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1 Introduction

One of the open problems in string theory is to characterise the spectrum of extended
BPS objects of a given string compactification. This question remains unanswered even
for particularly well-studied cases of vacua, like BPS D-branes in type IIB Calabi-Yau ori-
entifolds with O3/07-planes, or their F-theory generalisation [1-7]. In this case one can
construct an abundant set of space-time-filling BPS D-branes at large volume, by consid-
ering D3-branes located at points in the internal six-manifold B, or 7-branes wrapping
holomorphic four-cycles S C B. One may even enlarge this set by endowing the 7-branes
with anti-self-dual gauge bundles threading S. In some instances, these can be understood
as bound states of 7-branes and D3-branes, as they carry the same charges.

In general, classifying the possible BPS bound states of D-branes at a given point in
closed string moduli space is where a large fraction of the problem resides. One particular
set of such bound states, that have recently been the subject of attention, are stacks of
7-branes whose complex worldvolume scalar or Higgs field has an intrinsic non-Abelian
profile. These objects, typically dubbed Higgs bundles or T-branes in the string theory
literature [8—11], can be seen as generalisations of the original construction of Hitchin [12].
As pointed out in [9, 10], such T-brane backgrounds are crucial to engineer and compute
realistic Yukawas in F-theory GUTs [13-16], and have also been proposed as a key ingredi-
ent to engineer de Sitter vacua [17]. Since then, there has been a lot of effort to understand
these BPS objects and their role in string compactifications [18-43].



In [37] we initiated the study of T-branes from a global perspective, determining the
conditions for BPS T-branes to exist on a compact Kéhler surface S. Remarkably, we found
stringent constraints on the gauge bundles defining the T-brane background, as well as on
the canonical bundle of S. In particular, under the assumption of Abelian gauge bundles
and Higgs fields without poles, we found an obstruction to building globally well-defined
T-brane configurations in surfaces of positive or vanishing Ricci curvature.

The analysis in [37] also assumed that the 7-brane theory wrapping S can be isolated
from the other sectors of the compactification. More precisely, it assumed that the 7-brane
BPS equations do not depend on the presence of other objects, like further 7-branes wrap-
ping other complex surfaces. Fully-fledged compactifications will contain several stacks of
7-branes wrapping different holomorphic four-cycles, and generically some of them will have
non-trivial intersections with the surface S hosting the T-brane background. However, due
to the no-force condition between BPS objects, one may safely ignore their presence when
analysing the BPS equations for the 7-brane background on S.

This statement no longer holds if one turns on the degrees of freedom charged under
different 7-brane sectors. In particular, one may consider those localised at the intersection
of two 7-brane stacks. If non-trivial vevs are given to the fields at ¥ = S N .S’, then the
previous BPS conditions for the 8d theories on S and S’ are modified, and the two sectors
of 7-branes are bound to each other. Particularly interesting are those bound states for
which the locus S U S’ remains geometrically unchanged, which can also be thought of as a
kind of T-brane [11, 23]. With this procedure one may thus construct even more involved
examples of bounded BPS objects, enlarging the previous set of 7-brane configurations.

In this paper we implement this strategy to extend the analysis of [37], and consider
T-brane configurations on S bound to a second stack of 7-branes on S’. Following [14], one
may use the localisation properties of 7-brane intersections to treat the degrees of freedom
on ¥ = 8SNS as a defect 6d theory on R x 3 coupled to the 8d theory on R!3 x .
As such, one can describe the effect of forming the bound state as a deformation of the
BPS 7-brane equations on S which, as we turn on vevs for the defect fields, acquire source
terms with §-function support at . In practice, this means that T-brane profiles can now
have poles along ¥, or in other words that the T-brane spectrum is enlarged to comprise
configurations built out of both holomorphic and meromorphic sections on S.!

One particular motivation for this analysis is to see if the previous no-go result to
building T-branes on surfaces of positive and vanishing Ricci curvature holds for this more
general class of configurations. We find that, in the presence of defect sources, the global
constraints found previously are substantially relaxed, and that one can indeed consider
S to be, e.g., a del Pezzo surface. This can be achieved with both regular and singular
Higgs-field profiles along Y. The key feature of these constructions is that they require
the existence of defect zero modes instead of bulk zero modes, and this is a much less
stringent condition from the viewpoint of the topology of S and the gauge bundle. We
will in fact see that, in our setup, meromorphic Higgs profiles do not correspond to a new

'Hitchin-like systems coupled to defects have already been considered within the T-brane litera-
ture [21, 38] in the context of compactifications to six dimensions. Though with different uses and
motivations, they also play a key role in the study of the so-called field theories of class S [44].



degree of freedom to build T-brane configurations, but that they are instead determined
by the defect-field vevs. More precisely, by dimensional reduction to 4d, we find that a pair
of defect modes can have Yukawa couplings with a whole tower of bulk KK modes. Giving
this pair a vev in turn induces a vev for the massive modes of the Higgs field, such that
the collective effect is the appearance of a pole in its 8d profile. Besides a shift on the
effective Fayet-Iliopoulos term, there is no other effect of the meromorphic Higgs profile at
low energies. What remains at this level are the Yukawa couplings of this pair of defect
fields with the massless modes of the tower. This may obstruct switching on such defect
fields and creating the corresponding 7-brane bound state.

One particularly interesting setup in this framework is when the intersecting surface S’
is a holomorphic deformation of .S, and the defect locus % is the self-intersecting curve of
the surface S hosting the T-brane. In this case, if the deformation is small in string units,
one should be able to describe the whole 7-brane configuration as a regular Hitchin system
with enhanced symmetry group Gy D Gg X Ggr, as opposed to two Hitchin systems with
symmetry groups Gg and Gg, respectively, coupled to the defect sector. We will consider
such a regular Hitchin system and work out the dictionary to the one with defects. In
particular, we will see how the BPS equations of the former reproduce those of the latter
upon taking appropriate limits, recovering the d-function sources characteristic of defects.

The paper is organised as follows. In section 2 we briefly review the results of [37]
and extend them by adding defect sources. We devise two different schemes in which the
bulk T-brane background can be hosted by a surface of positive curvature, and dub them
holomorphic and meromorphic schemes. In section 3 we discuss the defect schemes from
another perspective, that of the 4d effective theory. In particular, we show that the pole
that appears in the meromorphic scheme can be understood as a series of massive KK
modes acquiring a vev due to the Yukawa couplings developed between bulk and defect
modes. We also discuss how similar Yukawas with the massless bulk sector may provide an
obstruction to realising such a configuration. In section 4 we analyse both of these schemes
in the particular case of two intersecting homotopic surfaces, which allows to describe
the degrees of freedom of the whole configuration in terms of a Hitchin system without
defects. We show the two different limits in which one can recover the BPS equations of
the corresponding defect schemes, and discuss the range of validity for each of these two
descriptions. We draw our conclusions in section 5.

Some technical details have been relegated to the appendices. In appendix A we
specify our Lie algebra conventions used throughout the main text. Appendix B presents
the general BPS equations in the presence of defects. Finally, appendix C contains all the
details of the dimensional reduction used in section 3.

2 T-branes with defects

In this section we discuss the existence of T-brane backgrounds which are globally well-
defined on a compact complex surface S, reviewing and extending the analysis of [37]. The
class of T-brane backgrounds analysed in [37] are those in which the 7-brane theory on S
is isolated from the other 7-branes of the compactification, in the sense that the presence



of the latter does not affect the BPS conditions of the former. In the following we will
generalise this setup, by allowing for vevs of fields localised at the intersection of S and
a four-cycle S’ wrapped by a second 7-brane stack. Such vevs imply that both 7-brane
stacks form a bound state, and in particular that their BPS conditions are coupled. This
generalisation can be understood as a modification of the previous BPS conditions, if the
fields at the intersection ¥ = S NS are treated as a defect theory coupled to the 7-brane
theory on S [14]. We will take such approach to classify this more general class of T-
brane backgrounds, and we will see that the obstruction found in [37] to building T-branes
on compact surfaces is relaxed in the presence of defects. In particular, it is possible to
construct such backgrounds when S is a surface of positive curvature, unlike it was in the
absence of defects.

2.1 Compact T-brane systems

Let us consider F-theory on RY? x M, with M a Calabi-Yau four-fold, and a stack of
7-branes wrapping a compact Kéahler surface S of the three-fold base of M. In general,
the precise 7-brane configuration and its lightest degrees of freedom can be specified by an
eight-dimensional super-Yang-Mills theory on R'? x S with symmetry group Gg [13-16].
The two objects defining such an action are the field strength F = dA — iA A A of the
7-branes gauge boson A, and the (2,0)-form Higgs field ®, whose eigenvalues describe the
7-brane transverse geometrical deformations. Both A and ® transform in the adjoint of the
symmetry group Gg and, whenever they have a non-trivial profile, they break the gauge
group to a subgroup of Gg. The 7-brane configurations that preserve supersymmetry
correspond to those solving the following set of conditions

Op® =0, (2.1a)
F*2) =0, (2.1b)

1
J/\IF+§[<I>,<I>T]:0, (2.1c)

with J the Kéahler two-form of S. From the four-dimensional viewpoint, the first two
equations imply vanishing F-terms, while the third one ensures vanishing D-terms.

In [37] we analysed supersymmetric 7-brane backgrounds with non-commuting expec-
tation values for the Higgs field ®. In other words we considered configurations solv-
ing (2.1) and such that [®, ®T] # 0, also known as T-branes in the string theory litera-
ture [8, 10, 11, 47]. We imposed that such T-brane configurations are globally well-defined
over S and that the Higgs-field profile is absent of poles. In the remainder of this subsection
we will review some of the main results obtained in [37], and in the next one we will see how
these results are modified when we allow for the presence of defects, which may induce poles.

The simplest T-brane configuration that one may construct is based on the symmetry
group Gg = SU(2), which in applications to F-theory GUTs one may identify with a
subgroup transverse to Ggur. In this case, the simplest non-trivial gauge bundle that one
may consider on S is of rank two and split type,? namely V = £ @ £~!. Due to the BPS

2As in [37], we will always assume that S is simply-connected, i.e. 71(S) = 0. This implies that
holomorphic line bundles on S have their topology completely specified by their first Chern class.



equation (2.1b), £ is endowed with a holomorphic structure. Then, if {T},7_,T3} with

[Ty, T_] = T3, are the generators of sl(2) this translates into a flux background of the form
F = F' T3, which in the fundamental representation reads
F 0 h  :nA
F= F=F"—100 2.2
( 0 F> : i00g, (2.2)

with F a harmonic (1,1)-form and g a real function, both globally well-defined on S. Fixing
the holomorphic structure of £ such that A1 =0, a choice usually dubbed holomorphic
gauge [45, 46], allows to rewrite everything in terms of the hermitian metric h on £. In
particular locally we can write ' = —i0dlogh, with h = hged and hy the metric that
corresponds to F™.

One may pair up this flux background with a nilpotent Higgs background of the form

0m
¢:<00>, (23)

where, in the holomorphic gauge, m € H?*°(S, £2). Equivalently, we can also see m as

& =mT,, or

a scalar holomorphic section m of the line bundle M = £? ® Kg, with Kg the canonical
bundle of S.? The existence of m implies that M is effective in S, and therefore

/J/\cl(./\/l) —/J/\(ch(ﬁ)—i—cl(Ks)) > (2.4)
S S

with the equality holding if and only if M is trivial and m constant. On the other hand,
the D-term condition (2.1c) for this background reads

1
/ TAei(L) = —Tr/[cb, BT, < 0. (2.5)
s 8w Js
Taking both equations into account one obtains the following set of inequalities
/J/\cl(Kg) > / JAet(M) >0, (2.6)
S S

which constrains the viable choices for the bundle £ and forbids S to be K3 or a manifold
with positive-definite Ricci curvature. One may complicate the Higgs-field background and

0 m
@:<p0>, (27)

where p € H?9(S, £72) defines an element of HY(S,P), with P = £L72 ® Kg. Now P also
needs to be effective and, as discussed in [37], from the D-term equation one recovers a

replace (2.3) by

hierarchy of curve areas that imposes [¢J A ¢1(Kg) > 0 and restricts the possible choices
for £. This is consistent with the fact that mp transforms as a section of H°(S, K32), and
as such implies a holomorphic deformation for the surface S that is forbidden in the case
of positive curvature manifolds like, e.g., del Pezzo surfaces [47].

