DOMAIN INVARIANCE FOR LOCAL SOLUTIONS
OF SEMILINEAR EVOLUTION EQUATIONS
IN HILBERT SPACES
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ABSTRACT. A closed set K of a Hilbert space H is said to be invariant
under the evolution equation

X'(t)=AX () + f(t, X(t)) (t>0)

whenever all solutions starting from a point of K, at any time to > 0,
remain in K as long as they exist.

For a self-adjoint strictly dissipative operator A, perturbed by a (pos-
sibly unbounded) nonlinear term f, we give necessary and sufficient
conditions for the invariance of K, formulated in terms of A, f, and the
distance function from K. Then, we also give sufficient conditions for
the viability of K for the control system

X'(t)=AX(t) + f(t, X(t),u(t)) (t>0, u(t) € U).

Finally, we apply the above theory to a bilinear control problem for the
heat equation in a bounded domain of R, where one is interested in
keeping solutions in one fixed level set of a smooth integral functional.
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1. INTRODUCTION

In a real separable Hilbert space H, with scalar product (-,-) and norm
| - |, we consider the evolution equation

{X’(t) =AX )+ f(t, X (1), t>tg

X(to) = zo (1)

where A : D(A) C H — H is a densely defined negative self-adjoint linear
operator on H and f : [0,00[xD((—A)%?) — H, with (—A)?/? standing for
the fractional power of —A for any 6 € [0, 1], is assumed to be locally square
summable in ¢ and locally Lipschitz in x. Then, it is well-known that, for any
(to, o) € [0, 00[xD((—A)?/?), problem (1.1) has a unique maximal solution
X (+;tg,z0), defined on some interval [ty, T(tg, xo)[ which can be proved to
equal [tg, 00| under additional assumptions. In the latter case, we say that
the maximal solution is global.

We say that a nonempty closed set K C H is invariant under (1.1) if, for
all top > 0 and 29 € K, we have that X (¢;tg, z9) € K for all ¢t € [tg, T (to, xo)[-

More generally, given a complete separable metric space U—called the
control space—and a Lebesgue measurable map u : [tg, 00— U, one can
also consider the control system

{X’(t) = AX()+ fEL X0, u), ut)eU
X(to) = Xy.

We denote by X (+; o, o, u) the maximal solution of (1.2) and by T'(¢g, zo, u)
the right end-point of the interval on which it is defined. Then, K is called
viable under (1.2) if for every initial condition (g, zp) € R4 x K there exists
a control function w : [tp,00) — U such that X(¢;tp,z0,u) € K for all
t € [to, T(to, zo,u)[. Notice that the notion of invariance can be introduced
even for control systems by requiring that, for every (to,zo) € Ry x K and
every u : [tp,00) — U, X(t;t0,x0,u) € K for all ¢t € [to, T (to,z,u)[. Such a
property is clearly more restrictive than viability.

The analysis of control systems is one motivation for assuming just mea-
surability in time for f in (1.1). Indeed, such settings allow to regard (1.2)
as a special case of (1.1) not only as far as well-posedness is concerned but
for some invariance issues as well. On the other hand, viability is a different
notion which requires a specific treatment, as we explain below.

There is an extensive literature addressing domain invariance issues in in-
finite dimensional spaces, although only part of it can be applied to partial
differential equations. For instance, Martin [11] studied the invariance of
K under equation (1.1) in Banach spaces, in the special case of A = 0, ex-
tending the classical condition introduced by Nagumo [12]. Then, Pavel [13]
established necessary and sufficient conditions for the invariance of K under
(1.1) in Banach spaces, assuming the semigroup generated by A, e*4, to
be compact, f continuous in both variables, and § = 0. In [14], the same
author removed the compactness hypothesis on e replacing it with the

(1.2)
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dissipativity of f. In both papers [13] and [14], the condition for invariance
takes the form

) dK(e)‘Ax—i-)\f(t,a:))
lim
AL0 A

=0 Vte|0,o0[, Vo€ K. (1.3)

Later on, in [17], Shi studied an analogous viability problem for a differential
inclusion, that is, for a set-valued map f. Assuming both K and e to
be compact, he derived a necessary and sufficient condition, analogous to
(1.3), with limy o replaced by liminfy o (lower Dini derivative). A detailed
exposition of this theory, and more, can be found in the monograph [8] by
O. Carja, M. Necula and K. Vrabie. We observe that a common feature of
the above results is that conditions for invariance are:

e imposed at (boundary) points of K, and

e expressed in terms of the semigroup e'4.
In [7], assuming f = f(x) in (1.1) to be continuous and quasi-dissipative,
we showed that a necessary and sufficient condition for the invariance of K
is that all points x € D(A)\ K, sufficiently close to K, satisfy the inequality

D™ dg (z) (Az + f(z)) < Cdg(z) (1.4)

for some constant C' > 0. Notice that (1.4) is formulated just in terms of
the generator A, which is simpler to use in applications.

In order to treat more general control systems, it is convenient to allow
the nonlinear term f to be defined on suitable subspaces of H, such as
D((—A)%/?). For instance, consider the controlled heat equation

G (1,6 = AX(1,6) + 9()X(1,6) (t>0,6€0)
X =0, on (0,00) x 90 (1.5)
X(0,8) = zo(8), £€0,

where O C R” is a bounded domain with C? boundary and g € L>(0,T) is
called a bilinear control. For a given smooth convex function ¢ : R — R, an
interesting viability problem is to find conditions to ensure the existence of a
control g such that the corresponding maximal solution X, of (1.5) remains
in the ¢-energy level of zg, that is

/ O (X, (t.€))dE = / bao(€))de Vi [0,T0,0)  (16)
O O

We note that a special case of the above problem, for ¢(s) = s2, is considered

by Caffarelli and Lin in [5]. As we show in section 4 of this paper, the
problem of determining g to satisfy (1.6) can be reduced to the invariance,
under (1.1), of a suitable level set of the integral functional associated with
¢. In this case, f in (1.1) turns out to be defined on the domain of (—A)'/2.

More generally, in section 3, we study the invariance of K N D((—A)%/?)
under (1.1). First, we give sufficient conditions for invariance that are
formulated—Ilike (1.4)—in terms of the lower Dini derivatives of the dis-
tance function di at points of D(A) which are exterior to K (Theorem 3.2
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and Corollary 3.3). Then, under a further assumption connecting K with
(—A)?2, we show that the above conditions are also necessary (Theorem 3.7
and Corollary 3.9). These results become particularly simple when K is
proximally smooth since, in this case, Dini derivatives are replaced by scalar
products with proximal normals (Theorem 3.4 and Theorem 3.10). Notably,
in the latter case, one only needs to impose conditions on 9K N D(A).

Since f in (1.1) or (1.2) is just measurable in time, an essential technical
tool of our approach is a Scorza-Dragoni type theorem, which is the object of
Proposition 2.9. Such a result ensures the existence of a negligible subset of
times N C R such that, for every (to, zo) € (R4 \ N) x D(A), the maximal
solution X (-; g, zo) of problem (1.1) is differentiable at tg.

As for viability of the control system (1.2), when K is invariant under
the action of ', we can provide a sufficient condition under an additional
compactness assumption for e!4. Such a condition is given in terms of
Clarke’s derivatives of the distance to K (Theorem 5.2).

Although both invariance and viability are of great interest in their own
right, these properties also have applications to other important issues in
dynamical systems. For example, they can be used to derive lower bounds
for the blow-up time of solutions, possibly yielding that solutions are global.
The semilinear problem we discuss in section 4.3 below is a case in point.

Finally, we would like to stress the fact that this paper is restricted to
Hilbert space settings for two main reasons: the use of maximal L?-regularity
for solutions of linear evolution equations and the convenience of formulating
our condition for invariance in terms of proximal normals. Part of our results
could certainly be extended to suitable classes of Banach spaces, and also
to set-valued operators associated with maximal dissipative graphs.

This paper is organized as follows. In section 2, we discuss assumptions
and well-posedness for problems (1.1) and (1.2). In section 3, we derive our
conditions for invariance. In section 4, we study a bilinear control problem
for system (1.5), transforming it into an invariance problem, and use invari-
ance to extract nontrivial information on the maximal time of existence. In
section 5, we analyse viability under the control system (1.2). In section 6,
we prove proximal smoothness for level sets of certain integral functionals.

2. PRELIMINARIES

Let H be a real separable Hilbert space with scalar product (-,-) and
norm |- |. For any z € H and r > 0 we set

B (z)={yeH : ly—z|<r}, B,=B(0).
We denote by £; the Lebesgue measure on R. We set
Ry =[0,00[, RY =]0,00[, and [r]=min{neN : r<n} VreR;.

We say that a measurable set F' C Ry is of full measure if £; (R+ \ F ) =0.
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For any (tg,z9) € R4 x H, consider the Cauchy problem

{X’(t) =AX () + f(t, X (1), t>tg

2.1
X(to) = wo 21

where A is a linear operator on H and f is a nonlinear term. In this paper,
both A and f are allowed to be unbounded.

2.1. Assumptions. In this section, we introduce the assumptions that will
be enforced in the rest of the paper. We begin with operator A which is
hereafter supposed to satisfy the following.
(Ha): A : D(A) C H — H is a densely defined self-adjoint linear
operator such that A < —wl for some w > 0.

Assumption (H4) ensures that A is the infinitesimal generator of a strongly
continuous semigroup of contractions on H, which we denote by e!4 (t > 0).
Moreover, e/ is analytic and e'4z € D(A) for all t > 0 and = € H.

