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Abstract. We consider energies on a periodic set £ of the form }, .o - af;u; — ujl,
defined on spin functions u; € {0,1}, and we suppose that the typical range of the
interactions is R, with R. — +oo, i.e., if |[i — j| < R then a;; = ¢ > 0. In a discrete-to-
continuum analysis, we prove that the overall behaviour as € — 0 of such functionals is
that of an interfacial energy. The proof is performed using a coarse-graining procedure
which associates to scaled functions defined on €£ with equibounded energy a family
of sets with equibounded perimeter. This agrees with the case of equibounded R. and
can be seen as an extension of coerciveness result for short-range interactions, but is
different from that of other long-range interaction energies, whose limit exits the class

of surface energies. A computation of the limit energy is performed in the case £ = Z¢.
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1 Introduction

In this paper we give a contribution to the general problem of the asymptotic analysis
of systems of lattice interactions of the form

Z a;ilui — ujl (1)
i,j€EL

where £ is a periodic lattice in R? ¢ > 0 is a parameter tending to 0, and ajfj are
non-negative coefficients. These functionals depend on (scalar) ‘spin functions’ with



u; € {0, 1}, somehow related to ferromagnetic energies in the terminology of Statistical
Mechanics (where usually u; € {—1,1}).

We investigate coerciveness properties related to such energies in a discrete-to-
continuum process, where the values u$ are identified as the values u®(ei) of a function
defined on €£. In this way a continuum limit of u® can be defined as a limit of their
piecewise-constant interpolations; e.g., defined as u®(x) = u if the point of minimum
distance of eL£ from x is €i. Coerciveness is established by exhibiting scales s. such
that if u; are such that

S afluf il < s 2)

ijeL
then the interpolations u® are precompact in some topology and their limit points are
in general non trivial. This can be expressed by proving that the domain of the I'-limit
of the scaled energies .

=3 el — Q)
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in that topology is not trivial.

The simplest case that has been previously treated [16, 1] is nearest-neighbour
interactions; i.e, when af; are strictly positive only when ¢,j are nearest neighbours
(n.n. for short) in the Delaunay triangulation of £ (e.g., |i — j| = 1 if £ = Z4). In this
case choosing s, = e~ gives that the scaled energies

Y e haglef -] (4)

4,JEL i,jn.n.

can be directly seen as a (possibly anisotropic) perimeter of the sets {z : u®(x) =
1} defined through the piecewise-constant interpolation of u® from the scaled lattice
eL. Then, the compactness properties of sets of equibounded perimeter ensure the
coerciveness in L%OC(Rd) and the limits are characteristic functions. Moreover, the I'-
limit of the energies can be described by an energy defined on sets of finite perimeter

A, which, in the simplest homogenous case, takes the form

/8 e, (5)

The same scaling works for finite-range interactions; i.e., when af; is 0 if li—j] >R
for some R, even though the energies in that case must be interpreted as a non-local
perimeter [14]. The finiteness of the range of the interactions can be weakened to a
decay condition that can be quantified as

sup{ Z a;lj —il i€ L, €>0}<+oo, (6)
JeL\{i}



even though the limit energies may have a non-local part if the ‘tails’ of these series are
not uniformly negligible [2]. We note that such analysis is valid beyond pair potentials
and generalizes to classes of many-point interactions (see [12]).

If the decay assumptions (6) do not hold then the ‘natural’ scaling for the energies
may be different from the ‘surface scaling’ e4~', and we might exit the class of interfacial
energies. An extreme case is that of ‘dense graphs’, which is better stated in a bounded
domain; i.e., when considering energies