3Throughout the text, boldface quantities like m will denote holomorphic (2,0)-forms, while the same let-
ter in italic will stand for their scalar counterpart through the canonical isomorphism H?° V)~ H(Ks® V)
for an arbitrary bundle V.



The no-go for SU(3)

This no-go result generalises to arbitrary T-brane backgrounds with higher rank gauge
group G, as long as the worldvolume fluxes lie along its Cartan subalgebra. For concrete-
ness here we will only review the case of Gg = SU(3), which will become useful at the end
of this section for understanding how the no-go result can fail in the presence of defects.
We refer the reader to [37] for the general proof of the no-go theorem.

Let us consider F and ¢ taking values in the complexification of the SU(3) algebra,
with their profiles expressed in terms of the Chevalley basis {n1,n2, €1, €2, €12, 01,02, 012} of
5[(3) (see appendix A for explicit expressions). By assumption we have a worldvolume flux
valued along the Cartan subalgebra. That is

F=Fm+Fn. (28)

In addition, we have a Higgs field profile valued outside of the Cartan subalgebra,* but such
that the commutator [®, ®1] lies within it in order to satisfy the D-term equations. This
condition restricts the possible profiles for ®, allowing it to have non-vanishing components
only up to three independent roots. For instance, one may consider the profile ® = mqyn; +
mane + p12fi2. That is, in the fundamental representation of s[(3) we have the profiles

F 0 0 0 m; O
F=| 0FR-F 0 |, @®=| 0 0 my|, (2.9)
0 0 *FQ P12 0 0

where F} 5 are closed (1,1)-forms such that [F;] = 2m¢i(£;) and, in the holomorphic gauge,
m; € H>(L? @ £51), mg € H>O(L71 @ £3), p12 € HX(L]' @ £51), with some of these
sections possibly vanishing. The D-term equation implies that®

47?/01(51)AJ= —[lmal]* + llp12ll?, 477/01(52)/\J= —lma|® + Ip12)* . (2.10)
s s

In addition, each non-vanishing holomorphic section implies an effectiveness constraint
which, in turn, implies a positivity condition at any point in the Kéahler cone:

mi — A(My) = /S (2e1(L1) — e1(Ls) + er(Ks)) AT >0, (2.11a)
ms — A(My) /S (—er(£1) 4+ 261(L2) + c1(Ks) AT >0, (2.11b)
prs — A(Pra) = /S (—ex(£1) — ex(Ls) + er(Ks)) AT > 0. (2.11¢)

Notice that the product mimapio transforms as a section of H°(S, K g) and so, if we would
like to consider surfaces of positive curvature, at least one of these three sections should

“Notice that deformations along the Cartan subalgebra are forbidden in positive curvature manifolds.
®Given a split bundle metric Hyy3) = diag(hi, hi 'ha,hy '), we define ||mi]|® = Is hihs'm; A 1y,
[mal? = [ hy *h3ma A and |[pi2]|? = [5 hy "hs 'pi2 A Pia.



vanish.® Without loss of generality let us take pj2 = 0. Then by using (2.10) one has that

a2 /S (261(L1) — e1(L2)) AT+ [[ma]? /S (—e1(L1) +21(L2) AT =
1
= 3= 2 Ciglmil*m;]|* <0 (2.12)
%,

where Cj; is the Cartan matrix of su(3), and where the last inequality follows from its
positive definiteness. Finally, one can derive the set of inequalities

[ma1]2A(My) + [[ma||* A(M2)
[ma|? + [|ma]|?

/ A (Ks) AT > | >0, (2.13)
S

with the first inequality following from (2.12) and the second from (2.11a) and (2.11Db).
It is easy to check that a similar result is obtained for any other choice of holomorphic
profile for ® such that [®, ®'] lies within the Cartan subalgebra. These inequalities are the
generalisation of (2.6) for the SU(2) T-brane background and, as in there, they constrain
the allowed choices for the bundles £1 and Lo and forbid a positive curvature for S.

2.2 Introducing defects

Let us now couple a defect theory to the super-Yang-Mills theory on S, following [14].
Such a theory will be localised on RY3 x ¥, where ¥ = SN S’ arises from the intersection
with a surface S’ € M wrapped by a second stack of 7-branes. If the symmetry group of
that second stack is Ggr, then in general there will be matter fields transforming under
irreducible representations of Gig x Gg» and localised at the intersection locus R x .
The lowest component of such multiplets are complex scalars (o, 0¢) whose internal profile
is determined by sections of vector bundles on 3, namely

aer(K;/2®U®u’>, aCeF(K§/2®u*®(u’)*). (2.14)

Here U, U’ are the vector bundles associated via the corresponding irreducible representa-
tion to the principal bundles on the 7-brane stacks on S, S’, respectively, and restricted to
the curve Y. Non-trivial vevs for such 4d fields correspond to localised sources for our pre-
vious Hitchin system describing the internal 7-brane background. More precisely, from the
viewpoint of the 7-brane theory on S we have that the BPS equations (2.1) are deformed to

P =0x A {0, 0),, (2.15a)
F©2) =0, (2.15b)

1 1
J/\]F‘—|—§[<I>,<I>T]:—§J/\52u. (2.15¢)

Here dx, is the two-form on S with delta-function support along ¥ and which represents
the Poincaré dual of its homology class. Multiplying it appear the complex outer product

1f one is interested in surfaces where the product mimepi2 can exist, one can see that the D-term
equation has a flat direction that allows to reach points in which one of these components vanishes.



{(0¢,0)4, and the real moment map p. Both quantities are bilinear in the defect fields,
and in the case that ¢’ is a line bundle they locally read”

(o€ 0)gs = O']c-(TI)jiUi tr, (2.16)
= hy''? [h”lﬁkﬂ,—q(T})jiai — Wof(TTY  H*5¢ | 4, (2.17)

with t; the generators of gg = Lie(Gs) and 77 the representation under which the defect
fields o transform. In addition hy is the hermitian metric on the defect curve, and H, h/
are the metrics of the bundles U and U’ respectively, that in eq. (2.17) have been restricted
to . We have made these bundle-metric factors explicit in eq. (2.17) for later convenience,
because we are going to work in the holomorphic gauge, where they are treated as un-
knowns of the BPS equations. Consequently, the defect fields appearing in (2.17) are to be
regarded as holomorphic sections. On the contrary, in the unitary gauge, the bundle met-
rics should all be set to the identity, and the defect fields are only covariantly holomorphic,
i.e. they satisfy the following equations of motion

Opynro = Opypr0€ =0, (2.18)

where A, A’ act on the appropriate representation and are restricted from S, S’ to X,
respectively. An important point is that, as a consequence of (2.14), (o€ o)),  can be
considered as a gg-valued (1,0)-form on ¥, as it is implicitly assumed in (2.15a). On the

other hand p is a real scalar. We refer to appendix B and [14] for more details.

A simple setup

Rather than describing the most general configuration involving defects, let us focus on a
simple setup that already shows the new possibilities that adding them brings. Consider
type 1IB string theory compactified on a Calabi-Yau three-fold orientifold and a pair of
holomorphic four-cycles S and S” within it. The divisor S is wrapped by two D7-branes,
therefore hosting a symmetry group Gg = U(2), while S’ is wrapped by a single D7-brane
and hosts the group Gg» = U(1). At their intersection ¥ = S N .S’, the symmetry group
enhances to Gy, = U(3), and as a consequence X localises matter fields o, ¢¢ transforming
in the bifundamental representations of u(2) x u(1). From the viewpoint of S we will have
a 6d defect theory on R x ¥ coupled to the U(2) theory on R x S. The existence and
internal profile for such defect fields will depend on the worldvolume fluxes threading the
four-cycles S an S’, restricted to the curve X. By analogy with the setup of section 2.1
let us consider a U(2) split gauge bundle V= L ® Q @ £L7! ® Q threading S, and a line
bundle A threading S’. It is easy to see that the defect fields are only sensitive to following
combination of restricted worldvolume bundles

L3:= L], Ls:=Ql;®@N|, (2.19)

"In the particular case where U is split, as will be the case in our discussion below, egs. (2.16) and (2.17)
are in fact globally well-defined.



together with the canonical bundle on . In particular we have that [14, 48]

oel (K2 o byw Ly), el (Ky* 0 £y @ L) | (2.20)
oS el (K;/z ® L3l ® ﬁgl) : oS el (K;/Q ® L3 ® ﬁgl) . (2.21)

In terms of the enhancement group Gy = U(3), the bundles (2.19) can be related to
the canonical generators of the su(3) Cartan subalgebra or its complexification s[(3), see
eq. (A.3). In this sense, one can arrange the different defect fields as entries of the funda-
mental representation of the s[(3) algebra, namely

0 m o
p 0 o9 | . (2.22)
of o5 0

For completeness, we have also added the modes m and p that extend along the bulk of S,
and that correspond to elements of I'(M) and I'(P), respectively, with M = £2® Kg and
P = L2 ® Kg defined as above. Notice that there is no field charged under the trace of
u(3), which completely decouples from the remaining degrees of freedom and will not play
any role in the following. In this sense, one may treat this system as a bulk theory with
Ggs = U(2), coupled to a defect theory with enhanced symmetry group Gy, = SU(3).

The complex outer product reads

1 1
(0% oDy = 0105 T4 + o207 T + 3 (010§ — 0905) T5 + 3 (010§ + 0905) 1

o010y 0105
= (0_20f 0205) (2.23)
where in the second line we have expressed it in the fundamental representation of sl(2).
Recall that each of these entries will generate a pole for the Higgs field along the cor-
responding u(2) generator. Having poles along the diagonal entries would correspond to
a recombination between the two stacks of D7-branes, and would depart from the SU(2)

T-brane profiles of section 2.1. Therefore, in order to reproduce SU(2) T-branes we are
left with four possibilities:

o1 =02=0, ol =05=0, (2.24)

o1 =05=0, o] =02=0. (2.25)

Notice that for either choice in (2.24), the product (2.23) vanishes identically. As a result,
in the holomorphic gauge, the Higgs field ® needs to have a holomorphic profile, just as in
the absence of defects. On the contrary, for either choice in (2.25) ®, will develop a pole in
one of its off-diagonal entries. As a consequence, ® should be described by a meromorphic
profile with a pole on top of the defect locus . In the following we will discuss each of
these two possibilities separately, and see how either of them may give rise to an SU(2)
T-brane background on S, even when S is a four-cycle of positive curvature.



The holomorphic scheme

Let us first consider the case (2.24), with the particular choice of = 0§ = 0. The BPS
equations on the four-cycle S are given by

0®5=0, (2.26)
F¢? =0, (2.27)
1 1
JNFs + 5 [®s, ol] = —5 Nds (2.28)

where the real moment map expressed in the fundamental representation of s[(2) is

_ h |01‘2 hgG109
e N . 2.29
2 by 8 <h§10201 h§1]<72|2 ( )

Here hs = hg|y and hg = hghxﬂg are the metrics for the bundles £3 and Ls in (2.19),
defined from the restriction of the metrics hg, hy and hys of the line bundles Q, £ and N,
respectively. As anticipated, we are in the holomorphic gauge, where these metric factors
are unknowns of the BPS equations, whereas the defect fields o; are simply holomorphic
sections. Since we are assuming a split bundle V on S, the L.h.s. of (2.28) has vanishing
off-diagonal elements, and the same must be true for its r.h.s.. From (2.29) we see that
this can be achieved by either setting o1 = 0 or 02 = 0. In manifolds of positive curvature,
the appropriate choice is linked to the profile for ®g.

