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Introduction

Let Γ be a Fuchsian subgroup of PSL(2,R). In this paper we consider the Γ-

equivariant form of the Berezin’s quantization of the upper half plane H which will

correspond to a deformation quantization of the (singular) space H/Γ. Our main

result is that the von Neumann algebra associated to the Γ− equivariant form of

the quantization is stably isomorphic to the von Neumann algebra associated with

Γ. Moreover, the dimension of each algebra in the deformation quantization, as a

left module over the group von Neumann algebra L(Γ), is a linear function of the

deformation parameter (”Planck’s constant”).

Recall that the Muray-von Neumann construction, [Mvn] for the dimension of

projective, left modules over type II von Neumann algebras with trivial center,

allows all positive real numbers as possible value for the dimension. Consequently

the above isomorphism is meaningful for all values of the deformation parameter.

This will be particularly interesting when Γ is the group Γ = PSL(2,Z). We use

the terminology (introduced in [KD], [FR], see also [DV]) of von Neumann algebras

L(Ft), t > 1 corresponding to free groups with a (possible) fractional ”number t

of generators” (even if the group itself may not make sense). In this case the von

Neumann algebras associated with the equivariant form of the Berezin quantization

will be free group von Neumann algebras, where the ”number of generators” is a

bijective function of the deformation parameter.
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The difference between the Berezin quantization of the upper half plane and its Γ-

equivariant form is easy to establish. In the classical case the von Neumann algebras

associated to the deformation are simply isomorphic to B(H), the algebra of all

bounded operators on a Hilbert space. In the equivariant case these algebras are

type II1 factors. This is a consequence of the formulae for the traces in this algebras:

classically the trace is an integral over H of the restriction to the diagonal of the

reproducing kernel, while in the Γ-equivariant case the trace is the integral over a

fundamental domain of Γ in H. This last fact is in a particular a generalization of

the computation in [GHJ] of the type II1 factor trace of a product of two Toeplitz

operators having automorphic forms as symbols.

There exists a remarkable analogy, at least at the formal level, between Rieffel’s

([Ri]) construction for the irrational rotation C∗−algebra and the construction in

this paper. In Rieffel’s construction, a deformation quantization for the torus T2 is

realized (in a more involved manner), starting from the lattice Z2 in R2. The von

Neumann algebras in the deformation for T2 are all isomorphic to the hyperfinite

II1 factor, with the exception of the rational values for the parameter.

For any deformation quantization, with suitable properties, there exists an asso-

ciated 2−cocycle in the Connes’s cyclic cohomology of a certain ”smooth” subalge-

bra, for each parameter value. In this paper, we construct in a natural way, a dense

family of subalgebras on which the 2-cocycles live. This algebras are endowed with

a norm that is a continuous analog of the σ(l1, l∞) norm on finite matrices.

Surprisingly, the formulae defining the 2-cocycle are very similar to the formulae

in the paper of Connes and Moscovici ([CM]) where cyclic cocycles are constructed

from Alexander-Spanier cycles. We will also show that the two cocycles appearing
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in the deformation quantization for H/Γ are related in a natural to a canonical

element (see [Gr], [Gh]) in the second bounded cohomology group H2
bound(Γ,Z).

Our construction, when Γ = PSL(2,Z), could be taught of as yet another defi-

nition for the von Neumann algebras corresponding to free groups with ”fractional

number of generators”. A possible advantage of such an approach could be the fact

that the ”smooth structure” (see [Co]) may be used to define a family of C∗-algebras

that could be a candidate for the C∗ -algebras corresponding to free groups with

”fractional number of generators”.

It would be very interesting if one could establish a direct relation between

Voiculescu’s random matrix model for free group factors, and the ”continuous ma-

trix” model coming from Berezin’s equivariant quantization. Also it would be very

interesting if a direct connection could be established between the deformation

quantization constructed in [Za] and the approach in this paper.

We prove that, for deformation quantization of algebras with the property that

the associated cyclic 2-cocycles are bounded with respect to the uniform norms on

the algebras, there exist a time-dependent, linear differential equation, whose asso-

ciated evolution operator induces an isomorphism between the algebras associated

to distinct values of the deformation parameter. This depends on a rather standard

technique to prove vanishing of cohomology groups of von Neumann algebras by

fixed point theorems.

The cocycles we are constructing would be bounded if a certain bounded function

on H2 ( defined by z, w → arg (z−w)) would be a Schur multiplier (see [Pi],[CS])

on the Hilbert spaces of analytic functions H2(H, yr−2dxdy).
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The proof of the main result of this paper is based on an observation, related to

the Plancherel formula for the universal cover ˜PSL(2,R) of PSL(2,R) established

by L. Pukanzsky in [Pu] (see also [Sa]). The fact we are using is that the projec-

tive, unitary representations of PSL(2,R) in the continuous series that extends the

analytic discrete series of PSL(2,R) also have square integrable coefficients over

PSL(2,R) as the representations in the discrete series do.

The computation of the isomorphism class of the algebras in the deformation

is then completed by a generalization, to projective, unitary representations, of a

method found in [GHJ] (and referred there to [AS],[Co]). This method computes

the Murray-von Neumann dimension of the Hilbert space of a representation of a Lie

group as left module (via restriction) over the group algebra of a lattice subgroup.

Acknowledgment. Part of this paper was elaborated while the author benefited

of the generous hospitality of the Department of Mathematics at the University of

Toronto. The author gratefully acknowledges the very enlightening discussions he

had during the elaboration of this paper with A. Connes, G. A. Elliott, P. de la

Harpe, V.F.R. Jones, P. Jorgensen, J. Kaminker, S. Klimek, V. Nistor, G. Pisier,

S. Popa, M. A. Rieffel, G. Skandalis, D. Voiculescu, A. J. W. Wasserman.

0. Definitions and outline of the proofs

Recall that a von Neumann algebra is a selfadjoint subalgebra of B(H), which is

unital and closed in the weak operator topology. A type II1 factor is a von Neumann

algebra M with trivial center and such that there exists a weakly continuous, linear

functional (called trace) τ : M → C with τ(xy) = τ(yx) and so that 0 is the only

positive element in the kernel of τ . We normalize τ by τ(1) = 1. Let L(Γ) be the

weak closure of the group algebra C(Γ), represented in B(l2(Γ)), by left convolution
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operators. If Γ has nontrivial, infinite conjugacy classes, then L(Γ) is a type II1

factor, the trace being simply the evaluation at the neutral element in Γ.

Such algebras are usually associated with a discrete group Γ with infinite (non-

trivial) conjugacy classes. Let L(Γ) be the weak closure of the group algebra C(Γ),

represented in B(l2(Γ)), by left convolution operators.

The following construction goes back to the original paper ([MvN]) of Murray

and von Neumann. Let M be a type II1 factor with trace τ and let t be a positive

real number. Denote by τ also, when no confusion arises, the tensor product trace

τ⊗trB(H) on M⊗B(H). Let p be any selfadjoint idempotent in M⊗B(H). Then

the isomorphism class of the type II1 factor p(M⊗B(H))p is independent on the

choice of p as long as p has trace t. This type II1 factor is usually denoted by Mt.

Clearly F(M) = {t| Mt
∼= M} is a multiplicative subgroup of R+/{0}, referred to,

by Murray and von Neumann as the fundamental group of M .

In the same paper referred to above, given a weakly continuous representation

of M into some B(K), the authors define a positive real number dimMK which

measures the dimension of K as a left Hilbert module over M . The dimension, in

type II1 factors, may take any positive real value. The original terminology for

dimMK was the coupling constant of M in K.

This number has all the formal features of a dimension theory, that is dimM (K1⊕

K2) = dim M (K1) + dim M (K2). The dimension number is normalized (when M

is the von Neumann algebra L(Γ) of a group Γ) by the condition dimL(Γ)l
2(Γ) = 1.

More generally, for arbitrary M , let L2(M, τ) be the Hilbert space corresponding to

Gelfand-Naimark-Segal construction for the trace τ on M , that is L2(M, τ) is the
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Hilbert space completion of M as a vector space with respect to the scalar product

〈a, b〉τ = τ(b∗a), a, b ∈M . Then we have dimM (L2(M, τ)) = 1.

To obtain a Hilbert space of an arbitrary dimension t, 0 < t ≤ 1 one takes a

projection e′ in the commutant

M ′ = {x ∈ B(L2(M, τ))|[x,M ] = 0},

of trace τM ′(e
′) = t. Then e′L2(M, τ) is a left Hilbert module over M of dimension

t. Note that M ′ is also a type II1 factor. This last statement is more transparent

in the case M = L(Γ). In this case M ′ is isomorphic and antisomorphic to M . In

fact, L(Γ)′ is the von Neumann algebra R(Γ) generated by right convolutors on

l2(Γ). If t > 1, to obtain a module over M of dimension t one has to replace M by

M ⊗M(n,C) where n is any integer bigger than t.

From the above construction it is easy deduced that, if K is a left Hilbert module

over M (that is we have a unital embedding of M into B(K)), then the commutant

M ′ = {x ∈ B(K)|[x,M ] = 0} is antisomorphic to the algebra Mt with t = dimMK.

Since for M = L(Γ), M is always antisomorphic to itself, in this case we may

replace antisomorphic simply by isomorphic everywhere in the above statements.

Finally, one may construct a left Hilbert module over the von Neumann algebra

of a discrete group Γ which is a lattice subgroup in a semisimple Lie group G, for

every representation π of G which belongs to the discrete series representations of

G. Let Hπ be the Hilbert space of the representation and let dπ be the coefficient

with which this representation enters in the Plancherel formula for G. Then the

following result was proved in [GHJ] (see also [Co],[AS]):
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Let M be the von Neumann algebra generated by the image of Γ by π in B(Hπ).

If Γ is a lattice then M is isomorphic to L(Γ) and

dimMHπ = (covol Γ)dπ.

We now recall the definition of the Berezin quantization from [Be1], [Be2]. Al-

though the setting could be more general, we will restrict ourselves in this paper to

the case when the phase space is H with the geometry given by the noneuclidian

metric (Im z)−2dzdz.

The meaning of quantization was recalled in the introduction to [Be1] and it was

”a construction, starting from the classical mechanics of a system, of a quantum

system which had the classical system as its limit as h → 0, where h is Planck’s

constant” (we quote from the above mentioned paper).

In the case when the phase space is H, Berezin’s construction of an algorithm for

the quantum system is the construction of a family of multiplications ∗h indexed by

h on a suitable vector subspace of functions on H, which are associative, whenever

this comparison makes sense.

The property that the quantum system has the classical system as a limit, when

h→ 0, means that for suitable functions f, g on H

lim
h→0

1

h
[f ∗h g − g ∗h f ] = {f, g},

where the Poisson bracket {·, ·} is computed according to the formula:

{f, g} = (Imz)−2[(
d

dz
f)(

d

dz
g)− (

d

dz
g)(

d

dz
f)].
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The Berezin algorithm for the multiplication operation ∗h is realized by identifying

any suitable functions on H with bounded linear operators on the Hilbert space of

analytic functions

H1/h = H2(H, (Im z)−2+1/hdzdz).

The multiplication ∗h then corresponds, via this identification, to the composition

operation for linear operators on H1/h. There exists two possibilities to realize

the correspondence between functions on H and linear operators on H1/h. In both

methods the functions on H are identified with a special type of symbol for linear

operators.

Let P1/h be the orthogonal projection from L2(H, (Im z)−2+1/hdzdz) onto

H2(H, (Im z)−2+1/hdzdz) and let M1/h be the multiplication operator on

L2(H, (Im z)−2+1/hdzdz) with the function f . Then the (not necessary bounded)

Toeplitz operator with symbol f is T
1/h
f = P1/hM

1/hP1/h.

A function f on H is the covariant symbol of a linear operator A on H1/h if A

is the Toeplitz operator T
1/h
f on H1/h with symbol f . We will use in this situation

the notation
◦
A = f or

◦
A(z, z) = f(z, z).

A function f on H is the contravariant symbol of a linear operator A on H1/h if

f is the restriction to the diagonal z = w of a function f̃ on H2 which is analytic in

the first variable and antianalytic in the second variable. The relation between A

and f̃ is explained bellow: Let e
1/h
z , z ∈ H be the evaluation vectors in H1/h, that

is 〈f, e1/h
z 〉 = f(z), z ∈ H, for all f in H1/h. Then f̃ is given by

f̃(z, w) =
〈Ae1/h

w , e
1/h
z 〉

〈e1/h
w , e

1/h
z 〉

, z, w ∈ H.
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We will use the notation f̃ = Â or f̃(z, w) = Â(z, w).

The main theorem in Berezin’s papers [Be1], [Be2] is that by using the corre-

spondence between functions on H and linear operators on H1/h, given by any of

this two symbols, one gets a quantization which has the required classical limit.

Moreover there exist a natural duality relation between the two type of symbols

which is realized by using the pairing given by the operatorial trace on B(H1/h) :

For suitable bounded linear operators A,B on H1/h (see e.g. [Co] for a rigorous

treatment) one has

(0.1) trB(H1/h)(AB) =
∫
H
Â(z, z)

◦
B(z, z)(Imz)−2dzdz.

