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1. Introduction

Supergravity theories possess hidden global symmetries that turn out to be much
larger than those expected from the geometry of the compactification space. For
instance, maximal supergravities in D > 3 exhibit an E11_p11-p)"? global sym-
metry, to be compared with the GL(11— D, R) group related to the isometries of the
(11— D)-dimensional torus. Extra symmetries, of course, are not necessarily symme-
tries of the full Lagrangian, but they leave the field equations invariant. In relation
to string theory, it is conjectured® that the full nonperturbative string models are
invariant only under discrete subgroups of the global symmetries of the correspond-
ing low-energy supergravity theories. Such discrete symmetries are usually termed
U-dualities, and they play a crucial role in understanding the deep relations between
different perturbative string theories, that are mapped under their action one to
the other in diverse regions of the moduli space (for a review, see e.g. Refs. 4 and
5). Hidden global symmetries are also useful in determining all possible massive
deformations of a given ungauged supergravity. Indeed, the embedding tensor®1°
singles out the allowed gauge groups inside the global symmetry group, providing
a covariant description of all possible gaugings of a given supergravity theory.

The maximal supergravity theories in any dimension are related to the very-
extended Kac-Moody algebra E;r(g;r (also called Eq1),'t whose Dynkin diagram is
reported in Fig. 1. The maximal theory in dimension D corresponds to the decom-
position of the algebra in which the “gravity line” is identified with the Ap_;
subalgebra containing node 1, while the part of the diagram that is not connected
to the Ap_; subalgebra corresponds to the internal symmetry. From the diagram,
one then sees that the highest dimension to which the theory can be uplifted is 11,
while there are two different theories in ten dimensions, namely the ITA theory (with
Ag given by nodes from 1 to 9) and the IIB theory (with Ag given by nodes from
1 to 8 plus node 11).}2 Decomposing the adjoint representation of E;(g;” in any
dimension, one obtains all the p-forms of the theory. This not only includes all the
propagating fields and their duals, but also (D —1)-forms and D-forms. The (D—1)-
forms are dual to the massive/gauge deformations, while the D-forms are related to
space-filling branes. In particular, in the ITA case, one obtains an eight-form which
is dual to the Romans mass,'? and generalizing this analysis to any dimension, one
discovers'#1® that the (D — 1)-forms predicted in D dimensions by E;(;')’L precisely
correspond to the representations of the embedding tensor derived in Refs. 6-10. All
the p-forms with the corresponding representations for the maximal supergravities
are reported in Table 1 (taken from Refs. 14 and 15).

©
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Fig. 1. The E;&;L Dynkin diagram.
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Table 2. The doubly split magic square.26

R Cs Hs Os
R S0(3) SL(3,R) Sp(6,R) Fya)
Cs SL(3,R)  SL(3,R)x SL(3,R)  SL(6,R)  Egg
H, Sp(6,R) SL(6,R) S0(6,6) Erny
05 Fyg Es(6) Erer) Eys)

The same construction can be extended to 1/2-maximal and symmetric 1/4-
maximal supergravities where, precisely as in the maximal theory, the Kac—
Moody algebra is G317, G5 being the global symmetry of the three-dimensional
theory.1618 In particular, the 1/2-maximal theories correspond to the Kac-Moody
algebra SO(8,n)T T, while among the 1/4-maximal theories, one can consider the
magic ones'??! (for a review, see Ref. 22), corresponding to the algebras F,}i",
Eg(;r)ﬂ E;r(f;“) and E;{(f;ﬁl).” With the exception of the F j@f case, the real form
of the symmetry group of these theories is nonsplit, a fact taken into account by
considering the Tits—Satake diagram of G5 ", which identifies the real form of the
global symmetry in any dimension, as well as the highest dimension to which the
theory can be uplifted.!”

As shown in Refs. 19-22, the exceptional N' = 2 Maxwell-Einstein supergravities
in D = 4,5 are related to cubic Jordan algebras. In particular, they are based on
simple Euclidean Jordan algebras J4 generated by 3 x 3 Hermitian matrices over
the four normed division algebras A = R, C,H, Q. They can be associated to the
single split version of the famous “magic square” of Freudenthal, Rozenfeld and
Tits.?3 2% For this reason, they are called “magic.” The complex and quaternionic
theories are consistent N/ = 2 truncations of the maximal N/ = 8 supergravity,
while the N/ = 2 octonionic theory is not, as manifested by the fact that in four
dimensions, it is based on the minimally noncompact real form E7(_s5), completely
different from the maximally noncompact (split) real form Er ).

An analogous analysis can be performed by replacing the division algebras with
their split versions A, and the magic square with the doubly split magic square2’
(also cf. Ref. 27) given in Table 2. While the theory based over the split octonions
Qs is the maximal supergravity theory, the theories based on C; and Hy are non-
supersymmetric and their field content is a gravitational model not interpretable
as the bosonic sector of a locally supersymmetric theory. Exactly, as for all the
supersymmetric theories discussed above, they correspond to the very-extended
Kac—Moody algebras EG+(Z§)+ and E;F(%Jr These algebras were originally considered
in Ref. 28 and, as emerging from their diagram, they can be uplifted at most to

eight and ten dimensions, respectively. The spectrum of forms of the E;(éT theory

in eight dimensions, as well as one of the E;"(;')Jr theories in nine and ten dimensions,

was listed in Ref. 29. In the same paper, it was also shown that these Kac-Moody

4+

algebras are consistent truncations of Es(g) .
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It is the main purpose of this paper to further investigate these truncations.
In particular, we refer to the analysis of Ref. 30, where it is observed that in
any supersymmetric theory with scalars parametrizing a symmetric manifold, the
global symmetry group G3 in three dimensions can be decomposed in D dimensions
factorizing the Ehlers group SL(D — 2,R) as

Gs > Gp x SL(D — 2,R). (1.1)

The group on the right-hand side of (1.1) was dubbed “super-Ehlers group” in
Ref. 30. In particular, for the maximal theories, one obtains the so-called Cremmer—
Julia sequence (cf. e.g. Sec. 1 of Ref. 31)

Eg(g) D) Ell*D(ll*D) X SL(D — 27R> . (12)

Within the sequence in Eq. (1.2), the Er(7) and Eg(g) groups that appear in the
fourth column of the doubly split magic square in Table 2 occur as U-duality groups
of the maximal supergravity theory in D = 4 and D = 5, respectively. Note that the
same groups also occur in the fourth row of the magic square; thus, as mentioned
before, the theories based on H and Cj, that can be obtained by the very-extended
Kac—Moody algebras E7+(J7r)+ and Egr(g)ﬂ have in three dimensions precisely the
symmetry of the maximal theory in four and five dimensions, respectively. The
truncation of the E;(;')’L theory that leads to the E;"(;')’L and Eér(g';' ones is therefore
precisely of Ehlers type. Thus, it is natural to compare the p-form spectra of the
E;“(J{;” and E&gf algebras in any dimension with those obtained by truncating
in any dimensions the representations of the maximal theories (given in Table 1)
to singlets of SL(2,R) and SL(3,R). We obtain a perfect match, with the only
exceptions of the multiplicity of the lower-dimensional representations of the D-
forms in D dimensions and of the two-forms in three dimensions, which are typically
less than the result of the truncation. We use the software SimpLie!® to determine
the spectrum of the theories in any dimension.

Our procedure can be extended to Ehlers SL(n,R) truncations with n > 3,
giving again theories that in three dimensions have the symmetry of the maximal
theory in n + 2 dimensions. As a consequence, their spectra are given by the Kac—
Moody algebras SO(5,5)" " (n = 4), SL(5,R)*** (n = 5) and (SL(3,R) x
SL(2,R))™* (n = 6). While the first two were discussed in Ref. 29, the third is
the extension of a group which is not simple. The general analysis of Kac—Moody
algebras of this type was first considered in Ref. 32. We compare the spectrum of
these theories with the Ehlers truncation of the spectrum of the maximal theory
in any dimensions, obtaining the same match as for the n = 2 and n = 3 cases. In
particular, one recovers the “split magic triangle” of Ref. 33.

An allowed realization of these models within perturbative string theory is pos-
sible only if the Ehlers SL(n,R) truncation can be embedded in the perturbative
symmetry of the maximal theory, i.e. the one that does not act on the string dilaton.
We show how this can be directly extracted by an analysis of the Dynkin diagram
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of the very-extended algebra of the truncated theory. The fact that such Dynkin
diagrams encode information about T-duality transformations was originally shown
in Ref. 29.

The truncation procedure can also be applied in the same fashion to 1/2-
maximal and to 1/4-maximal theories. In Ref. 34, a large class of symmetric G/H
nonlinear o-models has been analyzed in D = 3 and lifted to D = 4. The cosets are
noncompact Riemannian symmetric spaces, and some of them correspond to the
bosonic sectors of supergravities with sixteen or eight supersymmetries. They can
be extended to the possible allowed higher dimensions using again the technique
based on the related very-extended Kac—Moody algebras.

