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ON THE JONSSON DISTRIBUTIVITY SPECTRUM
PAOLO LIPPARINI

ABSTRACT. Suppose throughout that V is a congruence distribu-
tive variety. If m > 1, let Jy(m) be the smallest natural number &
such that the congruence identity a(Sovyof...) C afoayoafo...
holds in V, with m occurrences of o on the left and k occurrences
on the right. We show that if Jy,(m) = k, then Jy(mf) < k¢, for
every natural number ¢. The key to the proof is an identity which,
through a variety, is equivalent to the above congruence identity,
but involves also reflexive and admissible relations. If Jy(1) = 2,
that is, V is 3-distributive, then Jy,(m) = m, for every m > 3. If
V is m-modular, that is, congruence modularity of V is witnessed
by m+ 1 Day terms, then Jy,(2) < Jy(1) 4+ 2m? — 2m — 1. Various
problems are stated at various places.

1. THE JONSSON DISTRIBUTIVITY SPECTRUM

Obviously, an algebra A is congruence distributive if and only if, for
every natural number m > 2, the congruence identity «(fS o,, v) C
af + ay holds in Con(A) (more precisely, in the algebra of reflexive
and admissible relations on A). Here «a, (3, ... are intended to vary
among congruences of A, juxtaposition denotes intersection, + is join
in the congruence lattice and So,,vy denotes fovyof ... with m factors,
that is, with m — 1 occurrences of o.

Let us say that a congruence identity holds in some variety V if it
holds in every algebra in V. By a celebrated theorem by Jénsson [10], a
milestone both in the theory of Maltsev conditions and in the theory of
congruence distributive varieties, a variety V is congruence distributive
if and only if there is some n such that the congruence identity

(1) a(Bov) Cafo, ay
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holds in V. In other words, for varieties, taking m = 2 in the above
paragraph is already enough. Jénsson actual statement in [10] is about
a set of terms naturally arising from identity (), rather than about
the identity itself. Jonsson terms shall be recalled later. Stating results
with regard to congruence identities rather than terms is simpler and
easier to understand, while proofs usually require the corresponding
terms. Compare the perspicuous discussion in Tschantz [26].

Jénsson proof in [10] goes on by showing that if some variety V has
terms witnessing (1), then, for every m, the inclusion «(f o,, v) C
aff + avy holds in V. (By the way, let us mention that Jénsson paper
[10] contains a big deal of other fundamental results about distribu-
tive varieties with significant and unexpected applications to lattices,
among other.) It follows easily from Jénsson proof that, for every m,
there is some k (which depends only on m and on the n given by (),
but otherwise not on the variety) such that

(m, k)-dist a(fomy) C af o ay

A variety is Ay, in the sense of [10] if and only if it satisfies (2, k)-dist.
Such varieties are sometimes called k-distributive, or are said to have
k + 1 Jonsson terms. If k is minimal with the above property (with
m = 2), V is said to be of Jdnsson level k in Freese and Valeriote [5].

If we slightly modify the proof of Jénsson theorem as presented in
Burris and Sankappanavar [2, Theorem 12.6] or in McKenzie, McNulty,
and Taylor [20, Theorem 4.144], we see that if a variety V satisfies
(2, k+1)-dist, then V satisfies (¢ + 1, k¢ + 1)-dist, for every ¢ > 1. This
result is also a special case of Corollary below. To formulate this
and other results in a more concise way, it is natural to introduce the
following Jonsson distributivity function Jy, of a congruence distributive
variety V. For every positive natural number m, we set Jy,(m) to be the
least k& such that V satisfies the identity (m + 1, k 4 1)-dist. The “shift
by 1”7 in the above notation will greatly simplify subsequent statements.
For example, the above remark is more neatly stated by asserting that
if Jy(1) = k, then Jy,(¢) < k¢, for every positive £. We can now ask
the following problem.

The Jénsson distributivity spectrum problem. Which functions
(with domain the set of positive natural numbers) can be realized as Jy,
for some congruence distributive variety V¢

Obviously, Jy is a monotone function. By the above comments,
if Jy(1) = 1, then Jy,(m) < m, for every positive m. Moreover if, for
some k, Jy(k) < k, then V is k-permutable: just take o = 1 in equation

M-dist. If V is k-permutable, then Jy,(m) < k, for every m.
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As a consequence of the above observations, if Jy(1) = 1, then Jy
is either the identity function, or is the identity up to some point and
then it is a constant function. An example of the first eventuality is
the variety of lattices; on the other hand, in the variety of n-Boolean
algebras from Schmidt [24] we have Jy(m) = min{m,n}. Indeed, n-
Boolean algebras have a lattice operation, are n 4+ 1-permutable but,
in general, not n-permutable; see also Hagemann and Mitschke [9] and
[11, Example 2.8]. For convenience, we shall use Jénsson paper [11]
as a reference for this and other examples. The author believes that
this is the appropriate place to mention that Jénsson [11] has had a
profound influence in his mathematical formation.

