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1 Introduction

The definition of g-pseudo-concavity for abstract CR manifolds of arbitrary CR-dimension
and CR-codimension, given in [20], required that all scalar Levi forms corresponding to
non-characteristic codirections have Witt index! larger or equal to ¢. Important classes of
homogeneous examples (see, for example, [1,3-5,33,35]) show that these conditions are in
fact too restrictive and that weaker notions of ¢g-pseudo-concavity are needed. For example,
the results on the non-validity of the Poincaré lemma for the tangential Cauchy—Riemann
complex in [10,23] only involve scalar Levi forms of maximal rank. In [21], the classical
notion of 1-pseudo-concavity was extended by a trace condition that was further improved in
[2,18,22]. These notions are relevant to the behavior of CR functions, being related to hypoel-
lipticity, weak and strong unique continuation, hypoanaliticity (see [38]) and the maximum
modulus principle.

In this paper, we continue these investigations. A key point of this approach is the simple
observation that the Hermitian-symmetric vector-valued Levi form £ of a CR manifold M
defines a linear formon 71! M = T1OM ®,, T M. Our notion of pseudo-concavity is the
request that its kernel contains elements T which are positive semidefinite. To such a T, we can
associate an invariantly defined degenerate elliptic real partial differential operators Py, which
turns out to be related to the dd¢ operator of [32]. By consistently keeping this perspective, we
prove in this paper some results on 4> hypoellipticity, the maximum modulus principle, and
undertake the study of boundary value problems for CR functions on open domains of abstract
CR manifolds, testing the effectiveness of a new notion of weak two-pseudo-concavity by its
application to the Cauchy problem for CR functions.

The general plan of the paper is the following. In the next section, we define the notion
of Z-structure that generalizes CR structures insofar that all formal integrability and rank
conditions can be dropped, while our focus is CR functions, only considered as solutions of
a homogeneous overdetermined system of first-order p.d.e.’s, and set the basic notation that
will be used throughout the paper. In particular, we introduce the kernel [ker£] of the Levi
form as a subsheaf of the sheaf of germs of semipositive tensors of type (1, 1).

In Sect. 3, we show how the maximum modulus principle relates to ¢ °°-regularity and
weak and strong unique continuation of CR functions. We also make some comments on
generic points of non-embeddable CR manifolds, where, by using our results of [38], we can
prove, in Proposition 3.5, a result of strong unique continuation and partial hypoanaliticity
(cf. [47]).

In Sect. 4, we show that to each semipositive tensor T in the kernel of the Levi form we
can associate a real degenerate elliptic scalar p.d.o. of the second-order P;. Real parts of CR
functions are P;-harmonic, and the modulus of a CR function is P;-subharmonic at points
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where it is different from zero. Then, by using some techniques originally developed for the
generalized Kolmogorov equation (cf. [25,26,29]), we are able to enlarge, in comparison
with [2], the set of vector fields enthralled by z. Thus, we can improve, by Theorem 4.2,
some hypoellipticity result of [2], and, by Theorem 4.7, a propagation result of [22], for the
case in which this hypoellipticity fails.

In Sect. 5, we prove the CR analogue of Malgrange’s theorem on the vanishing of the
top degree cohomology under some subellipticity condition. Our result slightly generalizes
previous results of [9,30,31], also yielding a Hartogs-type theorem on abstract CR manifolds,
to recover a CR function on a relatively compact domain from boundary values satisfying
some momentum condition (Proposition 5.3).

In Sect. 6, we use the dd¢-operator of [32] to show that the operators P; are invariantly
defined in terms of sections of [kers] (Corollary 6.8). The Hopf Lemma for P is used to
deduce pseudo-convexity properties of the boundary of a domain where a CR functions has
a peak point (Proposition 6.15). This leads to a notion of convexity/concavity for points of
the boundary of a domain (Definition 6.4). Most of these notions can be formulated in terms
of the scalar Levi forms associated with the covectors of a half-space of the characteristic
bundle.

Thus, in Sect. 7, we have found it convenient to consider properties of convex cones
of Hermitian-symmetric forms satisfying conditions on their indices of inertia, which are
preliminary to the definitions of the next section.

In Sect. 8, we propose various notions of weak-g-pseudo-concavity, give some examples,
and show in Proposition 8.7 that on an essentially 2-pseudo-concave manifold strong-1-
convexity/concavity at the boundary becomes an open condition, i.e., stable under small
perturbations. This is used in the last two sections to discuss existence and uniqueness for
the Cauchy problem for CR functions, with initial data on a hypersurface.

In Sect. 9, after discussing uniqueness in the case of a locally embeddable CR manifold,
we turn to the case of an abstract CR manifold, proving, via Carleman-type estimates, that
the uniqueness results of [13,21,22] can be extended by using some convexity condition (see
Proposition 9.9). In Sect. 10, an existence theorem for the Cauchy problem is proved for
locally embeddable CR manifolds, under some convexity conditions.

2 CR-and Z-manifolds: preliminaries and notation

Let M be a real smooth manifold of dimension m.

Definition 2.1 A Z-structure on M is the datum of a P -submodule Z of the sheaf X%, of
germs of smooth complex vector fields on M. It is called

e formally integrable if [ Z, Z] C Z,

e of CR type if zN z = 0 (the O-sheaf);

e almost-CR if Zis of CR type and locally free of constant rank;

e quasi-CR if it is of CR type and formally integrable;

e CRif Zis of CR type, formally integrable and locally free of constant rank.

A Z-manifold is a real smooth manifold M endowed with a Z-structure. Since 4y is a fine
sheaf, Z can be equivalently described by the datum of the space Z(M) of its global sections.

When M is a smooth real submanifold of a complex manifold X, then

Z(M) ={Z € X°(M) | Z, € T)"'X. ¥p € M)
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is formally integrable. Hence, Z(M) defines a quasi-CR structure on M, which is CR if the
dimension of TI?’IX N CT,M is constant for p € M. This is always the case when M is a
real hypersurface in X.

A complex embedding (immersion) & : M < X of a quasi-CR manifold M into a
complex manifold X is a smooth embedding (immersion) for which the Z-structure on M is
the pullback of the complex structure of X:

zZ(M) =1{Z € %C(M) | dd(Z)p) € Tdﬁ'pl)X, Vp e M}.
Example 2.1 Let M = {w = 2121 + i 227} C C},_ ., = X. We can take the real and
imaginary parts of z, z» as coordinates on M, which therefore, as a smooth manifold, is
diffeomorphic to C2 The embedding M < C3 yields the quasi-CR structure

21,22°
o 0 .0
Z(M) =€ (M) |zo— +iz1—
071 022
on M. Then, M \ {0} is a CR manifold of CR-dimension 1 and CR-codimension 2, while all
elements of Z(M) vanish at 0 € M.

A Z-manifold M of CR type contains an open dense subset M whose connected compo-
nents are almost-CR for the restriction of Z. Likewise, any quasi-CR manifold M contains
an open dense subset M whose connected components are CR manifolds.

We shall use 2 and < for the sheaves of germs of complex-valued and real-valued
alternate forms on M (subscripts indicate degree of homogeneity). Starting with the case of
an almost-CR manifold M, we introduce the notation:

0,1 0,1 1,0
7O M = peM(Tp M={Z,|ZezM)) cCTM, T''M=T101M,
0,1
HM = peM(H,,M ={ReZ, | Z, e TO'M}) C TM,

Ju: HoM — H,M, X, +ilyX,eT)'M, VX, e H,M,
(partial complex structure),
H={ReZ | Z € z},
ny:TM — TM/HM (projection onto the quotient),

A = (e e @ _ Q"M.C) |«|T M =0}, (Sis the ideal sheaf).
0 0 A * _ *
HOM =\, (H)M = {5 € T;M | E(H, M) = (0}) € T M.
Ly 11, -
HM = UpEM(Hp M = convex hull of {(Z, ® Z,) | Z € Z(M)}),

HYOM =] (Hy"M={teH)'M |rank ©=r}).

peM( P

Note that 7%'M, T'.OM, HM, TM/HM, H'M, H“'M, H'“')M define smooth
vector bundles because we assumed that the rank n of Z is constant. This n is called the
CR-dimension and the difference k = m — 2n the CR-codimension of M.

For a general Z-manifold, we use the same symbols

7%'ym, 1M, HM, TM/HM, H“'M, H"'OMm
for the closures of

7'M, T'OM, HM, TM/HM, H“'M, H"ON
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inTSM, TCM, TM, TM/HM, TM ®) T°M, T°M @y TCM, respectively.

Example 2.2 For the M in Example 2.1, the fiber Tpo’1 M has dimension 1 at all points p of

M=M \ {0}, while T(?’IM = C[d/z1, 3/9z2] has dimension 2. By contrast, as we already
observed, all elements of Z(M) vanish at 0.

If #is a subsheaf of the sheaf of germs of (complex-valued) distributions on M, an element
f of Fis said to be CR if it satisfies the equations Zf = 0 for all Z € Z(M). The CR germs
of Fare the elements of a sheaf that we denote by 7). We will simply write Oy for 60y .

We will assume in the rest of this section that M is an almost-CR manifold.

The fibers of H!M are closed convex cones, consisting of the positive semidefinite
Hermitian-symmetric tensors in 7%'M ®); T1OM. The characteristic bundle HOM is the
dual of the quotient TM/HM.

Let us describe more carefully the bundle structure of H'!-() M. Set V = TI(,“M and
consider the non-compact Stiefel space St (V) of r-tuples of linearly independent vectors
of V. Two different r-tuples vy, ..., v, and wy, ..., w, in St (V) define the same 1, i.e.,
satisfy

tp:U1®1_)l+"'+vr®l_}r:wl®wl+"'+wr®wr’

if and only if there is a matrix a = (aj) € U(r) (the unitary group of order ) such that w; =
Zjaj- v;. Infact, the span of vy, ..., v, is determined by the tensor T, so that w; = Zja§ v;
for some a = (a;) € GL,(C) and

r r r r r

_ i =h — i —h -
Yuwen=Y Y diven=Y (Ydi|uen
i=1

j=lih=1 ih=1 \ j=I

shows that a € U(r). Hence, H'-") M is the quotient bundle of the non-compact complex
Stiefel bundle of r-frames in 7%! M by the action of the unitary group U(r). By using the
Cartan decomposition

U@) x p(r) 2 (x, X) — x -exp(X) € GL,(C),

where p(r) is the vector space of Hermitian-symmetric  x r matrices, we see that H-1-() pf
can be viewed as a rank r2 real vector bundle on the Grassmannian G (M) of r-planes of
T91 M. Thus, it is a smooth vector bundle when M is almost-CR.

2.1 Scalar and vector-valued Levi forms
The map B B
Zp,QZ, — —ny(i[Z, Z]p), Vpe M, VZ e Z(M), 2.1)

extends to a linear map
L:H"'"M - TM/HM, (2.2)

that we call the vector-valued Levi form. To each characteristic codirection § € H;,)M , We
associate the Hermitian quadratic form

L(Zp Zp) = L(Z, ® Zp,) = —(Eli[Z, Z,), VZ € Z(M).

It extends to a convex function on H ,1,*] M, which is the evaluation by the covector & of the
vector-valued Levi form. Thus, the scalar Levi forms are

Le(v) =&(L(V), forpeM, EeHM, teH)'M. (2.3)
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The range I, M of the vector-valued Levi form is a convex cone of T, M /H, M, whose
dual cone is
0 0
oM ={§ € HM | L = 0}.

Thus, we obtain

Lemma 2.3 An element v € T,M/H,M belongs to the closure or the range of the vector-
valued Levi form if and only if

(vlg) =0, VEe H;)M such that Lz > 0. 24

m}

Remark 2.4 Note that I', M need not be closed. An example is provided by the quadric
M = {Rezz = z1z1, Rezqa = Re(z122)} C C*: the cone oM is the union of the origin and
of an open half-plane.

It is convenient to introduce the notation:

(@) — gl.1.(9) Teer 1] — (q) _ (q)
[kers] = H M Nker L, [kers] = Equo[kerL] 7 [kers] = @Po[kerL] .

Definition 2.2 We call [ker 2] the kernel of the Levi form.

We note that this definition is at variance with a notion that appears in the literature (see, for
example, [12]), where the kernel of the Levi form consists of the (1, 0)-vectors which are
isotropic for all scalar Levi forms. These vectors are related to [ker£]D, which is trivial in
several examples of CR manifolds which are not of hypersurface type and have a non-trivial
[kerZ].

