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Abstract

Let F be the Haag-Kastler net generated by the su(2) chiral current
algebra at level 1. We classify the SL(2,R)-covariant subsystems B C
F by showing that they are all fixed points nets F7 for some subgroup
H of the gauge automorphisms group SO(3) of F. Then using the fact
that the net F; generated by the @(1) chiral current can be regarded
as a subsystem of F we classify the subsystems of F;. In this case
there are two distinct proper subsystems: the one generated by the
energy-momentum tensor and the gauge invariant subsystem F;722.
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1 Introduction

In the algebraic approach to quantum field theory [18] the natural objects
under investigation are local nets R of von Neumann algebras (Haag-Kastler
nets). These are inclusion preserving maps O — R(O) from (suitably cho-
sen) bounded sets of space-time to von Neumann algebras satisfying certain
structural assumptions. The algebra R(0O) associated to a region O can be
interpreted either as the algebra of observables that can be measured within
this region (in this case the net is assumed to satisfy locality), or as the
algebras of local charged fields that create charged states from the vacuum
vector.

In this framework it is natural to consider subsystems B of a given Haag-
Kastler net R (cf. [1, 7, 31]). These are Haag-Kastler nets such that for every
region O, B(0) is a subalgebra (with the same identity) of R(O) subjected to
some restriction such as Poincaré or conformal covariance (we simply write
B C R). The study of a net R together with a subsystem B is a typical
situation in algebraic quantum field theory [12, 13, 25].

The study of the subsystems of concrete models goes back to the work
of Langerholc and Schroer in the middle sixties [23]. These authors consid-
ered the Haag-Kastler nets generated by the Wick polinomials in the massive
scalar free field theory in four space-time dimensions and showed that there
are only two possible results: the net generated by the basic field ¢(z) or
the one generated by : ¢* : (z). In a subsequent paper [24] the same au-
thors proved that the net generated by : ¢? : (x) coincides with the net of
fixed points under the gauge transformation ¢(z) — —¢(x). As far as we
know, the natural conjecture that this is the only proper (Poincaré-covariant)
subsystem of this model has been confirmed only recently by Davidson [9].

In this letter we will be concerned with the classification of the SL(2, R)-



covariant subsystems of the nets constructed from two models of chiral con-
formal field theories; the (1) and the su(2); chiral current algebras [10].
In particular the @(1) model is the chiral version of the scalar free field but
the results here obtained are not covered by those cited above which cru-
cially depends on the existence of a mass gap. Actually, the situation is here
drastically different since there are two distinct proper SL(2,R)-covariant
subsystems that, as we will prove, exhaust all the possibilities. Moreover, if
one relax SL(2, R)-covariance to Poincaré-covariance it is known that there
are infinite many subsystems [17].

Other results in this direction have been given by Rehren in [26] who
proved that for the net generated by the su(2); chiral current algebra the
subsystem of the gauge invariant local operators coincide with the one gen-
erated by the energy-momentum tensor. Finally the present author in [6]
proved that the net generated by the (chiral) energy-momentum tensor has
no proper SL(2,R)-covariant subsystems.

As in [5, 6] we use scaling limit techniques based on the results of Freden-
hagen and JorB [14] (see also [21]) This is reminiscent of the idea in [23]. T'wo
other important ingredients are used: the result of Rehren cited above and
the work of Izumi, Longo and Popa on Galois correspondence for compact
groups of automorphisms of von Neumann factors [20].

We conclude this introduction with some comments to make contact with
the conventional approach to chiral conformal field theory based on quantum
fields. From this point of view our result is not surprising. In fact we find that
the subsystems of the net corresponding to the su(2); chiral current algebra
(the classification in the (1) case follows from this result) are all obtained by
taking the local algebras generated by local operators invariant under a closed

subgroup H of the model’s gauge symmetries group SO(3). Thus, these



subsystems correspond to well known submodels such as the (1) model and
orbifold models (see eg. [10]). What is new here, to the best of our knowledge,
is a rigorous proof that these are the only possible submodels in the algebraic
approach to quantum field theory. Similar results have been recently obtained
in the purely algebraic framework of vertex operator algebras in [11].