For the theories based on H and C, one can use the connection with Jordan
algebras to determine the orbits of extremal black hole solutions in four and five
dimensions. In Ref. 35, the analysis of black hole orbits of the maximal theory was
performed in terms of bound states of the weights of the representations to which the
black hole charges belong. By repeating the same analysis for the representations
of the black hole charges of the E;@T and E;rg;r theories, one obtains not only
a perfect match with the Jordan algebra investigation, but also an extension of it
to higher dimensions. Following Ref. 36, where it was shown how the results of
Ref. 35 can be extended to nonsplit groups, one can also determine the orbits of
the truncations of the 1/2-maximal and the 1/4-maximal theories.

The paper is organized as follows. In Sec. 2, we analyze the spectrum of the
theories based on the very-extended Kac-Moody algebras E7+(J7r)+ and Eér(g;r. We
prove that they are consistent truncations of maximal theories (based on E;F(Q)Jr)
obtained by modding out the corresponding Ehlers group. We also discuss the em-
beddings within string theory. In Sec. 3, we extend the class of theories by observing
that the duality group in D = 3 exactly coincides with that of the Ehlers trunca-
tion of the maximal theory in dimension D.? In the explained sense, our procedure
gives an alternative definition of the very-extended duality algebra. When con-
sidering nonsimple duality algebras, our results coincide with those obtained using
the method proposed in Ref. 32. In Sec. 4, we extend the construction to a large class
of theories with less supersymmetry, like the ones discussed in Ref. 34, and to the
infinite series of orthogonal very-extended algebras, related also to the dimensional
reduction of the heterotic string. In Sec. 5, the analysis of Ref. 36 is extended to
the black hole orbits of the models presented in this paper. As obtained in Ref. 36,
the absence of orbit splitting can be traced back to the lack of short weights in the
corresponding representation space. Finally, in Sec. 6, we discuss the embedding
within string theory, and we present our conclusions and discussions about possible
future directions.

2As mentioned, at least where exceptional Lie algebras are involved, this is a consequence of the

symmetry of the doubly split magic square.26
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2. Nonsupersymmetric Theories Based on C; and H;

The N = 2 “magic” Maxwell-Einstein supergravity theories discovered in
Refs. 19-21 are based on the simple Euclidean Jordan algebras J4 generated by
3 x 3 Hermitian matrices over the four normed division algebras A = R, C, H, O.
The symmetry of the theories in dimension from three to five is connected to the
single split form of the famous “magic square” of Freudenthal, Rozenfeld and Tits
(cf. Refs. 23-25, as well as the recent review on magic squares of order 3 and their
27). In particular, in three dimensions, these
theories have global symmetry Fjyu), Feg2), Er(—5) and Eg(_a4), respectively. The
relation between these theories and the Jordan algebras J4 was used in Ref. 37
(see also Ref. 38) to classify the orbits of all the extremal black hole solutions in
various dimensions. An analogous magic square exists also for the split division
algebras R, C,, H,, 0,:2% with complex parameters, the corresponding groups are
the same as those resulting from the division algebras, but they enter now in the
split real form. The split-octonion case corresponds to the Fg(g) symmetry in three
dimensions and therefore the algebra is that associated to maximal supergravity.
In this section, we want to consider the remaining theories based on C4 and Hy; in
three dimensions, they have a (electric-magnetic) duality” symmetry groups Es6)
and E;(7y, respectively.

In Ref. 17, it was shown that the bosonic spectrum of the N' = 2 magic theories
can be derived from the Kac-Moody algebras GTF where G is the symmetry of the
three-dimensional theory. The real form of the symmetry group in any dimension
is identified by the corresponding Tits—Satake diagram, and the symmetry of the
theory in a given dimension is obtained by the deletion of the corresponding node
precisely as in the maximal case. The deleted node is in general associated to the
global scale symmetry and therefore it must correspond to a noncompact Cartan
generator, and while for split real forms, one can always take the Cartan generators
to be all noncompact, for other real forms, this is not the case and the Tits—
Satake diagram precisely identifies which Cartan generators are compact and which
are noncompact. For the Kac-Moody algebras associated to the N' = 2 magic
theories, the fact that the nodes of the Tits—Satake diagrams corresponding to
compact Cartan generators cannot be deleted explains from this perspective why
these theories can only be uplifted at most to six dimensions.

One can consider as an example the theory based on O, corresponding to
the Kac-Moody algebra E;(f';l), whose Tits—Satake diagram is drawn in Fig. 2.
Following the standard convention of Tits—Satake diagrams, the black nodes in
Fig. 2 are associated to compact Cartan generators. By deleting node 3, one obtains
the Tits—Satake diagram of Eg(_a4y, which is the global symmetry of the three-
dimensional theory, and by further deleting nodes 4, 5 and 6, one obtains the

relevance in (super)gravity theories

bHere, duality is referred to as the analogue in a nonsupersymmetric context of the “continuous”
symmetries of Refs. 1 and 2, whose discrete versions in the supersymmetric case are the U-dualities
of nonperturbative string theory introduced by Hull and Townsend.?
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O | J o O

1 2 3 4 5 6 7 8 9 10

Fig. 2. The E;(t;;) Tits—Satake diagram.

Tits-Satake diagrams of E7(_s5), Fg(—26) and SO(1,9), which are the global sym-
metries in four, five and six dimensions, respectively. Node 7, corresponding to a
compact Cartan generator, cannot be deleted and the theory cannot be uplifted
to seven dimensions. The spectrum of the theory, in the dimensions in which it
exists, can be read from Table 1, keeping in mind that the reality properties of
the various representations differ from those of the maximal theory because the
symmetry groups are in different real forms.!” The same analysis can be performed
for the theories based on H, C and R, whose Tits—Satake very-extended diagrams
can be found in Ref. 17. It should again be stressed that in all cases, the Kac—
Moody algebra allows to determine the full spectrum of the theory, including the
(D — 1)-forms and the D-forms.

By analogy with the N' = 2 case, it is then natural to associate to the theories
based on C4 and Hj the very-extended Kac—Moody algebras E&gﬁ and E;r(;)+;28,29
in this case, the algebra is split and therefore the Tits—Satake diagram coincides
with the Dynkin diagram, with all noncompact Cartan generators. From the Kac—
Moody algebra, one then determines the spectrum of all forms in any dimension.
The highest dimension to which these theories can be uplifted is 10 in the case of
E7+(J7r)+ and 8 in the case of Egr(g;r.

We start by considering the H-based E;r(;r)+ theory, whose Dynkin diagram is
drawn in Fig. 3. From the diagram, it is evident that the theory can be uplifted
to D = 10.2% Indeed, by deleting node 10, one obtains a symmetry SL(10,R) asso-
ciated to a ten-dimensional theory. From the point of view of the Dynkin diagram,
the dimensional reduction corresponds to further deleting the nodes starting from
node 9. The D-dimensional theory corresponds to an SL(D,R) symmetry in the
diagram involving nodes from 1 to D — 1, and the nodes that are not connected to
any of the SL(D,R) nodes form the global (duality) symmetry group. As already
mentioned, the deleted node gives an extra scaling symmetry so that the symmetry

10

1 2 3 4 5 6

=1
o)
©

Fig. 3. The E;'(;")'*' Dynkin diagram.
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Table 3. All the p-forms of the EX T theory in any dimension.

7(7)
Dim Symmetry p=1 p=2 p=3 p=4 p=>5 p==6 p=7 p=38
10 — 1
9 Rt 1 1 1 1 1
3 3
8A GL(2,R) 2 1 2 1 2 2x2
1 2x1
_ 15
8B SL(3,R) 3 3 8 3
3 3 8 8 15
7 GL(3,R) 3 3 6 6
1 1 1 3 2x3
(64,1)

_ (15,1) (20,2) (10,3)
6 SL(4,R)x SL(2,R) (4,2) (6,1) (4,2) 1.3 (42) (6.3)

2x(6,1)
105 384
5 SL(6,R) 15 15 35 105
21 15
2079
4 S0(6,6) 32 66 352 462
66
1539 40755
3 Eq(7y 133 1539
1 1

associated to the gravity sector is actually GL(D,R), and in the case in which two
nodes have to be canceled, there is an extra R* global symmetry corresponding
to the fact that there is an additional internal Cartan generator. Apart from the
theories that one obtains from dimensional reduction of the ten-dimensional theory,
there is also an eight-dimensional theory whose corresponding SL(8,R) is formed
by the nodes from 1 to 6 and node 10. We call this theory 8B, whereas we name
the other eight-dimensional theory 8A, in analogy with the maximal case.

In Table 3, we list all the p-forms of the theory in any dimension. These (together
with gravity and the scalars, that always parametrize a symmetric manifold G/H,
where G is the global symmetry and H is the maximal compact subgroup of G) give
the full bosonic spectrum of the theory. In three dimensions, the theory describes 70
scalars, which is the number of bosonic degrees of freedom in any dimension. In ten
dimensions, the theory contains only a self-dual four-form.2? By looking at Table 1,
one can see that such spectrum arises by truncating the spectrum on the IIB theory

1750120-9
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to only singlets of SL(2,R). This fact actually generalizes to any dimension: the

symmetry of the maximal theory Gp in D dimensions decomposes as SL(2,R) x

Gg), where Gg) is the D-dimensional symmetry of the E;"(%J“

the spectrum of the E;(;T is obtained by decomposing all representations of the

theory. Moreover,

maximal theory as representations of SL(2,R) x Gg) and keeping only those that
are singlets of SL(2,R). This truncation is obviously guaranteed to be consistent.