Let 9be a generalized distribution of real vector fields on M and p € U°P*" C M. The
Sussmann leaf of 9 through p in U is the set £(p; %, U) of points p’ which are ends of
piecewise ¢’ integral curves of 9 starting from p and lying in U. We know that £(p; 9, U)
is always a smooth submanifold of U (see [17]).

Let H={ReZ | Z € z}. A Z-manifold M is called minimal at p if £(p; #, U) is an
open neighborhood of p for all U°P*" C M and p € U. (This notion was introduced in [46]
for embedded CR manifolds.) In the following, by a Sussmann leaf of Z we will mean a
Sussmann leaf of #£

A smooth real submanifold N of M (of arbitrary codimension ) is said to be non-
characteristic, or generic, at pgp € N, when

TyoN + HyyM =T, M. 2.5)
If this holds for all p € N, then N is a generic CR submanifold of M, of type (n — ¢, k + £),
as TO'N =TSN N TN and HON = HIM & J;;(T,N)° forall p € N.
To distinguish from the Levi form £ of M, we write £N for the Levi form of N.
A Sussmann leaf for Z which is not open is characteristic at all points.

More generally, when E(M) is any distribution of complex-valued smooth vector fields
on M, we say that N is E-non-characteristic at pg € N if

TpoN +{Re Z,, | Z € E(M)} = Ty, M. (2.6)

In this terminology, non-characteristic is equivalent to Z-non-characteristic.
We note that the E-non-characteristic points make an open subset of N.
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3 Hypoellipticity and the maximum modulus principle

In [38], we proved that, for locally embedded CR manifolds, the hypoellipticity of its tan-
gential Cauchy—Riemann system is equivalent to the holomorphic extendability of its CR
functions. Thus, hypoellipticity may be regarded as a weak form of pseudo-concavity. The
regularity of CR distributions implies a strong maximum modulus principle for CR functions
(see [21, Theorem 6.2]).

Proposition 3.1 Let M be a Z-manifold. Assume that all germs of CR distributions on M
that are locally L? are smooth. Then, for every open connected subset Q2 of M, we have

| f(p)| <supglfl, Vp e, forall non-constantf € Op(S2). 3.1

Proof We prove that an f € Oy (€2) for which | f| attains a maximum value at some inner
point pg of €2 is constant. Assume that pg € Q and | f(po)| = supg | f|. If f(po) = 0, then
f is constant and equal to zero on 2.

Assume that f(pg) # 0. After rescaling, we can make f(po) = | f(po)| = 1.

Let E be the space 0y (£2) endowed with the L,ZO . topology. By the hypoellipticity assump-
tion, E is Fréchet. Then, by Banach open mapping theorem, the identity map E — O/ (2)
is an isomorphism of topological vector spaces. In particular, for all compact neighborhoods
K of pg in €2, there is a constant Cx > 0 such that

u(po)l? < cK/ uPdr, Vi € Oy ().
K

Applying this inequality to fV, we obtain that

15/ |f|2”dA§/dA.
K K

The sequence {fV} is compact in Oy (2), because, by the hypoellipticity assumption and
the Ascoli-Arzela theorem, restriction to a relatively compact subset of CR functions is a
compact map. Hence, we can extract from { f"} a sequence that converges to a CR function
¢, which is nonzero because it has a positive square-integral on every compact neighborhood
of po. We note now that |¢| is continuous and takes only the values 1, at points where | /| = 1,
and 0O at points where | f| < 1. Since ¢ # 0, we have |¢| = 1 on 2 and hence | f| = 1 on Q.
By applying the preceding argument to p — %(1 + f(p)), we obtain that [1 4+ f(p)] =2
on . Hence, Re f = 1, which yields f = 1, on Q. |

Under the assumptions of Proposition 3.1, a CR function f € Oy (£2) is constant on a
neighborhood of any point where | f| attains a local maximum.
Then, we have

Proposition 3.2 Assume that

(1) all germs of CR distribution on M are smooth;
(ii) the weak unique continuation principle for CR functions is valid on M.

Then, any CR function f, defined on a connected open subset 2 of M, for which | f| attains
a local maximum at some point of 2, is constant.

We recall that the weak unique continuation principle (ii) means that a CR function
f € Oy (2) which is zero on an open subset U of Q2 is zero on the connected component of
U in Q.
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Definition 3.1 We say that M has property (H) if (i) holds, and property (WUC) if (ii) holds.
We say that (H) (or (WUC)) holds at p if it holds when M is substituted by a sufficiently
small open neighborhood of p in M.

For a locally CR-embeddable CR manifold M, the implication (H) = (WUC) is a con-
sequence of [38]. In fact, (H) implies minimality, which implies (WUC) when M is locally
CR-embeddable (see [46,48]). In fact, in this case (H ) implies the strong unique continuation
principle for CR functions.

Proposition 3.3 Assume that M is a CR submanifold of a complex manifold X and that M
has property (H). Then, a CR function, defined on a connected open subset Q of M and
vanishing to infinite order at a point po of 2, is identically zero in Q.

Proof Let f € Oy (R2). It is sufficient to prove that the set of points where f vanishes to
infinite order is open in 2. This reduces the proof to a local statement, allowing us to assume
that the embedding M — X is generic. By Nacinovich and Porten [38], any CR function f
extends to a holomorphic function f, defined on a connected open neighborhood U of p in
X. By the assumption that M — X is generic, f is uniquely determined by the Taylor series
of f at p in any coordinate chart and thus vanishes to infinite order at a point p’ € U N Q
if and only if f does. Hence, f vanishes to infinite order at p if and only if f vanishes
on U, and this is equivalent to the fact that f vanishes identically on U N €. The proof is
complete. O

When M is not locally embeddable, there should be smaller local rings of CR functions,
so that in fact properties of regularity and unique continuation should even be more likely
true. Let us shortly discuss this issue. Set

T3'"M = {t e CTM | ((Z) =0, VZ € T"' M}.
Note that, with
T30 M =T31M = (¢ e CT}M | 4(2) =0, VZ € TV M},

the intersection
M1 M =CH)M

is the complexification of the fiber of the characteristic bundle and therefore different from
zero, unless Z is an almost complex structure. Differentials of smooth CR functions are
sections of the bundle T*"9 1. Thus, for a fixed p, we can consider the map

Omp> f—df(p) e T3 M. (3.2)
Clearly, we have

Lemma 3.4 A necessary and sufficient condition for M to be locally CR-embeddable at p
is that (3.2) is surjective. ]

We can associate with the map (3.2) a pair (v, k,) of nonnegative integers, with
kp =dimc{df(p) | f € Oy, p} ﬂ(CHSM, and v, +k, =dimc{df(p) | f € Opm,p}.

The numbers v, and v, + k,, are upper semicontinuous functions of p and hence locally
constant on a dense open subset M of M. Thus, we can introduce

Definition 3.2 We call generic the points of the open dense subset M of M, where v p and
vy + kp are locally constant.
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Proposition 3.5 Assume that M has property (H). Then, the strong unique continuation
principle is valid at generic points po of M. This means that f € Oy, p, is the zero germ if
and only if it vanishes to infinite order at py.

Moreover, there are finitely many germs f1, ..., f € Oy, p,, vanishing at po, such that,
forevery f € Oy p,, we can find F € Ocn g such that f = F(f1, ..., fu).

Proof By the assumption that pg is generic, we can fix a connected open neighborhood U
of po in M and functions f1, ..., fu € Ou(U), vanishing at po, such that dfi(p) A--- A
dfu(p) #0forall p € Uanddfi(p),...,df.(p) generate the image of (3.2) forall p € U.
Then, by shrinking U, if needed, we can assume that

¢:Usp— (filp),..., fu(p)) e NCCH

is a smooth real vector bundle on a generic CR submanifold N of C¥, of CR-dimension vy,
and CR-codimension k.

In fact, we can assume that Re df1, ..., Redf,, Im(df1), ..., Im(df,) are linearly inde-
pendent on U. We can fix local coordinates xi, ..., x, centered at po with x, ..., x,4
equal toRe fi,...,Re f,,Im fi, ..., Im f,. By the assumption, in these local coordinates
Im f,11,...,Im f, are smooth functions of xy, ..., x, 1, and this yields a parametric rep-
resentation of N as a graph of C¥ x R*™Y in CH, which is therefore locally a generic
CR-submanifold of type (v, u — v) of C*. The map ¢ : U — N is CR, and therefore, the
pullback of germs of continuous CR function on N defines germs of continuous CR function
on M. If M has property (H), then the ¥ regularity of their pullbacks implies the
regularity of the germs on N. Thus, N also has property (H), and, since it is embedded in
CH, by [38], all CR functions on an open neighborhood wg of 0 in N are the restriction of
homomorphic functions on a full open neighborhood &g of 0 in C*, with wg = @ N N. Since
fi = ¢*(z;) for the holomorphic coordinates zj, . .., z,, of C*, we obtain that all germs of
CR functions at pg € M are germs of holomorphic functions of f1, ..., f,. This clearly
implies the validity at pg of the strong unique continuation principle. The proof is complete.

O

4 The Kkernel of the Levi form and the (H) property

To a finite set Z1, ..., Z, of vector fields in Z(M), we associate the real-valued vector field
1 r
Yo=o- Z[zj,zj]. 4.1)
j=1
Any CR function u on M satisfies the degenerate-Schrodinger-type equation

S, =0, with 4.2)

r 2r
S=—iYo+3 Y (ZjZj+Z;Z))=—iYo+ > X3, (4.3)
j=1 j=1
where X; =Re Z;, Xj, =Im Z; for 1 < j <r. Infact, by (4.1), we have

,
I -
S=1>2;7;
i=1
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and thus the operator S belongs to the left ideal, in the ring of scalar linear partial differential
operators with complex smooth coefficients, generated by Z(M).

We note that S is of the second order, with areal principal part which is uniquely determined
byt=Z1®Z + -+ Z ® Z, € T(H"! M), while a different choice of the Z;’s would
yield a new Yé, differing form Yy by the addition of a linear combination of X1, ..., Xo,.

If we assume that T € ker(£), then

-
> 12;. Zj1 = Lo — Lo (4.4)
i=1

for some L € z(M), which is uniquely determined by T modulo a linear combination with

E° coefficients of Zy, ..., Z,. Thus, the distributions of real vector fields

Q(ty=(ReZ;,...,ReZ,,ImZ;,...,ImZ,),
N = L(Q (), 4.5)
(1) = £(Qi(v) +Re Lo),

are uniquely determined by Tand Z. By £(...), we indicate the formally integrable distribution
of real vector fields, which is generated by the elements of the set inside the parentheses and
their iterated commutators. Note that 7;(t) € 74(7), and while Yy = Im Lo € (1), the
vector field Xo = Re Lo may not belong to ¥/ (t). We also introduce, for further reference,
the distributions of complex vector fields

{@(r) =(Z1..... Z,) and © = Urperg © (V). “e)

O(1) =0(1) + (Lo) and O = Uscier®(®

When there is a T € [ker£](2°P"), we utilize (4.4) to show that the real and imaginary
parts of CR functions or distributions on & C M are solutions of a real degenerate elliptic
scalar second-order differential equation. Indeed, if f is a CR function, or distribution, in
2, then

Lof =0, Zjf=0= (Lo+Lo)f = (Z;iZj+Z;Z))f.
i=1

This is a consequence of the algebraic identities

r r r
: {Z(zjzj +Z;Z;) - (Lo+ Lo)} =>7;Zj—Lo=)_ Z;Zj—Lo. (47
i=1 i=1 i=1

It terms of the real vector fields Xo = ReLp and X; = ReZ;, X, ; =Im Z;, for
1 < j <r, the linear partial differential operator of (4.7) is

2r
Po=-Xo+» X (4.8)
i=1

which has real-valued coefficients and is degenerate elliptic according to [8]. Thus, the real
and imaginary parts of a CR function, or distribution, both satisfy the homogeneous equation
ko =0.