Finally the multiplication operation ∗h is covariant with respect to the action

of group PSL(2,R)on H. Hence there exists a projective, unitary representation

π1/h on the Hilbert space H1/h with the following property: If f = Â is the con-

travariant symbol of an operator A on B(H1/h) then, for any group element g in

PSL(2,R) the function on H defined by z → f(g−1z) is the symbol of the operator

π1/h(g)Aπ1/h(g−1).

Let Γ be a discrete subgroup of PSL(2,R) of finite covolume. The covariance

property for the Berezin multiplication shows that this operation is an inner op-

eration on a suitable space of functions on H, that are Γ− equivariant. From a

borelian viewpoint, Γ−equivariant, measurable functions on H are identified with

functions on F where F is any fundamental domain in H for the action of Γ on H.

We will show in the third paragraph of this paper that there exists a suitable

vector space V1/h of Γ− equivariant functions on H, dense in L2(F ) and so that
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V1/h is an involutive algebra with respect to the product given by ∗1/h. The main

theorem of this paper is the following

Theorem. Let Γ be a discrete subgroup of PSL(2,R) of finite covolume. Let F be

a fundamental domain in H for the action of Γ on H. For every h > 0, there exists

a dense vector subspace V1/h of L2(F ) which is closed under conjugation and under

the product ∗h. Here ∗h is the Berezin’s product, if we identify functions on F with

Γ-equivariant functions on H. Let τ be the functional on this vector space defined

by τ(f) =
∫
F

f(z)(Im z)−2dzdz. Then τ is a trace, that is τ(f ∗h g) = τ(g ∗h f), for

all suitable f, g.

Let A1/h be the von Neumann algebra obtained by taking the weak closure of the

vector space V1/h in the Gelfand-Naimark-Segal representation associated with the

trace τ on V1/h. Then A1/h is isomorphic to the type II1 factor (L(Γ))t with t =

(covol Γ)( 1/h−1
π ).

This result is particularly interesting when Γ = PSL(2,Z). In this case the alge-

bras in the deformation are isomorphic to the type II1 factors L(Ft) corresponding

to free groups with real number of generators. This factors where introduced in

([KD] and independently in [FR]) based on the random matrix techniques devel-

oped by Voiculescu (see also [DV] for an entropy theoretic viewpoint definition of

this factors).

The interesting feature that appears is that the (real) ”number of generators” t in

L(Ft), for the algebras in the deformation, is a bijective function on the deformation

parameter (the Planck’ constant). Recall that it is still an open problem (hinted in

[MvN] and first time explicitly mentioned by R. Kadison) if the isomorphism class

of L(FN ) depends on N .
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The explanation of this behavior when Γ = PSL(2,Z) is that in this case

L(PSL(2,Z)) = L(F 7
6
) (by [KD]) and that the following formula holds: L(Ft)r =

L(F(t−1)r−2+1), for all t > 1, r > 0, ([KD],[FR]).

The proof of the main theorem follows from the following facts. By the co-

variance property recalled above is easy deduced that A1/h is isomorphic to the

commutant {π1/h(Γ)}′ of the image of Γ through π1/h in B(H1/h). If the group

cocycle corresponding to the projective representation π1/h vanishes by restriction

to Γ then π1/h|Γ may be perturbed (by scalars of modulus 1) to a representation

of Γ.

We are then in a situation which is very similar to the theorem we recalled at the

beginning of this paragraph. If 1/h = r is an integer then π1/h is a representation

in the discrete series of PSL(2,R) with coefficient (r − 1)/π.

Hence, if 1/h is an integer, then the dimension of H1/h as a left Hilbert module

over L(Γ) (via π1/h|Γ) is (r − 1)/π(covol Γ). Consequently, by what we recalled

at the beginning of this paragraph, the algebra A1/h, which is the commutant of

π1/h(Γ) in B(H1/h), will be isomorphic to L(Γ)t with t = (r − 1)/π(covol Γ).

If 1/h is now a positive real number, not necessary an integer, then the projective

representation π1/h is no longer a representation, so the above argument does no

longer apply. There exists still a striking similarity with the previous situation

which may be read off from the Plancherel formula for the universal cover ˜PSL(2,R)

of PSL(2,R).

The projective representations π1/h lift to actual unitary representations of

˜PSL(2,R), the simply connected universal covering group of PSL(2,R). The lifted

representation now belong, as it was observed in Pukanszky article ([Pu], see also
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[Sa]), to the continuous series of representations of ˜PSL(2,R). (In particular this

part of the continuous series of ˜PSL(2,R) extends the discrete series of PSL(2,R).

The coefficient with which the representation π1/h intervene in the continuous series

is given by the same algebraic formula as in the integer case for PSL(2,R), that is

(1/h− 1)/π.

The above mentioned property for the representations π1/h may be better under-

stood if we look directly to the computations involved in determining the coefficient

of a representation in the Plancherel formula for the discrete series.

If 1/h is an integer then the representation π1/h has square summable coefficients

which are verifying the generalized Schur orthogonality relations (see [Go],[HC]).

This relations are (with dg Haar measure on PSL(2,R)):

∫
PSL(2,R)

|〈π1/h(g)ζ, η〉|2dg =
1/h− 1

π
||ζ||2||η||2, ζ, η ∈ H1/h.

If 1/h is not an integer then one can still check this relations holds true for the

projective representation π1/h. Note that this doesn’t depend on the possible choice

of scalars of modulus 1 which would appear if we consider π1/h be induced from a

representation of the universal cover.

This fact means that each of the projective, unitary representations π1/h for

PSL(2,R) is contained in a ”skewed” form of the left regular representation of

PSL(2,R). One can deduce from here an analogue of the theorem from the book

[GHJ] holds true for the representations π1/h and hence that A1/h = {π1/h(Γ)}′ is

isomorphic to L(Γ)t with t = (covol Γ)( 1/h−1
π ).
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Note that in the preceding setting, if f is a Γ-equivariant function then the

Toeplitz operator with symbol f in B(H1/h) commutes with π1/h(Γ) and hence it

belongs (for suitable functions f) to A1/h.

The duality relation (0.1) between the covariant and contravariant symbol for

operators in A1/h still exists if one replaces the operatorial trace with the trace on

the type II1 factor A1/h. The relation takes now the following form:

(0.2) τ(AB) =
∫
F

Â(z, z)
◦
B(z, z)(Imz)−2dzdz.

This is now a generalization of the formula 3.3.e in [GHJ], computing the trace of

a product of two Toeplitz operators having symbols automorphic forms. In fact

the covariant symbols for operators in A1/h may be regarded as a generalization

of automorphic forms (in fact any pair of automorphic forms gives rise to such a

symbol which could be eventually the symbol of an unbounded operator).

With the terminology we have just introduced our main result also shows that

Proposition. Let πr be the projective representations of PSL(2,R)on the Hilbert

space Hr = H2(H, (Im z)−2+rdzdz) which are given by the same formula as the

unitary representations in the discrete analytic series for PSL(2,R) when r is an

integer. Assume that Γ is a lattice subgroup of PSL(2,R) so that the second group

cohomology cocycle for the projective representation πr of PSL(2,R) vanishes by

restriction to H2(Γ,T).

Then von Neumann algebra M generated by πr(Γ) in B(Hr) is isomorphic to

L(Γ) and dimM Hr = r−1
π (covol Γ).

In the remaining part of the paper we will be concerned with certain cohomol-

ogy classes that are associated with a deformation of algebras. Formally to any
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deformation quantization one could associate a 2-Hochschild cohomology cocycle

a, b→ a∗′r b (which lives on a suitable subalgebra on which derivations are possible)

defined by

a ∗′r b =
d

dr
(a ∗r b).

That this formally verifies the properties of a 2-Hochschild cocycle can be seen

easy by taking the derivative in the deformation parameter of the relation expressing

the associativity of the multiplication.

This 2-cocycle should measure, in a certain sense, the obstruction for the algebras

in the deformation to be isomorphic. In particular if this element vanishes in the

second cohomology group, then one could hope to find an eventually unbounded

operator Xr for all r so that

(0.3) Xr(a ∗r b)− (Xra) ∗r b− a ∗r (Xrb) = a ∗′r b,

for suitable a, b.

If this operator could be made selfadjoint and if the evolution equation

ẏ(r) = Xry(r),

would have a solution for a dense set of initial values then let the associated evolu-

tion operator be U(s, t). Recall that U(s, t) is defined by the condition that U(s, t)y

is the solution of the differential equation at point s with initial y condition at t.

Then U(s, t) would be an isomorphism of algebras. Indeed we would have formally

that if ẏ(r) = Xry(r) and ż(r) = Xrz(r), then

d

dr
(y(r) ∗r z(r)) = ẏ(r) ∗r z(r) + y(r) ∗′r z(r) + y(r) ∗r ż(r).
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The identity (0.3) would then show that the last expression can be further re-

duced to Xr(y(r) ∗r z(r)). The unicity of the solutions of the differential equation

shows that the evolution operator must then be an isomorphism of algebras.

Of course to make this formal argument work properly, a lot of conditions about

domains of unbounded operators should be checked and this seems practically im-

possible.

A possible approach to overcome this difficulties in particular cases would be to

use the quadratic forms instead of looking at bounded operators. This amounts to

looking at

d

dr
〈(a ∗r b, c〉τ =

d

dr
τ(a ∗r ∗rc∗),

for convenient a, b, c rather then looking at d
dr (a ∗r b).

If we normalize the previous trilinear functional by discarding the terms which

come from the ”skewing effect” due to the fact that the trace of a product of two

elements depends on the deformation parameter parameter, we will end up with a

cyclic cohomology two cocycle ψr associated to the deformation.

We introduce a new norm || · ||λ, r for each r on the algebras in the deformation

and denote the set of all elements in B(Hr) that are finite with respect to this

norm by ˆB(Hr). This norm is the analogue of the usual σ(l1, l∞) norm on finite

matrices and is defined for general operators on Hr by considering their kernels to

be ”continuous matrices” (see paragraph 2 for the precise definition of the norm

|| · ||λ, r. The remarkable property of the norms || · ||λ, r is

Proposition. The algebras ˆB(Hr) consisting of all elements in B(Hr) that are

finite with respect to this norm are involutive Banach algebras not only with respect
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to the product ∗r but also with respect to all the products ∗s for s ≥ r. Moreover

ˆB(Hr) is a (dense) vector subspace of ˆB(Hs).

Proposition. We consider the subalgebras Âr = Ar∩ ˆB(Hr). Then the derivatives

involved in the definition of ψr make sense for all a, b, c in Âr and ψr is bounded

with respect to this norm. More precisely

|ψr(a, b, c)| ≤ const||a||λ,r||b||L2(Ar)||c||L2(Ar), a, b, c ∈ Âr.

In the last paragraph of this paper we will show that

Theorem. A cyclic two cocycle ψ on an arbitrary type II1 factor, which has the

property that

ψ(a, b, c) ≤ ||a||∞||b||2||c||2, a, b, c ∈M,

vanishes in the second cyclic cohomology group H2
λ(M,C) (see A. Connes’ article

[Co] for the definition of this groups). Moreover in this case the cocycle implement-

ing ψ could be chosen so as to correspond to an antisymmetric bounded operator on

both L2(M, τ) and M .

But then such a solution would lead to a linear differential equation with bounded

linear operators which is known to have a well defined evolution operator.

Thus if we have a deformation quantization of algebras in which the cyclic co-

homology cocycle verifies the more restrictive boundedness condition mentioned

above, then the associated evolution operator induces an isomorphism between the

algebras in the deformation, at different values of the parameter.

In the case of the cocycles ψr that arise in connection with the equivariant form

of the Berezin quantization, it is not clear if one could prove that ψr is such a

bounded linear functional as above.
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The best we can do is to write down an explicit formula for ψr(A,B,C) in

terms of the symbols of the operators A,B,C. The formula for ψr(A,B,C) is the

same as the formula τ(ABC). The difference between the two formulas is that for

ψr(A,B,C) one has to juxtapose to the integrand defining τ(ABC) an Alexander

Spanier cocycle θ which is a diagonally Γ− equivariant function on H3. If

(0.4) φ(z, ζ) = iarg((z − ζ)/2i) = ln((z − ζ)/2i)− ln((z − ζ)/2i), z, ζ in H

then θ has the expression

θ(z, η, ζ) = φ(z, ζ) + φ(ζ, η) + φ(η, z), z, η, ζ in H.

The cocycle ψr would be bounded if one could prove that the function φ is a

bounded Schur multiplier on the space B(Hr for r is in an interval.

If Γ = PSL(2,Z) then is easy to see that θ is vanishing as a Γ− equivariant

cocycle (in the Γ−equivariant Alexander-Spanier cohomology) because

(0.5) θ(z, η, ζ) = φ̃(z, ζ) + φ̃(ζ, η) + φ̃(η, z), z, η, ζ in H,

with a diagonally, Γ− equivariant φ̃. The formula for φ̃ is

φ̃(z, ζ) = arg((z − ζ)/2i) + arg (∆(z))− arg (∆(ζ)), z, ζ in H.

Here ∆ is the unique automorphic form of order 12. The disadvantage for φ̃ is

that φ̃ is not a bounded function although θ is. The fact that one can not find a

bounded Γ−equivariant φ̃ solving the above equation is related to the non-vanishing

of H2
bound(PSL(2,Z) (see [Ghys]).