Mitschke [21] shows that the variety of implication algebras is 3-
permutable, not permutable, Az and not As. See also [9, Example 1]
and [I1, Example 2.6]. Hence in the variety of implication algebras
we have Jy(m) = 2, for every m. Freese and Valeriote [5], using the
reduct of an algebra formerly constructed by Kearnes [13], show that,
for every n, there is an n-permutable variety which is A,, and not A,,_;.
See [5, p. 70-71]. Thus Jy is constantly n — 1 in this variety.

We now observe that the set of those functions which can be rep-
resented as .Jy, for some variety, is closed under pointwise maximum.
This is immediate from the result that the non-indexed product of two
varieties V and V'’ satisfies exactly the same strong Maltsev conditions
satisfied both by V and V'. See Neumann [22], Taylor [25] or [LI], p.
368-369]. We also need the easy fact that, for every m and k, the
condition Jy(m) < k is equivalent to a strong Maltsev condition; for
example, this is a consequence of the equivalence of (A) and (B) in
Theorem [2.1] below.

Proposition 1.1. If V and V' are congruence distributive varieties,
then their non-indexed product V" is such that Jy»(m) = max{.Jy(m),
Jyi(m)}, for every positive natural number m.

We do not know whether, for every pair V, V', we always have some
V" such that Jy»(m) = min{Jy(m), Jy.(m)}, for every m.

If in the above proposition we consider the variety of lattices and the
mentioned variety from [5, p. 70-71], we get Jy»(m) = max{n—1,m}.
By taking the non-indexed product of the variety of n’-Boolean algebras
and again the variety from [5, p. 70-71], with n < n/, we have Jy»(m) =
n—1, for m <n —1 and Jy»(m) = min{m,n'}, for m >n — 1.

The above examples suggest that Jy(m) has little influence on the
values of Jy,(m'), for m" < m. On the other hand, we are going to show
that Jy,(m) puts some quite restrictive bounds on Jy(m’), for m’ > m,
as we already mentioned for the easier case m = 1.
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2. BOUNDS ON HIGHER LEVELS OF THE SPECTRUM

Let R, S, ... be variables intended to be interpreted as reflexive and
admissible (binary) relations on some algebra. If R is such a relation, let
R~ denote the converse of R, that is, b R~ o Bokds if and only if a R b.
In the next theorem we show that, for a variety, the congruence identity
(m + 1,k + 1)-dist is equivalent to the relation identity a(R o, R”) C
aR o, aR~, with the further provision that if R can be expressed as
a composition, then aR and aR~ factor out. See condition (3) in the
next theorem for a formal statement. The latter provision is necessary,
since, without it, the case m = 1 < k would be trivially true in every
variety and, for every m > 1 and using Day terms, it can be shown
that a variety is congruence modular if and only if there is some & such
that the relation identity a(R o,, R~) C aR o aR~ holds. Hence this
identity alone is too weak for our purposes. See [17].

Recall that a tolerance is a symmetric and reflexive admissible re-
lations. We shall prove Part (C) in the next theorem in the general
case when « is a tolerance, rather than a congruence. In particular,
we get that, through a variety, the identity (m, k)-dist is equivalent to
the same identity in which « is only assumed to be a tolerance. How-
ever this stronger version shall not be used in what follows, hence the
reader might always assume to be in the simpler case in which « is a
congruence.

Theorem 2.1. For every variety V and integers m, k > 1, the following
conditions are equivalent.

(A) Jy(m) < k, that is, V satisfies the congruence identity (m+ 1,k +
1)-dist
(B opmi1 ) C afogiray
(equivalently, we can ask that the free algebra in V' generated by
m + 2 elements satisfies the above identity.)