Actually, P is independent of the choice of Zy, ..., Z, in the representation of t, as we
will later show in Proposition 6.6, by representing P in terms of the dd¢ operator on M. We
also have (see [22]):
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Weak g-concavity conditions for CR manifolds

Lemma 4.1 Ifu € Oy (K2), then
Plu| >0, on QN {u # 0} 4.9

Proof On a neighborhood of a point where u # 0, we can consistently define a branch
of logu. This still is a CR function, and from the previous observation, it follows that
P.(log |u]) = P(Relogu) = 0 on 2N {u # 0}. Hence,

,
Polul = Prexp(log |u]) = |u| (aaog uh+3 |Z,,-(log|u|>|2>

i=1
.
= |ul Y _1Z;(ogu)]* = 0
i=1
there. ]

We can use the treatment of the generalized Kolmogorov equation in [25, §22.2] to slightly
improve the regularity result of [2, Corollary 1.15]. Let us set

Te=L (Ute[kerLJ%(T)) ’ = L£(Vs; H), (4.10)

where we use £(74; H) for the 75-Lie module generated by # which consists of the linear
combinations, with smooth real coefficients, of the elements of # and their iterated commu-
tators with elements of 75:

L(Vo; H) = H+ [V2, H] + [V, [V, H] + [V5, [V5, [V5, A + - - - 4.11)
Note that 75 C £(7%; #) and that both 75 and 9 are fine sheaves.
Theorem 4.2 M has property (H) at all points p where (Y, | Y € (M)} =T, M.

Before proving the theorem, let us introduce some notation. Fore > 0, we denote by S, (M)
the set of real vector fields ¥ € X (M) such that for every p € M, there is a neighborhood
U™ € M of p, a constant C > 0, 11,...,T; € [ker£](M) and complex vector fields
Zi,...,2Z¢ € Z(M) such that

h l
WYfller <C [ D IR Fllo+ Y 1Zifllo+1fllo | VF e W),  (412)

=1 i=1

The Sobolev norms of real order (and integrability two) in (4.12) are of course computed after
fixing a Riemannian metric on M. Different choices of the metric yield equivalent norms
(see, for example, [2,16] for technical details). Beware that the Z; in the right-hand side of
(4.12) are not required to be related to those entering the definition of the £;’s. Set

sy = sem). (4.13)

Theorem 4.2 will follow from the inclusion Y{M) C S(M).
The following Lemmas 4.3 and 4.4 were proved in [2,21].

Lemma 4.3 [f t € [ker£](M) and P, = —Xo + Y7 X2, then X1, ..., Xo, € S1(M), and

for every UP™ € M, there is a constant C > Qand Zy, ..., Zy € Z(M) such that
2r ¢
STUXiflo=C [ Iflo+ Y _1Zjflo ). Vf e ). (4.14)
i=1 j=1
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Set ) = £ (Ure[kerL] N (t)) and
LN H) = H+ [V, H + [N, [N, AL+ [N [N [ A+ - -
Lemma 4.4 We have the inclusion £(Vy; H) C S.

To prove Theorem 4.2, we add the following lemma.

Lemma 4.5 Let t € [ker£](M), with P, = —Xo + Y27, X2. Then,

[X0, Se(M)] C Se/a(M). (4.15)
Proof Let O+ = Py +c, for a suitable nonnegative real constant ¢, to be precised later.
We decompose Q- into the sum Q. = Qf +iQY, where Q) = %(Qt + 0% and Q) =
%(QT — Q%) are self-adjoint. In particular, 0% = Q' — i Q”. We can rewrite Q’, as a sum
0. = —Z?rle;’fXj +iT 4+ ¢, for ap.d.o. T of order < 1, whose principal part of order
1 is a linear combination with €*° coefficients of X, ..., X»-. Moreover, we note that

P, —P.* = Q. — Q%. The advantage in dealing with Q- instead of P; is that, for ¢ positive
and sufficiently large,

(Q<f1f)o=(Qrf1f)o =0, Vf e U). ()

This is the single requirement for our choice of c.

In [2], it was shown that [X;, S.] C 5% fori = 1,...,2r and all € > 0. Then, (4.15) is
equivalent to the inclusion [QY, 5.] C 5‘%.

Let Y € S.(M) and U°P" € M. We need to estimate || [Q7, Y]f||§_1 for f € €5°(U).
Let A be any properly supported pseudo-differential operator of order § — 1. We have

i([Q7, Y1fIAf) = (Q7 — QDY FIAf)o + ((Qx = QD) fIY*Af)o

= (O YfIAf)o — (Yf1Q<Af)o + (O fIY*Af)o — (QL fIY*Af)o.

While estimating the summands in the last expression, we shall indicate by Cy, Ca, ...
positive constants independent of the choice of f in 65°(U).
Let us first consider the second and third summands. We have

Y f1Q<A ol = 1Y flle-11Q<Afl1—e = 1Y flle—1 (IAQ<fll1-e + [ [A, Q<] fll1-€)

2r
<CillYfler [ NQef s+ || |AD X3 £l +1fl—¢
j=1

1—e

We have
2r 2r
{A, ijlxﬂ - _Z,-=1 (20X, AIX; +[X;, [X;, All) .

Since [X;, A] and [X, [X;, A]] have order % — 1, and P; and Q- differ by a constant, we
obtain

2r
(Y F1Q<Af)ol < Ca ¥ fll5—y <|| P fll—g + £l +Zj=1||xjf||,;> .
Analogously, for the third summand we have, since (Y + Y*) has order zero,

Q< fIY*Af)ol < 1Q<fllo (IAY™ fllo + I [Y™, Alfllo)
=G (P fllo+ 11/ 1l0) (IIYfIIg_l + Ilfllg_1) :
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Weak g-concavity conditions for CR manifolds

42 Next we consider

14 QLY FIAS ol = (Y FIQLAN| < [(YFIAQL fol + (Y FI[Q%. Alf)ol.

45 Let us first estimate the second summand in the last expression.

446 We have Q. = Y2 X? + R}, for a first-order p.d.o. R}, whose principal part is a linear
447 combination of X, ..., X»,. Hence,

(0% Al = [R). A1+ QLX:, ALX; + [X;, [X;, Al)).

449

40 with pseudo-differential operators [R(’), Al, [X;, Al, [X;, [X;, A]] of order < (% —1). Thus,
451 We obtain

452 I(YFILQ% A1)l < C3llY flle—1 | I1f1l—< + i IIX,/fll_i

453 i=

454 Because of (x), we have the Cauchy inequality

455 QL A1l < V(QLfil f1) (@i ol o), for fi, fo € €5°(U).

46 Hence,

457 ((YFIAQL fol> = QL FIA*Y o> < (QLA*YFIA*Y /)o(Q% S /o,
458 [(QrfIY*Af)ol < (QLY*AfIY*Af)0(Q7f1 o
4se We have, for the second factor on the right-hand sides,

460 Q% f1Ho = (Q<f1 o = 1Q<flollfllo = (IPe fllo+ lelll £llo) Il £ llo-
461 Let us estimate the first factors. We get

462 (QLA*YFIA*Y f)o = (Q-A™Y fIA™Y ) < |Q<ATY fIl ¢ |A*Y fl

= 14%¥ 7l (IA*Y Ocfll_g + 1 1A®Y, Q<15
- < Csl1¥ et (10 lo + 11A*Y, Qclf 5 ).

46 We need to estimate the second summand inside the parentheses in the last expression. We
47 note that

2r
468 [A*Y, Q] = [A*Y, P] = —[A*Y, Xo] + Z (2[A*Y, X;1X; + [ X, [A*Y, X;]]).
469 j=1

a0 Since the operators [A*Y, Xol, [A*Y, X;], [X, [A*Y, X ;]] have order %, we obtain

2r
a1 LA™Y, Q<1fll—¢ < Ca [ I fllo+ Z 1X; fllo

j=1

472 Finally,

(QLY*AfIY*Af)o = (Q=Y*AfIY*Af)
< IV Aflly (I AQefI-g +11Qw, Y*AlSI5)
s = CsIY*afllg (1Q<flo + 1110w Y*ALfl 5 ).

@ Springer

;-,-‘: Journal: 10231 Article No.: 0638 [ TYPESET [_|DISK [_]LE [_]CP Disp.:2017/2/14 Pages: 39 Layout: Small




477

478

479

480

481

482

&

485
486

487

488

489

490

491

492

493

494

495
496

497
498

499

500
501

502

503

M. Nacinovich, E. Porten

Since

2r
[Y*A, Q] = [Y*A, P = —[Y*A, Xol + Y (2[V*A. X;1X; +[X,. [Y*A, X;11)
j=1

and the operators [Y*A, Xol, [Y*A, X;]1, [X;,[Y*A, X;]] have order %, we obtain that

2r
I1Q~ Y*Alfll-¢ < Co [ Ifllo+ Z 1 X; fllo

j=l1
Moreover,
Y*A=—-AY+ (Y +YHA+[A, Y],
with {(Y + Y*)A+[A, Y]} of order < (% — 1), because Y + Y* has order 0. Hence,

1Y Afllg < Cr Y flle—1 + 11 fllo) -
Putting all these inequalities together, we conclude that

2r

(X0, YI£IAf ol < Cs [ IFIG+ IYFIZ + 1P AIG+ D IXFIG | . VS € 6o ).
j=1

By taking A = A%_l [Xo, Y] for an elliptic properly supported pseudo-differential operator
A%_l of order % — 1, we deduce that

2r
X0, Y1flls—1 = Co <|If||0 + 1Y flle=1 + IIPc fllo + Z ||Xif||0>

i=1

and therefore, since X1, ..., X2, € Si(M) and Y € S.(M), that [Xo, Y] € Se. O
Corollary 4.6 We have

L(1h;8) C S. (4.16)

O

Proof of Theorem 4.2 By the assumption, {Y, | ¥ € S(M)} = T, M for all g in an open
neighborhood of p in M. Thus, there are p € UP™ € M, 1q,...,T, € [kerL](M),
Zi,..., 2y € Z(M) and C > 0 such that

h e
Iflle <C {Nflo+D_IP fllo+ D> 1Zifllo | . Vf e W). (4.17)

=1 i=1

Let Py = —Xoj + Yol X2 1 with Zj = X j + iXy4r,j € ZM) for 1 <'s < rj,
and let Zo_ ; be the vector field in Z(M) with Re Zy ; = X, ;. If A is a properly supported
pseudo-differential operator, then
2r;
[Py, Al = —[Xo.;, Al + > (2X, /. [Xy.j, A1+ [[Xs.j. AL X 51) -

s=1
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Weak g-concavity conditions for CR manifolds

If A has order § and is zero outside a compact subset K of U, and X is a smooth function
with compact support which equals one neighborhood of K, then we obtain

Il Py AKX llo < APy Hllo + I [Py, AIX o
2r;

< C 1Py flls + IXFls + Y IX X AKX o

s=1

< c” (”XPIJ flls + 11X flls —|—Z ||Zs,j[Xs7A](Xf)”0>

s=0

rj
<c” (IIXPrj Flls + 1% Flls + IIXZs,jf||s> . Vfee W),

s=0

for suitable positive constants C’, C”, C"”, uniform with respect to f. By using similar
argument to estimate || Z; Af |0, we obtain that

h l
LA lle < const [ 1 flls+ D IKPe, flls + D I1XZifllo | . Vf € €%).

j=1 i=1

This shows that for any pair of functions X1, X2 € %5°(U) with supp(X1) C {X2 > 0}, we
obtain the estimate

h l
X1 flles < const | [Xaflls + D 12Pe, flls + D> I1%2Zifllo | . Vf € €,
j=1 i=1

for some constant const = const(Xy, X2) > 0. By [15], this inequality is valid for all
f e WI‘E;S(U) with Py L Zif e WI(Z;CZ(U), where Wli’CZ(U) is the space of distributions ¢ in
U such that, for all X € %5°(U), the product X - ¢ belongs to the Sobolev space of order §
and integrability two. This implies in particular that any CR distribution which is in Wl%cz )
belongs in fact to Wffjc'e’z(U ), and this implies property (H). O

Let us consider the case where £(74; #) does not contain all smooth real vector fields.
In this case, we have a propagation phenomenon along the leaves of 74. Let T € [ker£](M),
and Xo, Yo, X1, ..., X2, the vector fields introduced above for a given representation of
1=21®Z1+--+Z,®Z,. As we already noticed, while Yo = Im > [Z;, Z;] belongs to the
Lie subalgebra of X(M) generatedby X1, ..., Xo,, thereal part Xoof Lo = Xo+iYy € Z(M)
may not belong to 1 (t). Thus, the following result improves [22, Theorem 5.2], where only
the smaller distribution 7/ (t) was involved.

Theorem 4.7 Let QP C M and assume that V5 has constant rank in Q. If f € Oy ()
and | f| attains a maximum at a point po of 2, then f is constant on the leaf through po of
V5 in Q.