This letter is organized as follows. In section 2 we consider some basic
properties of chiral nets. In section 3 we discuss our classification results for
the su(2); model. The results for the 4(1) model are discussed in section 4.
Finally in section 5 we make some comments on possible generalizations to

other models.

2 Chiral Nets on R

Let Ky be the set of nonempty, open, bounded intervals of the real line R.
A chiral net on R is a family A = {A(I)|I € Ko} of von Neumann
algebras, acting on a separable Hilbert space H with the following properties
(see [14]):
(i) Isotony.

.A([l) C .A([Q) for [1 C IQ, [1, IQ € :Ko. (1)
(i) Locality.
A(Il> - A(IQ)I for1 NIy, = @, I, I, € K. (2)

(iii) Conformal covariance. There exists a strongly continuous unitary

representation U of SL(2,R) in H such that
Ul-1)=1 (3)

and
U(a)A(NU (o)™t = A(al) for I, al € Ky, (4)
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with the usual action of SL(2,R) on R U {o0}.

(iv) Positivity of the energy. The conformal Hamiltonian Ly, which gen-
erates the restriction of U to the one-parameter group of rotations has non-
negative spectrum.

(v) Existence of the vacuum. There is a unique (up to a phase) U-invariant
unit vector QeXH (the vacuum vector).

(vi) Cyclicity of the vacuum. H is the smallest closed subspace containing
Q2 which is invariant for U and A([) for every I€X,.

We will use the following notation: 7'(a) for the group of translations;
D()) for the group of dilations.

A chiral net A can always be extended to the family X of open, nonempty;,
nondense, intervals of the circle S' = R U {oo} [14]. Then the family
{A(I)|I € X} satisfies the axioms of a conformal precosheaf (net) on S?,
see eg. [15, 16].

From the previous assumptions several properties of the net A can be
proved (see [15, 16, 14] and references there). Among others, we mention:

(vii) Reeh-Schlieder property. For every I € K, € is cyclic and separating
for A(I).

(viii) Bisognano-Wichmann property. If Ay is the modular operator as-

sociated to A(I) and €2 [29] then
Al oy = D(e 721, (5)
(iz) Haag duality (on S*). For every I € X
A(I) = A(I), (6)

where I° is the interior of S*\I.

(xz) Factoriality. The algebras A(I) are type III; factors.



A conformal subsystem of a chiral net A on R is a family B = {B(I)| I €

Ko} of nontrivial von Neumann algebras acting on H such that:

B(I) C A(I) for I € Ko; (7)
U(a)B(U(a)™ = B(al) for I, al € Ky; (8)
B(I) Cc B(J) for I C J, I, JeXK,. 9)

Given a conformal subsystem B we consider the smallest closed subspace
Hgp of H which contains €2 and is invariant for U and all the algebras B(1),
I € Ky. If we denote by mo(B)(I) the restriction of B(I) to Hg, then it is
quite easy to verify that the family mo(B) = {mo(B)(I)|I € Ko} is a chiral
net on R with respect to the restriction of U to Hs.

If B is a conformal subsystem of A we write B C A. Moreover if By, By

are conformal subsystems of A such that, for every I € K,
B1(I) € B2(1) (10)

then, in a obvious way, B; can be considered as a conformal subsystem of
7o(B2). In this case when no confusion arises, we write B; C Bs.

Let A a chiral net on R and let V' be a strongly continuous unitary repre-
sentation of a compact group G (gauge group) leaving the vacuum invariant,

and such that
V(g)fl(I)V(g)_1 =A(I) for I € Ky, g € G. (11)

As usual we denote by A(I) the algebra of the G-invariant elements of A(T).
Since V' must commute with U (see [15]) it is quite easy to verify that the
net AS of fixed points, defined by

A (1) = A(DE for I € K, (12)



is a conformal subsystem of A (the nontriviality follows from the fact that a
compact group cannot act ergodically on a type III factor [19]). We conclude
this section with the following proposition (cf. [2, 8] for related results).