For any 6 € R we denote by (—A)? the fractional powers of —A (see, for
instance, [15, Section 2.6]) and we set

Hy=D((-A)?) with |z|g=|(—A)"2z|, Yz € Hy (0> 0)
We recall that, for all 8 > 0,

WIP|(~A)22| < x| Vax e H, (2.2)
WPz < |zly Vo € Hy, (2.3)

and, for all 0 < 0 < 1,
w0221, < 2|y Va € Hy, (2.4)

where w > 0 is the constant given by (Hy,).
We now give the assumptions on the nonlinear term f.

(Hf): f:Ry x Hy — H for some 0 € [0,1] and

(a) for all x € Hy, t — f(t,x) is Lebesque measurable on [0, 00 [;
(b) there exists a function L : Ry x Ry — Ry, with

{r — L(t,r) nondecreasing for a.e. t >0 (2.5)
t — L(t,r) locally square-summable for all r > 0,
such that, for every r >0 and a.e. t > 0,
|f(t,z)| < L(t,r) (2.6)
and
|f(t.2) = f(t,y)| < Lt,r)|z — ylo (2.7)

for all x,y € Hy with |x|g,|ylo < r.
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Remark 2.1. Observe that, for a.e. t > 0 and every r > 0, (2.7) yields
(ft,2) = f(t.y),z —y) |f(t,2) = f(t,9)] |2yl
L(t,r) |z — ylolz — y| (2.8)

for all x,y € Hy with |z|g, lylg < r. Consequently, for every e > 0, every
r 2 0, and every x,y as above we have that

<
<

2
(F(t2) = Ft.y)e —y) < Sla—yls + L(tzer)

Typical examples of partial differential equations which can be recast
in the form (2.1), with A and f satisfying assumptions (H,) and (Hy)
respectively, are semilinear parabolic equations.

e —yl% (2.9)

Example 2.2. Let O ¢ R” (n > 3) ™ be a bounded domain with boundary
of class C2. Consider the semilinear initial-boundary value problem

9X = AX + F(t,¢,X) in ]0,00[x0
X=0 on |0, co[x 00 (2.10)
X(0,8) = xo(&) €€ 0ae.
where F': Ry x O x R — R is such that
{U = F(t,€,0) is of class C1(R) for a.e. (¢,&) € Ry x O, (2.11)
(t,€) — F(t,&,v) is Lebesgue measurable for all v € R,

and satisfies, for some given
pe (LS| voe L2 R L2(0), and g € L, (Ry3 L(0)), (2.12)
the growth conditions
|F'(t, & v)| < Co(po(t,€) + |v]P) (2.13)
o (k6| < Ci(erlt.0) +lop™) (214)

for a.e. (t,€) € Ry x O, every v € R, and some constants Cy, C; > 0.

We will now show that the above problem can be recast as an evolution
equation like (2.1), for some operator A and nonlinear map f satisfying
assumptions (H4) and (Hj), respectively. In the Hilbert space H = L%(0),
with norm

1
ol = ([ latoPde)"  voe L),
0
define the linear operator A by

{D(A) = H2(0) N H}(0)

2.15
Az = Ax Vo € D(A). (2.15)

(DWe assume n > 3 for simplicity. The analysis of this example is even simpler for
n=1,2.
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It is well known that A satisfies (H4) and Hy = H}(0O). Moreover, in view
of Poincaré’s inequality

/ 2(6)[2de < C2 / Va©)Pde  Vre HYO),  (216)
O O

an equivalent norm in H; is the following

1
ol = ([ IVat@)Pae)* v e i (0),
with the associated scalar product

(51 = /o V() V() de  Va,y € H(O).

Moreover, appealing to the Sobolev embedding theorem, we have that

HHO) € LP(0) Wpe [1, n2f2}

([ w@rac)” < oo [ 1vsorie) veemo. @

Therefore, (2.11), (2.13), and (2.17) ensure that the map f: Ry x H; — H,
defined by

f(t,z)(€) =F(t,§,x(¢)) VY(t,z) € Ry x Hy, £€0 ae, (2.18)
satisfies (H¢)-(a), (2.5), and (2.6). Moreover, by (2.14) we have that
(ta) = 1) = [ [P(6.29) = F(tcue) o

<c / o1(1,6)7 + (Jale >|+|y<5>|)2<P‘”} [2(6) — y(©) e

2 on n—2
<C’/ O™ + (|z] + nP=D] geln /x— n=zdet "
{ [ @+ (el + )™V ag}™{ [ o= o] e
which gives (2.7). So, f satisfies (Hy) with # = 1 (see also [10, Example 3.6]).

As we show next, the abstract model (2.1) also allows to treat equations
with nonlocal terms.

Example 2.3. In O C R" as in the above example, consider the initial-
boundary value problem for the heat operator with a nonlocal source term

— AX + (fo |VX|2d§)X in 10, 00[x0
X=0 on 10, 0o[x 9O (2.19)
X(0,8) = xo(&) £e0aee.
In the Hilbert space H = L%(0O), define A as in (2.15) and take
F(t2)(€) = P ale)  V(tz) €Ry x HY(O), £€ O ace.
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Then, one immediately has that f satisfies (Hf)-(a), (2.5), and (2.6) with
6 = 1. We proceed to check that (2.7) also holds true. Fix R > 0 and let
z,y € H}(O) be such that |z|1, |y|1 < R. Then, by (2.16),
| (tx) = fty)| = [lz[f e —[y[Ty]

< lelte =yl + lylllelt - 1yl

< Rz —y|+2CoR* |z —y|y
which yields (2.7) with L(t, R) = 3Cy R2. O
2.2. Well-posedness. In this section, we discuss well-posedness for prob-

lem (2.1). These results will be needed in the next sections. Let us consider
the linear problem

X(0) = 2o, (2.20)

where g € L1(0,T; H) and 29 € H. We recall that X € C([0,T); H) given
by

{X’(t) = AX(t) 4 g(t), t€]o,T]

t
X(t) = ey + / =) g(s)ds YVt e[0,T] (2.21)
0

is called the mild solution of (2.20). For more regular data, such a solution
has additional regularity properties, some of which are summarized below.

Proposition 2.4. Let xg € H. If g € L?(0,T; H) then X, given by (2.21),
satisfies the equation in (2.20) for a.e. t € [0,T]. If, in addition, xo € Hp
for some 6 € [0,1], then

X € C([0,T); Hy). (2.22)
Furthermore, for 86 =1 we have that
X € HY(0,T; H) N L*(0,T; D(A)). (2.23)

Proof. We begin by observing that property (2.23) is the well-known maxi-
mal L%-regularity of the solution of (2.20), which holds true in Hilbert spaces
and in suitable classes of Banach spaces (see, for instance, [3]). This maxi-
mal regularity result also ensures that X satisfies the equation in (2.20) for
a.e. t €[0,7T).

At this point, we note that the above applies, in particular, to the mild
solution

G(t) = / t e=94g(s)ds vVt e[0,T]
0
of (2.20) with z¢p = 0. So, G satisfies
G'(t) = AG(t) + g(t) (t €]0,T] a.e.) (2.24)

and, since H'(0,T; H) N L?(0,T; D(A)) C C([0,T); Hy), we also have that
G € C([0,T]; Hy). Consequently, G € C([0,T]; Hy) by (2.4).
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Next, for any 2o € H by (2.21) we have that X (t) = e!4zo 4+ G(t), where

% etAxg exists and equals AetAzg for every t > 0. This fact and (2.24) imply

that X satisfies the equation in (2.20) for a.e. t € [0,T].
Finally, (2.22) holds true if 9 € Hp: indeed

ts (A2t Ay = etA(—A) 22y (t > 0)
is continuous and G € C([0,T]; H1). Inequality (2.4) ends the proof. O

We now turn to the nonlinear problem (2.1) under assumptions (H4), (Hy).
Let (to, .CC[)) € Ry x Hp.

Definition 2.5. A mild solution of (2.1) on the time interval [to,T] is a
vector-valued function X € C([to,T); Hp) such that

t
X(t) = el 704z 4+ / et=4f (s, X (s))ds Ve to,T].  (2.25)
to

Notice that, for X € C([to,T]; Hg), the function g(s) = f(s, X(s)) be-
longs to L2(0,T; H) by (2.6). So, the integral in (2.25) makes sense.
Our next result establishes the local well-posedness of problem (2.1).

Proposition 2.6. Assume (H4) and (Hy). Then, for any T, R > 0 there
exists T = 7(T, R) > 0 such that, for every (to,x0) € Ry x Hp with to < T
and |zolg < R, system (2.1) has a unique mild solution on [ty,to+ 7). Such
a solution satisfies equation (2.1) for a.e. t € [ty,to+ 7| as well as the bound

| X (t)]o < 2R Yt € [to, to + 7]. (2.26)
Moreover, there exists a function £ : Ry x Ry — Ry, with
r— L(t,r) nondecreasing for a.e. t =0
{t — L(t,r) locally summable for all r > 0,
such that, for any yo € Hy with |yolg < R, the corresponding solution Y of
(2.1) with initial condition yo satisfies
X (1) — V(£)] < o ORI 100 ol it € [to, to + 7. (2.27)
and
X () = Y (£)lg < o R 00 _uile Vit € [to, to + 7). (2.28)
Furthermore, for 8 = 1 we have that
X € H'(to, to + 7 H) N L%(to, to + 7; D(A)). (2.29)

Proof. Let T and R be fixed positive numbers. The existence and uniqueness
of the mild solution to (2.1)—as well as estimate (2.26)—can be obtained
by a standard fixed-point argument for the map & : X, — X defined by

O(X)(t) = et Az, 4 /t e f (s, X (s))ds (X € Xy, t € [to, to +7]),

to
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where 0 < 7 < T — ty has to be properly chosen and

Xr = {X € C([to,to+7); Hg) = sup |X(¢t)|p < 2R}.
to<t<to+7
Once the mild solution X of (2.1), satisfying (2.26), has been constructed,
one can appeal to Proposition 2.4 with
g(t) = f(t. X (1)) (t€ [to.to+ 7)),
which belongs to L2(tg,to + 7; D(A)), to deduce the fact that
X'(t)=AX(t)+ f(t. X (1))

for a.e. t € [to,,to+7|. For 8 =1, (2.29) follows from the same proposition.
We now proceed to justify (2.27) and (2.28). Let Y be the mild solution
of (2.1) with any initial condition yo € Hy such that |ypls < R. Then,

(X-Y)t)=AX-Y)t)+ f(t, X)) — f(t,Y(t)) (t€ [to,to+T] ae.)