Proof On the integral manifold N of 45 through pg in Q, we can consider the Z'-structure
defined by the span of the restrictions to N of the elements of ©. Indeed, the CR functions
on € restrict to CR functions for Z' on the leaf N. By Corollary 4.6 and Theorem 4.2, the
Z/-manifold N has property (H), and therefore, the statement is a consequence of Proposi-
tion 3.1. O
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S Malgrange’s theorem and some applications

In this section, we state the obvious generalization of Malgrange’s vanishing theorem and its
corollary on the extension of CR functions under momentum conditions, slightly generalizing
results of [9,30,31] to the case where M has property (SH). In this section, we require that
M is a CR manifold.

We recall that the tangential Cauchy—Riemann complex can be defined as the quotient
of the de Rham complex on the powers of the ideal sheaf (for this presentation, we refer to
[19]): since d.# C .#, we have d #¢ C .#¢ for all nonnegative integers a and the tangential
CR-complex (2%*, d)7) on a-forms is defined by the commutative diagram

0 /a+l ga ga 0
a a i | (5.1)
0 ja+] ga ga 0,

where 2% is the quotient .#¢/.#%t! In turn, 34 is a degree 1 derivation for a Z-grading
24 = EBZZOEZ‘W, where the elements of 2% are equivalence classes of forms having
representatives in £ N sz/g g

We denote by & the sheaf of germs of smooth complex-valued functions on M. The
294 are all locally free sheaves of &-modules, and therefore, we can form the cor-
responding sheaves and cosheaves of functions and distributions. We will consider the
tangential Cauchy—Riemann complexes (2%*, d;) on smooth forms with compact sup-
port, (&%, 3y) = (2%*, 33) on smooth forms with closed support, (2/“*, dy7) on form
distributions, (&’“™, 87) on form distributions with compact support. We use the notation
H(Z%*(R), dy) for the cohomology group in degree g on QP C M, for .Z equal to
eitherone of &, 2, 7', &'.

Proposition 5.1 If M has property (SH), and either M is compact or has property (WUC),
then 0y - (5’/“‘0(M) — &Y M) and 3y - 2%O0(M) — 2%V (M) have closed range for
all integersa =0, ..., m.

Proof We can assume that M is connected. It is convenient to fix a Riemannian metric on
M, and smooth Hermitian products on the complex linear bundles Q9“9 M corresponding to
the sheaves 299, to define L? and Sobolev norms, by using the associated smooth regular
Borel measure.
By property (SH ), we have a subelliptic estimate: forevery K € M, we can find constants
Ck >0, ck >0, e¢ > 0 such that
19pullg + C llullg = cxllul? . Yu e 7“°(K). (5.2)

€K’
In a standard way, we deduce from (5.2) that
ue 70M), dyu e Wi ] (M) = uly € [Wi¥11(K), VK € M, (53)
and that for all K € M and real r, there are constants C, ¢ > 0, ¢, ¢ > 0 such that
19mull} + Crcllull? = crillullfy ey
Yu € {u e é"’”’O(M) | dpru € (W14 (M), supp(u) C K}. (5.4)

This suffices to obtain the thesis when M is compact.
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Weak g-concavity conditions for CR manifolds

Let us consider the case where M is connected and non-compact. Let {«,, } be a sequence in
&0 (M) such that all dy7u, have support in a fixed compact subset K of M and thereisr € R
such that {dpu,} C [W' (M), supp(f_)Mu,,) C K forall vand dpu, — Fin [W" %1 (M). We
can assume that M\ K has no compact connected component. Then, since M has property
(WUC), it follows that supp(u,) C K for all v, because the u,|y\x define elements of
Oy (M\K) which vanish on a non-empty open subset of each connected component of
M\K, and thus on M\ K. Moreover, this also implies that (5.4) holds with C;, ¢ = 0. Then,
{u,,} is uniformly bounded in [W" € 1%:9(M) and hence contains a subsequence which weakly
converges to a solution u € [WH€120(M) of dyu = f.

The closedness of the image of 3,7 in 2% (M) follows from the already proved result for
5’“’1(M ) and the hypoellipticity of 9y on (a, 0)-forms. ]

We remind that if M is embedded and has property (H), or is (abstract and) essentially
pseudo-concave, then it has property (WUC).
As in [9], one obtains

Proposition 5.2 Assume that M is a connected non-compact CR manifold of CR-dimension
n which has properties (SH) and (WUC). Then, H*(£%*(M), dy) and H (2'“* (M), dy1)
are O foralla =0, ...,m.

Proof By Proposition 5.1, the sequences

0 — 2900 — M, galyy,
0 éa/a,O(M) oM éa/a,l (M)

are exact and all maps have closed range.
Assume that M is oriented. Then, we can define duality pairings between 2%9(M) and
/" k=44 (31) and between &'“9 (M) and &"HK=41=4 (}]), extending

([al, [ﬂ])=/ « A B,
M

where o € 7,4 (M)N.7%(M) has compact support and is a representative of [« ] € 29 (M)
and B € Fpy—q—q(M) N F"F=4(M) a representative of [8] € &"H*~¢"=4(M). Then, by
duality (see, for example, [43]) we obtain exact sequences

0 @/)H»kfa,n (M) om @/nJrkfa,nfl (M)

0 g)n+k—a,n (M) {)M (gﬂ’t+k—a,n—l(M)
proving the statement in the case where M is orientable.
If M is not orientable, then we can take its oriented double covering & : M — M, which

is a CR-bundle with the total space M being a CR manifold of the same CR dimension and
codimension. From the exact sequences

0 _@/n—}—k—a,n (M) M _@/n-t-k—a,n—l (M)

’

0 Cg)n+k—a,n(1‘2) O éan+k—a,n—l(M)’

we deduce that statement for the non-orientable M by averaging on the fibers. O

We also obtain the analogue of the Hartogs-type theorem in [30].
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Proposition 5.3 Let QP" € M be relatively compact, orientable, and with a piecewise
smooth boundary 9. If ug is the restriction to 9S2 of an (a, 0)-form fig of class €* on M,
with diig vanishing to the second order on 02, and

/ ug A =0, Vo €ker(dy : &My — grtkman 'y,
Q2

then there is u € 2%(Q) N €1 (Q) with dpyu = 0 on Q and u = ug on IS

Proof We restrain for simplicity to the case a = 0. The general case can be discussed in an
analogous way. If M is not orientable, then the inverse image of €2 in the double covering
7 : M — M consists of two disjoint open subsets, both CR-diffeomorphic to €. Thus, we
can and will assume that M is orientable.

Let E be a discrete set that intersects each relatively compact connected component of
M \ Qin a single point and M’ = M \ E. Note that M’ has been chosen in such a way that
no connected component of M’ \ € is compact.

Extending dy/iig by O outside of 2, we define a d/-closed element f of & 0.1 (M), with
support contained in €. The map dy : &'*°(M') — &% (M’) has a closed image by
Proposition 5.1. Hence, to get existence of a solution v € &’ O’O(M ") to dyv = f, it suffices
to prove that f is orthogonal to the kernel of dy; : &K=V (M’) — &5 (M'). This is
the case because

/ f/\(i):/(5M120)/\¢:/(du0)/\¢:/ uo¢—/ uode
Y% Q Q 90 Q

forall ¢ € & tkn=l(py = ,,Qﬁm71 (M"Y N #"* (M), and the last summand in the last term
vanishes when d¢ = dy¢ = 0. Av € &*0(M) satisfying 9y v = f defines a CR function
on M’ \ § that vanishes on some open subset of each connected component of M’ \ Q. Thus,
for (WUC) and the regularity (5.3), which are consequences of (SH), the solution v is €
and has support in €. In particular, it vanishes on <2 and therefore u = iig — v satisfies the
thesis. O

Remark 5.4 An analogue of this momentum theorem for functions on one complex variable
states that a function ug, defined and continuous on the boundary of a rectifiable Jordan
curve ¢, is the boundary value of a holomorphic function on its enclosed domain if and only
if f ¢ 40(2) p(z)dz = 0O for all holomorphic polynomials p(z) € Clz].

6 Hopf lemma and some consequences

In complex analysis, properties of domains are often expressed in terms of the indices of
inertia of the complex Hessian of its exhausting function. Trying to mimic this approach in
the case of an (abstract) CR manifold M, we are confronted with the fact that pluri-harmonicity
and pluri-subharmonicity are well defined only for sections of a suitable vector bundle 7 (see
[6,32,42]), which can be characterized in terms of 1-jets when M is embedded. We will
avoid here this complication, by defining the complex Hessian dd€p as an affine subspace of
Hermitian-symmetric forms on 71:°M. As we did for the Levi form, we shall consider its
extension to H!'! M, and note that it is an invariantly defined function on [kerZ]. Since a CR
function canonically determines a section of 7, we will succeed in making a very implicit
use of the sheaf Tof transversal 1-jets of [32].

In this section, we shall consider the P of Sect. 4, exhibit their relationship to the com-
plex Hessian, and, by using the fact that they are degenerate elliptic operators, draw, from
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Weak g-concavity conditions for CR manifolds

their boundary behavior at non-characteristic points, consequences on the properties of CR
functions on M.

6.1 Hopf lemma
The classical Hopf Lemma also holds for degenerate elliptic operators. We have, from [14,
Lemma 4.3]:

Proposition 6.1 Let Q2 be a domain in M and u € ¢HQ, R) satisfy Pau > 0 on , for the
operator P, = —X¢ + ZZZLIX% of (4.8). Assume that po € 0 is a €2 non-characteristic
point of 02 for P and that there is an open neighborhood U of po in M such that

u(p) <u(pg), YpeQnU. 6.1)

Then,
du(po) # 0. (6.2)

The condition that 9€2 is non-characteristic at po for P. means that, if Q2 is represented by
p < 0 near pg, with p € > and dp(po) # 0, then 32 |X ;p(po)|?> > 0.

Remark 6.2 If M hels property (H), then (6.1) is automatically satisfied if u = |f|, for
f e oy()Nn %O(Q), when u(po) is a local maximum and f is not constant on a half-
neighborhood of pg in Q.

Corollary 6.3 Let Q be an open subset of M and f € Oy () NE>(RQ), po € I with

If ()] < 1f(po)l, Vpe. (6.3)
If 02 is smooth and ©-non-characteristic at pg, then d| f|(po) # 0.

Proof By the assumption that 92 is ®-non-characteristic at pg, the function u = | f| is, for
some open neighborhood U of pg in M, a solution of Pz > 0 on QN U, for an operator P, of
the form (4.8), obtained from a section t of [ker L](U), and for which 02 is non-characteristic
at po.

6.2 The complex Hessian and the operators dd¢, P;

Denote by <7 the sheaf of germs of smooth real-valued 1-forms on M, by _# its subsheaf
of germs of sections of HOM and by .4 the degree 1-homogeneous elements of the ideal
sheaf of M. The elements of .4 are the germs of smooth complex-valued 1-forms vanishing

onT%' M.
Let 2 be an open subset of M.

Lemma 6.4 [fa € <7 (Q), then we can find & € <7\ (2) such that o + i§ € A ().
Proof The sequence
i- Re

0 A A P2 0

of fine sheaves is exact and thus splits on every open subset 2 of M. O

If p si a smooth, real-valued function on Q°P*" C M,by Lemma 6.4, we canfind§ € 4 ()
such that dp + it € 4 (Q).If Z € Z(M), then dp(Z) = —it(Z), dp(Z) = i&(Z), and we
obtain

770 =2Z2d0(2)) =iZIE(Z)], ZZp = Z(dp(Z)) = —iZ[E(Z)].
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Hence, B _ B _ ~ ~
[ZZ + Z2Z]p = i(ZI&(2)] — ZIE(D)]) = id&(Z, Z) +iE([Z, Z)).

We note that & is only defined modulo the addition of a smooth section N € _#(2) of the

characteristic bundle H°M, for which
idn(Z,Z) = —in((Z, Z) = tn(Z, Z), VZ € z(M).
Definition 6.1 The complex Hessian of ¢ at po is the affine subspace
Hess! (0) = {idg ) | & € #1(Q), dp+ i € /(D).

(6.4)

Fix a point po where dp(po) ¢ H[(,)OM, i.e., dyP(po) # 0, and consider the level set

N ={p e U | p(p) = P(po)}, in a neighborhood U of pg in 2 where Ay 0(p) is never 0.

Then N is a smooth real hypersurface and a CR-submanifold, of type (n—1, k+1).

Lemma 6.5 Forevery p € N, we have

(Elv | & € TyM | do(p) +i& € Ty M) C H)N.