Indeed, let us consider that ®g is given by (2.3). Then, if we write Fg = Fylg + F5T3,
the D-term equation (2.28) amounts to

1
JA(Fy+ F3) = —ih%m/\ﬁl, (2.30)
hs

3h12/2

|0’2|2J/\52, (2.31)

1
J/\(Fo—Fg):§h%m/\rh—

where we have set o1 = 0. On the other hand, the BPS conditions on S’ read

0®g =0, (2.32)
0,2
F —o, (2.33)
h
JAFg = 781/2|0'2’2J/\52. (2.34)
hshs;

As an immediate consequence of these equations we have that
2/J/\Fo+ JANFg =0, (2.35)
S S’

and so the Fayet-Iliopoulos term for the center-of-mass U(1), the one that corresponds to
the trace of u(3), vanishes identically. This is consistent with the fact that there is no
field charged under this U(1), as pointed out before. In other words, egs. (2.30), (2.31)
and (2.34) can be understood as D-term equations for the pair of Cartan generators of

~10 -



su(3). In terms of the internal geometry, they can be understood as a Laplace equation on
S as follows. We consider the linear combination of the two equations that determines the
flux F3, which is given by

1 h
JA&:r7ﬁ%mmﬁ+——%ﬁbﬂ%ﬂ&. (2.36)
Shg
Now, similarly to (2.2) we may decompose the flux as
P§;F§+§J—ﬁﬁ% (2.37)
where F;‘ is primitive and harmonic, ¢ is a constant and ¢ is a global real function. We
can now make use of the identity 2i00gAJ = xAg, and the Poincaré-Lelong formula,
47idy, = dd¢log |7]?, with 7 the embedding of " into S, to rewrite (2.36) as
h? h
Ag=c+ 7 Em|> = — = |oa[*Alog||?, (2.38)
hs 8hahy!

where |m|? = hg * m A m. In terms of integrals, their solution is given by

1
&= [ InE=~ml + 5ol (2.39)
S
1
€0 = / TNFy =~ ]os]?, (2.40)
S
where ) . N
_ 8
||’I’)’l||2 = 5 / h%m/\ m, H0'2||2 = 2/ 71/2|0'2|2J. (241)
S % 2h3h2

Notice that, whenever S has positive curvature, the existence of the holomorphic section
m implies that the L.h.s. of (2.39) must be positive. Then, by appropriately tuning the
vev of the defect field o9, one can find a solution for this system even for this case. Had
we chosen instead that oo = 0, the above solution would be replaced by one of the form
fgJ ANFs = —||m|? = §|lo1]|* and [4J A Fy = —3|lo1]/%, and there would be no actual
solution in positive curvature manifolds. The roles of o1 and o9 are reversed if we choose
the profile &g = pT_. Finally, a similar set of solutions can be achieved if in (2.24) we
choose that o1 = 09 = 0. In particular, of, o§ play the role of o9, 01 in the above discussion,
respectively.

It is interesting to compare the set of solutions with only oo # 0 with the SU(3) T-
brane model discussed in section 2.1. Indeed, in the model of section 2.1 we turned on
the vevs of the pair of fields (mj, ms2) and in here we are switching on the pair (m, o2).
In terms of the SU(3) symmetry present in both cases these pairs have exactly the same
charges, as can be seen from comparing (2.9) with (2.22). From a 4d viewpoint, this implies
that these fields have the same charges under the U(1) x U(1) that survives as a gauge
symmetry when worldvolume fluxes are primitive. As a result their D-term potential is the
same, as can be seen explicitly by rewriting (2.39) and (2.40) as

& +& = —|m| 260 = —||o2? (2.42)

which corresponds to (2.10) with pij2 = 0.
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Despite their similarity, in one case we have a no-go theorem preventing S to have
positive curvature, while in the other this obstruction is absent. From the viewpoint of the
no-go proof for SU(3), the difference relies on the constraints (2.11), which are modified in
the holomorphic scheme. Indeed, while the analogue of (2.11a) is still valid in this defect
scheme, due to the existence of the bulk mode m, eq. (2.11b) is dramatically modified.
Instead of a positivity condition on S, we will have a condition on the degree of the
corresponding bundle on the defect curve X. Indeed, since o9 is a holomorphic section on
3., its existence imposes the following condition

deg L —deg L3 > 1 — gx, (2.43)

where gy, is the genus of ¥. When going from an SU(3) configuration to the above holomor-
phic defect scheme, eq. (2.11b) is replaced by (2.43). Since in general the latter is neither
related to the Fayet-Iliopoulos terms (2.42) nor to the canonical bundle of S, one cannot
deduce the first inequality in (2.13), and the no-go theorem is evaded.

Of course, in the case where S’ is homotopic to S, ¥ is a self-intersection curve
and (2.43) and (2.11b) can be related. Indeed, one can always see the bundles under
which the defect fields are charged as bundles in S restricted to the curve X, namely

Ké/ZzKS‘E, E3=£3|2, »éSZ»CS’Ea (2.44)

with L3, Lg defined on S. In terms of the bundles £y, Lo defined below (2.9) we have that
L3s~L1® £2—1/2 and Lg ~ E‘;/Q, so considering the bundle

Ks@L3'®@ Ly~ Ks®L 1 ®L3, (2.45)

by continuity we may assume that og is the restriction of one of its sections. This promotes
the condition (2.43) to the stronger one (2.11b), and so the inequality (2.13) must be
satisfied. We will analyse in greater detail the relation between homotopic four-cycles and
defects in self-intersection curves in section 4.

The meromorphic scheme

Let us now turn to the case (2.25), and for concreteness take the choice 01 = 0§ = 0. Now
the BPS equations on the four-cycle S are given in the holomorphic gauge by

0®g = bx Nogo$ T, (2.46)
FO — o, (2.47)
1 1
JNFs + 5 [@s, ol] = —5 Ao, (2.48)
with the real moment map given by
12, 1 [ —hgteS?E 0
— hy Pzt [ T 1 , 2.49
H P 3 0 h8|0'2|2 ( )

again expressed in the fundamental representation of s[(2). Notice that in this case keeping
both defect fields with a non-trivial vev is compatible with a split U(2) bundle, and in
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particular a split SU(2) bundle if we restrict ourselves to hg'|o§|> = hg|o2|?. On the other
hand, the non-trivial source term for the Higgs-field F-term suggests that ®g has to be of
the form (2.7), with at least p # 0. Since we have a split bundle V, this mode needs to
satisfy, in the holomorphic gauge, the F-term equation

Op = s, A 020¢ (2.50)
and so it has the profile of a meromorphic section of P = £L72 ® Kg. As such, P does not
necessarily need to be effective. Instead, the only requirement that it needs to satisfy is
containing meromorphic sections with poles of some order. More precisely, if X is the locus
{r =0} C S, then we have the identity
= (0T 271

T

from which one can infer that the pole must be of first order. Therefore, in the absence of
holomorphic sections for P, the effectiveness constraint corresponding to the existence of
p implies that

/S JAer(P)+ A(S) = /S T A (er(Ks) — 21(L)) + A(R) > 0, (2.52)
with A(¥) = [ J. Finally, if the mode m in (2.7) exists, it must correspond to a holo-
morphic section, and so the positivity constraint (2.4) applies. Notice that, as before, the
product mp transforms as a section of H(S, Kg), but now the fact that it is meromorphic
is not in conflict with S being a manifold of positive curvature.

To build the meromorphic scheme, we will assume that P only has meromorphic sec-
tions, so that (2.52) applies, and that M may contain holomorphic sections, in which
case (2.4) would apply. Notice that this implies that both defect fields oo and of have
a non-trivial vev. Writing again Fg = Fyly + F3T35, the D-terms that correspond to this
scenario are

1 1 1
JAF3=—-hZmAm+ -h.>pAp+ — 7 (hs|oa|® + hgtof?) T A Gy, (2.53)
2 2 4h3hy!
1
JNFy = ———— (hg|oa|* = hgt|o§?) J A by, (2.54)
4hshll? ( s leil)
and the BPS conditions on S’ read
0®5 =0, (2.55)
2,0
FEY —o, (2.56)
1
JNFy = —5 (hs|oa|® = hgtof[?) JAds; . (2.57)
2h3hy]

As in the holomorphic scheme, we have that the relation (2.35) holds. In this case the
solution to the two independent D-term equations is given by

1
§3 = /SJA Fy =lpll* = m]* + 5 (ol + loall*) . (2.58)

1 (&
&= [ 7= (ot = loal?) (2:59)
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with the definitions (2.41) and

1 _ _ 1 o§|2T
Ipll* = 2/ he’PAD, los)|? = 2/ T (2.60)
S = 2h3h8h2
Clearly, the simplest set of solutions correspond to those where ||of|| = ||o2|| and m = 0,

so that necessarily {3 > 0. Notice that such a FI sign, together with the constraints (2.4)
and (2.52) imply that

/ JAci(M) > / JAei(Kg) > —A(S), (2.61)
S S

which are in principle compatible with manifolds of positive curvature. In general, we
expect to find solutions satisfying (2.61) for values of the defect fields of, o2 and m such that
&3 is positive and not excessively large. Since the product o{os sources the meromorphic
profile for p, one would presume that its contribution to the D-term is fixed by their value.
The analysis of sections 3 and 4 will provide a more precise picture to this expectation.
Finally, when compared to the SU(3) T-brane model discussed in section 2.1, we get a very
similar set of D-term equations

&+ & = —m|* + lof|* + [Ipl*, 260 = —|lo2[* + [lo5]1%, (2.62)

which is essentially (2.10) with the dictionary (mj, ma, p12) — (m, 02, 0f) and the addition
of the contribution from p. One can check that adding a contribution of this form to (2.10)
would not change the results below, in the sense that (2.13) would still be valid and
positive curvature manifolds excluded. Again, the fact that we may construct T-brane
backgrounds with S of positive curvature using the meromorphic scheme is due to the
different effectiveness constraints imposed by this class of constructions. We have that
these imply egs. (2.4), (2.52) and the conditions derived from the fact that of and o9 are
holomorphic sections on X:

deg L3 < gy — 1, deg L3 < g5, — 1 — deg L . (2.63)

As before, these conditions are unrelated to the values of &3 and &g, except in some specific
cases like when ¥ is the self-intersection curve of S, and we take o2 and of to be the
restriction of holomorphic sections of the corresponding bundles on S.

3 The 4d perspective

In this section we would like to take a four-dimensional perspective on the meromorphic
scheme introduced in section 2. In particular, we will analyse the space of F-flat directions
around the point in moduli space in which (®) = 0, and deduce how the vevs of the various
4d fields are constrained. As a warm-up, we first work in the absence of defects, where as
expected we will find that the massive KK modes of all fields must all have vanishing vev.
Then we will add the defect contribution to the superpotential [14] and look for solutions
to the F-term equations with two of the intersection fields having non-vanishing vev. As
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in section 2 we will focus, for definiteness, on the fields of and o3, i.e. those responsible
for creating a pole for ® as in (2.46). In this case, we find two important results. On the
one hand, from integrating such an F-term equation, truncated at the zero-mode level, we
get a necessary condition for solving it. On the other hand, expanding in a basis of KK
modes, we realise that the singular profile for ® can be understood as a sum of non-trivial
vevs for massive KK replicas, rather than that of a zero mode.®

Schematically, upon dimensional reduction on a four-cycle S of positive curvature (or
simply without holomorphic deformations) we find a superpotential of the form

W= pa¥a®a — ca¥aoios, (3.1)
(0%

where ¥, and ®, run over the KK modes of (0,1) and (2,0)-forms, respectively, of mass
fo and of, o are the 4d fields corresponding to the massless defect modes. As a vev is
given to the defect fields of, o2 the F-term for ¥, implies that

(Pa) = (0f02) (3.2)
(o3

and so the massive (2,0)-forms develop a vev due to their coupling to defects. When such
a vev is combined with their wavefunction along S, one obtains a profile that reproduces
the pole of the meromorphic scheme. Finally, the couplings of the form coWgo{oo, with
¥y a zero mode, provide an obstruction to giving a vev to the product ofos and so to
realising the meromorphic scheme. When S has holomorphic deformations, extra Yukawa
coupling involving ¥y must be added to (3.1), modifying the corresponding F-term for ¥
and relaxing the above obstructions. In the following we will sketch the main idea of this
computation, deferring all technical details of this discussion to appendix C, where we also
give a complete presentation of the F-term constraints.