The fact that the E;&T theory is an SL(2,R) truncation of the E;“(g;r theory
actually also explains the occurrence of two different theories (8A and 8B) in
eight dimensions. Indeed, the maximal theory in eight dimensions has symmetry
SL(3,R) x SL(2,R), and thus there are two different ways of factoring out an
SL(2,R). In the first case, taking the SL(2,R) inside SL(3,R), one ends up with
the theory denoted 8A in the table, which has symmetry GL(2,R) and arises as the
torus T2-reduction of the ten-dimensional theory. On the other hand, factoring out
the other SL(2,R) gives rise to the theory with global symmetry SL(3,R) denoted
8B in the table, which cannot be obtained by dimensional reduction.

We can consider in detail how the truncation works in any dimensions by looking
at the representations of the maximal theory that are listed in Table 1. In the case
of the “10B-” and nine-dimensional case, the fields in Table 3 simply correspond
to the SL(2,R) singlets in Table 1. In eight dimensions, as mentioned above, the
8A theory corresponds to considering the SL(2,R) inside SL(3,R). The 3 and the
3 both decompose as 2 + 1, while the 8 decomposes as 3 +2 + 2 4+ 1 and the 6
decomposes as 3 + 2 + 1. Taking only the singlets, this reproduces all the forms
up to p = 7 included in the 8A theory in Table 3. The eight-forms arise from the
singlets in the decompositions of the 15 and of the 3, which both have one SL(2,R)
singlet. As a result, one would expect eight-forms in the 3 and 1 of the remaining
SL(2,R) as Table 3 shows, but the singlet appears with multiplicity 2 instead of
3, as the decomposition would suggest. The same occurs for the 8B theory, which
corresponds to taking the singlets of the SL(2,R) which is not inside SL(3,R) in
the eight-dimensional maximal theory. From Table 1, one gets that the eight-forms
in the 3 should have multiplicity 2, while they occur with multiplicity 1 in Table 3.

The reader can check that the same phenomenon occurs in any dimension. All
the representations of Table 3 result from truncating the representations of Table 1
to the singlets of SL(2,R). Only for the D-forms in D dimensions and the two-forms
in three dimensions, the multiplicity of the lower-dimensional representations is in
general smaller than the multiplicity that results from the decomposition to the
singlets of SL(2,R). This can be understood by observing that if a given potential
has multiplicity n, it means that in the gauge algebra, there are actually n potentials
whose gauge transformations with respect to the various gauge parameters of the
theory are all different. Once all the fields and gauge parameters are truncated to
the singlets of SL(2,R), some of the gauge transformations above become identical
and the corresponding potentials are identified, with the effect of lowering at least
partially the multiplicity.
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O

9

8
O O
1 2 3 4 5 6 7

Fig. 4. The Eér(ér)+ Dynkin diagram.

Given that these theories arise in any dimension as a specific truncation of
the maximal (E;(g;r) theory in which an SL(2,R) subgroup of the global symme-
try group is factored out, one can in principle hope to realize such truncation in
perturbative string theory in D dimensions only if this subgroup is part of the per-
turbative SO(10— D, 10— D) symmetry. The highest dimension in which this occurs
is D = 8, where the perturbative symmetry is the SL(2,R) x SL(2,R) subgroup of
the global symmetry group SL(3,R) x SL(2,R). In the ITA case, the “geometric”
SL(2,R), that is the one associated to the complex structure of the torus, is the
first SL(2,R), namely the one contained in SL(3,R). As a consequence, the 8A
theory obtained by factoring out this group could in principle be obtained from the
Type ITA theory via some kind of geometric orbifold of the two-torus 72. On the
other hand, in the IIB case, it is the second SL(2,R) which is the “geometric” one.
Hence, the 8B theory that results from factoring out this group could in principle
be realized as a geometric orbifold of the Type IIB theory.

The fact that D = 8 is the highest dimension in which the H,-based magic
nonsupersymmetric theory could be realized in perturbative string theory can also
be easily deduced from the E;r(;';r
in Ref. 29. The general rule is that for this to be possible, one must be able to
decompose the global symmetry in SO(m, m) for a given m; in the particular case of
the E;r(;';r Dynkin diagram, this decomposition is achieved by the deletion of node 8.
The string dilaton corresponds to the Cartan generator associated to the simple root
ag, and the perturbative symmetry in D dimensions is® SO(8—D,8—D)x SL(2,R),
where the second factor corresponds to the simple root ag.

We can repeat the previous analysis for the case of the magic nonsupersymmetric
theories based on Cg, where the symmetry in D = 3 is Eg(g). In any dimension,

the bosonic sector of the theory can thus be obtained from the Kac—-Moody algebra

EH++ 28,29
6(6) °

deduce the symmetry group in any dimension, together with the highest dimension

Dynkin diagram in Fig. 3, as already discussed

whose Dynkin diagram is given in Fig. 4. From the diagram, one can

°This hints the interpretation of SL(2,R) as Tri(Hs)/SO(Hs), where Tri(H,) and SO(Hs), respec-
tively denote the triality symmetry and the norm-preserving symmetry of H.32
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Table 4. All the p-forms of the EXt+ theory in any dimension.

6(6)
Dim Symmetry p=1 p=2 p=3 p=4 p=>5 p==6 p=7
8 SL(2,R) 2 3
7 GL(2,R) 1 2 2 1 3 3 4
1 2 2X2
(8,2) (4,2)
(2,1) (2,1) (3,1) (2,3) (2,4)
6 (SL(2,R))? x Rt (2,2) (1,1) 3x(2,2)
(1,2) (1,2) (1,3) (1,2) (3,1)
(2,1) (1,3

i
5 (SL(3,R))? (3,3) (3,8) (3,3) 2x(3,3)
(1,8) (3,6) (6,3)
(3,6)
70 280
4 SL(6,R) 20 35 280
70 189
5824
650 5824
3 Ee6 78
6(6) 1 650
78

to which the theory can be uplifted, D = 8 in this case. In Table 4, we give the full
spectrum of p-forms of the theory in any allowed dimension D, again including, as in
the quaternionic case, D — 1- and D-forms. The p-forms enter the bosonic sector of
the theory together with gravity and with the scalars that parametrize the manifold
G/H, being H, as usual, the maximal compact subgroup of the global symmetry
group G. In particular, in three dimensions, this gives a total of 42 scalars, which
is the number of degrees of freedom in any dimension.

Following the same analysis of the previous case, we observe that the eight-
dimensional theory results as a truncation of the maximal theory in which the
SL(3,R) part of the global symmetry is modded out. Once again, in any dimen-
sion, the global symmetry G(D3) arises in the decomposition Gg) x SL(3,R) of the
symmetry of the maximal theory, and the full spectrum in dimension D is a consis-
tent truncation of the one of the maximal theory in dimension D, provided only the
singlets with respect to the SL(3,R) are kept. The unique exception to this general
rule, already mentioned for the quaternionic theories, occurs for lower-dimensional
representations of the D-forms in D dimensions and also of the two-forms in D = 3,
whose actual multiplicity is typically lower than the multiplicity resulting from the
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truncation. As an example, we can analyze the seven-dimensional case. By de-
composing the 70, the 45 and the 5 of SL(5,R) under the maximal subgroup
GL(2,R) x SL(3,R) and keeping only the SL(3, R)-singlets, one gets a 4 and three
2’s of SL(2,R), while the doublet in Table 4 only arises with multiplicity 2.

One can again determine the dimensions where an interpretation in terms of a
perturbative truncation of the ten-dimensional Type IIA or Type IIB string theory
could exist. For this, the requirement that G x SL(3,R) is contained in the T-
duality symmetry of the maximal theory should be fulfilled. The highest dimension
in which this occurs is D = 7. Again, this information can be extracted by looking
at the Dynkin diagram in Fig. 4. Indeed, an SO(m, m) symmetry only arises after
deleting both nodes 7 and 9, and the dilaton Cartan generator is indeed the sum of
the Cartan generator associated to the simple root a7 and of the one associated to
the simple root ag. In any dimension, the perturbative symmetry of the C,-based
theory is? SO(7 — D,7 — D) x R*.

To summarize, in this section, we have fully characterized the E;;T and Eér(g;r
theories, associated, respectively to H and Cg, in terms of consistent SL(2,R) and
SL(3,R) truncations of the maximal (Egr(;)ﬂ theory. In the next section, we will
show that this generalizes to further truncations.