> aglui — ), (7)
i,JELNLQ
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with Q a cube in R?, and suppose that a;; 2¢>0 for (a positive percentage of) all
interactions. In that case the scaling is s. = ¢ 72, and the limit behaviour is described
by a more abstract limit functional called a ‘graphon’ energy [3, 5, 20, 21], which can

be viewed as a relaxation of a double integral on (0,1) of the form
| W) - o) dedy Q
(0,1)x(0,1)

defined on BV ((0,1);{0,1}) after a complex and rather abstract relabeling procedure
and identification of functions defined on @ with functions defined on (0, 1) (see [9]).
For sparse graphs (i.e., graphs which are not dense according to the definition above)
and interactions not satisfying the decay conditions (6), the correct scaling, the relative
convergence and the form of the I'-limit is a complex open problem. In [8] an example is
given of one-dimensional energies with range R. = 1/4/¢ such that a non-trivial I-limit
exists for s. = 1/4/¢ with respect to the L*>-weak* convergence, but it is defined on all
functions of bounded variation with values in [0, 1] (and not only those with values in
{0,1}). In that example a crucial issue is the topology of the graph of the connections
where ag; # 0.

In this paper we consider an intermediate case; i.e., when the decay condition
described above does not hold, and aj; > ¢ > 0 when [i — j| < R. with R. >> 1 but the
topology of the interactions within that range is that of a ‘dense’ graph. We further
make the assumption e R, <<1 so that the discrete-to-continuum process makes sense.
We note that this latter condition is not restrictive upon a redefinition of € in terms of
R.; e.g. taking R, Y2 i1 the place of e. We keep the dependence of our system on R.
and ¢ separate since these parameters may be defined independently in applications.
Under these conditions we have

Ri+1
Se = a1
€
and with this scaling functions of equi-bounded energy interpolated on the lattice e£
converge to a characteristic function of a set of finite perimeter. The main argument
for obtaining this result is by coarse-graining. Namely, we average the values of u®



for interaction on cubes with side length of order R, so that we can think of those
averages as labelled on e R.Z%. We prove first that those labels for which averages are
not essentially close to 0 and 1 are negligible; hence, we may regard such functions as
spin functions defined on a cubic lattice. Then, we show that the arguments used for
nearest-neighbour interactions of [1] can be adapted for the interpolated functions of the
averages. Once a limit set of finite perimeter is obtained we can prove the convergence
of the interpolations of the original functions to the same set.
As an application of this scaling argument we show that for

a5 =a("22). (9)

where a is a positive function with [ a(€)[£|d¢ finite, the T-limit of the energies

d—1
€
Fs(u) = R+ Z afj|ui _uj|> (10)
¢ gjezd

defined on the cubic lattice of R?, is given by an energy as in (5) with

o) = [ a(©le.lde. )

In particular, if a is radially symmetric then (5) is simply a multiple of the perimeter
of A. It is interesting to note that in a sense the case R. — +o00 can be seen as a
limit of the case of R. finite, for which the I'-limit is of the form (5) with the integrand
©(v) given by a discretization of the integral in (11) (as seen in [17, 11, 4] in a slightly
different context). This convergence can be re-obtained using the results in [19], where
transportation maps are used to transform discrete energies in convolution functionals.

2 A compactness result

We denote by Qr = [~R/2, R/2)? the (semi-open) coordinate cube centered in 0 and
with side length R in R%, by By the open ball centered in 0 and with side length R in
R?, and by e, ..., eq the vectors of the canonical basis of R?. Moreover, H¢ ! denotes
the d — 1-dimensional Hausdorff measure and |- | the Lebesgue d-dimensional measure.

Let £ C R? be a discrete periodic set. We can suppose without loss of generality
that it is periodic in the coordinate directions with period 1; i.e.,

L+e =Lforallie{l,...,d}.
The Voronoi cells of £ are defined as

Vi={zcR¥: |z —i|<|z—j|forallj€L, j#i}.



By the periodicity of £ there exists a constant C'z > 0 such that

L owi<on 2 <wntrvov) <o (12)
Cﬁ CL

Each spin function u: e£ — {0, 1} is identified with its piecewise-constant interpo-
lation, which is the L°° function defined by

u(x) =u(ei) ifx €eVisie., |z —ci|<|x—ej|forall jeL, j#i.