1. Berezin quantization of the upper half plane
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In this paragraph we recall some facts concerning the Berezin’s quantization of

the upper half plane ([Be.1], [Be.2], [Upm]). Berezin realizes the deformation quan-

tization for the upper half plane (and in fact for more general symmetric domains)

by using symbols for bounded operators acting on Hilbert spaces of analytic func-

tions. As the bounded operators on Hilbert spaces of analytic functions are always

given by reproducing kernels, this symbols will always exist for bounded operators.

We let Hr be the Hilbert space of square integrable analytic functions on, the

upper half plane H with respect to the measure νr, which has density (Im z)r−2

with respect to the canonical Lebesgue measure dzdz on H. Hr is nonzero for r > 1

([Ba]).

The choice of the measure νr for the Hilbert spaces Hr is dictated by the fact that

this Hilbert spaces are enacted with projective, unitary representations (πr)r>1 of

PSL(2,R). We recall first from ([Ba], see also [Sa], [Puk]) the construction of this

representations. Also recall that ν0 is a invariant measure on H under the action

of SL(2,R).

Definition 1.1. ([Ba]) Let Hr, r > 1 be the Hilbert space of all analytic functions

with ||f ||2r <∞ where the Hilbert norm is defined by

||f ||2r =

∫
H
|f(z)|2(Im z)r−2dzdz =

∫
H
|f(z)|2dνr(z).

Assume that G = PSL2(R) acts on H by Möbius transforms:

G×H 3 (

(
a b
c d

)
, z)→ az + b

cz + d
∈ H
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and let: j(g, z) = (cz + d). Also choose (see [Ma, p. 113]) a normal branch of

arg(j(g, z)) = arg(cz + d), for all z ∈ H, g =

(
a b
c d

)
∈ G where the function arg

takes its values in −π < t ≤ π.

Using this branch for (cz + d)r = exp(rln(cz + d)) one defines

(πr(g)f)(z) = (cz + d)−rf(g−1z), g =

(
a b
c d

)
∈ G, f ∈ Hr, z ∈ H .

Then([Ba]) πr : PSL2(R) → B(Hr) is a projective, unitary representation of

PSL2(R) with cocycle cr(g1, g2) ∈ {z| |z| = 1, z ∈ C} defined by

πr(g1, g2) = cr(g1, g2)πr(g1)πr(g2), g1, g2 ∈ G.

If r = 2, 3, ... then πr is an actual representation of PSL2(R) and belongs to the

discrete series of representations for PSL2(R) (see[La]).

Recall that any Hilbert space of analytic functions has a naturally associated

reproducing kernel ([Aro]). For Hr this has been computed already by [Ba] and we

recall the formulae.

Theorem 1.2. ([Ba]). The reproducing kernel kr(z, ζ) for H is given by the for-

mula

kr(z, ζ) =
cr

((z − ζ)/2i)r
for allz, ζ ∈ H.

In particular the following functions on H defined for all z ∈ H,

erz(ζ) =
cr

((ζ − z)/2i)r
, ζ ∈ H

belong to Hr = H2(H, νr) and 〈f, erz〉r = f(z), for all f ∈ Hr, z ∈ H.
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Corollary. 1.3 ([Ba]). The orthogonal projection Pr from L2(H, νr) onto Hr =

H2(H, νr) is given by the formula

(Prf)(z) = 〈f, erz〉 = cr

∫
H

f(ζ)

((z − ζ)/2i)r
dνr(ζ)

for all f in L2(D, νr). In the terminology of vector valued integral, this is

Prf =

∫
H
f(ζ)erζdνr(ζ).

The fact that the Hilbert spaces Hr have evaluation vectors erz, z ∈ H, shows

that all bounded linear operators B on Hr = H2(H, νr) are given by integral ker-

nels. Berezin defined the contravariant symbol for an operator B on Hr to be its

normalized integral kernel B̂(z, ζ), which is a function on H2.

Definition 1.4. ([Be1,2]). For B in B(Hr) let the contravariant symbol B̂ =

B̂(z, ζ) z, ζ ∈ H be the function on H2, analytic in z, antianalytic in ζ defined by:

B̂(z, ζ) =
〈Berζ , erz〉
〈erζ , erz〉

, z, ζ ∈ H2.

Then B̂ completely determines B by the formula:

(Bf)(z) = 〈Bf, erz〉 = 〈B(

∫
f(ζ)erζdνr(ζ), erz〉

=

∫
f(ζ)〈Berζ , erz〉dνr(ζ) = cr

∫
H

B̂(z, ζ)f(ζ)

((z − ζ)/2i)r
dνr(ζ), z ∈ H, f ∈ H2(H, νr).

The following properties for B̂ are obvious consequences of the definition. In

particular they show that the above integral is absolutely convergent.
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Proposition. 1.5 ([Be]). Let B be any bounded linear operator acting on Hr =

H2(H, νr) and let B̂ = B̂(z, ζ), z, ζ ∈ H be its symbol as above. Denote by ||B||∞,r

the uniform norm of B (as an element of B(Hr)). Then:

a) For all ζ in H, the function on H defined by z → cr((z − ζ)/2i)−rB̂(z, ζ)

belongs to H2(H, νr) and has L2norm less than c
1/2
r ||B||∞,r(Im ζ)−r/2.

b) For all z in H, the function on H defined by ζ → cr((z − ζ)/2i)−rB̂(z, ζ)

belongs to H2(H, νr) and has L2norm less than c
1/2
r ||B||∞,r(Im ζ)−r/2.

c) If B is identified with PrBPr as an operator acting on L2(H, νr) then the

formula

(Bf)(z) = cr

∫
H
B̂(z, ζ)f(ζ)dνr(ζ)

holds for all f in L2(H, νr).

d) |B(z, z) ≤ ||B||∞,r, for all z in H.

e) The symbol B̂∗ = B∗(z, ζ), z, ζ ∈ H of B∗ (the adjoint of B) is given by the

formula:

B̂∗(z, ζ) = B(ζ, z), z, ζ ∈ H.

Proof. a) follows from the fact that cr((z − ζ)/2i)−rB̂(z, ζ) is by definition

〈Berζ , erz〉. Thus for fixed ζ in H, this is (Berζ)(z). The L2 norm of Berζ is, by the

boundedness of B, less than

||B||∞,r||erζ || = c1/2r ||B||∞,r(Im ζ)−r/2

as B(z, ζ) is antianalytic in ζ.

||erζ ||2 = 〈erζ , erζ〉 = erζ(ζ) =
cr

(Im ζ)r
.
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This completes the proof of a) and b) is similar. The point e) is obvious while for

point d) we observe that

|B(z, z)| = |〈Berz, erz〉〈erz, erz〉−1|

≤ ||B||∞,r||erz||2||erz||−2 = ||B||∞,r.

Point c) now follows from the fact that all f in L2(H, dνr) we have

cr

∫
H
B̂(z, ζ)f(ζ)dνr(ζ) = 〈f,B(z, ·)〉r = 〈Pr f,B(z, ·)〉r

for all z in H, as B(z, ·) is analytic in ζ.

We now recall the definition of the Berezin product of the symbols Â, B̂, which

are functions on H2. The product will depend on the quantization variable r, and

it represents in fact the symbol of the composition (in B(Hr)) of the bounded

operators on Hr that are represented by the symbols Â, B̂.

Definition. ([Be 1]). Let A, B be two functions on H2, analytic in the first

variable, antianalytic in the second and so that ((z−ζ)/2i)rA(z, ζ), as a function of

ζ on H, keeping z in H fixed, belongs to H2(H, νr), and so that ((z− ζ)/2i)rB(z, ζ)

as a function of z, on H, keeping ζ in H fixed, belongs to H2(H, νr). For r > 1 the

product of the two symbols A,B is defined by the formula:

(A∗rB)(z, ζ) = cr((z− ζ)/2i)r
∫
H

((z−η)/2i)−rA(z, η)((η− ζ)/2i)−rB(η, ζ)dνr(η).

for all z, ζ in H2.

The following formula is an easy consequence of the integral representation for

operators acting on Hr = H2(H, νr). It shows that the above product is the symbol

of the composition of the operators in B(Hr).
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Proposition. ([Be]). If Â = Â(z, ζ), B̂ = B̂(z, ζ), z, ζ ∈ H2 are the symbols of

two bounded linear operators A and B, respectively, acting on Hr, then Â ∗r B̂ =

(Â ∗r B̂)(z, ζ), z, ζ ∈ H2 is the symbol of the composition AB in B(Hr) of the two

operators A and B.

Proof. We have to compute 〈ABerζ , erz〉r〈erζ , erz〉−1
r for z, ζ in H, and show that

this is equal to (Â ∗r B̂)(z, ζ), if we know that Â(z, ζ) = 〈Aerζ , erz〉r〈erζ , erz〉−1
r and

similarly for B. We have:

〈ABerζ , erz〉r = 〈A
∫
H

(Berζ)(η)erηdνr(η), erz〉r =

∫
H

(Berζ)(η)〈Aerη, erz〉dνr(η) =

∫
H
〈Berζ , erη〉r〈Aerη, erz〉dνr(η)

and hence for all z, ζ in H

〈ABerζ , erz〉r〈erζ , erz〉−1
r = 〈erζ , erz〉−1

r =

〈erζ , erz〉−1
r

∫
H
Â(z, η)〈erη, erz〉rB̂(η, ζ)〈erζ , erη〉dνr(η) =

cr((z − ζ)/2i)r
∫
H
Â(z, η)((η − z)/2i)−rB̂(η, ζ)((η − ζ)/2i)−rdνr(η).

Finally, we recall the fact that together with the above contravariant symbols for

operators acting on Hr, Berezin also introduced another type of symbols called co-

variant symbols for operators acting on Hr. Contrary to the contravariant symbols

for a bounded operator, the covariant symbol does not always exists.

Definition. ([Be]). Let A be a bounded operator on Hr and let f be a bounded

measurable function f on H. Let Mr
f be the bounded multiplication operator on



24

L2(H, νr) with the function f and let T rf = PrM
r
fPr in B(Hr) be the Toeplitz

operator with symbol f . Then f is called the covariant symbol of A and one uses

(following [Be]) the notation f = Å, if A = T rf . Clearly in this case the uniform

norm of A is bounded by the essential norm of f .

The relation between the two symbols for a given bounded operator A on Hr is

obtained as follows.

Proposition. ([Be]) If f is any bounded measurable function on H, and T rf =

PrM
r
fPr is the corresponding Toeplitz operator with symbol f , acting on the Hilbert

space Hr, then the (contravariant) symbol Â = Â(z, ζ) for the operator A = T rf is

Â(z, ζ) = 〈erζ , erz〉−1

∫
H
f(a)〈era, erz〉〈erζ , era〉dνr(a) =

c−1
r

∫
H
f(a)

〈era, erz〉〈erζ , era〉
〈erζ , erz〉〈era, era〉

dν0(a) = cr

∫
H
f(a)

((z − ζ)/2i)r((a− a)/2i)r

((z − a)/2i)r((a− ζ)/2i)r
dν0(a).

In particular Â(z, z) = (Brf)(z, z), where Br is the operator on L2(H, ν0) with

kernel the function on H2 defined by (z, a)→ [ Im z Im a
|z−a|2 ]2 = kr(z, a).

Denote ρ(z, a) to be Im z Im a
|z−a|2 . Then it is well known from hyperbolic geometry

that ρ is the inverse of the hyperbolic cosine of the hyperbolic distance between z

and a, for z, a in H2. In particular the kernel kr is invariant under the diagonal

action of the group PSL(2,R) and hence by ([Se], see also [Ku]) the operator Br

is a function Br(∆) (in the sense of functional calculus for unbounded selfadjoint

operators) of the invariant laplacian ∆ = (Im z)2 ∂
∂z

∂
∂z on H.
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The explicit formula for Br = Br(∆) as function of the laplacian is determined

also in [Be] as an infinite product of resolvants of ∆. As we will not need the explicit

formula for Br we will only recall the essential properties of Br as stated in [Be].

Theorem. ([Be]). The operator Bris a bounded, positive operator on L2(H, ν0).

Moreover ||Br|| ≤ 1 and the operators Br pairwise commute for r > 1. Also Br

converges strongly to 1 when r →∞.

Finally we will recall the duality relation between the covariant and the con-

travariant symbols. The rigorous form of this statements may be found in the

paper by Coburn [Co].

Theorem. ([Be]). Let A be a bounded linear operator on Hr of contravariant

symbol Â = Â(z, ζ) z, ζ ∈ H and let B be another bounded linear operator of

covariant symbol f ∈ L∞(H, ν0), f(z) =
◦
B(z, z), z ∈ H. If the operator AB is in

the ideal of trace class operators, then

trB(Hr)(AB) =

∫
H
Â(z, z)

◦
B(z, z)dν0(z).

The deformation quantization of the upper halfplane is now realized by Berezin,

by observing that for any two functions f, g on the upper halfplane, which are so

that there exists functions Â = Â(z, ζ), B̂ = B̂(z, ζ), z, ζ ∈ H, analytic in z and

antianalytic in ζ with

f(z) = Â(z, z); g(z) = B̂(z, z), z ∈ H,

one may define

(f ∗r g)(z) = (Â ∗r B̂)(z, z), z ∈ H.
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This product is well defined for example as long as Â, B̂ are symbols of bounded

operators acting on the spaces Hr.

