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CONVEX ANCIENT SOLUTIONS OF

THE MEAN CURVATURE FLOW

Gerhard Huisken & Carlo Sinestrari

Abstract

We study solutions of the mean curvature flow which are defined
for all negative times, usually called ancient solutions. We give
various conditions ensuring that a closed convex ancient solution
is a shrinking sphere. Examples of such conditions are: a uniform
pinching condition on the curvatures, a suitable growth bound
on the diameter, or a reverse isoperimetric inequality. We also
study the behaviour of uniformly k-convex solutions, and consider
generalizations to ancient solutions immersed in a sphere.

1. Introduction

In this paper, we study convex ancient solutions to the mean cur-
vature flow. We recall that a family of smooth immersions F : M×
(t0, t1) → R

n+1, where M is an n-dimensional manifold, is called a
mean curvature flow if it satisfies

(1.1)
∂F

∂t
(p, t) = −H(p, t)ν(p, t), p ∈ M, t ∈ (t0, t1),

where H(p, t) and ν(p, t) are the mean curvature and the outer normal
respectively at the point F (p, t) of the surface Mt = F (·, t)(M). The

signs are chosen such that −Hν = �H is the mean curvature vector and
the mean curvature of a convex surface is positive. We assume that
n ≥ 2 and that M is closed.

A solution is called ancient if it is defined for t ∈ (−∞, 0). While mean
curvature flow is parabolic and hence in general ill-posed backward in
time, ancient solutions are of interest for several reasons: They arise as
tangent flows near singularities of the flow and therefore model the as-
ymptotic profile of the surfaces as they approach a singularity, see e.g.
[19]. Notice that the convexity assumption made in the current paper
arises naturally since it was shown in [20, 25] that the rescaling of any
singularity of a mean-convex solution of mean curvature flow is (weakly)
convex. Ancient solutions of mean curvature flow have also been of in-
terest in theoretical physics where they appear as steady state solutions
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of boundary renormalization-group-flow in the boundary sigma model
[6, 23].

Examples of ancient solutions include all homothetically shrinking so-
lutions, in particular the shrinking round sphereMt = Sn

R(t), with radius

R(t) =
√−2nt, and the shrinking cylinders Mt = Sn−k

R(t) × R
k, R(t) =√−2(n− k)t. An important example of a non-homothetically shrink-

ing ancient solution is the Angenent oval [3], an ancient convex solution
of curve shortening in the plane which arises by gluing together near
t → −∞ two opposite translating (non-compact) solutions of curve
shortening flow in the plane given by

y1(t) = − log cos x+ t, y2(t) = log cos x− t.

The translating solution above is known as the grim reaper curve in the
mathematical community while it is known as the hairpin solution in
the physics community [6]. The Angenent oval is known as the paperclip
solution in the physics literature [23]. Compact convex ancient solutions
in the plane have been completely classified by Daskalopoulos-Hamilton-
Sesum [8] to be either shrinking round circles or an Angenent oval.

A solution analogous to the Angenent oval was constructed in higher
dimensions by White [25, p. 134]. Haslhofer and Hershkovits give a more
detailed construction [13] and formal asymptotics of this solution was
studied by Angenent in [4]. Heuristic arguments suggest that in higher
dimensions many more compact convex ancient solutions may be con-
structed by appropriately gluing together lower dimensional translating
solutions for t → −∞. A class of such convex eternal solutions was
studied by X.-J. Wang in [24].

We note that there are analogous phenomena for ancient solutions of
Ricci flow. A classification of 2-dimensional ancient solutions of positive
Gauss curvature was obtained by Daskalopoulos-Hamilton-Sesum in [9].
In higher dimensional Ricci flow Brendle-Huisken-Sinestrari [7] proved
that the shrinking sphere solution is rigid in a natural class of positively
curved Riemannian metrics satisfying a pinching condition.

The current paper first proves a new interior estimate in time for
ancient compact convex solutions in Theorem 3.1. It then gives a de-
tailed list of characterizations of the shrinking sphere in terms of sev-
eral natural geometric conditions. These include pinching of the second
fundamental form, a scaling invariant diameter bound, and a reverse
isoperimetric inequality. We summarise these results in sections 3 and
4 as follows:

Theorem 1.1. Let Mt be a closed convex ancient solution of mean

curvature flow. Then the following properties are equivalent:

(i) Mt is a family of shrinking spheres.
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(ii) The second fundamental form of Mt satisfies the pinching condi-

tion hij ≥ εHgij for some ε > 0.
(iii) The diameter of Mt satisfies diam(Mt) ≤ C1(1 +

√−t) for some

C1 > 0.
(iv) The outer and inner radius of Mt satisfy ρ+(t) ≤ C2ρ−(t) for

some C2 > 0.
(v) Mt satisfies maxH(·, t) ≤ C3 minH(·, t) for some C3 > 0.
(vi) Mt satisfies the reverse isoperimetric inequality |Mt|n+1 ≤ C4|Ωt|n

for some C4 > 0, where Ωt is the region enclosed by Mt.

(vii) Mt is of type I, that is, lim supt→−∞
√−tmaxH(·, t) <∞.

We remark that in properties (ii), (iv), (v), and (vi) above it is only
necessary to assume the inequalities for time −∞ < t < T1 for some
T1 < 0, since on any interval [T1, 0) they follow from the convergence as
t→ 0 of the Mt’s to a spherical profile; see [16].

The equivalence of (i), (ii), and (iii) was announced in [22]. Recently,
Haslhofer and Hershkovits [13] have proved a similar result (equivalence
of (i), (ii), (iii), and (vii)). Their method of proof is independent and is
based on the Andrews noncollapsing condition [2] and the recent results
by Haslhofer and Kleiner [14]. Our proof does not use this condition.