(B) V has m+2-ary terms to, . . ., tyy1 such that the following identities
hold in V:

(Bl) QU:t(](.flf,xl,xg,x:g,...,.flfm,.flfm+1),
(B2) x =ti(x, 21,2, T3, ..., Ty, T), for0<i<k+1,
(B3)

ti(l’o, Lo, Xy Loy XLy, L4y . ) = ti+1($0,l’0, T2, X2, L4, T4y ... ),
for eveni, 0 <1<k,
ti(l'o, r1,T1,T3,T3, .. ) = ti+1($0,l’1, T1,T3,T3,... ),
foroddi, 0 <i <k,
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(B4) tiy1(To, X1, To, T3, .o, Ty, 2) = 2

(C) For every algebra A € V, every positive integer { (equivalently,
for € =1), every tolerance o of A and all reflexive and admissible
relations R, Sy, ..., Sy on A, if R = Syo0S;0---05, and © =
aSyoalSio---oal, then

(C1) a(Ro, R7) C 0o, 0"

Proof. The equivalence of (A) and (B) is an instance of the Pixley-
Wille algorithm [23], 27] (actually, it can be seen as a good exercise to
check a student’s understanding of the algorithm). We shall need here
only (A) = (B), which can be proved as follows. Consider the free
algebra Fy,(m+2) in V over m+ 2 generators yo, . . . , Ym+1 and let « be
the congruence generated by (vo, Ym+1), 8 be the congruence generated
by {(v0,v1), (y2,v3), (ya,Ys5), - . . } and y be the congruence generated by

{(y1,92), (Y3, 94), - - -} Thus (Yo, Yms1) € (B omy1y) hence, by (A),
(Yo, Yms1) € B opy1 ay. This latter relation is witnessed by k + 2

elements of Fy(m + 2) which give rise to terms witnessing (B).

(B) = (C) Let (a,c) € a(R o, R”) in some algebra A € V. This is
witnessed by elements a = by, by, bo, ..., b,, = ¢ such that by R by R~
by R by R~ by... Furthermore a a c.

First suppose that m is even. For 0 < ¢ < k, we shall consider the
elements

e; = ti(bo, bo, ba, ba, ... b2, b2, by, b)) =
tit1(bo, bo, b2, bay ... b2, b2, by, by)  for i even,
e; = ti(bo, b1,b1,03, ... b3, bm—1,bm_1,bm) =
tiv1(bo,b1,b1,03, ..., bm—3,bm—1,bm_1,b,) foriodd,

where the identities follow from (B3). In writing the above formula,
we are supposing that m is large enough. Otherwise, say, for m = 2
and ¢ odd, e; should be set equal to t;(bo, b1.by, bs).

If we had to show only a(Ro,, R”) C aRoraR~, for o a congruence,
it would be enough to consider the above elements, since, ey = by = a by
(BI), ex = by, = ¢ by ([B4) and, say, for i even, e; = t;11(bo, by, ba, ba, - . .,
bm—2> bm—2> bma bm) R ti—i—l(bOa b1> bl> b3a SRR bm—3> bm—1> bm—1> bm) = €i41,
since R is admissible. Similarly e; R~ e;11, for ¢« odd. Notice that
b, R by for h even and b, R~ bp.y for h odd, hence by 1 R~ by
for h even and by,; R b, for h odd. Moreover, for i even, if « is
a congruence, then e; = t;(a,a,bs,...,c) « t(a,a,b2,...,a) =a
ti+1(a, bl, bl, ey a) «Q ti+1(a, bl, bl, e ,C) = €11, by (M), hence €
e;ir1. Similarly, e; a e;11, for i odd. Hence the elements e;, for 0 <
i < k, witness (a,c) € aR o, a«R~. However, as we mentioned, the
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identity a(R o, R7) C aR o aR~ is too weak to chain back to the
other conditions.

Hence we need to use the assumption R = Spo.S;0---0.S, to prove
the stronger conclusion a(Ro,, R7) C ©0,0~. Moreover, we shall also
extend some ideas from Czédli and Horvéath [3] in order to prove the
case of (C) in which « is only assumed to be a tolerance.

By the assumption R = Sy o S o---0 5, and given the elements
by, b1,bs, ..., b, introduced at the beginning, we have that, for every
h with 0 < h < m, there are elements by, bp1, ..., by 41 such that
bh = bh70 S() bh,l Sl Sg bh,Z—i-l = bh+1, for h even, and bh+1 = bh70 S()
bra Si ... Sebpgr1 = by, for h odd, since in this latter case by, R~ bjy1,
that is, by11 R by. Hence, with the e;’s defined as in the above-displayed
formula, we have, for i even,

ei = tiv1(bo, bo, ba, - . b2, by, b)) =
tiv1(bo, boo, 01,0, - - - s bm—2,0, Dm—1,0, bm) So
tis1(00, 001,011, b1, bm—11,bm) S1
ti+1(b0s D02, 012, .« Om—22,bm—12,bm) Sa ...
St tiv1(bo, boe41, 01,0415 - -+, bm—2.041, bp—1,041, b)) =

tiv1(b0s b1, b1, o b1, b1, b)) = €541

Moreover, for 0 < ¢ < ¢ and 0 < i < k, we have, by (B2):

ti+1(a7 bO,qa bl,q7 ERRE) C) =
tiv1(tiv1(a,bog, big, -, €), 00,441, 01,041, - tivi(a, by g, big, ..., )
tiv1(tiv1(a;bog: b1gs -5 @), 00gi1, D1gins -+ tig1(€ 00,45 015 - -, €)) =

ti+1(a, bo7q+1, b17q+1, ceey C)