(6.5)

The left-hand side of (6.5) is an affine hypersurface in H 2N , with associated vector space

0
H,M.

Proof When Z € Z(U) is tangent to N, we obtain 0 = dp(Z,) = —i§(Z,) and hence
E(Re Z,) =&(Im Z,) = 0 because § is real. This gives |y € HSN. The last statement is a

consequence of the previous discussion of the complex Hessian.

m}

Definition 6.2 If p is a smooth real-valued function defined on a neighborhood €2 of a point

po € N and € € 71 (Q2) is such that dr + i& € 71(L2), then we set
dd Py, (1) 1= 5dE(1), V1 € [KerLlp,.

(6.6)

Lett=Z1®Z +-+ Z ®Z € [kerL|(Q), with Lo — Lo = >_/_,[Z;, Z;] and

Lo, Zy,...,Z, € Z(2). Let £ € &1 (R2) be such that dp + i§ € .#1(L2). Then,
dp(Z)) +iE(Z;) = 0 = dp(Z;) —iE(Z;) =0
= id§(Z), Z)) = i (Z;5(Z)) — Z;5(Z)) = 5(Z}, Z;D)
= Z;d0(Z)) + Z;d0(Z;) —i&(Z}, Z;])
=(Z;Zj+ Z;Z))p —i&(Z}, Z;]).
We recall that >/_,[Z;, Z;1 = Lo — Lo = 2i Im L, with Ly € 2(2). We have

dp+i§)(Lo) = 0= dpRe Lp) =E(Im Ly), de(Im Lyp) = —E(Re Ly)

and therefore

2dd°p(v) = > idE(Z). Zj) = > (Z;Z;+ Z;Zj)p — ik (Z[z,-, Z;]

i=1 i=1 i=1

= (ZjZj+ Z;Z;)p + 2&(Im Lo)

i=1

.
= (ZjZj+ Z;Zj)p — 2dp(Re Lo) = 2Pxp.

i=l1

As a consequence, we obtain:
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Weak g-concavity conditions for CR manifolds

Proposition 6.6 If p is a real-valued smooth function on the open set Q of M and T €
[ker L](2), then
dd“p(t) = Rp on Q. (6.7)

Corollary 6.7 The operator P; only depends on the section T of [ker L] and is independent
of the choice of the vector fields Z1, ..., Z, € Zin (4.7).

Corollary 6.8 Let Q°P" C M. If py, Py € €°°(2) are real-valued functions which agree to
the second order at py € 2, then

dd“py(t9) = dd°Pa(t0), VTo € [kerL]y,. (6.8)

In particular, dd¢p is well defined and continuous on the fibers of [ker £] for functions p which
are of class 2.

Remark 6.9 There is a subtle distinction between dd°p, which is the (1, 1)-part of an alternate
form of degree two, and Hess"!(p), which is the (1, 1)-part of a symmetric bilinear form.
In fact, we multiplied by (i /2) the differential in (6.6) and identified the two concepts, as
multiplication by i interchanges skew-Hermitian and Hermitian-symmetric matrices.

‘We have:

Lemma 6.10 Let p be a smooth real-valued function defined on a neighborhood of pg € M,
with dp(po) #0and N = {p | p(p) = P(po)}. The following statements:

(i) everyh € Hess;,’o1 (P) has a nonzero positive index of inertia;

(ii) there exists v € [kerL],y N H ;(’)IN such that ddpp, (t) > 0;
(iii) the restriction of every h € Hess},’o1 (p) to T](,]le has a nonzero positive index of inertia;
are related by

(ii) <= (iii) = (@i).
SetU™ ={peU]|p(p) <pr(po}
Definition 6.3 We set
Hyy o U =, _ Elv 1§ € T5,0U™ | 2dp(po) + i € T*,°M). (69)

This is an open half-space in HI())N . Note that HZ?,[’ o (U™) does not depend on the choice
of the defining function p.

6.3 Real parts of CR functions

In this subsection, we try to better explain the meaning of dd“ by defining a differential
operator dj which associates with a real smooth function a real one form. Its definition
depends on the choice of a CR-gauge ). on M, but [dS]’s corresponding to different choices
of . differ by a differential operator with values in _#, so that all the dd5 agree with our dd*
on [kerZ].

A CR function (or distribution) f is a solution to the equation du € .. In this subsection,
we study the characterization of the real parts of CR functions.

Lemma 6.11 Let Q be openin M. If M is minimal, then a real-valued [ € Op(S2) is locally
constant.
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Proof A real-valued f € 0)(R2) satisfies Xf = 0 forall X € I'(M, HM) and therefore is
constant on the Sussmann leaves of I'(M, HM). O

We have an exact sequence of fine sheaves (the superscript C means forms with complex-
valued coefficients)

(a.p)—a+p

C a— (o, —a)

10 A o 0. (6.10)

0 A

In [32, §2A], the notion of a balanced real CR-gauge was introduced. It was shown that
it is possible to define a smooth morphism

r:CTM — T*' M (6.11)

of C-linear bundles which defines a special splitting of (6.10): with

2:CTM >0 — @) e T*%'M, (6.12)

we have
a=na) + nMa), Voe ol (6.13)
Ma) = Ma) = Jo, Yae g° (6.14)

Note that

MA) C F1 MI) C F1, ho k= ho

Explicitly, the splitting of (6.10) is provided by

&C a— (@), M(@)) = (o,)— Ma)—\(B) C
1

0 S @A S 0.

Furthermore, we get

d=ker L@ gC@kern, A =kerr® 4%, 4= _4°@kern,
aMa) =a, Ya eker n, Ma)=oa, Yo ekern, (o) = ra)= %a, Ya € %C.

Let us introduce the first-order linear partial differential operator
& f=100df) = 2df). VfeTEM). (6.15)

We note that di is real: this means that diu is a real-valued form when u is a real-valued
function. Indeed, for a real-valued u € €°° (M), we have

dSu = 2Imn(du) = —2Im(n(du)).
Lemma 6.12 We have ddSu €_# for every u € 2.

Proof For any germ of real-valued smooth function u, the differential ddS u is real and we
have

i ddSu = d(0(du) — W(du)) = d(2n(du) — du) = 2d \(du) € 5,
= d(du — 2 3(du) = —2d %.(du) €55,

sothatdd$u € ANAH N = p. o
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Weak g-concavity conditions for CR manifolds

Proposition 6.13 Let Q be a simply connected open set in M. A necessary and sufficient
condition for a real-valued u € €°°(2) to be the real part of an f € Oy () is that there
exists a section § € _#(2) such that

dldSu+£8]=0 on Q. (6.16)
If M is minimal, then € is uniquely determined.

Proof Assume that (6.16) is satisfied by some & € _# (). Then, dju + & = dv for some
real-valued v € ¥*°(R2), and with f = u + iv, we obtain

ndu) — N(du) = i[n(dv) + A(dv) —E] = A(df) = N(du — idv) — i§ € jl(C(Q)

= df € A(Q) < [ € Oy ().
Assume vice versa that f = u + iv € Oy (2), with u and v real-valued smooth functions.
Writedf = du 4+ idv =« + ¢, witha € A (), € %C(Q), and X («) = 0. From
ndu) + i 0(dv) = 3T == n(du) — in(dv) = 1T,
we obtain
idSu = n(du) — X(du) = in(dv) + 3T+ ir(dv) =idv— 30

This is (6.16) with £ = (i /2)(C — ).

To complete the proof, we note that if § € _#(2) and d§ = 0, then § = d¢ for some
real-valued function ¢ € €°°(Q2). If g ,, # Oforsome po € €2, then {¢(p) = ¢(po)} defines
a germ of smooth hypersurface through pg which is tangent at each point to the distribution
H M, contradicting the minimality assumption. O

The Aeppli complex for pluri-harmonic functions on the CR manifold M is
(u,8)—dd¢ u+dg d d
0 —— A® 7 : 5 A
d d
/m—l /m — 0.
We note that _# = 0 if M is a complex manifold (we reduce to the classical case) and
Hq = ay for ¢ > 0 if M is totally real. In general, the terms of degree > k+2 make a
subcomplex of the de Rham complex.

6.4 Peak points of CR functions and pseudo-convexity at the boundary

A non-characteristic point of the boundary of a domain, where the modulus a CR function
attains a local maximum, is pseudo-convex, in a sense that will be explained below.

Lemma 6.14 Ler Q°P°" C M and assume there is [ € Oy (2) N €2(Q0) such that | f]
attains a local isolated maximum value at py € d2. If 02 is smooth, non-characteristic at
po, and moreover, d| f (po)| # O, then there is a nonzero § € HZ(\)/I,po (R2) with LgQ > 0.

Proof Let U be an open neighborhood of pg in M, and p € ¢°°(U, R) a defining function
for Q near po, with U~ = QNU ={p e U | p(p) <0},anddp(p) #O0forall p € U.

We can assume that f(po) = |f(po)| > 0 and exploit the fact that the restriction of
u = Re f to dQ2 takes a maximum value at pg. Since dyqu(po) = 0, the real Hessian of u
on d€2 is well defined at pg, with

hess(u)(X p,, Ypy) = (XYu)(po), VX,Y € X(092),
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and hess(u)(pg) < 0 by the assumption that the restriction of u to 2 has a local maximum
at po. In particular, it follows that

(ZZu)(po) = (ZZu)(po) <0, VZ € z(3IQ).

Let v = Im f. Then, df = du + idv, and the condition that dyqu(pg) = 0 implies that
(Zv)(po) = 0for all Z € Z(d2) and thus & = dv(pg) € HY3$. Moreover,

(Zu)(p) = —i(Zv)(p), (Zu)(p) = i(Zv)(p), VZ € Z(0R2), Vp e 9. (6.17)
Hence,
2ZZu(po) = (ZZ + ZZ)u(po) = i(ZZ — ZZ)v(po) = i&(po)([Z, Z))

and thus the condition on the real Hessian of u implies that Lg £ > 0. We note that du(po)
is different from 0 and proportional to dP(pg). Indeed, near pp we have

Ifl=uv/1+ @2/u?) >~ u(l+ L@?/u?) = u+002),

since v(po) = 0. Thus, d| f|(po) = du(po) # 0.

By the assumption that d€2 is non-characteristic at pg, we have that du(pg) is nonzero
and equal to AdP(pg) for some A > 0O: therefore, £ = dv(pg) € H,?,,ypo(Q), and this proves
our claim. O

Proposition 6.15 Let 2 be an open subset of M, and assume that there is a CR function
feoyu)n Q) and a point py € 02 such that:

[f(po)l > |f(p)l, Vpe, (a)
02 is ®-non-characteristic at py. (b)

Then, we can find 0 # & € Hyy , (Q) with £{# > 0.
[For the meaning of non-characteristic, see (2.6).]

Proof To apply Lemma 6.14, we need to check that d| f|(p9p) # 0. By the assumption
that €2 is ®-non-characteristic at pg, there is an open neighborhood U of py in M and
T € [ker£](U) such that 92 is non-characteristic for P at pg. Since P|f| > 0, by the
Hopf lemma, d| f|(po)| # 0, and therefore, du(po) is a positive multiple of dp(po). Then,
E=dImf(pg) € Hl(l)/l,po (£2) and we obtain the statement. ]

For characteristic peak points in the boundary of €2, we have:

Lemma 6.16 Let Q2 be an open subset of M, and assume that there is a CR function f =
u~+iv e Oy(Q) NE(Q), with u and v real valued, and po € a2 such that:

(@) v(po) =0, du(po) € HL)ON, u(po) > u(p), Vp e Q,
(b) 0 #§& = dv(po)-
Then, & € HSOM and Lz > 0.

Proof Set = du(po). Then, § = dv(po) € HSOM’ because df (po) = M + i§ is zero on
Z(M), and hence &, vanishing on Z(M) and being real, belongs to H SOM . The conclusion
follows by the argument of Lemma 6.14, taking into account that this time all vectors in
TPO(;] M are tangent to 92 and that (6.17) is valid for Z € Z(M) at all points where f is

defined and €. O

@ Springer

:é: Journal: 10231 Article No.: 0638 [ TYPESET [ DISK [_]LE [ CP Disp.:2017/2/14 Pages: 39 Layout: Small



869
870
871

872

873

874

875

876

877
878

879

880

881

882
883

884

885

886
887
888
889
890
891
892
893

894

898

899

900
901
902
903

904

905
906

;-,-‘: Journal: 10231 Article No.: 0638 [ TYPESET [_|DISK [_]LE [_]CP Disp.:2017/2/14 Pages: 39 Layout: Small

Weak g-concavity conditions for CR manifolds

Proposition 6.15 suggest to introduce some notions of convexity/concavity for boundary
points of a domain in M. Let Q be a domain in M, pg € 92 a smooth point of 9€2, and p a
defining function for €2 near py.