The formal analysis of [4] supports the existence of ancient solutions

whose diameter grows with rate
√
|t| ln |t|. This suggests that the growth

rate in assumption (iii) is close to being optimal.
In section 5 we study ancient convex solutions which are in addition

uniformly k-convex, i.e. the sum of the smallest k principal curvatures
is everywhere bounded below by a fixed fraction of the mean curvature.
Such solutions arise when studying surgery algorithms for k-convex sur-
faces; see [21]. We prove in section 5 that such solutions satisfy a sharp
upper bound on the norm of their second fundamental form establish-
ing “gaps” in the geometric behaviour of ancient solutions depending on
the level of k-convexity. Finally, in section 6 we consider ancient solu-
tions immersed in the sphere, showing that the round shrinking solution
can be characterized by curvature pinching conditions which are weaker
than in the Euclidean case.

Acknowledgments. Gerhard Huisken has been supported by SFB647
of DFG. Carlo Sinestrari has been supported by FIRB-IDEAS project
“Analysis and beyond,” by PRIN 2009 Project “Viscosity, metric and
control theoretic methods in nonlinear PDE’s,” and by GNAMPA group
of INdAM (Istituto Nazionale di Alta Matematica).

2. Preliminaries

If Ω ⊂ R
n+1 is a compact set with nonempty interior, the inner radius

and outer radius of Ω are defined as

ρ−(Ω) = max{r > 0 : ∃Br ball of radius r s.t. Br ⊂ Ω},
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ρ+(Ω) = min{R > 0 : ∃BR ball of radius R s.t. Ω ⊂ BR}.
In addition, given a unit vector ν ∈ R

n+1, the quantity

w(ν,Ω) = max{〈y − x, ν〉 : x, y ∈ Ω}
is called the width of Ω in the direction of ν. By definition, w(ν,Ω) is
the distance between the two hyperplanes orthogonal to ν touching Ω
from outside. We then define

w−(Ω) = min
|ν|=1

w(ν,Ω), w+(Ω) = max
|ν|=1

w(ν,Ω).

It is easy to see that

(2.1) w+(Ω) = diam(Ω).

If Ω ⊂ R
n+1 is convex we have the following inequalities [1, Lemma 5.4]:

(2.2) ρ+(Ω) ≤ w+(Ω)√
2

, ρ−(Ω) ≥ w−(Ω)

n+ 2
.

If M ⊂ R
n+1 is a smooth closed embedded n-dimensional hypersur-

face, we consider the compact set Ω such that M = ∂Ω and define
ρ±(M) and w±(M) to be equal to the corresponding quantities associ-
ated to Ω. In addition, we denote by diamI(M) the intrinsic diameter
of M, computed using the Riemannian distance on M induced by the
immersion, in contrast with the extrinsic diameter diam(M), which is
defined in terms of the distance in R

n+1. Elementary arguments, to-
gether with (2.2), show that if M is convex then

(2.3)
√
2 ρ+(M) ≤ diam(M) ≤ diamI(M) ≤ πρ+(M).

For a smooth embedded hypersurface M ⊂ R
n+1, we denote the

metric by g = {gij}, the surface measure by dμ, the second fundamental
form by A = {hij}, and the Weingarten operator by W = {hij}. We then
denote by λ1 ≤ · · · ≤ λn the principal curvatures, i.e. the eigenvalues
of W , and by H = λ1 + · · · + λn the mean curvature. In addition,
|A|2 = λ2

1 + · · ·+ λ2
n denotes the squared norm of A.

If Mt is a family of hypersurfaces evolving by mean curvature flow
(1.1), the above quantities depend on t and satisfy the following evolu-
tion equations computed in [16]:

(2.4)
∂

∂t
hij = Δhij + |A|2hij ,

(2.5)
∂H

∂t
= ΔH + |A|2H,

(2.6)
∂

∂t
|A|2 = Δ|A|2 − 2|∇A|2 + 2|A|4,

(2.7)
∂

∂t
dμ = −H2dμ.
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Throughout the paper the surfacesMt have dimension n ≥ 2 and are
compact, convex, and defined for t ∈ (−∞, 0). Moreover, 0 is assumed
to be the singular time of the flow, and the surfaces Mt shrink to a
point as t→ 0 by the results of [16].

The strong maximum principle for tensors applied to equation (2.4)
implies that all principal curvatures are strictly positive everywhere. In
addition, if we consider the evolution equation for the mean curvature
(2.5) together with the inequalities

(2.8)
H2

n
≤ |A|2 ≤ H2,

we obtain, by a standard comparison argument,

(2.9) min
Mt

H ≤
√
n√−2t , max

Mt

H ≥ 1√−2t , ∀ t ∈ (−∞, 0).

Comparison with evolving spheres, together with the property that
ρ−(Mt) → 0 as t → 0, yields easily the following bounds on the inner
and outer radius of Mt:

(2.10) ρ−(Mt) ≤
√−2nt ≤ ρ+(Mt), ∀ t ∈ (−∞, 0).

We finally recall Hamilton’s differential Harnack estimate [12], which
for ancient solutions takes the form

(2.11)
∂H

∂t
− |∇H|2

H
≥ 0.

In particular, this implies that H is pointwise nondecreasing. Therefore,
our solutions have uniformly bounded curvature on any time interval of
the form (−∞, T1], with T1 < 0. Since H is the speed of our evolving
surfaces, we deduce that for each solution there exists a constant K > 0,
such that the outer radius satisfies the bound

(2.12) ρ+(Mt) ≤ K(1 + |t|) ∀ t < 0.