The spectrum of bulk KK modes

We start with some preliminary material which will allow us to perform the dimensional
reduction from 8d to 4d. The Hodge duality operation can be defined to act as follows on
the space of (p, q)-forms of the internal Kahler surface:

x - QPa) .y 2-a2-p) (3.3)
This allows us to define the adjoint of the Dolbeault operator
O = — 0% (3.4)

with respect to the hermitian product on S

/Soz A3, (3.5)

8This in turn is analogous to what happens to the KK modes of the Cartan vector field in the presence
of a non-primitive flux (see appendix B of [37]).
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for any two (p, ¢)-forms «, 5. In these conventions the (2, 0)-forms, which are all primitive,
are self-dual [49]. Hence, the holomorphic entries of the Higgs field ® are all harmonic,
self-dual forms. For the purpose of this section, however, we will need to take into account
the non-zero modes of ® too, and thus the space of exact (2,0)-forms. Let {x?4}4 be a
complete basis for the space of (2,0)-forms, normalised such that

1 A, B 1/ A —B _ sAB
- AsyB = — AxB =648 3.6
Vs JoX XU =g [ XOAX (3.6)

where, in the first step, we applied self-duality. We take each of the elements of this basis
to be eigenstates of the Laplacian operator A = 09" + 8. For future convenience, let us
split the collective index A as (ap, ), to divide the basis into zero and non-zero modes.
That is, we have that Aya, = 0 and Ay, = —k2xa. In order to expand the KK modes of
the vector field, we also pick a complete basis of (0, 1)-forms, {wl }r normalised such that

LT n e — 51T
%L¢A¢ . (3.7)

As before, we take them to be eigenstates of the Laplacian, and separate the zero-modes
indicated with the index iy from the non-zero modes indexed by 4, so that A% = 0 and
At = —129p%. Tt turns out that the subspace of eract (2,0)-forms is isomorphic to the
subspace of coexact (0,1)-forms. They are mapped into each other by a pair of invertible
matrices u, it as follows

o' = iphx*, (3.8)
X =iy’
By applying A to any of the above equations, and using that [A, 0] = [A,d!] = 0, one
easily finds that the eigenvalues k2 and l? must be equal to each other, and in this sense

the indices o and 4 can be identified. Moreover, by applying ' to the first equation and 0
to the second one, we get the following set of equations respectively:

Hali§ = 136;
iy = k305 (3.10)
with no sum on the r.h.s.. This gives pu, fi the meaning of (complex) mass matrices.

Note that all the (p, ¢)-forms we will deal with are bundle-valued. Since we consider a
split SU(2) bundle, this amounts to having three different basis of (2,0)-forms {xe4}4 and
three different basis of (0, 1)-forms {1}, where @ = {4+, —, 3} runs over the generators of
5[(2) (cf. appendix A) and indicates positive, negative and zero charge respectively. Each

of these basis will satisfy orthonormality relations of the form (3.6) and (3.7). Accordingly,
we will have to consider three different pairs of mass matrices in (3.10).

F-terms without defects

Let us start with the case where no defects are present. As is well known [13, 14], the
holomorphic sector is regulated by the following 4d superpotential

WS:/TrIF/\<I>, (3.11)
S
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which imposes that 9,® = F(©:2) = (0. We are now interested in studying the space of
infinitesimal fluctuations for an SU(2) Hitchin system, around a BPS background such
that (®) = 0, (A) = AT3 and F A J = 0. By working in the holomorphic gauge, we can
simply ignore the vacuum profile for A, and hence have
Ip® = 960 + [6AOY 58] =0, (3.12)
FO2) = §5A0D — 3[51&(0’1) SAOD] =0 (3.13)
2 ) ) *

where we have defined the matrices of fluctuations

5 = (V m> . 6AOD = <a3 “r > . (3.14)
p -V a_ —as

It is immediate to see that, from the off-diagonal components of (3.12) and from the
diagonal component of (3.13) we get respectively the three F-term equations

Om =2a; Av—2a3 Am, (3.15)
op=—2a_ Av+2a3\p, (3.16)
daz =iay Na_. (3.17)

One can see that these and the remaining F-terms constraints imply a vanishing vev for
the massive KK modes, as discussed in appendix C. At the massless level, the modes for ag
are absent if, as in previous sections, one assumes that S is simply connected. Moreover, at
the massless level the Lh.s. of egs. (3.15)—(3.17) vanish, and the r.h.s. gives constraints on
the vev of the zero modes. These can be parametrised, e.g., by wedging the r.h.s. of (3.15)
with an arbitrary zero mode in the a_ sector, namely a_ = a_ ;3" and integrating over
S. Similarly, one may wedge the r.h.s. of (3.16) with the zero modes a4 = a4 j,’° and
the r.h.s. (3.17) with v = v,,X35°, and integrate over S. One ends up with the constraints

Aéojoaoa-ﬁ-jovao = Aéojoaoa—jovao = Aéoj0a0a+ io0—jo =0, (3.18)
where the indices ig, jo and ag run over the subspace of zero-modes, and we have defined
the Yukawa couplings

M= [l av! nxg (3.19)
Alternatively, one may derive (3.18) from the superpotential truncated at zero mode level.
W = AngOaOaJrjOa,jOvaO . (3.20)

From equations (3.18) it is clear that at least two among the three sets of massless modes
{atio }bigs {a—io }ip and {va, }a, must attain trivial vacuum expectation values.
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F-terms with defects

Let us now introduce defects and see how equations (3.18) are modified, inducing non-
trivial vevs for non-zero KK modes. As anticipated, this will be the 4d counterpart of the
meromorphic profile introduced in section 2.

Defects are localised on the curve ¥ C S and affect the holomorphic sector through
the superpotential [14]

Wy = /S 55 A (0%, a0, (3.21)

For definiteness, let us consider non-trivial vevs for the defect fields of and o2, which,
as seen in section 2, generate a first-order pole for the Higgs field along ® = p7_, see
eq. (2.50). Hence, while equations (3.15) and (3.17) remain unmodified, equation (3.16)
becomes

Op = —2a_ AV +2a3 Ap + 0s A cfos. (3.22)

The fact that egs. (3.15) and (3.17) remain intact implies, by the discussion of appendix C,
that all the massive modes of the sectors as, a+ must have vanishing vevs, and that the
same must be true for the sectors m and v. The sector p is however more subtle due to the
defect contribution on (3.22). Indeed, let us decompose an arbitrary profile in this sector
as a sum of KK modes, as p = pax?. On the one hand, since the modes a3 have all zero
vev, the potential zero mode contribution p,,x®° will not play any role in eq. (3.22). On
the other hand, the massive modes satisfy the following relation

OX2 =i(a-)f + YL, (3.23)

where we have used the self-duality of x* and the definition (3.4) to rewrite the complex
conjugate of (3.9). So plugging the massive mode expansion p,x® into (3.22) one obtains

Pa = _kTp’(ii (FTIM <O-(1:>N1 <02>K2 - QA?OBOG’* jovﬁ()) ’ (3'24)
—a

where we have defined
Ffr””l’f? = /552 A (07) " (o2)™ A wi, (3.25)

with K1, k2 running over the defect zero modes of the kind of, o2, respectively. Recall that
the indices «, ¢ run over the subspace of nmon-zero modes, such that we could invert the
mass matrix and make use of (3.10).

The F-term condition can be derived from a superpotential of the form

W = 1o Vo ®q — TO152W  (07) 5, (02) 1y + AT a5, , (3.26)

with U and ® representing the massive modes of the a, and p sector, respectively. If we
assume that the surface deformation modes vg, are absent, one essentially recovers the
superpotential (3.1), and one can understand the meromorphic profile for p as a sum of
massive modes with non-trivial vev, sourced by the vevs of the defect modes.

To extract the implications of (3.22) at the zero mode level, let us wedge both sides
of this equation by a zero mode in the a_ sector, a_ = a_iowi_o, and then integrate over
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S. Since in the holomorphic gauge each of the elements of this basis has a holomorphic
profile, the left-hand-side is a total derivative and its integral over S vanishes. From the
integral on the r.h.s. we then get the equations

Fj(_)limz <Jf>m <02>H2 - 2Aé0j0a0a—jova0 =0. (3'27)

Notice that again (3.27) can be deduced from a superpotential of the form (3.26), upon
extending the index o — A to include the zero modes of the corresponding sector ¥, the
term (3.20) and the coupling of defects to a,. Alternatively, one could have obtained such
superpotential directly from (3.11) and (3.21), by plugging the expansion on KK modes
for each of the sectors in (3.14) and truncating the appropriate towers of massive modes.

The 4d F-term constraints (3.27) are necessary conditions for the existence of solutions
of (3.22), and play an analogous role of the 4d D-terms equations obtained in section 2,
see e.g. egs. (2.39) and (2.40). They are of course trivial in the absence of zero modes in
the a_ sector. However, if such modes are present, eq. (3.27) may represent an obstruction
to constructing the meromorphic scheme. Such an obstruction is particularly relevant for
surfaces without complex deformations, like e.g. surfaces of positive curvature, for which
there is no zero mode v,,. For instance, in the case in which there is a single defect
mode of the kind of and of the kind o3, (3.27) would be impossible to satisfy unless the
topological coupling Ffﬁ”m vanishes. When several defect modes are present, one should
find a combination such that the sum over k1, ko in (3.27) vanishes for all choices of iy,
while the ones in (3.24) do not. Finally, notice that when the zero modes v,, exist and
we manage to solve (3.27) by giving them a vev, we are strictly speaking no longer in the
T-brane scenario of section 2.2, since now the su(2) sector corresponds to two intersecting
7-branes rather than to two coincident ones.

4 Defects and Hitchin systems

As described in section 2, defect fields arise at the intersection of two stacks of 7-branes
wrapping holomorphic four-cycles S and S’. One particular case is when S has an effective
canonical bundle Kg, and S’ is a holomorphic deformation of S. The curve X hosting the
defects is, in this case, the self-intersection curve of S, which represents the Poincaré dual
of ¢1(Kg). Interestingly, the enhancement group Gx, D Gg X Gg over this curve can now be
extended to the whole of S, in the sense that this is the symmetry group of the system when
S and S’ coincide. Therefore the information of the whole system, including the defects,
should be contained in a regular Hitchin system with group Gy, and the BPS equations
with defects discussed above should be recovered in the limit in which the intersection fields
are ultra-localised at 3.

In the following we would like to explore the dictionary between Hitchin systems on
self-intersecting curves and systems with defects in further detail, in order to understand
how to recover the latter from the former. To simplify our discussion we will consider a
setup with enhanced gauge group Gy, = SU(3), in which two D7-branes wrap S and a third
one is its holomorphic deformation S’. This will allow to easily connect with the simple
defect setup analysed in the previous section, and in particular with the holomorphic and
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meromorphic schemes discussed there. As we will see, from the viewpoint of the SU(3)
Hitchin system these two configurations are not that different.
4.1 The meromorphic scheme

Let us consider a Hitchin system with gauge group SU(3), defined on a surface S with effec-
tive canonical bundle Kg. We introduce a Higgs field which in the holomorphic gauge reads

v0o 0 000
<1>h:g Ov 0 |+ 00s2|. (4.1)
00 —2v s$00

On the one hand, v € H (270)(5 ) corresponds to a holomorphic deformation of the cycle S.
The piece of ® proportional to v has the effect of separating the initial SU(3) stack into two
stacks of two and one 7-branes, each wrapping surfaces homotopic to S and intersecting at
the curve ¥ = {v =0} C S. On the other hand, the (2,0)-forms sg, s{ can be considered
to be sections of line bundles on S. Indeed, notice that in the limit of coincident 7-branes
v — 0 the system reduces to the SU(3) system in (2.9), upon the identifications mg <> s,
p12 < s{. There we may consider a split gauge bundle with a corresponding worldvolume
flux of the form

F3+ 1 Fy 0 0
F=F;Hs+ Fg Hg = 0 —F3+3Fs 0 , (4.2)
0 0 —2Fy

where the su(3) Cartan generators Hs, Hg are defined in terms of the canonically nor-
malised ones in (A.3) as H3 = 2H; and Hg = %Hg. As usual, the (1,1)-forms F;, i = 3,8
are related to the corresponding line bundles as [F;] = 27¢(£;). The particular choice of
flux in (4.2) allows to relate the corresponding bundles with the pair Ls, Lg that appear in
the defect schemes of subsection 2.2, or more precisely to identify them with the extensions
L3, Lg introduced around eq. (2.44). Using the relation specified there with the bundles
Ly, Lo that correspond to the flux in (2.9) one finds that

sp € H* (L3 ® Ls) | s e H* (L3' @ L5!) . (4.3)

As we turn on the four-cycle deformation v, the flux (4.2) will no longer yield a solution to
the D-term equation (2.1c¢), and we will need to consider a non-split bundle. In general, for
non-split bundles one may not identify individual entries of ® as sections of line bundles
as done above. However, as in our case the no-split bundle is continuously connected to a
split one in the limit v — 0, one may impose (4.3) for arbitrary values of v.”