Note that by (12) the L' norm of such u is equivalent to e%#{i : u; # 0}.
In this section we prove coerciveness properties for energies E. defined on spin
functions u: e£L — {0,1} by

82d

B.(u) = —p > lui — ), (13)
n i,jEL, 7:7.7'€Q7;/5

where we denote u; = u(ei), and 7 = 7. are such that

€
li = lim — = 0. 14
e = 19
Lemma 1 (Compactness). Let u® be spin functions such that E.(u®) is equibounded.
Then, up to subsequences, the corresponding piecewise-constant interpolations, still de-

noted by u®, converge in L}OC(Rd) to u = x4, where A is a set of finite perimeter.

Proof. The idea of the proof is to subdivide the set of indices £ into disjoint cubes of
side-length 7/4e. The factor 4 is chosen so that if we consider i, j indices belonging
to two neighbouring cubes with this side-length, respectively, then i — j € @, . so
that they interact in energy E.. In such a way we can associate to each u® and each
such smaller cube the value 0 or 1 of the ‘majority phase’, if such majority phase is
sufficiently close to 0 and 1, respectively, while we prove that the remaining cubes
can be neglected. In this way we will construct coarse-grained functions for which the
energy F. can be viewed as a standard nearest-neighbour ferromagnetic energy and the
compactness then follows by interpreting spin functions as sets of finite perimeter.

For any k € Z% we set

n
g __
Q5 = 45k+Q%.

For u : e£ — {0,1} we define

) = |#{i€Qiﬁﬁiuz=1}—#{1'6@2(75;”2.:0}‘
#(Qf N L) '

D(e, k) (u



Note that D(e, k)(u) measures how much the function w is close to its majority phase;
more precisely, D(e, k)(u) = 1 if u is constant on Q7 N L, while D(e, k)(u) = 0 if the
values of u are equally distributed between 0 and 1 in Q7 N L.

With fixed § € (0,1), we define

B (u) = {k € Z*: D(e, k)(u) < 1— 5}

The @, corresponding to k € B*(u) will be considered as the cubes where u is not close

to a phase 1 or 0. We will first show that such cubes are negligible. Indeed, note that

thanks to the first inequality in (12) the number of pairs of indices 4, j within Q7 are

of order (n/e)?? and hence there exists C5 > 0 such that if k € B%(u), then the number
2d.

of ‘interactions within the cube’ Qf is at least C5(Z)**; namely,

2d
Hence, if u® are as in the hypotheses of the lemma; that is, F(u®) < ¢, we have

€[, E C 1-4d
(W) < 0577

We can estimate the measures

U =@

77d ¢
= # < S P < —
keBe (uf)

_ 2dnd—1 2cd

d—1 € € ()€

w0 U <@h) = #B ) T < g
ke Be (uf)

As for the indices such that D(e, k)(u) > 1 — 6, we subdivide them into the sets

(16)

AS(u) ={k € Z%: D(e, k)(u) > 1 —0,#{i € Q5 :u; = 1} > #{i € Q5 : u; = 0}}
Aj(u) = {k € Z%: D(e,k)(u) > 1 - 6,4{i € Q5 - ui = 1} < #{i € Qf s ui = 0}}

and define

K5 (u) = U eqQy, for j =0, 1.
ke AS (u)

In order to estimate the measure of the boundary of K§(u) we estimate the number
of cubes Qf with k& € Aj(u) which have a side in common with a cube Q, with
k' € A5(u), parameterized on the set

A% (u) == {k € AT(u) : k +¢; € Aj(u) for some j=1,...,d}

6



To that end, note that if D(e, k)(u) > 1 — 0 and k € Aj(u) then

0

S)#i e Qinc,

#{iéQiﬂE:ui:1}2<

so that, again recalling the first inequality in (12), each site ¢ € @7, such that u; = 1
interacts with C(’S(g)d and conversely for each site i € QF, such that u; = 0. Hence, the

interacting pairs (i, j) € Qf x Qf, are at least Cj(2).
Hence,
g € nM\2d " € d—1
Ee(u) > W#A (U)Ca(g) = Cs# A (u)n

so that

€ 1 1-d

A ) < By

0

For the functions u® we then obtain
C 1-4d
#»AE(UE) < Wﬁ )
1)
so that

HIHOKT (uf)