(elements in bold are those moved by a). Hence, for i even, the elements
tiv1(a,bog, 014,024, ...,¢), for 0 < g < ¢, witness e; O e;41, recalling
that © = aSy o aS; 0o --- o aS, and that a = by, b,, = c¢. Similarly
e; ©7 €41, for i odd. After the above considerations, we see that the
elements ¢;, for 0 <7 < k, witness (a,c) € a© o, O, what we had to
show.

The case m odd is similar. This time, the e;’s are defined as follows,
again for 0 < i < k.

e; = ti(bo, bo, b2, bas . . . byp—sy b1, b1, b)) for i even,
€, = ti(bo, bl, bl, bg, ceey bm_g, bm_g, bm, bm) for ¢ odd.

The rest is similar.
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(C) = (A) Take £ = 1, Sy = B and S; = v in (C). Apparently,
computing R o,, R~ = (f07) o, (70 ) gives 2m factors, but we have
m—1 adjacent pairs of the same congruence, hence Ro,, R~ = fo,,117.
Similarly, © o, O~ = a3 opy1 @y and we get (A). O

Corollary 2.2. If Jy(m) =k and ¢ > 0, then Jy,(ml) < k(.

Proof. We assume Jy,(m) = k and we have to show that a(fo,17) C
aff oger1 ay. We apply Theorem 2.I(A) = (C), taking Sy = Sy =
o= and S = S3 = --- = . We have Ro,, R = [ opps1 7,
since, as in the proof of (B) = (C) above, we apparently have m(¢+1)
factors, but m — 1 many of them are absorbed, hence we end up with
m({+1)—(m—1) = ml+1 factors. The definition of © in (C) becomes
O = aff op11 a7, hence, arguing as above, © o, ©~ has kf + 1 actual
factors, that is, © 0 O~ = aff ogeyq ay. The inclusion (CIl) thus gives
the corollary. U

Stronger results can be proved in the case of 3-distributivity.

Lemma 2.3. If Jy(1) =2, A € V, « is a congruence, R, S, T are
reflexive and admissible relations on A, R C T and S C T, then

(2) a(RoSoToT”")=aRoaSoa(ToT")

Proof. One inclusion is trivial. To prove the nontrivial inclusion, recall
that if Jy(1) = 2, then by Jénsson [10] V has terms t and s such
that the identities z = t(z,x,y), t(z,y,y) = s(z,y,y), s(z,x,y) =y
x =t(x,y,z) and x = s(x,y, z) hold in V. The general form of Jénsson
result shall be recalled at the beginning of the next section. Notice that
the existence of t and s as above is also a consequence of Theorem [2.1]
taking m =1 and k£ = 2.

Let (a,e) € a(RoSoT oT”), withaaeanda RbScT dT~
e. We have a = t(a,a,e) R t(a,b,e) and a = t(a,b,a) « t(a,b,e),
thus a aR t(a,b,e). Similarly, t(a,b,e) S t(a,c,e) and t(a,b,e) «
a = t(a,c,a) «a t(a,c,e), hence t(a,b,e) aS t(a,c,e). Furthermore,
t(a,c,e) T t(b,d,d) = s(b,d,d) T~ s(c,c,e) = e, since R C T and
S C T~. Hence t(a,c,e) T oT~ eMoreover, t(a,c,e) a a « e, hence
t(a,c,e) a(T o T~) e. In conclusion, the elements t(a, b, €) and t(a, c, €)
witness (a,e) € aRoaSoa(T oT). O

Theorem 2.4. If J,(1) = 2, that is, V is 3-distributive, then Jy(m) =
m, for every m > 3. Moreover the following congruence identity holds
R