3. Pinched solutions

In this section we consider ancient solutions satisfying the pinching
condition

(3.1) hij ≥ εHgij

for some ε > 0 independent of t. We will show that a solution with this
property is necessarily a family of shrinking spheres. To this purpose we
consider the function, introduced in [16],

(3.2) fσ =
|A|2 −H2/n

H2−σ
,

with σ > 0. The function fσ is nonnegative, and it is zero only at umbil-
ical points. We first prove an integral estimate for this function which
holds on any pinched solution of the flow, not necessarily ancient, and
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only depends on the pinching constant and the lifespan of the solution.
The characterization of ancient solutions will follow as a corollary.

Theorem 3.1. Let Mt, with t ∈ [T0, 0), be a solution to the mean

curvature flow such that MT0
is closed, convex, and satisfies (3.1) for

some ε > 0, and which becomes singular as t → 0−. Then there ex-

ist c1, c2, c3 > 0 depending only on n, ε such that, for every p, σ > 0
satisfying

p ≥ c1, σ ≤ c2/
√
p, pσ > n,

we have that (∫
Mt

fp
σ dt

) 2

σp

≤ c3

|T0|1−
n

σp − |t|1− n

σp

,

for all t ∈ [T0, 0).

Proof. As shown in [16], the solutionMt is convex and satisfies (3.1)
for all t ∈ (T0, 0). In addition, by an easy adaptation of the proof of
Lemma 5.5 of [16] one finds that, if p, σ are such that

p ≥ 100

ε2
, σ ≤ nε3

16

1√
p

then

(3.3)
d

dt

∫
Mt

fp
σdμ ≤ −pσ

∫
Mt

H2fp
σdμ.

Recalling inequalities (2.8) we see that 0 ≤ f < Hσ and therefore
(3.4)

d

dt

∫
Mt

fp
σdμ ≤ −pσ

∫
Mt

f
p+ 2

σ
σ dμ ≤ −pσ

(∫
Mt

fp
σdμ

)1+ 2

σp

|Mt|−
2

σp ,

by Hölder’s inequality, where |Mt| denotes the area of Mt. To exploit
this estimate, we need an upper bound on |Mt|. We first observe that,
by property (3.1), the Gauss curvature K of our hypersurfaces satisfies
K ≥ (εH)n. Therefore, by the Gauss-Bonnet theorem,∫

Mt

Hn dμ ≤ ε−n
∫
Mt

K dμ = c(ε, n).

Therefore, by (2.7),

d

dt
|Mt| = −

∫
Mt

H2 dμ ≥ −
(∫

Mt

Hndμ

)2/n

|Mt|1−
2

n ≥ −c|Mt|1−
2

n ,

where we denote by c a suitable positive constant depending on ε, n
(possibly different from one formula to another). By integrating this
inequality over [t, s], with T0 ≤ t < s < 0 arbitrary, we obtain

|Ms|2/n − |Mt|2/n ≥ −c(s − t).
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We have |Ms| → 0 as s → 0 by the result of [16]. Therefore, letting
s→ 0 we obtain

(3.5) |Mt| ≤ c(−t)n/2.
Let us set for simplicity φ(t) :=

∫
Mt

fp
σ dμ. Combining (3.4) and (3.5)

we obtain

(3.6)
d

dt
φ−

2

σp ≥ c(−t)− n

σp ,

for any t such that φ(t) > 0. Observe that φ(t) ≥ 0, with equality if and
only if Mt is a sphere. This implies in particular that, if φ(t) > 0, then
φ(s) > 0 for all s < t. Therefore, if we take any t ∈ (T0, 0) such that
φ(t) > 0 we can integrate (3.6) over [T0, t] and obtain

φ
− 2

σp (t) ≥ φ
− 2

σp (T0) + c

∫ |T0|

|t|
τ
− n

σp dτ

> c

∫ |T0|

|t|
τ−

n

σp dτ > c
(
|T0|1−

n

σp − |t|1− n

σp

)
,

where we have also used the assumption σp > n. This proves our asser-
tion if φ(t) > 0, while the case φ(t) = 0 is trivial. q.e.d.

As a corollary, we obtain the following result which gives the equiva-
lence between (i) and (ii) in Theorem 1.1.

Theorem 3.2. Let Mt, with t ∈ (−∞, 0), be an ancient solution

to the mean curvature flow such that every Mt is closed, convex, and

satisfies (3.1) for some ε > 0 independent of t. Then Mt is a family of

shrinking spheres.

Proof. We can let T0 → −∞ in the previous theorem and conclude
that for suitable values of σ, p the integral

∫
Mt

fp
σ is zero for every t < 0.

This implies that every Mt is a sphere. q.e.d.

4. Solutions with a diameter bound

In this section we prove the remaining parts of Theorem 1.1. We first
show that a growth bound of the order O(

√−t) on the diameter of the
solution allows us to control the variation of the curvature at any fixed
time.

Lemma 4.1. Let Mt, with t ∈ (−∞, 0), be a closed convex ancient

solution of the mean curvature flow. Then the two following properties

are equivalent.

(i) There exists C1 > 0 such that

(4.1) diam(Mt) ≤ C1(1 +
√−t), for all t < 0.



274 G. HUISKEN & C. SINESTRARI

(ii) There are C ′, C ′′ > 0 such that

(4.2)
C ′√−t ≤ H ≤ C ′′√−t , on Mt, for all t < 0.

Proof. Let us show that (4.1) implies (4.2). We first observe that, by
property (2.3), the intrinsic diameter of our surfaces satisfies

(4.3) diamI(Mt) ≤ C1
π√
2

(
1 +

√−t ) , for all t < 0.

Then we also have

(4.4) diamI(Mt) ≤ c
√−t, for all t < 0,

for a suitable c > 0. In fact, for t close to zero this follows from the
convergence of Mt to a round point [16], while for t away from zero it
follows from (4.3).

