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ABSTRACT: We discuss the soft behaviour of open string amplitudes with gluons and mas-
sive states in any dimension. Notwithstanding non-minimal couplings of massive higher
spin states to gluons, relying on OPE and factorization, we argue that the leading and
sub-leading terms are universal and identical to the ones in Yang-Mills theories. In order to
illustrate this, we compute some 4-point amplitudes on the disk involving gluons, massive
states and, for the bosonic string, tachyons. For the superstring, we revisit the structure of
the massive super-multiplets at the first massive level and rewrite the amplitudes in D = 4
in the spinor helicity formalism, that we adapt to accommodate massive higher spin states.
We also check the validity of a recently obtained formula relating open superstring ampli-
tudes for mass-less states at tree-level to SYM amplitudes, by factorisation on two-particle
massive poles. Finally we analyse the holomorphic soft limit of superstring amplitudes with

one massive insertion.
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1 Introduction and motivations

Recently the soft behaviour of scattering amplitudes has received renewed attention in con-
nection with the extended BvBMS symmetry [1-6]. It has been long known that gauge
theory and gravity amplitudes expose universal behaviours when one of the mass-less ex-
ternal momenta is ‘soft’ i.e. k — 0 [7-9]. In both cases the leading behaviour is singular,
i.e. goes as 01 if k = 6k with k some fixed momentum [7]. The sub-leading terms can
be derived from the leading ones and are largely fixed by gauge invariance. In particular,
in gauge theories the sub-leading behaviour 6" is universal, too. In gravity not only the
sub-leading behaviour §° but also the next-to-subleading or sub-sub-leading behaviour §+!
is universal [8-10].

The problem of what happens when loops or non-minimal higher derivative couplings
are included was addressed in [11-15]. At the loop level IR divergences tend to spoil
the analysis. Yet, in supersymmetric theories such as N' = 4 SYM, one can define loop
integrands recursively and check that they expose the expected soft behaviour at all loops
and for any choice of (massless) external legs. This may be viewed as a further constraint on
(loop) amplitudes derived without resorting to standard perturbative methods (see e.g. [16]
for a recent pedagogical review).

When non-minimal interactions are considered, the result depends on the specific choice
[14]. In gauge theories, F® terms do not change the universal soft behaviour of minimal
coupling, while ¢F? do modify even the leading term when ¢ is a massless scalar. Similarly,
in gravity theories R? terms do not change the universal soft behaviour of minimal coupling,
while $R? do modify even the leading term when ¢ is a massless scalar such as the dilaton.

These results are largely independent of the number of space-time dimensions and in
particular apply to string theory in critical dimension and in lower dimensions [17-22].
One has to distinguish between open and closed strings and between bosonic, super and
heterotic strings. In [14], the soft behaviour has been shown to be governed by the OPE
of the vertex operators. As a result both open and closed superstring amplitudes with
external massless states expose the expected soft behaviour, while closed bosonic string
amplitudes don’t, due to the tree-level non minimal coupling ¢R? with the dilaton. Open
bosonic string amplitudes behave universally despite the presence already at tree level of
the non-minimal F® correction to the standard Yang-Mills coupling and the coupling T F?
to the tachyon'. For the heterotic string at tree level, the soft behaviour of massless vector

!Couplings to gravitons and other closed string states appear at higher order in the string coupling gs.



bosons is universal, since the trilinear coupling is purely of Yang-Mills type, while the soft
behaviour of the graviton is non-universal due to ¢R? coupling?. No R> term however
appears due to supersymmetry.

Aim of the present paper is to extend the analysis to open string amplitudes with
massive external states (in the bosonic string case we will also consider tachyons as external
states). Amplitudes with massive external states have not received much attention in the
literature. See however [23-28| for recent work on the subject and [29-33] and the review
[34] for mass-less amplitudes with emphasys on the exchange of massive higher spin states.

The analysis is interesting in two respects. On the one hand couplings of string states
are generically non-minimal, although probably unique. On the other hand, gravity and
gauge interactions emerge quite naturally in string theory and one would expect the soft
behaviour of scattering amplitudes to expose some universality thanks to gauge invariance.

Plan of the paper is as follows. We start with open bosonic strings. After reviewing
tri-linear couplings on the disk of tachyons, vector bosons and higher spin massive states,
we compute some explicit 4-point amplitudes involving tachyons and massive states. We
then consider open superstrings on the disk and perform a similar analysis in an arbitrary
number of dimension D < 10. For convenience and for comparison with the existing
literature we rewrite superstring amplitudes in D = 4 in the spinor helicity formalism, that
we adapt to accommodate massive higher spin states, after revisiting the structure of the
massive super-multiplets. We also check the validity of a recently obtained formula relating
open superstring amplitudes for mass-less states to SYM amplitudes at tree-level |35, 36|,
by factorizing 5-point amplitudes on the first massive pole and recovering our previous
formulae. We explain how to generalise this procedure to an arbitrary number of massive
external states. We then discuss the soft behaviour of open string amplitudes with gluons
and massive states in any dimension and argue that the leading and sub-leading terms are
universal and identical to the SYM case, relying on OPE and factorization. We then check
this explicitly for the amplitudes, we previously computed. We also analyse the holomorphic
soft limit of superstring amplitudes with one massive state and check consistency with our
expectations. Finally we will draw our conclusions and identify interesting directions for
future investigation. Various appendices contain technical details that are included for
completeness.

2 Open bosonic string amplitudes

In order to check the soft behavior of four-point amplitudes on the disk in the open bosonic
string, we summarize in Appendix A all the possible tri-linear couplings involving the vertex
operators up to the first massive level.

2M. B. would like I. Antoniadis to stressing the tree level origin of this term in the heterotic string, which
only is generated at one-loop in 4-dim Type II theories with 16 supercharges, such as after compactification
on K3 x T?



2.1 Vertex operators

Our first goal is to compute scattering amplitudes with the insertion of vertex operators up
to the first massive level. Up to normalization factors, the tachyon vertex operator is

. 1
Vi =ePX p?=_m2 = i (2.1)
the gluon vertex operator is
Va =a,idX" e k2 =-m%i =0 ak=0 (2.2)

and the first massive level vertex operator is

: 1
Vig = Hy, i0X"i0XY e p? = —m¥; = -

H, =H, Hyp=0 n"H, =0. (2.3)

While the choice of the tachyon vertex operator is essentially unique, the choice of the
vertex operators for the massless gluon A and for the massive state H is not unique. It is
kX _ §

always possible to add the null operator cikd0Xe e""X to ¢ V4. For H one can

BRST
choose a linear combination of the operator Vg = B,i0>X*eX(z) and a generic H(z) =
H,, i0X"i0X" eX (%), with H an arbitrary two-index symmetric tensor. Nonetheless, due
to BRST invariance, one has the freedom to fix the gauge in which B, = 0 and H,,, is

symmetric, traceless and traverse as in Eq. (2.3).

2.2 Chan-Paton factors and twist symmetry

Although we will mostly consider ‘color-ordered’ amplitudes on the disk, we would like to
review some relevant aspect of the group theory structure. Disk amplitudes are cyclically
invariant and can be dressed with Chan-Paton factors [37]

A(1,2,...n) = A(1,2,...n) = A(1,2,...n)tx(t"...t") (2.4)

where t, with @ = 1,... N? are the generators of U(N)?. In modern terms this corre-
sponds to the fact that open strings carry multiplicities associated to the D-branes they
end on. A(1,2,...n) are called ‘color-stripped’ or ‘color-ordered’ amplitudes or simply
sub-amplitudes. They enjoy such remarkable properties as [38]

e Cyclic symmetry: A(k,k+1,...,n,1,2,...k—1) = A(1,2,...n)
e Twist symmetry: A(n,n—1,...,2,1) =[[", wiA(1,2,...,n—1,n)
e Dual identity: A(1,2,...n) +.A(2,1,3,...n) +...+.A(2,3,...,n—1,1,n) =0

where wg = +1 is the eigenvalue in the state S of the ‘twist’ operator {2, that exchanges the

two ends of the strings. In particular wy = —1 while wr g = +1. In general wg = (—1)Ns

3We will not consider unoriented projections or symmetry breaking that may produce matter in bi-
fundamental or (anti-)symmetric representations of the gauge group.



where Ng is the level of S. Pretty much as in gauge theory, complete amplitudes are
obtained by summing over non-cyclical permutations of color-dressed amplitudes. At 3-
points one simply has

A(1,2,3) = A(L,2,3)tr(£14263) + A(L, 3, 2)tr (£ £3¢2). (2.5)
For the amplitude with three tachyons A(1,3,2) = A(3,2,1) = +.A(1, 2, 3), so that
A(1,2,3) = A(1,2,3)tr(t14263 + t1131%) = A(1,2,3)d', (2.6)
while for three vectors A(1,3,2) = A(3,2,1) = —A(1,2,3), so that
A(1,2,3) = A(1,2,3)Tr(t 267 — t'432) = A(1,2,3) f123. (2.7)

In general one gets d?* (‘anomaly coefficients’ or cubic Casimir) when H?:l w; = +1 and
fa (structure constants) when H?zl w; = —1. In particular all couplings /T(S, S, A) ~ fabe
whichever the state §. Moreover, at least for totally symmetric tensors in the first Regge
trajectory, the dominant term at low energy is

A(S1, 82, A3) = fi23S1" 1S psaz-(p1 — p2) + . .. (2.8)

i.e. string theory tries to be as ‘minimal’ as it can! Yet there are higher derivative correc-
tions to this, as we will see momentarily.

2.3 Four-point bosonic string amplitude

In this section we collect some open bosonic string amplitudes involving massless, massive
and tachyonic states. Details of the computations can be found in Appendix B4. For sim-
plicity we consider color-ordered amplitudes. Complete amplitudes arise after multiplying
by the relevant Chan-Paton factors tr(¢!#2£3t*) and summing over non-cyclic permutations.
In fact, exploiting ‘twist symmetry’ i.e. €2 invariance, one can further reduce the sum
to three terms (instead of six). For notational simplicity we will drop all adimensional
constants (including powers of gs) that are irrelevant for our analysis and the J-function
of momentum conservation (27)P67 (3", p;) will be understood. To help recognising the
light-like momenta we will denote them by k’s, while tachyonic and massive momenta will
be denoted by p’s. Starting with Veneziano amplitude (four tachyons)

[(—1—d's)T'(—1—a't)

A(T17T27T37T4) = P(—Q—O/(S‘i‘t))

(2.9)

where s = —(p1 +p2)® = —(p3 +pa)? t = —(p2 +p3)* = —(p1 +pa)?, u = —(p1 +p3)* =
—(p2 + pa)?, with s + ¢ +u = —4/d’, it is not difficult to compute the three-tachyons
one-vector amplitude

1 [aip2 alp4> (14 2a'k1p2)T(1 + 2a'k1p4)
A(Aq, T, T5,Ty) = — , 2.10
(4L T2 15, Ty) V2a! <k‘1pz k1p4 (1 —2a’k1ps3) (2.10)
the two-tachyons two-vectors amplitude
S SO I'(1+2a’k1py)T(—1 + 20’ k1 k
A(Ay, A2, T3, Ty) = (a1a2 + 20/ a1ps aaps) A+ 20'k1p) T (71 + 20’k k) (2.11)

I'(—20/k:ps) ’



where
~ a;p4 .
=g — =1,2, 2.12
a; a; kipa iy 0 > ( )

satisfy a;ps = 0, and finally the two-tachyons-vector-tensor amplitude

1 T(—1+2a"ksps)T(1 + 20/ paks) 1+ 2d’kspq

A(T,T5, A3, Hy) =

|: — 2a3Hp2 — 2@3]’.”{?3

V2! ['(—2a'p1ks3) 2 —2a'k3py
1—2d'k: 1+ 20’k
+ 2a’agps (szp22,5p4 + ksHk?)i,m + 2P2Hp3>
a'k3py 2 —2d'k3py
k3py p2Hps 1+ 20/])1]?3 1-— 20/]?3])4
— 24/ _E TR (1 — 2]k —p3Hps————— — 200 Hkya———— .
Q azp2 <2a’p2k3 piks ( o'k3ps) — p3sHps 20 ok p2HK3 20/ paks

Later on we will check that they enjoy the expected behavior in the soft limit.