3) ayoa(Boyof)=ayoafoayoal
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Proof. We first prove (8). One inclusion is trivial and, in order to
prove the nontrivial inclusion, it is enough to prove «a(f o~y o ) C
avyoaf oayoaf, since ay is a congruence, hence transitive. So let
(a,d) € a(fovyof), hence a « d and a B b vy ¢ B d, for some b
and c. Recalling the terms ¢t and s mentioned in the proof of Lemma
23 let us compute a = s(c,c,a) v s(c,b,a) 5 s(e,b,b) = t(c,b,b) B
t(d,b,a) v t(d,c,a) 5 t(d,d,a) = d. Moreover, a = t(a,b,a) a t(d,b,a),
hence a a(vy o ) t(d, b, a). Furthermore, t(d, c,a) o t(d, c,d) = d hence
also t(d,b,a) @ a a d « t(d,c,a). Hence the elements t(d,b,a) and
t(d, c,a) witness (a,d) € a(yofB)oayoaf Cayoafoayoayoaf =
ayoaff oayoafl, where the inclusion follows from 3-distributivity.

Next, we use Lemma 2.3 to prove Jy,(3) = 3. By taking R = S,
S =~and T = yo f in equation [2)), we get a(fovyo o) =
a(foyoyofofoy)=a(RoSoToT ") =—aRoaSoa(ToT") =
afoayoa(yofofoy) =afoa(yofoy)=afoayoaloay, where
we used the obvious fact that ayoa(yofo7y) = a(yo o) and then
we used (3]) with 5 and v exchanged.

The rest of the proof follows now quite easily by induction. Suppose
that m > 4 and that we have proved Jy(n) = n, for every n with
3 <n < m. If mis even, use equation (2) in Lemma with R = j3,
S=vand T = Bom 7y, getting a(B8 opy17) = a(RoSoToT) =
aRoaSoa(ToT”) =afoayoa(fon-17) C afoayo(afo,_1ay) =
af 0,41 ay, where the inclusion follows from the inductive hypothesis,
except in case m = 4, where we need (3)).

If m is odd, use equation (@) in Lemma 23 with R = 3, S = 0 and
T=ryomn B, getting a(f opi17) = a(RoSoT oT”)=aRoaSo
a(ToT”)=afoa(yo,B) Cafo(ayo,al)=af o, ay, by the
inductive hypothesis. We have proved Jy,(m) = m in any case and the
induction is thus complete. O

3. VARIANTS OF THE SPECTRUM

One can consider an alternative function J;, which is defined in such
a way that J),(m) is the smallest k such that the identity
(m+ 1,k + 1)-dist” a(Bomi1y) C ayop aff
holds in V. Here v and 3 are exchanged on the right-hand side, in
comparison with (m + 1,k + 1)-dist. It is easy to see that J;; and
Jy are different functions; indeed, Jy;(m) = m, for some m, implies
m + l-permutabilty, while Jy,(m) = m holds in lattices, for every m.
Obviously, however, J);(m) and Jy(m) differ at most by 1. There are
some further simple relations connecting J,, and Jy. For example, if
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m and Jy(m) have the same parity, then J),(m) > Jy(m). Compare
the parallel discussion (corresponding to the case m = 1 here) in [5] p.
63].

A theorem analogous to Theorem [2.1] holds for J);: just exchange
even and odd in (B3)) and replace identity (CI)) by a(R o, R”) C
©~ o, ©. Arguing as in Corollary 2.2 we then get that if J;(m) = k
and ¢ is odd, then J),(m¢) < k(. If £ is even, then J;(m) = k implies
Jy(ml) < kL.

A probably more significant variant is suggested by the use of di-
rected Jonsson terms. See Zadori [2§] and Kazda, Kozik, McKenzie
and Moore [12]. Let us recall the definitions. Jonsson terms [10] are
terms jo, . .., ji satisfying

(Jl) T :.j(](x7y7z>7
(J2) x = ji(z,y, ), for 0 < <k,
ji(xvxa Z) = .ji—l—l(xvxu Z)v for even ’i, 0<i< ku

J3
(J3) Ji(z,z,2) = Jiyr(z, 2,2),  forodd i, 0 <i <k,

(J4) jk(l’,y,Z) =z

Notice that this is exactly condition (B) in Theorem [Z1] in the par-
ticular case m = 1 and with k in place of k + 1. We get directed
Jonsson terms, or Zadori terms [28, [12] if in the above set of identities
we replace condition (I3]) by

(D) Ji(z,z,2) = iy (w2, 2)  for 0<i<k

Seemingly, directed Jénsson terms first appeared (unnamed) in [28]
Theorem 4.1], whose proof relies on McKenzie [19]. In [2§] it is shown,
among other, that a finite bounded poset admits Jénsson operations
for some k if and only if it admits directed Jonsson operations for some
k. Kazda, Kozik, McKenzie and Moore [12] proved the equivalence
for terms in an arbitrary variety, thus, by [10], a variety is congruence
distributive if and only if it has directed Jénsson terms.

