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ABSTRACT

The Necessary and Sufficient Conditions in order that an unitary = oper-
ator can amplify the component of a generic vector related to = a particular
base vector, at other components’ expence, are = investigated. This leads to
a class of suitable methods in wich is = possible to choose the optimum one,
related to the problem we want to = solve, i.e. the vector whose component
we want to amplify. = Grover’s quantum algorithm is demonstrated to be
in that class, = very near to the optimum method. A possible application
to the the = Ohya—Masuda quantum SAT algorithm is shown as an example
for = further improvements. =20

1 An algorithm to increase the probability of
|0 > at each step = for every vector |a >

THEOREM Given the linear functionals:

n(a) Zojmai (1)



c(a) ZO: Vit (2)

with v; and n; real, Necessary and Sufficient Conditions = in order that the
operator U:

U ali > e1(ag + n(a))|0 > +82%: = (a; + c(a)) i > (3)

were unitarian are:

\V1-88
Yo€s :\/Ni,ol (a)
Mt = (b (4)
=% — ;&8,3?0 = (c)
no — 1+ €48 (d)
with €1, €9, €3, &4, €5 + 1.=20

PROOF
The following isomery condition is a necessary condition:

Za?(ao +1)* + > (a; + c)?ag +n* + 2a0n + Za? + (N —1) + 2¢) " a;
W iy

%

n* 4 2aon + (N — 1)* +2¢ > a0 (5)
W

The equation (??) has the following structure:

0 + 2ag1) + 70 (6)
with:
V(N =1) +2¢) a (7)
%

and its possible solutions are:

n—ap+eq/ad — v (8)

The case 70 is trivial because it leads to n0 or to = 1 — 2ag; in any case
we have:
UZ(IZ|1 > :b’:?l(lo |0 >+ = &9 Z(az + C) |Z >
iy



that leaves the probability of |0 > the same. We must look for = v A
solutions to modify the component ag of a.

But v 0 corresponds to the following condition linked to = the linearity
of the funzional n(a):

ag — (Z 5;‘%) 9)

with the f; indipendent from a; then the (??) must be = valid Vag,=
2. .., an.=20
The further linearity condition of the funtional ¢(a) leads to:

c(a) Z V54 (10)

with the ~; indipendent from a. From (??) we have:
2
—ai + (N —1) (Z ’yja]) + (Z Biaj =ht)* +2> v;a; > a;0
J J J %

—(Zg —+ 2 Z’yjaj ZCLZ' -+ Z [: (N — 1)727] + 51ﬁ]} aiajO
J i 2]

ag {(N —1)vg + 65 — 1} + Y 29+ (N = Dy, + BiBy] aiaj+

i,j#0
+2> [0 + (N = 1)v0y: + BoBi] aoa0 (11)
%
If the previous (??) must be valid Vao,...,ay, = then its coefficients
ought each to be zero, then:
= (N =1+ 65— 10 = (a)
2%+ (N =1+ 670 V=ip (c)
Yo+ (N = 1)y + B0 V=i (d)
i From the (??7d) we have:
Yo + Bobi
, — ot bobi 13
! Yo(N —1) (13)

3



that, substituted into the (??c), gives:

2000+ BoB) | (ot Bo=5i)°
(N —1) W(N—1)

+ 520

or:
= (N = 1) + 5] B2

i/ (14)

= VN -1

then, using (?7a):

BigzYoes

with e3 £ 1.=20
Substituted the (??) into the (??) we arrive to:

1+ 8350
, — —Earo 15
% N T (15)
The equation (?7a) let us to write:
Bocos b; VN — 1ysin 6 (16)

i.e. the parameters [y and 7y live onto the enlipse in = the [yyo-plane
Substituting the (??), the = (??) and the (??) into the (??) and the = (?7?),
we finally obtain:

1 -5
n = (a)(=14e4fo)ao+ese370 Y ar(—1 = +e450)ao +545355_\/N7_1 > a

kyY kY
sin =6
(—1 + g4c0s8 9) Ao + E3E4E5—F——— Z ag (17)
c(a) a _1+€3ﬁoza€ \/1_63 a _1+€3502a
Yoo N_1 Wk5: N—lo N1 Wk
sin 6 1+ e3cos 0
€ ag — a 18
N1 =N-1 % : (18)

that are the same as in the (??), the (??) and the = (?77?).