3 Open superstring amplitudes

3.1 Vertex operators

In this section we consider open superstring amplitudes involving gluons and massive states.
At the first massive level, two independent string excitations appear: a symmetric, trans-
verse and traceless tensor H with dgy = D(D — 1)/2 — 1 degrees of freedom (dy = 44 in
D = 10) and a totally antisymmetric transverse tensor C' with do = (D—1)(D—-2)(D—3)/6
degrees of freedom (dy = 84 in D = 10). It is worth to notice that in D = 4, the tensor
H corresponds to a massive spin 2 particle, while the C' corresponds to a massive pseudo-
scalar. Up to normalization factors, In the canonical ¢ = —1 super-ghost picture their
vertex operators are

Vlg_l) =e Ya) kX =0 k.a=0 (3.1)
V}(I_l) = H,, e Pi0X !y X o'p? =1 puH" =0 Hj =0 (32)
Vé_l) = Cpup PPV P oiPX o'p? = —1 PuCHP = 0. (3.3)

For our purposes it is necessary to consider also vertex operators in the ¢ = 0 super-
ghost picture

VI = (a-i0X + kb a-p) e (3.4)
VY = Hy, [0XP (i0X" + p- 00¥] + 0y) P (3.5)
V) = Cpuyp e @ [10XH + papp) Py ePX. (3.6)

Higher spin massive states in the first Regge trajectory are described by vertex operators
of the form

S S S

Vi, = Hyy ., |[Ji0X" + poor [[i0X# + (s — Dowrrgpr [ ioxm | P (3.7)
i=1 =2 =3



with o/p? = (1—s) and H totally symmetric, transverse and trace-less. Their tri-linear

couplings to the vector bosons schematically read

A(Aq, Ay, Hy) = (ce ?Va(21) ce?Valze) ¢ Vi, (23)) = (2))2(f1 f2) FU2H e Hk;

(3.8)

In D = 4 the above expressions drastically simplify if one resorts to the spinor helicity
formalism and adapt it so as to encompass massive states.

3.2 Supersymmetry

Although we will only consider bosonic states in the NS sector of the open superstring, it
is worth discussing the structure of the super-multiplet at the first massive level [39].

In addition to the NS states H and C we have two spin 3/2 fermions of opposite
chirality (in D = 10) that combine to give a massive spin 3/2 fermion. In the canonical

q = —1/2 super-ghost picture their vertex operators read
Vo = U0S,0X e #/2ePX (3.9)
and
Vg = UL e #/2eX (3.10)

where S, is a spin field of conformal dimension 5/8 in the 16 irrep of SO(1,9) and W =
:C%H: is an excited spin field of conformal dimension 13 / 8 in the 144’ irrep of S O(l, 9).
BRST invariance implies transversality pHV¥y = 0 = pM\Il I"-traceleness I‘“ \Ilﬁ 0=

FZ"B \Ilg as well as
TV = iM Yy, . TOPprY, 5 =iMWS (3.11)
The N = (1,0) supersymmetry charge in D = 10 is the gaugino vertex at zero momen-

tum

Q12 _ / 428, e/ (3.12)

In the ¢ = +1/2 super-ghost picture one has

QUr/2) — / d=T" CPOX e+ (3.13)

Acting with Qa 1/2) on Vg and V\I/ one gets combinations of the NS vertex operators
Vo and Vi as well as the ‘auxiliary’ vertices Vg and Vg in the canonical ¢ = —1 picture,
yielding very schematically?

0H,y = el W,y 0Cup =l ¥, 0By =ely, ¥, 0B, =c¥,  (3.14)

(+1/2)

Similarly acting with Qp, on the NS vertex operators Vo and Vi as well as on the

‘auxiliary’ vertices Vz and Vg yields very schematically®

80, = eTy |p*(Hu + Bu)TY + MFHEA] + MCly, TP + ... (3.15)

4See [39] for the precise coefficients.
5See [39] for the precise coefficients.



and
§U,, = el [M(H,, + Buy) + puEu) + eT7p, Cpp, 0V + .. (3.16)

3.3 Dimensional reduction to D =4

For obvious reasons we are particularly interested in the dimensional reduction to D = 4.
The massive N' = (1,0) super-multiplet in D = 10 at the first level yields a long multiplet
of the N' = 4 super-algebra

{Hpuw, 84,27 7,,48 x,42 ¢} (3.17)

comprising 128 bosonic and as many fermionic states. In order not to burden the notation
W, v, ... are now 4-dim indices, while ¢, j, ... denote the internal 6 dimensions. The origin
of the bosonic fields is as follows

Hy, + H,, (3.18)
27Z# — 6Hy,i7150p,ij76cuu,i (3.19)

since a massive vector in D = 4 is equivalent to a massive anti-symmetric tensor, and
42(p +— 21 Hij7200ijk7cuup (320)

It is perhaps not surprising that these be in one-to-one correspondence with the (bosonic)
fields in the N/ = 4 super-current multiplet, upon dualizing the six massive H,; into as
many massive anti-symmetric tensors H wwi = Euv App’\Hip /M. Tt is amusing to decompose
this massive multiplet into massive multiplets of the N' = 1 super-algebra

{Huw, 84,27 7,48 x,42 ¢} —
{H,ulu 21/}#) Z,u} + 6 {w,uw 2 Z,LHX} + 14 {Z,LH 2X7 90} + 14 {X7 290} (321)

In the case of a Zs orbifold, whereby z! — 2!, z7 the multiplicities can be expressed in terms
of dimensions of irreps of SU(3) i.e. 6 — 3+3*,14 — 8+3+3*and 14’ — 1+1+6+6*.
Once again, it is not surprising that the multiplet content {H,,,2v,, Z,} be in one-to-one
correspondence with the currents {7},,,%,, i/w J,} in the N' = 1 super-current multiplet
of Ferrara and Zumino [40].

For later purposes, note that H,,, with n#*H,, = 0 = ptH,, belongs in a spin-2
supermultiplets with 8 bosonic and as many fermionic d.o.f. whose vector boson is Z,, =

6IJCMJ, while H,,, = Ho[nu + o'pup,] with H;; = Hod;j/2 (so that nMNHyn = 0)

combine with Cy = €,p0p” C**? /M in a chiral multiplet.

3.4 Four-point amplitudes (superstring) and spinor helicity basis

For simplicity, we will only consider amplitudes with a single massive external state:
A(Ay, Ag, As, Hy) and A(A1, Ag, A3, Cy). Depending on the choice of incoming particles
these correspond to production, annihilation or 3-body decay of the massive state. In view
of this, it is useful to restrict to 4-dimensional momenta and polarisations and work in



the helicity basis whereby null momenta are expressed in terms of on-shell Weyl spinors of
opposite chirality
koo = kuotly = uatia (3.22)

ad

and resort to the standard notation us (k) — |k) @s(k) — [k|, so much so that
u(kiJu(ky) = =(ij) ,  alk)ulks) = [ij] and  2ki-kj = (i7)[i7] (3.23)

For real momenta (k) = (uq(k))*. Momentum conservation reads
Yo llil=0="7lifil. (3.24)

Schoutens’s identity entails (12)(34)4(13)(42)+(14)(23)=0 and a similarly for |k]’s.
Positive and negative helicity polarisations can be expressed as

UO/DQ + M /UOL/aO.é
a..=a, 0 . = — and a’. . =a'0". = 3.25
o H/ (6764 uv (6707 N oo uv ? ( )

where ga4 = V404 is an arbitrary light-like momentum that encodes the gauge freedom.

Also for massive particles it proves convenient to express their momenta and polarisa-
tions in terms of null momenta and Weyl spinors. Setting pas==FKaa+9ac=ala+Vas One
has p?=2kq=—m?=uv 0.

Helicity of a massive particle is not Lorentz invariant. For later purposes it proves
convenient to explicitly identify the precise Lorentz transformations that map massive he-
licity states into one another. Let us choose the basis {uq, vo} for Left-handed spinors with
wv=(uv)#0 and {us, s} for Right-handed spinors with wv=[uv]#0. Dropping indices for

simplicity, the Lorentz group SL(2,C) x SL(2,C) act as

Lu=u=au+bv Lv=1v =cu+dv (3.26)
with a,b,c,d € C such that ad — bc = 1 and

Ri=1u =au+bv Rvo=1v =ecu+do (3.27)

It is easy to check that any symplectic product is invariant i.e. (i'j')=(ij) and [i'j']=[ij].
The Lorentz transformations that leave the time-like momentum p invariant form an SO(3)

subgroup with
a=e¢%cosy , b=ePsiny , c=—-ePsiny |, d=ecosy (3.28)

The SO(3) transformations

'—Lu v v’:i —u+v
L u _\/5( + v) \/5( +v) (3.29)
and 1 1
L, : u=—@u+iv) v=—(u+v) (3.30)

V2 V2

with R/, =L~ Jy will prove particularly useful in the following.



For a massive vector boson, with p=uti+vv the three helicity states are®

Wo = Ul — V0 Wy =uUV wW_ =V (3.31)

with wg-wo=4m?, wy-w+=0, wi w+=0, wi-ij:sz. {wo, w4, w_} form a complete basis
for transverse polarisations in that

woRWo + W4 RW_ + w_Qwy = 2m>*n + 2pRp (3.32)
The complex circular polarisations w4 can be combined into real ones
Wy = U0 + VU Wy = U — WU (3.33)

It is easy to check that L, maps w, into wy (up to a sign L,w,=—wy) and vice versa
Lywo=+w,, leaving w, unaltered L,w,=w,, while L, maps w, into wy (Lyw,=wq) and
vice versa Lywo=—wy, leaving w, unchanged L,w,=w,.

For a massive tensor boson (s=2), the five helicity states can be taken to be

Hii =wiy®@uwy H__ =w_Quw_ Hy = wi®uwy — wiQw_ —w_Qu4

Hyp = wiQuwy + wo@wy H_g=w_Quwy+ wo@w_ (3.34)

Note that wo®wy + wi@w_ + w_Qw, = 2m?n + 2p®Rp is a scalar polarisation. As for
the vector polarisations, the complex combinations Hi+4+ and Hyg can be combined into
real ones Hyp — Hyy=H +H__, Hyy=tH —iH__, Hyo=H o+H_o, Hyo=iH o—iH_
(Hoo is real). The transformation L,+L, leaves H, +H__ invariant, while L,—L, maps
Hi(+H__ into Hy. L, maps Hi —H__ into (H_o—Hy¢)/2 while L, maps H,, —H__
into —i(Hyo+H_g)/2.

For spin s totally symmetric tensors (as in the first Regge trajectory) one has 2s+1
helicity states, starting from the ‘top’ component S, =(uv)® = w? to the ‘bottom’
S__. —=(vu)*=w?, passing through the middle components Spo.o=(ut—vv)°+...=w§ +
.... Applying combinations of the above SO(3) transformations (on the helicity spinors)
one can map any amplitude, e.g. the one with the ‘top’ helicity component of a massive
state, into any other. This applies independently for each external insertion.

3.4.1 Amplitude Ag44¢c in D<10

Let us start with A(Aj, Ag, A3, Cy). With a judicious choice of super-ghost pictures and
c-ghost insertions one has

1
A (Ag_1)>A§O)aA§O)7C£_1)> :( lim )/0 d23<ce_“"a1weiklx(z1)

21,22,24)—(00,1,0

c(azi0X +katpash)e™ ™ (29)(azi0 X +kspazy)e™ X (z3)cCapipipe X (24)) (3.35)

®For a different basis of massive polarisations in 4-pt amplitudes, see [23, 24].