Next we recall a well known consequence of Hamilton’s Harnack in-
equality (2.11), stating that

(4.5) H(p1, t1) ≤ H(p2, t2) exp

(
diam2

I(Mt1)

4(t2 − t1)

)

for any p1, p2 ∈ M and t1 < t2 < 0. For any t < 0, we apply this
inequality, together with (4.4), with t1 = t, t2 = t/2, and we obtain

maxH(·, t) ≤ ec
2/2 minH (·, t/2) .

Using (2.9), we find

maxH(·, t) ≤ ec
2/2 minH (·, t/2) ≤ ec

2/2

√
n

−t , ∀ t < 0.

Since t < 0 is arbitrary, we can replace t by 2t and use the other part
of (2.9) to obtain

minH (·, t) ≥ e−c
2/2 maxH(·, 2t) ≥ e−c

2/2 1

2
√−t , ∀ t < 0.

The two inequalities together imply (4.2).
Suppose now that (4.2) holds. Since Mt shrinks to a point as t→ 0,

we find for any pair of points p, q ∈ M

|F (p, t)− F (q, t)| ≤
∫ 0

t
H(p, τ) dτ +

∫ 0

t
H(q, τ) dτ

≤ 2C ′′
∫ 0

t

dτ√−τ = 4C ′′
√−t,

which implies (4.1). q.e.d.

Theorem 4.2. LetMt, with t ∈ (−∞, 0), be a closed convex ancient

solution of the mean curvature flow satisfying either (4.1) or (4.2). Then
Mt is a family of shrinking spheres.
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Proof. If our solution satisfies hij ≥ εHgij for a time-independent
ε > 0, then the assertion follows from Theorem 3.2. We assume therefore
that this does not hold; then there exists a sequence {(pk, tk)}, with
tk → −∞, such that (λ1/H)(pk, tk) → 0 as k → ∞. We consider the

flow Mt for t ∈ [2tk, tk] and rescale it by a factor 1/
√
|tk| in space and

1/|tk| in time. We obtain a sequence of flows which are all defined for t ∈
[−2,−1] and, by the previous lemma, have curvature and diameter which
are uniformly bounded from above and below by positive constants. By
[10], we also have uniform bounds on all derivatives of the curvature for
t ∈ [−3/2,−1]. So we can extract a subsequence converging smoothly
to a solution of the flow in [−3/2,−1]. This limit solution is convex and
compact, but it contains a point with λ1 = 0 at t = −1. A well known
argument based on the strong maximum principle (see [11]) implies
that the limit solution must split as a product containing a flat factor,
in contradiction with the diameter bound. This shows that the original
solutionMt satisfies hij ≥ εHgij , and we can conclude by Theorem 3.2.

q.e.d.

Corollary 4.3. If our ancient solution Mt satisfies either of the two

properties:

ρ+(Mt) ≤ Cρ−(Mt), for all t < 0

maxH(·, t) ≤ CminH(·, t), for all t < 0

for a constant C > 0, then Mt is a family of shrinking spheres.

Proof. From inequalities (2.3) and (2.10) we see that the hypothesis
on ρ−, ρ+ implies the diameter bound (4.1). Also, the assumption on H
implies, by (2.9), that (4.2) holds. So in both cases we can conclude by
the previous theorem. q.e.d.

We now consider an assumption of a different kind on our ancient
solution Mt. As in section 2, we denote by Ωt the compact region en-
closed byMt. We say thatMt satisfies a uniform reverse isoperimetric

estimate if there exists a constant C > 0 such that

(4.6) |Mt|n+1 ≤ C|Ωt|n, ∀t < 0,

where |Mt| and |Ωt| denote the n-dimensional and (n+ 1)-dimensional
measure ofMt and Ωt respectively. Clearly, the constant C in (4.6) has
to be greater than the optimal constant in the isoperimetric inequality
achieved by the sphere. The next lemma shows that such an assumption
implies a uniform bound on the ratio between outer and inner radius.

Lemma 4.4. For any n ≥ 1 and c1 > 0 there exists c2 = c2(c1, n) ≥
1 with the following property. Let M ⊂ R

n+1 be a closed convex n-
dimensional hypersurface such that

|M|n+1 ≤ c1|Ω|n,
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where Ω is the region enclosed by M. Then the outer and inner radius

ρ+ and ρ− of M satisfy
ρ+
ρ−

≤ c2.

Proof. We shall use the notion of maximal and minimal width w+(M)
and w−(M) recalled in section 2; sinceM is fixed throughout the proof,
we simply write ρ±, w± instead of ρ±(M), w±(M).

Assume for simplicity that the direction achieving the minimal width
w− is the one of the xn+1–axis, and denote by Σ the orthogonal projec-
tion of M onto the {xn+1 = 0} hyperplane. Then we can estimate

|Ω| < w−|Σ| |M| > |Σ|,
where |Σ| is the n-dimensional measure of Σ. Thus the hypothesis of
our lemma implies

(4.7) |Σ| ≤ c1w
n
−.

In addition, we observe that if P,Q are any two points inM and P ′, Q′ ∈
Σ are their projections onto the {xn+1 = 0} hyperplane, we have

|P −Q| ≤ |P ′ −Q′|+ w−.

Therefore, recalling also (2.1),

(4.8) diam(Σ) ≥ diam(M)− w− = w+ − w−.

In the case n = 1 we have that diam(Σ) = |Σ|; hence, (4.7) and (4.8)
together yield w+ ≤ (c1 + 1)w−, which implies the assertion, by (2.2).