The main result in [Be] is that under suitable conditions on the functions f, g

the limits lim
r→∞

f ∗r g and lim
r→∞

r(f ∗r g− f ∗r g) exists and are equal to respectively

fg and

(Im z)2(
∂f

∂z

∂g

∂z
− ∂g

∂z

∂f

∂z
).

The last limit is the SL(2,R) invariant form of the Poisson bracket on H.

Finally, all the above formulae hold true if one replaces H by D the unit disk.

The form of the formulae will be the same except that we will have to replace the

factor (z − ζ)/2i by (1− zζ) (so that Im ζ will be replaced by 1− |ζ|2).

In the case of the unit disk the group which replaces SL(2,R) is SU(1, 1), which

is the group of all matrices

{
(
a b
b a

)
| a, b ∈ C, |a|2 − |b|2 = 1}

The modular factor (cz + d) is now replaced by bz + a, z ∈ D.

2. Smooth algebras associated to the Berezin quantization

In this paragraph, by analogy with finite matrices, we construct a (weakly dense)

subalgebra B̂(Hr) of B(Hr), which is a Banach algebra with respect to a certain

norm (the analog of the (l1, l∞) norm on finite matrices). We will show that the

algebras B̂(Hr) are well behaved, globally, with respect to the Berezin product ∗s

for all s ≥ r. In particular the symbols corresponding to the operators in B̂(Hr) will
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form an algebra under all the operation ∗s. Thus, operations, such as differentiation

of A ∗s B will have a sense for A,B in B̂(Hr).

The norm which defines the algebras B̂(Hr) is the analog (modulo a weight) of

the supreme (after lines) of the absolute sum of elements in all the rows of a given

matrix.

We first start by a criteria (which is essentially contained in Aronszjan memorium

([Aro])) on the contravariant symbol of a bounded operator, for the operator to be

positive.

Lemma 2.1. Let A in B(H2(H, νr)) be a positive, bounded operator on Hr of

uniform norm ||A||∞,r and with contravariant symbol Â = Â(z, ζ) z, ζ ∈ H. Then

there exists a constant M > 0 so that the following matrix inequality holds for all

N in N and all z1, z2, ...zN in H:

0 ≤ [Â(zi, zj)((zi − zj)/2i)−r]Ni,j=1 ≤ [M((zi − zj)/2i)−r]Ni,j=1

Moreover, given A, the best constant M for which the above inequality holds for all

N, z1, z2, ...zN is the uniform norm ||A||∞,r.

Conversely, let K be a kernel k = k(z, ζ) on H2, analytic in z, antianalytic in

ζ for which there exists a positive constant M such that the above inequality holds

with k replacing Â, for all N in N and all z1, z2, ...zN in H.

Then k is the contravariant symbol of a positive bounded operator on H of uni-

form norm less than M .

Proof. We start with the direct part of our statement. The inequality we have

to prove is equivalent to showing (with M = ||A||∞,r) that for all f in L2(H, νr)
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one has

0 ≤
∫ ∫

H2

〈Aerζ , erz〉f(ζ)f(z)dνr(z, ζ) ≤M
∫ ∫

H2

〈erζ , erz〉f(ζ)f(z)dνr(z, ζ).

We identify A with PrAPr as an operator acting boundedly on L2(H, νr). By

proposition 1.5c A has as reproducing kernel, the function on H2, (z, ζ)→ 〈Aerζ , erz〉.

Hence the above inequality is

0 ≤ 〈Af, f〉 ≤M〈Prf, f〉 = M〈Prf, Prf〉, f in L2(D, νr).

Since A = PrAPr and A is positive, of norm M = ||A||∞,r, this holds true. The

converse is along this lines. This completes the proof.

We introduce the following notation for a square root of the inverse of the hy-

perbolic distance between points in the upper half plane.

Notation 2.2. For z, ζ in H denote by d(z, ζ) the quantity:

d(z, ζ) =
(Im z)1/2(Im ζ)1/2

[(z − ζ)/2i]
, for all z, ζ in H

or in the unit disk representation

d(z, ζ) =
(1− |z|2)1/2(1− |ζ|2)1/2

1− zζ
, for all z, ζ in D.

Let Dh(z, ζ) be the hyperbolic distance between points in H (respectively D). Then

|d(z, ζ)|2 = ρ(z, ζ) = cosh−1(Dh(z, ζ)), for all z, ζ in H.

In the next lemma we will show that the growth of a symbol Â = Â(z, ζ), when

z, ζ are approaching the boundary of H, is of the same type (in absolute value) as

the growth of ρ(z, ζ)−r/2 when z, ζ are approaching the boundary. Moreover the

estimate depends only on the uniform norm of A.
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Corollary 2.3. Let A in B(Hr) be a bounded operator and let Â = Â(z, ζ) z, ζ ∈ H

be its (contravariant) symbol. Then

i) if A is positive then

|A(z, ζ)||d(z, ζ)|r ≤ (A(z, z))1/2(A(ζ, ζ))1/2 ≤ sup
w∈H

A(w,w), z, ζ in H.

ii) If A is arbitrary in B(Hr) then

|A(z, ζ)(d(z, ζ))r| ≤ 4||A||∞,r for all z, ζ ∈ H.

Proof. i) If A is a positive element in B(Hr), then by the preceding proposition,

for all z, ζ in H, the matrix

 A(z, z)(Im z)−r A(z, ζ)(z − ζ)/2i)−r

A(z, ζ)(z − ζ)/2i)−r A(ζ, ζ)(Im ζ)−r



is positive. (The expression for the bottom left corner is justified by Proposition

1.5.d.

It is obvious that if (ai,j)
2
i,j=1 is a positive matrix, then so is (ai,j λiλj)

2
i,j=1 for

all λ1, λ2 in C. We let λ1 = (Im z)r/2, λ2 = (Im ζ)r/2 and apply this statement to

the above matrix. We obtain that the following matrix,

 A(z, z) A(z, ζ)(d(z, ζ))r

A(z, ζ)(d(z, ζ))r A(ζ, ζ)



is positive for all z, ζ in H. The condition that its determinant be positive proves

condition i).
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To prove ii) we observe that by i) we already know that for all positive elements

A in B(Hr) one has

|A(z, ζ)(d(z, ζ))r| ≤ sup
w∈H

A(w,w) ≤ ||A||∞,r

(we use again Proposition 1.5.c). To get the general statement we use the fact that

any element A in B(Hr) has the expression ([Dix]).

A = [(Re A)+ − (Re A)−] + i[(Im A+)− (Im A−)]

where (Re A)+, (Im A)+ are positive of uniform norm less then the uniform norm

||A||∞,r of A.

The preceding proposition shows already that the symbol Â = Â(z, ζ) of an

operator A in B(Hr) will define, by the integral formula, a bounded operator on all

the Hilbert spaces Hs, with s ≥ r. Moreover the uniform norm doesn’t increase.

Proposition 2.4. Fix r > 1 and let s ≥ r. Let js,r be the map which assigns to an

operator A on B(Hr) with contravariant symbol Â = Â(z, ζ), z, ζ ∈ H the operator

acting on Hs with the same contravariant symbol, that is

(js,r(A)f)(z) =

∫
H
Â(z, ζ)〈esζ , esz〉f(ζ)dνs(ζ), f in Hs.

Then js,r takes its values in B(Hs) and

||js,r(A)||∞,s ≤ 4||A||∞,r

js,r(B(Hr)+) ⊆ B(Hs)+.

Moreover js,r has a weakly dense image in B(Hs). We convene to denote js,r(A)

also by A, this being justified by the fact that both operators have the same symbol.
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Proof. As in the preceding proof, to show the estimate on the norm, it is sufficient

to prove that js,r(B(Hr)+) ⊆ B(Hs)− and that

||js,r(A)||∞,s ≤ ||A||∞,r for A in B(Hr)+.

If A belongs to B(Hr)+, we have seen in Proposition 2.1, with M = ||A||∞,r, that

for all N in N, z1, z2, ...zN in H one has the following matrix inequality:

(2.1) 0 ≤ [A(zi, zj)((zi − zj)/2i)−r]i,j ≤M [((zi − zj)/2i)−r]Ni,j .

From general matrix theory we know that if the matrix inequality

0 ≤ (ai,j)
N
i,j=1 ≤ (bi,j)

N
i,j=1 holds for some matrices (ai,j)i,j=1, (bi,j)i,j=1 in MN (C)

then so does the matrix inequality

0 ≤ (ci,j · ai,j)Ni,j=1 ≤ (ci,j · bi,j)Ni,j=1

for any other positive matrix (ci,j)
N
i,j=1 in MN (C) .

On the other hand by ([Shapiro, Shields]), for s ≥ r the matrix

[
1

[(zi − zj)/2i]s−r
]Ni,j=1

is always positive for all N in N, z1, z2, ...zN in H. Hence the above remarks and

formula (2.1) prove that for all N in N, z1, z2, ...zN in H, the following matrix

inequality holds:

0 ≤ [A(zi, zj)((zi − zj)/2i)−s]Ni,j ≤ ||A||∞,r[((zi − zj)/2i)−s]Ni,j .

The converse to Proposition 2.1 shows that js,r(A) is a positive operator in B(Hs)

of uniform norm less than ||A||∞,r.
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It remains to check that js,r(B(Hr) is weakly dense in B(Hs). It is sufficient to

check that js,r(C2(Hr) is weakly dense in B(Hs) (we use here the standard notation

C2(H) for the Hilbert- Schmidt operators on H). In the canonical identification of

C2(Hr) with Hr⊗Hr (see [Sch],[B.S]) an operator A in js,r(B(Hr)) with symbol

Â = Â(z, ζ) will correspond to the function on H2, defined by

(z, ζ)→ Â(z, ζ[(z − ζ)/2i]−(s−r).

For fixed η1, η2 in H and ε > 0, the function on H2,defined by

lη1,η2,ε(z, ζ) = (z − ζ)/2i](s−r)[(z − η1)/2i]−s][(η2 − ζ)/2i]−s] exp(−εz) exp(−εζ)

belongs to Hr⊗ Hr. As ε → 0 the function (z, ζ) → (1 − zζ)(s−r)φη1,η2,ε(z, ζ)

converges weakly in Hr⊗ Hr to the function on H2

(z, ζ)→ [(z − η1)/2i]−s][(η2 − ζ)/2i]−s].

But this is the symbol of the 1 dimensional operator in B(Hs) defined (on Hs) by

f → erη1〈f, e
r
η2〉.

This proves the weak density of js,r(C2(Hr) in B(Hs) and this completes the proof.

We now define for A in B(Hr), which by looking at its symbol, may be taught

of as a continuous matrix, the analogue of the (l∞, l1) norm for finite matrices.

This norm will make the inclusions js,r, s ≥ r continuous and it will induce a new,

involutive, Banach algebra structure on a subalgebra in B(Hr).

Definition 2.5. Let |d(z, ζ)| be the function on the hyperbolic distance between

z and ζ in H defined in 2.2. For A in B(Hr) with contravariant symbol Â =
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Â(z, ζ), z, ζ ∈ H define ||A||λ,r to be the maximum of the following integrals:

sup
z∈H

cr

∫
H
|A(z, ζ)d(z, ζ)r|dν0(ζ) and

sup
ζ∈H

cr

∫
H
|A(z, ζ)d(z, ζ)r|dν0(z).

Let B̂(Hr) be the vector space of all A in B(Hr) for which the quantity ||A||λ,r is

finite. Clearly || ||λ,r is a norm on B̂(Hr).

We will now show that with respect to the norm || ||λ,r, B̂(Hr) becomes an

involutive Banach algebra. Moreover the image of B̂(Hr) in B(Hs) for s ≥ r is

closed under the products ∗s for s ≥ r and this will allow us to differentiate the

product.

Lemma 2.6. Let A,B be bounded linear operators in B(Hr) with symbols Â =

Â(z, ζ) and respectively B̂ = B̂(z, ζ), z, ζ ∈ H. If A,B belong to the algebra B̂(Hr)

defined in in the preceding statement, then for all s ≥ r, the product

js,r(A) ∗s js,r(B)

which we denote simply by A∗sB, belongs to B̂(Hr) (more precisely to js,r(B̂(Hr))).

Moreover

||A ∗s B||λ,r ≤ 2s−r(
cs
cr

)||A||λ,r||B||λ,r.

Proof. It is sufficient to show that the integral:

crcs

∫
H
|Â(z, η)||(z − η)/2i|−s|B̂(η, ζ)||(η − ζ)/2i|−sdνs(η)|d(z, η)|rdν0(ζ)
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(and a similar integral corresponding the other term in the definition of || ||λ,r) are

bounded by 2s−r( cscr )||A||λ,r||B||λ,r.