Following the steps detailed in Appendix D.1, one finally gets
Aaaac=B(1, 1){—a1 Cy:f2 [ag kl_*aiﬂ kz} —a1-Cy:f3 [ as: k3—*a2 k1] +—a1-f2-Ca: f3
U P
—a1'f3'C4if2—2ta1'04'f3'f2}, (3.36)

where the contractions are performed in a self-explanatory fashion and

F(Qa’k3p4)F(1—|—2a’k2k3)
F(1+2a’k3(k52 + p4))

B(1,1)=B(2c/k3ps, 1420  koks)= (3.37)
Using 2]431]6‘2:—8:—1—2]{?3]94—]\42, 2k2k3:—t:—|—2k‘1p4—M2 and 2k3k1:—u:—|—2k2p4—M2 1.€.
s+t+u=M?=1/ca’, one can check gauge invariance with respect to each of the three vector
legs.

Expanding and shuffling all the terms in Eq. (3.36), the amplitude Aga4c can be
written in a manifestly symmetric form under the exchange of the three vector boson legs

a2ki+
ks

Asaac = 4o uB(l 1) (04[0,10,2@3 + Z Cy alagk ]
3
1#3

Z C4 agagk + Cy [alkgkg]

+ C’4[a2k3k1]— + C4[a3k1]{72] 1a2>,
1#£1

sk o1k
(3.38)

k:k

where Clabc]=C,,a"b" c’.

3.4.2 Apaac in D=4 helicity basis

In D=4 C,,, is equivalent to a (pseudo) scalar Co=e*"*p\C,,,,/6M. In the helicity basis
one has two independent color-ordered amplitudes A(17273Cp) and A(17273%C)) and
their complex conjugates A(172737Cp) and A(172737Cp)". The former reads

mc(13)

A(172737Cy) =iB(1,1) 223 (3.39)
The latter reads [13]<12>3
A(17273%Cy) = iB(1, 1)W. (3.40)

3.4.3 Amplitude Ag44y5 in D<10

Let us now consider Agaa. With a judicious choice of super-ghost pictures and c-ghost
insertions one has

1
A(Ago),Aé_l),Aéo),Hf”):( lim )/ dz3<c(a1i(9X+k11/Ja11/1)eik1X(zl)
0

21,22,24)—(00,1,0

ce Pagthe™X (29) (a3idX +kzpazih)e®sX (23) cOX-Hy-peiX (24)). (3.41)

"Once again, details of the computations are relegated in Appendix D.3.

,10,



Following the steps detailed in Appendix D.2, one finally finds

AAAAHzéB(l—O/S, 1—a't){a1a3 stfasHk1(1—a's)—as Hkz(1—a't)]

+2a1 Has s ki fsko—2a3Has t ks frko+20[st(asks arks ksHas—a1ko asky k1 Has)

+arks askau (ki Hag s—ksHag t)]—2a1ks asky as Hks(1—a't)t+2asks a1ks asHk1(1—a's)s
+ag fsHay us—aso fi Hag ut—2a' (agky as fi Hk1—a1ks ao fsHks) st

+2d’ arke(as fsHky s—as fi Hks t)u—20’asks(as fi Hks t—aso f1 Hk1 s)u

+2a1ks az fsHky (1—a’s)s—2asky ag fi Hks(1—a/t)t—20 st (as f1 fsHk1—as f3 f1 Hk3)

—2as f1fsHk3(1—a't)t+2as f3 frHk1(1—a’s)s}. (3.42)

After laborious manipulations, this amplitude can be written in the compact symmetric
form

4
AAAAHZQB(lfo/S, 1*0/15){ [2a/f3Hf1 k‘gfgk‘l+(1+20/k21]€3)f3Hf1f2] k?gk‘l

+ [20/ fLH fa k1 fsko+(1420 k1 ko) f1H fo.f3] k1ks
+ [QO/fQHfg kgflk3+(1+2a/k2k3)f2Hf3f1] kzk’g}. (343)

3.4.4 Apsaapg in D=4 helicity basis

Let us first consider the amplitudes involving the scalar component of H and start with
A(12%73T Hy)=A(1"273" Hp)*. The amplitude can be written in the very compact form

mH[13]

A(1t213THy) = B(1, 1)m.

(3.44)
which is identical up to a phase to A(17273%(C)), for normalised states.

Consider a different choice for the helicity of the vectors in the amplitude with Hy:
A(17273"Hy)=A(172%737 Hp)*. The final result reads

A(17273THy) = B(1,1)—5~——. (3.45)

which is identical up to a phase to A(17273TCp).

Consider now the the amplitude for the spin-2 tensor Hy and three vector bosons
A(1~2t3tH)=A(112-3~ Hy")*. Setting p=Fk4+ks, the simplest amplitude to compute is
the one for the state with polarisation H+*=(4|(4||5]|5] that reads

(14)"[13]
m (12)(23)(45)2

A(17213THT) = B(1,1) (3.46)

The other amplitudes obtain in a straightforward way, after repeatedly applying L, and L,
as outlined above. The final result can be compactly written as

> cnA(1T2P3THY) =
h

gy 130215 { (14)2 (15 {15)?

(14)
m(12)(23)(45)2 | T (15)2 devoggy + 6o — deo—pay + e } (3.47)
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In the chosen orthogonal basis |H 4 |*=|H__ |*=4(ksks)?*=m}=(1/a’)?, |Hio|?*=|Ho-|? =
16(ksks)?=4m3=(2/a/)? and |H00|2—24(k‘4k5) =6m7¥=(v6/a’)?, so much so that é1 =
m%lcii, éro=2m>? 77¢+0 and Coo=V6m HC()(] for properly normalized polarization tensors.

3.5 Higher-point open superstring amplitudes from SYM

In [35, 36] Mafra, Schlotterer and Stieberger (MSS) have obtained a beautiful formula that
allows one to express open superstring amplitudes for massless external states on the disk
to SYM amplitudes at tree level. The formula is reminiscent of the KLT (Kawai, Lewellen,
Tye) relations [41] and reads

AST(1,2,..n) = > F(1[2634...n = 24]n—1,n) A M (1[2,35 ... n—2,]n—1,n) (3.48)

O'GSn—B

with z1 = 0,2,-1 = 1, z, = oo so that

F(1[23...n—2n—1,n) =

I (/2] k-1 n1

<_n—3/ d@/ dz .. / da Ly [T 1 S M (349)
-3 i<j k=2 1=1 "% p— [n/2]+11= k+1

where s;;=2dk;k;j=—a’ sp]hys. The formula (3.49) follows from a tree-level CFT compu-

tation using the pure spinor formalism [35] and its soft limits and other properties were
checked in [36]. A pure RNS derivation of Eq. (3.49) has been given in [42], the proof is
based on a revisited S-matrix approach [43] .We will here check that it is consistent with
factorization on massive string states in two-particle channels i.e.

lim  (s12+ o/ M) An(ViVaVs... Vo) = > As(ViVaH) Ap 1 (HV3V, ... Vy), (3.50)

512—)—0/M§I T

where A3(VV H) is physical (decay rate, width) and can be computed for arbitrary states
following the strategy outlined in appendix C. This is nothing but Res[A,(V1VaV3...V},)]
for 812:—O/M12_I.

For simplicity will only consider mass-less 5-point amplitudes producing 4-point ampli-
tudes with 3-massless and 1-massive state in D=4 and briefly mention how to generalize the
procedure to an arbitrary number of mass-less and massive external states. In particular we
give the relevant formula for mass-less 6-point amplitudes and sketch, at least in the MHV
case, how to get the 4-massless and 1-massive at 5-points or the 2-massless and 2-massive
at 4-points.

3.6 5-points in D=4 helicity basis

The 5-point color-ordered amplitude for open superstring massless gluons reads |35, 36|
As(12345) = F(12345)AY M (12345) + F(13245).AF M (13245), (3.51)

where F' are multiple hyper-geometric functions

1 1
F(1[23]45) = 512534/ da:/ dyx®127 1y 18 (y — )23 (1 — z)%24(1 — )31 (3.52)
0 x
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with s;;=2a’k;k; and F(13245) is obtained by exchanging 2 and 3 i.e.
1 1
F(1[32]45) = 513524/ dx/ dyx12y5137 (Y — )23 (1 — 2)27 (1 — g)®34, (3.53)
0 x

Since in D=4 any 5-pt amplitude is either MHV or antiMHV with AMHV (1+2+3-4757) =
AMHAV (1727374%5%)* let us consider the MHV case for definiteness

o _ (12)° (12)*
As(17273T475%) = <23><34><45><51>F(12345)+ <13><32><34><45><51>F(13245) (3.54)
that can be written as
3
As(17273%475%) = <13><23><<1?i‘3> 15 G1) [(13) F(12345) — (12) F'(13245)]. (3.55)

MSS have checked the correct factorization on the massless poles [35, 36]. Here we will
check consistency in the massive two-particle channel. To this end one has to take the
residue at the pole sjo — —1 respectively of F'(12345) and F'(13245). Starting from the
expression

1 Y
F(12345) = 512534/ dy/ drz®27 Y1 — z)%2 (y — x)52 (1 — y)*34 Ly (3.56)
0 0

and making use of

P S e (3.57)
s12(s12 + 1) dz?

in Eq. (3.56) and integrating by parts, one finds
$812+1 d2

sl -y - (359

1 Y
F(12345) = 534/ dy (1 — )34~ 1y / da
0 0
Now it is easy to take the residue and find
Res F(12345) = lim (s12 + 1)F(12345)
812271 312%71

= 5345248(513 + S23 + 1, 534) + S345238(513 + 523, 534). (3.59)

Performing the same steps for

1 Yy
F(13245) = 313324/ dy/ do x512(1 — x)*24 7 (y — 2)523(1 — y)34ys1~ 1 (3.60)
0 0
yields
Res 1F(13245) = lim 1(812 + 1)F(13245) = s135248(813 + S23, 834 + 1). (3.61)
S12=— S12——

Finally the residue of the color-ordered string amplitude is

Res AST(12345) = s1B(ssp, 334){A§M (12345) [523 - 528483’?} —AYM (13245)31;’524},
S12=— 35 35

(3.62)
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where s3,=s13+S23=—5314—S35=0/t+a/u=1—0a's, since p=Fk;+ky and 2k:1k:2:p2:—M12_1/C.
Using a mixed notation with both physical Mandelstam variables (s,t,u) and s;; variables
we obtain the following expression

Res 1A5ST (12345)

S12=—

=B(1—a's, 1—a/t) { A¥ M (12345)[s23535+ (s34+535) 524] — 51352448 M (13245)}.  (3.63)

One can check the factorization case by case, fixing the helicity of the external gluons.

Before embarking in the computations, notice that only SO(6) singlet bosons can appear

in the two-gluon channel. Following the dimensional reduction we previously revisited in

some detail, one only has HW,CWp:C’Oa)\prA/mC and 6inij:—77“”Hw,:—3Ho, after

decomposing H,,=H}\,+Ho(nu+a'pupy). Let us start with A(172737475%). In this case
4)

we expect that only C and 3H0:77“”H$,):n“”H;(&,O):—éini(jm), with H;(w =N+ Dupy

the four-dimensional part of H, contribute. With this choice, Eq. (3.62) becomes

Res AST(17273%475%)

s1o0=—1

B (12)4 (23)]23](35)[35] + ((34)[34] + (35)[35])(24)[24]

= B(11) (23)(45)(51) (12)(34) — [13]24]

— (12)” B(1 1)mH/C[35] =A3(1727 Hy) Ay (Ho31T4T57)+A3(1727Cp) A4 (Cp3T4T5T)
muc | (45)(34) ’

(3.64)

where B(1,1)=B(1+2a'k1 k2, 14+2a’k1 k3). The result coincides with the one we previously
derived using standard world-sheet techniques.

Consider now the amplitude A(172737475%). As shown in Tab. 1 in appendix D.4, if
we take k1na=uqls and kQﬁB:,Uﬁﬁ,é” with k1, ko such that 2k, -k2:p2:—1/o/, we find that
only the spin-2 polarization Vapllally contributes at the massive pole. With this choice,
we have

Res 1A§T(1—2+3—4+5+)

S12=—

_ B(1,1) (13)4{(23)[23](35)[35] 4 ((34)[34] + (35)[35])(24)[24] + [13][24](12)(34)}

a ’ (12)(23)(34) (45)(51)

= g1 1) BB S gt iy a5, (3.65)
" mpr (12)2(34) (45) - '

where only H+=|1)[1)|2]|2] contributes since Az(1~2T HT+)=mp=—2va’k; ko, while for
the remaining helicity states As(172¥H"*+)=0 . The result coincides with the one we

previously derived using standard world-sheet techniques.