3. Ehlers SL(n,R) Truncations of Maximal Supergravity
in any Dimension

In the previous section, we have shown that the magic nonsupersymmetric theories
based on C,; and Hj can be obtained in any dimensions as suitable truncations
of the maximal supergravities. In particular, the chain of Table 3 based on Hy is
obtained by modding out the symmetry SL(2,R), while the chain of Table 4 based
on C; is obtained by modding out the symmetry SL(3,R). In three dimensions,
the modding gives rise to the symmetries E7(7) and Eg(6) that coincides with the
symmetries of the maximal theory in four and five dimensions, respectively. The
symmetry of the four-dimensional theory based on Cg is SL(6,R), identical to the
symmetry of the five-dimensional theory based on Hy. Ultimately, one may trace
the previous relations back to the symmetry of the doubly split magic square.2®
However, as shown in the previous section, the theories based on Hy and C; are also
associated to the very-extended Kac—Moody algebras E;(;T and Eér(g;r. Moreover,
as explained before, the fact that these theories arise as truncations of the maximal
theory can actually be extended to the full spectrum of p-forms resulting from the
very-extended Kac—Moody algebras.

The aim of this section is to extend this analysis to further truncations. We
consider the truncation of the maximal theory obtained by modding out the U-
duality symmetry Gp (in any dimension) with respect to the symmetry SL(n,R).

dThis hints the interpretation of Rt as Tri(Cs)/SO(Cs), where Tri(Cs) and SO(Cs), respectively
denote the triality symmetry and the norm-preserving symmetry of Cg.39
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It can be worked out by considering the embedding
Gp D SL(n,R) x G, (3.1)

where Ggl) is the residual symmetry of the truncated theory in D dimensions. The
resulting groups form the split magic triangle of Ref. 33 displayed in Table 5: in its
first column, the various SL(n,R)’s are reported, while in the remaining columns,
the resulting Gg)’s for each Gp are given. In particular, the second column gives the
various decompositions of the three-dimensional theory, the third column gives
the various decompositions of the four-dimensional theory, and so on. Obviously,
Gg) = GGp and the n = 2 and n = 3 decompositions are just the two sequences
discussed in Sec. 2.

For each n (or, equivalently, for each row in the table), the different entries
correspond to the groups that one obtains decomposing the Kac—Moody algebra
ng)+++ in various dimensions. The n = 2 and n = 3 cases correspond to the
theories we discussed in the previous section, while for n = 4 and n = 5, one
obtains the symmetry groups of the SO(5,5)T T and SL(5,R)** theories.® We
will show below that the spectrum of these theories can indeed be constructed as a
consistent truncation of the spectrum of the maximal theory, in which only singlets
of SL(4,R) and SL(5,R) are, respectively kept.

If one further extends this identification of the truncated theory with
to higher values of n, one gets that the n = 6 case corresponds to the (SL(3,R) x
SL(2,R))™ theory. In Ref. 32, a way of defining the Kac-Moody very-extended
algebras GTT with G semi-simple, but not simple was derived, and a method
to obtain the spectrum of the theory by suitably decomposing the corresponding
Dynkin diagram was given. We will show that, apart from subtleties concerning
the multiplicities of lower-dimensional representations of the higher-rank forms,
the method of Ref. 32 applied to (SL(3,R) x SL(2,R))™** gives results that are
in agreement with the n = 6 truncation. Going beyond n = 6, we should point out
that there are two possible decompositions for n = 8, which we call n = 8A and
n = 8B. The cases with n > 7 (with the exception of the n = 8B case) correspond to
very-extended algebras that are not semi-simple. One can easily note that Table 5 is
symmetric, and in particular G(Dn) is the same as Ggﬂf). In other words, the group
that one obtains by modding the D-dimensional duality group by SL(n,R) is the
same as the one coming out by modding the duality group in n 4+ 2 dimensions by
SL(D — 2,R). This symmetry was first explained in Ref. 41 exploiting the relation
discovered in Ref. 42 between exceptional groups and del Pezzo surfaces.

For the n = 4 truncation, one obtains the SO(5,5)*** theory, whose Dynkin
diagram is shown in Fig. 5. From it, one can see that the theory can be uplifted

ng)+++

at most to seven dimensions, which indeed coincides with the highest dimension in
which one can embed SL(4,R) in the symmetry of the maximal theory. In six dimen-
sions, there are two possibilities: the 6A theory, obtained by deleting nodes 6, 7

®These are N = 0 or N = 1 theories in D = 3 (upliftable to A" = 0 theories in D = 4).3%:40
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Fig. 5. The SO(5,5)t T+ Dynkin diagram.

Table 6. All the p-forms of the SO(5,5)1t T+ theory in every dimension.

Dim Symmetry p=1 p=2 p=3 p=4 p=>5 p=6 p=7
7 Rt 1 1 1 1 1
6A (RT)2 2x1 2x1 2x1 2x1 4x1 7x1
(3,1) (4,2)
6B (SL(2,R))? (2,2) (2,4)
(1,3) (2,2)
(4,2)
(3,1) (3,1) (2,4)
oo (22) (2,2 3x(2,2)
5 (SL(2,R))2 xR @1 (w1 (1,3) (1,3) 3.1)
(1,1) 2% (2,2) 1,3)
2 x (1,1)
(45,1)
(15,1) (10,2) (45,1)
4 SL(4,R) x SL(2,R) (6,2) (10,2) 2x(15,3)
1,3) (6,2) 2x(15,1)
(1,3)
1050
210 1050
3 SO(5,5) 45 54 945
210
1 54
45

and 8, is the dimensional reduction of the seven-dimensional theory, while the 6B
theory corresponds to deleting node 5. The presence of two theories corresponds
to two different embeddings of SL(4,R) inside SO(5,5). In Table 6, we report the
spectrum of p-forms obtained in various dimensions from the Kac—-Moody algebra
SO(5,5)TT*. The representations are those that result from retaining only the
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SL(4,R)-singlets in the decomposition of the representations of the symmetry Gp
of the maximal theory with respect to SL(n,R) x Ggl). As in the cases discussed
in the previous section, the only exceptions to this rule are the lower-dimensional
representations of the D-forms, which always have actual multiplicity lower than
what would result from the truncation. The number of bosonic degrees of free-
dom in any dimension is 25, which is the dimension of the D = 3 coset manifold
SO(5,5)/1SO(5) x SO(5)].

In Sec. 2, we have discussed the possible realizations within perturbative string
theory of the magic nonsupersymmetric theories based on Cs and H,. In particu-
lar, we have observed that a necessary condition is that the SL(2,R) or SL(3,R)
symmetry (the factored out term) commutes with the string-dilaton generator. In
particular, the theory based on the split quaternions H could admit a string inter-
pretation at most in D = 8, while the theory based on the split complex numbers
Cs could be obtained in perturbative string theory at most in D = 7. In particular,
we showed how this can be read from the Kac—-Moody algebra by looking at the
highest dimension in which the symmetry group contains a subgroup SO(m,m).2?
In the case of the SO(5,5)*** theory, the Dynkin diagram in Fig. 5 exhibits a
T-duality symmetry already in seven dimensions, corresponding to the exchange of
the nodes 6 and 8. This is in agreement with the fact that SL(4,R) is isomorphic
to SO(3,3), and therefore it can be identified with the perturbative symmetry of
the maximal theory in seven dimensions.

For the n = 5 truncation, one obtains the SL(5, R)*** theory, whose Dynkin
diagram is shown in Fig. 6. In this case, the highest dimension to which this theory
can be uplifted is 7, corresponding to the deletion of node 7 (or node 4). In seven
dimensions, such a theory is nothing but pure gravity,*? in agreement with the fact
that all the fields of the maximal theory in seven dimensions except the graviton
are nonsinglets of the global symmetry SL(5,R). In Table 7, we list the spectrum of
forms in various dimensions. The number of bosonic degrees of freedom, coincident
with the dimension of the D = 3 manifold SL(5,R)/SO(5), is 14. This theory
can admit a possible interpretation in perturbative string theory starting from
five dimensions. Indeed, SL(5,R) can be embedded in the perturbative symmetry
SO(5,5) in five dimensions. Moreover, looking at the diagram in Fig. 6, a group of
SO(m,m) type requires at least the deletion of nodes 5 and 6.

O O
2 3 4 5 6

Fig. 6. The SL(5,R)**+ Dynkin diagram.
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Table 7. All the p-forms of the SL(5,R)*++ theory in any dimension.

Dim Symmetry p=1 p=2 p=3 p=4 p=>5 p==6
RT 1 1 1 1
2 4
5 GL(2,R) 2 2
1 1 2x2
10
6 10
3 8 6 3x8
4 GL(3,R)
3 3
3 3
1
175
75 175
126
3 SL(5,R) 24 24
126
1 2x75
2x24

Let us now discuss the n = 6 truncation, corresponding to the (SL(3,R) x
SL(2,R))**+ Kac-Moody algebra. It is the first example, in this context, of a very-
extended G+ algebra with G nonsimple (namely, semi-simple). As mentioned
before, in Ref. 32, it has been shown that for a Kac-Moody algebra of the form
(G1 x G2)TT, one can write down a suitable Dynkin diagram in which the affine
nodes of G} and GJ are connected. From that diagram, one can then determine
the spectrum of the theory in various dimensions, modulo the subtlety that one
has to remove the extra Cartan generator that always occurs in the spectrum. In
our case, the Dynkin diagram is given in Fig. 7. The highest dimension to which
the theory can be uplifted is 5, corresponding to the deletion of nodes 3 and 7, and
resulting in the global symmetry SL(2,R). Indeed, SL(6,R) can be embedded in
Eg (), but not in SO(5,5). In four dimensions, there are two theories: the 4A is the
reduction of the five-dimensional theory, with a global symmetry GL(2,R) while
the 4B has global symmetry SL(3,R). We list in Table 8 the spectrum of forms
derived from the Kac—Moody algebra. The number of bosonic degrees of freedom
is 7, like the dimension of the scalar manifold in D = 3. In any dimension, the
spectrum coincides with truncating the maximal theory to singlets of SL(6,R),
again with the exception of the lower-dimensional representations of the D-forms

fThis is an A/ = 0 or A" = 1 theory in D = 3 (upliftable to A’ = 0 in D = 4).3%440
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t
D

O ! O

1 2 3 4

Fig. 7. The (SL(3,R) x SL(2,R))T** Dynkin diagram.