So, taking the scalar product of both sides of the above identity by X — Y,
in view of (2.9) with € = 2w!'~% and (2.4) we obtain

—— X -Y)? (2.30)

L(t,2R)?

< X -YRHWTIX Y+ S

X - Y
L(t,2R)?

A Qo190
Thus, (2.27) follows by Gronwall’s lemma with £(t, R) = %@2.

Estimate (2.28) can be deduced in a similar way. This time, taking the
scalar product with (—A)?(X —Y) and recalling (2.7), we have that

1d
2 dt
= X =Yl + /(6 X) = f(£Y),(4)" (X —Y))
< X = YT+ L(t,2R)[X — Yo |X — Y.
Thus, instead of (2.30) we obtain

X - Y%

X -YI3

1d

2 IX—Y? 2.31

S SIX =Y (231)
L(t,2R)?

< X VPRt X — ¥R+ HE2DT e yp

410
Since (2.4) yields

WX Y = W (-A)(X - Y)P
< EAPX =Y =X =Y,

we derive (2.28) by Gronwall’s lemma, with the same function ¢ as above. [J
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Once the existence and uniqueness of the local mild solution has been
proved, one constructs the mazimal solution of problem (2.1), X(-;to, zo),
which exists on the maximal interval [tg, T'(to, xo)| defined as follows:

T(to, o) =sup{T >ty : IX(-) mild solution of (2.1) on [to,T]}. (2.32)

Then, for any fixed T € [tg, T(to, zo)[, thanks to the uniqueness property of
Proposition 2.6 one has that X (¢;t9,xz0) = X (t) for all ¢t € [to, T] where X
is the mild solution of (2.1) on [tg, T]. Moreover, X (-;to, o) satisfies (2.29),
(2.27), and (2.28) on all compact subintervals of [to, T'(to, zo)|.

2.3. Control systems. We now want to extend the above well-posedness
result to the semilinear control system

{X’(t) = AX()+ f(t X(1),ult), ult)eU

X(to) = o, (2.33)

where u : [tg, 00[— U is Lebesgue measurable and U is a complete separable
metric space. This goal is obtained at essentially no cost, because in the
previous section f has been assumed to be measurable in time. We just
need to adapt assumption (Hy) to control systems, as we do next.

(Hf): f Ry x Hp x U — H for some 0 € [0,1] and satisfies the
following:

(a) for all (x,u) € Hy x U, the map t — f(t,x,u) is Lebsesgue

measurable on Ry ;
(b) for a.e. t >0, the map (x,u) — f(t,x,u) is continuous;
(c) fult,x) = f(t,x,u) satisfies (Hy) uniformly in u € U.
Directly from Proposition 2.6 we deduce the well-posedness of (2.33) for any
(to, o) € Ry x Hy and any measurable control u : [ty,co[— U. We denote

by X (+;tg, o, u) the maximal solution of such a problem.
As is well-known, X (; g, 2o, u) is global under an additional assumption.

Proposition 2.7. Assume (Hya), (H}), and suppose there exists a nonneg-
ative function ¢ € L? (R.) such that

loc
| f(t,z,u)| < c(t)(1+ |z]p) V€ Hy, (2.34)

for a.e. t > 0 and every uw € U. Then, for any (to,z9) € Ry x Hy, the
mazximal solution of (2.33) is global, that is, T (tg,z9) = oo and for every
T > tg there exists a constant C > 0 such that

‘X(t;to,ﬂ?o,U)’g < CT(l + ‘l’o’g) Vit € [to,T]. (235)
Proof. Fix any (tg, o) € Ry x Hp and let T' €]tg, T'(to, xo)[. Since

X'(t) = AX(t) + f(t, X (1), u(t)) (t€ [to,T] ae.),
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where X (-) = X(+;to,x0,u), taking the scalar product of both sides of the
above identity by (—A)?X and arguing as in the proof of (2.31) we obtain

c(t)?

%% XOR < —IXOR+o " IXOB+ i (1+ X (1)lg)’
c 2
= 4(.5?9 (1 + \X(t)|g)2 (t € [to, T] ae.)

Then, by Gronwall’s lemma we conclude that
‘X(t)|9 < CT(l + ]:1:0\9) vVt € [to,T}

for some constant C > 0. This implies that the maximal solution of (2.33)
is global and satisfies (2.35). O

Next, we state a Scorza-Dragoni type theorem that can be easily deduced
from [4, Theorem 1].

Theorem 2.8. LetT > 0, Y and Z be separable metric spaces and consider
a Carathéodory map F : [0, T| xY — Z. Then, for any € > 0 there exists a
compact set T C [0,T] with £1([0,T]\T:) < & such that the restriction of F
to T XY 1is continuous.

Recall that F': [0,T] x Y — Z is called a Carathéodory map if

t— F(t,y) is Lebesgue measurable for all y € Y,
y — F(t,y) is continuous for a.e. t € [0,T].

From the above theorem we deduce the very useful result below.

Proposition 2.9. Under assumptions (Ha) and (H}) there exists a set
N C Ry, of Lebesgue measure zero, such that for every

(to, o, uo) € (Ry \N) x Hyg x U,

the mazimal solution X (-) = X(-;to,z0,up) of (2.33), with the constant
control u(-) = ug, satisfies

to+h
Jm /to eANOTh=2) (5, X (5), u0)ds = f(to, z0, uo)-
Proof. Having fixed any T > 0, we will construct a set (of full measure)
Mp C [0,7] such that the conclusion holds on My x Hy x U. Then, to
obtain our result, it suffices to consider the union, say M, of such sets for a
sequence T; 1 oo and take N =R \ M.
Define
e=-, T=[0,T], Y=HyxU, Z=H.
i

Let M; := Ty; be as in Theorem 2.8 and set L;(-) = L(,j) for all j > 1,
where the latter is the function in (H})-(b). Consider the subset M; C M; of
all points which are both Lebesgue density point for M; and Lebesgue points
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for Ljxjo,m\m, and L; for every integer j > 1. Then £1(M;) = £1(M;). Set

Mp = U;j>1M;. Then My is of full measure in [0, 7.

Fix any (to, xo,uo) € My x Hgx U and consider the solution X (-) of (2.33)
with u(-) = up defined on some interval [to,tp + J], where 6 > 0. Setting
R := maxcy, 1,10] | X (5)]g, for any integer j > R we have that

to+h
[ e 5, X ), 0) = 0,00

to

to+h
< / Lj(s)|X(s) — xo|ods.

to
Furthermore,
1 to+h 1 to+h
- L:(8)| X (s) —xglpds < max |X(s)— xzglp — L:(s)ds.
B ) < rolads < _max 1K) <ol [ Lt
Hence
1 to+h
hlir& 7 /to eltoth—s)4 [f(s,X(s), up) — f(s,:co,uo)]ds =0.
Let 7 > 1 be such that tg € JV[Z Then for all j > 1
1 to+h
lim — L; (s)ds =
h—1>I(I)1+h/tO 3 ()Xo, (8)ds = 0
and therefore
1 to+h
hl—i}ng h/t e(t0+h_8)Af(S> Zo, uO)ds
0
= lim etoth=s)4 (s 20, ug)ds.

h=0+ J[to,to+R)NM;
By the continuity of f(-,zg,up) on [to,to + h] N M;, we have that

1
lim / e(t°+h*S)Af S, X0, Up)ds
h—0+ h [to,to+h]NM; ( )
1
= lim / e(t0+h75)‘4f to, To, ug)ds
h—0+ h [to,to+R]NM; ( )

1
= lim / f(to, zo,up)ds.
h—0+ h [to,to+h]NM; ( )

Next, notice that

1 1
ﬁ / f(t(), o, uo)ds = E Ll([to, to + h] N Mz) f(t(), o, ’LL(])
[to,to-ﬁ-h]ﬁj\’[i
which implies, by the choice of ¢y and i, that
1

im - f(to, w0, uo)ds = f(to, o, uo)-
h—)0+ h [to,to+h]ﬂM¢ ’ ’
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Hence, we deduce that

completing the proof. ([l

We would like to underline the importance of Proposition 2.9, which lies in

the fact that the negligible set N is independent of the choice of x¢ and wyg.
By recalling (2.25) and appealing to Proposition 2.9 in the special case of

f(t,z,u) = f(t,x), one deduces the following differentiability result.