The last case is the amplitude A(172737475%) in which, as for the first case, only H
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and Cj get exchanged in the s12 channel.

Res 1,4§T(1+2+‘3ﬂr5+)

S12=—

3
= (1, 1) gy e (29) 23135351+ ((34) 34+ 35)[35) (20 241131241 12)34)
— [12] 5(1,1)w = A3(172"H/C)AL(H/C,37475T). (3.66)
mH/C mH/C(45>

The result coincides with the one previously derived using standard world-sheet techniques.

3.7 6-points and higher point amplitudes

Open-string amplitudes with more than one massive insertion look somewhat cumbersome
and not very illuminating in D=10. In D=4, in the spinor helicity basis, formulae look
more compact. A possible strategy for systematic computations is to derive amplitudes for
massive states by multiple factorization of amplitudes for massless states on massive poles
in two-particle channels. For open superstrings in turn one can rely on the MSS formula
[35, 36], relating string amplitudes to SYM amplitudes, whose validity we have given further
support earlier on.

For instance at 6-points, there are six terms in the MSS formula, corresponding to the
permutations of [234] i.e.

AST(123456) = F(1[234]56).A% M (1[234]56) + F(1[342]56).A M (1[342]56)

+ F(1]423]56).A8 M (1[423]56) + F(1[324]56).A% M (1[324]56)
+ F(1[432]56).A8 M (1]432]56) + F(1[243]56).A% M (1[243]56) (3.67)
Differently from the 4- and 5-point cases where only MHV (or anti-MHV) amplitudes are
non-zero, at 6-point one has a NMHV amplitude AéVMHV(— — — 4+ ++) that even in
SYM has a lengthy expression if compared to Parke-Taylor formula [38]. Focussing on
MHV amplitudes AMHV (— — + + +4)=(12)3/(23)(34) ... (61) one can still compute 5-
point amplitudes with one massive insertion with almost no effort and 4-point amplitudes

with two massive insertions with little more effort.
For an arbitrary number of external massless legs n a priori one has N*MHV amplitudes

with £ = 0,...[n/2]—2. These, and susy related ones, are needed to compute amplitudes
for generic massive states by factorization. Summarizing one can start with Ai}gﬁk, th

derive Aiz’fm and finally obtain Aﬁf;f by factorization on the assigned two-particle massive
poles. Notice that the initial helicity configuration should be chosen compatibly with the
choice of massive states, i.e. at the first level H°/C? couple to gluons with the same helicity
while Hs couples to gluons with opposite helicity. Reverting the argument, the allowed
helicity configurations in SYM constrain the allowed amplitudes in superstring theory.

4 Soft limit

4.1 General arguments

In [14] the soft limits of massless string amplitudes was studied both explicitly (up to 6-
point amplitudes) and abstractly by making use of OPE analysis. The conclusion was that
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disk amplitudes of gluons behave exactly as in Yang-Mills theory at tree level both for the
open superstring and for the open bosonic string. Indeed one expects universal behaviour
at leading (9~!) and sub-leading (6°) order, in formulae

An(1,2, ... 5, . n) =

{[as'ks+l as'ks—l:| + |:fs:<]s+1 _ fs:Js—l

ks'ks-l—l B ks'ks—l 2ks'ks+1 ka'ks—l

} }An_1(1,2, . 8...,n)+000)  (4.1)
where J; denotes the angular momentum operator acting on particle i and fi = kfa? —
kYak, as by now usual.

We would like to extend the analysis of [14] based on the OPE to open string amplitudes
with massive states.

The leading and subleading soft behaviours are captured by the OPE of the soft gluon
integrated vertex with the adjacent (integrated) vertices. Using

Zstl / _ F(2zs41,2i)
d — zg) ¥ ksken TPy ) T 4.2
/ Zs (ZS—H Zs) (257 Zz) 20 ksksi1 ( )
and similarly for z;_; one gets
ask
VA(asa ks)VA(asila ksil) ~ £ shstl VA(asih ks + ksil) + ... (43)
2ksks:tl

where ... includes massive string states which do not contribute to the leading singularity
since
1

VA(G’S)kS)VA(asi17kSi1) S o Z oL 1. 12
M=£0 kaksil + MH

VM(H[G’S) As+1, ks’ ksj:l], ks + ks:i:l) + ...

(4.4)
where Vj; denotes the vertex operator of a massive state, with momentum p = kg + kst1
and polarisation H that can be expressed in terms of ag, as+1, ks, ks+1-

Expanding the denominator as

1 1 2ok
S § e R (4.5)
2k5ksj:1 +MH MH MH

one immediately sees that at most the sub-leading (regular 6° behaviour) might be affected.
However the tri-linear coupling A—A—H contains at least one soft momentum kg and this
produces a further suppression by é*!'. This holds true also for the tachyon since the
T—A—A coupling involves two momenta Ap_4_4 = T'(k1kearas — kiagksay), similarly for
H,, since Ag_s_4 = H“”fulpfpzﬂ + ..., while for C,,, at the first massive level of the
superstring one has Ac_a_a = Cy,palay (k1 — ka)P.

Let us now consider the case where the soft gluon is attached to a massive (or tachyonic)
leg

1
VA(a57 ks)VM(Hs:tlapszl:l) ~ ok VM’(HI[Q& Hs:l:l: k87p5:|:1]7 ks +ps:|:1) + ... (46)

sPs+1
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where M’ denotes any state at the same mass level as the state M. For the bosonic string
at the tachyonic and first massive level only one kind of particles appears so much so that
(for totally symmetric tensors of the first Regge trajectory at level N = /¢ — 1)

Aam,m, =
a1p23H5Ll“MH3,u1uw + al,uHQWQ"MP?QH&VMHM + p31,uH5#2mwGTHZ%,uuzmue + O(a/pQ)]
(4.7)

The first term is the string analogue of minimal coupling that is leading in the soft limit
k1 — 0. Gauge invariance fixes the sub-leading term to be as expected. Indeed, for color-
ordered amplitudes with n + 1 gluons and no massive states one finds |14, 22]

- +1 A~ a{5+1:a5+1as‘ksil_asks‘asil"'ksas‘asil
ATL+1(1, oS ,n—!—l) = mAn(l, cee Sy e ,TL+1) kls+1:ks+l+ks
(4.8)
expanding in k; yields
+ { a5 kg1 . ks-as+1 - 0 + a5 kg1 ) 0 + Gs Ast1 . 0 }
2ks-ksi1 2k kst ’ Oag+1 2k -kst1 ° Okg+1 2ks-ksi1 ° Oag+1
A, (1,...8...,n+1)+ ... (4.9)
gauge invariance dictates the presence of the additional sub-leading term
ks-k 0
s sl An(1,...8...,n+1) (4.10)

2ks'ks:t1 s aks:l:l

that completes at sub-leading order the action of fg:Jsi1 on A,(1,...5...,n+1).

Including m massive states, if the soft gluon is adjacent to two hard gluons the above
analysis continues to apply. When at least one of the adjacent legs is massive, let’s say the
one in position s + 1, with spin £ one has

+1 H. =Hst1aspst1+...

mAn’m(l"“s'"’n+m+1)‘17;+1:ps+1+ks +. ..

(4.11)
where ... denotes the additional terms in the tri-linear V-H-H coupling. Barring a couple

Apsim(L,... s n+m+1) =

of subtleties, we will deal with later on, expanding in ks one gets (schematically)
. ke-H: 0 . 0 as-H;; 0
j:{ s Ps+1  ,Rsllgqq a, + s Ps+1 » 4= s+1 k- }
2ksps+1 2kspst+1 8H5+1 2ksps+1 Opst1 2ksps+1 3H5+1
Anm(1,..08. .. ,n+m+1)+ ... (4.12)

gauge invariance wrt the soft gluon dictates the presence of the additional sub-leading term

ks ‘Ps+1 0
Ag*
2k, ‘Ps+1 8szrl

Anm(1,...8...,n+m+1) (4.13)
that completes the action of fs:Jgy1 on Ay (1,...5...,n 4+ m+ 1) at sub-leading order.

Now let us deal with two subtleties: the higher derivative terms in the tri-linear coupling
A-H-H and the possible non-diagonal couplings A-H-H’ that would spoil universality. The
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former is easy to dispose of, higher derivative corrections to minimal coupling can only
affect the sub-leading term that is fixed by gauge invariance wrt the soft gluon starting
from the low-derivative terms coded in the OPE. The latter requires more attention. For
open superstrings, as we have seen, already at the first massive level one finds two kinds of
particles in the Neveu-Schwarz sector: C),, (3-index anti-symmetric tensor, 84 d.o.f.) and
H,, (2-index symmetric traceless tensor, 44 d.o.f.). In addition to the ‘diagonal’ couplings
V-C-C and V-H-H (and SUSY related) one should consider the mixed coupling V-H-C
~ o Mps1-Hy-Cs:[a1p1o] that exposes the singular soft factor 1/kp since Mo = My but
gets suppressed by an extra power of the soft momentum in the numerator. Lacking the
leading 6! term that fixes also the sub-leading 6° term, thanks to gauge invariance, this
kind of higher derivative non-diagonal couplings can at most affect the sub-sub-leading
6t1 (and higher) terms which are not expected to be universal. Although the situation
gets exponentially more intricate the higher the mass level and spin, we conclude that no
correction are to be expected wrt the standard YM case in the soft behaviour for open
string amplitudes involving massive states.

For illustrative purposes, we will explicitly check the above statements in the soft limit
of some 4-point amplitudes with massive string states at the first level. Differently to the
case of amplitudes with only mass-less external states that factorise on 3-point amplitudes,
that would vanish for real momenta due to collinearity, when some of the external states
are massive, the soft limit can produce physical 3-point amplitudes e.g. widths or decay
rates of massive states into lower mass ones.

4.2 Soft limit of .A(Al, TQ, Tg, T4)

In this case the limit k1 — 0 is straightforward. Consider first the expansion of the factor

[(1 4+ 2a'k1p2)T(1 + 2a'k1py) - (1 + 2’ k1potp (1))(1 + 20’ k1 parp(1)) - )
(1 —2a’k1p3) o 1 —2a'kips(1) =14+0(6%). (4.14)

The expansion of the full amplitude reads

a1p2  a1p4
kipa  Ekipa

A(Al,TQ,Tg,T4) X < ) A(TQ,Tg,T4) —i—O((S), (415)

showing the expected singular behavior in both the s and the ¢ channels, whereas the term
of order O(6Y) vanishes because

1
5f{‘”JW,zl(TQ, T5,Ty) =0, i=2,4. (4.16)
being the 3-tachyon amplitude a constant independent from the momenta.