Definition 6.4 We say that 2 is at pg

e strongly 1-concave if there is T € [ker£] N H’}(*)l 0<2 such that dd“p, (1) < 0;
o strongly 1-convex if there is © € [ker£] N H ;'€ such that dd“p,, (t) > 0.

Points where the boundary is strictly 1-concave cannot be peak points for the modulus of
CR functions.

Proposition 6.17 Assume that M has property (H). Let Q2 be a relatively compact open
domain in M and N C 02 a smooth part of 92 consisting of points where 02 is smooth,
®-non-characteristic and strongly 1-concave. Then,

lu(p)l < sup |u(q)l, VpeQUN, (6.18)
geIQ\N

for every non-constant u € Oy (2) N 2(Q).

Proof Since M has property (H), by Proposition 3.1 we have | f(p)| < maxaq|f|, for all
p € Q and all non-constant f € Oy (L2). The statement then follows from Proposition 6.15,
because | f| cannot have a maximum on N. m]

6.5 1-convexity/concavity at the boundary and the vector-valued Levi form

Let Q°P°" C M have piecewise smooth boundary and denote by N the CR submanifold of
type (n—1, k+1) of M consisting of the smooth non-characteristic points of 2. The quotient
(TNNHM)/HN C TN/HN is areal line bundle on N.

The partial complex structure Jy;:HM — H M restricts to the partial complex structure
on HN, and the tangent vectors v in (HM N TN) \ HN are characterized by the fact that
Ju(v) ¢ TN.Fix a point pp € N and a defining function p of 2 on a neighborhood U of
po in N, so that 0 # dp(pp) is an outer conormal to €2 at pg. The elements &, € Hl(t)/l,poQ
are defined, modulo multiplication by a positive scalar, by the condition that dP(po) +i&q €
T*},’UOM. Since v +iJyv € TI%IM, we have

0 = ((dP(po) +i§g), (v+iJyv)) = i{dP(po), Iuv) + (&g, v) — (§o, JmV)
= (80, Jmv) =0, (80, v) = —(dP(po), Juv).

The restriction €|y is an element of H](,)ON, with (§g, v) # 0 if pg is non-characteristic.
Therefore, we have shown:

Lemma 6.18 Let v = Jywy, for an outer normal vector in po € N C 9L to 2, with
v € Hp,M. If [v] belongs to the range of the vector-valued Levi form LN, then Q is strongly
1-convex at py.

Vice versa, if Q is strongly 1-convex at po, then [v] belongs to the range of the vector-valued
Levi form.

As usual, we used [v] to denote the image of v in the quotient TN /H N.
A similar statement holds for strong-1-concavity.
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7 Convex cones of Hermitian forms

In a CR manifold of arbitrary CR-codimension, the scalar Levi forms associate with each
point a linear space of Hermitian-symmetric quadratic forms. Different notions of pseudo-
concavity in[2,21,22] originate from the observation that the polar of a subspace of forms with
positive Witt index contains positive definite tensors. As shown in Sect. 6, the analogue on a
CR manifold M of the complex Hessian of a smooth real function yields an affine subspace of
Hermitian-symmetric forms. Therefore, it was natural to associate with a non-characteristic
point of the boundary of a domain in M an open half-space of Hermitian-symmetric forms. In
this section, we describe some properties of duals of convex cones of Hermitian-symmetric
forms, to better understand the notions of pseudo-concavity that are relevant to discuss the
extensions of some facts of analysis in several complex variables to the case of CR manifolds.

7.1 Convexity in Euclidean spaces

(cf. [28,39]) Let us recall some notions of convex analysis. Let V be an n-dimensional
Euclidean real vector space. A non-empty subset C of V is a convex cone (with vertex 0) if

vi,1p€C, 11 >0, H>0=— v +Hwv € C.

The dual cone of C is
C*'={eeV|(WE) =0, YveC}

By the Hahn-Banach theorem, one easily obtains:

Lemma 7.1 For any non-empty convex cone C in V, we have C** = C.

Proof If w ¢ C, then, by the Hahn—Banach separation theorem we can find £ € V such
that inf,cc (v|€) > (w|€). Since C is a cone, this implies that (v|€) > 0 forall v € C, i.e.,
£ € C*, and then (w|£) < 0 shows that w ¢ C**. This proves that C** C C. The opposite
inclusion trivially follows from the definition. O

We call salient a convex cone which does not contain any real line: this means that if
0 # v e C,then —v ¢ C. By Lemma 7.1, we have

Lemma 7.2 A non-empty closed convex cone C is salient if and only if C* has a non-empty
interior.

Proof If C contains a vector subspace W, then C* is contained in the orthogonal W* = W+,
which is a proper linear subspace of V and therefore C* has an empty interior. Vice versa,
if C* has an empty interior, then its linear span U is a proper linear subspace of V and
W = U* = U~ is a linear subspace of V of positive dimension contained in C = C. O

Lemma 7.3 Let C be a salient closed convex cone and W a linear subspace of V with
W N C = {0}. Then, we can find a hyperplane W' with W C W and W' N C = {0}.

Proof For each v € V, we write v = v’ + v” for its decomposition into the sum of its
component v’ € W and its component v”” € W. We claim that the orthogonal projection C”
of C into W+ is still a closed salient cone. Closedness follows by the fact that ||[v'|| < C|[v"||
for some C > O forall v € C. To prove that C” is salient, we argue by contradiction. Assume
that C” contains two opposite nonzero vectors +w”. Then, there are w’,, w’_ € W such that
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Weak g-concavity conditions for CR manifolds

w!, +w”, w_ —w” € C. The sum of these two nonzero vectors is nonzero by the assumption
that C is salient, but

0# W, +w)+@w_ —w)=w, +w)eCnw

yields a contradiction.

By Lemma 7.2, the interior of the dual cone of C” in W+ is non-empty. This means that
there is a £ € W with (v”|£) > 0 for all v/ € C” and hence (£|v) > 0 forall v € C, since
ccc’'+w. o

A closed convex cone C with C* = @ contains a linear subspace Ec of V and is called a
wedge with edge Ec. Lemma 7.3 generalizes to the case of closed wedges.

Lemma 7.4 If C is a closed wedge with edge Ec and W a linear subspace of V with
W N C C Ec, then there is a hyperplane W' with W C W and W' N C = Ec.

Proof C contains all affine subspaces v + Ec, forv € C.If 7:V — V /E( is the projection
into the quotient, then 77 (C) is a pointed cone and 7 (W) N (C) = {0}. By Lemma 7.3, there
is a hyperplane H in V/W with 7 (W) C H and H N7 (C) = {0}. Then, W’ = 7V (H) is
a hyperplane in V which contains W and has C N W' = Ec. O

7.2 Convex cones in the space of Hermitian-symmetric forms

Let us denote by &, the n>-dimensional real vector space of nxn Hermitian-symmetric forms
on C". It is a Euclidean space with the scalar product (h]h2) = Zﬁj:lh 1(ei, ej)ha(ej, e;),
where ey, ..., e, is any basis of C". It will be convenient, however, to avoid fixing any
specific scalar product on B, and formulate our statements in a more invariant way, involving
the dual #, of &,. It consists of the Hermitian-symmetric covariant tensors that we write
as sums +v; ® ¥y £+ -+ - £ v, ® Uy, for vy, ..., v, € C". The identification of B, with 7,
provided by the choice of a scalar product on B, allows us to apply the previous results of
convex analysis in this slightly different formulation.

A matrix corresponding to a Hermitian-symmetric form % has real eigenvalues. The num-
ber of positive (resp. negative) eigenvalues is called its positive (resp. negative) index of
inertia, the smallest of the two its Witt index, the sum of the two its rank.

Set 7 = {h > 0} and " = B" \ {0}, B" = {h > 0}, and, likewise, Z, = {h < 0} and
P = E_Pn_ \ {0}, £P; = {h < 0}. We shall use the simple

Lemma 7.5
(BT =151 = 1 @01+ + v @0 [vi,...,v € C),
{¢€%|¢(h)>07 Vhe?j}:{v1®ﬁl+~-~+vn®ﬁn|(v1,...,vn)=(C"},
Ve | Vh) >0, Vhe&’,;"}:{v]@)ﬁ]—i—---—l—v,@ﬁ,|r>0, (v, ..., v,) =C"}.

Proposition 7.6 Let W be a convex closed cone, with vertex in 0, in B,. Assume that every
nonzero element of W has a nonzero positive index of inertia. Then, there is a basiseq, ..., e,
of C" such that

n
> h(eiei) =0, VYhew. (7.1)

i=1
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Proof Both W and W = {hy + hy | hy € W, hy > 0} are proper closed convex cones in
®,. Since W does not contain any negative semidefinite nonzero form, its edge has empty
intersection with T,‘l‘ ={h >0, h#0}.ByLemma7.4, wecanfinda{ € LPLL such that

Y(h) >0, Yo e W and WHN{y =0} = E+.

In particular, y(h) > O for h € 1’;{' and hence, by Lemma 7.5, { is of the form (k) =
S _(h(ei,e;) forabasiser, ..., e, of V. O

We obtain, as a corollary, the result of [21, Lemma 2.4], which motivated the definition
of essential pseudo-concavity.

Corollary 7.7 If W is a linear subspace of ¥, such that each nonzero element of W has a
positive Witt index, then there exists a basis ey, . . ., e, of C" such that

Zn htei,ei) =0,Vh e W.
i=

Proposition 7.8 Let W be a relatively open convex cone with vertex at 0 of B,, and such
that every element h of W has a nonzero positive index of inertia. Then, the elements of iﬁ
which are contained in W are all degenerate.

All the elements of maximal rank in W N B, B, have the same kernel, which has a positive
dimension r and a basis ey, . . ., e, such that

,
Zh(e,-, e)>0, Yhew. (1.2)
i=1

Proof Let LP; =1{h € 2, | h < 0}. Then, W and 7 are disjoint relatively open convex
cones of P, with vertex in 0 and therefore (see, for example [44, Thorem 2.7]) are separated
by a hyperplane, defined by a linear functional {r, which is positive on W and negative
on fP‘ Being negative on EP‘ by Lemma 7.5, ¥ has the form (7.2). This implies that all
elements of % N &, are degenerate. Since % N T is a cone, all its elements of maximal
rank belong to its relatlve interior and have the same kernel, say U C C", whose positive
dimension we denote by r. In fact, for a pair of negative semidefinite forms /Ay, hy, we
have ker (h1 + hy) = ker hq Nker h;. The statement follows by applying Proposition 7.6 to
Wy = {h|ly | h € W}, which is a closed cone in 2. in which all nonzero elements have a
nonzero positive index of inertia. In fact, if there is a nonzero & € ‘W whose restriction to U
is seminegative, and /¢ is an element of maximal rank in the cone wn E_P; , then, for C > 0
and large, h + Chg would be a negative definite element in W N flﬁ . O

Proposition 7.9 Let W be a cone in ,, with the property that all its elements of maximal
rank have a nonzero positive index of inertia. Then, all forms in W N E_Z’; are degenerate;
those of maximal rank have all the same kernel, of dimension r > 0, which contains a basis
el, ..., e such that

-
> h(ei e)) =0, VYhew. (7.3)
i=1

Proof Let 7 = ={h € B, | h > 0}. Then, W + f.P+ is an open cone in %, such that all its

elements have a nonzero positive index of inertia.

Since W + .fP,J{ N ‘._Pn_ =W —L_T,J[)_ﬂ f_Pn‘ =wn f_Pn‘ we know from Proposition 7.8 that
all elements of maximal rank in % N ¥, have the same kernel U, which is a subspace of C"
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Weak g-concavity conditions for CR manifolds

of positive dimension r and contains a basis ey, ..., e, for which
r
> h@iv) >0, Yhew+ o
i=1
This implies (7.3). O

Analogous results can be given to characterize cones of Hermitian forms having some given
amount of positive (or negative) eigenvalues. In this case, we need to consider the behavior of
the restriction of forms to subspaces of C". We use the notation Gr, (C") for the Grassmannian
of complex linear z-planes of C".