Table 8. All the p-forms of the (SL(3,R) x SL(2,R))*** theory in any dimension.

Dim Symmetry p=1 p=2 p=3 p=4
5 SL(2,R) 3
3
4A GL(2,R) 2x1 ) 2x3 3x3
10
4B SL(3,R) 8 10
8
(10,3)
(8,1) (8,3) (10,3)
3 SL(3,R) x SL(2,R) (8,1) 3% (8,3)
(1,3) 2% (1,1) 3% (8,1)
(1,8)

in D dimensions and the two-forms in three dimensions. In four dimensions, as
emerging from the diagram in Fig. 7 by deleting nodes 4, 6 and 7, one can embed
SL(6,R) inside the perturbative symmetry SO(6,6).

Among the truncations with n > 6, the n = 8B case corresponds to the Kac—
Moody algebra SL(2,R)***, which is pure gravity in four dimensions;** SL(2,R)
being nothing but the Ehlers symmetry in the reduction D = 4 — 3 of General
Relativity itself4* (also cf. Ref. 30). Indeed, decomposing the E7(7y representations
of the maximal theory in four dimensions under SL(8,R), one finds that no singlets
occur and therefore only the graviton survives the projection (see Table 1). The
spectrum of forms as derived from the Kac—Moody algebra is reported in Table 9.
In three dimensions, the one-forms are in agreement with the truncation, while
there is only one singlet two-form instead of the two singlets that would survive the
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Table 9. All the p-forms of the
SL(2,R)*+7 theory in any dimension.

Dim Symmetry p=1 p=2

4 J—
3 SL(2,R) 3 1

Table 10. All the p-forms that arise from the n = 7, 8A, 9 truncations of
the maximal theory in any dimension.

n Dim Symmetry p=1 p=2 p=3 p=4

4 Rt 1 2x1 2x1
3 2x4
=7 3 6x3
" 3 GL(2,R) 2% 2 x
1 6 x 2
Ix1 6x1
n=8A 3 Rt 1 2x1 5x1

n=9 3 - 1

truncation. There are no three-forms, while the truncation would give a 3 from the
248 and a singlet from the 3875. For the highest-dimensional 147250 representa-
tion of three-forms in the maximal theory nothing survives the truncation.

The remaining cases n = 7, 8A and 9 correspond to monsemi-simple three-
dimensional symmetries. The resulting list of the truncations is in Table 10. The
n = 7 theory exists in four and three dimensions, while the other two cases only
exist in three dimensions.

4. Ehlers SL(n,R) Truncations: Nonmaximal Cases

In this section, we briefly discuss how the analysis carried out in the previous
two sections can be generalized to the 1/2-maximal theories (16 supersymmetries)
and the 1/4-maximal theories (8 supersymmetries). The crucial difference with
respect to the maximal case is that the symmetry groups of these theories are not
in the split real form.8 The only exception is the magic theory based on R, whose
symmetry in three dimensions is Fjy4). In Ref. 17, it was shown that in general if
G5 is nonsplit, then the very-extended Kac-Moody algebra G§++ corresponding
to the supergravity theory has reality properties that result from considering the
Tits—Satake diagram, which is the one appropriate to identify the real form of
the three-dimensional symmetry G3. From it, as in the maximal case, it is then
possible to derive the full spectrum of forms, along with the surviving real form of
the symmetry in any dimensions. Moreover, the nodes associated to the compact

gFor the relation between these models and del Pezzo surfaces, see Ref. 45.
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Table 11. All the relevant subgroups that occur in the SL(n,R) truncations of the U-duality
symmetry groups for the 1/4-maximal magic theories (also cf. Table 2 of Ref. 34).

SL(n) D=3 D=4 D=5 D=6
n=1 Eg(—24) Eq(—25) Eg(—26) 50(1,9)
n=2 E7(_25) 50(2, 10)
n=3 Eg(—26)

_ S0(1,9)
n=1 Br_s 50*(12) SU*(6) SU(2) x SO(1,5)
n=2 50%(12) SU(2) x SO(2,6)
n=3 SU*(6)

SU(2) x SO(1,5)

Eg2) SU(3,3) SL(3,C)p U(1) x SO(1,3)
SU(3,3) U(1) x SO(2,4)
SL(3,C)a
n=4 U(1) x SO(1,3)

Cartan generators in the Tits—Satake diagram determine the highest dimension to
which the theory can be uplifted.

We first consider the 1/4-maximal, magic theories'®2! based on C, H and O, and
the corresponding decomposition according to Eq. (3.1) of the U-duality symme-
tries. The result is the chain of theories displayed in Table 11." As in the analogous
Table 5 for the maximal theory, Table 11 is symmetric. In all cases, the n = 2
truncation can be uplifted to four dimensions, while the n = 3 and n = 4 trunca-

tions only exist in three dimensions. In any dimension, the spectrum of the theory

whose symmetry is Gén) in three dimensions can be derived using the correspond-

ing Gg")+++. The representations of the fields of the theory based on O, associated

to the E;(f;l) Kac—Moody algebra, coincide with those of the maximal theory in

dimension from three to six listed in Table 1, keeping in mind that the reality

hSome comments on Table 11 are in order. The D = 3 theories with U-duality Eg(—26), SO(1,9),
SU*(6), SU(2) x SO(1,5), SL(3,C)gr and U(1) x SO(1,3) are not present in Table 2 of Ref. 34
because these theories (W =0 or N =1 in D = 3) cannot be uplifted to D = 4. Interestingly,
SO(1,9) shares with Fy_s0) (the actual U-duality of the N’ =9, D = 3 theory) the same maximal
compact subgroup SO(9), which indeed is the N' = 9 R-symmetry in D = 3. The theory with
U-duality E7(_25) in D = 3 can be N' = 0,1,2, and in the latter case admits an N' =1, D = 4
uplift to a theory with U-duality SO(2,10). Analogously, the theory with U-duality SO*(12) in
D = 3 can be N = 0,1,2, and in the latter case admits an N' = 1, D = 4 uplift to a theory
with U-duality SU(2) x SO(2,6). Moreover, the theory with U-duality SU(3,3) in D = 3 can be
N = 0,1,2, and in the latter case admits an N’ = 1, D = 4 uplift to a theory with U-duality
U(1) x SO(2,4). These three cases can be summarized by stating that the theories with U-duality
Conf (J4) in D = 3 can be N/ = 0,1,2, and in the latter case, they admit an N =1, D = 4
uplift to a theory with U-duality (Tri(A)/SO(A)) x SO(2,q + 2), where g := dimg A = 8,4, 2 for
A=0,H,C.
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properties of the representations are different because the groups are in different
real forms. Similarly, the spectrum of the n = 2 truncation of the theory based
on O, associated to the E;'(t;%) Kac—Moody algebra, can be read by looking at
the rows corresponding to D = 3 and D = 4 in Table 3. This generalizes to all
the theories listed in Table 11. The analysis of the previous two sections therefore
gives the spectrum of all the theories that are truncations of the theories based
on O, as well as the spectrum of the theories based on C and H. The spectrum
of the theories that arise as truncations of the ones based on C and H correspond
to the Kac-Moody algebras SO*(12)*++, SU*(6)*** and SU(3,3)" "7, as well as
the nonsimple cases (SU(2) x SO(1,5))* " and SL(3,C)*** and the nonsemi-
simple case (U(1) x SO(1,3))***. We have verified that for all the semi-simple
cases, the Kac-Moody algebra gives a result consistent with the truncation in the
sense explained in the previous two sections.

The case of the magic theory based on R, corresponding to the Kac—Moody
algebra F Z(I)ﬂ is special because the corresponding symmetry algebra is not simply
laced. The symmetry of the theory is Sp(6,R) in D = 4, SL(3,R) in D = 5 and
SL(2,R) in D = 6. The n = 2 truncation of the three-dimensional theory gives a
theory with symmetry Sp(6, R), whose spectrum can be read from the Sp(6, R)*++
Kac—Moody algebra. This theory can be N'=0,1,2 in D = 3, and it can be uplifted
at most to AV = 1, D = 4, where it gives a symmetry SO(2,3) which is the n = 2
truncation of the four-dimensional Sp(6, R) theory. On the other hand, the theories
in D = 5 also seem to admit well-defined n = 2 truncations, but these cannot
result as the uplift of the Sp(6,R)™ T because the roots of the SL(3,R) and the
SL(2,R) which are the symmetries in D = 5 and D = 6 are short roots of Fj4).
Similarly, the n = 3 and n = 4 truncations in three dimensions give theories with
symmetries! SL(3,R) and the SL(2,R), respectively, but these theories cannot be
obtained from the corresponding very-extended algebras because again the roots of
these algebras are short. What this shows is that in general the truncation analysis
is more subtle for algebras that are not simply laced.