4.3 Soft limit of A(Al, AQ, Tg, T4)

Consider the amplitude in Eq. (B.4) once we have expressed the Euler beta function in
terms of Euler gamma functions
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(1 + 2a/k1ps)T(1 + 20’ k1 ko) 1 <k1p3 (—aras + 2/ (a1p3 azps + a1ps azps)

F(l — 20/]?1])3) 1— 20/]6‘1]{?2 klkz
14+ 2a’kips 14 2a’kip3 (4.17)
— —_— —a aop3————— . .
a1p3 a2p4 kle 1P4 a2p3 ]431])4 k1k2 1P3

As already verified, the combination of Euler gamma functions in the above expression
contributes in the limit § — 0 as 1+ O(6?), thus can be neglected. We have two terms of

order 6~
_aips agpy  aips azp3 kips

4.18
k1ko k1k1 kipa (418)
Using the identity
k 1 1
s - (4.19)
kika k1pa kika  kips
Eq. (4.18) can be written as
@1P4 G2p3 — aaps Gopa | Gapadzps (1 1
1y kipa 5 1P+ a2p— B 1p—a2p+ ey ke
P+ —P-  P- P+ —p—  py) 1
+<a1 5 a2 + a1 5 a2 >k1p4
1 _ aok 1 k
:< _aiky a1p4>a2p34 Laip- azhy _ 1aips aski (4.20)
kika — kipa 2 2 kikeo 2 kips
where
p+=p3+ps P-=Dp3— P (4.21)
The leading soft contribution is, as expected,
arks alp4>
- S (Ao, T3, Th). 4.22
( kiko — kipa ( ) (4.22)

The order O(8°) contribution to the amplitude reads

kips | laip— agkr  1aipy agh 2a,<k1p3

—amazg g 5" Faps Torbs (a1p3 agps + a1ps azpy + aips azps)
+ ai1py azps (Zizi + ZZ + 1> — aips azps (Zi;l + 1)) (4.23)
= —;alazzizz + ;amz:iz;l + %amz :zi ;alpk_lk?kl - ;aﬂzll;jkl + O(5). (4.25)

In the above expression we recognize the expected behavior

1 g D34 P34 1
e VJ .A V ,T ,T = aias k1— — a1—— ask T 4.26
2]{31]{?2']01# 2 ( 2,43 4) < 142 Rl 92 1 2 2 1> klk ( )
— ] J UA(A T;5,T. ) —<(Z az k P4 — QA1P4 Q k ) (4 2 )
v ) ) 27
le 1p 4 2 3 4 9 1642 ~1pP4 1P4 d2h1] kfl
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4.4 Soft limit of A(Tl, TQ, Ag, H4)

Consider the amplitude in Eq. (B.6). Let us first discuss the soft limit of the kinematical

factor
(=14 2a'k3ps)T'(1 +2a'psk3)  T(1+ 2a’k3ps)T'(1 4 2a'p3ks) k3p1
['(—2a'p1k3) (1 — 2a/p1ks) k3pa(1 — 2a'k3py)
k 1
= (1+ 0(s%))22 (4.28)

ksps 1 — 2a/ksps”

It is then convenient to multiply the tensorial part of the amplitude for the above expansion

in order to identify more easily the contributions up to O(4°):

a3pP4 azp4 P12 ;P12 0 0 a3pP4 P12
gy Hpy = R ERHEE £ 000, 0(°) = ks HEE 4.29
k?3p4p2 b= kspy 2 &) (07 = k3pa (4.29)
azp2 a3p2 P12 ;P12 0 0 azp2 P12
_ Hpy = — 22 E2HE2 L 0("), 0(8) = — 222 ks HER: 4.30
Tapy 272 = 0 (67) (6%) fapy (4.30)
k
Qasps poHks—LY3  — 9902 pps 9920 Hke. (4.31)
p2ks3 k3ps paks k3pa
k3 pok ksp
— 203 Hpo P P28 o Hopy 4+ 27202 0 Hpy. (4.32)
k3pa paks k3p4
The leading order O(6~!) behaves as expected
61 asp4 azp2 \ P12 ;P12
T, 15, A3, Hy) = —— — = | —=H—= 4.33
A’ (T, Ty, Az, Hy) <k3p4 k3p2> 5 H5 (4.33)

being A(T1, Ty, Hy) = B2 HP2 . Look at the subleading contribution:

1
— | —asp2 ksH@ — 2a3ps p3Hks + azHps k3po
ksp2 2

1
-~ <a3p4 k‘3H@ — 2a3p2 psHks + azHpa(2ksps + k3p4)>

3P4 2

1 1
aspo ](IgH* — kg D2 ang12 _ 2 3]712 k3H@ — 2k3p12 3Hp12
" kspa k3pa4 2
(4.34)

It is easy to verify that the above expressions coincide with:

1 W ,
! Ty, Ty, Hy), i=2,4. 4.35
2k3pif3“ Ji7 A(Th, Ty, Hy), i (4.35)

We recall that the angular momentum for a spin-2 particle takes the form

0 0 0 0

Jow=pp=——0ve—+2H)—— —2H,\—=%- 4.36
1% puapy pl/ap#“_ u/\aH/,\, A(‘)Hf ( )
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4.5 Soft limit of A(Al, AQ, A3, 04)

The amplitude is given in Eq (3.36). Let us study the soft behaviour when k3 — 0. Recall
that s+t 4+u=1/d
The Veneziano factor B(1,1) yields

F(1—as)I'(1—a't) T(2dksps)T(1 4 2/ ksks) 1 9
B(1,1) = = ~ 1+ 0(0
( ’ ) F(l —l—o/u) F(l —QO/k‘gkl) 20/k’3p4 x [ + ( )]
(4.37)
To leading order the polarisation dependent factor yields
ks-k
P =—a1-Cy:fo | ag-ki — 3 1a3-k2 (4.38)
k3-ko

combining the two one gets, as expected

_ . k . k
AT (Ay, Ag, As, Cy) = (ag P14 2) a1-Cy:fo = <a3 Pa_ CL3‘ 2) As(A1, A, Cy)

ksps  ks3-ko ksps  ks3-k2
(4.39)
To sub-leading order 6°, one gets
2a1-Cy-Farfo — a1-Fa-Cly- 2a1-Cy- Fa-
AL (A, Ay A, Cy) = ( a1-Cyf3-fo—a1-f3-Ca-fo  2a1-Cyfs fz)
k3pa kg ko
f3:J4 f3ZJ2
= — 2 A, Ay, C 4.40
( ksps k3 ko As(Ar, 42,C4) (4.40)
as expected, where
kho Kho 0 0 0 0 0 0
J ,uy — 27 2 14 2 J sz — M _ BCH)\P _3CV>‘p
PV oky oks T "oay oay Tt T PiapyPiapy Tt o Tt o

Actually 0/0p4 acts trivially in this case.
With little more effort one would get the same result for k; — 0, while for k3 — 0 the
only contributions come from ‘standard’ soft behaviour of gluons hitting adjacent gluons.
This gives support to our general conclusion that superstring amplitudes with n mass-
less and m massive external legs on the boundary of the disk behave universally in the soft
limit.

4.6 Soft limit of .A(Al, AQ, Ag, H4)

The amplitude is given in Eq (3.43). Let us study the soft behaviour when k3 — 0. Recall
that s+t+u =1/’ as for A(A1, Az, A, Cy). Following the same steps one finds to leading

order

- ksk1 [ ask ask 1
.Ai 1(A17A27A3,H4) == kzpj; <k§kz - kiki) {2m%{alﬂa2+agk1 alHkQ —CllfQHk'Q =

ksky  kaps

k k
- (a?’ : a3p4> fH 2+ O(1) = <Z§k2 - ZZ’Z‘) Ag(Ay, Az, Hy) (4.41)
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where use of m%, = —p3 = —2k1kg + O(5) has been made.
At subleading order one finds several terms i.e.

2

1 2
[a2a3 <k3p4 alHkg — alHk‘gw;H> + CL1H&3(12]€3% + alHkg agk‘g a3k1

ksko
— a1 Hks agky agks — ay fofsHko + a1 f3 fako — kaps a1 Hag azks + asps agHas koks

+ agaz a1 Hkg koks + aski a1 Has k2k3:|

2 2

1 m m
—&-W[CLQ% a1Hk3TH +ai1Has a2k37H + a1 Hasz agky k3ka — a1 faHag k3ki1 — a1 faHas
3P4

— a1 Hks asky azks — ay faHks agks — a1 faHko asky — ai fo faHka — aspa ay foHks)
(4.42)

Summing the terms within squared parenthesis everything can be written in terms of
fi, f2, f3 (as dictated by gauge invariance at this order) finding

fiH fsfo — fiH fofs  fifsHf2 — lef3f2>

AL (Ay, Ag, Ag, Hy) = (

k3 ks k3pa
f3J2  f3Ja
=== __ L= Ay, Ay, H 4.4
<k3k2 Kapa A3(A1, Ag, Hy) (4.43)
with Jo*, given above and
0 0 0 0
JHHV _ pu . p,u + 2H/J)\ - VA
b Mo Topy T ampt T omp?

As above 0/0py acts trivially in this case. This gives further support to our general argu-
ments on the soft limit.

5 Holomorphic soft limit

In this section we verify that open string amplitudes with massive external states enjoy the
same universal behaviour as YM amplitudes in the holomorphic soft limit [12]. In this limit
the holomorphic spinor ug of a positive helicity gluon (inserted between leg 1 and leg n) is
scaled to zero u = dis. In SYM the leading behaviour as §~2 is governed by the operator
i
(ns)(sl)

the sub-leading behaviour as §~! is governd by the operator

(nl) (sm) 4 O (s1) , O
Sy = (ns)(s1) {<1n> Y o (1) aag‘}

For MHV amplitude the sub-leading term vanishes and the procedure exponentiates [12].

+

In general it is convenient to use momentum conservation to express two «’s in terms of
the remaining ones and the u’s. In our case, an obvious choice is to express %4 and 5 that
appear in the definition of the massive momentum p = kg + ks = uqtig +usus. When taking
derivatives one has to take into account the mass constraint m? = —(ky + k5)? as we will
see momentarily.
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51 A(AT, AT AT, C)
Consider the amplitude

13]m¢
17,27, 3" =B(l-ds,1—d [ 1
"4( ’ 37, CO) ( s, «Q t) (12> <23> (5 )
and take the limit for ug — dug, with § — 0. It is straightforward to show that
1
B(1—d's,1—adt) = ———(1 52)). 2
(1= als, 1= alt) = (14 0(8%) (5.2)

The momentum of the massive particle is the sum of two massless momenta p = ky + k3
with the constraint (45)[54] = mZ2. This constraint implies

m2 = (45)[54] = (13)[13] + 5((12)[12] + (23)[23]), (5.3)
1. /(12)[12]  (23)[23]
me = me(6 = 0) (1 + 50 <<13>[13] - <13>[13]>> + O(8%). (5.4)

Expanding the amplitude, one finds

1 m [13mc

AT 253560 = 5 a1y 3] (1) oy 90
=~ (14 8((12)[12) + (23)[23])) <[11§’>]g§> <1 " 2<135>[13](<12>[12] " <23>[23])> +O()
)12] | (23)

1 [18me < 3 <<12

(23)[23]
62 (12)(23) L+30 a3y3 " <13>[13]>> : (5.5)

The leading contribution to the holomorphic soft limit is easily identified to be

1 (31) [13*  [13lmc
02 (32)(21) me  62(12)(23)°
(5.6)

1 1
A(_2)(1+72+73+7CO) - <3 >

52 <32><21>A(1+’3+’CO) -

that meets our expectations.
The sub-leading contribution is expected to be

AT 2t 3% Cp) = (1”3;’2” <g§§az£l + gii@;@) AT, 3%, Co). (5.7)

In the presence of the mass constraint, the derivatives wrt #; 3 are replaced by

0 d 0 omc 0

= 5.8
8@173 - d@173 8@173 8@173 8777,0, ( )
with P sy . o (13)
me me
— = 3, ——=-——I1]. (5.9)
0y 2m¢o oug 2mgo
Writing the three-point function A(1%,3%, Cp) in a slightly different way
[13]* _ m¢,
= ) 5.10
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we need to evaluate only the derivative of the tri-linear coupling respect to m¢. Finally we

find
A1t 27,37, Cp) Y = % <2<<1231>>[if]c - 2<<1332>>[:]C) aZCA(ﬁ,?ﬁ,Co)

_ 13 [BIme <<23>[23] N <12>[12]>
o 02(12)(23) \ (13)[13] © (13)[13] ) °

that exposes the expected behaviour, too.

(5.11)

In order to complete our analysis, we consider the case in which the soft momentum is
k3. Let’s first expand the amplitude in Eq. (5.1) up to the order 6!