Corollary 2.10. Under assumptions (H4) and (Hy) there exists N C [0, oo,
of Lebesque measure zero, such that for every (to,zo) € (Ry \ N) x D(A)
the mazimal solution X (-;tg,zo) of problem (2.1) is differentiable at ty and

d
7 X (tito, 20)),y, = Azo + f(to, 20). (2.36)

3. INVARIANCE

In all the results of this section, we assume without further notice that:

e (H,) and (Hy) are satisfied, and
e K C H is a nonempty closed set.

We denote by 6 € [0, 1] the number given by (Hy). We know that, for any
(to, o) € Ry x Hp, problem (2.1) has a unique solution X (-;?,zo) and we
denote by [to, T'(to, zo)[ its interval of existence.

We begin by defining invariance under (2.1).

Definition 3.1. We say that K N Hy is invariant under (2.1) if, for all
to = 0 and xo € K N Hy, we have that

X(t;to,z0) € KN Hy Vte [ty, T(to, z)].
Denote by dg (z) the distance of z from K, that is,

di(z) = ylél[f(‘l’ —y|l, VzeH. (3.1)

We recall that dg is Lipschitz continuous (with constant 1) on H and the
lower Dini derivative of dx at x € H in the direction v € H is given by

_ e di (4 W) —di ()
D dK(x)v—hrilﬁ)nf 3 .

For any § > 0 we set

Ks={z e H\K : dg(z) <é}. (3.2)
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3.1. Sufficient Conditions for Invariance. We first provide sufficient
conditions for the invariance of K, which apply to rather general settings.

Theorem 3.2. Suppose there exists a set T C Ry, of Lebesque measure zero,
and a number § > 0 such that, for allt € Ry \ T and all x € D(A) N K,

D™ dg(z) (Az + f(t, ) < C(t, |x]p) di (2), (3-3)
where C': Ry x Ry — Ry satisfies

(3.4)

r— C(t,r) nondecreasing for a.e. t >0
t— C(t,r) locally summable for all r > 0.

Then K N Hy is invariant under (2.1).

Proof. Fix any (tg,x0) € Ry x (K N Hp) and denote by X (-) the maximal
solution X (+;tp, o) of (2.1). Let us argue by contradiction assuming there
is T €]to, T'(to, xo)[ such that X(T') ¢ K. Set

t=max{t € [to,T] : X(t)e K} and z=X({).

We will show that ¢ = T, which contradicts the assumption X (7T') ¢ K.
Suppose t < T and observe that

Xt ¢K Vel T) (3.5)

In light of Proposition 2.6, there exists 7" €]t, T] such that | X (t)]g < 2|Z|g
for every ¢ € [t,T’] and equation (2.1) holds true for a.e. t € [¢,7"]. Denote
by F the set, of full measure in [t,T”], of all times ¢ such that condition (3.3)
is fulfilled for all z € D(A) N K;s. Define

E={tet,T] : X'(t)=AX®t)+ f(t. X (1))}
Owing to (3.3), for all t € EN F \ {¢} we have that
D7dg (X (1) (AX(t) + f(t, X (1)) < O, 2[]p) dr (X (2))- (3.6)
Now, since dg is Lipschitz, the function
$(t) =di (X(t))  (te[t.T)

is absolutely continuous, hence differentiable on a set D of full measure in
[t,T']. Then, in view of (3.6), for allt € DN ENF \ {¢,7'} we have that

#(#) = lim %[d}( (X(t 4+ h)) — i (X(0))]

= tim 3 {dic (X () + BLAX() + £ X(0)]) — die (X(0)}

< O, 2[z]p) o).

Since D N E'N F has full measure in [t,7"] and ¢(¢) = 0, Gronwall’s lemma
ensures that ¢(t) =0, or X(¢) € K for all ¢ € [t,T’], in contrast with (3.5).
So, t = T, as claimed, and we have reached the announced contradiction. [J
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When K has further geometric properties, the above sufficient condition
can be given in different forms that are easier to handle in specific situations.
For any x € H we denote by Il (z) the set of projections of x onto K, that is,
the (possibly empty) subset of K at which the infimum in (3.1) is attained.
We recall that K is said to be proximally smooth, if g (x) is a singleton
for all z € K5 and some § > 0 or, equivalently, if dj is continuously Frechét
differentiable on K. In this case, we have that

x — g (x)

Consequently, if K is proximally smooth, then
D dg(z)v = (Ddg(x),v) Vo € Ks, Vv € H.
So, Theorem 3.2 yields the following.

Corollary 3.3. Let K be proximally smooth and fix any § > 0 such that
IIx is single-valued on Ks. Furthermore, suppose that, for a.e. t € Ry and
every x € D(A) N K,

(@ —g(2), Az + f(t,2)) < C(t, |z]o) dk (@), (3.7)

where C' : Ry x Ry — Ry satisfies (3.4).
Then K N Hy is invariant under (2.1).

In our next result, we propose a condition that needs to be satisfied only
at boundary points. For any x € K we denote by N f;(ac) the proximal
normal cone to K at x. We recall that a vector p € H belongs to NZ(z) if
and only if, for some A > 0, we have that

Ip|

N ly—z> VyeK. (3.8)

(p,y —x) <

Observe that 0 € NE(z) for all z € K. Whenever (3.8) holds for some
p # 0, we say that p is realized by a ball of radius A. Indeed, in this case,
one has that By(z + Ap/|p|) C H \ K.

Theorem 3.4. Let K be proximally smooth and fix any 6 > 0 such that g
is single-valued on Ks. Suppose Ik (D(A) N Ks) C D(A) and

(p, Az + f(t,z)) <0 Vpe NE(z)nD(A), (3.9)

for a.e. t € Ry and every x € 0K N D(A).
Then K N Hy is invariant under (2.1).

Proof. Let x € D(A)NK; and set T = Ik (z). Since z —z € NZ(z)ND(A),
(3.9) yields (x — 7, AT + f(t,7)) < 0 for a.e. ¢t € Ry. Recalling (2.4), by
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(2.9) with € = 2w' % we then obtain
(z -7, Az + f(t,2))
= <1’ _§7AT+ f(t7f)> + <$ —T,A(HT _f)> + <1’ —f,f(t,flﬁ) - f(t7f)>
_ o o L(tM(zle)®
< —lr—z[i+w P —7F+ W| — 7/
L(t, M(|z9))”
Hence (3.7) is satisfied. So, K'N Hy is invariant in view iof Corollary 3.3. O

Example 3.5. In the Hilbert space H = L?(0), consider the closed convex
cone

HYt={zeH : 2(§) >0, £€0ae.}.
Denoting by z+ and x~ the positive and negative parts of x € H, respec-
tively, we have that any x € H can be represented as x = ™ — 2. So,
t and dyi(z)=|z"| VzeH.

Consequently, HT is proximally smooth and we can study its invariance
under the flow associated with (2.10) using Corollary 3.3.

Suppose assumptions (2.11), (2.12), (2.13), and (2.14) are satisfied with
vo = 0 and define A and f as in (2.15) and (2.18), respectively. Then,
appealing to Corollary 3.3 we conclude that (3.7) is a sufficient condition
for the invariance of H* N Hy under (2.10). In order to check (3.7), observe
that, for all z € D(A)\ H", integrating by parts we have that

(x — Mg+ (x), Az + f(t,x)) (3.10)
= - [ ©(8a() + Fte.2()) de
O
- / IV (€)2de — / r(E)F (1,6, 2 (€))de
O O

because 1 and z~ vanish on the intersection of their supports. Now, use
(2.13) (with ¢ = 0) and the Sobolev inequality (2.17) to derive

- / v (E)F (€~ (€))de < Co / ()] [~ (&) P
O O

HH+ (l’) =X

< ColaI( [ I ©Pde)” < Cocay(0) la

C3Co% () | op-1), _

L R

Finally, combine the last inequality with (3.10), to obtain (3.7) with

_ C3C3p(0) 2(0-1)
4

thus yielding the claimed invariance of H N Hj. O

< xR+

C(t,r) (t,r > 0),
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Since, in the above example, H* is invariant under the semigroup e‘4, the
conclusion could be interpreted saying that invariance is preserved for a
perturbation F' which satisfies (2.13) and (2.14) with ¢¢ = 0.

Remark 3.6. The analysis of Example 3.5 shows that, without assuming
©o =0 in (2.13), a sufficient condition for the invariance of H* N H; under
(2.10) is that, for a.e. (t,£) € Ry x O,

F(t,&,v) = Cv Yo <0 (3.11)

for some constant C' > 0.

3.2. Necessary Conditions for Invariance. In this section, we show that
the above sufficient conditions become also necessary for the invariance of
K N Hg under a further assumption, (H),), which connects D(A) with K.

Theorem 3.7. Suppose there exists a number p > 0 and a nondecreasing
function M : Ry — Ry, satisfying M (s) > s for all s € Ry, such that:

(Hp) for all x € D(A)N K, and all h > 0 one can find x, € K N Hy with
|z — 2| <dg(z)+h and |zple < M(|z|g).

If K N Hy is invariant under (2.1), then there exists a set T C Ry, of
Lebesgue measure zero, and a function C : Ry x Ry — Ry satisfying (3.4)
such that (3.3) holds true for allt € R\ T and all x € D(A) N K,,.

Proof. Let ¢ be the function given by Proposition 2.6 and observe that
0t,r) <L(t,|r]) forae. teRy, VreRy. (3.12)

For every integer n > 1, denote by P,, the set of Lebesgue points of the
function £(-,n) and set Q,, = R, \ P, and Q = U;,>1Q,,. Since P,, is a set of
full measure, Q,, is a negligible set and so is Q. Then, T := NUQ,, where N
is given by Proposition 2.9, is negligible too.