Let us go now to verify that the (??) are also Sufficient = Conditions.
We are going to see that the isometric condition (?7) = is satisfied by the
operator U of eq. (?77) (with the free = parameters given by the (?77)).
Substituting the (?7) and = (??) - really obtained using conditions (?7) into
the = (??) and the (?7) - into the (??) to have:

2
) _
B (Z ak) +2e4e385a0(—1+€48-0 mzak
kY

n(a)z(—1+€4ﬂg)2ag+§\[__ﬁ$ \/7

2a9n = (a)2(—1 + e480)ag + 2e4e365a01/ 1 — Broverv/ N — 12 ay
kY

V1-p-0 ZCL

n(a)*+2aon(a)(—1+57)ag+— NBO (Z%) +2e3e500 07— N1

(N—1)e(a)2(1- B4 L 2P (z ) = ) T

(N —1)? koY VN =1 k=t0
53 1+ e38 ’
- Mo +€30
ar2esa ap — 2 = a
Z’“”m%k N1 (,%’f)

2
_ A2 /1 —
(B85 — Dag + L fe (Z ak) + 2e3e5a050 \1/&2 > a

2 2 _ A2
(—1455)ag = Qi esb) (Z ak) + == 255a0m(1+5350) > at

(N -1 \%5 VN -1 k0
2
1 -3 1 + €350
—2e5040—F——= Z a = Z ak
N-1% N-17 \45



that leads to:

2
— (52 /T = B_02
(65 — Vag + i\f—ﬁi = (% ak) + 2e3e5a05 \/ﬂ Z ag

(_1 n 68)&3 _ +2(1 + 53(5;)\; — i) + 8350 (Z ak)

_ 62
+ = 2¢e5a0 - (I4e360—1) Y ax

/1
VN —1 k=ot0
that rapresents an identity.

We have then obtained the proof that the operator U described in =
the (??), under the conditions (?7?),(??) and = (77?), rapresents all and only
the isometric operators that modify = a component at other components’
expence. But an operator on a finite = Hilbert space is isometric if and only
if it is unitary, and this = completes the proof.

COROLLARY 1 Grover’s method (see the following eq s = (21) and (22)

) corresponds to the choise e1641, = g5 — 1, 31, B2 N , = 'yom, then
tg = g1 N72 :
PROOF
JFrom eq.s (?77) and (??7) we have:
&1 [ao +n(a)] e1e4 (ﬁoao + €370 ) ak) labelgr19 (19)
kY
1+4+¢
€9 [ai + C((I)] =é&9 | a; + Yoo — ]\[3160 Z Qg (20)
- k#0

with:

g VL= H V1-— 53

N -1
that, compared with (20) and (21) gives:
N -2
N

e1€450



da cui e1641 and o222 and:

1—(N—2)2 9
Yo N €5
N -1 =N

as in (21) and in (22) with g5 — 1. And finally:

1+€3501+53¥N+53N—283
N—-1 =N—-1 N{HN-1)

=20 that gives the right parameter 70% if and only if = e31. The goniometric
form of the previous equations easily = comes from the (77?).

COROLLARY 2 Optimum method for the case looked into = by Grover,
i.e. a vector a of the form:

lag > agl0 > +b) | >
iy

with:

a2+ (N —1)b*1 (21)
demands the following choise for the free parameters = 1643651, Boag, then
tg = 0N —12.
PROOF

i From eq.s (?77) and (?7) we have:

Ulag >: U (aOIO > 4+b> i >)

%

E1&4 l:ﬁoao + 5365\/(N — 1)(1 - 53)bﬂght]|0 >+

+é&o

1— 2
b+5570a0 — (1 —|—€350) b Z |Z >=
—VN-1 -

€164 (cos Oay + e3e5vV/ N — 1sen =0 b) 0 >+

0
+é&o (55 \j%ao — £3C08 = 0 b) ZZO/ |Z >
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and the maximum is reached for:
0

% (cos 0 =ag+e3e5vV N — 1sen 6 b)
0

—sen Oag + e3e57v/ N — 1cos 0 b0
then: ;
tg 0 esesvV N — 1—
Qg
that gives focos 0 =+ ag. And, choosing the + = sign, we have:
ag > €164 [a% + e3e5(1 — ag)} 1
where the last passage derives form the choise = 1643651, And:
b— E9 (65()@0 — 83&0[)) 0

and this completes the proof.

2 Here Grover’s algorithm is applied to a generic
vector |a >

=20

Let

la>:> " a;li >

and ]
v > — |k >
VN>
be two vectors.
Let then:
@ >: UyZUyla > —ag = 0>+ _ali >
i



be another vector followed from a.
Calculating in advance:

1 1
<v|d>m;|k><—a0 \O>—|—Zaz\z )N<—a0+2ak>

Then, given P : |[v >< v]:

VN

2
Dja>: (=1+2P)|a> —|=a>+2<vla> [v>—|a>+—= (—ao = —l—Zak) v >

2 2
(1—)a0+2ak \O>+Z —|—a=+> a|| |i>
N N -
Then:
N —2
ag — N ap + — Zakao+n—() (22)
W
2
a; — aﬁ—— —a0+Zak —a; + c(a) (23)
N Y

If agapVk, h P (the Grover’s agorithm case) then:

N-2  2(N-1)

ag +— N ag + N a;
. 2(N — 1) 2
a; — a; — —a
N N