If n > 1 we argue as follows. We take an (n+1)-dimensional ball B0

of radius ρ− contained in Ω and let B1 be its projection on the xn+1 = 0
hyperplane; then B1 ⊂ Σ. Let P1 ∈ Σ be the center of B1. By definition
of diameter, there exists P2 ∈ Σ such that |P2 − P1| ≥ diam(Σ)/2. We
then intersect B1 with the hyperplane through P1 orthogonal to the
direction P2 − P1, obtaining the (n− 1)-dimensional ball

B2 = {P ∈ B1 : 〈P − P1, P2 − P1〉 = 0}.
Since Σ is convex and it contains both B2 and P2, it also contains the
cone K with basis B2 and vertex P2. We have that B2 is an (n − 1)-
dimensional ball of radius ρ−, while the height of K equals |P2 − P1| ≥
diam(Σ)/2, and therefore

|Σ| ≥ |K| ≥ ωn−1

n
ρn−1−

diam(Σ)

2
,

where ωn−1 is the volume of the unit (n − 1)-dimensional ball. Using
(2.2) and (4.8) we deduce

|Σ| ≥ ωn−1

n

wn−1
−

(n + 2)n−1
w+ − w−

2
=: κnw

n−1
− (w+ − w−),
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where κn only depends on n. Then (4.7) implies

c1w− ≥ κn(w+ − w−),

which gives w+ ≤ (1 + c1/κn)w−. By (2.2), we obtain the conclusion.
q.e.d.

Combining the previous lemma with Corollary 4.3, we obtain

Corollary 4.5. Suppose that there exists a constant C > 0 such that

the uniform reverse isoperimetric estimate (4.6) holds. Then Mt is a

family of shrinking spheres.

In analogy with the terminology used in the study of finite time sin-
gularities, we say that an ancient solution to the mean curvature flow
is of type I if there exist constants C > 0 and T0 < 0 such that

(4.9) max
Mt

H(·, t) ≤ C/
√−t, for all t ≤ T0.

Otherwise we call it of type II.

Proposition 4.6. A closed convex ancient solution of the mean cur-

vature flow of type I is a family of shrinking spheres.

Proof. The results of [16] imply that inequality (4.9) also holds for
t ∈ [T0, 0), possibly with a larger C. Then we can argue as in the last
step of the proof of Lemma 4.1, to obtain that a type I solution satisfies
the bound (4.1). We conclude by Theorem 4.2. q.e.d.

The previous result completes the proof of Theorem 1.1. To conclude
the section, we show that any ancient solution different from the sphere
can be rescaled in order to produce a translating soliton, i.e. a trans-
lating solution of the flow. In fact, the type II property allows us to
perform a procedure analogous to the case finite time singularities of
the mean curvature flow; see e.g. [19].

Theorem 4.7. If Mt is a closed convex ancient solution of the flow

different from a shrinking sphere, then there is a family of rescaled flows

which converge to a translating soliton.

Proof. By the previous proposition, Mt is of type II. For any given
integer k > 1, choose pk ∈ M and tk ∈ [−k,−1] such that

√−tkH(pk, tk) = max
p∈M,t∈[−k,−1]

√−tH(p, t),

and set Lk = H(pk, tk). The type II property implies that

tk → −∞,
√−tkLk → +∞

as k → +∞. We remark that, in contrast to the rescaling near a finite
time singularity, in this case Lk does not go to +∞ and in general may
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go to zero. Now we define a rescaled immersion as follows

(4.10) Fk(·, τ) = LkF

(
· , τ

L2
k

+ tk

)
, τ ∈ (−∞, L2

k(−tk)),

and we denote by Hk the mean curvature on the k-th rescaled flow. Ob-
serve that L2

k(−tk)→ +∞ as k →∞. In addition, we have Hk(pk, 0) =
1 = maxH(·, 0).

With computations similar to §4 in [19], we obtain that for any ε > 0
small and for any T > 0 large, the rescaled flows satisfy Hk ≤ 1 + ε on
the time interval (−∞, T ) for k large enough. This ensures convergence
of a subsequence of the rescaled flows to a limit solution defined for all
times, convex, with H ≤ 1 everywhere and H = 1 at some point for
t = 0. By a result of Hamilton [12], it must be a translating soliton.
q.e.d.

5. Uniformly k-convex ancient solutions

We recall that a hypersurface is called k-convex, for some integer
k ∈ {1, . . . , n− 1}, if λ1 + · · ·+ λk ≥ 0 everywhere. Thus, we say that a
solution of the mean curvature flow is uniformly k-convex if it satisfies

(5.1) λ1 + · · ·+ λk ≥ αH > 0

for some α > 0 and for all t < 0. Such an inequality is preserved by the
flow. Observe that uniform 1-convexity means convexity with curvature
pinching, as in assumption (3.1). For general k, we can give a sufficient
condition for k-convexity in terms of the quotient |A|2/H2.

Lemma 5.1. Suppose that at a point of an n-dimensional hypersur-

face M we have H > 0 and

(5.2)
|A|2
H2

≤ 1− 2α

n− k

for some k = 1, . . . , n−1 and some α ∈ (0, 1/2). Then at the same point

we also have

λ1 + · · ·+ λk ≥ αH.

Proof. Let us set μ = λk+1 + · · ·+ λn. Then we have

μ2 ≤ (n − k)(λ2
k+1 + · · · + λ2

n) ≤ (n− k)|A|2.
Therefore, by (5.2),

(1− α)2H2 > (1− 2α)H2 ≥ (n− k)|A|2 ≥ μ2.

We conclude

λ1 + · · ·+ λk = H − μ ≥ H − (1− α)H = αH.

q.e.d.
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In [21] we proved that a 2-convex solution (not necessarily convex)
of the mean curvature flow on a finite time interval [0, T ) satisfies the
following property: for any η > 0 there exists Cη > 0 such that

|A|2 − 1

n− 1
H2 ≤ ηH2 + Cη.