IN

2d<7—[d_1< U =@i)+# (U eQ;))

ke As(uf) keBe (u®)

2d ndil 2cd 1
g1 " 4d—105> <G

< 2d(#A5 ()

where C:;” is a positive constant depending only on d, ¢ and §. By the compactness of
sets of equibounded perimeter this shows that the characteristic functions of the sets
K5 (uf) are compact in Ll (R?). The symmetric argument shows also that K§(u®) are
compact in Li (R?). Moreover, if we denote a limit of the sets K Z(u®) by K; then we
have

IR\ (Ko UK;)| =0 (17)

by (15). We highlight the possible dependence of the sets obtained by this procedure
on ¢ by renaming them Kf and Kg.
Note that if § < ¢’ then

KY c K{ and K c K.

Since in both cases (17) holds, then we must have K¢ = K¢ and KJ = K, so that
these sets are independent of § and we may go back to denoting them by K7 and Kj.
We can now prove the convergence of u®. Fixed § < 1 as above, we write

u® = uEXKf(uE) + U6XK5(u5) + U€XRd\(Kf(u5)UK8(u5))'

7



By (15) the last term converges to 0 in L'(R?%) As for the other two terms we localize
the convergence by restricting to a cube Qg. Note that for k € Aj(u®) we have

[u® =11 eqey < C =),
so that
X 5 wyn@n — Xi5@on@rlloi@sy < C(1 - 8)R?
where C' denotes a positive constant not depending on ¢. Analogously for k € Af(u°)
we have
[ullLreqs) < C(1 = o),
and hence
[uX K (ue)n@rll L ey < C(1— 8)R?.

We then have, by the local convergence of K5 (u?),

limsup [[uX ks (ue)n@r — XKinQr |l L1 (ma)
e—0

< lim S(l)lp(HuEXKf(ue)ﬁQR — XKf(ue)ﬂQRHLl(Rd) + HXKf(uE)ﬂQR - XKmQRHLl(Rd))
E—r
< C(1-6&RY,
and
lim sup [|uX g (u)nQrll 21 rey < C(1 = 8)RY,
e—0
so that, by the arbitrariness of J, u® converge locally to xx, . O

Remark 2. The proof of Lemma 1 works exactly in the same way if we suppose that
‘almost all’ pairs of indices of £ within @, . interact; namely, if in place of energy (13)

we consider
2d

g
Ee(u) = — Z ag;lu; — ugl, (18)
T jer imjeq, ).

with the requirement that there exists ¢ > 0 such that
lim #{(Zvj) 11, € x+Q77/s : azej > C} _

G ijear @y 19)

uniformly in € R?. Condition (19) is trivially satisfied by energies (13) for ¢ = 1.

Note that condition (19) cannot be relaxed to ‘having a proportion’ of pairs of
indices of £ within @, /. interacting, however large this proportion may be below 1;
i.e., it is not sufficient that

. #{(’L,j)Z,]EI’—FQn/EaZZC}
1 A 20
51_1;% #{(Za.]) t,j €x+ Qn/a} =N ( )

8



for any A < 1. To check this, we may consider the following example: choose £ = R¢,
fix N € N, and define

1 ifi—j€Q,). and bothi,j & NZ
0 otherwise.

Then (20) holds for A = (1 — L)% but, if we define

_ {1 if i ¢ NZ

o itienNZ,

L (R%) to the constant 1 —
shows that Lemma 1 does not hold.

In this example the subset NZ¢ of Z? can be considered as a ‘perforation’ of the
domain and can be treated as such, considering convergence only of the restriction of
the functions to Z¢\ NZ¢ (see Section 3 of [10]). However, the situation can be more
complicated if we take

Since E.(u;) = 0 this

then u® converge weakly in L ﬁ.