Proposition 7.10 Let W be a proper closed convex cone in ¥,, with vertex in 0 and q an
integer with 0 < g < n. Assume that every nonzero form in W has a positive index of inertia

> q. Then, for every V € Gr,_q11(C"), we can find a basis vy, ..., vy,_g11 of V such that
n—q+1
> hviv) =0, (74)

i=1

Proof 1tsuffices to apply Proposition 7.6 to the restrictions to V € Gr,—q+1(C") of the forms
in W. By the assumption, /|y has a nonzero positive index of inertia for all 7 € W \ {0}. O

An analogous statement to Proposition 7.8 can be formulated for relatively open convex
cones of Hermitian forms with positive index of inertia > ¢.

Proposition 7.11 Let W be a relatively open convex cone in P, and assume that each h
in W has a positive index of inertia > q, for an integer 0 < q < n. Then, for every

V € Gru_g+1(C"), we can find an integer ry > 0 and linearly independent vy, ..., v,, € V
such that

ry

> h(iv) >0, Yhew. (1.5)

i=1

Proof Forevery V € Gr_q4+1(C"), theset Wy = {h|y | h € W}isarelatively open convex
cone of 7,4+ such that all of its elements i|y have a nonzero positive index of inertia. The
thesis follows by applying Proposition 7.8 to W|y. O

Proposition 7.12 Let W be a convex cone in B, such that the elements of maximal rank of
W have a positive index of inertia > q (q is an integer with 0 < q < n). Then, for every
V € Gru_q+1(C") we can find an integer ry > 0 and linearly independent vy, ...,v,, € V
such that >

D hiv) =0, Vhew. (7.6)

Proof It suffices to apply Proposition 7.11 to W+ LP,J[ and note that (7.5) forallh € W+ LP,J[
implies (7.6) for all h € W.

Remark 7.13 The positive integer ry of Propositions 7.11, 7.12 is the dimension of the kernel

of any form of maximal rank in Wy N2, _ g+1-
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8 Notions of pseudo-concavity

In [23], it was proved that the Poincaré lemma for the tangential Cauchy—Riemann complex
of locally CR-embeddable CR manifolds fails in the degrees corresponding to the indices of
inertia of its scalar Levi forms of maximal rank. On the other hand, in [ 18] it was shown that the
Lefschetz hyperplane section theorem for g-dimensional complex submanifolds generalizes
to weakly g-pseudo-concave CR submanifolds of complex projective spaces.

This suggests to seek for suitable weakening of the pseudo-concavity conditions to allow
degeneracies of the Levi form. A natural condition of weak 1-pseudo-concavity is to require
that no semidefinite scalar Levi form has maximal rank. Under some genericity assumption,
by using Proposition 7.12, this translates into the fact that [ker 2] is non-trivial. Indeed, this
hypothesis implies maximum modulus and unique continuation results analogous to those for
holomorphic functions of one complex variable. We expect that properties that are peculiar to
holomorphic functions of several complex variables would generalize to CR functions under
suitable (weak) 2-pseudo-concavity conditions. This motivates us to give below a tentative
list of conditions, motivated partly by the discussion in Sect. 7 and partly by the results of
the next sections.

Notation 8.1 If /C Zis a distribution of complex vector fields on Q°P" C M, we use the
notation [ker L] for the semipositive tensors Zle Z; ® Z; of [kerL] with Z; € V.

Definition 8.1 Let po € M. We say that M is

(\IJZ0 (q)): strongly q-pseudo-concave at py if all Lg, with§ € HSOM \ {0}, are nonzero and
have Witt index > g;

(\I/},f’0 (9)): weakly q-pseudo-concave at py if its scalar Levi forms of maximum rank at pg
have Witt index > ¢g;

(\IJ;0 (q)): essentially q-pseudo-concave at po € M if, for every distribution of smooth com-
plex vector fields V C z, of rank n—g+1, defined on an open neighborhood U of
Po, we can find an open neighborhood U’ of ppin U andat € [kerL]rq';qJrl ).

(\I/;Z (9)): essentially*-q-pseudo-concave at po € M if, for every distribution of smooth
complex vector fields V' C Z, of rank n—¢g+1, defined on an open neighborhood
U of py, we can find an open neighborhood U’ of pyin U and a t € [ker£](U").

We drop the reference to the point pg when the property is valid at all points of M.
We also consider the (global) condition

(W™(g)) Forall p € M and ¥V C Z of rank n — g + 1 on a neighborhood U of p,
UP,GU[kerL]V p 1s a bundle with non-empty fibers and such that for every
sequence {p,} C M, converging to p € M, every T € [kerL]y, , is a cluster
point of U, [ker L]y, p, .

Recall that, according to the notation introduced on page 5, the elements of [ker£](U")
are different from zero at each point of U’.

Remark 8.1 Ifg > 1,then lIII*,O(q) = \P[*,O(q—l)for* =y, w, e, e*,and (cf. Proposition 7.6
and [21, §2])
V() < Vi(q) = ¥(q) = ¥° (¢9), forg>1.

Lemma 8.2 Assume that M is essentially q-pseudo-concave. Then, for every rank n—q+1
distribution V C Zon an Q°P" C M, we can find a global section t € [kerL]ﬁﬁle) (Q).
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Weak g-concavity conditions for CR manifolds

Proof By the assumption, for each p € €, there is an U°P*" C Q with p € U, and
T, = Z?:_lq"'] Zi®Zi € [kerL](”_‘1+1)(Up) with Z; € UU,). The global t can be obtained
by gluing together the T),’s by a nonnegative smooth partition of unity on €2 subordinate to
the covering {U)}. O

In the same way, we can prove

Lemma 8.3 Assume that M is essentially*-q-pseudo-concave. Then, for every rank n—q+1
distribution V C Z on an QP C M, we can find a global section t € [ker L]1/(2). O

Example 8.4 Let Fy,, . p, (C") C Grp,(C™) x -+ x Grp, (C™) denote the complex flag
manifold consisting of the r-tuples (€p,, ..., £3,) with €y, & --- & £y, for an increasing
sequence 1 < hy < --- < h, < m. Here, as usual, ¢, is a generic C-linear subspace of
dimension & of C™.

For an increasing sequence of integers 1 < iy < i < ---i, < m, of length v >
2, we define the CR-submanifold M of F;, ;;  (C") x F;, ;, ..(C™) consisting of pairs
(Wiys Ly, .. 0), Wiy, £y, .. 0)) With Zih C i, for0 < h < v. Set

dy=1iy, dy =iy —i1,....dy =ipy1 —ip,...dy_1 =iy —iy_1, dy =m —i,.

This M is a minimal (i.e., Z(M) 4+ z(M), and their iterated commutators yield all complex
vector fields on M), compact CR manifold of CR-dimension n and CR-codimension k, with

v—1

n=> ddy. k=2 Y  dd,,
i=0

I<i<j<v
j—i=2
as was explained in [34, §3.1]. Then, with ¢ = min;.;~,d;, our M is essentially, but not
strongly, g-pseudo-concave when v > 3, because the non-vanishing scalar Levi forms gen-
erate at each point a subspace of dimension ZZfz_lzdide < k.
In [34], several classes of homogeneous compact CR manifolds are discussed, from which
more examples of essentially, but not strongly, g-pseudo-concave manifolds can be extracted.

Example 8.5 Let us consider the 11-dimensional real vector space % consisting of 4 x 4
Hermitian-symmetric matrices of the form

h= <;‘* _BA) with A, B € C**2, A = A*, trace(A) = 0.

We claim that all non-singular elements of %/ have Witt index two. In fact, for an element
h of W, either A = 0, or A is non-degenerate. If A = 0, the matrix A is non-degenerate iff
det(B) # 0, and in this case, the Witt index is two as the two-plane of the first two vectors
of the canonical basis of C* is totally isotropic. If A # 0, a permutation of the vectors of the
canonical basis of C* transforms / into a Hermitian-symmetric matrix 4’ with

,_(C D
= (5.2)

for a positive definite Hermitian-symmetric C € C>*2. By a linear change of coordinates in
C?, the positive definite C reduces to the 2 x 2 identity matrix /5. This yields a change of
coordinates in C* by which /4’ transforms into

h”=(]§2* b;) with E € C**2.
—12
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For a matrix of this form, we have, for v, w € C2,

(P o v+ Ew =0, v+ EE*v =0, v=0,
w) < E*v—w=0 < w = E*v < w=0.

Therefore, all A" of this form are non-singular and their Witt index is independent of E and
equal to two. This shows that all 7 € % with A # 0 are non-singular with Witt index two.
Thus, the set of singular matrices of W is

0 B
B* 0
which is the cone of the non-singular quadric of the 3-dimensional projective space.

If we take a basis iy, ..., hy; of W, the quadric M of Ccl4 = (C? X (C}Ul, defined by the
equations

det(B) = O} ,

Re(w;) = hi(z,2), 1 <i <11,

is a CR manifold of type (4, 11) which is weakly and weakly*-2-pseudo-concave, but not
strongly or essentially 2-pseudo-concave.

We obtain examples of CR manifolds M = {(z, w) € C* x C7 | Re(w;) = h;i(z,2), 1 <
i <7}, of type (4, 7) and strongly 2-pseudo-concave by requiring that &y, ..., h7 be a basis
either of the subspace %’ of W in which B is traceless and symmetric, or of the %" in which
B is quaternionic.

Example 8.6 Let M be the minimal orbit of SU(p, p) in the complex flag manifold
Fl,zp,z((Czl’), for p > 3. Its points are the pairs ({1, £2,—2) consisting of an isotropic
line £; and a (2p—2)-plane €3, > with £; C £3,-2 C le, where perpendicularity is taken
with respect to a fixed Hermitian-symmetric form of Witt index p on C27.

Then M is a compact CR submanifold of Fj ,,‘Z(CZP ), of CR dimension (2p —3) and
CR codimension (4p—4), which is essentially 1-pseudo-concave and, when p > 3, weakly
and weakly*-(p —2)-pseudo-concave, but not essentially 2-pseudoconcave.

8.1 Convexity/concavity at the boundary and weak pseudo-concavity

Let us comment on the notion of 1-convexity/concavity at a boundary point of a domain €2
of Sect. 6 in the light of the discussion on Hermitian forms of Sect. 7.

Let p be a real-valued smooth function on Q°P°" C M and pg a point of © with the
property that, for each id§ ) in H ]1,(*)1 (P), the restriction of id§ , to the space {Z ), € TPO(;] M |
Z p, p = 0} has a nonzero positive index of inertia. The positive multiples of these Hermitian-
symmetric forms make a relatively open convex cone W in the space %,_; of Hermitian-

symmetric forms on T[(,)(;] M N kerdp(po). By Proposition 7.8, we can find an r > 0 and
Ty € H,i(’,l’(r)M such that

idg(tg) > 0, V&€ (), st dp(po) + ik, € T M.

Since H;(’)l(p) is affine with underlying vector space {L; | n € Hz(J)oM }, it follows that

actually 19 € [kerL]gO) . The same argument applies to the case of a nonzero negative index

of inertia.
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Weak g-concavity conditions for CR manifolds

Thus, by Lemma 6.18, the condition for Qo) = {p € 2 | P(p) < P(po)} to be strongly
(1)-convex, or strongly (1)-concave at pg is that

dd°p(tg) > 0, (strongly 1-convex), 8.1)

g € [kerL such that
o<l Jierde. po {ddcp(to) < 0, (strongly 1-concave).

A glitch of the notion of strong-1-convexity (resp. -concavity) is that it is not, in general, stable
under small perturbations. This can be ridden out by adding the global assumption of essential-
2-pseudo-concavity of M. Set, for simplicity of notation, P(po) = 0 and dP(pp) # O.

Proposition 8.7 Suppose that M is essentially 2-pseudo-concave and that Qo = {p € Q |

P(p) < 0} is strongly 1-concave at po € 0S2y. Then,

(1) We can find 1o € [kerL]](('gjg’ » such that dd°p(tg) < 0;

(2) We can find an open neighborhood U of pg in Q2 such that at every p’ € U the open set
Qopy = {p € Q| p(p) < p(p")} is smooth and strongly 1-concave at p’.

9 Cauchy problem for CR functions—uniqueness

In this section, we discuss uniqueness for the initial value problem for CR functions, with
data on a non-characteristic smooth initial hypersurface N C M.

Uniqueness is well understood when M is a CR submanifold of a complex manifold (see,
for example, [41]). Let 2 C M be an open neighborhood of a non-characteristic point pg of
N, such that € \ N is the union of two disjoint connected components £+ .