The proof can be easily generalized to show that k-convex solutions
satisfy an analogous inequality with 1

n−1 replaced by 1
n−k+1 . Here we

show that an ancient solution which is convex and uniformly k-convex
satisfies a stronger estimate without the terms in the right-hand side.

Theorem 5.2. LetMt, with t ∈ (−∞, 0), be a convex closed ancient

solution of the mean curvature flow embedded in R
n+1 with n ≥ 3,

satisfying (5.1) for some k = 2, . . . , n − 1 and α > 0. Then we have

H2 > (n− k + 1)|A|2 everywhere.

Proof. In the first part of the proof we follow a procedure similar to
section 5 in [21]. We introduce, for η > 0 and σ ∈ [0, 2], the function

(5.3) fσ,η =
|A|2 −

(
1

n−k+1 + η
)
H2

H2−σ
.

Then
∂fσ,η
∂t

= Δfσ,η +
2(1− σ)

H
〈∇H,∇fσ,η〉 − σ(1− σ)

H2
fσ,η|∇H|2(5.4)

− 2

H4−σ
|H∇ihkl −∇iH hkl|2 + σ|A|2fσ,η.

In particular, for σ = 0 the maximum of fσ,η decreases in time, which
shows that the inequality |A|2 ≤ ( 1

n−k+1 + η)H2 is preserved by the
flow.

For simplicity, we write f ≡ fσ,η, and we denote by f+ the positive
part of f . From (5.4) we obtain, as in [21, Lemma 5.4], that there exist
constants c1, c2 > 1, depending only on n, k and the constant α in (5.1),
such that

d

dt

∫
Mt

fp
+dμ ≤ −p(p− 1)

2

∫
Mt

fp−2
+ |∇f |2dμ− p

c1

∫
Mt

fp
+

H2
|∇H|2dμ

+pσ

∫
Mt

|A|2fp
+dμ(5.5)

for any p ≥ c2. We now observe that

(n−k+1)|A|2−H2−
∑

k≤i<j≤n

(λi−λj)
2 = (n−k)

k−1∑
i=1

λ2
i−2

k−1∑
i=1

n∑
j=i+1

λiλj .

Since for any i < k
n∑

j=i+1

λj ≥ (n− i)λi > (n− k)λi,
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we deduce that the right-hand side in the above formula is negative;
that is,

(5.6) (n− k + 1)|A|2 −H2 <
∑

k≤i<j

(λi − λj)
2.

Therefore, if we set Z = Htr(A3)− |A|4, we have

Z =
∑
i<j

λiλj(λi − λj)
2 >

∑
k≤i<j

λiλj(λi − λj)
2

≥
∑

k≤i<j

λ2
k(λi − λj)

2 ≥ (αH)2

k2

∑
k<i<j

(λi − λj)
2

≥ (αH)2

k2
((n − k + 1)|A|2 −H2).

Taking into account the definition of f = fσ,η, we see that at the points
where f > 0 we have

(5.7) Z ≥ (n− k + 1)α2η

k2
H4.

On the other hand, we have (see the proof of Lemma 5.5 in [21])

(5.8)

∫
2Z

H2
fp
+dμ ≤ 8np

∫
fp−1
+

H
|∇H| |∇f |dμ+ 10n

∫
fp
+

H2
|∇H|2dμ.

From estimates (5.5), (5.7), and (5.8) we conclude, as in Proposition 5.6
of [21], that there exist constants c3, c4 such that

(5.9)
d

dt

∫
Mt

fp
+dμ ≤ −pσ

∫
Mt

|A|2fp
+dμ

for all p ≥ c3 and σ ≤ η(c4
√
p)−1.

Now let us denote by Ωt the region enclosed byMt. The volume |Ωt|
satisfies

d

dt
|Ωt| = −

∫
Mt

H dμ.

From the bound (2.12) we deduce that there exists c1 > 0 such that

(5.10)

∫ 0

t

(∫
Mτ

H dμ

)
dτ = |Ωt| ≤ c1(1 + |t|)n+1, ∀ t < 0.

For any fixed η > 0, let us now choose p, σ such that (5.9) holds and in
addition

(5.11) pσ > 2n+ 1.

We also set

γ =
2

pσ + 1
.
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By (5.11) we have γ < 1/(n + 1) < 1. Let f+ denote the positive part
of f . Keeping into account that f ≤ Hσ, we find∫

fp
+ dμ ≤

∫
f
p(1−γ)
+ Hpσγ dμ

=

∫
(fp

+H
2)1−γHpσγ−2(1−γ) dμ =

∫
(fp

+H
2)1−γHγ dμ

≤
(∫

fp
+H

2 dμ

)1−γ (∫
H dμ

)γ

.

Therefore, by (5.9) and (5.11),

d

dt

∫
fp
+dμ ≤ −pσ

∫
|A|2fp

+dμ

≤ −(2n + 1)

∫
|A|2fp

+dμ < −
∫

H2fp
+dμ

≤ −
(∫

fp
+ dμ

) 1

1−γ
(∫

H dμ

)− γ

1−γ

= −
(∫

fp
+ dμ

)1+ 2

pσ−1

(∫
H dμ

)− 2

pσ−1

.

Let us set for simplicity

φ(t) =

∫
fp
+dμ, ψ(t) =

∫
H dμ, β =

2

pσ − 1
.

Then the previous inequality implies

d

dt
(φ−β) = −βφ−β−1 d

dt
φ ≥ βψ−β .

Suppose that there exists t1 < 0 such that φ(t) �= 0 for all t ≤ t1. Then
we have, for any t0 < t1,

1

φβ
(t1)− 1

φβ
(t0) ≥ β

∫ t1

t0

ψ−β dt ≥ β(t1 − t0)
1+β

(∫ t1

t0

ψ dt

)−β
.