Proposition 2.1. Let A be chiral net on R and V' a representation of a

compact group as described above. Then for every I € K
AS(I) N A(I) = Cl. (13)
Proof. By conformal covariance we can restrict ourselves to the case
I =(0,00). Let
M = A(0,00), N =A%0,00), R =A%(0,00)" NA(0, 0).
By the Bisognano-Wichmann property the modular group of M ( with respect

to ) is given by
ot = AdD(e” (/2 (14)

Since the only dilation invariant vectors are proportional to €2 (see eg. [16])
the Reeh-Schlieder property implies that ok, acts ergodically on M. More-
over, from the fact that U and V' commute we find

D(e"DHND (e~ /Dt =N (15)
and thus

D(e—(w/2)t)N/D(6—(7r/2)t>—1 — N (16)

so that o%;(R) = R. By a well known result of Takesaki [29] this implies that
the modular group of of R, is the restriction to R of k. Therefore the o
acts ergodically on R which is then either a type III factor or equal to the
multiples of the identity. On the other hand we have

RE CRANC N AN =CL. (17)

This means that G acts ergodically on R so that R is not a type III factor
[19]. g.e.d.



3 Classification for the su(2); Model

The model under investigation is generated by the local currents j%(x) (a =
1,2,3; x € R) of the su(2) chiral current algebra at level 1, defined by the

local commutation relations
> i
(), 3"(9)] = z; Carcd"(@)0(z = y) + b (z —y).  (18)

We consider these currents acting, as Wightman fields, on the vacuum Hilbert
space H so that the vacuum vector €2 € JH is cyclic for the polynomial algebra
that they generate.
Starting from these currents, one can define an energy-momentum tensor
©(x) by the Sugawara formula
27 o
O(z) =5 21 (@) () - (19)

which satisfies the commutation relations

[6(2),0(y)] = 10" (x — y){O(x) + Oy)} — @'ﬁy”(ﬂc —y),  (20)

with central charge ¢ = 1.

For every I € Ky we define the local von Neumann algebra
F(I) ={*(f)] f € C*(R) real, suppf C I, a=1,2,3}".  (21)

Using the results in [4] (cf. also [15]) one can verify that the family F =
{F(I)| I € Ko} is a chiral net on R. The representation U of SL(2,R) is
obtained by integrating the Lie algebra generated by the first three moments

of the energy-momentum tensor. Similarly the charges

Q" = / j*(z)d (22)



can be integrated to a strongly continuous unitary representation V' of the
gauge automorphisms group SO(3) of &.

An example of conformal subsystem of F is given by the family
Avir(I) ={O(f)| f € C™(R) real, suppf C I}". (23)

It has been proved by Rehren [26] that A,; = F5°®). In [6] it is proved that
Ayir 18 a minimal subsystem in the sense that it has no proper conformal
subsystems. We will now prove that it is a minimum in the sense that every
conformal subsystem B of F is an extension of A,;.. The proof will follow
essentially the ideas in [6] (cf. also [5]) and crucially depends on the properties
of the representation U and on the analysis of the scaling behaviour of local
operators given in [14].

Because of the positivity of Ly, U splits into a direct sum of irreducible
representations 7 acting on irreducible subspaces H, C H [22]. The spectrum
of the restriction of Ly to each J,, which consists only of natural numbers,
is simple and its minimum n(7) (the conformal dimension) completely de-
termines the equivalence class of 7. The case n(7) = 0 corresponds to the
trivial representation. In this case H, is one dimensional. If n(7) > 0 then
the spectrum of the restriction of Ly to H, is simple and coincides with the
set {n € N| n > n(7)}.

From the well known character formula [10] we find
Tr th0 = 14 3t + 4t* + O(#*). (24)

Hence the multiplicities of the eigenvalues 0, 1 and 2 are given by 1, 3 and 4
respectively. As a consequence, in the decomposition of U there appear one
representation with n(7) = 0, three representations with n(7) = 1 and one
representation with n(r) = 2. The corresponding irreducible subspaces can

be identified with (cf. [5, 6, 14] ): CQ for n(7) = 0; the closed subspaces
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Ha, a = 1,2, 3, generated by the vectors of the form jo(f)S2 for f € C*(R)
with compact support for n(7) = 1; the closed subspace Hg generated by
the vectors of the form ©(f)2 for f € C*(R) with compact support for
n(r) = 2.