Suppose K N Hy is invariant under (2.1). Fix tg € R4\ T, 29 € D(A)NK,,
and h > 0. Invoke assumption (H,) to construct z;, € K N Hy such that

|zp, — xo| < (14 h2)dK(a:0) and |zplo < M(|zolg). (3.13)

Owing to Proposition 2.6 the maximal solutions X(-) := X(-;to,z0) and
Xp() := X(:5to,xp) of (2.1) are defined on some common interval [tg, 7],
on which they satisfy (2.26). Since X (to+h) € KNHy for all h € [0,T — 1]
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because we assume invariance, by (2.27), (3.13), and (3.12) we get

L (X0 + ) — dic(z)

—~

dg (X (to + h)) — dr(Xn(to + h)) — dr ()]

]x—xﬂ)
1+ h?

—

< | X (to+ h)) — Xn(to+ h)| —

to+h 1
el ™" oM lads _ - h2) & — ]
1

to+h
<e v (s, [ M (|zole) s _ — h2) & — ]
for all 0 < h < T — t9. Hence, again by (3.13), we obtain

- [dr (X (to + 1)) — dx ()] (3.14)

h
Y0 0, M (|z0l0) ] )ds
elto ’ —1 h
< 1+ h?
( - + 1+h2)( + h2)dg ()

forall 0 < h < T —ty. Since dg is Lipschitz and, in view of the choice of ¢y,
X satisfies (2.36), D™ dg (zo)(Az + f(to,x0)) coincides with the lower limit
as h | 0 of the left side of (3.14). Moreover,

. 1 to+h
lim / ((s, [ M (1zolg)])ds = £(to, [ M (zols)])

/N N

<

Sl Sl s e

<

because tg is a Lebesgue point of £(-, [r]) for any r > 0. We have thus
obtained (3.3) with C(t,r) = ¢(-, | M(r)]). O
Remark 3.8. Whenever assumption (H,) of Theorem 3.7 is satisfied, con-
dition (3.3) is necessary and sufficient for the invariance of K N Hy.

Theorems 3.7 and 3.2 yield the following.

Corollary 3.9. Assume that:
(a) K is prozimally smooth and let § > 0 be such that Il is single-valued
on Kgs;
(b) Ik (D(A) N Ks) C Hy and
g (z)|lg < M(|zlp) VYae D(A)N K. (3.15)
where M : Ry — Ry is nondecreasing and M(s) > s for all s € R..
Then K N Hy is invariant under (2.1) if and only if there exists a function

C : Ry xRy — Ry, satisfying (3.4), such that (3.7) holds true for a.e.
t € Ry and every x € D(A) N K.

Finally, we show the necessity of condition (3.9) for boundary points.

Theorem 3.10. In addition to assumptions (a) and (b) of Corollary 3.9,
suppose that I (D(A)NKs) C D(A). Then KNHy is invariant under (2.1)
if and only if (3.9) holds true for a.e. t € Ry and every x € 0K N D(A).
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Proof. Sufficiency follows from Theorem 3.4. In order to prove necessity,
observe that if K N Hy is invariant under (2.1), then (3.7) holds true by
Corollary 3.9. Let z € K N D(A) and p € NE(z) N D(A). Then =) :=
x4+ Ap € D(A)\ K and g (xy) = x for A > 0 sufficiently small. Thus (3.7)
yields

<x)\ -, Al'/\ + f(t7x)\>> < C(tv ‘$|9) AQ’p‘Q
for a.e. t € Ry and every x € 0K N D(A). So, dividing by A,

(p, Az + Xp + f(t,2))) < C(t, |z]g) Ap[*.
Passing to the limit as A | 0 we obtain (3.9). O

If, in Example 3.5, we have used the sufficient condition given by Corol-

lary 3.3 to obtain invariance, the fact that (3.7) is also a necessary condition

for invariance (Corollary 3.9) can help to reconstruct structural properties
of the data from the behaviour of solutions, as we show in our next example.

Example 3.11. With the notation of Example 3.5, let us study the in-
variance of the closed convex cone H' under the flow associated with the
semilinear initial-boundary value problem

9X = AX + F(X) in ]0,00[x0

%—f =0 on |0, co[x00 (3.16)
X(0,8) = zo(§) £€0ae

Here, F € C'(R) is supposed to satisfy assumptions (2.13) and (2.14) with
o =1 = 1. Defining

{D(A) = {z e H*(0) : 9|50 =0}

3.17
Az = Az —x Vz € D(A) (8.17)

we have that (Hga) is satisfied and H; = H'(O). Moreover,
f(@)(€) =2(&) + F(z(§)) Vo eHy, €0 ae. (3.18)

satisfies in turn hypothesis (Hy). Furthermore, assumptions (a) and (b) of
Corollary 3.9 hold true with 6 = oco. So, we have that (3.7) is necessary
(and sufficient) for the invariance of H* N H; under (3.16). By the same
computations as in Example 3.5, one has that (3.7) can be rewritten as

_ x~ — < T~ 2 T iL'_2
/O ) F( (5>)d5</o|v ()2de + |1>/o| 2de

for all z € D(A)\ HT. Now, restricting the above inequality to the constant
functions z(¢) = v < 0 gives vF(v) < C(0)v2. Thus, we deduce that, if
H* N Hy is invariant under (3.16), then, for some constant C' > 0,

F(v) > Cv Yv<0. (3.19)

Moreover, recalling Remark 3.6, we conclude that (3.19) is a necessary and
sufficient condition for the invariance of H™ N Hj. O
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3.3. The case of § = 1. In this section we show that, when (Hy) is satisfied
with 8 = 1, the invariance of D(A) under IIx can be dropped from the
assumptions of Theorem 3.10. We begin by adapting Corollary 3.9.

Proposition 3.12. Assume that:

(a) K is prozimally smooth and let § > 0 be such that Il is single-valued
on Kgs;
(b1) HK(H1 N K(;) C Hy, Il : Hi N K5 — Hyp is continuous, and

|HK(1‘)’1 < M(|l’|1) Ve € Hi N K, (3.20)

where M : Ry — Ry is nondecreasing and M(s) > s for all s € Ry.

Then K N Hy is invariant under (2.1) if and only if there exists a function
C: Ry xRy — Ry, satisfying (3.4), such that

(@ =Tk (), f(t,2)) = (—A)/*(z — Tk (2)), (A)*x))
< O(t, |ly) die (), (3.21)
for a.e. t € Ry and every x € Hy N Kj.

Proof. Sufficiency follows directly from Corollary 3.9 because (3.21) implies
(3.7) with # = 1. In order to prove necessity, fix any x € H; N K and let
xj = eIz for all integers j > 1. Then x; € D(A), |z;|1 < |z|; forall j > 1,
and x; — « in H; as j — oo. Therefore, x; € D(A) N K5 for j sufficiently
large and so, in view of (3.7), we have that for a.e. t € Ry
O(t,leh) dic () = C(t, |zjh) dic(25) > (a5 — Ui (x;), Az + f(t,25))
= (aj = T (2)), f(t,2))) — (—A) /(2 — Tk (7)), (—A)a))

where C': Ry x Ry — R, satisfies (3.4). By taking the limit as j — oo, one
recovers (3.21). O

We now turn to the analogue of Theorem 3.10.

Proposition 3.13. Let assumptions (a) and (b1) of Proposition 3.12 be
satisfied. Then K N Hy is invariant under (2.1) if and only if

(p, f(t, ) = (=A4)p, (=A)?2)) <O Vpe NR(x)NHy  (3.22)
for a.e. t € Ry and every x € Hy NOK.
We omit the proof of the above result that can be reconstructed from the
one of Theorem 3.10, by replacing Corollary 3.9 with Proposition 3.12.
4. LEVEL SET PRESERVING BILINEAR CONTROLS

In this section, we apply our invariance result to a class of nonlinear
parabolic equations that generalize the one considered in Example 2.3. In
order to motivate our analysis, we begin with a viability problem for the
heat equation under the action of a bilinear control.
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4.1. A bilinear viability problem. Let ¢ : R — R be a nonnegative
function of class C?(R) such that

(i) #(0)=¢'(0)=0
(i) 0<A<¢'(s) <Ay Vs€R (4.1)

for some constants A_, Ay > 0. Observe that, owing to the above assump-
tions, the following estimates are true:

% s2 > ¢(s) > % 5 Vs € R (4.2)
and
5@/ (s) = ¢(s) + —— s> > \_ s Vs € R. (4.3)
Moreover, (4.1) and (4.3) yield
M2 (s)]P < 2s® VseR. (4.4)

Let O C R” be a bounded domain with boundary of class C2. In view of
(4.2), for any c¢ > 0 the level set

Ag(c) = a: € L2(0 / ¢(2(€))dg = c} (4.5)

is nonempty and closed in the Hilbert space H = L*(0).

For a fixed ¢ > 0 and a given z¢ € Ag(c) N H(O) we seek a time 7' > 0
and a control g € L*(0,T") such that the solution, say X, of the initial-
boundary value problem

G (1,6) = AX(1,6) +9()X(1,6) (t>0,6€0)
X =0, on (0,00) x 90 (4.6)
X(0,8) = zo(8), £eO.
satisfies
Xy(t,-) € Ay(c) Vit € [0,T].
Now, let g € L*°(0,T') be any control with such a property. Since

¢ 9 d¢ = <z> 4)dE =0,
dt

multiplying the equation in (4.6) by ¢’ (Xg) and integrating by parts we find
that g = G(X,) where

Jo ¢ (z !VJ«"( )|?d¢
G(x) = ofo ©)d

Notice that the denominator in the above quotient is strictly positive in view
of (4.3) and the fact that x # 0.