9Mathematically, our gauge bundle is a holomorphic vector bundle of rank 2, whose structure group is
reduced from SU(3) to the Cartan torus U(1) x U(1). However, due to the v-mode in ®* supersymmetry
requires it to carry a connection (or equivalently a hermitian metric) whose holonomy is not in U(1) x U(1).
Nevertheless, since the topology of the bundle is such that it admits a split form, the group of physical
gauge transformations a solution of the Hitchin system is defined up to is still U(1) x U(1), and thus the
various entries of ®" are still globally well-defined as sections of line-bundles, like in eq. (4.3).
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The information of the non-split bundle is encoded in the complexified gauge transfor-
mation that allows to solve the D-term equations. Let us take it to be of the form

ef3/2+fs/6 0 0 1 00
B = 0 e—f3/2+fs/6 . _%5552 1 —& (4.4)
0 0 e~ fs/3 &g 01

with & € T(L3' @ £3') and & € T'(L3' ® Lg). The unitary-gauge Higgs field then is

0 0 0
1 f3_ f
©=B'B ' = v + | —e (56 + s+ vERE) 0 e FTE (s 4 vE) |, (45)
f3_ f
e~ T TE (s 4 vEY) 0 -V

whose individual entries are globally well-defined (2,0)-forms in S. One the one hand, one
expects that the sections &7, &2 vanish in the limit v — 0. On the other hand, as we increase
the vev of the deformation v, they should implement the localisation of the unitary profile
for the fields s{, s2 along 3. We find that an appropriate choice to reproduce both features is

g B (e*AW . 1) , g =2 (e*AW - 1) , (4.6)

v v

where v, s{, s2 are the scalar holomorphic sections that correspond to v, s, s2. In addition,

A is of the form

JR— (4.7)

Vsl

with A a globally well-defined real function on S that, for most purposes of the discussion

below, can be considered to be a constant. Notice that away from the self-intersection
locus ¥ = {v = 0}, the exponential factor in (4.6) can be neglected, and &f, & become
the entries that take (4.1) into its Jordan canonical form. Near ¥ the exponential becomes
relevant and renders &, & regular. In fact, they both vanish at v = 0, so their effect on
®" will be irrelevant near this locus. Indeed, plugging (4.6) into (4.5) one obtains

0 0 0
o= %V]Ig + | e (1 - 67”'”'2) vO e FHE A, | (4.8)
e_%_fTSe*M”Fs{ 0 -V

which displays a clear localisation of the fields s{, s2 around the self-intersection locus via

the exponential factor e~ Al

. In fact, the entries of (4.8) linear in s{ or sy correspond
to the wavefunction profile along the Higgs-field component that one obtains for the zero
mode fluctuations at the intersection of two 7-branes, cf. [45, 46, 50-52]. The remain-
ing off-diagonal entry is also localised around > but unexpected from the viewpoint of
such a wavefunction analysis, which only detects up to a linear dependence on intersection
fields. We will however see below that it corresponds to the appearance of the pole of the

meromorphic defect scheme.
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In this unitary gauge the su(3) gauge connection is given by

. 30fs+50fs 00
iAOD = _BHB! = 0 —30f3+g0fs 0
0 0 30fs
0 0 0
_ _ f3, /8 =
+| e (€06 — &065) 0 e 330G |, (4.9)
—eTTTITOE 0 0

which after plugging the Ansatz (4.6) becomes

0 0 0
1 ~ 1 = 5
ihOD = ZHyfs + S Hydfs + 00— Ft8s [0 . (410)
350 0

Notice that as expected the su(3) bundle does not have a split connection but, due to this
particular Ansatz, we recover a split one if we restrict ourselves to the u(2) subalgebra that
contains Hs. This is in agreement with the simple defect setup discussed in section 2.2,
and in particular with the meromorphic scheme that we are trying to reproduce. In ad-
dition, note that the off-diagonal entries in (4.10) reproduce the expected wavefunction
profile along the gauge boson components for the fluctuations of fields localised at 7-brane
intersections.

By construction, the profiles for ® and A in the unitary gauge satisfy the F-term
equations of the Hitchin system. The next step is then to introduce such profiles into the
D-term equation (2.1c) to find a solution in terms of f3, fg and A. For simplicity, let us
consider the particular case where s{ and sy differ by a constant phase, so that we can
rewrite the D-term equations in terms of a section s such that s = e =15 = e~ #2s,. This
can only be a solution if the bundle Lg is trivial, so we may take fg = 0. Then, one can
see that the following structure is recovered

1 C 0 e ™D
JATF + 5[@,@*] = 0 —C €¥2D (4.11)
1D e~ 2D 0

and the D-term equation reduces to two independent differential equations C = D = 0
with unknowns f3 and A. The off-diagonal components of (4.11) vanish if one imposes

2iJAO (s el A ()\17)) + e~ f3m AP <s AV + e fisnss (e‘”w - 1)) =0, (4.12)
v
while the vanishing of the diagonal components amounts to

_ 1 _ 1 2 2
iJNOD fa-e 321 <2s/\s + yssz’JAa(/\v)/\a(A@))+e—2f32sAs )%‘ <e_2)‘|”|2 - 1) —
(4.13)

- 29 —



Although they look quite formidable, one can simplify these equations in certain limits.
For instance, if we consider eq. (4.12) for small values of s we can neglect the cubic term
in the Lh.s. and recover

e~ B [20) A (90(AsD) — 50(f3 + Au|?) AOOAD)) +5AV] =0, (4.14)

This is nothing but the linearised D-term equation J A dj4ya — F(®)T, ] = 0 imposed in

the literature to solve for the internal wavefunction profile of fields at matter curves, with
(®), ¢ the pieces of (4.8) at zeroth and linear order in s, respectively, and similarly for
(A), a in (4.10). Notice that the prefactor in (4.14) essentially localises the equation along
¥ = {v = 0}, so we may focus on a tubular neighbourhood around the self-intersection
locus, as done in local wavefunction computations. Note as well that (4.12) is a complex
equation, so together with (4.13) we have three real equations for the two real unknowns
f3 and A. One may see this as a limitation of our Ansatz (4.4) and (4.6), that could be
generalised to solve for the most general set of equations. Nevertheless, one may still find
solutions with this Ansatz if near ¥ one imposes

JNO (se_f3 /\517) =0, (4.15)

after which (4.12) becomes a real equation. In fact, under these assumptions the depen-
dence of s disappears from (4.14), and one obtains a much simpler equation. In particular
one may connect with the ultra-local wavefunction results by considering a neighbourhood
around a point p € X, and approximating the metric on S to be flat and the 7-brane
worldvolume flux to be constant on that neighbourhood. More precisely, if locally we have
v =myz, J = (dz Adz +dy A dy) and Fy = L(Mydx A dz + Mydy A dy), (4.14) is solved
by a constant A of the form

M, M, \?
mafta = =557 () mat, (4.16)

which reproduces the corresponding local wavefunction solutions, cf. egs. (2.27) and (2.29)
of [51]. Notice that in this particular case a constant A implies, through the first condition
in (4.15), that s only depends on the coordinate y of ¥. In this sense, this simple local setup
reproduces one of the assumptions of the defect schemes section 2. In the following we will
see how to make this connection more precise and how, by taking the appropriate limit, one
can connect the Hitchin D-term equation (4.13) with the defect D-term equation (2.53).

4.2 The defect limits

As it is clear from the unitary gauge profile for ® and A, the SU(3) Hitchin system above
localises the charged fields s{ and sy along the self-intersection curve X. In a limit in which
such localisation can be approximated by a delta function, one would expect that a defect
system should be recovered, and the BPS equations of the SU(3) Hitchin system should
become the BPS equations of the meromorphic scheme. In general, one would expect that
such a limit is obtained when the intersection slope of the two 7-branes becomes infinite.
As we will now see, there are in fact two ways to attain such a limit and recover the defect
system. One of them corresponds to increasing the vev of the holomorphic deformation
field v, and the other to decreasing the overall volume of the four-cycle S.
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The small volume limit

Let us assume that we have found a solution for the above SU(3) Hitchin system and
consider its behaviour under the following rescaling of the four-cycle metric:

l9s| = a?gs] (4.17)

with a € R. As we perform this rescaling the wavefunction profiles for & and A are
modified, since

Aelv]? 1 A]v[?
= 28, LA

1
= —\v|%. (4.18)
V1gs Vigs| @

Taking the limit @ — 0 one for instance finds [10
e AP 2 91— H(wP?)] =1- Hy, (4.19)

where H is the Heaviside step function, using the half-maximum convention in which
H(0) = % and equal to 1 everywhere else, and we have assumed that A # 0 everywhere in
S. By (4.19), Hy is a function that vanishes on 3 and is equal to 1 everywhere else on S.

As a consequence

(Voo 0 00
Paso=5 [ 0v 0 |+ i2vo00 |ePHs
00 —2v 0 00
O 0 0
+ 0 0eF+Ps, |[1- Hy]. (4.20)
6_%_783" 0 0

Notice that only the first line of (4.20) survives away from X, while the second line is fully
localised on top of 3 as the corresponding, defect fields in the meromorphic scheme. The
surviving off-diagonal component is very suggestive in the sense that, again away from 3,
it corresponds to the naive solution to the meromorphic defect equation (2.46).