Given a vector u = (uy, ug, usz) € R* we consider the current

i@ =3 wa(a). (25)

For v # 0 the currents j((x) generate subsystems Fw of F in the usual

way. Thus, we have
Fuy(I) = {F“f)| f € C°(R) real, suppf C I} for I € K. (26)

Consider now, for a fixed u # 0, the field : j®(2)j™(x) ;. A straight-
forward calculation shows the well known fact that ©(x) is proportional to
: §®(x)j™(x) ;. Therefore the energy-momentum is, for nonzero u a lo-
cal function of 5™ (z) only. This implies that for each nonzero u and every
I € Ky we have (cf. [3])

Auir(I) C Fruy(I). (27)

Let us now state the following

Proposition 3.1 For every conformal subsystem B of F we have
Avir(I) € B(I) VI € K. (28)

Proof. For every representation 7 let P, be the orthogonal projection on
H,. Moreover let Pg and P, be the orthogonal projections on Hg and H,
respectively. By the same arguments as in the proof of the lemma in [6] it can
be shown that given a subsystem B of F there exist an interval J € K, and a

self-adjoint operator B € B(.J) such that Po B2 # 0 and (2, BQ) = 0. It can
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further be assumed that B is infinitely differentiable (in the norm topology)
with respect to the action of SL(2,R). Now, given ¢ € C*(R) with compact
support, let

Bu() = / (@)T(x) DN BD(N) T(x) \dz. (20)

We first suppose that for a = 1,2,3 we have P,B{) = 0. Then , following
the arguments in the proof of the proposition in [6] (cf. also [5] ), it can be
shown that if suppy C I, for a given I € K, then

lim A7 B ()2 = nO(p) (30)

A—0

for every v € F(1)'Q2, in the weak topology of H, where 7 is a real constant
that can be assumed to be different from zero. From this fact it is not difficult

to prove (see the proof of the theorem in [6]) that for every I € K,
Avir(I) C B(I). (31)

On the contrary, if for some index a we have P,BQ) # 0 we find (cf. [5, 6, 14]
), for suppy € 1,
lim A~ By(p)v = 1" (p)¢ (32)

A—=0
for every ¥ € F(I)'Q), in the weak topology of H, for a given u € R? which

can be assumed to be different from zero. Using this fact one gets
.AM'T(I) C St(u)(f) C B(I) (33)

for every I € Ky q.e.d.
We now state our first classification result.
Theorem 3.2. The map H — FH gives a one-to-one correspondence between

the closed subgroups H of SO(8) and the conformal subsystems B of F.
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Proof. Let B be a conformal subsystem of F and let J € Ky. By propo-

sition 3.1 and the result in [26] we have
F(J)°B) ¢ B(J) c F(J). (34)

F(J) is a type III; factor which, I being separable, has a separable predual.
By proposition 2.1. the relative commutant of F(.J)5°®) in F(J) is trivial.
Thus, by [20, theorem 3.15], there exists a unique closed subgroup H of SO(3)
such that

B(J) = F(J)". (35)

B(I) = F(I)". (36)

q.e.d.

The closed subgroups of SO(3) are well known. Up to conjugation there
are only three infinite closed subgroups: SO(3) itself; the group H; of orien-
tation preserving rotations around the third axis; the subgroup H, generated

by H; and the element

1 0 O
0 -1 0
0 0 -1

All other closed subgroups are finite. Their classification can be found in
[30]. The subsystems associated with the finite subgroups correspond to the
orbifold models. Moreover, it is not difficult to see that the subsystem associ-
ated to H; is given by JF(c,), where e3 = (0, 0, 1) and that the one associated
to Hy corresponds to the one obtained by taking the local operators in F,)

invariant under the transformation j3(z) — —j3(z).
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4 Classification for the 4(1) Model

This model is generated by a current j(z) (the u(1)-current), x € R, satisfy-

ing the local commutation relations

(), (y)] = id'(x — y). (37)

Again we consider this current acting (as a Wightman field) on the vacuum
Hilbert space H; so that the vacuum vector €2y € H; is cyclic for the poly-
nomial algebra that it generates. An energy-momentum tensor with ¢ = 1 is
defined by

