R?), K = L*(B), and A = —V? be the Laplacian on
L2(RY); then
A, =—V2,
where V,% is the Laplacian on L*(B) with boundary condition
d - f=—-0f ondB,

more precisely, D,, = {f € C®(B) : flap € Cp, - f = -9} fon aB} is a core
for Ay, with B,i denoting the outer/inner normal derivative.

Proof. Letg € C°(B) and f = (A+m?)~'g. Then f € D(V?) and f is a solution
of the equation (—V? + m?)f = g on RY. In particular (=V? + m?)f = 0 on B,
namely f|ge = (flsp)“. As g € C;°(B), f belongs to the Schwarz space S(R4), thus
flpe € Cy.

With T given by (103), we have Tg = f|z; as T is a bounded operator on LZ(B)
and C§°(B) is dense in L?(B), the domain TC3°(B) is a core for A, = T-!. Since
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TC(‘)’O(B) C Dy, we have that A,, is essentially selfadjoint on D,,. Clearly, A,, = —V,%
on D,,.

Now —V,%, is Hermitian on D,, by the Green identity (consider the integration on the
boundary of acoronal < r < R andthenlet R — 00), so we conclude that A,, = —V,i
because selfdajoint operators are maximal Hermitian. O

The requirement f¢ € L?(B°) in the definition of D,, is probably automatic. Let us be
more explicit in the d = 1 case. In this case, B = (—1, 1). If f is a smooth solution
of (=V2+m?) f =0, withV = ix in [1, 00), then f(x) = Cye™ + C_e™ ™ with
C. constant. Thus f(x) = C_e "™ if f € L%(1, 00). Similarly, f(x) = Cye™” in the
(—00, —1] case. Therefore VT f(+1) = mf(£1) and

Dy ={f e C¥(—1,1]) : VT f(£]) = mf (£D)}.

Corollary 6.7. E(V* —m?)~!|,2) € LP(L*(B)) iff p > d/2, with E the orthogonal
projection onto L*(B).

Proof. Let Ag = —V2+m? on C$°(B); then Apmin = —V+m? and Amax = —Vz +m?,
where V%) and V%( are the Dirichlet and the Krein Laplacian. Now V% satisfies the Weyl
asymptotic, so (Vlz) —m?)~! e LPiff p > d /2, see [13]. Moreover, the same asymptotic
hold for (VZ —m?)~!, see [19]. By the min-max principle (see [38, Sect. 12.1]), the same
asymptotic holds for every positive, selfadjoint extension of the Laplacian on C§°(B),

in particular for V,, = E(V2 —m?)~! [£2(B)> SO our statement holds. 0O
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