1 13]m 3 _(13)[13] + (23)]23
AT, 2737 Cy) = 522ksz£4<]12>0<23> <1+ 25< >[<1]2;r[1<2] i ]> +08%. (512

At leading order, the soft operator is simply

ai}f ko B a§p4

) 5.13
2kska  kspa (5:13)
which in the spinor helicity formalism becomes
(32)(3¢) 2k3pa(3q) (23) 2k3pa’
with the help of Schouten’s identity. The expected leading order behavior looks like
_ 1 (12)[13] 1 [13]m3
21+, 24,34, 0)) = 5 e A(1T,27,00) = 5 e 5.15
A ( ) ) ) 0) 52 <23> 2k3p4A( ) ) 0) 52 <12> <23> 2]453]?4’ ( )
where we exploited the fact that
12)?
AT, 2T Co) = Q. (5.16)
mo
At sub-leading order we expect the soft operator to be
fada f i 1 _d 1 _d o d
— — = 34|ug— + [35]lus— ) - 5.17
2koks 2kspy - <23> us dis 2kspy ]U3 diiy +[ ]U3 dus ( )
Noticing that
9 dmg 0\ 127 3[12)m
Oty Oty Omy mo 2 mo
9 N Omo 9 \ [12]*  (45)[12]%us
Oty duy Omy mo N 2m8
9 N Omo 0 \ [12]* _ (4512744
0us Ous Omy mo N Qm% ’
we find 3 [12][13
Dt 2+ 3%, 0p) = 5.18
A ( 3 ) ) 0) 25 <23>m0 ) ( )

which is compatible with Eq. (5.15) after noticing that the sub-leading term in the expansion
can be written as
3 [13]23][12] | 3 [13][23][12] <_ 1 n 1 ) 3 [12][13]
2kspy  (23)[23]

20 2kspy 20 mo

20 (23)m0 .

(5.19)
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5.2 A(A-, AT, A7 C)
Consider now the amplitude

L(1+4 2a/k1k2)T(1 + 2a'koks)  (13)3

— ot o— _
A(17,27,37,Cy) = T'(1— 20/kaps) (12)(23)mc’

(5.20)

Taking the limit in which ugs — 0, we have

_ _ 1 (13)3 (12)[12] ~ (23)[23]
A2 00 = =gy (2 (oo * (o)) O

For the leading term one finds

2
A2 (17 2% 37,0)) = 512<1§:<23> <jr§)(i ’

(5.22)

for the sub-leading term

ACD(1- 2% 37 Cp) = (13) (13) <(23>(13> 23] — (21)(13) [21]> (13)* (5.23)

1
5 (12)(23) me \ (13)2m¢

that behaves as expected in the holomorphic soft limit.
In this case we will not consider the limit in which k3 — 0 since the three-point
amplitude A(17,2%, Cy) = 0 vanishes.

5.3 A(A, AT AT H*H)

Consider finally the amplitude

4
A(17,27 37 HTT) = B(1 — s, 1 — a't) mH<<11;>><2%§’245>2. (5.24)
Expanding for us — 0, one finds
_ 1 (14)% 1 (14)4[45)?
A(L7, 27,37, ) = 52 <12><23><31><45>2m1{(5) T2 (12)(23)(31ym3,(8) (5:25)
Using
(14)[45] = (13)[35] 4+ 6(12)[25], (5.26)
we have

_ 1 (14)*[35]%(31) (12)[25] 3. [/(12)[12]  (23)[23]
A2 1) = G gatagss (U 20t o7 (s * (o0s))):
5.2

At this stage the soft limit appears straightforward. The leading term reads

279512
ACD (1 2% 3+ ) = (31) (14) £35]
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Using the expressions for the two derivatives

d — ot gty O 213512 i
dﬂ1A3(1 3t HTT) = 2m§1<14> [35]2(13) 3 (5.29)
iAg(r, 3T, HYT) = %<14>2[35]a5 + %<14>2[35]2<13>a1 (5.30)
dug myy 2my;

into the soft sub-leading term

31 23 d 21 d 14)2[35]2
ACD 2% 3Y BT = <1;><33> (213;122%1 + 231;@@) <7>n§[){] (5.31)

we reproduce exactly Eq. (5.27).
Let’s consider the limit in which k3 — 0. Expanding the amplitude in Eq. (5.24) up to
the order 6! we find

1 (14)2(12)[13][25]?

_ 3 _(13)[13] + (23)[23] (13)[35]
17,2730 HM ) = 1-29 20 .
AL 23 ) = S hapa 23y ( > a2
(5.32)
Using the leading order soft operator we derived in Sec. 5.1, we find that
oy e 1 (12)[13] _ 1 (14)2(12)[13][25)?
A (17 2t 3T gty = — 2 A ot g = o . (5.33
( ) 62 (23) 2k3py ( ) 62 2ksps (23)m3 (5:33)
using
279K12
A1, 2t HTH) = w. (5.34)
Mg
The sub-leading soft behavior of the amplitude is determined by
32 4 (425 3 (1423252
2koks Sdﬁz m% 26 (23>m8 ’
1 o d _d ) (14)%[25)? (14)2[23][35]
34|z — + [35]us— =2 . 5.35
2kspy < ]U3 diiy +[ ]U3d’LL5> m% 2k3p4m8 ( )

Following the same algebraic manipulations as in Sec. 5.1 it can be shown that these two
terms reproduce the sub-leading soft term of the expansion in Eq. (5.24).

6 Conclusions

We have computed several open bosonic and super- string scattering amplitudes on the disk
with massive and tachyonic external states in critical dimension as well as in D = 4 (for
the superstring, using the spinor helicity basis).

We have then checked their universal behaviour when massless gluons go soft, despite
the presence of higher derivative couplings, and offered a general argument to this effect
based on world-sheet OPE. We have also checked consistency of the factorisation on the first
massive pole of the MSS formula obtained in [35, 36] relating open superstring amplitudes
on the disk to tree-level SYM amplitudes.
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We have only briefly considered closed strings. For gravitons, even in the presence of

massive external legs, one would expect a universal soft behaviour up to sub-sub-leading
order (§71) [8-10, 47-49]

Mu(1,2,...)8,...,n) = (6.1)
kihski  2kihgJiks ke Ji-hgJi-ks . ,
> [ P A Mp_1(1,2,...5...,n)+0O(6?)  (6.2)

i1#£s

This should hold true at tree-level and with the understanding that interactions be governed
by minimal couplings. While in closed Type II superstrings on the sphere the soft limit of
amplitudes with massless states is the same as in gravity at tree level, for bosonic strings
— and in fact for the heterotic string, too — the presence of a ¢R? vertex with the dilaton
spoils the universal behave even at leading order, in that a soft graviton attached to a hard
graviton can produce a hard dilaton thus producing a mixed amplitude®

Using KLT relations [41] one can efficiently compute closed amplitudes with massive
external states as ‘squares’ of open string amplitudes with massive external states, like the
ones we have considered in the present investigation. We plan to carry out this analysis in
simple cases and study the soft behaviour at tree level confirming universality, respectively
lack of it, in the case of the closed superstring (both Type ITA and Type IIB), respectively
in the case of the bosonic or heterotic string due to the presence of the ¢R? terms [52].
We hope to shed further light on the soft behaviour of the Kalb-Ramond field, the dilaton
[50] and the other moduli fields [51]. It would also be interesting to investigate the soft
behaviour of loop amplitudes and to test the validity of the new proposal [53, 54| of getting
the graviton from the collinear limit of two gluons beyond tree level and in the presence of
massive external states.
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A Open bosonic string 3-point amplitudes

For the sake of completeness we summarize all the possible three point functions involving
open bosonic string states up to the first massive level, Eqgs. 2.1, 2.2, 2.3. Kinematics of
three point on-shell amplitudes is fixed in terms of the masses of the particles involved in
the process. This property will be used repeatedly and stressed wherever necessary. In
the following formulas a factor (2m)P6P (32, p;), with D < 26, resulting from integration
over the zero mode of the coordinate fields X*, is always understood. We will also drop a
factor of g, (a/)(P/273)/2 which is g5 (o/)® for the bosonic string in critical dimension, but,

8As suggested in [46], one may be tempted to propose a generalisation of the soft theorem whereby
dilatons and gravitons are ‘unified’ into a gravi-dilaton with symmetric transverse but non-traceless polar-
isation tensor ey, = hu,+¢u, with ¢, = nuy—kulgy—kyl;u and k2 = 0 kk = 1. Yet for the Kalb-Ramond
anti-symmetric tensor b,, which is odd under world-sheet parity €2, one expects a vanishing behaviour at
leading order [14].
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following the discussion in section 2.2, we will explicitly include the relevant Chan-Paton
factors fupe or dgpe that make the full ‘amplitude’ Bose symmetric.

o TTT vertex

A(Ty, T, Ts)=dgp. {c €PN (1) cePX (zy) ceip3X(23)>
20/ 20/ 20/
=dabe 212213223 215 L2205 PP 253 PP =dape (A1)
where we used the identity (p;+p;j)2=—2m2+2p;pj=—m?2, so that 20/p2-pj:m2T:—§ for
all 7, j. The symbol z;; stands for z;—z;. In order to simplify the notation, from now on
we will introduce the notation

!
T
Pl= Z o (A.2)
J#i
In general, P; is contracted always with the i-th polarization vector/tensor. Exploiting
‘transversality’ i.e. p’ tL..':O, we will always replace the sum in Eq. (A.2) with:
plZ@ “23 p,_P31_~13 p,P12 12 (A.3)

) 2 ) 3 .
2 z12213 2 z12293 2 z13293

e TTA vertex

1 . . .
A(A1, Ty, T3):ﬁfabc <c ai, i0X* elle(zl) ceP?X () ce’p3X(Z3)>

20/ pip; 1
=V20! fape 212213223 a1, Pl H Zija PPI=\/20! fape 501P23- (A4)

1<J
e TAA vertex
1 X ) )
A(Aq, Ao, T;;):?dabC <ca1i8X elle(zl) cagi0X elk?X(zg) ceZp3X(23)>
«

=dgpe <20/ al% agl%—i- a1a2> . (A5)

The amplitude can be rewritten in a manifestly gauge invariant form:

1 v
A(Al, AQ, T3)22O/ dabc (al% agp%—i—alag kﬂé‘g) :20/ dabc ifllwa#. (A6)
o AAA vertex
1 , , ,
A(Aq, Ao, Ag)szabc <c a110X eZle(zl) cagi0X eZkQX(zz) cazi0X eZk3X(Z3)>
«

k k k
=V 20! fape (alaz a3$+a1a3 a2%+a2a3 ay %4—20/&1* ag2—— a3—~

o TTAH vertex

1 . . :
A(Al,Tg,’Hg):W fabe <c a1i0X e®1X (21) ceP?X (2y) cidX H3i0X 61p3X(23)>
«
=V 2 fape (2a1Hg%+2a’a1% %Hg%) . (A.8)
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e AAH vertex

da c . ; . ; . . ;
A(Al,AQ,Hg):(2Oj)2 <ca128XeZk1X(zl) cazidX e X (zy) czaXH318X62p3X(z3)>

=dgpe <2a1H3a2+2a’<2a1p223 agng—i—Qag@ CL1H3]E+CL1G pl?nglz)

2 2 2 220
—(20/)2a1p% ag% p;Hg,p;Q) (A.9)
One can rewrite the above amplitude in the manifestly gauge invariant form
A(A1, Az, H3)=20" dype (2 tr(f1Hsfo)—a'tr(f1f2) k1H3k2>. (A.10)
e AHH vertex
A(A1, Ho, H3)= (2(]3;;/2 <ca12’8Xe““X(z1) ci0X Hyid X eP*X (zy) ci@XHgiGXeip3X(23)>

::VQa/ﬂwc(2aﬂ§3tdfﬁ}g)—4m(ﬁf&}g)+4ad§1E&j}Hgéf

P23 P31 P12 ne P23 P31 P31 P12 P12
8a'a1—== 2 HoHy—=+(2 — —Hoy— —H3—= |. A1l
t8ala1—= = 232+(04)a12 5 125 5 32> ( )

e TTHH vertex

A(Ty, Hy, H3)= dape (c €™ (21) ciOX Hai0X e (29) ciOX H3i0Xe™** (23))

1
(20/)?