Regrouping the factors in the integral it follows that we have to estimate:

c2r(
cs
cr

)

∫ ∫
H
|Â(z, η)||d(z, η)|r|B̂(η, ζ)||d(η, ζ)|r(M(z, η, ζ))s−rdν0(η, ζ)

where M is the positive valued function on H3 defined by the formula

M(z, η, ζ) = |Im η||(z − ζ)/2i|(z − η)/2i|−1|(η − ζ)/2i|−1

We will show in the next lemma that M(z, η, ζ) ≤ 2 for all z, η, ζ in H. Hence the

integral is bounded by

2s−r(
cs
cr

)c2r

∫ ∫
H
|Â(z, η)||d(z, η)|r|B̂(η, ζ)||d(η, ζ)|rdν0(η, ζ) ≤

≤ 2s−r(
cs
cr

)cr

∫
H
|Â(z, η)||d(z, η)|r(cr

∫
H
|B̂(η, ζ)||d(η, ζ)|rdν0(ζ))dν0(η) ≤

≤ 2s−r(
cs
cr

)||B||λ,rcr
∫
H
|Â(z, η)||d(z, η)|rdν0(η) ≤ 2s−r(

cs
cr

)||A||λ,r||B||λ,r.

This completes the proof of the lemma, subject to checking the following estimate.

Lemma. 2.6 Let M = M(z, η, ζ) be the function H3 defined by the formula

M(z, η, ζ) =
(Im η)|(z − ζ)/2i|

|(z − η)/2i||(η − ζ)/2i|
, z, η, ζ ∈ H.

Then 0 ≤M(z, η, ζ) ≤ 2 for all z, η, ζ in H.

Proof. We use the formula

ρ(z, ζ) =
Im z Im ζ

|(z − ζ)/2i|2
= cosh−1(Dh(z, ζ)), zζ ∈ H,
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(recall that we used the notation Dh(z, ζ) for the hyperbolic distance between the

points z, ζ in H). Then

M(z, η, ζ) = ρ(z, η)ρ(η, ζ)ρ−1(z, ζ), z, η, ζ

and hence M is invariant under the diagonal action of the group PSL2(R) on H3.

Consequently M(z, η, ζ) is an invariant function in the hyperbolic geometry of H.

Hence we may replace M , to compute its supreme, by the corresponding form of

M in the terminology of the hyperbolic geometry on the unit disk.

Hence we may assume that

M(z, η, ζ) =
(1− |η|2)|1− zζ|
|1− zη||1− ηζ|

, z, η, ζ ∈ D.

Since M is invariant under the diagonal action of the group SU(1, 1) and since this

group acts transitively on D it is sufficient to estimate this when η = 0.

Thus we want an upper estimate for

M(z, 0, ζ) = |1− zζ| for z, ζ ∈ D.

The number 2 is clearly the lowest upper bound. This completes the proof.

In the following lemma we prove that B̂(Hr) is continuously embedded B(Hr).

In fact we will show a stronger statement; any kernel function k = k(z, ζ) on H2

which has the property that the norm ||k||λ,r is finite defines an integral operator

on L2(H, νr) of uniform norm less than ||k||λ,r.

This will be an easy consequence of the operator interpolation technique used

by Berezin in [Be 2].
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Proposition 2.7. Let k = k(z, ζ) be a function on H2 such that the maximum of

the following expressions is finite:

sup
z
cr

∫
H
|k(z, ζ)| · |d(z, ζ|rdν0(ζ)

sup
ζ
cr

∫
H
|k(z, ζ)| · |d(z, ζ|rdν0(ζ).

Denote the maximum of the above two expressions by ||k||λ,r. Then the integral

operator k on L2(D, νr) defined by the formula:

(kf)(z) = cr

∫
H

k(z, ζ)

|(z − ζ)/2i|r
f(ζ)dνr(ζ), z ∈ H, f ∈ L2(D, νr)

is continuous and its norm is bounded by ||k||λ,r. In particular for all B in B(Hr)

we have that

||B||∞,r ≤ ||B||λ,r.

Proof. Proving that k is bounded on L2(D, νr) is equivalent, by using the isom-

etry

g → g(z)(Im z)r/2

from L2(D, νr) onto L2(D, ν0), proving that the operator k0 on L2(D, ν0) defined

by

(k(g))(z) =

∫
H
|k(z, ζ)||d(z, ζ)|rg(ζ)dν0(ζ), z ∈ H, g ∈ L2(H, ν0)

is a bounded linear operator. Moreover the uniform norms of k and k0 coincide.
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Our hypothesis is that

sup
z∈H

cr

∫
H
|k(z, ζ)||d(z, ζ)|rdν0(ζ) ≤ ||k||λ,r

sup
ζ∈H

cr

∫
H
|k(z, ζ)||d(z, ζ)|rdν0(z) ≤ ||k||λ,r.

The interpolation technique used in [Be], Th 2.4, pp1131, shows that k0 is bounded,

of uniform norm less then ||k||λ,r.

We now summarize the properties that we obtained so far for the algebras B̂(Hr)

and B(Hr). The remarkable point about this is that the algebra B̂(Hr) is closed

under all the products (∗s) for s ≥ r and moreover with respect to the norm || ||λ,r,

B̂(Hr) is a banachique algebra with respect to the product (∗s) and the norm || ||λ,r.

(That is ||A ∗s B||λ,r ≤ const ||A||λ,r||B||λ,r for all A,B inB̂(Hr) with a constant

depending only on s ≥ r).

Corollary 2.8. B̂(Hr) is an involutive Banach algebra with respect to the norm

|| ||λ,r from Definition 2.5 (and the product (∗s)). Moreover, with respect to this

norm on B̂(Hr), and the uniform norm on B(Hr), the inclusion of B̂(Hr) into

B(Hr) is continuous with weakly dense image.

Moreover for all s ≥ r, B̂(Hr) is mapped by js,r continuously into B̂(Hs) and

the image of B̂(Hr) in B̂(Hs) is closed under the multiplication ∗s and we have

||A ∗s B||λ,r ≤ (
cs
cr

)2s−r||A||λ,r||B||λ,r

for all A,B in B̂(Hr), s ≥ r.

Finally B̂(Hr) is weakly dense in B(Hs) for all s ≥ r.



38

Proof. The last statement will follow from the next lemma in which we show

that B(Hr−2−ε) is contained in B̂(Hr) for all ε > 0. One uses here also the fact

that js,r(B(Hr)) is weakly dense in B(Hs) for all s ≥ l. The only assertion that

needs to be proved is that B̂(Hr) embeds continuously into B̂(Hr) for s ≥ r.This

follows from the fact that d takes only subunitary values (see definition 2.1).

It is easy to see that the uniform norm on B(Hr) is not equivalent to the norm

|| ||λ,r, i.e. B̂(Hr), as expected, is a strictly smaller algebra than B(Hr). (This

may be verified by looking at the values of the two norms || ||λ,r and || ||∞,r on one

dimensional projections in B(Hr).

However the two norms are equivalent on the image of B(Hr−2−ε)+ in B̂(Hr)

for all ε > 0. We will sketch a proof of this (simple) fact although we are not going

to use it.

First we note a corollary of Lemma 2.

Corollary 2.8. If 1 < r < s − 2 − ε, and ε is strictly positive then js, r maps

B(Hr) into B(Hs) and

||js, r(A)||λ,s ≤ (const)(
s− r

2
− 1)−1||A||∞,r

for all A in B(Hr).

Proof. If A belongs to B(Hr) then we have proved that

sup
z,ζ∈H2

|A(z, ζ)||d(z, ζ)|r ≤ 4||A||∞,r

for all A in B(Hr). Hence

cr

∫
|A(z, ζ)||d(z, ζ)|sdν0(ζ) ≤ 4||A||∞

cr
cs
cs

∫
|d(z, ζ)|s−rdν0(ζ) =
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= 4||A||∞,r
∫
H

[
(Im z)(Im ζ)

|(z − ζ)/2i|
]s−rdν0(ζ) =

= const ||A||∞,r(Im z)s−r〈e
s−r
2

z , e
s−r
2

z 〉 = const ||A||∞,r(
s− r

2
− 1)−1.

Corollary. 2.9 Let r < s−2−ε with ε strictly positive. Then for all A in B(Hr)+,

which is identified, by js, r, with an element in B(Hr), we have

||A||λ,s ≤ const(
s− r

2
− 1)−1||A||∞,r.

Proof. We proved as in the proof of the above corollary. Since A is positive in

B(Hr) we have in addition that

sup
z,ζ∈H

|A(z, ζ)||d(z, ζ)|r ≤ sup
z∈H
|A(z, z)| ≤ ||A||∞,s

(we use here proposition 1.5.d). The argument then follows as above.

Finally we mention the following interesting behavior of the weak topology on

the unit ball in B̂(Hr) which is a corollary of the preceding discussion (although

we are not going to make use of this fact, either.)

Lemma 2.10. The unit ball of B̂(Hr) (with respect to the norm || ||λ,r) is compact

with respect to the weak operator topology on B(Hr).

Proof. We already know that B̂(Hr)1 ⊆ B(Hr)c for some c > 0 (by Corollary

2.9). Let Bn be any sequence B̂(Hr)1. by the preceding assertion we may assume

that Bn converges weakly to B for some B in B(Hr)c.

Let

fn(z, ζ) = |Bn(z, ζ)||d(z, ζ)|r, z, ζ ∈ H,
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f(z, ζ) = |B(z, ζ)||d(z, ζ)|r, z, ζ ∈ H.

We know that the positive functions fn(z, ζ), f(z, ζ) on H2 are uniformly bounded

by C on H2. Moreover fn converges punctually to f .

We want to take to the limit the following inequality that holds for all the

functions fn: ∫
H
fn(z, ζ)dν0(ζ) ≤ 1

for all z in H.

For fixed z in H, we use the Lebesgue dominated convergence theorem (as all

functions are uniformly bounded by c) to deduce that for any subset E of H of

finite ν0-measure we have∫
E
f(z, ζ)dν0(ζ) ≤ 1 for all z in B(Hr).

As f is positive we may now use Fatou lemma to deduce that

sup
z∈H

∫
H
f(z, ζ)dν0(ζ) ≤ 1.

A similar computation holds for sup
ζ∈H

∫
H f(z, ζ)dν0(ζ). Hence B belongs to B̂(Hr)1.

3. The Berezin quantization for quotient space H/Γ

In this paragraph we are analyzing the Γ-invariant form of the Berezin quantiza-

tion. Let(∗s)s∈(a,b) be the product for Berezin symbols which was derived from the

composition rule of linear operators acting on the Hilbert spaces

H2(H, (Im z)−2+sdzdz). Let Γ be a Fuchsian subgroup of PSL(2,R) which we
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allow to be of finite or infinite covolume. Since the Berezin quantization is con-

structed such that PSL(2,R) acts as a group of symmetries, it follows that the

symbols k = k(z, ζ), z, ζ ∈ H, that are invariant under the diagonal action of the

group Γ (i.e. k(γz, γζ) = k(z, ζ), γ ∈ Γ, z, ζ ∈ H) are closed under any of the

products ∗s.

By analogy with [Be] (see also [KL]) to obtain a deformation quantization for

H/Γ, we let the algebras in the corresponding deformation to be the vector space

of Γ-invariant symbols and we let the multiplication be defined by the products ∗s.

For the integrals entering the formula of ∗s to be convergent we impose suitable

condition on the growth of the symbols.

This algebras are then identified with the commutant of the (projective) repre-

sentation of Γ on Hr that is obtained by restriction of the projective representation

πr of PSL(2,R) to Γ.

Using a generalization of a theorem by [AS], [Co], [GHJ], in the form stated in the

monograph [GHJ] we will prove that the algebras in the deformation quantization

are type II1 factors or respectively properly semifinite algebras (corresponding the

case when Γ has finite or ,respectively, infinite covolume).

The above mentioned generalization of the theorem by [A.S.], [Co], [GHJ] to pro-

jective representations of PSL(2,R), is used to determine the isomorphism class of

the algebras in the deformation: they are all stably isomorphic to the von Neumann

algebra L(Γ) associated to Γ. Moreover, the dimension of the Hilbert space Hr as a

left module over the corresponding algebra in the deformation, tends to zero when

the deformation parameter r = 1/h tends to infinity.
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Finally, the Berezin formula computing the trace for operators on B(Hr) as the

integral of the restriction of the symbol on H, is now replaced by an integral over

a fundamental domain. This generalizes a result in [GHJ], (formula 3.3.e, see also

the manuscript notes [Jo]). In particular we will show that the Γ−invariant Berezin

are a natural generalization of the notion of automorphic forms for the group Γ.

The following definition extends the formal dimension ([Go]) of a representation

with square integrable coefficients to more general projective representations.

Definition 3.1. Let G be a unimodular locally compact group with Haar measure

dg. Let π : G → B(H) be a projective, unitary representation of G. Assume

that π is (topologically) irreducible and also assume that π has square integrable

coefficients: i.e. there exists at least one nonzero η in H so that

∫
G

|〈π(g)η, η〉H |2dg = d−1
π ||η||2,

for some strictly positive number dπ. Then dπ is independent on the choice of η.

Moreover, the following equality holds true (the Schur orthogonality relations):

∫
G

|〈π(g)ζ, η〉H |2dg = d−1
π ||ζ||2||η||2 for all ζ, η in H.

Before proving the lemma, we recall the following folklore lemma:

Lemma. Let G be an unimodular locally compact group. Let {c(g, h)}g,h∈G be a

family of modulus 1 complex numbers defining an element in H2(G,T), that is

c(g, hk)c(h, k) = c(gh, k)c(g, h), g, h, k in G.

For all h in G define an unitary operator Rh on L2(G) by the following relation:

(Rhf)(g) = c(g, h)−1f(gh), f ∈ L2(G), g, h in G.