Vo € H}(0)\ {0}. (4.7)
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4.2. Invariance of level sets. We now show how to apply the abstract re-
sults of this paper to study the invariance of all level sets A, (c)VHE(O), with
¢ > 0, under the flow associated with the initial-boundary value problem

9X = AX +G(X)X in (0,00) x O
X=0 on (0,00) x 90 (4.8)
X(O,f) :x(](g), 56 0

where G is given by (4.7). For this purpose, we recast the problem in
abstract form as in Example 2.3, defining operator A as in (2.15). In this
case, it is well-known that H; = HZ(O) and we define f : H; — H by

{G(w) z(§) Vo € Hy(0)\ {0}

f(@)(€) = (€0 ae)

0 ifz=0

Then, one can check that f satisfies assumption (Hy)-(b) with 6 = 1. So,
for any z¢ € Hy, problem (4.8) has a unique maximal solution.
Now, applying Proposition 3.13 we obtain the following.

Proposition 4.1. Assume (4.1). Then, for any ¢ > 0, the set Ay(c) N Hy
is invariant under (4.8).

Proof. Consider the functional ® : H — R defined by

= /Oqﬁ(x(ﬁ))df Vx € H.

Since ¢ € C%(R), we have that ® is Fréchet differentiable and
DO(z)(&) = ¢'(x(€)) Vz e H, £€0ae.
Moreover, ® € C11(H) because, by (4.1),
D®(z) — Do) < Ayl —y| Vay € H

Furthermore, for every x € Ay(c) with ¢ > 0, (4.4) and (4.3) ensure that

|D®(x /|¢ ))|de > )\2/|x )|2de

2 2
25 [ g (a(e)de = 22=°

A Jo At

This shows that D® satisfies the lower bound in (6.2) of Proposition 6.1
below. The upper bound in (6.2) follows by a similar argument. Indeed, by
(4.2) and (4.4) we have that

2)2 2)2
1Dz AZ/\ (©)de < +/¢ ))dé = Ajc.

Therefore, owing to Proposition 6.1 we conclude that Ag(c) is proximally
smooth for any ¢ > 0. So, condition (a) of Proposition 3.13 holds true for
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K = Ag(c). We now check that condition (b;) of the same proposition is
also satisfied. Still denoting Ay(c) by K, observe that

NE(z) c {uD®(x) : peR} VeeK. (4.9)

Suppose § > 0 is such that any point z € Ks admits a unique projection
onto K and call T such a projection. Then, for any x € H; N K5 we have
that * — 7 € NE(Z) and so, by (4.9),

dx ()
|De(z)|
Hence, Lemma 4.2 below guarantees that * € Hy; and Il : HiNKs — Hy is
continuous whenever § > 0 is sufficiently small. Furthermore, (3.20) follows
from (4.12).

Therefore, by Proposition 3.13 we conclude that condition (3.22) is nec-
essary and sufficient for the invariance of K N Hy. Since

r=T+upuD®(T) with |u|= (4.10)

(D®(2), G(z)z) — ((—A)*De(x), (~A)z)
_ Jo?' (= \Vfﬁlz dg
= )d \Y% -Vadf =
Crom i "0 @~ [ 6@ vadg=o
for all z € K N Hy, (3.22) is satisfied and K N H; is invariant. O

Lemma 4.2. Assume (4.1) and let i € R be such that |p| < 1/(2X4). Then,
for any x € H = L*(0O) the equation

(&) =) +pd (y(&) (£€0 ae.) (4.11)

has a unique solution y, € H. Moreover, y, € Hi if x € Hy, the map
U : Hy — H; defined by ¥(x) =y, is continuous, and

(W (2)]1 < Mlz|y (4.12)

for some constant M > 0 depending only on ¢ and O.

Proof. Define ¢ : R — R by ¢(s) = s+ug¢/(s) for all s € R. Observe that v is
of class C?(R) and surjective. Since |u| < 1/(2A1), ¥/(s) = 1+ug”(s) > 1/2
for all s € R. Therefore, for all such p’s, 9 is invertible, 1»~! € C%(R), and
(¥~1)" is bounded independently of u. Consequently, for any = € H the
unique solution of (4.11) is given by y, = ¥ ~!(x), which belongs to H and,
for x € Hq, satisfies

Ve (€) = (7)) (2(€)) Va(§) (£ €0 ae)

Moreover, since both 1 and ¢~! vanish at zero, we have that y, has null
trace on 0O. This shows that y, € H; for x € H; and (4.12) holds true.

As for the continuity of the map x — ¥, in the Hy norm, fix any sequence
xj — x in Hy. Without loss of generality, we can assume that z; — x a.e.
in O. Then

Vi, = Ve = (071 (25) (Vo = Va) + (071 () = (™) (2)) Ve,
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where we realize that

lim (w_l)’(a:j)(Vz‘j —Vz)=0 in L*(O;R"),

j—00
because (1~ !)" is bounded and xj — x in Hy, and
lim (07 (@) = (67 (@) V2 =0 in LHO:R")
by the dominated convergence theorem. Therefore, y,; — y, in Hj. ([

Remark 4.3. We observe that an ad hoc computation can be used to prove
invariance under (4.8) for the level set Ag(c)NHy (¢ > 0). Indeed, it suffices
to check that the time derivative of ® along the maximal solution of (4.8)
vanishes for a. e. t. Nevertheless, the goal of this section is to illustrate
the interplay between our abstract conditions for invariance and the specific
features of a concrete example.

Example 4.4. Consider the heat equation with a nonlocal term we pre-
sented in Example 2.3. One can easily check that, taking ¢(s) = s2, such an
equation reduces to (4.8) provided that X (¢,-) € Ay(1). Therefore, Proposi-
tion 4.1 ensures that the unit sphere of L?(0) is invariant under the equation

0X

S (19 = AX(EO + ( /o VX(LE)PAE) X (1€  (t>0,6€0)
with homogeneous Dirichlet boundary conditions. The question remains
whether the maximal solution of the above equation, with initial condition
X(0,-) =z € Ag(1) N HE(0), is global (that is, T(0,29) = o) or not. We
return to this problem in the next section.

4.3. Maximal interval of existence. Finally, we apply the above invari-
ance results to give a lower bound for the maximal interval of existence of
the solution of (4.8). For simplicity, we suppose tp = 0 but the same result
can be obtained—Dby exactly the same reasoning—for any t3 > 0. Also, we
assume xg # 0 since, when xg = 0, the null solution is trivially global.

Theorem 4.5. Assume (4.1). Then, for any xo € Hi(0)\ {0} we have that

Co A

> A <A
T(0, 20) 2\ (Ay — AD)|mol? i (4.13)

where

¢ = /O b (w0(€)) de. (4.14)

Proof. First, observe that ¢y > 0 and, obviously, zo € Ag(co) N Hyi. There-
fore, abbreviating 7'(0, zg) to Ty, Theorem 4.1 ensures that

X(t,) € Aglco) Wt € [0,Tp (4.15)



26 P. CANNARSA, G. DA PRATO, AND H. FRANKOWSKA

where X denotes the maximal solution of (4.8). Fix any T € [0, Tp[, multiply
by X both sides of the equation in (4.8), and integrate by parts to obtain

2 _ 2
m/thg d = /|VXt§|d£+G /|th ¢ (4.16)

for all t € [0,7T]. Similarly, multiplying the equation by 2 W we have that

o< [ |Gl s=-55 [ mxcora
LG g g [ NP (@7)

By combining (4.16) and (4.17) we conclude that
d
G [ vxcora
<2G(X (1) |G(X(t, ) /O X (8 €)Pdg - /O VX €)Pdg]. (4.18)

Now, in view of (4.2), (4.3), and (4.15) we have the estimates

)\+fo\VXt§]2d§ A

. M 2
X< e = e [ [FX e

and

A VX(t,8)*d
L) [ Ixeori < ;fjb' e [ era

- 5 [Ivxeore

N

So, returning to (4.18) we obtain

d ) Ay
dt/OIVX(M)I d€<2g(——1 /]VXt§| dg)
for all t € [0,T]. Setting
- [ wxopas

we can recast the above inequality as E'(t) < kE?(t) with

Then, the comparison principle for ordlnary differential equation yields

E(t) < E(0)

S T t
—inBQ) '€ L

5w |
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This shows that the maximal solution of (4.8) is bounded in H}(0O) on every
interval [0, 7] such that
Ay /A
o F ( & _ 1) / Vzo(€)[2d€ < 1.
Co A 0]
Therefore, Ty satisfies (4.13). O

Example 4.6. We return to Example 2.3 with ¢(s) = s? and K = Ay(1).
Since Ay = A_, the maximal solution of (2.19) is global by Theorem 4.5. In
other terms, the flow associated with (2.19) preserves the L? energy: this
result was first observed in [5], where it was applied to study the convergence
of a family of singularly perturbed systems of nonlocal parabolic equations.

5. VIABILITY OF A SEMILINEAR CONTROL SYSTEM

Given a nonempty closed set K C H, we consider the semilinear control
system (2.33) under the state constraint X (s) € K (s > to).

We recall that K5(6 > 0) is defined in (3.2) and we list below the as-
sumptions that will be imposed in this section.

(H)) A : D(A) ¢ H — H satisfies (H4) and e is a compact linear
operator on H for all ¢ > 0.