Now, considering the gauge field in this limit, we have that

e NPPo(\) — eal’d (%) = o), (4.21)

a

with 6()(v) the two-dimensional Dirac delta function with support on ¥. One then finds

0 0 0
1 = 1 - _
iAflO;lS = §H33f3 + §H88f8 + 0 0 —e_%erngsQ dvmé@ (v) (4.22)
f3_J8
e 22570 0

again finding that the profile for the fields s{, s3 is localised on top of ¥, now in the form
of a §-function. Putting these two results together and using the identities

20H(0P) =3} ) =m0, (123)
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one can see that the F-terms vanish identically. This is to be expected, since the field-

space direction that we are taking to reach this limit does not affect the F-term equations
of the Hitchin system. The correct way to extract the F-term (2.46) is to look at the su(3)
Hitchin system from the viewpoint of the su(2) subalgebra of the corresponding defect

scheme. Indeed, one may always rewrite (4.8) and (4.10) as

1 P 0
d = —vI su(2) e
3V3+< 0 + Pges

and
iA(O’l) = (ZAE(;(Q) 107 ) + iAdef )

where, after the rescaling (4.17),

_ 00 SCSQ _9A |2 .+ (0,1 1~ 1~
q)su(Z) =e f3 (1 0) 11)2 v <1 — € 2a|v| ) s ZAiu(Q)) = §6f3T3 + gafg]_g,
and
0 0
Pyer = 0 0 67f73+f7852 67%‘1}'2
e %0 0
0 A
iAot = 0 0 —e_f73+f7832 emal?d <a5> .
e B-% s$ 0 0

In terms of these quantities, the F-term (2.1a) of the su(3) Hitchin system reads

= 0
= 0 d 0 (A
5, P — ( Asu(z)o su(2) 0) —Pges NO <1}> v—1 | Aget, 0 —i[Aget, Pdef] -
a
-V
One can check that
3 0
‘Pdef/\é <v> v+1 | Aget, 0 =0,
a
-V
and that
000 \
_ A
i[Adet, Pact] = | 200 |, E=-2ss5A0 (@) e~ fs=25 10
a
000

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

Therefore, satisfying the F-terms for the su(3) Hitchin system amounts to imposing that

8A5!.;(2) (bsu(2) ==,
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and taking the limit ¢ — 0 one obtains

a—0

10 By = —me 358y A OO (v) . (4.33)

—_
—
—

The defect F-term (2.46) can be recovered from (4.32) and (4.33) as follows. Recall that,
due to the presence of the delta function in eq. (4.33), we can split the (2,0)-form sg into
a (1,0)-form longitudinal to the curve ¥ and a (1,0)-form transverse to it. Close to X, the
latter has the canonical form Ov, hence we can write (4.33) as

=0 = 27‘('1'67]638082 A Oy, 4.34
1

where sy € H(S, L3 x Kg), s§ € HY(S,L3") ~ H'(S, L3 x Kg)* by Serre duality on S,
and we have used that )
S = %6(2)(1))8@ A (4.35)

Since only the profile of s{s3 on top of ¥ matters in (4.34), we can write sy € H°(X, ﬁgl X
Ksls)~HO(S, £5" x K?) due to K|y~ K¥?, and s¢ € H(S, L3x Ks|s)* ~HO(X, L5 %
K;/z) by Serre duality on Y. Therefore, we have shown that sso € HO(X, £3? x Kx) and
thus it transforms correctly as a (1,0)-form on ¥ with the same charge of the field p along
the T_ generator. To conclude the proof that (4.32) is indeed equivalent to (2.46), we need
to go back to the holomorphic gauge, but now from the su(2) perspective, whereby, remark-
ably, we just have the standard split connection (4.26). This operation just removes the
fs-dependent factors, and in the a — 0 limit we get exactly (2.46) upon the identifications

o = V2mi s 09 = V27 s9. 4.36
1 1>

There is a small caveat here: in the limit a — 0 we are able to reach an holomorphic gauge
everywhere on S, except on the curve {v = 0}. This is because the limiting su(2) Higgs
field, in the holomorphic gauge, looks like
5589

O3y la0 = 11)72VH2T_ : (4.37)
which gets a dependence on o from the step function Hy. This is not a problem, because, as
we are going to explain below, the defect picture is an appropriate description of the system
outside of a tubular neighbourhood of ¥. In the limit, such a neighbourhood shrinks and
eventually coincides with ¥, making the defect picture reliable everywhere except on X.

The large angle limit

Even if the small volume limit reproduces the F-terms of the meromorphic scheme, the D-
term equation (2.1c) cannot be trusted in the regime where it applies. One may nevertheless
conceive a second limit, which amounts to increasing the vev of the intersection field v

v = b (4.38)

with b € R, while keeping the four-cycle metric fixed. Taking b — oo will ultra-localise
the fields at the self-intersection ¥, and so one would expect to recover again the delta
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function behaviour of the defect scheme. This time, because we are at large volume, it
makes sense to try and solve the D-terms as we vary b. It is particularly important that
the off-diagonal D-terms in (4.11) are identically satisfied as we move along (4.38), because
these correspond to the D-term potential for massive fields at the self-intersection. Since
such fields are assumed to be very massive and completely integrated out in the regime
where the defect picture is valid, one would never attain the defect limit unless one sets
their D-terms to zero. For doing so, let us take the simplifying assumption |s| = |s{| = |s2|
that takes us to (4.11) and assume that we have a configuration such that can find a
solution of both D-term equations C' = D = 0 with our Ansatz (4.6). Performing the
rescaling (4.38), eq. (4.12) transforms as

2iJ A (b0O(\st) — sO(f3 + b*Avv) A DI(NT)) + bs AV + e*f?’sAsbi (e*”b%\z - 1) =0,
v

where we have discarded overall exponential factors. In the limit b — oo, we will be able
to find a solution only if A also scales with b in the following form

A= b (4.39)

where this should be interpreted as a rescaling of the function A, in (4.7) and not of the
metric factor therein. Notice that the rescalings (4.38) and (4.39) have the same combined

L' b, so as in the previous limit

effect on Av|? as in (4.18), with the replacement a~
we expect a strong localisation for the intersection fields as we reach b — oo. This time,
however, we also need to consider the behaviour of non-holomorphic data like kinetic terms.

Indeed, the kinetic-term integrand for the intersection fields scale like
! 5 1
T [aer, ] + 5 [ Paer URMES (i!é‘!ZJ A O(Xv) AO(ND) + 58 A 5) e~ f3=22?
5 1
- = (i!é’!QJ A O(A) A O(A\D) + 58 A s) ¢~ fa=2DA”

and so the kinetic terms will vanish in the limit & — oo. This can be fixed by rescaling the
normalisation factor of the fields at the intersection, which in practice amounts to

s — bY/2%s. (4.40)

Compared to (4.17), the effect of the combined rescaling (4.38), (4.39) and (4.40) on ® and
A is slightly different. Nevertheless, the effect on (4.31) is similar, and so we recover the
same limiting behaviour (4.33) that reproduces the F-terms of the meromorphic scheme.

Let us now consider the D-term equation, and in particular the non-Cartan components
of (4.11). After taking the limit b — oo most of its terms vanish automatically, except one
proportional to

JANO <se_f3 )\517) ’2 . (4.41)

As pointed out before, the vanishing of this quantity is what allows to convert D = 0 into
a real equation and to find solutions for the D-term equations within the Ansatz (4.6). As
we are using such an Ansatz to connect with the defect scheme it seems reasonable that,
by consistency, we should restrict to configurations where (4.41) vanishes.
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Finally, the diagonal component of (4.11) scales as

_ _ 1 2
i N ODfs + e T3 20 p) g2 ( + z’J/\@()w)/\&(A@)) + 6_2f3§p/\f) (e—%AIU\Q - 1) ,

J2
4v/1gs )
42

where we have defined p = f}—zv. Taking the limit & — oo, and assuming that in a neigh-
bourhood of ¥ the following relation holds

-1
2iA%\/|gs|J A Qv A Ov = 5J?, (4.43)

we recover the following D-term equation

_ 1 —f3
T NODfy = e 23 ZpAP Hy + Ay

2 V1gs]

where we have used the relation (4.35)

|s|? 2765 A T, (4.44)

We then recover the meromorphic-scheme D-term equations (2.53) with m = 0, upon
identifying hy = hy = e, /|gs| = h;ﬂ and 47)|s|? = |o|?. In fact, strictly speaking
we only reproduce the defect equations away from the self-intersection locus ¥, due to the
appearance of Hy in (4.44). This is nevertheless consistent with the regimes in which the
su(3) Hitchin system and the su(2) system with defects are reliable descriptions.

Indeed, the regular su(3)-Hitchin-system description that we are using should only be
valid in regions of S where |v| is small compared to the string scale, and beyond that
the Hitchin description should only be strictly valid for the su(2) sector. The degrees
of freedom that are left out from the Hitchin system are those outside of su(2), and in
particular the non-Cartan entries of ® and A that include the fields localised at the self-
intersection curve ¥ = {v = 0} and their massive replicas. As we increase the vev of v
through the rescaling (4.38), this region of validity narrows down as a tubular region around
Y. This limits the computation of certain non-holomorphic 4d couplings by dimensional
reduction, namely those whose integrand does not converge sufficiently fast in that region.
This does not seem to be a problem for the kinetic terms of the light localised modes
s§, so if we perform the rescaling (4.40), but it should affect the kinetic terms of massive
modes in the same sector that have a mass comparable to the string scale. In order to
correctly integrate out these massive modes one needs to solve their corresponding D-term
equations, which are encoded in the non-Cartan D-term equation (4.12). Remarkably,
solving these equations at an intermediate stage of the large angle limit implies imposing
the relations (4.15) and (4.43) in the corresponding tubular neighbourhood.

This region of validity is somewhat opposite for the defect description. For instance,

let us look at the entry of ® that gives rise to the F-term pole, namely at the piece
S

°s (1 - e_Zb)“”R) . (4.45)

Whenever |gs|~1/2v]? > (\.b)~! this piece reduces to the meromorphic (2,0)-form s, 50
at this distance from ¥ it looks like the su(2) 7-brane sector develops a pole. In fact, as
discussed above, at this distance the Hitchin system is only good to describe the su(2)
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subsector of su(3). Therefore, it is more useful to think of the non-Cartan fields s as a
separate sector, as the defect picture does. As we enter the region |gg|~"/2[v]? < (Ab)~!
the Hitchin system description starts being reliable to describe the su(3) system. Then
we see that the pole-like behaviour % starts being softened by the exponential, and that
the (2,0)-form (4.45) actually vanishes at v = 0. The norm of (4.45) looks like a volcano-
shaped profile: from far away it seems to develop a pole at v = 0, but close to X there is a

turning point that makes the function go down to zero. In the limit b — oo this becomes

the function ’ %

‘QHZ that appears in (4.44). The su(2) modes whose profile is mostly
outside of this region will see a pole, because their coupling is given by an integral that
does not care much about the interior of the volcano. It is for those modes that the defect
picture is useful. In the strict limit b — oo this set amounts to essentially all su(2) modes,
in agreement with the fact that Hy, is different from 1 on a space of zero measure and its

presence does not affect the integrals that give rise to the 4d D-term potential.

4.3 The holomorphic scheme

Let us now consider the regular SU(3) Hitchin system that is related to the holomorphic
scheme in the self-intersecting curve S. As many of the ingredients are similar to the
meromorphic scheme, our discussion will be more sketchy for this case. We start from the
following holomorphic Higgs field

1 v0 O Om 0
h=—lov 0 |+[00s |, (4.46)
00 —2v 00 0

with s € H?0 (ﬁgl ® [,8) and m € H?? ([%) We choose a complexified gauge transfor-
mation of the form

ef3/2+fs/6 0 0 10 —&&,
B= 0 e fs/2fs/6 g o1 —g (4.47)
0 0 e~ fs/3 00 1
where & is given by (4.6) and
M~ _
bn =" (e 1) , (4.48)

with p = \gg|*1/ 211, and p, another global real function on S. The Higgs field in the
unitary frame is now given by
0 ef*m _€f73+f§€*ulv|2 e All? 1) 21
1 v
o = gv]lg +10 o e BT E AP, : (4.49)
0 0 -V
while the gauge connection is given by
_ 1 - fa_ f =
iAOD = [0fs + —Hydfs — e 313 e P9 (AD) 556 (4.50)

\/g
_ Bk [ewv\? (ewlvlz _ 1) 3 (A0) + e Hll? (wlvlz - 1) ] (;w)} ? €12,
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where we have used the notation of appendix A for the algebra generators { Hy, Ha, €2, €12}.
These two expressions simplify considerably in the small volume limit:

1 0 ef*m . 0
Paso=3VIs+ [0 0 e 33 [1— Hylsy | (4.51)
0 0 -V
00 0
il = %H?)gf?» + %Hgéfs + o028, | 0070 (v), (4.52)
00 0

again displaying a split connection for the su(2) subalgebra and field localisation for sa.