43

Then (Rh)h∈G is a projective, unitary representation of G on L2(G) with cocycle

{c(g, h)}g,h∈H . Thus

Rhk = c(h, k)RhRk, k, h in G.

Proof. We have (Rhkf)(g) = c(g, hk)−1f(ghk). On the other hand

(Rh(Rkf))(g) = c(g, h)−1(Rkf)(gh) = c(g, h)−1c(gh, k)−1f(ghk).

Hence

(Rhkf)(g) = c(g, hk)−1c(g, h)c(gh, k)(Rh(Rkf))(g) =

= c(g, h)(Rh(Rkf))(g), for all f ∈ L2(G), g, h ∈ G.

This completes the proof.

Let π be a projective, unitary representation of G. Let c(g, h) be the complex

number of modulus 1 defined by the relation

π(gh) = c(g, h)π(g)π(h), for g, h ∈ G

Because of the above lemma, we may think to the projective, unitary representation

π as subrepresentation of the ”skewed”, left regular representation of G on L2(G),

with cocycle c.

Proof of Proposition 3.1. We follow the lines contained in the proof of the

analogue result for the discrete series of representations of G, as it is found in the

exposition in [Ro], chapter 17.

Keeping η fixed in H, we define the linear map T from the vector space W =

{ζ ∈ H|
∫
G
|〈π(g)ζ, η〉H |2dg <∞} into L2(G) by (Tζ)(g) = 〈π(g)ζ, η〉. Then

(Tπ(h)ζ)(g) = 〈π(g)π(h)ζ, η〉 =



44

c(g, h)−1〈π(g, h)ζ, η〉 = Rh(Tζ)(g) for all g ∈ G.

Thus Tπ(h) = RhT and T is an (eventually) unbounded, closed operator with

domain W . Moreover the operators π(h), h ∈ G map W into W .

The theorem 15.13 in [Ro] shows that T is a multiple of an isometry and in

particular W = H. In particular we find that

∫
G

|〈π(g)ζ, η〉|2dg <∞, for all ζ in H.

Similar arguments involving the, cocycle perturbed, left, regular representation of

G on L2(G), will show that:

∫
G

|〈π(g)ζ, η′〉|2dg <∞, for all ζ, η′ in H

The rest of the argument is exactly as in the proof of Theorem 16.3 in [Ro]. This

completes the proof.

For the projective representation (πr)r>1 Recall that the discrete series of rep-

resentation (πn)n∈N of PSL(2,R) have formal dimension n−1
π . We will prove a

similar statement for the projective representation (πr)r>1. It will then follow that

the projective, unitary representations (πr)r>1 have similar properties to square

integrability with dπr = r−1
π

The explanation for this fact should be looked into the Plancherel formula for

the universal cover ˜PSL(2,R) of PSL(2,R). L. Pukanszki [Pu] has shown that the

representations (πr)r>1 are a summand in the continuous series in the Plancherel

formula for ˜PSL(2,R). The coefficient of the representation πr in this formula is

dπr = r−1
π .

The main result of this paragraph is the following:
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Theorem 3.2. Let Γ be a Fuchsian group in PSL(2,R) of finite or infinite co-

volume. Let r > 1 and let Ar and Âr be the vector space of all symbols k =

k(z, ζ), z, ζ ∈ H analytic in z and antianalytic in ζ, that are Γ invariant (i.e.

k(z, ζ) = k(γz, γζ), γ ∈ Γ, z, ζ ∈ H) and which correspond to bounded operators in

B(Hr) or B̂(Hr), respectively. Then the vector spaces Ar and Âr = B̂(Hr) ∩ (Ar)

are closed under the product ∗r.

Let F be a fundamental domain for the action of Γ in H (see [Leh]). Then

i) Ar is a type II1 factor or an infinite semifinite von Neumann corresponding

respectively to the case when Γ is of finite or infinite covolume. Moreover Ar is

isomorphic to the commutant {πr(Γ)}′ ⊆ B(Hr) of the image of Γ in B(Hr) via

the representation πr.

ii) In the finite covolume case the trace on Ar is given by the formula

τ(k) =
1

area(F )

∫
F

k(z, z)dν0(z), k ∈ Ar.

When Γ has infinite covolume in PSL(2,R), one defines a semifinite, faithful,

normal trace on Ar by the formula

τ(k) =

∫
F

k(z, z)dν0(z).

iii) Assume that the group cocycle in the second cohomology group of PSL(2,R),

H2(PSL2(R),T) associated with the projective representation of PSL(2,R) on Hr,

vanishes by restriction to H2(Γ,T). Then Ar is isomorphic to e(L(Γ) ⊗ B(Hr))e

where e is any projection in L(Γ)⊗B(Hr) of trace τ(e)= covol (Γ)dπr = r−1
π (covol(Γ)).
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Remark. Note that the condition in (iii) is always satisfied when Γ is not cocom-

pact (see [Pa2]).

The proof of the theorem will be splitted into more lemmas. In a slightly different

form the first two lemmas may be found in the book of [Ro]. The first lemma shows

that the representations πr have the property that they move (modulo scalars) πr(g)

maps the vector erz into erg−1z for all z in H.

Recall from paragraph 1, that the representation πr were defined by the formula

(πr(g)f)(z) = (j(g, z))−rf(g−1z),

for all g in G, f in H2(H, νr) and z in H. They are projective representations

because the factor

(j(g, z))r = exp(r ln(j(g, z)) = exp(r ln(cz + d))

for g =

(
a b
c d

)
in PSL(2,R), z in H, involves the choice of a branch for ln(cz+d).

Lemma 3.3. ([Ro]). Let r > 1 and let erz ∈ H2(H, dνr) be the evaluation vector

at z, i.e. 〈f, erz〉r = f(z) for all f in Hr = H2(H, dνr). Then there exists Θg ∈ C

of modulus 1 so that

πr(g)erz = Θg(j(g
−1, z))rerg−1z

for all g in G, z ∈ H.

Proof. Indeed for any f in Hr we have

〈f, πr(g), erz〉Hr = 〈πr(g−1)f, πr(g
−1)πr(g)erz〉Hr
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by the unitary of πr. Since πr is a projective representation of G, there exists a

scalar Θg of modulus 1 so that πr(g
−1)πr(g) = Θg IdB(Hr). Hence

〈f, πr(g), erz〉 = Θg〈πr(g−1)f, erz〉 = Θg(πr(g
−1)f)(z) =

Θg(j(g
−1, z))−rf(g−1z) = Θg(j(g

−1, z))r〈f, erg−1z〉r.

It is now easy to prove that an operator A in B(Hr) commutes with πr(Γ) if

and only if its symbol has the property that its symbols is Γ invariant. This will

complete the proof of i) by showing that the Γ invariant symbols correspond to

elements in the commutant of πr(Γ) in B(Hr), and hence they are clearly closed

under multiplication.

Lemma. 3.4 An operator A in B(Hr) of Berezin symbol Â = Â(z, ζ), z, ζ in H

commutes with πr(Γ) if and only if Â is Γ invariant under the diagonal action, that

is

Â(γz, γζ) = Â(z, ζ) for all z, ζ in H, γ ∈ Γ.

Proof. Assume that A commutes with πr(Γ). Then for all γ in Γ,

A(γ−1z, γ−1ζ) =
〈Aerγ−1ζ , e

r
γ−1z〉

〈erγ−1ζ , e
r
γ−1z〉

=

〈A(Θγ−1(j(γ, ζ))−r)πr(γ
−1)erζ , (Θγ−1(j(γ, z))−r)πr(γ

−1)erz〉
〈(Θγ−1(j(γ, ζ))−r)πr(γ−1)erζ , (Θγ−1(j(γ, z))−r)πr(γ−1)erz〉

where we used the preceding lemma. The scalars are canceling themselves and

hence we get

Â(γ−1z, γ−1ζ) =
〈Aπr(γ−1)erζ , πr(γ

−1)erz〉
〈πr(γ−1)erζ , πr(γ

−1)erz〉
.
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Since πr(γ
−1) is unitary and πr(γ

−1) commutes with A, we get A(z, ζ). The con-

verse follows this lines too. This completes the proof of i). (We also use here the

fact that B̂(Hr) is closed under multiplication and hence so is Âr = B̂(Hr) ∩ Ar).

Proof of ii). To prove ii) we will first check that the formula for τ defines indeed

a trace. Note that by point i) k(γ−1z, γ−1z) = k(z, z) for all z in H, γ in Γ and

hence the integral for τ doesn’t depend on the choice of F .

To check that τ is a trace it is sufficient to check that τ(k∗ ∗r k) = τ(k ∗r k∗) for

every Γ− equivariant kernel k = k(z, ζ) on H2 which is so that the integrals in the

formulae for τ(k∗ ∗r k) and τ(k ∗r k∗) are absolutely convergent.

Assume that k is as above and that k is so that the integrals involved in τ(k∗∗rk)

or τ(k ∗r k∗) are convergent.

We have: k∗(z, ζ) = k(ζ, z) for z, ζ in H and hence

(k∗ ∗r k)(z, ζ) = cr[(z − ζ)/2i]r
∫
H

k∗(z, η)

[(z − η)/2i]r
k(η, ζ)

[(η − ζ)/2i]r
dνr(η)

so that

(k∗ ∗r k)(z, z) = cr

∫
H
k∗(z, η)k(η, ζ)|d(z, η)|2rdν0(η)

and hence

τ(k∗ ∗r k) = (const)cr

∫
F

(

∫
H
|k(η, z)|2|d(z, η)|2rdν0(η))dν0(z).

Similarly

τ(k ∗r k∗) = (const)cr

∫
F

(

∫
H
|k(η, z)|2|d(z, η)|2rdν0(η))dν0(z).
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The constant in front of the two integrals equals 1 if F has infinite covolume and

equals (area F )−1 if Γ has finite covolume (the hyperbolic) area is computed here

relative to ν0).

By renaming the variables in the integral for τ(k∗ ∗r k) we get:

τ(k∗ ∗r k) = (const)cr

∫
F

(

∫
H
|k(z, η)|2|d(η, z)|2rdν0(z))dν0(η).

The second expression for τ(k∗ ∗r k) is different from the one for τ(k ∗r k∗) only

in the choice of the domain of integration (as |d(z, η)| = |d(η, z)| for all z, η). But

in both integrals we are integrating over a fundamental domain for the diagonal

action of Γ in H2, while the integrand is Γ−invariant under the same action of Γ.

Since we are integrating positive functions, the two integrals must be equal.

We will now show that the functional τ is positive definite. Let k represent a

positive operator in Ar ⊆ B(Hr). Then by Lemma 2.1., k(z, z) is positive z ∈ H.

Hence if τ(k) = (const)
∫
F
k(z, z)dν0(z) is 0 then it follows that k(z, z) = 0 for all

z in F and thus for all z in H by the Γ-invariance.

But k = k(z, ζ) is analytic in z and antianalytic in ζ. Hence if k vanishes on the

diagonal z = ζ, z ∈ H, then it must be identically zero. Thus we have shown that

τ is definite, i.e. that if τ(k) = 0 and k is the symbol of a positive element in Ar

then k = 0.

In the case of a group Γ of finite covolume, τ is well defined on Ar. Indeed let

||k||∞,r be the uniform norm of the operator on Hr defined by k. We then have

|τ(k)| = | 1

area(F )

∫
F

k(z, z)dν0(z)| ≤ sup
z∈F
|k(z, z)| ≤ ||k||∞,r.

We used for the last inequality Lemma 1.5.d.
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In the case of a group Γ of infinite covolume we will have to check in addition

that there exists sufficiently many positive elements in Ar so that the trace τ takes

finite value on them, and so that 1 (the unit of Ar) is a weak increasing limit of

positive elements having finite trace.

To obtain such elements we let kf = kf (z, z), z, z ∈ H be the symbol of a

Toeplitz operator T rf = PrMfPr on B(Hr). The symbol f of the operator T rf is

assumed to be a positive function f with compact support in the interior
◦
F of F

and then extended by Γ invariance to the whole upper half plane H, (see also the

next paragraph).

Since f is Γ− equivariant, the operator T rf commutes with πr(Γ). Also T rf is

clearly a positive operator. If we choose an increasing net of such functions f that

converges point wise to the constant function 1 then it follows that 1Ar is a weak

(increasing) limit of operators of the form T rf .

The functional τ evaluated on T rf gives:

∫
F

kf (z, z)dν0(z) =

∫
F

cr[(Im z)r
∫

f(a)

|1− za|2r
dν0(a)]dν0(z) =

= const

∫
F

f(a)[

∫
H
|d(z, a)|2rdνr(a)]dν0(z).

But sup
z

∫
H |d(z, a)|2rdν0(a) < ∞ and hence τ(T rf ) is finite. This completes the

proof of ii).

We now turn to the proof of iii). We will follow the lines for the proof in the

case of actual representations of PSL(2,R) which is contained in the monograph

[GHJ]. The only difference is that the representation πris not a subrepresentation
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in the left regular representation of G.Instead, for arbitrary real r, one considers

πr is a subrepresentation of the (projective) unitary representation π̃r of G into

B(L2(H, νr)) and πr|Γ is a subrepresentation in the regular representation of Γ into

B(l2(Γ)).