We now move to consider the 1/4-maximal theories whose symmetry is SO(4, m)
in three dimensions (related to the cubic semi-simple Jordan algebra R & T’y ,,—3),
as well as to the 1/2-maximal theories whose symmetry is SO(8,m) (related to the
cubic semi-simple Jordan algebra R & TI's ,,,—3). We list the results of the trunca-
tions according to Eq. (3.1) in Tables 12 and 13. As Table 12 shows, analogously to
the magic case, the n = 2 truncation of the 1/4-maximal theory is defined in three
and four dimensions, while the n = 3 and n = 4 truncations are only defined in
three dimensions. There are two different n = 2 truncations in four dimensions, cor-
responding to the fact that the (SL(2,R) x SO(2,m —2))T** Kac-Moody algebra
(whose Tits—Satake diagram can be drawn following the prescription of Ref. 32)

"While the D = 3 SL(3,R) theory can only be N' = 0,1 and it does not admit a supersymmetric
uplift to D = 4, the D = 3 SL(2,R) theory can be N’ = 0, 1,2, and in the latter case, it can be
regarded as the dimensional reduction of “pure” N' =1, D = 4 supergravity.
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admits two different uplifts to four dimensions. Similarly, the three-dimensional
theory admits two different n = 4 truncations, corresponding to the fact that there
are two theories in six dimensions, that we call 6A and 6B. Exactly, the same con-
siderations apply to the truncations of the 1/2-maximal theories whose symmetries
are listed in Table 13. In this case, the real form is such that the theory admits an
uplift to ten dimensions.

In general, the embedding that one has to consider for the SL(n,R) truncation
of these theories is

SO(q,r) D SO(n,n) x SO(q —n,r —n) (4.1)

and therefore the truncation is only possible if both ¢ and r are greater or equal to
n. For generic n, the SO(n,n) subgroup is further decomposed as Rt x SL(n,R),
and the SL(n,R) factor is the one that is truncated. This explains all the entries in
Tables 12 and 13, with the only exceptions of n = 2 and n = 4. In the n = 2 case, for
generic D, one uses the isomorphism between SO(2,2) and SL(2,R) x SL(2,R) and
after the truncation an SL(2,R) subgroup remains. In D = 4, the symmetry group
is SL(2,R) x SO(2,m — 2) in the 1/4-maximal case and SL(2,R) x SO(6,m — 2)
in the 1/2-maximal case, and therefore an additional n = 2 truncation is allowed
where the SL(2,R) factor in the symmetry group is truncated out. Finally, for
n = 4, apart from the standard decomposition which is valid for any n, one can
also consider the embedding in Eq. (4.1) for n = 3 and identify SO(3,3) with
the SL(4,R) that one truncates away. This way of identifying and truncating the
SL(4,R) factor gives rise to the n = 4B theories, while the n = 4A correspond to
the standard identification.

Having explicitly identified the truncation, one can work out how the various
representations of the p-form potentials are projected on singlets of SL(n,R). In
particular, we focus on the six-dimensional 1/2-maximal 6A and 6B theories whose
symmetry groups are RT x SO(4,n—4) and SO(5,n—3) as reported in Table 13. The
p-forms occurring in these theories are listed in Table 14. It should be noted that
in the table sets of indices are separated by commas, where each set corresponds
to the antisymmetric indices within a mixed-symmetry irreducible representation.
We want to extract the contributions to the truncation to singlets of SL(n,R).
We can consider for instance the four-forms A4 psn, where M, N are vector indices
of SO(4,m — 4) in the 6A theory and of SO(5,m — 3) in the 6B theory. The
decomposition is

A un = Ay @ Ay (4.2)

where the p, v indices are vector indices of SO(4—n,m —4 —n) in 6A and SO(5 —
n,m — 3 —n) in 6B. In this expression, the four-form singlet that arises is the
potential which is dual to the RT dilaton that generically occurs in the truncated
theory. The same decomposition can be worked out for all the representations in
Table 14, and as discussed in the previous section, one expects that this procedure
gives precisely the spectrum of the truncated theory. As in all other cases, the only
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Table 14. The p-forms in the 6A and 6B theories with symmetry groups are RT x SO(4,n — 4)
and SO(5,n — 3).

Dim Symmetry p=1 p=2 p=3 p=4 p=>5 p==6
6A RT xSOM,n—4) Aim 2x Ay Ay As@® Ay un 2 X As,u 3 X Ag @2
@ As, MNP X Ag,MN D A, M, N
® As,MNPQ
6B SO(5,n — 3) Ao M Ay N Ag, v D A, MNP

exceptions are the six-forms belonging to the lower-dimensional representations
of the symmetry group, whose multiplicity is less than what one would get by
truncating on the SL(n,R) singlets.

By performing the truncation on all the fields in Table 14, one finds that the
6A- and 6B-truncated theories differ with respect to the initial theories only in the
appearance of additional singlets. This is a completely general result. The SL(n,R)
truncation of the theories with orthogonal symmetry groups SO(q,r) produces a
theory with reduced symmetry SO(q —n,r —n) containing p-form potentials that
are, rank by rank, the same tensors of the parent theory, with the only addition of
singlets. The analysis of the four-dimensional case can also be similarly carried out,
but it is slightly more complicated because of the nonsimple symmetry and the fact
that the previous statement holds only in the orthogonal sector.

5. Black Holes and Duality Orbits

In Sec. 2, we have analyzed the three-dimensional E7(7) and Eg(g) theories based
on split quaternions Hg and split complex numbers Cg, respectively, showing how
they can be obtained as truncations of the maximal supergravity and deriving their
uplifts to higher dimensions. In this section, we shall study the orbit stratification of
the relevant representation space of the black hole charges under the nontransitive
action of the global (duality) symmetry group. This is particularly relevant in the
classification of the (extremal) black hole solutions of the corresponding theory. As
mentioned above, together with the three-dimensional maximal theory FEgg) based
on split octonions Oy, the two magic nonsupersymmetric theories exhibit, upon
dimensional reduction to D = 3, a duality group of (split) Fy(,) type. The same
group can also be realized as quasi-conformal*® group of the corresponding cubic
Jordan algebra J? ¢ over the division algebras A; = Cg, Hj, Q4. The relevant magic
square displaying all the corresponding duality Lie algebras is the doubly split magic
square L3(Ag,B,),26:2747 given in Table 2.

The theory over Oy is maximal supergravity, and the stratification of U-orbits
of asymptotically flat-branes in D = 4,5,6 dimensions is known.2%:37:48°50 On the
other hand, as pointed out above, the theories over Hy; and C; are nonsuper-
symmetric; namely, their bosonic Lagrangian density cannot be identified with the
purely bosonic sector of a supergravity theory. For this reason, they did not receive
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great attention in literature, despite their presence in the classification of sym-
metric nonlinear sigma models coupled to Maxwell-Einstein gravity (cf. Table 2 of
Ref. 34).

The Jordan algebraic formalism used to classify extremal black hole orbits in
the maximal case in D = 4,5 can be generalized to the theories based on Cs; and
H. In order to show how to proceed, it can be useful to consider as an example
the theories based on C;. In four dimensions, their duality group is SL(6,R) and
the scalar manifold reads

Conf(J5*)  SL(6,R)

mes(Conf(J57))  SO(6) (5.1)

where Conf (J5*) ~ Aut(F(J5*)) is the conformal group*® of the cubic Jordan alge-
bra JéCS or, equivalently, the automorphism group of the Freudenthal triple system
(FTS) § over J;}CS ;5456 and mes stands for mazimal compact subgroup. The 0-brane
(black hole) dyonic irreducible representation is the rank 3 antisymmetric self-dual
(real) 20, so that the pair (SL(6,R), 20) defines a group “of E;-type,” characterized
by a unique primitive quartic invariant polynomial ;.57 6% The action of SL(6,R)
on the 20 representation determines the stratification into orbits, classified in terms
of invariant constraints on I or, equivalently, in terms of the rank of the correspond-
ing representative in the Freudenthal triple system § (ch 5).61’62 Below, we list the
stratification together with the corresponding values of the quartic invariant.

Rank 1: The rank 1 orbit is simply

SL(6,R)
[SL(3,R) x SL(3,R)] x RG3)

(5.2)

Rank 2: The rank 2 orbit reads
SL(6,R)

[Sp(4,R) x SO(1,1)] x (R42) x R)’ (5.3)

where R(*+2) ~ (4, 2) denotes the real bi-fundamental® of the split form Sp(4, R) x
SO(1,1) ~ S0(3,2) x SO(1,1).

Rank 3: There is only one rank 3 orbit
SL(6,R)
SL(3,R) x RS’
where R® ~ 8 denotes the adjoint of SL(3,R).