Proposition 9.1 Assume that M is a minimal CR submanifold of a complex manifold X. If
f e o QHNEN Q) and f|y vanishes on an open neighborhood of a non-characteristic
point po of N, then f =0 on Q.

‘We have a similar statement for CR distributions.

Proposition 9.2 Assume that M is either a real-analytic CR manifold, or a CR submanifold
of a complex manifold X that is minimal at every point. Let N be a Z-non-characteristic
hypersurface of M, such that M \ N is the union of two disjoint connected open subsets M +.
Then, there is an open neighborhood U of N in M such that any CR distribution on M4
having vanishing boundary values on N, vanishes on U N M.

Proof An f € 2'(M,) is CRif Zf = 0 in M., in the sense of distributions, for all
Z € Z(M). We say that f has zero boundary value on N if for each p € N, we can find an
open neighborhood U, of p in M and a CR-distribution f € 2'(Up) whichextends f|u +NU,
andis zeroon U, \ 1\_4+. Note that, since N is non-characteristic, all CR distributions defined
on a neighborhood of N admit a restriction to N.

The case where M is a real-analytic CR manifold reduces to the classical Holmgren
uniqueness theorem.

In the other case, where M is ¥°° smooth, but is assumed to be minimal, we first choose
a slight deformation N; of N such that N is contained in MT and coincides with N near
p. Moreover, we can achieve that the CR orbit &(p, Ny) of p in N, intersects Ny N M.
Since M T is minimal at every point, CR distributions holomorphically extend to open wedges
attached to M. In particular, this holds for the boundary value of f| MF (M;l|r being the side

of Ny containing M ™) at any point of Ny N M ™.
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Using that wedge extension propagates along CR orbits, we get wedge extension from
Ny at p. Examining how the wedges are constructed by analytic disk techniques, one more
precisely obtains a neighborhood V of p in M+ and an open truncated cone C C C” such that
f holomorphically extends to Wy = ,cyny (@ + C), and f to W = U, cynp+ (2 + C).
The idea is to work with analytic disks attached to (deformations of) Ny and to nearby
hypersurfaces of M.

Since f is the boundary value of f, the two extensions glue to a single function F €
O(Wy U WT). On the other hand, F is zero on Wy (since f vanishes near p) and thus on
W, by the unique continuation of holomorphic functions. Finally f, being the boundary
value of F, has to vanishon N N M. O

Remark 9.3 Thanks to the extension result proved in [27,37], see also [36], it suffices to
assume that M is globally minimal, i.e., that M consists of only one CR orbit.

For an embedded CR manifold with property (H ), uniqueness results can be derived from
Proposition 3.3. Indeed, in this case, a CR function defined on a neighborhood in M of a
point po € N and whose restriction to N has a zero of infinite order at py, also has a zero of
infinite order at pg as a function on M and then is zero on the connected component of pg in
its domain of definition by the strong unique continuation principle.

The situation is quite different for abstract CR manifolds: there are examples of pseudo-
convex M on which there are nonzero smooth CR functions vanishing on an open subset (see,
for example, [40]). Here, for the pseudo-concave case, we give a uniqueness result which
is similar to those of [13,21,22], but more general, because we do not require the existence
of sections T of [ker£]™, i.e., we drop the rank requirement, but we assume that the initial
hypersurface N is non-characteristic with respect to the subdistribution ® of Z, which was
defined in Sect. 4.

In this context, we can slightly generalize CR functions by considering, for a given T €
[ker £](M), functions f on M satisfying

loc loc loc (9. 1 )

fel? (M), VZe€®,Zf e L> (M) and Ikz € L (M, R)
such that  [(Zf)(p)| < xz(p)|f(p)| ae.on M.

Condition (9.1), with Z(M) instead of O (), naturally arises when we consider CR sections
of a complex CR line bundle (see [21, §7]).

We note that the hypersurface N is non-characteristic at a point py with respect to the
distribution ® if it is non-characteristic at py for ®(t) for some t € [kerL](M).

Proposition 9.4 Let QP" C M and N C 9$2 a smooth ®-non-characteristic hypersurface
in M. Then, there is a neighborhood U of N in M such that any solution f of (9.1), which
is continuous on 2 and vanishes on N, is zero on U N Q.

Proof We note that the assumption of constancy of rank in unessential and never used in
the proof of [22, Theorem 4.1]. We reduce to that situation by considering the O-structure
on M, defined by the distribution of (4.6), after we make the following observation. Since
the statement is local, we can assume that N splits M into two closed half-manifolds M4,
with Q = M_ and 92 = N. A continuous solution f of (9.1) in M_ vanishing on N, when
extended by 0 on M, defines a continuous solution f of (9.1) in M with supp f CM_.In
fact, since L € (M) s firstorder, L f equals Lf on M_ and 0 on M., as one can easily check
by integrating by parts and using the identity of weak and strong extensions of [15]. Hence,
f still satisfies (9.1) and vanishes on an open subset of M. By proving Carleman estimates,
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Weak g-concavity conditions for CR manifolds

similar to those in [21, Theorem 5.2], we obtain that f vanishes along the Sussmann leaves
of ® transversal to N (see [17,22]). These leaves fill a neighborhood of N in M, where f
vanishes. This proves our contention. O

Remark 9.5 Note that C" x R”" is weakly pseudo-concave (but not essentially pseudo-
concave). Thus, we need the genericity assumption (2.5) to get uniqueness in this case.
The uniqueness for the non-characteristic Cauchy problem in the case of a single partial
differential operator of [11,45] may be considered a special case of this proposition, when
the CR dimension is one.

Uniqueness in the case where N can be characteristic for ®, but not for Z, will be obtained
by adding a pseudo-convexity hypothesis.
First, we prove a Carleman-type estimate.

Lemma 9.6 Let t be a section of [ker L] and \ a real-valued smooth function on M. Then,
there is a smooth real-valued function k on M such that

[ eXP(I‘IU)Lof||(2)-|—Z: Il exp(t) Z; f113 = /(2; ddU (1) £ 1) | fPRe Y dp,
i=1
YfeE (M), Vi >0. (9.2)

Here the L?-norms and the integral are defined by utilizing the smooth measure du
associated with a fixed Riemannian metric on M.

Proof Lett = >.'_Zi ® Zi, >i_[Zi, Zi1 = Lo — Lo, with Z;, Ly € z(M). We will
indicate by k1, k¥ smooth functions on M which only dependon Z1, ..., Z,.For f € %6’0 (M),
and a fixed r > 0, set v = f-exp(¢\). Integration by parts yields

r r r
S 1z =zl = Yo Nzv = wzibi+ [ 31z Zio- s
i=1 i=1 i=1

+Re/ (K0+Z;lzz(zi2i¢)) lv|2du,

where the superscript star stands for formal adjoint with respect to the Hermitian scalar
product of L2(du). For the second summand in the right-hand side, we have

/Z[Zi,zi]v-ﬁdp,:/I:ov-f)d,u—/Lov-ﬁd,u
i=1

:—/Lov-ﬁdu—/v-fm)du—/Kllvlzd,u

= —2Re/Lov-t_)d,u—/K1|v|2d;L

—2|[Lov — rvLoVllollvlio — /(Kl + 2t Re Lol |v[*dp

%

%

—|Lov — tvLoW|3 — /(1 + k1 + 2t Re Lol) [v|>d .
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Therefore, we obtain the estimate

,
1Lov — LoVl + Y I1Ziv — tvZ W[

i=1
> [(122i+ 220y - 21 Re Loy —a) P die = [ @Pab+ o Pdn

By Proposition 6.6, this yields (9.2). O

From the Carleman estimate (9.2), we obtain a uniqueness result under convexity condi-
tions, akin to the one of [24, §28.3] for a scalar p.d.o.

Proposition 9.7 Assume there is a section T € [kerL] and & € €°°(M, R) such that

d¥i(po) #0, dd“¥(v) > 0. 9.3)
Then, there is an open neighborhood U of po in M with the property that any solution f of
(9.1) which vanishes a.e. on U N {p | \(p) > V(po)} also vanishes a.e. on U. O
Remark 9.8 Infact, it suffices torequire that (9.1) is satisfied by the operators Z1, . .., Z,, L.

Let 2 be an open domain in M, and pg € 92 a smooth point of the boundary.

Proposition 9.9 If Q is either ®-non-characteristic or strictly 1-convex at po (according
to Definition 6.4), then any f satisfying (9.1) in Q, and having zero boundary values on a
neighborhood of po in 02, is 0 a.e. on the intersection of Q with a neighborhood of pg in M.

Proof With P, defined by (4.7), (4.8), and a real parameter s, we have

VR =5 (; D (ZiZi+ ZiZiyb — Xo¢> +57 Y 1z

i=1 i=1

-
=s5ddY() +57 ) 1Z VP
i=1
Thus, the condition of Proposition 9.7 is satisfied for a suitable t € [kerL] near pg either

when 9€2 is ®-non-characteristic at pg, by taking s > 1, or, in case 92 is ® (t)-characteristic
at po, if dd°¥r(t)(po) > 0. ]

Remark 9.10 We observe that strict 1-convexity at po implies that 92 is @-non-characteristic
at po.

10 Cauchy problem for CR functions existence

In this section, we will investigate properties of CR functions on CR manifolds satisfying
weak 2-pseudo-concavity assumptions.

Proposition 10.1 Let Q be an open subset of a CR manifold M enjoying property WV (2).
Assume that pg is a smooth, strongly 1-convex, ®-non-characteristic point of 9S2. Then, for

every relatively compact open neighborhood U of pg in M, we can find an open neighborhood
U’ of po in U such that
1f(p)I < sup |fl. YpeU' NQ, Vfeou(@ne(Q), (10.1)
Una
and strict inequality holds if f is not a constant on U’ N Q.
@ Springer
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Weak g-concavity conditions for CR manifolds

Proof We can assume that €2 is locally defined near pg by a real-valued p € €*°(U):
UNQ={pelU]|p(p) <0}, and 3Z e ®OWU) s.t. (ZP)(po) #O.

To make local bumps of 92 near pg, we fix smooth coordinates x centered at pg, that we
can take for simplicity defined on U, and, for a nonnegative real-valued smooth function
X(t) € 65°(R), equal to 1 on a neighborhood of 0, set ¢.(p) = e Y¢¥(|x|/€). Then, we
consider the domains

U ={peU]|—d.p) <r(p) <0}

There is €9 > 0 such that U- € U and the points of N/ = 9U. N € are smooth and ®-non-
characteristic for all 0 < € < €. In fact, N’ is a small deformation of N/ = {¢, > 0} N 9<2,
which is smooth and ®-non-characteristic for 0 < € < 1.

We claim that, for sufficiently smalle > 0, the modulus | | of any function f € Oy (U )N
(U . ) attains its maximum on N. We argue by contradiction.

If our claim is false, then for all 0 < € < ¢ we can find p. € N/ and
fee Ou(U )N ‘52([_/6’) with | f(pe)| > | f(p)|forall p € UZ . In fact, W*¢(2) implies the
maximum modulus principle, and therefore, the maximum of | f, | is attained on the bOL/l/IldaI‘y
of U . By Proposition 6.15, this implies that there is &, € Hf(i)l,pe (U7) such that LQZ‘ > 0.
By the strong-1-convexity assumption, there is T9 € [kerL]o1 ,, (see Notation 8.1) such
that dd“p(tp) > 0. For €, \ 0, the sequence {p,, } converges to po. We can take a function
p € €°°(U) such that p agrees to the second order with (p + ®c,) at pe,, for all v, and with
p at po.

We obtain a contradiction, because 1o belongs to [ker ] ape = [ker L] oL 0 and there-

fore, by W*¢(2), is a cluster point of a sequence of elements 1, € [kerZ] oy
e

[kerL]d(erd)E ) pey? and ddcf)(rev) = dd°(P+ ¢, )(Te,) < 0by Proposition 6.15 and Corol-
lary 6.8. In fact, dd“(p + ¢6U/)(wa) — dd“p(po)(to) when te , —> To. O

Theorem 10.2 Let Q be an open subset of a CR manifold M enjoying property V"¢ (2)
and N a relatively open subset of <2, consisting of smooth, strongly 1-convex, ®-non-
characteristic points. If M is locally CR-embeddable at all points of N, then we can find
an open neighborhood U of N in M such that for every fo € On(N), there is a unique
feouUNQ)NE>®WU N Q) with f = foon N.

Proof The result easily follows from the approximation theorem in [7] and the estimate of
Proposition 10.1 O
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