—dpe (2 tr(HoHs)+4(2a') P2, P12

7H2H37+(2O/)2@H2

S, P81 g D2

92 2 %9
(A.12)

o I'T'H vertex
1 , : .
ATy, Ty, Hg)zfdabc {c eP1X (21) ceP?X (29) ci0X H iaXelp3X(23)>
o

=dgbe 2127213723 Hz?ja'pipj 20/P3H3P3:2al dabe %Hg% (A.13)
1<j

e HHH vertex

A(HlaH27H3)
__dabe oy i X : oy ip2X : 0% ipsX
CTE (ciOX Hyi0X €™ (21) cidX Hyi0X €™ (22) cidX H3i0X '™ (z3))
v
=dape (8 tr(Hy HyHs)+20/ (tr(Hng) %H;;%Hr(ﬂlflg) %HQ%
tr(HoHs) P22 P2 1802 1 i, 1 P22 1802 1 iy 1, PR 8P b, 1 1 P2
o 1Ty T 2 "2 2 "2 2
2002 ( P2 g, g, P3L P12 g P12 | P23 pp oy P12 P31 gy P31 P31 gy gy P12 P23 pp D23
+(O‘)<2122232+2132222+2132212
2’3@]{@@ @@H@ A14
H)ST I S s (A.14)
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B Open bosonic string four-point amplitudes

In this appendix we sketch the computation of the open bosonic string amplitudes in-
volving massive and tachyonic states. For simplicity we consider color-ordered ampli-
tudes. Complete amplitudes arise after multiplying by the relevant Chan-Paton factors
tr(t'#243t*) and summing over non-cyclic permutations. In fact, exploting ‘twist symme-
try’ i.e. € invariance, one can reduce the sum to three terms (instead of six). Exploit-

ing conformal invariance we choose to fix z1 — 00, z9=1, Z:% and 24=0. A factor
gi’ap(o/)(D/Q_‘L)/2 (2m)P 6P (32, pi) is always understood.

e Veneziano amplitude (T77TT)

ATy, Ty, T5,Ty)= <ceip1X(z1) C@ip2X(22) /d23 eipSX(z;;) ceip4X(z4)>

Tom - 1 ’ /
:,212214224/d23 | |zi2ja plpj:/ dz (1—,2)20‘ p2p3 ;20 P3P4=B (1420 pap3, 1+20 p3py).
- 0
1<)

(B.1)

Introducing the Mandelstam variables (p1+p2)%=(p3+ps)’=—s, (pa+p3)?=(p1+ps)*=—t,
(p1+p3)?=(p2+ps)?=—u, we can rewrite the Veneziano amplitude as

I(—1-d/s)I'(—1-a't)
[(=2—a'(s+1))

A(Ty, Ty, T3, Ty)= (B.2)

e ATTT amplitude

1
A(Ala TQ» T37 T4):

= <ca1i8Xeik1X(zl) ceP?X () /dZ3 eP3X (23) ceip4X(Z4)>
a

1 <a1p2_a1p4> [(142a'k1p2) T (142’ k1py)
V2a/ \kip2  kips I'(1—2a'k1p3) '

[\

(B.3)
e AATT amplitude

1 4 , . ,
A(A1, As, T3,T4):@ <ca1i8XeZk1X(z1) can i0X e*2 X (27) /dz;ge”’?’x(zg) celp4X(z4)>

142a’k1py 1+2o/k1p3>
————+ai1p4 aop3—————
k1ps3 k1pa

B(1+2O/k’1p4, —1+2a'k1k2). (B4)

—<a1a2—20/(a1p3 asp3+aips asps)+aips asps
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e AAAT amplitude

A(Al,AQ,Tg,A4):/dZ‘3 <ca2i8Xeip1X(zl) capidX e (z) €3 X (23) ca4i6Xeip4m(Z4)>

_T(+2a'p1p2)T'(1+2a'p1ps)  pips 1+2a/p1p3 1+2a/pap3
= T30 5 —a1as a4p12,7+ala2 R
(1—2a/p1p3) o'p1p2 P1pa o' p3ps o' p3ps
1+2a/p1p3 142/ p3py 1420/ paps 1+2a/p3ps
tajayq agp1—— =104 APs———— —0204 Q1P2— T 0204 Q1P4—
20/ pap3 20/ pap3 2a'p1ps3 2a'p1ps3
/ 1+2a'p1p3 1+2a'p1p3
+2a’ | a1ps azp1 aspa—aipa azps aap1+ai1p a2p1 4ap1— ———— —A1P4 A2P1 A4P1—
2a/p3py 2a/paps
1+2a/p3ps 1+2a/pap3 1+2a/p3ps
—Q1P4 2P4 A4P2— —,—— +A1P2 A2P4 A4P2— —— +A1P4 A2P4 A4P1— 5 —
2a'p1ps3 2a/p1p3 20’ pap3
1+2a'paps
—a1py aspr aspr— == | . (B.5)
Qa’'p3p4

e TTAH amplitude

1 . . . .

ATy, Ty, As, H4)=( )3 <ce”’1X(21) ceP2X (zy) / dz3 ai0X e X (23) ci@XHi@Xelp4X(Z4)>
20/)2

1-2d’k3pa 14+2a’kspr

1+20/]€3p1 ’
—2 Hpy———+ksHks————+2po H
2—2a’k3p4+ o' agpa | p2iip2 20 kapy +K3 32—2a’k’3p4+ D213

1+2a/p1 k 1-2d'k
(1_2a/k3p4)_p3Hp3W»_QPQH,CBam))

= <—2a3Hp2—2a3Hk3

90 asps < k3ps p2Hpso
20/ pok3 p1ks
F(—1+20&’k3p4)r(1+2a/p2k53)

I'(—2a/p1k3) ’

20/]?2]{3 20/]9216‘3

(B.6)

C Open superstring 3-point amplitudes

In this section we compute all the possible tri-linear couplings involving superstring states
up to the first massive level in the Neveu-Schwarz sector following the same conventions as
in Appendix A.

e AAC vertex

AP, AT oY)

— e (e 10X+ ) € (20) ooy ¥ ) e Y ()
«

I V1P 14

212213223 20/ pip; .05 C3uupalk k
V200 d gy, DEBE T 2ewws ¢ 2T N 6 /307 d g, al Capupal 2. (C.1)
293 i<j 213423 2

o AAH vertex

AAL, AT HY)

da C . ; _ ; —b . o
= 2;’/ (c(a1i0X+k1v a1v) e’le(zl) ce™® (lQ?/JéLkQX(ZQ) ce ?i0X Hs ) eZp“X(23)>

=—20/dgpe tr(f1H3 f2). (C.2)
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e AHC vertex

AATY 1, )
_ fabc

2

<c(a1i3X+k1¢ a1)e® X (21) ce %0 X HarheP*X (29) cef¢03¢¢¢eip3x(2'3)>

A
), 12713223 20/ pip; n"?aikq ) P31 P12

=2 fabc - | |Zij I 6P2p H2p003uy)\72:fa501204 7H203a17. (CS)
2923 i< 2232’13 2 2

o AHH vertex

AAY 1) )

= <2£C/Ll)’§/2 <c(a1i8X+k1w alw)eiklx(zl) ce %i0X H2¢€ip2X(22) ce~%i0X Hst) eip3X(23)>

=1/ QO/fabc <2tr(f1H2H3)—|—a1 p%tr(HzHg)—l-?O/ (I);nglegng—i-alp;g %HQH:;% .
(

C.4)
o ACC vertex
0 —1 —1
AAY, e ey

= o {elari0X ki )X (z1) e Copie™ () ey €7 (23))

Z\/@fabcﬁ <a1p223tr(0203)—3tr(fngCg)>. (C5)

e AAA vertex

AAL AT AFY)

— f‘;bc/ <c(21) (a110X +k1 a1¢)eiklx(21) ce ¥ ax eik?X(zg) ce ¥agy eik3X(23)>
o
B ; k‘gg k31 k12
=V 2 fape alT CLQCLg—i—CLQT a1a3+a37 aias |. (C6)

e HHH vertex

- - dabe . . v . v N
A(H§O)7 ( 1)7H3E 1)):(265)2 (¢ Hip, (10 X790 XY +p14p pHi0 X" 40yt )emX(zl)

ce™?i0X Hotp eP*X (25) ce™?i0X Hatp P (23))

:3tr(H1H2H3)+20/ (31);3H1H2H3p;2+3p;3H1H3H2p;1+3Z);1H2H1H3p;2

+tr(H2H3)@Hl@—i—tr(HlH:})piH2@+tr(H1H2)@H3@
2 2 2 2 2 2
9a\2( P2 gy, P23 P31 pp gy P12 | P31 g P31 P23 pp oy P12 | P12 g P12 D23 o gp P31
+(O‘)<2 1Ty T Tyt s Sy s sy Ty iy
(C.7)
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e CCC vertex
A, e ef)

N j% (€ Cryup(IOXP+p PH)p7 P €71 (21) ce™PCoppn €2X (20) ce™? yupip €% (23))

I I 7
=V2a/dgpe (pgsclwpcga)\cz),)\ay“‘p;lC2#VpC§U/\Cl,\aV+p;2C3prfU/\C3>\oV> . (C.8)

e CCH vertex
A, ciY, HY)

= o (OXP 1 g YN (21) e Ol (29) e #i0X e ™ ()

dabe 6tI‘(ClCQH3)+2C¥/ (6'61“(0102)]?;21{31);2—i—p;?)ClCQng;Q-‘er;zHgClCQp;l) . (CQ)

e CHH vertex
0 1 1
A, B 1Y)

:(23;};/2 (cCywp(i0 X +ptp PPV PPN (21) ce PiD X Hoth eP?X (25) ce $i0X Hyrpes ™ (23))

[ o o
p v g p 12 p
=2/ d e (2;3 ChyupHey, HY 4201 1, HYY HY, —;1 +201 yp Hpp HY, 7;

D23 v P31 P
+4Oé,701uypH20.H§)\77 . (ClO)

D Open superstring four-point amplitudes

Let us discuss the derivation of the 4-point amplitudes with one massive external state, i.e.
A(Ay, Az, A3, Hy) and A(Ay, Az, A3, Cy).

D.1 AAAAC amplitude

With a judicious choice of super-ghost pictures and c-ghost insertion one has

1
AATD AP AP )= T / dz
0

(21,22,24)—(00,1,0

(ce™%a1e™ X (21)clagd X +ikapagih)e™ ™ (22)(a30 X +ikztpazih) e X (23)cCyhrhape X (24)).

(D.1)

There are only two kinds of non-vanishing contractions: (¢ (1):101):(2)0X (3):bb1p:(4))+(2
3) and (1(1):9010:(2):9010:(3):9p1p1p:(4)). The first kind of contractions yields

2;[a1-04:f2a3-P3(a:)—|—;2a1~C’4:f3a2-P2(x)], (D2)

where setting z3=x we also have

1 k
Py(a)=—~ <k1+1_2$> Pg(az):%kg—kzl. (D.3)
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It is convenient to define also
1
P4(l’):— (kg—l—xk‘g) Pl(ZL‘):]{JQ—HL‘kg. (D.4)

The second kind of contractions yields

221 x? x z(1—x) (D-5)

1 <a1'f2‘C'42f3+a1'f3’C42f2+2a1'C'4f&f2>

in a self-explanatory index-free notation. Including the momentum factor and the (super-
)Jghost correlators yields (barring 6(3p) etc)

1 .
A, A9 49 04)= [ a0 gy (ki 252

0 1—1'
as-ks  as-k ai-fo-Cu: a1-Cy-f3- f
+a1'C4:f3 2 3— 2 + ! f2 4 f3 +a1‘f3'C4:f2+2LM . (D6)
1-z T T 1-z
Perusing the factorial properties of I'(2), finally yields
U U U
Asaac=B(1, 1){—a1'042f2 [as'/ﬁ—?as'l@} —a1-Cy:f3 [¥a2'k3—;a2'k‘1]
u u R,
+8al-f2~C42f3—a1'f3'C41f2—2ta1-04'f3'f2}- (D.7)

D.2 Aysay amplitude

We can now embark for a long journey through the computation of Asaay. With a
judicious choice of super-ghost pictures and c-ghost insertions one has

— 0 0 -1
Ay A A i)

1
= lim( L0 / dzz(ce™Pa1pe™ X (21)c(asd X +ikapagih)e® X (z,)
0, 0

(21,22,24)—

(a30X +ikzhaze))e*3X (z3)c0X - Hy-peP1™ (24)).