Proposition. 3.5 Let π̃r : G = PSL(2,R) → B(L2(H, νr)) be the (projective)

unitary representation of G onto L2(H, νr) defined by the same formula as πr:

(π̃r(g)f)(z) = (j(g, z))−rf(g−1z), f ∈ L2(H, νr), g ∈ G, z ∈ H.

Assume that there exists complex numbers c(γ) of modulus 1 so that

γ → c(γ)π̃r(γ) = π̃0
r(γ) is a unitary representation of Γ on L2(H, νr). Let F

be a fundamental domain for Γ in H. Let (eγ)γ∈Γ be the canonical orthonormal

basis for l2(Γ) and let Vr : l2(Γ)⊗ L2(F, νr)→ L2(H, νr) be defined by the formula

Vr(
∑
γ

eγ ⊗ fγ) =
∑
γ

π̃0
r(γ)(γ−1)(fγ)

for all elements
∑
γ
eγ ⊗ fγ in l2(Γ) ⊗ L2(F, νr). Note that the functions fγ are

identified with elements in L2(H, νr) by defining them to be zero outside F .

Let Rγ : Γ → B(l2(Γ)) be the right regular representation of Γ (i.e. Rγeh =

ehγ
−1, for all h, γ ∈ Γ).

Then Vr is an unitary and

V ∗r π̃r(γ)Vr = Rγ⊗IdB(L2(F,dνr), for all γ in Γ.

Proof. We construct first an inverse Ur for Vr which is defined on L2(H, νr) with

values into l2(Γ)⊗ L2(F, νr) by

(3.1) Urf =
∑
γ

eγ ⊗ fγ , fγ = π̃0
r(γ)(fχγ−1F ), for all f in L2(H, νr).
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We denote by χA the characteristic function of A in H. Clearly π̃0
r(γ)(fχγ−1F ) has

its support in F for all γ in Γ as

π̃0
r(γ)(fχγ−1F )(z) = c(γ)(j(γ, z))−r(fχγ−1F )(γ−1z)

is nonzero only for z in F . Hence Ur is well defined. We check first that VrUrf = f

for all f in L2(F, νr). Indeed if fγ are as formula (3.1) then

Vr(
∑
γ

eγ ⊗ fγ) =
∑
γ

π̃0
r(γ−1)(fγ) =

∑
γ

π̃0
r(γ)[π̃0

r(γ−1)(fχγ−1F )] =

=
∑
γ

fχγ−1F = f

Clearly Ur is surjective as F is a fundamental domain for Γ in H so that H is covered

by translates of F by Γ. Moreover, Ur is unitary because, given f in L2(F, νr) and

letting fγ be defined by formula (3.1), then

||Urf ||2 = ||
∑
γ

eγ ⊗ fγ ||2l2(Γ)⊗L2(F,νr) =
∑
γ

||π̃0
r(γ−1)(fχγ−1F )||2L2(F,νr) =

=
∑
γ

||fχγ−1F ||2L2(H,νr) = ||f ||2L2(H,νr).

We have so far checked that Vr is unitary from l2(Γ)⊗L2(F, νr) onto L2(H, νr) and

that its inverse is given by the relation (3.1).

It remains to check that

Urπ̃
0
r(γ)Vr = Rγ⊗IdB(L2(F,νr)), for allγ ∈ Γ.

Indeed for any element
∑
γ
eγ ⊗ fγ in l2(Γ)⊗ L2(F, νr) and any σ ∈ Γ, we have

{Urπ̃0
r(σ)Vr}(

∑
γ

eγ ⊗ fγ) = Urπ̃
0
r(σ)(

∑
γ

π̃0
r(γ−1)fγ) =
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=
∑
γ

Ur(π̃
0
r(σγ−1)fγ) = Ur(

∑
γ

π̃0
r(γ−1)(fγσχF )) =

∑
δ

eδ ⊗ (π̃0
r(δ)(

∑
γ

π̃0
r(γ−1)(fγσχF )χδ−1F ).

Note that in general for any α in Γ and g in L2(F, νr) the support of the function

π̃0
r(α−1)(gχF ) is in χα−1F . Hence, in the above sum, the only nonzero terms that

may occur, are those for which δ = γ. Consequently

(Urπ̃
0
r(σ)Vr)(

∑
γ

eγ ⊗ fγ) =

=
∑
δ

eδ ⊗ (π̃0
r(δ)[π̃0

r(δ−1)(fδσ)] =

=
∑
δ

eδ ⊗ fδσ =
∑
δ

eδσ−1 ⊗ fδ =

= Rσ⊗Id(
∑
δ

eδ ⊗ fδ).

This completes the proof of the proposition.

Corollary 3.6. Assume the hypothesis iii) from Theorem 3.2. Then {π̃r(Γ)}′ is

isomorphic to e(L(Γ)⊗B(H))e for a projection e in L(Γ)⊗B(H).

Proof. We use the notations from Proposition 3.5. Note that Pr, the projection

from L2(H, νr) on H2(H, νr) commutes with π̃r(g), for all g ∈ G (as π̃r(g) maps

analytic functions into analytic functions).

Hence, by [St., Zs.], {πr(Γ)}′ is isomorphic to Pr{π̃r(Γ)}′Pr. The condition iii)

in Theorem 3.2 shows that proposition 3.5 applies and hence {π̃r(Γ)}′ is isomorphic

to L(Γ)⊗B(L2(F, νr)) (since in general {R(Γ)}′ is isomorphic to ∼= L(Γ)).
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We use the notations in Proposition 3.5 and Corollary 3.6 and also assume the

condition iii) in Theorem 3.2. Let Qr= V ∗r PrVr be the projection in B(l2(Γ) ⊗

L2(F, νr) which corresponds to Pr through the identification of L2(H, νr) with

l2(Γ)⊗ L2(F, νr), by the unitary Ur.

We have just proved that Qr commutes with Rγ⊗IdB(L2(F,νr) for all γ ∈ Γ (as

Pr commutes with π̃r(γ) for all γ ∈ Γ). Moreover we have just proved that

Proposition 3.7. With the notations in proposition 3.5, we have that {π̃r(Γ)}′ is

isomorphic to

Qr(L(Γ)⊗B(L2(F, νr)))Qr ⊆ B(l2(Γ)⊗B(L2(F, νr)).

Moreover Qr belongs to the algebra L(Γ)⊗B(L2(F, νr)), which is the commutant of

{Rγ⊗IdB(L2(F,νr)), γ ∈ Γ}′.

To determine the isomorphism class of the algebra {π̃r(Γ)}′ we will choose a

trace τ1 on L(Γ)⊗B(L2(F, νr)). The trace τ1 will be normalized by the condition

that τ1 takes the value 1 on minimal projections in B(L2(F, νr)). We will use the

method explained in [GHJ].

Proposition 3.8. We use the notations in Proposition 3.5. Let τ1 be the trace

τ1 on L(Γ)⊗B(L2(F, νr)), normalized by the condition that τ1 takes the value 1

on minimal projections in B(L2(F, νr)). Let {ε̃n}n∈N be an orthonormal basis in

L2(F, νr). Let {δγ}γ∈Γ be the canonical orthonormal basis for l2(Γ) and let e be the

neutral element in Γ. Then

τ1(Qr) =
∑
n∈N
||Qr(δe ⊗ ε̃n)||2

l2(Γ)⊗L2(F,νr)
.
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Proof. Let τL(Γ) be the canonical normalized trace on L(Γ) and let

tr = trB(L2(F,νr))

be the semifinite trace on B(L2(F, νr)) taking value 1 on the one dimensional projec-

tions. Then τ1 = τL(Γ)⊗tr. Moreover for any element x⊗y in L(Γ)⊗B(L2(F, νr)),

with y of trace class, we have:

τ1(x⊗y) = τL(Γ)(x)tr(y) =

= τL(Γ)(x)[
∑
n∈N
〈yε̃n, ε̃n〉L2(F,νr)] =

=
∑
n∈N
〈(x⊗y)(δe⊗ε̃n), δe⊗ε̃n〉l2(Γ)⊗L2(F,νr).

Since Qr is a weak limit of linear combinations of elements x⊗y as above, this

concludes the proof of the lemma.

Remark. Let {εn}n∈N ⊆ L2(H, νr) be the image under Vr of the orthonormal

system {δe⊗ε̃n | n ∈ N} ⊆ l2(Γ)⊗L2(F, νr). As

{(Rγ⊗IdB(L2(F,νr)))(δe⊗ε̃n) | γ ∈ Γ, n ∈ N}

is an orthonormal basis for l2(Γ)⊗L2(F, νr) it follows that

{π̃r(γ)εn | γ ∈ Γ, n ∈ N}

is an orthonormal basis for L2(H, νr).

The properties of the orthonormal system {εn}n∈N in L2(H, νr) are summarized

in the next proposition (whose proof has already been completed).
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Proposition 3.9. We use the above notations. Let Qr be the projection UrPrVr in

L(Γ)⊗B(L2(F, νr)). Then {πr(Γ)}′ is isomorphic to Qr(L(Γ)⊗B(L2(F, νr)))Qr.

Let τ1 be the trace τ1 on L(Γ)⊗B(L2(F, νr)), normalized by the condition that

τ1 takes the value 1 on minimal projections in B(L2(F, νr)) and so that τ1 = τL(Γ)

if restricted to L(Γ) ∼= L(Γ)⊗IdB(L2(F,νr)).

Then there exists an orthonormal system {εn}n∈N in L2(H, νr) so that

i). {π̃r(γ)εn | γ ∈ Γ, n ∈ N} is an orthonormal basis for L2(H, νr).

ii). τ1(Qr)=
∑
n∈N
||Prεn||2.

We conclude now the proof of iii). in Theorem 3.2.

Proposition 3.10. Assuming the hypothesis from Proposition 3.9, it follows that

∑
n∈N
||Prεn||2 = dπrcovol(Γ) =

r − 1

π
covol(Γ).

Proof. The proof is now exactly as in [GHJ]. Since our context is a bit different

we will recall it anyway.

Let η be any unit vector in

Hr = H2(H, νr) = Pr(L
2(H, νr)).

Then π̃r(g)η = η, g ∈ G and

||π̃r(g)η||L2(H,νr) = ||η||L2(H,νr) = 1, for all g ∈ G.

Let F be a fundamental domain for Γ acting on the right on G. Then covol(Γ)

is
∫
F

1dg and this may be infinite. We have

covol(Γ) =

∫
F

1dg =

∫
F

||π̃r(g)η||L2(H,νr)dg =
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=
∑

n∈N,γ∈Γ

∫
F

|〈π̃r(g)η, π̃r(γ)εn〉|2dg =

=
∑
n∈N

∫
G

|〈π̃r(g)η, εn〉|2dg =

=
∑
n∈N

∫
G

|〈πr(g)η, Prεn〉|2dg =

=
∑
n∈N

(dπr )
−1||η||2 · ||Prεn||2 =

=
∑
n∈N

(dπr )
−1||Prεn||2 = (dπr )

−1τ1(Qr).

Here we used Proposition 3.1 (the generalized form of Schur orthogonality rela-

tions for projective representations). This and Lemma 3.9 concludes the proof for

Theorem 3.2, if one assumes that the orthogonality relations hold.

Note that we proved in fact a slightly more precise statement than the deter-

mination of the isomorphism class of {πr(Γ)}′ in the case of L(Γ) being a factor

(compare [JHG]).

Proposition. Let Γ be a discrete fuchsian subgroup of G = PSL(2,R) and assume

that L(Γ) is a factor.

Then the von Neumann algebra {πr(Γ)}′′ generated in B(Hr) by πr(Γ) is iso-

morphic to L(Γ). Denote (following [J]) by dimMH the coupling constant ([MvN])

for a type II1 factor M acting on a Hilbert space H. Then

dim{πr(Γ)}′′H
2(H, νr) = dimL(Γ)H

2(H, νr) = covol(Γ)dπr , r > 1.
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To complete the proof of our theorem we need to show that the projective uni-

tary representations (πr)r>1 have all square integrable coefficients in the sense of

Definition 3.1. We have

Proposition 3.11. The projective unitary representations (πr)r>1have all finite

formal dimension dπr = r−1
π . In particular

∫
PSL(2,R)

|〈πr(g)ζ, η〉Hr |2dg =
π

r − 1
||ζ||2 · ||η||2, ζ, η ∈ H2(H, νr).

Proof. As in [HGJ]it is sufficient to prove this statement for the case of projective

representations πr : G = SU(1,1) → B(L2(D, µr)).

Recall that µr is the measure on the unit disk D with density

z → (1− |z|2)r−2

with respect to the Lebesgue measure on the disk. The representations πr act on

H2(D, µr) according to the formula

(πr(g)f)(z) = (j(g, z))−rf(g−1z), f ∈ H2(D, µr), g ∈ G, z ∈ D.

The modular factor j(g, z) is now given by the formula

j(g, z) = (bz + a), z ∈ D

for

g =

(
a b
b a

)
| a, b ∈ C, |a|2 − |b|2 = 1

an arbitrary element in SU(1,1). To define j(g, z)−r one chooses a normal branch

for t = arg(bz + a) with values in the interval π < t ≤ π.
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Because of definition 3.1 it is sufficient to prove the statement for a single non

zero vector ζ = η and we choose this vector to be the constant function 1 on D.