{1 if i —j € Q. and both i,j ¢ NZ

ce otherwise,

that can be regarded as representing a ‘high-contrast medium’, for which the effect
of the ‘perforation’ cannot be neglected and for some values of ¢. may give a ‘double
porosity’ effect [10].

3 Homogenization of long-range lattice systems

Let a : RY — [0, +00) be such that a(¢)|¢| is Riemann integrable on bounded sets and
such that

/ a(€)[€]dé < +oo, (21)
Rd

and
a(§) > co if [§] <o (22)

for some cg, 9 > 0.
Given e, = 1. satisfying (14) we define the coefficients

N )
=iy =o(52)

for i,j € Z¢, and the energies

2d
€
Fe(u) = — g a;_jlui — ujl. (23)
i+t
1,JEL
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Definition 3. A family {u®} of functions u® : eZ% — {0,1} converges to a set A C R?
if the piecewise-constant interpolations of u® converge to the characteristic function x
in L (R?) as e — 0.

loc

By hypothesis (22) we may apply Compactness Lemma 1, obtaining that the family
{F.} is coercive with respect to this convergence.

Proposition 4. Let {u°} be such that sup, F.(u®) < +oo. Then, up to subsequences,
there exists a set of finite perimeter A such that u® converge to A in the sense of
Definition 3.

This coerciveness property justifies the computation of the I'-limit of F, with respect
to the convergence in Definition 3. We use standard notation in the theory of sets of
finite perimeter (see e.g. [6, 22]).

Theorem 5 (Homogenization). The functionals defined in (23) I'-converge with respect
to the convergence in Definition 3 to the functional F' defined on sets of finite perimeter
by
F(A) = / V) AT, (24)
o0*A

where 0* A denotes the reduced boundary of A, v the outer normal to A and p, is given
by
eulv) = | alle.nlde, (25)

Proof. In order to better illustrate the proof in the general d-dimensional case we first
deal with the one-dimensional case, in which we may highlight the coarse-graining
procedure without the technical complexities of the higher-order geometry. In this case
we may rewrite the energies as

2
g
F.(u) = 2 > agluire —wil.

£€7 €T

The relevant computation is that of the lower bound for the target A = [0, +00). Let
u® converge to A. For each £ € Z \ {0} and 7 € {1,...,|{|} we consider the function

u® restricted to €i + €£Z. By the LllOC convergence, we may suppose that each such

restriction changes value; i.e., there exists some k; ¢ € Z such that
u®(ei +ek; &) = 0 and u(ei + e(kie +1)§) = 1.

The set of & and ¢ for which this does not hold is negligible for € — 0; the precise proof
is directly given for the d-dimensional functionals below. For each £ we then have

£

Z Z Te| Uit (k1) — Yipkel = \§|a(%€)7

1=1 k€Z

10



so that

g2 € € (€ .\|E
liminf F_(u®) > lim inf — E ‘§’a<7§> — liminf 7a<f§> ‘,g”
=0 A= 0 A

the latter being a Riemann sum giving the integral / a(&)[&| d€, which is F(A).
R

We now deal with the d-dimensional case. The proof of the lower bound follows the
argument above, but is more complex since we must take into account the direction of
the interaction vectors &.

We prove the inequality by applying the blow-up technique (see [18] and [13], and
for instance [15, 14, 23] for the discrete setting).