JFor symmetries of Freudenthal triple systems and cubic Jordan algebras defined over split alge-
bras, cf. e.g. Refs. 46 and 47, Table 1 of Ref. 51, and references therein. Theories over split algebras
have been recently considered, in a different context, in Ref. 52. Furthermore, Cs- and Hs-valued
scalar fields have also been recently considered in cosmology.3

KThe real fundamental irreducible representation of Sp(4,R) is the real spinor of SO(3,2).
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Rank 4: In the rank 4 case, the quartic invariant I, is different from zero and there
is a splitting of the orbits, depending on the I, sign:

SL(6,R)
Iy >0 —i—— 5.9
1 SL(37 (C)R ( a)
and the dyonic
L(6,R
I, <0: SL(6,R) (5.5b)

SL(3,R) x SL(3,R)”’
are the two orbits of rank 4 elements of the FTS § over J5*.

It should be noted that, apart from the rank 4 case where it is induced by
the dyonic solution, for a fixed rank of the FTS, there is no stratification of the
orbits. The absence of stratification can be traced back to the structure of the
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Fig. 8. The weights of the 20 of SL(6,R).
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Table 15. Stabilizers of A1 + A4 + aAg + bA7. The com-
mon stabilizers are the generators that annihilate each of the
four weights separately, while the conjunction stabilizers are
those that give a vanishing result acting on the particular
combination of weights considered.

Common Conjunction

A1, Ag, Ag, A7 A1+ Ag +alg +bA7

Eoastas —E-az—ay
Ea3+a4 - E—Oéz—a?,
Euaitastaz —aE_az—as—as

Eostastas —ab-a)—as—as

Eog —aE_q,

Eoy —aBE_qy
Hoy — Hoy Eoytastaztas — bE*a2*043*044*0<5
Hay — Hag Eojtasztastas — bE*a1*a2*a3*a4

Foytos —bE—ay—as
Foytos —bE—a;—as
Eoy —abE_q,
Eo, —abE_q,
Fay® + abF L% oo s

Fa_gab + bF—ab

altagtaztagtoas

duality algebra and of its relevant FTS space. In particular, for maximal theories, it
has been shown?3?37:48°50 that rank 1 elements in the Jordan algebra construction
correspond to single-charge solutions, while higher rank elements correspond to
multicharge solutions. Orbits of black hole solution related to different values of
the rank can be computed using bound states of weights in the representation of
the duality charges. The number of weights in the bound state must be equal to the
rank in the Jordan algebra construction.?> The stratification reflects the equivalence
or the difference between the considered combinations of weights, while the absence
of splitting signals degeneracy.

This approach makes it possible to extend this kind of analysis to any dimension.
In order to show how it works, let us analyze the rank 4 orbits of the previous case;
the Dynkin indices of the weights of the 20 of SL(6,R) are shown in Fig. 8. The
rank 4 element corresponds to a bound state of the weights Ay, Ay, Ag, A7. There
are three possible independent bound states that can be written as A; + Ay +
alg + bA; with a, b = +1.! The stabilizers are listed in Table 15 as functions of
a and b. The complexification of the stabilizing algebra gives an SL(3,C) with

IThe two states with a = +£1, b = F1 are not independent.
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the following generators:

Ir a —ab —
Hﬂl - 5 H H"“S + (Fa2+a3+a4 aFOz1+042+0t3+a4+055)} ’
Ir / —ab ab
Hﬁz = 5 Hocz - Ha4 - _ab(Fag +abFa2+Q3+a4)] ’
iy (5.6)
Hg3 = 5 _H(X4 - Hozg Y 7ab(F(;3ab + abFojz(i)as-&-m;)] ’
Ir a —ab —ab
HIB4 = 5 H Hal + (Foé2+(¥3+a4 - Fa1+0¢2+(¥3+a4+a5):| ’
Eg, = Eq, —aE_q; — v _ab(EOé1+ag+a3+a4 - bE*Otz*Otg.*GuL*Oés) )
E52 = Eag—i—(lg — E—ag—a4 + V 7ab(E042 — abE_a4) 5 ( )
5.7
Eﬂs = E(X3+a4 - E—az—as +v _a'b(EcM - a’bE—(XQ) ’
Eg, = Eqy —aFE_q, — v _ab(Ea2+a3+a4+Ol5 - bE*OQ*CYz*OtS*OM) )
E_pg =FEa; —ab_o, +v _ab(Ea2+a3+a4+a5 - bEfoqfazfagfml) )
E—ﬁg = Ea3+a4 — E_a2_a3 —V 7ab(EOé4 — abE_az) 5 (5 8)
E—ﬁa = EOC2+043 - E—Ot3—044 Vv _ab(EOé2 - a’bE—Om) )
E—54 = EOél - CLE_O% +v —ab(Ea1+a2+a3+a4 - bE—az—ag—a4—a5) )
Es,+8, = Eaytastas — 0B -ay—as—a5 — V—0b(Eay+a; —0E_a,—as)
(5.9)

E—ﬁl—ﬁ2 = E043+(14+040 abE_o,—a,- az TV —ab

(E )
Egy18, = Eastastas — 0B —ay—as — m( utas bE*OQ*OQ) )

(Bastas = VE-ai-az)

b(E )

E_g,—8, = Eay+astas — 0B ay—as—as + V—0ab(Ea o, = bE_q,—as

By varying the values of a and b, one obtains two different real forms for the
stabilizers, namely SL(3,C)g and SL(3,R) x SL(3,R), corresponding, respectively
toa=0b= 41 and a = —b = £1 choices.™ The two resulting real forms, SL(3,C)r
and SL(3,R) x SL(3,R) of SL(3,C), have the same signature, but they are dis-
criminated by looking at the imaginary units appearing in the Chevalley basis (in
particular, for SL(3,C)g, there are not imaginary units in the stabilizing algebra).
Summarizing, the four-weights bound state orbits are those given in (5.5a) and
(5.5b). It should be stressed that, although in principle, the independent bound
states would have been three, only two orbits are present. One is the dyonic orbit,
corresponding to a and b with opposite signs. The second orbit is related to the two

MThe subscript “R” denotes the Lie algebra to be considered as an algebra over the reals.
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combinations where a and b have the same sign. They are independent, but give
rise to the same orbit, explaining the absence of stratification. The same behavior is
exhibited by the theories based on Hy, extending this property to the whole family
of theories based on C,, H, and Q.

It is interesting to compare the previous set of theories to magic N/ = 2 and
N = 4 supergravity theories in D = 4 where, on the contrary, a rich stratification
of orbits appears (for a comprehensive treatment, see Ref. 38). To understand the
basic factors marking such a difference, it is worth to consider, as a representative
example, the A = 2 magic supergravity based on J5, whose D = 4 U-duality group
is Sp(6,R), obtained uplifting the F)(4) three-dimensional theory. In this case, the
O-branes (black holes) belong to the 14’ (rank 3 antisymmetric skew-traceless)
irreducible representation, whose highest weight, Ay, is . To construct the
rank 2 orbit, we have to combine the highest weight with the weight A4 identified
by the Dynkin labels . The possible independent bound states are thus
A1 = A4. The rank 2 orbits read

Sp(6,R)
SO(1,3) x R* x R (5.10)
and
Sp(6, R) (5.11)

SO(2,2) x R* xR’

corresponding to the combinations with the plus and minus sign, respectively. Thus,
two nonisomorphic rank 2 orbits exist. The same splitting phenomenon takes place
for the rank 3 and rank 4 cases, namely two rank 3 orbits and three rank 4 orbits
are present. It is worth remarking that the maximal possible splitting is actually
realized, since two and three are, respectively the number of independent three-
and four-charge bound states. The obtained stratification of orbits is not surprising,
being related to the presence of weights of different lengths in the 14’, a property
never encountered in the supergravity theories related to split composition alge-
bras.?6 Indeed, the short weights are responsible for the change of compactness of
some generators in the stabilizer when switching from one combination to the other,
giving rise to the split of the orbits. In particular, in the case at hand, the conjunc-
tion stabilizer Fai2+a3 = Foytas £ E_q,—a, appearing in the full set of stabilizer
of Table 16 does the job.

The previous considerations hold true not only for the uplifts of the Fy4) theory,
but also for its SL(n,R) truncations. This is the case, for instance, of the three-
dimensional theory™ with SL(3,R) obtained by truncating the Ehlers SL(3,R).
In this theory, the O-branes belong to the representation® 6 that, containing again

"Note that Fj4) embeds nonsymmetrically and maximally two SL(3,R)’s, which are not on the
same footing. The one yielding triplets and anti-triplets in the decomposition of the adjoint of
Fy(4) is the Ehlers group.
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Table 16. Stabilizers for the two-weights bound states A1 £ A4 in
the 14’ of Sp(6,R).