The main difference with respect to the meromorphic case is that now the dependence on

the defect field sg is completely localised on ¥, and as a consequence no pole arises. Indeed,

performing the split of eqs. (4.24) and (4.25) and repeating the computation below them,

one again finds the result (4.32), but now with = = 0 due to the absence of a vev for s{.
Let us now analyse the D-terms, whose structure in this case is general

1 C, F E
J/\]F+§[<I>,<I>T] =|F ¢ D . (4.53)
FE D —-Cy — CQ
The D-term equation then amounts to three complex and two real equations, while our
Ansatz contains four unknown functions: {fs, fs, A, u}. To solve the D-term equations
within this Ansatz one then needs to make further assumptions. For instance, let us

consider the condition D = 0, which reads
2JAD <526*f3+f8*””|25 (A@)) + (4.54)
+ e—f3+f8 (e—MU|QS2 AV + e—2f3—ﬂ|v|2m/\m§ (€—2)\|U|2 — 1)) =0.
v

If again we impose (4.15) (now with the replacement f3 — f3 — fg) in a neighbourhood of
3., this complex equation becomes a real one. In fact, upon performing the rescaling

v — bu, A= b, w— b, so — b'/%sy, m — m, (4.55)

and taking the large angle limit b — oo, satisfying (4.54) amounts to imposing (4.15) on top
of ¥, in analogy with the corresponding non-Cartan equation in the meromorphic scheme.
Regarding the condition F = 0, which is equivalent to
INNNG [@efﬁfs (e_)"”'Q (e_“|”|2 — 1) 0 (\v) + e HlvP? (e_>“”|2 — 1) ) (M@))}
v
52

1 it s gmulvl? (e—A|v|2 _ 1) ZmAv=0, (4.56)
v

one can see that all the terms vanish as we take the large angle limit. Something similar
happens for the condition F' = 0:

2iJ A \32|2Tef8*/\|”‘26 (Av) A [e*)‘wz (e*“‘”‘Q — 1) 0 (\v) + e Hll? <e*)‘|”‘2 — 1) 0 (,wD)}
v

— fs—(n+N)l? (efw? _ 1) 2 mAS,. (4.57)
v
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Indeed, one can check that both sides of the equation vanish as we take the limit b — oo.
Finally, we have two D-term equations corresponding to the Cartan generators of su(3).
The condition €'y = 0 amounts to imposing

_ /1 _
2iJ A 8O <3f8 + fg) + 2ieB3 8 msy P T ACAC (4.58)
= 2Bm A m T (e*/\MQ — 1)2 el |22 ’ m /A m
v
where 1
— 2 e AP (ol _ =2ulv]® (=All* _
¢ - [e (e 1) J(\v)+e (e 1) 0 (pw)} : (4.59)
The equation Cs = 0 reads in turn
/1 _
2i.J A 0O (3 fs — fg) — 2je f3Hfs e~ 15,12 7 A B (M) A D (AD) (4.60)

_ o2 _ _
= ¢ 3tfse 2 gy Ay — 2Bm Am.

Upon taking the large angle limit, ¢ vanishes, as does the second term in the r.h.s. of (4.58).
In addition, (4.60) simplifies after using the relation (4.43) on top of ¥. We are finally
left with

—iJ A OO @fg +f3> = —%e%m/\m, (4.61)
_/1 1 —fatfs
—iJ A 00 <3f8 — f3> = ierSm Am — )\*em |32’227T62 ANJ, (4.62)
gs

and so we recover (2.30) and (2.31) upon the identifications hy = hy = /3, \/|gs| = hlz/2
and 47\ |s2|? = |o2|%.

5 Conclusions

In this paper we have extended our previous work [37] to analyse global aspects of T-
branes in compact Kéhler surfaces in the presence of defects. Defect fields are essentially
always there, in the sense that, in a consistent compactification, a 7-brane stack wrapping
a non-trivially embedded surface S will generically intersect at least a second 7-brane stack
wrapping S/, and such an intersection will typically host some localised fields. The working
assumption of [37] was to consider a vanishing vev for such localised fields, so that their
presence could be ignored at the level of the 7-brane background on S. As a result, the BPS
conditions to be satisfied by the background were given by a regular Hitchin system on S.
In this work we dropped this assumption, and explored which kind of T-brane backgrounds
one can construct when the vev of the defect fields is non-vanishing. From the viewpoint of
the Hitchin system on S, we are now allowing for §-function sources in its equations. From
the point of view of the compactification, we are considering more general bound states of
7-branes than in [37].

One of the main motivations for this extension is to see if the obstructions found in [37]
to building T-branes in compact surfaces are relaxed in the presence of defects. Particularly
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interesting are the surfaces of positive Ricci curvature, which are forbidden for the T-brane
configurations considered in [37]. This kind of surfaces are specially meaningful in F-theory
GUT models, as they can be identified with the four-cycle SqguT hosting all the degrees of
freedom charged under the group of grand unification Ggyr. Even if the T-brane sector
of F-theory GUT models lies beyond Ggyur and as such it may be located on a different
surface, being able to define it over Squr allows to have a better control over the internal
wavefunctions of the different 4d GUT light fields, and therefore on their couplings.

Here we have found that, when turning on vevs for defect fields, one can indeed con-
struct T-brane backgrounds on surfaces of positive curvature. We have devised two different
schemes in which this may happen: one in which the profile for the Higgs field contains
poles, thereby involving meromorphic sections of line bundles on S, and the other in which
all sections are holomorphic. The meromorphic scheme is particularly interesting, in the
sense that it is compatible with manifolds of positive curvature and T-brane backgrounds
of the form (2.7), two of the ingredients used to construct F-theory GUTs with realistic
Yukawas [10, 20, 25, 26]. Nevertheless, these backgrounds come with their own constraints,
that stem from the Yukawa couplings involving two defect modes and one bulk mode, and
that may in some cases forbid the necessary combinations of defect vevs to realise the
scenario. In general, pairs of defect modes also have Yukawa couplings with massive bulk
modes. In this case the Yukawas do not induce any constraint on the system. Quite on the
contrary, they provide a 4d description of why a pole is generated for the Higgs-field profile.

One may compare either the meromorphic or the holomorphic defect schemes with
an analogous construction of the kind analysed in [37], by replacing the 7-brane on the
intersecting surface S’ with yet another 7-brane on the stack on S. One can see that in the
presence of similar gauge bundles the effective field theories in both cases are the same,
and that the only thing that changes are the necessary conditions for the existence of zero
modes. In the case of the defect schemes of section 2 one needs to require the existence
of modes localised on ¥ = SN S’, while in the analogous configuration in [37] one would
require the existence of a bulk mode. The latter condition is much more constraining than
the former from the viewpoint of the topology of S, and that is essentially why the present
defect schemes are able to circumvent the no-go result of [37].

Somehow reversing this strategy, one may take a stack of 7-branes on a surface S
with holomorphic deformations, and deform the embedding of one 7-brane to a homotopic
surface S’. In general S’ will intersect the rest of the stack at the self-intersection curve
3, where fields will be localised. One would expect that, whenever the intersection angle
at X is much larger than the typical scale of S one should be able to describe them as
defects, and therefore recover a particular case of Hitchin system with defect sources. In
section 4 we have made such an intuition precise by describing two limits under which,
starting from an ordinary Hitchin system without defects, one can recover the J-function
sources of either the above holomorphic or meromorphic defect schemes. The first of the
two limits we considered corresponds to decreasing the overall volume of S, entering a
regime in which the standard D-term equations of the Hitchin system cannot be trusted.
Therefore it does not make sense to compare them with the ones of the defect system. It
would however be interesting to see if the o/-corrected version of these equations [30, 53]
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could allow to make contact with the D-term equations with defects also under this limit.

Notice that the setup of section 4 is quite specific, in the sense that it requires that the
surface S has holomorphic deformations, and in particular an effective canonical bundle.
However, the lessons to be drawn are more general. Indeed, consider two stacks of 7-branes
wrapping the surfaces S and S’ and intersecting on the curve . Depending on how steep
the angle of intersection is, we can define a tubular neighbourhood of ¥ in S, in which
the symmetry group is enhanced from Gg to Gy, D Gg X Ggr, and the degrees of freedom
localised on 3 are described by a regular Hitchin system with group G'y,. One should then
be able to consider similar limits to those implemented in section 4, in order to recover a
Hitchin system with symmetry group Gg¢ and defect sources on 3.

The analysis of this paper opens up several interesting avenues for further investigation.
As mentioned, Hitchin systems with defects are central in the analysis of [21, 38|, where
the coupling to gravity (and thus the compactification of the internal dimensions) is also
considered, though, differently from here, directly at the level of the F-theory lift. While,
on the one hand, their investigation is limited to six-dimensional vacua, we only focused, on
the other hand, on the compactness of the 7-brane locus, disregarding that of its embedding
space. It would therefore be very interesting to try and combine the two approaches, looking
at the implications each one has on the other.

In this paper we have restricted our attention to defects involving simple (i.e. order-
one) poles. It would be important to extend our analysis to include higher-order poles for
the Higgs field, and thus derive global consistency conditions for T-branes gone wild [38].
Also, we only considered defect sources which could be associated to vevs of bifundamental
fields: it would be nice to see how our findings generalise to cases where the modes that
condense come from tensionless strings [21].

There is an interesting observation related to poles for off-diagonal Higgs-field modes,
which may be worth investigating further in the future. While systems with poles for
diagonal modes admit an alternative description in terms of recombined 7-branes, con-
figurations featuring poles for off-diagonal modes may be viewed as split sub-loci hosting
localised matter which recombine. Let us see how this comes about in our meromorphic
scheme, where we have a stack of two D7-branes wrapping the locus S : {t = 0}, a single
D7-brane on S’ : {r = 0}, and non-trivial vevs for the modes o{, og localised at ¥ = SN.S’,
inducing a pole for the bulk p mode along the T_ generator of sl[(2). In the absence of
holomorphic p modes, the system can be described by a tachyon condensation process of
D9 and anti-D9-branes, with the following tachyon profile:'°

t 00
T = OtO’z . (51)
o{0 7

Looking at how the rank of this matrix jumps, we quickly realise that matter is trapped
on the split locus {ooy = 0} C S. Note how, from this different perspective, the original
intersection curve ¥ has lost any significance. If, on the contrary, the topology allows for

19Gee e.g. [23] where these concepts are reviewed in the context of T-branes.
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holomorphic p sections, a non-trivial vev for them would cause a recombination of the above
two branches of the matter curve. This is equivalent to switching on a (2, 1) entry p in (5.1),
thereby turning the locus hosting matter into the recombined curve {pT — o{o2 =0} C S.
The same phenomenon takes place if, in addition to the above, an holomorphic m mode
(i.e. along the T'; generator) is given a vev, except that, in this case, matter undergoes a
further localisation onto the set of points where m vanishes. This alternative picture of
the 7-brane system is equivalent as far as holomorphic information is concerned. It would
remain to see to what extent this analogy can be carried over to include D-term data.
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A Lie algebra conventions

In section 2.1 we make use of both the generators of the complexified Lie-algebra su(2)c =
5[(2) as well as su(3)c = sl(3). Let us therefore summarise here the conventions used for
the generators.

s[(2) generators

As already indicated in 2.1, we use the following conventions

SR B T R R

satisfying the commutation relations
[T}, 1] =15, (T3, T4 = 2T, [T5,T_] = —2T_. (A.2)
s[(3) generators

In the main text our examples were constructed in an su(3) background, where we made

use both of the generators in the Cartan-Weyl basis as well as in the Chevalley basis, which

has only integer structure constants. For convenience we give both bases explicitly here.
We denote the generators in the Cartan-Weyl basis by capital letters. The two Cartan

elements are given by
1 100 ] 100
H=-]10-101, Hy=——=1010 , (A.3)
2
00O 2v3 00 -2
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whereas the simple and highest roots are given by
010 1 000 001

1

Ey=—/|000|, Ba=—|001|, Eu=[E.E]==(000]|. (A4
2

V21000 V21000 000

Correspondingly, the negative roots are

000 1 000 1 000
©i=—11001|, ©=—1000], @12:[@2,@1]:* 000 |. (A.5)
2
\/i 000 V2 010 100

Conversely, we denote the generators in the Chevalley basis by lower-case letters. The
Cartan elements are

100 00 0
m=|0-10|, m=[|010 |, (A.6)
000 00 -1

while we denote simple and highest roots as

010 000 001
€1 = 000 y € = 001 y 612:[61,62]: 000 y (A7)
000 000 000

and the negative roots correspondingly as

000 000 000
gb=1100]|, 6G=[000], Ou=[06]=|000]. (A.8)
000 010 100

B BPS equations with defects

For convenience, here we spell out in detail the notation concerning the defect-BPS equa-
tions used in the main text, based on [14]. The setting we are interested in is a 7-brane
stack hosting an 8d SYM, which is coupled to defects localised at the intersection with an-
other 7-brane stack. Take S and S’ to be these two 4-cycles intersecting in a complex curve
¥ = S NS, which we take to be irreducible and smooth for simplicity. If we denote the
two gauge groups as Gg, Ggr, the matter content of the theory can then be decomposed as

ad(Gy) = ad(Gs) ®ad(Gs) @ | PU; @ Uj | | (B.1)

where the last part corresponds to additional matter localised on ¥ transforming in bi-
fundamental representations U, U’ of the two gauge groups and Gy, denotes the enhanced-
symmetry group found along this locus. In particular the defect theory contains a pair of
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complex scalars (o, 0¢) transforming as
cel (K*cusu) (B.2a)
o¢el (K;/Q QU ® (u’)*) , (B.2b)

where we denoted by U,U’ the vector bundles associated to U, U’, which are determined
by restricting the principal bundles on the 7-brane stacks to X.