We assume that the sequence {F(u®)} is equibounded and that u® converge in
LllOC (R?) to u = xa, where A is a set of finite perimeter. Up to subsequences, we can
assume that liminf. o Fr(u®) = lime_ F:(u®). We define the localized energy on an
open set U by

2d
€
Fow'5U) = g 2 2 oi-gli =4
N €U jezd
and define the measures p.(U) = F.(u®; U); since the family {u.} is equibounded, we

can assume that p. — g up to subsequences. Now, let A = H4 ! L 9*A; the lower
bound inequality follows if we show that for H¢ '-a.a. € 9* A we have

W a) > eul),

where %\” denotes the Radon-Nikodym derivative of p with respect to the Hausdorff
d—1-dimensional measure \. By the Besicovitch Derivation Theorem, for H¢ 1-a.a. z €
0* A we have that

1(Qy(x))

du i
= BN Quw)

where \ is the measure H4~! L 9* A, v is the normal vector to 9*A at z and Qy () is
a cube centered in x with side length ¢ and a face orthogonal to v. We can fix x = 0
and denote Q}(0) by Q}. Hence, the lower bound follows if we show that

1
o .. o) > .
i lim fnf Qd‘lFa(u @) 2 eal) (26)

We may therefore assume that ¢ = p. be such that % — 0 and the scaled functions
u“:(%i) interpolated on the lattice %Zd converge to the characteristic function of the half
space HY = {z : {(x,v) < 0} on QL. We define

Ae = {z € Qv (2) # xav ()},

11



so that |A;| — 0.

If we define . e
¢ _ 1 d. . S 1
Ig/g—{ZEZ .Qz,g(z—l—é)eQV}
then o
9 e [Sp g .
P08 = S S a(Se) S [w i+ ) - w .
n n/. % 0
¢ezd ZEIE/Q

Figure 1: The set R*¢

We begin by estimating

uaii 7us£i — i 3 :usii ueii ‘
IZ Clive)—uCal=#{ie v Cliro) v}
c/e

With fixed a € (0,1) for each ¢ € Z? satisfying

£ ‘ a
IR 2 ) 27
G2 T 1)
we define o
P¥ =1y cll,NQl:y+ £ecQlt,
{ 2((&, v)| }
which is not empty by (27), and
R ={eeqQliz=y+itt, ye P, ——* _<t< =
{ 2[(¢; v)| 2|<§,V>\}
(see Fig. 1). Furthermore, we fix § with
a
> —. 28
p V1+a? (28)

12



Since we will restrict our arguments to sets P®¢ and R*¢ above with ¢ satisfying

£

€1’

we omit the dependence of the sets P®¢ and R*¢ on v, since the estimates we will
obtain will be independent on v.

As in the one-dimensional case we consider the functions restricted to the discrete
lines %z’ + %fZ. The parameter « is introduced so as to estimate the number of sites of
such discrete lines inside Q). We then set

(0| 2 85 (29)

< € €
Bs‘/’g = {z € Z%: i € R** and v is not constant in (—z‘ + ,gz> N Ra,é}.
¢ 0o 0

Note that if ¢ € B?/’f) then 7 + k€ € Bs‘/’g for all k with %(z + k€) € R, so that, if we

define the equivalence relation i ~ i’ if i — ¢ € £Z, we may set

pot _ pot
B j, =B}yl ~
getting
. [ £ . So
#lier,: w(+8) 4 u%;z)} > #BCf.

We can estimate the number of ‘discrete lines’ intersecting R*¢ as

a,§ _
et remdss) > L _au()

> w P olenl(S) T - calel(5)

v

where the last term is an error term accounting for the cubes intersecting the boundary
of R™E,
Note that to every element of the complement of Bg/’g there correspond at least
L%J points in %Zd N A.}, so that for € sufficiently small we get
Q b}

#({2 ez %2 € R*¢ and u® constant in (gz + éﬁZ) N Ro"g}/ N)
A EEN] | ena
<o e TO)
)

= 2141(5) e+ culel(5)

13



with C!, again a positive constant accounting for boundary cubes, and hence

e\1-d

#B9% = H POl (5) - 21ad (5) e - (ot ()

By (29) we can estimate

WP > (1= grle - eoml) = (12 Gy )