For a binary relation R, let R* = Ro Ro R... with k factors. In
other words, R* = Ro;, R.

Proposition 3.1. If some variety V has k + 1 directed Jonsson terms
do, . ..,dg, with k > 1, then, for every £ > 1, V satisfies the identity

a(S1080...08;) C (aS;oaSy0...0aS,)?

where o varies among tolerances and Sy, Ss, ... vary among reflexive
and admissible relations on some algebra in V. In particular, for (
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even, V satisfies
(4) Oé(S Oy T) Q aS Oé(k—l) oI

and, for { odd,
a(BorT) C aB oy aT,
where 8 varies among congruences and k' = ((k — 1) — k 4 2.

Proof. Let us work in some fixed algebra belonging to V. Let (a,c) €
a(S10S0---05;). Thus a « ¢ and there are elements by, by, bo, . .., by
such that a = by Sy by Sy by...by_1 Sy by = c. First suppose that « is
a congruence. For every i and h, we have d;(a, by, c) o d;(a, by, a) = a,
hence all such elements are a-related. Moreover, for every i < k,
di(a,a,c) Sy di(a,by,c) Se di(a,bs,c) S ... Sy di(a,c,c) = diii(a,a,c).
This shows that, for every ¢ < k, (d;(a,a,c),di11(a,a,c)) € aS;oaS;0
++-0 OéSg.

Since a = dy(a,c,c) = di(a,a,c) and di(a,a,c) = ¢, then the ele-
ments d;(a, a, c), for 1 <i < k, witness (a,c) € (aSjoaSy0---oaS,)k~1.

The last statement follows immediately. We just mention that in
the last equation k& — 2 factors are absorbed, since we assume that f is
transitive.

The case when « is just a tolerance is treated as in Czédli and
Horvéth [3]. Indeed, for every i, j, h, h', we have d;(a, by, c) = d;(d;(a,
bh/, a), bh, dj(C, bh/, C)) « di(dj(a, bh/, C), bh, dj(a, bh/, C)) = dj(a, bh/, C).
The rest is the same. U

Since congruences and tolerances are, in particular, reflexive and
admissible, we obtain corresponding congruence/tolerance identities
from the above identities about relations. In particular, by [10, [12]
and Proposition [3.1], a variety is congruence distributive if and only if
equation (@) holds for some ¢ > 2 and k, equivalently, for ¢ = 2 and
some k. If * denotes transitive closure, we then get that a variety V is
congruence distributive if and only if (a(S o T))* = (aS o oT)* holds
in V, if and only if a*(SoT)* = (aSoaT)* holds in V. Notice that, on
the other hand, neither the identity («(S o S))* = (aS)* nor the iden-
tity a*S* = (aS)* imply congruence distributivity, since the identities
hold, e. g., in permutable varieties (in fact, we have a proof that both
identities are equivalent to congruence modularity [17]). See however
[18] for a variation actually equivalent to congruence distributivity. In
all the above statements o can be taken equivalently as a tolerance or
as a congruence, while S and 7" vary among reflexive and admissible
relations.

We do not know whether, for every congruence distributive variety V,
there is k such that V satisfies the relation identity R(SoT") C RSo,RT.
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The existence of some k as above is equivalent to R*(S o T)* = (RS o
RT)*. The arguments from Gyenizse and Maréti [§] can be adapted to
show that if V is congruence distributive and the free algebra F,(3) in
V over 3 elements is finite, then R*(SoT)* = (R*S o R*T)*. It is easy
to see that 2-distributivity does imply R(S oT) C RS o RT. Cf. [15,
Remark 17]. We have a proof that if V has 4 directed Jénsson terms
do, dy, ds,ds and Fy,(2) is finite, then R(S oT) C RS oy RT, for some
k which depends on the variety.

Notice also that, since the composition of reflexive and admissible
relations is still reflexive and admissible, we can get new identities by
substitution, without recurring to terms. E. g., from a(SoT) C aS o
aToaS, replacing T' by T'oS, we get a(SoT0S) C aSoa(ToS)oasS C
aSoaToaSoaToaS. We leave similar computations to the interested
reader, observing that arguments using terms, though more involved,
generally produce stronger results.