Recalling (5.10) we find

(5.12)
1

φβ(t1)
≥ c2(t1 − t0)

1+β(1− t0)
−β(n+1), ∀t0 < t1 < 0,

for some c2 > 0. Assumption (5.11) implies that 1−nβ > 0, and so the
right-hand side of (5.12) diverges as t0 → −∞, giving a contradiction.
It follows that we can find negative values of t with |t| arbitrarily large
such that φ(t) = 0. But φ(t) = 0 if and only if |A|2 ≤ ( 1

n−k+1 + η)H2

everywhere on Mt. Such an inequality is preserved by the flow, so it
must hold for all t < 0. By the arbitrariness of η > 0, we obtain that
|A|2 ≤ 1

n−k+1H
2 for every t < 0. By the strong maximum principle

applied to (5.4), we either have |A|2 < 1
n−k+1H

2 everywhere, or |A|2 ≡
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1
n−k+1H

2 everywhere, which implies thatMt is a cylinder; the latter is
excluded, since our solution is compact. q.e.d.

Corollary 5.3. Let Mt, with t ∈ (−∞, 0), be an ancient solution of

the mean curvature flow such that Mt is closed and convex for all t.
Then there is an integer h = 1, . . . , n such that

sup
t∈(−∞,0)

max
Mt

|A|2
H2

=
1

h
.

Proof. Since on our solution |A|2 ≤ H2 ≤ n|A|2, the supremum in the
statement lies between 1/n and 1. Let us assume that it is smaller than
1, since otherwise the statement holds. Then there exists h = 1, . . . , n−1
such that

sup
t∈(−∞,0)

max
Mt

|A|2
H2

∈
[

1

h+ 1
,
1

h

)
.

We can now use Lemma 5.1 to deduce that our surfaces are uniformly
k-convex, with k = n − h. If k = 1, then our surfaces are spheres by
Theorem 3.2, which means that |A|2/H2 ≡ 1/n. If k = 2, . . . , n − 1,
then Theorem 5.2 implies that the supremum of |A|2/H2 is not greater
than 1/(n−k+1) = 1/(h+1); by the choice of h, it must coincide with
1/(h + 1). q.e.d.

Under an additional assumption on the rate of curvature decay, we
can show that k-convex ancient solutions satisfy a gradient estimate
similar to Theorem 6.1 in [21], without the constant remainder term,
provided k is small enough compared to n.

Theorem 5.4. Let Mt ⊂ R
n+1, with t ∈ (−∞, 0), be an ancient so-

lution of the mean curvature flow such that the Mt’s are closed, convex,

and uniformly k-convex for some k < (2n + 1)/3. Suppose in addition

that

(5.13)

∫ −1

−∞

(
min
Mt

|A|2
)
dt = +∞.

Then there exists C = C(k, n) such that

(5.14) |∇A|2 ≤ C|A|4
on Mt, for all t < 0.

Proof. Let us define σ = σ(n, k) as

(5.15) σ =
1

2

(
3

n+ 2
− 1

n− k + 1

)
.

Then σ > 0 by our hypothesis on k. We then set

g1 =

(
1

n− k + 1
+ σ

)
H2 − |A|2, g2 =

3

n+ 2
H2 − |A|2.
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By Theorem 5.2, we have

g2 > g1 > σH2 > 0.

In particular, the quotient |∇A|2/g1g2 is well defined. As in the proof
of Theorem 6.1 in [21], we find

∂

∂t

( |∇A|2
g1g2

)
−Δ

( |∇A|2
g1g2

)
− 2

g2

〈
∇g2,∇

( |∇A|2
g1g2

)〉

≤ |∇A|2 |A|2
g1g2

(
cn − 2σ2n+ 2

3n

|∇A|2
g1g2

)
,(5.16)

for some constant cn > 0 depending only on n. Let us set for simplicity

Φ(t) = max
Mt

|∇A|2
g1g2

, Ψ(t) = min
Mt

|A|2, σ̃ = 2σ2n+ 2

3n
.

Then we obtain, by the maximum principle, that Φ′(t) < 0 whenever
Φ(t) > cn/σ̃. We claim that Φ(t) ≤ cn/σ̃ for all t < 0. Suppose on
the contrary that there is T0 < 0 such that Φ(T0) > cn/σ̃. Then Φ is
decreasing in (−∞, T0). Therefore, we can also find δ > 0 such that
(1− δ)Φ(t) ≥ cn/σ̃ on (−∞, T0]. Then (5.16) implies

Φ′(t) ≤ −δσ̃Ψ(t)Φ(t)2, t ∈ (−∞, T0),

that is, (1/Φ(t))′ ≥ δσ̃Ψ(t). Integrating we obtain

1

Φ(t)
≤ 1

Φ(T0)
− δσ̃

∫ T0

t
Ψ(τ)dτ.

However, this is a contradiction, because the right-hand side tends to
−∞ as t → −∞, by assumption (5.13). This proves that Φ(t) remains
bounded for all times, which implies the assertion. q.e.d.

Remark 5.5. An important class of solutions satisfying (5.13) are
the ones satisfying the following noncollapsing property of Andrews [2]:
there exists α > 0 such that for every point p ∈ Mt we can find a ball of
radius α/H(p, t) which is enclosed byMt and touchesMt from inside at
p. Such a property is preserved by the flow for any mean convex solution.
If we have an ancient convex solution which is uniformly noncollapsed
for t ∈ (−∞, 0), then at any point we have, using (2.10),

1

|A|2 ≤
n

H2
≤ n

α2
ρ−(t)

2 ≤ 2n2

α2
t,

which implies (5.13).
We recall that from Brendle’s estimate [5] it follows that any ancient

solution obtained by rescaling a mean convex curvature flow near a
singularity is α-noncollapsed with α = 1. In addition, Haslhofer and
Kleiner have shown [15] that any ancient α-noncollapsed solution is
also noncollapsed with α = 1. We recall that for general mean convex
noncollapsed solutions, not necessarily ancient, Haslhofer and Kleiner
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[14] have proved a gradient estimate of the form (5.14), with C also
depending on the constant in the noncollapsing condition.