Common Conjunction

A1, Ay A+ Ay A — Ay

Erai+2as+as e ot
E aztoag az+ag
ai+2az+as

Ea +as+ta
! 2 3 E2a2+o¢3 - E7a3 E2a2+o¢3 + Efag
Ea1+a2
Eo, Ea,
He,

E_a,

Eag - E72a27a3 EQS + E*2a2*0¢3

weights of two different lengths induce the splitting of the orbits. The phenomenon is
completely general, and an exhaustive treatment will be presented in a forthcoming
paper.%3

An analysis of the other N' = 2 (R&TI' ,,—3-based) and the N' =4 (RGT5 ,,,_3-
based) supergravity theories points out additional subtleties. In particular, since the
U-duality symmetries do not occur in the split form, nonreal weights are present in
their representations. The reality properties of the weights depend on the real form
of the algebra, and they are encoded in the corresponding Tits—Satake diagram.
Nonreal weights play here the same role as the short weights, giving rise in an
analogous way to orbit splittings.36 Let us explain the mechanism using as a guide
the mentioned analysis of the rank 4 orbits in the 20 of SL(6,R). If the algebra
had been SU(3,3) instead of SL(6,R), the degeneracy between the two rank 4
orbits with a = b = +1 would have been lifted, leaving three distinct rank 4 orbits,
namely SL(6,R)/[SU(3) x SU(3)] for a = b =1, SL(6,R)/[SU(1,2) x SU(1,2)]
fora=b=—1and SL(6,R)/[SL(3,C)g] in the other cases (note that the first two
cosets do not exist!).

The picture emerging from the previous discussion seems to point towards a
precise statement: in absence of supersymmetry, there is not splitting of orbits, while
in nonmaximal supergravity theories, the orbit splitting can take place depending
on the real form and on the relevant representations of the duality group.

6. Discussion and Conclusions

We have analyzed the magic nonsupersymmetric theories based on split quaternions
H, and split complex numbers C,. These theories can be obtained as SL(2,R) and

SL(3,R) Ehlers truncations of maximal supergravity and are related to the E;F(J?F)Jr

©This is nothing but the representation of JD§ with respect to its reduced structure group SL(3,R).
Indeed, SL(3,R) is also the global (U-duality) symmetry of the N' = 2, D = 5 uplift of the N = 4,
D = 3 Fy(4) theory.
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and the Egr(g')"’ very extended Kac-Moody algebras.?822 We have generalized the
procedure to SL(n,R) Ehlers truncations (with n > 3) of the maximal super-
gravity giving rise to additional classes of nonsupersymmetric theories, as well as
to SL(n,R) Ehlers truncations of nonmaximal supergravity theories. It should be
emphasized that our analysis involves not only the propagating degrees of freedom,
but also the (D —1)- and D-forms, in any dimension D > 3. Since the field strength
of the (D —1)-forms are dual to mass parameters, our analysis also encodes massive
deformation and gaugings. In some cases, the truncation generates theories that are
obtained by very-extended Kac-Moody algebras of the form [G7 x Go]t+T, that
have been introduced in Ref. 32. Finally, we have discussed properties of the duality
orbits of extremal black hole solutions of these theories.

An interesting issue is related to the embedding of the class of magic theories
into perturbative string theory.” In Ref. 65, the magic exceptional supergravity
based on J(g) and with an Eg_a4) symmetry in D = 3 has been constructed in
3 < D < 6. In particular, the six-dimensional theory has been identified as the long
wavelength limit of a certain compactification of Type IIB on K3. It is realized as
a peculiar shift-orientifoldS” 729 of the Type IIB, where the unoriented projection
truncates the 5 tensor multiplets of the untwisted sector to 1 tensor multiplet and
4 hypermultiplets and the 16 twisted tensor multiplets to 8 tensor multiplets and
8 hypermultiplets. The introduction of 16 D5-branes to cancel anomalies provides
16 additional Abelian vector multiplets, with gauge group U(1)'6. The momentum
shift paired to the Zs-orbifold involution defining the K3 prevents the introduction
of D9-branes. The other D-dimensional models (D < 6) in the chain are obtained
by reducing the six-dimensional theory on a (6 — D)-torus. In particular, the magic
octonionic four-dimensional theory with E7(_s5) symmetry is thus obtained as a
freely-acting orientifold of Type IIB on K3 x T2.

There also exist string-theory realizations of the complex and quaternionic magic
theories in four dimensions. In Ref. 73, the theory defined by the algebra JX! has been
built as an asymmetric shift-orbifold of the Type ITA string. In particular, starting
from an (S-)dual pair of Type IIA theories compactified on 7% in six dimensions and

T2,67°6972 one ends

performing a suitable asymmetric shift-orbifold projection on
up with a self dual theory in four dimensions, exactly coincident with the magic
theory. Interestingly, the theory is free of hypermultiplets and with the dilaton
belonging to a vector multiplet. The bosonic massless spectrum includes the N' = 2
gravity multiplet coupled to 15 vector multiplets and perfectly coincides with the
one of the N' = 6 pure supergravities, obtainable with analogous construction in
terms of another self-dual theory. The 30 scalars, of course, parametrize the coset
SO*(12)/U(6).

The same quaternionic magic model has been obtained in Ref. 74 as N =
2 (nongeometric) compactifications of Type IIA, using a different asymmetric

PSee also Secs. 12 and 13 of Ref. 64.
9For a review, see e.g. Ref. 66.
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shift-orbifolds realized within the free fermionic construction.”7® The procedure
rests on adding a peculiar chiral twist that substitutes the extra gravitinos with
fermions in the twin A" = 6 model, related to a simpler asymmetric shift projec-
tion. Again, these models are free of hypermultiplets with the dilaton belonging to a
vector multiplet. Using an analogous procedure, the magic theory defined by Jéc can
be obtained as a projection from the N = 3 theory coupled to 3 vector multiplets,
realized again as an asymmetric shift-orbifold of the Type IIA with free fermions.
The massless spectrum contains an N' = 2 supergravity coupled to 8 vector multi-
plets. The 18 scalars parametrize the coset SU(3,3)/SU(3) x SU(3) x U(1), the
model is hyperfree and the dilaton is in a vector multiplet. It should be stressed that
these compactifications have (1,4) supersymmetry on the worldsheet and do not
correspond to Calabi—Yau compactifications, associated to (2,2) supersymmetry
on the worldsheet. The quaternionic model can be uplifted to five dimensions and
reduced on S! to three dimensions, while the complex model can be reduced to
three dimensions, but cannot be oxidized to higher dimensions because the involved
moduli come from twisted sectors of the orbifold. As emerging from the previous dis-
cussion, it is clear that the embedding within string theory is not necessarily unique.
For instance, besides the two realizations of the magic quaternionic theory in four
dimensions, the five-dimensional magic quaternionic theory can also be obtained®
as an S' compactification of a six-dimensional orientifold of a corresponding Gepner
model.””

The situation is subtler for the magic nonsupersymmetric theories, where quan-
tum corrections are not protected. As seen, two are the “necessary” conditions: one
is that the dilaton must factor out of the truncation algebra, the second is that the
truncation algebra itself must be a subalgebra of the perturbative T-duality sym-
metry. In general, it is not obvious that even if the two conditions are respected,
the model can be seen as a perturbative truncation of a certain string model whose
massless sector coincides with the nontruncated supergravity. Just to give a taste
of the problem, let us consider one of the simplest models, the 8B theory in eight
dimensions related to split quaternions. If realized in string theory, it should result
as a truncation to eight dimensions of the ten-dimensional Type IIB string, whose
massless bosonic NS-NS sector coincides with the one of the IIB supergravity.
Specifically, it contains the graviton, gpsn, the two form Bjp;ny and the dilaton ¢
in the NS-NS sector and a scalar Cy, a two-form Cy;n and a self-dual four form
C?\'J Npg D the RR sector. By compactifying on a two torus down to eight dimen-
sions, the spectrum can be organized in terms of representations of the geometric
SL(2) group. The truncated theory corresponds to keeping only the SL(2) singlets.
It amounts to have a nonsupersymmetric theory with a massless spectrum consist-
ing of the graviton g,,, the dilaton ¢, four additional scalars ¢;,7i = 1,...,4 and
three two-forms. The scalars correspond to the internal part of the ten-dimensional
two-forms B and C, to the volume of the two torus and to the surviving RR scalar.
The two forms are the survival space-time components of the ten-dimensional B
and C and an additional two form coming from the combination of the internal
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components of the self-dual ten-dimensional four-form. The question is whether the
described remnant spectrum in eight dimensions is obtainable as a string theory
projection of the Type IIB. In other words, we need a compactification on a mani-
fold that is able to throw away the fermions and to project the rest on singlets of
SL(2,7). The simplest natural action one could envisage, as in the magic super-
symmetric cases, is a freely acting (Scherk—Schwarz) orbifold deformation (like that
in Refs. 67-72) combined with the action of a discrete (finite) subgroup commut-
ing with, or stabilizing, the SL(2,Z). The most promising attempt, a freely acting
Z4 orbifold, does the truncation job, but unfortunately does not exist at the level
of perturbative string theory, since a modular invariant Z, orbifold projection of
Type IIB is not available in eight dimensions. We cannot suggest closer models nor
give definite answers. As said, since we are singling out electric-magnetic duality
symmetries, it is not at all guaranteed that a perturbative string theory model
exists corresponding to these truncations. It could be that some reductions of this
theory exist in lower dimensions, but there are obstructions to oxidize them up to
eight dimensions. Of course, it would also be very interesting to analyze nonpertur-
bative completions of our models but, being non supersymmetric, the control over
quantum corrections is unavoidably very limited.
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