By the above considerations, one would be tempted to believe that it
is always more convenient to use directed Jonsson terms, rather than
Jénsson terms. However, the exact relation between the (minimal)
number of directed Jonsson terms and of Jonsson terms in a variety is
not clear; see [12, Observation 1.2 and Section 7. Even in the case when
we have the same number of Jénsson and of directed Jénsson terms,
there are situations in which it is more convenient to use the former
terms. For example, with 5 Jénsson terms we have a(fov) C affoyary,
while from 5 Jénsson directed terms we obtain only a(fov) C affogary
from equation (). Notice that here we count terms including the initial
and final projections (that is, 5 terms correspond to the case k = 4).

On the other hand, an example in which it is more convenient to use
directed terms is Baker example from [I], the variety V generated by
the polynomial reducts of lattices in which only the ternary operation
fla,b,c) =an(bVc)is considered. See also [11, Example 2.12]. Baker
showed that V' is A4 but not As, that is, in the present terminology,
Jy(1) = 3, from which we get from Corollary that J1,(2) < 6 and
Jv(3) < 9. However, taking di(x,y,2) = x A (yV 2), do(x,y,2) = 2 A
(xVy) and dy and d3 the first and last projections, we get a sequence of
directed Jénsson terms, hence we can apply Proposition B.Ilwith k£ = 3
in order to get Jy(£ —1) < 2¢—2, for £ odd and Jy,(¢ —1) < 2¢—1, for
¢ even, hence, say, Jy(2) < 4 and Jy(3) < 7, which give improvements
on the previous bounds.

We can introduce a version of Jy, which takes into account reflexive
and admissible relationss.in place of congruences. For m > 1, we let
Jy,(m) be the least k such that o(S 0,41 1) C aS opyq T similarly,
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Jy,” is defined by considering oT" o1 aS on the right-hand side. The
definitions are justified in view of |10} [12] and Proposition B.Il We can
thus formulate the following general problem.

The generalized Jénsson distributivity spectrum problem.
Which quadruplets of functions can be realized as (Jy, Jy;, J3,, Jy,”), for
some congruence distributive variety V¢

In the above problem we could take into account additional condi-
tions. For example, consider the formula a(fovyodof...) C afoayo
adoaf ..., with m factors on the left-hand side. Which is the smallest
number of factors on the right-hand side such that the formula holds in
a specific congruence distributive variety? Similarly, which is the best
bound in (o 0, 51) (g 0y B2) € yag 0 a1y 0 frag 0 f152 0 cpay ... 7
Or, more generally, for (a; 0., 51) (20, 52) - - . (a0 Br)? What about
(aom B)(@om)(Bomy) Cafopfyoayoaf...?

Of course, the analogue of Proposition [Tl holds for J;;, Jj, and J),”,
too, using similar arguments.

4. AN UNEXPECTED CONNECTION WITH THE MODULARITY
SPECTRA

One can also define functions analogous to Jy in the case of con-
gruence modular varieties (here we temporarily give up the convention
that every variety at hand is congruence distributive). By a fundamen-
tal theorem by A. Day [4], a variety V is congruence modular if and
only there is some £ such that the congruence identity

(Dx) a(foayof) Cafo,ay

holds in V. Again, Day result is stated in a form involving a certain
number of terms, but we shall not need the explicit Day terms here.
A variety V is k-modular if V satisfies equation (D)), and V has Day
level k if such a k is minimal. For a congruence modular variety V,
we can define the Day modularity function Dy as follows. For m > 3,
Dy,(m) is the least k such that a(f5o,, ay) C af or ey holds in V. The
arguments from [4] show that Dy (m) is defined for every m and every
congruence modular variety V, but the methods from [4] do not furnish
the best value. See [16].

The case of congruence modularity is substantially more involved
than the distributivity case treated here. Gumm [0}, [7] provided another
characterization of congruence modular varieties by considering terms
which “compose permutability with distributivity”. In detail, Gumm
terms are terms p, ji,. .., ji satisfying the above conditions (J2))-(J4)
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(the distributivity part, involving only the j’s), together with the fol-
lowing permutability part:

(P) r=p(x,z,z2), and p(z,zx z2) =75z, 2)

Notice that the definition given here is slightly different from Gumm
original conditions in [6] Theorem 1.4], where odd and even are ex-
changed and where p is considered after the j;’s (the ¢;’s in the notation
from [6]). This is not simply a matter of symmetry: in the formulation
by Gumm, when n is odd, one gets an unnecessary term which can be
discarded, hence Gumm actual condition is interesting only for n even.
Of course, the above remark is interesting only when one is concerned
with the smallest k£ (or n) for which there are Gumm terms. If one is
concerned just with the existence of some k for which such terms exist,
then the remark is irrelevant. As far as we know, the above formulation
first appeared in Lakser, Taylor and Tschantz [14].