6. Ancient solutions in the sphere

In this section we give some results about ancient solutions immersed
in a spherical space form instead of a Euclidean space. Therefore, we
consider a mean curvature flow F :M×(−∞, 0)→ S

n+1
R , where Sn+1

R is
the (n+1)-dimensional sphere of radius R > 0 and of sectional curvature
K = 1/R2.

We remark that in this case mean curvature flow of a closed hyper-
surface does not necessarily develop singularities as time increases; for
example, minimal submanifolds of the sphere are stationary solutions
of the flow. The simplest example is an equator, i.e. a totally geodesic
submanifold of Sn+1

R isometric to S
n
R. We call ancient both the solutions

which are defined in a maximal interval of the form (−∞, T ), where
T < +∞, and the ones defined for all t ∈ (−∞,+∞), which are also
called eternal solutions. In the former case, we assume as before T = 0.
There are ancient solutions given by a family of geodesic spheres shrink-
ing around a point, with radius decreasing from πR/2 to 0 as t increases.
In particular,Mt tends to an equator as t→ −∞ and shrinks to a point
as t→ 0. We call any of these solutions a shrinking spherical cap.

Theorem 6.1. Let Mt be an ancient solution of the mean curvature

flow in the sphere S
n+1
R .

(a) If there exists C > 0 such that 0 < |A|2 ≤ CH2 for all t < 0, then
Mt is a shrinking spherical cap.

(b) If Mt satisfies for all times

(6.1)
|A|2 − 1

n−1H
2 ≤ 2K (if n ≥ 3),

|A|2 − 3
4H

2 ≤ 4−ε
3 K (if n = 2),

for some ε > 0, then Mt is either a shrinking spherical cap or an

equator.

Proof. (a) Let us again consider the function

f =
|A|2 − 1

nH
2

H2
,

which in this case satisfies; (see [17, Lemma 5.2])

∂f

∂t
= Δf +

2

H
〈∇H,∇f〉 − 2

H4
|H∇ihkl −∇iH hkl|2 − 4nKf.

IfMt is not totally umbilical for all times, there exists t1 < 0 such that
f �≡ 0 on Mt1 . Applying the maximum principle we find

0 < max
Mt1

f ≤ e−4nK(t1−t)max
Mt

f
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for all t < t1. In particular, we obtain that maxMt
f → +∞ as t→ −∞.

On the other hand, the assumption that |A|2 ≤ CH2 implies that f is
bounded for all times. The contradiction shows that the solution must
be totally umbilical for all times; hence, a family of geodesic spheres.
We conclude that Mt is a shrinking spherical cap.

(b) For fixed b > 0, we consider the function

φb =
|A|2 − 1

nH
2

H2 + b
.

Then; (see [18, Lemma 2.2]), φb satisfies

∂φb

∂t
= Δφb − 2

H2 + b

(
|∇A|2 −

(
φb +

1

n

)
|∇H|2

)

+
4H

H2 + b
〈∇H,∇φb〉+ 2φb

b|A|2 − 2nKH2 − bnK

H2 + b
.(6.2)

We consider first the case n ≥ 3. If we choose

b =
3

2
n(n− 1)K

then, by (6.1), we find

φb ≤
1

n−1H
2 + 2K − 1

nH
2

H2 + b
=

2
n(n−1)H

2 + 4K

2H2 + 3n(n− 1)K

<
4

3n(n− 1)
<

3

n+ 2
− 1

n
.(6.3)

In view of the well known inequality |∇H|2 ≤ n+2
3 |∇A|2, we find that

the last term in the first line of (6.2) is nonpositive. In addition,

b|A|2 − 2nKH2 − bnK ≤
(

b

n− 1
− 2nK

)
H2 + 2bK − bnK

= −nK

2
H2 − bK(n− 2) < −K(H2 + b).

We conclude that
∂φb

∂t
≤ Δφb +

4H

H2 + b
〈∇H,∇φb〉 − 2Kφb.

We now argue as in case (a), finding that if φb is not identically zero then
it must become unbounded as t→ −∞, in contradiction with (6.3). The
difference with case (a) is that now H = 0 is allowed, so that a totally
umbilical Mt can also be an equator.

In the case n = 2, if we choose b = 4(4−ε)
3 K, then by (6.1) we have

φb +
1

2
≤ 3H2 + b− 2H2

4(H2 + b)
+

1

2
=

3

4
,

b|A|2−4KH2−2bK ≤
(
3b

4
− 4K

)
H2+b

(
4− ε

3
− 2

)
K ≤ −ε(H2+b).
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We can conclude as in the case n ≥ 3. q.e.d.

Remark 6.2. Part (a) of the theorem can be applied in particular
to convex solutions, where we have |A|2 < H2. More generally, if Mt is
k-convex for some k = 2, . . . , n− 1, we have

0 ≤ λ1 + · · · + λk ≤ λ1 + (k − 1)λk < λ1 + nλn,

which implies

|A|2 ≤ n max
1≤i≤n

|λi|2 = n(max{−λ1, λn})2 ≤ n3λ2
n < n3H2.

The proof of (a) shows that the result holds under much weaker hy-

potheses, e.g., if Mt satisfies a bound of the form |A|2 < eB|t|H2 for
some B < 4nK.

The constants in part (b) of the statement are optimal in the case
n ≥ 3. In fact, as observed in [18], there exist minimal tori embedded
in S

n+1 satisfying |A|2 < 1
n−1H

2 + ε with ε > 0 arbitrarily small.
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