(HY) f:Ry x HyxU — H satisfies assumptions (H}) for some 0 € [0,1],
with (2.6) replaced by (2.34) for some function ¢ € L? (Ry), and
f(t,x,U) is closed and convex for a.e. t > 0 and every x € Hy.

(H},) There exists p > 0 and a nondecreasing function M : R — R, such
that, for all z € K, N Hp and all h > 0, one can find z, € K N Hy

satisfying
|xp — 2] <dg(x)+h and |zple < M(|z|g).

Under assumptions (H}) and (HY), in light of Proposition 2.7, for every
initial condition (tg,xg) € Ry x Hy and control u : [ty,c0) — U, (2.33) has
a unique global solution X (-;tg, zo,u). Moreover, arguing exactly as in [6],
one can prove the following compactness result.

Lemma 5.1. Under assumptions (H)) and (HY), for all (to, o) € Ry x Hy
and all T >ty the set

Sie.r) (o) == {X(-;t0, 20, u) : w: [to,T] = U measurable}
is compact in C([to,T]; Hp).

The set K N Hy is called viable under the control system (2.33) if for every
initial condition (tg,z0) € Ry x (K N Hy) there exists a control function
w: [to,00) — U such that X (t;to, xo,u) € K N Hy for all ¢t > t.

In what follows, we provide sufficient conditions for the viability of K N Hy
in terms of Clarke’s derivative of dx which, for any point € H and any
direction v € H, is given by

: di(y + M) — di(y)
d%(z)v = limsup .
K( ) y—x, AL0 A
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Notice that, if K is proximally smooth, then for all x € H \ K, sufficiently
close to K, one has that

d%(z)v = (Ddg (z),v) Vv € H.
Theorem 5.2. Assume (H}), (Hf), and (Hg). Suppose that

MK CK Yt 0 (5.1)
and there exists a function C : Ry x Ry — RY, satisfying (3.4), such that
inf di(2) f(t,2,u) < C(t [2lo) dic (@) (5.2)
for a.e. t € Ry and every x € KsNHy. Then KN Hy is viable under (2.33).
Proof. Fix any ty € Ry, o € K N Hy.
Step 1. Define, for all ¢ > ¢,
R(t) := { X (t;to, xo,u) = X € Sy, q(x0) } ( C Ho),
g(t) :=inf {Jz; —y| : z € R(t), y€ K}.
Claim 1. For every t > to there exists x; € R(t) such that
9(t) = dr(z4). (5.3)

Indeed, it is clear that

t)= inf d .
o(t) = inf dx(2)

Consider y; € R(t) such that g(¢) = lim; o dx (yi). Since R(t) is compact
we may assume that the sequence y; converges to some x; € R(t). The
continuity of dx (-) yields (5.3). For t = to we take x4, = zo.

Claim 2. g is continuous.

Indeed, by our assumptions, this is obvious at ty. We first show that g is lower
semicontinuous on |tg, co[. Consider any ¢ > ¢, and a sequence t; converging
to t such that liminfs_,; g(s) = lim; oo g(¢;). For each i pick =4, € R(t;) such
that g(t;) = dx (z¢,). Fix T >t and let X; € Sy, 77(w0) be such that X;(t;) =
zy;. By Lemma 5.1, there exists a subsequence X;; converging uniformly to
some X € Sy, 71(zo). Therefore lim; o X, (t;;) = X(t) € R(t). From the
continuity of dg(-) we deduce that g(t) < dx (X (t)) = lim; 00 g(ts;)-

We show next that g is upper semicontinuous on |tg, 0o[. Fix any ¢ > g
and let 2y € R(t) be such that g(t) = di(x¢). For any fixed u € U consider
the solution X (-) = X (-;t, x4, u). It is not difficult to realize that for every
e > 0, there exists p > 0 such that for all h € [0, p],

| ™

|ehAxt — x| <

t+h
/ elth=9)4¢(s X (s),u)ds| <
¢

c
2’
Hence | X (t + h) — x| < € and therefore

gt +h) <dg(X(t+h)) < dg(z) +e.
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Consequently, g(+) is upper semicontinuous from the right at ¢. In order to
prove that g is upper semicontinuous from the left at ¢, let X € Sp, 4 (xo0)
be such that X (t) = z;. Then limy,_,o+ X(t —h) = X (¢). Since
gt —h) < dg(X(t—h)) < dg (@) + | X(E—h) =z = g(t) + | X[ = h) — 24,
we conclude that g is upper semicontinuous from the left at ¢.
Claim 3. ¢ =0.
Observe first that, for any yg € H\ K,

i 1

lim sup 7 (dK(ehAyo) — dK(y0)> <0. (5.4)

h—0+

Indeed, let yp ¢ K. Fix h > 0 and let y;, € K be such that

o — yn| < dx(yo) + h2.

Since et/ is contractive, we get |e"yg — e"yp| < |yo — ya|. Recalling that
ey, € K for all h > 0, we obtain

drc (" yo) —dic (yo) < | yo—e"yn| —dic (yo) < dre(yo) +h* —d (yo) = h2.

Dividing by h > 0 the above inequality and taking the limit yields (5.4).
Next, observe that, if the set {t > ¢, : ¢(t) > 0} is empty, then g = 0.
Otherwise, let

tA

t :=inf {t >t : og(t) > 0}.
Since g is continuous, g(t¥) = 0 and there exists € > 0 such that for any
t €]t,t+¢] with g(t) > 0 and z; as in (5.3), we have x; € Kj. Let t” €]t, t+¢]
be such that g(t”) > 0 and ¢ = sup{t € [t,¢"] : g(t) = 0}. Then, g > 0 on
¢',t"]. Fix T > ¢" and let M = [0, 7]\ N, with N as in Proposition 2.9. Pick
any t €], t"[NM such that (5.2) holds true, and let @ € U be such that

A% () f(t, w4, 1) < 20(t, |4lg)dic ().
Observe further that
|zelg < Cp(1 + |z0lg) VE e [, 1],

where C7 is the positive constant given by (2.35), to conclude that

B () f(t, 20, 1) < C()dge (). (5.5)
where we have set C(t) = 2C(t, Cp(1 + |zolg)). Then we have that
e 9+ R) —g(D)
Dyg(t) := hrlrlﬁ)nf A
dr(X(t+ h)) — dg (el d(eMay) —d
< limsup K(X(t+ 1) = di(ea) + lim sup k() K(xt).
hl0 h hl0 h

where X () = X (-;¢,x¢,u). On the other hand, by our assumptions and the
choice of t,

t+h
X(t+h) = ehAxt+/ =941 (s X (s),u)ds = e ay+hf(t,zy, u)+o(h)
t
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and limy,_,o4 " x; = X (t). Hence, from (5.4), (5.5), and the growth bound
(2.35) we deduce that
Dig(t) < dig(we) f(t, 20, 1) < C(t)di () = C(t)g(1), (5.6)
Let us introduce the set valued map [t',t"] ~» P(t) = {g(t)} + R4, which
has closed values. We claim that P(-) is locally left absolutely continuous
on [t',t"]. This means that, for every £ > 0 and every compact set Q C R,
there exists § > 0 such that, for every partition
f<ti<n<..<tj<m<..<t!

satisfying X (m — t;) < J, we have that Xe(P(t;) N Q, P(m)) < &, where
e(C,D) = inf{\ >0 : C C D+ A\-1,1]} is the excess of C' C R with
respect to D C R. To prove this claim fix ¢ €]t/, "] and h > 0 with t —h > t'.
Consider z;_j, € R(t— h) such that g(t—h) = dg(z¢—p) and let y, € KN Hy
be such that
lyn — xe-n| < gt —h)+h and |yplo < M(|zi-plo)-
Fix any w € U and let Xp,(-) = X (5t — h,x4_p,u). Then
g9(t) < dr(Xn(t) < [Xn(t) — "y,
= [t + [, A (5, Xi(s), @) ds — ey
< |$t—h - yh| + ftt_h ‘e(t_s)Af(Sa Xh(8)7 ﬂ)‘ ds
<g(t—h)+ ftt_h (1 + ‘e(t*S)Af(s,Xh(s),ﬂ)D ds.
Since t € [t/,t"] is arbitrary, this inequality and our assumptions on f imply
that P(-) is left absolutely continuous on [¢/,¢"].
On the other hand, recalling that

Graph(P) = {(t,2) : te[t',t"], z € P(t)},

we realize that (5.6) says that, for a.e. ¢t € [t,#"], (1,C(t)g(t)) belongs to
the contingent cone (see, e.g. [1]) to Graph(P) at (¢, ¢(t)), which is denoted
by Tarapn(p)(t,g(t)). This fact and the continuity of g imply that, for a.e.
t € [t',t"] and every y € P(t),

(17 é(t)y) S TGraph(P) (t, y)
By [9, Theorem 4.2] the solution of the differential equation

Z(t)=Ct)z(t), =2(t)=0

satisfies z(t) € P(t) for all t € [¢/,¢"]. But z = 0 and therefore g(¢) < 0 for
all t € [t/,t"]. The derived contradiction yields our claim.

Step 2. To simplify notations we consider only the case t5 = 0. Let
x9 € KN Hy. Fix an integer j > 1. By Claim 3, using the fact that R(Z%) is
compact we can find a solution of (2.33), X, such that Xj(%) € K. We now
proceed by induction: suppose that, for some p € {1,...,27 — 1}, we have
already constructed a solution to (2.33), corresponding to some control u(-),
such that Xﬂ%) € K for every integer 0 < k < p. By Step 1 we can extend
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X to a solution of (2.33) with to = 2> satisfying Xj(’;ijl) € K. In this way
we construct a solution Xj(-) of (2.33) on [0,1] such that Xj(%) € K for
every k € {0,...,27}.