O1(z) = 5 < j(@)j(z) :. (38)

We define the chiral net 37 by
Fi(I) = {j5(f)| f € C(R) real, suppf C I}', for I € K, (39)

and denote by U; the corresponding representation of SL(2,R). The confor-
mal subsystem generated by ©1(x) is defined by

Buir(I) = {O(f),| f € C*(R) real, suppf C I}", for I € K. (40)

Another conformal subsystem is given by 72, where Z, acts as an unbroken
gauge group of symmetries implementing the transformation j(x) — —j(x).
We then have

Boir(I) € F122(1) € Fi(I), for I € K. (41)

The following argument allows us to classify the conformal subsystems of

F1: the map ¢ defined by

O = 2V, (42)
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for f € C*(R) with compact support, extends to an isomorphism of F; into

F with the following, easily verifiable, properties:

O(F1 (1)) = FM(I) for I € Ky; (43)
(I)( mr( )) mr(I) fOl"[GfKO; (44)
O(F,2(1)) = FH2(I) for I € K,. (45)

Moreover, if A, U;(a)AU,(a)™" € F1(I) for some I € Ky, we have
DUy (a)AU () ™1) = U(a)@(A)U(a) (46)

We conclude this section with the following theorem.

Theorem 4.1. The only proper conformal subsystems of Fy are B, and
F,7.
Proof. If B is a proper conformal subsystem of &F; then the family
(B) = {®(B()) € Ko} (47)
is a conformal subsystem of F such that

®(B)(I) C FH(I) for I € Ky, (48)

where the inclusion is proper. Thus, by theorem 3.3., there must be a closed
subgroup H of SO(3) strictly containing H; such that ®(B) = F7. The
only possibilities are H = Hy and H = SO(3). Using the fact that ® is
an isomorphism we then find B = F,%2 in the first case or B = B,;, in the

second. q.e.d.

5 Discussion of Other Models

In this section we briefly discuss the limits of our approach in the application

to other models of chiral conformal field theory.
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We first consider the case of the current algebra g, of the Lie algebra g
of a compact connected simply connected simple Lie group G at level k [10].
We denote by 3, the associated chiral net. Let A,; be the net generated by
the Sugawara energy-momentum tensor. It has been pointed out by Rehren
[26] that the inclusion Ay, C F§ is proper unless G=SU(2) and k = 1. So
one of the fundamental ingredients that we used in section 3 fails in all the
chiral current algebras models with the exception of the one we considered.
Moreover also the analogue of proposition 3.1. fails in the general case. In
fact, except in the case of the su(2); model, the subsystem generated by
a single current does not contains A,;. This is due to the fact that the
energy-momentum tensor associated to a single current has central charge
¢ = 1 while for the one associated to the full theory we have ¢ > 1. The
corresponding nonvanishing coset energy-momentum tensor, and hence the
one of the full theory, cannot be affiliated to the net generated by a single
current (cf. [27, 28]). More generally every Lie subalgebra of ¢ giving rise to
a “nonconformal” imbedding (see [10]) generates a conformal subsystem not
containing A,;;.

The situation is different for ¢ = 1 models. Let us consider the case of the
local extensions of the 4(1) model. These have been classified by Buchholz,
Mack and Todorov [3]. Let Ay (N = 1,2,...) be the corresponding chiral
nets. The case N = 1 corresponds to the su(2); model. For almost all
these models the analogue of proposition 3.1. holds. In fact, using the trace

formulas given in [3] we find

Trth =1+t + 44>+ O(t*) for N =2 (49)
Trtho =1+t +2t2 + O(#*) for N > 2. (50)

Thus for N > 2 there appear only two nontrivial irreducible representations

7 with conformal dimension n(7) < 2: the one associated to the @(1)-current
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j(z) and the one associated with the energy-momentum tensor 1 : j(z)j(z) :.
A proof similar to that of proposition 3.1. leads then to
Proposition 5.1. For every conformal subsystem B of Ay, N # 2, we have
Ayir C B.

This fact should be of interest for the classification of the subsystems of
the nets Ay and relates this program to the problem of classification for the

local extensions of the ¢ = 1 Virasoro algebra.
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