(see also Fig. 1), and hence, upon fixing R > 0 and introducing the set

=R = {eezt 0 < R[50 2 8,

by (30) and (31) we have

1 1 gM
FFe(uE;Qﬁ) > o1 pdiT >
€EL(R,B)
1 €2d £ 1 e\ 1-d
—FW Z a(ﬁf)&MJ(;) 1€, )

EEEL(R,P)
2-d 1 g% €

—<Ca+0&)<%> o1 dtL Z a(*f)\f\

cczr(RB)

d—1 eNe re €
(5 a(#)l(;éw)l

o(CepurPanemi(S)

d
~( +Ca>Z€EEW)(Z) a(%f)\%\
Since |A.| — 0 and
hm£€ z(:ﬁ)(;) <6€>‘<%§,V>‘ - /{IE<R|<§/I£I v)|=B} (Ol wlde
. eNd /e \|¢€ B
il_% eEé(R,B)<n) a<5§>‘ﬁg‘ - /IE<R|§/I£| )=} (O)lel e,

we get

« 1

. (30)

(31)

1 d—1
li f 4 _ R — d .
it e Fe QD) 2 (-3 p? Y /{5|<R,|<s/|£,u>>ﬁ}a(€)‘<€’y>’ ¢

14



Note that by (28) we may let first a — 0 and then § — 0. We eventually obtain

. 1 c
hran_:(glf FFg(U Q%) > /{|§<R} a(&)|(€,v)| dE,

which, by the arbitrariness of R, gives (26).

CnR

Figure 2: Upper-bound construction

The upper bound is obtained by a density argument (see [7] Section 1.7). Hence,
it suffices to treat the case of A polyhedral. In this case it suffices to take (the in-
terpolations) uf = xa(ei) for i € Z%. Indeed, we write A as a union of N d — 1-
dimensional polytopes Y and we denote by v, the outer normal to ¥; and by K the
d — 2-dimensional skeleton of A.

We note that there exists a constant C' depending only on A such that, for any
n, R > 0, after removing the closed neighborhood K + Bcyg from dA, we obtain a
disjoint collection il, e f]N with f]k C X, such that

(ik + BnR) N (ik/ + BnR) = () for any k # K’

(see Fig. 2). Hence, for any ¢ € Z¢ with |e£| < nR, k € {1,...,N}, and j € Z% such
that the line €5 4+ e£R intersects ik, the values u5 change only once on the points of the
discrete lines €j + €£Z which lie in a nR neighbourhood of f]k. We note that for lines
intersecting Y at a point of distance not larger than CnR from K, such changes of
value are at most NV; then, repeating the counting argument used in the lower bound,
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we obtain

2d
. € €
limsup —— Z a(*ﬁ) Z |uiye — gl
e—=0 7 cezd n iczd
le€|<nR
N gd € €
< lim sup ZHd_l(Ek)— Z a(*f)‘(*fa”ﬁ‘*‘O(nR)
e—0 k=1 /'7 d 77 77
= ¢ez
le€|<nR

N
Stmeupd NS [ (@l g

e—0 1
§/ ©a(v)dHIL
0A

Since also for |e€]| > nR the changes of value of u¢ are at most N, we then get

g2d €
limsup —— a(f§> lui e —ui| < N?—[dl(aA)/ a(&)|&|dg.
e gzzd 1 %i {le/>R}
[e€|>nR
Since this term vanishes as R — 400 the upper bound follows. ]

Example 6. If q is radially symmetric, then we have
F(A) = oHT (9% A), (32)
where o is given by
7= [ a©llde. (33)

In particular, we may take a = xp, the characteristic function of the unit ball in
R?. In this case the limit of

2d

g
Fo(u) = — > i — ujl. (34)
i,J€Z4 |i—j|<n/e
is given by
o= [l (35)
By

Remark 7 (local version). If Q C R is an open set with Lipschitz boundary we may

define

62d

F.(u) = pra Z a;_jlu; — ujl. (36)
i,jEZINLQ
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Then the I'-limit is
F(A) = }f 0o (v)dHE, (37)
QNo*A

with minor modifications in the proof.
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