By Lemma 5.1 the sequence X; has a subsequence Xj;, which converges
uniformly to a solution X(-) of (2.33) defined on [0, 1]. Fix an integer n > 1.
Then for all large i, X;,(£) € K for k € {0,...,2"}. Therefore X (4%) € K
for k € {0,...,2"}. Since this holds true for every n and X(-) is continuous,
we deduce that X (¢t) € K for all ¢t € [0, 1].

Step 3. Assume that for some integer ¢ > 1 and every integer 1 < k < ¢
we have constructed solutions X () of (2.33) defined on [0, k] such that the
restriction of X; to [0, k] is equal to X} and X;([0,:]) C K.

Consider the interval [i,i+1]. Applying the same arguments as in Step 2,
with 9 = 0 replaced by to = i and xg by X;(i), we extend X; on the time
interval [i,7 + 1] as a solution of (2.33) satisfying X (0,7 + 1]) C K. Then,
using an induction argument we complete the proof. ([

Example 5.3. Let us apply Theorem 5.2 to study a viability problem for
the following parabolic system

G = Ay + Fi(t, 6y, w) in ]0,00[x0O
G2 = Ays + Fy(t,€,y, u2) in ]0,00[x0O (5.7)
yn=0=y on ]0, co[xdO

y1(0,8) = x1(€), y2(0,§) = 22(§) €€ O ace.

where O C R™ (n > 3) is a bounded domain with boundary of class C2.
Here, we denote by y(t,&) = (y1(t,€),y2(t,§)) the vector-valued solution
of system (5.7) subject to control u(t,§) = (ui(t,§),usa(t,§)), that is, a
measurable map u : Ry x O — V x V', where V is a bounded closed subset
of a separable Banach space. We assume that Fj : Ry x O x R? x V — R?
satisfies the following for i = 1, 2:

2z Fi(t, &, z,v) is CH(R?) for ae. (t,&) € Ry x O and every v € V,

v Fi(t, €, 2,v) is continuous for a.e. (¢,€) € Ry x O and every z € R?,

(t, &) — Fi(t, &, z,v) is Lebesgue measurable for all v € V and z € R2.

Moreover, we suppose that, for some given functions

wo € L7,.(Ry; L2(0)), ¢1 € L (Ry; L(0)),

loc loc
the growth conditions (i = 1, 2)
OF;
[Fi(t,6,2,0)| < Colpo(t€) + I2) . |5 (1620 <a(t,8)

are satisfied for a.e. (t,£) € Ry x O, every v € V, every z € R?, and some
constant Cy > 0. Finally, we impose that, for a.e. (¢,£) € Ry x O and every
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z € R?, the following is a closed convex set
{(Fl(taga'z?Ul)vFl(ta£7zav2)) DU, U2 € V} C R2~

Arguing as in Example 2.2, one can show that the above problem can be
recast as a semilinear control system like (2.33). For this purpose, one just
needs to take H = L?(0;R?) and

D(A) = H*(9;R?) N H (O;R?)
Az = (Axy, Axa) Vo = (x1,22) € D(A).

Then, assumption (H’;) follows from the positivity and compactness of the
heat semigroup. Next, let us denote by U the family of all measurable maps
u: 0O —V xV. Defining f: Ry x HxU — H by

flt.z,u)(€) = (Fi(662(€) (), (620, w(©)),  (5:8)

for a.e. (t,£) € Ry x O, every x € H, and every u = (u1,u2) € U, we have
that assumptions (H7) hold true with 6 = 0.
So, by applying Theorem 5.2 we conclude that the closed convex cone

Ht={zeH : z,(§) >0, {€0ae. (i=1,2)}.
is viable under the flow associated with (5.7) provided that (5.2) is satisfied.
Now, observe that H™T is proximally smooth and

+

Iy+(z) =27 and dy+(z)=|2z"| VexeH,

where we have set o+ = (25, 2F). for all z € D(A)\ HT. So, condition

(5.2) reduces to
(@ = Mg+ (), f(t,2,u)) < O [a]) |2

inf
uelU

for a.e. t € Ry, every 2 € H, and some function C' : Ry x Ry — RY
satisfying (3.4). In view of (5.8), the above condition reads as

uelU

inf / { - xl_ Fl(t7€7 (—.%'1_ 7372)7“1) - 332_ F2(t7§7 (.%'1 ’ _xQ_ ))7“2)}d€
O
< C(t]a)) /O (o7 2 + |y ) e,

which can in turn be reduced to

uelU

inf /(j) { _ff Fl(t7£> (—l‘; 7x§r)7u1) _$5 FQ(t7£7 (x;r?_$5)),u2)}d€

< C(t, 2] /o (27 2 + |23 [2)de (5.9)

by appealing to the Lipschitz continuity of z — Fj(t,§, z,v).
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It is easy to give pointwise conditions, like the one in Remark 3.6, which
ensure the validity of (5.9). For instance, we can assume that, for some
constant C' > 0 and a.e. (£,£) € Ry x O the following holds true:

{Vz € R_ xRy Juy € V such that 2 Fy(t,€, 2,v1) < Clz)?

5.10
Vw € Ry x R_ Jug € V such that  wo Fg(t,f,w,vg) < Clw|?. ( )

Indeed, owing to well-known results in set-valued analysis (see, for instance,
[2, Theorem 8.2.9]), from (5.10) we deduce that for a.e. ¢ € Ry and every
x € H there exist measurable maps u; : O — V (i = 1, 2), such that

—2 () Fi(t, € (=21 (€), 23 (€),mi(9)) < Cla(§)
—a3 (&) Fa(t.€, (a7 (§), —25 (§)), w2(§)) < Cla(§)P
for a.e. £ € O. So, taking v = (uy, u2) we have that (5.9) is satisfied. O

6. APPENDIX

In this Appendix, we prove the proximal smoothness of level sets of
smooth functionals on a real Hilbert space H. We denote by CY1(H) the
Banach space of all maps ® : H — R that are continuously Fréchet differen-
tiable at every point of H with a Lipschitz continuous gradient D® : H — H,
and we set

| | Vo € CVH(H).
a7y r=y

Finally, for any ¢ € R, we denote by A(c) the level set
Ac):={zeH : ®(x)=c}. (6.1)

The following result establishes the proximal smoothness of “nondegenerate”
level sets.

Proposition 6.1. Let ® € CYY(H) and let co € R be such that A(cy) # 2.
Suppose that there exist positive constants o and S such that

o < |D®(x)| < S for every x € A(co). (6.2)
Then A(co) is prozimally smooth.

Proof. Let us abbreviate A(cy) to Ag. We want to prove that there exists
d > 0 such that any x € H with dj,(z) < ¢ has a unique projection onto
Ag. We prove the existence of the projection first, then its uniqueness.

Ezistence. Fix any x € H \ Ag and suppose that ®(x) < ¢o. Since dp, is
Fréchet differentiable on a dense subset of H by a well-known result due
to Preiss [16], we can find a sequence {x,},, converging to x, such that
Iz, () = {yn}. Moreover, we have that

Do(yn)

D3 ()] (n>=1). (6.3)

Tn = Yn — dAg (5571)
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Set i, = dp,(20)/|DP(yn)|. In view of (6.2), {i,} is bounded in R. So, we
can extract a convergent subsequence—still denoted by {u,}. Since, for all
sufficiently large integers m and n, we have that

n m
we deduce that
|yn - ym|2 = <£L‘n —TmyYn — ym>

D3(y,)  D(ym)
+ @) (Ba] ~ Do)

Y
P (ym)
+  (dag(Tn) — dag(zm yYn — Ym )-
(@10(oe) = dnol ))<\D¢><ym>| )
Notice that (6.2) yields the following inequality
D®(z)  Dd(y) ‘ 2 Lip(D®)
— < |z =y (6.4)
[DO(z)|  |[D2(y)|
for all x,y € Ay. Hence, owing to (6.4),
9 Lip(D®
Yn — ym‘Q < 2|20 — Tm| [Yn — Ym| + day (zn) U() [Yn — ym’2-
Since dp,(xn) — da,(z), by taking § > 0 such that
§ Lip(D®) < % : (6.5)

for dp,(x) < 0 we conclude that {y,} is a Cauchy sequence in H. Conse-
quently, its limit y € Ay satisfies

’.% - y’ = nh_EIOlo ‘.%n - yn| = nh—{go d/\o(mn) = d/\o(x)a

thus qualifying as a projection of x onto Ag.
Finally, for ®(z) > ¢y the reasoning is exactly the same as above, with
the only difference that, in this case, (6.3) is replaced by

DCI)(yn) n
Doy, "2V

Uniqueness. Let x € H be such that 0 < dp,(z) < J, with § as in (6.5), and
suppose that 2/, 2" € TI5,(z). Then
2+ /' DO(2) =2 =2"+ " DO(2")
for real numbers p/ and g’ such that p/y” > 0 and
W 1D2(2")| = dpy(x) = 1| D (2")].
Therefore, on account of (6.4), we conclude that
|z — 2| _ Do(z')  D®(z") < 2 Lip(D®) !
dpy () D) |DD(2")]
which in turn yields ' = 2" because 2dp,(x)Lip(D®)/o < 1 by (6.5). O

Tpn = Yn + dAg (l'n)

//|

—x",
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