Using Gumm terms, Tschantz [26] showed that a variety V is con-
gruence modular if and only if the congruence identity a(5 + v) C
a(yo B) o (ay + af) holds in V. Hence it is also natural to introduce
the T'schantz modularity function T\ for a congruence modular variety
V in such a way that, for m > 2, T\,(m) is the least k such that the
following congruence identity holds in V

B omy) Calyof)o (ayoaB)

Notice that 7T),(2) = 0 is equivalent to congruence permutability, just
take o = 1 (by convention we let Soqy = 0). More generally, T),(2) = k
if and only if V has k + 2 Gumm terms p, ji, ..., jxr1, but not £k — 1
Gumm terms.

The relationships between Dy, and T), appear rather involved. A de-
tailed study of their connection goes beyond the scope of the present
note; we refer to [16] for further details. We just mention that we can
define the “-variants of the above notions. Moreover, Kazda, Kozik,
McKenzie and Moore [12] introduced the directed variants of Gumm
terms\_/ Using their result we can see that a variety is congruence
modular if and only if, for every m > 1, there is some h such that
a(SouT) Ca(ToS)o (ol o aS), where, as above, S and T vary
among reflexive and admissible relations. See [17].

We finally note an intriguing connection among the Jénsson and the
modularity spectra. We first need a preliminary lemma.

Lemma 4.1. If a variety V has k42 Gumm terms p, ji, . . ., jr+1, then
V satisfies the following congruence identity (as above, a can be taken
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as a tolerance).
a(foyof) Ca(yop)o (ayon ap)

Proof. 1f we do not care about the exact number of factors on the right-
hand side, the proposition follows from [26]. The arguments from [20]
seem to produce a much larger number of factors, anyway.

Suppose that (a,d) € a(fovyo ), thus a «d and a b~ ¢ 5 d, for
some b and c¢. Using equations ([J2))-([J4]), no essentially new argument
is needed to show that (j(a,a,d),d) € (aB o ayoafB)*.

Indeed> by (m)a ji(a'> €, d) = ji(ji’(aa 6/, a’)> €, ji’(d> 6/7 d)) « ji(ji’(aa 6/,
d), e, ji(a, e ,d)) = ju(a, e, d), for all indices 4,7 and elements e, ¢,
hence all the elements of the above form are a-related. For i odd,
we have ji(a'> a, d) 6 ji(a’ b> d) Y ji(aa Cy d) 6 ji(a'> da d)> thus (ji(a'> a, d)>
jila,d,d)) € afoayoaf. Similarly, (j;(a,d,d), ji(a,a,d)) € afoayo
af3, for i even. Hence ji(a,a,d), j1(a,d,d) = ja(a,d,d), ja(a,a,d) =
j3(a,a,d), ... witness (j1(a,a,d),d) € (B oayoaB)* = af o1 ary.

Moreover, a = p(a,b,b) v p(a,b,ec) B p(a,a,d) = ji(a,a,d), by
([P)), hence (a, ji(a,a,d)) € a(yo B), thus (a,d) € a(yo B) o (af oz
av). Finally, a(yo ) o aff = a(y o ) (or, better, use ji(a,b,d) in
place of ji(a,a,d)), hence one more factor is absorbed and we get the
conclusion. O

Theorem 4.2. Suppose that V is a congruence distributive variety.

(1) If m > 2 andV is m-modular, then Jy(2) < J), (1)+2m?—2m—2
and Jy; (2) < Jy(1) +2m* — 2m — 2.

(2) If V has k + 2 Gumm terms, then J,(2) < J,(1) + 2k and
Jyy (2) < Jy(1) +2k. The bounds can be improved by 1 if J; (1)
is odd, respectively, if Jy(1) is even.

Proof. Part (2) is immediate from Lemma .11
In [I4] Theorem 2] it is proved that if a variety is m-modular, then
V has < m? — m + 1 Gumm terms. Hence (1) follows from (2). O

There are versions of Lemma [4.1] and of Theorem obtained using
Gumm directed terms [12] in place of Gumm terms. See [17].

As far as we know, there is the possibility that Theorem is an
empty result, namely that, say, for m > 3, every congruence distribu-
tive variety with Day level m has Jénsson level < 2m? — 2m — 2 (for,
were this the case, then Corollary would give a better evaluation of
Jy(2)). However, this would be a quite unexpected result. What The-
orem and the above comment do show is that in any case the Day
level of a congruence distributive variety has an influence on the very
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low levels of the Jonsson spectrum. This connection appears rather
surprising, whichever of the above cases occurs.
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