(D.8)

Since ((1):1p1p1):(4))=0, there are only three kinds of contractions:
(Y(1)IX(3)0X(3)paX(4)), (D.9)
((1):p1p:(2)0X (3)Y0X (4))+(2 < 3), (D.10)
(V(1):0p:(2):9pe):(3):4p0 X (4)). (D.11)
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Exploiting the P;(x) allows to identify 11 terms:

1 1
—a1-Hy-a0a3- | —ki+———ko | — —al-H4-a2[a3-le(1, 1)—%—&3'/{28(1,0)} (D.12)
x = z(l-x)
1
ﬁa1~H4~a3a2~ (1:]{:3—14:1> — a1-Hy-aslag-ksB(1,1)—aq-k1B(0,1) (D.13)
1 1
—wa2~a3a1-H4- (kg—i-xkg) — —ag-agal-H4-[kgB(2, —1)+k38(1, —1)] (D.14)
1
;al-fg-H4-a2 — a1~f3-H4-a215’(1, 1) (D.15)
1
?al'fg'Hmag — al'fg-H4-a3l3(0, 1) (D.16)

1 1 1
ar-Hy | ka+—k3 | as- ikgfk‘l az- | —ki+———ko | —
x 1—z x x(l—x)

al-H4-k:2{a2-k3 [a3-k18(2, 0)+a3-k‘2l’>’(2, —1)]—(12-/6’1 [ag'le(l, 1)+a3-k‘2[)’(1, 0)]}
+ay-Hy-ks{az-kslas-k1B(1,0)+as-keB(1, —1)]|—az-ki|as-k1B(0, 1)+as-k28(0,0)]} (D.17)

1 1
——ay-f3-Hy- <k2+kﬁ3> az: (xk?:s—k‘l) —
z T 1-z

—al-fg'H4'k2 [ag'k‘gB(Z, 0)—&2'16‘18(1, 1)}—&1'f3'H4-k33 [ag'kglg(l, 0)—&2']{:18(0, 1)] (D.18)

1 1 1
ar-fo-Hy ( kot —ks ) ag | —ki+———ka | — (D.19)
x r  xz(l-x)

ay-fo-Hy-kolaz-k1B(1, 1)+az-keB(1,0)|4-a1- fo- Hy-k3laz-k1B(0, 1)+-a3-k28(0,0)]  (D.20)

11—z

1 1
7a1‘f3'f2-H4' <k2+xk3> — al‘fg'fQ-H4-kigB(2,O)+a1'f3'f2‘H4‘kgB(1, 0) (D.Ql)

= ar-fo-fa-Ha- <k2+1k3) — —aq- for f3-Ha-koB(1,0)—ar- f3- f2- Hy-k3B(0, 0)
z(1-z) x
(D.22)
(1_1$)2f2:f3a1-H4. (kz-l-alck?,) — —fo:fa[ar-Hy-koB(2, —1)+ay1-Hy-k3B(1,—1) (D.23)

Factoring out

[(1-a/s)I'(1-a't)
I'(1+o/u)

B(1,1)=
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finally yields

-AAAAH:B(L 1){—?&2&3 [(1—0/5) a1H4k‘2+(0/u—1) a1H4k3] —a1H4a2 <a3k1—a3k‘21:>

O[/

/
-1
+20/G1H4k’3 |:_a/2k3 CL3]€1%—CL2]{1 <—a3klz+a3k2u(au)

u u 1—-a's u
—a1Hyas (azkgt—agkl s) +2a’ a1 Hako [—agkg asky ; —agky <a3k1—a3k2t>]

o'st

u
>] +a1f2H4a3g—a1f3H4a2

"u—1
—20a/ay foHaks <a3k1—a3k2lg> —2a’ay foHyks <—a3k1 Z—I—%b%)

1-a/s

o't

u u
+20’ay faHaks (a27€3 az’ﬁ) +20’ay f3Haks (02k3t+a2k1 s>

(a'u—1) 1-a's

u u u
+2a’a1f2f3H4k2¥—2a'a1f2f3H4k3 —2(1'a1f3f2H4k2W—20/a1f3f2H4k3; }
(D.24)

o'st
D.3 Ajsac in 4-dimensions

Let us first consider A(17273%C).

A(1T2137C)=iB(1,1) {aff;pz; (a;kl—?a;b) +aff3+p4 <a;k3?—a;klz>

u
+gaf/~€2 a3 fo patafksad fipa— {a;kg(a;ff_p4—aff;_pzl)—a;'kg(a;ff_p4—ai|'f2+p4)] }

(D.25)
The final result is
+9ta+t ey _; 4 [13]7
A(1t2ts C)—ZB(l,l)mC<12><23>. (D.26)
Let us now consider A(172737C). Choosing
—u_(Uet2] - 2lo*[1]  (1e"]3]
a M= 1] a," = 12 as"'= a3 (D.27)

the amplitude simplifies as follows
A(1—2—3+C):@'<—a1-0:f; a2k31:—a1f§r-0:f2—QQ:al-C-fgﬂfQ)B(l, 1)  (D.28)

=iay ks ay ks a3 ke B(1, 1):¢<[fl[‘;’]><23>35(1, 1). (D.29)

D.4 Aypay in 4-dimensions

Expressing the 4-momentum of a H massive spin 2 state as p=Fk;+kz, with k?=k3=0 and
2k1-ko=p*=—1/d/, it is possible to write its physical polarizations in the spinor helicity
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[T fi i3 | S fs [ ACF fi 1y |
o (ul)?[u2]?+(v1)?[v2)? 0 0 (u2)?[ul]?+(v2)?[v1]?
—4(ul)(vl)[u2][v2] —4(u2)(v2)[ul][v]]

c1 || 2(ul)?[u2][v2]—2(ul)(vl)[v2]? 0 0 2(u2)?[ul][v1]—2(u2)(v1)[v1]?
c1 | 2(v1)2[w2][u2]—2(v1) (ul)[u2]? 0 0 2(v2)?[v1][ul]—2(v2) (ul)[ul]?
2 (ul)?[v2]? 0 0 (u2)?[v1]?
c_o (v1)2[u2)? 0 0 (v2)?[ul]?

Table 1. In the table we list all couplings between a spin-2 massive state H and two vector bosons
Ay, As. The momentum of H i8S pag=uUala+vaUs. It is worth to notice that H couples only to
couple of vector bosons with opposite helicities.

formalism. If we define k1nq=unts and kong=v404, We have

H ,55=c0(Uatiplialz+0av80605— (UaVstugua) (Uals+aDs))
+c1(uatp(Uals+06) —Va0g(UaVptusva))
Fc-1(vavg(Uay+Ug0a) —tatis(Uavst+ugva))
+C2Ua TV +C—20aVpla U (D.30)

Recalling that A(A;, Ag, H) o tr(fi1H fa2), we can express the coupling between two vector
bosons and each helicity component of H. As shown in Tab. 1, H couples only to vector
bosons with opposite helicity.

Let us discuss the case in which only the scalar component of H (the trace of H

in 4 dimensions) couples to the three vector bosons and let us start with the amplitude
A(17273%T Hp). Choosing

P 1L QP (€ R 01 (D.31)

some of the scalar products appearing in Eq. (D.24) vanish: a;-a;{:O, afkg:O, a;klzo
and a;-klzo, and the amplitude simplifies significantly

u u u u
A(17273" Hy)=a1 Hoas CL3k¢2;—a115[0a3 a2k3¥+a1nggagg—a1f3H0a2+2a’a1f2Hok2 a3k52;

u(s+t)
st

u
‘|‘20/a1f2f3H0]{72¥+2a/a1f2f3HOk3

u+t U
+2a’ a1 faHoks asks —2d’ay fsHoks a2k37—20/a1f3H0/€3 a2k3¥

u(s+t
s

u+t U
) —2a/a1f3f2Hok‘2T—Qa/alf:sszok‘?,?
(D.32)

The scalar 4-dimensional polarization of Hy is How,:nw,+a’pupl,. Let us consider the
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diagonal part of the polarization of Hy.
[13]
(12)(23)

a1f2a32—alf3a2=4t<lgi)]2?)>

u U
a1a9 a3k2 ¥*CL1(I3 CLng;ZQ(Sth)

u(s+t)

20/(11 foks asks :—2a’t(s+t)7

/ u / [13]
—2« a1f3f2k3¥——205 utm (D33)

Let us now consider the longitudinal part of the polarization: o/p,p,.

o' arp asp agkg%—o/alp asp ang%:o (D.34a)

oay fop agp%—o/alfgp agp:—tu;?i& (D.34b)

20/%ay fop phe a3k2%+2a’2a1f2p pks azk’zu(z:t) :0/(54‘15)2(1;?}2:” (D.34c)
—20%ay f3p pko a27€3uTH—20/2a1f3p pk3 a2k3?=a/t(u+t)ﬂ§§)]2?’> (D.34d)
20 a1 fofsp phy ' +20"a fo fop phs “(jt) =a’u(s+t><1§§’]23> (D.34e)
—20%ay f3 fop pkzuTH—QaQalfow pk3z:a/(5+t)(u+t)<12[§)]2?’>~ (D.34f)

Using the identity s+t+u=1/a/, the sum of the terms in Egs. (D.33), (D.34) yields

1 [13]
+otat L
A(L72¥8" Hy) o — 125 (D.35)
Let us consider the amplitude .A(17273" Hy). Choosing
—_ P2 el o BIK
ay = 21] ay = B a3 = 3y (D.36)

we can enforce the conditions a;-a;=0 and a1-ke=as-k1=a3-k1=0. The resulting amplitude
looks like

t
A(17273+H0):CL1H0(12 a3k2%+alﬂoa3 agkg%-i-alkg a3H0a2+2a/a1k3 asHoyko agkg%
, U , U+t , U
+2a alk‘g a3H0k:3 a2k3¥—2a a1k3 a3k‘2 agHokQT—2Oé alk‘g a3k2 a2H0k3¥- (D.37)
The diagonal part of the polarization of Hy produces
t 13](23)3
20/&1]{33 agH()kQ agkg%—20/a1k3 agkg a2H0k3?22a’[<]1<2>> (D38)
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The longitudinal part of the polarization of Hy yields

,[13](23)3

o'arp asp agkg +d’a1p asp a2k3 +d/arks azp asp=3a’ (12)

(D.39)

Finally the result is

A(17273%7Hp) o a %(23) (D.40)

Let us consider the case in which the spin-2 tensor H with helicity uq (4)uq(4)04(5)04(5),
with p=k4+ks the momentum of H, having helicity h=2 couples to three vector bosons,

i.e. A(172%¥3TH). Choosing the following parametrization for the polarization vectors of
the incoming gluons

(D.41)

we have a;-a;=0 and afokzgza;-klza;-kl:O.

A(17273TH)=
t
afHagL CL;]{JQ%—(IIHGEF agkzgg—aff;Ha;—2a'a1 f;HkQ a;kg ut
_ U u+t _

t
:afHa;r a;;krg%—afHaf{ a, k?g;—{—a;kg as Ha2 +2a’ai ks as THks as k3u+

t
+2d’a] ks G;Hk:g a;kg%—Qa’afkg a;’_kg a;Hkg%—Zo/al_kg a;kg ay Hkg;. (D.42)

So we have

u u 2
al_Hagr aé”k‘g;—al—Ha; a;k3t24¢4[25[]2[f]5<]1<:>5>
[23][25][35](45)2(23)

[21][ 3](14)?

aj k3 a§Ha2+24A

20/ aj k3 az THko aérk:g——}—Qa T ks a:,THkg a;rkgg
23][35](13) (45)2
[21][13](14)3
t
—2d/ay ks ag ke ag Hk‘g%—QOé ks ag ke CL;FH]QO,%

o, [23][25](12) (45)2
——4a'A [21][13](14)3

:—40/A[

(t[25](24) —u[15](14))

([25](24) —u[15](14)), (D.43)

where

- (14)413]
A= 1) 23) {45y

The sum of the terms in Eq. (D.43), produces the amplitude

(D.44)

A28 H) o — A=t (14)*[13]

o'” ol (12)(23)(45)%° (D-45)
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