In the following we will denote by (-, -);; the natural product between U and its dual
bundle U* and accordingly for U4’. This product induces a map to the Lie-algebra gg of
Gs. If we denote the action of the generators of gg in U by T', it is given by

T:U" XU — gs (B.3)
(u,v) = (T, )y.

Note, moreover that the bundles U,U’ and Ké/ 2 are all hermitian and therefore
equipped with a metric

H: U—U*, (B.4a)
H: U —Uu-, (B.4b)
he'? KYP — B2 (B.4c)

With these maps at hand, we may now construct the product and moment map intro-
duced in (2.15). Recall that they are maps

(s Dy (KQQ QU ® (u’)*) X (Kg/Q QU u’) s Ksxogs, (BS5)
[ (I_@”@L_{@H’) X <K§/2®U®u’) — gs, (B.6)
the first of which can now be composed out of the natural product of &’ and (B.3) as

<<" ‘»gs = <T'7 '>U ® (- ‘)U’ ) (B7)

while the second also involves the hermitian bundle metrics H, H’, h;/ % as

W= <h£1/2‘, '>K§/2<TH" Yl H (B.8)
Locally, we may therefore write

ArlNg i

(0% 0) g, = oSA T Yo (B.9)

_1 2 _ A _7 . . _ -7 . 1
p=h [ AP H (T oty — Hy o B (HYR@) o 4, (B.10)
where we denoted t; the generators of gg = Lie(Gg), T! the same generators in the
representation U with indices i, j, and we have used that —(TI )T are the generators in the
conjugate representation U’. A, B, instead, are indices of U’, which are always contracted
in such a way that we get singlets under Gg/. Note, that the above explicit expressions

hold globally on ¥ in the case that both &/ and U’ are split bundles.
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C 4d reduction and massive modes

Section 3 discusses the four-dimensional picture related to 7-branes with defects, but fo-
cusing on the most relevant subcase and omitting many technical details. The purpose of
this appendix is to give a more detailed description of this 4d picture. We have organised
this appendix in the same way as section 3 to make the comparison as simple as possible.
Before we begin with the physical analysis, let us discuss the different form-eigenbases of
the Laplacian we will need for the computation as well as some mathematical conventions.
Throughout the appendix we take the convention of summing over repeated indices, except
for the dummy-index o. Moreover, in some equations we separate zero-modes indicated
with the index ¢y from non-zero modes indexed by 3.

The spectrum of bulk KK modes

Let us quickly review the notation we use with respect to Hodge star, scalar product and
adjoint operators. We denote by * the map

w1 QPO 2a2-p) (C.1)
which induces a scalar product
1 _
(@.6) =1 [anss. (C2)
Vs Js
and it is with respect to this scalar product that we define the adjoint differential operators
@ B) = (@, 9'8) (C3)
=0 = —%9x. (C4)

Recall, that our T-brane example of the main text is given in su(2), such that the forms
that appear are valued in three different bundles, corresponding to the three generators of
su(2). We therefore denote by 14 and 1L these three (0, 1)-form eigenbases of the Laplacian

A, s = —(19)%08, (C.5)
and accordingly the (2,0)-form bases as x4 and y4
Agxa = = (k) (C.6)

where there is no summation over the repeating indices. Moreover, we take both bases to
be orthornormal. That is

1
048 = — / XK (C.7)
Vs Js
1 _
ol = /ww;’. (C.8)
Vs Js
Recall the gauge covariant derivative and its Laplacian
5; = — x Op%, (C.9)
Ag, =040y + D44, (C.10)
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and let us define its action on the one-form bases as
s = iph 4N (C.11)
(0a0"), = iuk 4x4 . (C.12)

Note, that this equation gives us a relation between the eigenvalues of the Laplacian for
the two bases. Namely, by acting with the Laplacian on both sides of the equation we get

VR () L S
= 8¢3 =1 (l_[)z /‘1’3AX3 Y (013)
3

such that for a given pair (I, A) egs. (C.11) and (C.13) may only be satisfied if either
a4 =0or (k3 = (1)

As we will see below, the superpotential couples one- and two-forms in the Yukawa-
couplings and therefore we will need to give relations between the (0,1)-form and the
(2,0)-form basis, such that we define the set of constants A as

ALA = /S wh n? Axd, (C.14)
= [uautand, e
ATA = /S¢§A¢£ AXE (C.16)

Finally, to integrate the 6d superpotential we need to introduce the following set of
couplings:

rimme — / 55 A (05) (02)™ AL (C.17)
S

F-terms without defects

We will start by computing the four dimension superpotential from 8d SYM and then in a
second step compute the additional contributions induced by defects. Recall that

Wsz/TrqmF. (C.18)
S

As in section 3, we will work in the case of an SU(2) split-bundle and are now interested to
study infinitesimal fluctuations around the background (®) = 0 and A = A T3, such that
FAJ = 0. We denote the fluctuations by
v m
. C.19
(o) 19

SAOL = [ 43 4+ 5P
“\a_ —az]’

Let us now pass to four dimensions by expanding the modes in suitable basis. To this end,

recall that the relevant fields transform as

az € Q%1(8,0), ax € QO1(S, £F?), (C.20)
v e 02°(S,0), m e Q29(8S, £?), peQ20(S, L7, (C.21)
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Each of these six spaces needs to be expanded in its own basis, defined in (C.5) and (C.6):
v = UAXg‘, m= mAxfﬁ, p= pr‘:‘, Oe = a.ﬂ/}f. (C.22)
Plugging this into (C.18) gives

W4d = ’L',UéA’UAag,] — 2iv,4a+ ja_ JAéJA (C.23)

AIJA

T , T , 1JA
+ipl gmaa_g+ 2impaszra_ g +ipu5 apaay 1 — 2ipaazray gAY

We may easily read off the F-terms for v, m and p from each line, while those for a, are

0= vA,uéA +maa_gATA — PAGL JAfrJA , (C.24)
0=mapl 4 +4vaay JALA — 2mpaz ;A4 (C.25)
0= pA/,LiA —4vga_ JAéJA + 2pAa3jAfrJA ) (C.26)
where we have used that A7/4 = —AT/4. Note that u! , vanishes if either A or I correspond

to harmonic forms. Restricting to the remaining forms, p is in fact invertible and we may
express the F-terms for v, m and p as

pirasr = 2aq ga_ gAKTA (C.27)
0= (ul 4 —2a3,A" ) a_y, (C.28)
0= (/L_Ii_A + 2a3 JA{i_JA) a4 7. (C.29)

Massive modes. We can see from eq. (C.27)—(C.29) that one solution is given by az =
ayr = 0 and from (C.24)—(C.26) that this allows for v = p = m = 0. This is the solution

we are after. In general there are no other solutions.!!

Zero modes. Let us focus for a moment on zero-modes, for which all the u’s vanish. Let
us moreover assume that ag contains no zero-modes because S is simply-connected so in
particular the e.o.m with respect to it does not exist for zero-modes. Then the zero-modes
need to satisfy

0=a,a_ A4, (C.30)
0=wvaa_ JALA, (C.31)
0=wvaay JALA. (C.32)

Apart from pathological cases, this implies that for each set of indices two of the three
fields must vanish.'?

"'To be more precise: more solutions exist, if either we have pjﬁA = A,uﬂ}A and AiJA = —AAYA for
some A € C or that supp(A4) C ker(A_) and vice-versa.

121f for every A, the matrices AL7# regarded as a map to C have the same non-trivial kernel, then these
conditions do not imply the vanishing of the individual fields in the above equations. That is, the double
sum over IJ might allow for cancellations.
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F-terms with defects

Let us now compute the additional defect contributions to the superpotential. The six-
dimensional defect superpotential is given by

Wy = /E (0°, Tac) = /Z (0%, By — iA(0)) (C.33)

where by A (o) we denoted the action of dA in the fundamental representation of su(2) on
0. Recall from (2.20) and (2.21) that the fields o€, o transform as sections of Ké/ 2 whereas
the product oo transforms as a section of Ky, such that it is much more convenient to
expand the product of the two fields in our previous bases {13,,%_}, than to expand
the individual fields'3

ofor = (ofo1);, 95, 030 = (0302), V5", (C.34)
oioy = (0102);, VY, o501 = (0501);, ¥ .

Plugging all of this into (C.33), gives

. _c JK1K . _C JK1K
Wy = 105, 02k, 17" P ag j —io], 015,17 az g (C.35)

JK1k2 FJvaz

— i0f5102ﬁ2r ay j — idgmUl@ a_j.

With both superpotential contributions egs. (C.23) and (C.35) at hand, we may now
compute the equations of motion. Those for the component fields of §® can be easily read
off from (C.23) and do not depend on the defect fields. On the other hand those for the

components of JA are given by

I I 1JA 1JA
D92 (66 01y — 05, 02ky) = VAP 4 + maa— gAY — paay gAY (C.36a)
FI’“’Qagmalm = mapl 4 + 2040, JALTA — mgaz A4 (C.36b)

I I IJA 1JA
L5201, 09k, = pApy 4 — 2040 JA3"" + paas ;AL (C.36¢)

while those for the defect fields themselves are given as

0 = [/rim2 (0. a3 + 05.,a— 1) (C.37a)
0=T7%1% (05 a3y —0f,. at ;) (C.37b)
0 = I[751%2 (0y,,a3 7 + Taxyay g) (C.37c)
0 =T7%1%2 (5o, a3 7 — T1rpa- 7). (C.37d)

Let us now try to solve them, at least partially. We proceed separately for zero modes
and massive modes.

13At the cost of more notation, one might also expand the fields individually and then define a set of
additional coefficients, that relate the basis of 0-forms valued in K;/Q ® L* to those of (1,0)-forms valued
in £* and O.
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Massive modes. For the massive modes the story is more interesting. First, under the
same caveats as for the non-defect case, we have a3 = ax = 0 — so we may have only
non-trivial vevs in the zero-mode part of the a4 modes. In this notation the F-terms for
the massive modes in v, m, p read

va = (uh )" TIR%2 (0F, 01y — 05, 02, (C.38a)
_ (,uéA)_l <mBa_jOAI_j°B —pBa+jOAij°B) ,

ma = (ph 4) " TIRGS, o1, — 2 (uh4) T vpag AP (C.38D)

pa= (1l 4) T TIMR20E oo, +2 (il 4) T vpa j,AFOE (C.38¢)

These are the generalised version of the relations found in egs. (3.24).

Zero-modes. Let us focus for a moment on zero-modes, that is all the p’s vanish. Let
us moreover assume that ag contains no zero-modes because S is simply-connected so in
particular the e.o.m with respect to it does not exist for zero-modes. Then the zero-modes
need to satisfy

kojoa
0 = aypya—joAg*0" (C.39a)
Fiomma—gm Olky — 2vaoa+j0Agojoa0 (C'Sgb)
Fiomﬁzaiﬂ 02k = _2vaoa—jOA§O]0a0' (C.39¢)

Where we have used that the massive modes for ai have been dynamically set to zero,
and that the Yukawa couplings of the form A%704 with two massless modes of A and one
massive mode of ® vanish identically. The same comments regarding a non-trivial kernel
of the A’s as in the case without defects also apply here. The above equations generalise
the F-term constraints found in egs. (3.27).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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