We use the method in ([Ro],chapter 20). Let

g =

(
a b
b a

)
, a, b ∈ C, |a|2 − |b|2 = 1,

be an arbitrary element in SU(1,1). Then

|〈πr(g)1, 1〉| = |
∫
D

1

(bz + a)−r
(1− |z|2)r−2dzdz| =

= |
1∫

0

(1− t2)r−2[

2π∫
0

(a+ bteiθ)−rdθ]dt| =

= |
1∫

0

(1− t2)r−2[

∫
|w|=1

(iw)−1(a+ bw)−rdw]dt|.

Since |a| > |b|, the function w → (iw)−1(a+ bw)−r has its only pole in D at w = 0

and thus the above integral is

|
1∫

0

(1− t2)r−2 2π

(a)r
dt| = π

(r − 1)|a|r
.

The proof now follows line by line the one in [Ro] and we end up with the equality

∫
G

|〈πr(g)1, 1〉Hr |2dg = ((r − 1)/π)−1||1||2Hr .

(See also [GHJ] for a disscution on the difference in constants that arises by working

with SU(1,1) instead of PSL(2,R)). This finishes the remaining part of the proof

of Theorem 3.2.
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We end this paragraph by explaining why the kernels k = k(z, ζ) = k(γz, γζ),γ ∈

Γ on D2, analytic in z and antianalytic in ζ should be considered as a generaliza-

tion of automorphic forms. We will discuss only the case of automorphic forms of

integral, even weight for Γ = PSL(2,Z).

Recall that an automorphic form of even, integral weight 2k for Γ = PSL(2,Z)

is an analytic function f on H so that

f(γz) = j(γ, z)−2kf(z), z ∈ H, γ ∈ Γ

and

|f(z)| ≤ const(Im z)−k, z ∈ H.

It was shown in [GHJ] (see also Jones manuscript notes) that if f, g are automor-

phic forms of same integral weight 2k then the linear multiplication operators Mn
f

and respectively Mn
g , on Hn, with the functions f and g respectively are bounded,

with values in Hn+2k. Moreover both Mn
f and Mn

g are intertwining operators for

the representations πn, πn+2k restricted to Γ, that is

Mn
f πn(γ) = πn+2k(γ)Mn

f

and similarly for g.

Hence (Mn
f )∗Mn

g belongs to An and Mn
g (Mn

f )∗ belongs to An+2k. Moreover

the value of the (unique) traces on An and An+2k on this elements is computed in

[GHJ] and it is equal (modulo constants depending on n and k) to the Petterson

scalar product 〈f, g〉Pet (see [Ma]) which is defined by

〈f, g〉Pet = const

∫
F

f(z)g(z)Im2k−2dν0(z) =

∫
F

f(z)g(z)dν2k(z).

We note that this computation is now generalized by the trace formula in The-

orem 3.2. This follows from the following:
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Proposition 3.12. Let f, g be automorphic forms of integral weight 2k. Let Mn
f

and respectively Mn
g be the linear, continuous multiplication operators with the func-

tions f and g respectively, on Hn with values in Hn+2k. Then the Berezin symbol

k = k(z, ζ) = k(γz, γζ),γ ∈ Γ, for the operator Mn
g (Mn

f )∗ in An+2k ⊆ B(H2k+n)

is given by the formula:

k(z, ζ) =
cn

cn+2k
f(ζ)g(z)((z − ζ)/2i)2k, z, ζ ∈ H.

Note that the factor ((z − ζ)/2i)2k makes this symbol Γ invariant. In particular

(modulo a scalar), by Theorem 3.2, the trace of Mn
g (Mn

f )∗ in An+2k is
∫
F

f(z)g(z)Im2k−2dν0(z).

Proof. It is obvious that for all z ∈ H one has:

(Mn
f )∗en+2k

z = f(z)enz .

Hence the symbol for Mn
g (Mn

f )∗ is

k(z, ζ) =
〈(Mn

f )∗en+2k
ζ , (Mn

g )∗en+2k
z 〉

〈en+2k
ζ , en+2k

z 〉
=

f(ζ)g(z)
〈enζ , enz 〉

〈en+2k
ζ , en+2k

z 〉
, z, ζ ∈ H.

Remark 3.13. . This shows that the union of all symbols in Ar when r tends to

infinity exhausts all possible pairs of automorphic functions.

We have to take r →∞ above, since for fixed r, only the automorphic forms of

weight 2k < r − 1 may occur in symbols of bounded operators in Arby the above

method.
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4.The covariant symbol in invariant Berezin quantization

In this paragraph we will analyze the deformation quantization for H/Γ from

the viewpoint of covariant symbols. We use the notation Mr
f for the multiplication

operator onH2(H, νr) with the function f . Let Pr be the orthogonal projection from

L2(H, νr) onto H2(H, νr). Recall that A ∈ B(H2(H, νr)) admits a contravariant

Berezin’s symbol f in L∞(H) if A is a Toeplitz operator on Hr = H2(H, νr) with

symbol f , that is A = T rf = PrM
r
fPr.

The relation between the Berezin’s contravariant and covariant symbols is a

duality relation involving the trace on B(Hr). We use the notation
◦
A(z, z) = f(z)

for the contravariant symbol of A. Let B be any element in B(Hr) of covariant

symbol B̂(z, z). Assume that AB is a trace class operator. The duality relation

between the two type of symbols is given by the following equality:

(4.0) trB(Hr)(AB) =
∫
H B̂(z, z)

◦
A(z, z)dν0(z).

In this paragraph we will extend this relation to the case of Γ- invariant sym-

bols. These symbols correspond to linear operators in B(Hr) that commute with

πr(Γ).Recall that we used in Proposition 3.5 the notation π̃r : G = PSL(2,R) →

B(L2(H, νr)) for the projective, unitary representation of G on L2(H, νr) that is

defined by the same algebraic formula as πr.

If f is any bounded, measurable function on H then Mr
f commutes with π̃r(Γ).

Moreover, Pr commutes with π̃r(Γ) (and in fact with π̃r(G) as H2(H, νr) is invariant

by π̃r(G)). Hence T rf = PrM
r
fPr commutes with πr(Γ). We have thus proved that

if A = T rf and if f is a Γ-invariant and bounded function on H then A belongs to

Ar = {πr(Γ)}′.
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The duality relation (4.0) between the covariant and contravariant symbol will

now be replaced with a new relation in which the trace trB(Hr) on B(Hr) is replaced

by a trace on the semifinite von Neumann algebra Ar. This will correspond to the

fact that in the formula (4.0) we will be rather integrating over F , a fundamental

domain for the action of Γ on H rather then on H as in the classical setting.

In the last part of this paragraph we will introduce a third type of a symbol

for operators on Hr. We will call this type of symbol an intermediate symbol for

operators in B(Hr) because it inherits properties from both the covariant and the

contravariant symbol.

Recall that Br(∆) was the positive operator which assigns to a function f on H

the restriction to the diagonal of the contravariant symbol of the associated Toeplitz

operator T rf . The intermediate symbol for an operator A in B(Hr) is the operator

function [Br(∆)]1/2 applied to the the covariant symbol of A.

We start with a rigorous definition of the operator Br(∆) in the Γ-invariant case.

Proposition 4.1.. Let r > 1and let F be a fundamental domain for the action of

Γ on the upper half plane. Let f be any bounded function on H that is Γ− invariant

and let A = T rf = PrM
r
fPr be the Toeplitz operator on H2(H, νr) with symbol f .

Then A commutes with {πr(Γ)} (with the notations in the third paragraph, this

is A ∈ Ar). Let Â = Â(z, ζ) be the contravariant symbol of A = T rf . Let Kr(z, ζ)

be the kernel function on L2(F ) defined by

Kr(z, η) = cr
∑
γ∈Γ

|d(z, γη)|2r,

where |d(z, η)|2 = (Im z)(Im η)|z − η|2, z, η ∈ H is a function on the hyperbolic
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distance between z and η in H. Then

Â(z, z) = (Brf)(z) =

= cr

∫
H

f(η)|d(z, η)|2rdνr(z) =

∫
F

Kr(z, η)f(η)dν0(η).

Moreover the linear operator Br defined above on L∞(F ) with values in L∞(F )

extends to a bounded, positive, contractive operator on L2(F, νr). The operator Br

is injective and the operators (Br)r>1 are pairwise commuting. Moreover Br tends

strongly to 1 as r tends to infinity.

Proof. The kernel Kr(z, w), z, w ∈ F is symmetric with positive values. More-

over ∫
F

Kr(z, w)dν0(w) = cr

∫
H

|d(z, w)|2rdν0(w) =

= cr(Imz)
r

∫
H

1

|(z − w)/2i|2r
d(w) = c−1

r (Imz)r
∫
H

c2r
|(z − w)/2i|2r

d(w) =

= c−1
r (Imz)r〈erz, erz〉Hr = c−1

r (Imz)rerz(z) =

= c−1
r (Imz)r

cr
((z − z)/2i)r

= 1, for all z ∈ F.

Hence the interpolation arguments in Theorem 2.4, page 1131, [Be] show that Br

extends to a contractive operator from L2(F, νr) into L2(F, νr) and it also extends

to a bounded operator from L1(F, νr) into L1(F, νr).

That Br is a positive injective operator follows from the Corollary on page 66

in Patterson paper ([Pa]) in Math. Proc. Cambr, (81). We could have proved



65

the positivity of Br by using the corresponding property of the similar operator on

L2(H, νr).

The pairwise commutativity of the operators Br follows, for example, from the

above quoted paper ([Pa]). In fact the operators Br are functions of the invariant

laplacian on H/Γ. This type of analysis was first considered by Selberg [Se]. This

completes the proof.

We now prove the duality relation between the two type of Berezin’s symbols

in the Γ− equivariant case. Since obviously (at least in the infinite covolume case)

the trace formula can not hold true for all elements in Ar, we will restrict our

consideration to elements in Âr = B̂(Hr) ∩ Ar.

Proposition 4.2. Let Ar be the commutant of πr(Γ) in B(Hr) and let Âr =

B̂(Hr) ∩ Ar. Let r > 1 and let A be any operator in Âr. Let Â(z, ζ), z, ζ ∈ H,

be the contravariant symbol of the operator A. We choose a fundamental domain

F for Γ in H and let f be Γ− equivariant function on H. Assume that f is in

L1(F, ν0). Let T rf = PrM
r
fPr be the Toeplitz operator on H2(H, νr) with symbol f .

Denote by τAr the (semifinite) faithful trace on Ar that was constructed in Theorem

3.2. Then

τAr (AT
r
f ) = (const)

∫
F

Â(z.z)f(z)dνo(z).

The value of the constant in front of the integral is (area F )−1 in the finite covolume

case and 1 otherwise. Moreover

|τAr (AT rf )| ≤ cr||A||λ,r||f ||L1(F,ν0).



66

Proof. The symbol for the operator AT rf is the iterated integral:

k(z, ζ) = c2r((z − ζ)/2i)r
∫
H

∫
H

Â(z, η)f(a)

[(z − η)/2i]r[(η − a)/2i]r[(a− ζ)/2i]r
dνr(a, η),

were we first integrate a and then η.

Consequently

τAr (AT
r
f ) = (const)c2r

∫
F,z

∫
H,η

∫
H,a

Â(z, η)f(a)

[(z − η)/2i]r[(η − a)/2i]r[(a− z)/2i]r
dνr(z, a, η),

were we first integrate a, then η and then z. We indicated above for each variable

the domain of integration. By letting the measure be dν0(z, a, η and by collecting all

the densities into the integrand, the integrand itself becomes a Γ−invariant function

in the variables z, a, η on H3. If the integral were to be absolute convergent then

we could integrate on any fundamental domain of Γ acting on H3, e.g.we could

integrate on Hz ×Fa×Hη. In this case the integral would be (modulo a constant):

∫
F

f(a){c2r
∫ ∫

H

Â(z, η)

[(z − η)/2i]r[(η − a)/2i]r[(a− z)/2i]r
dνr(z, η)}dνr(a) =

∫
F

f(a)
Â(a, a)

[(a− a)/2i]r
dνr(a) =

∫
F

f(a)Â(a, a)dν0(a).

To prove the absolute convergence of the integrand it is sufficient to check this

on any fundamental domain. Thus it is sufficient to estimate:

(4.1)
∫
F

|f(a)|[c2r
∫ ∫

H

|Â(z,η)|
|[(z−η)/2i]|r|[(η−a)/2i]|r|[(a−z)/2i]|r dνr(z, η)]dνr(a).
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By Proposition 2.7, if A belongs to B̂(Hr), then the operator on L2(H, νr), with

integral kernel |Â(z,η)|
|[(z−η)/2i]|r is bounded of uniform norm less than ||A||λ,r. Moreover

the function on H defined by z → |[(a − z)/2i]|−r, belongs to L2(H, νr) and has

norm less than

cr

∫
H

|[(a− z)/2i]|−2rdνr(z) = c−1
r 〈era, era〉Hr = (Im a)−r.

Hence the inner integral in the formula (4.1) is estimated by ||A||λ,r(Im a)−r

and thus the integral itself is bounded by

(const)

∫
F

|f(a)|dν0(a) = (const)||A||λ,r · ||f ||1.

This ends the proof.

In the next proposition we show that Toeplitz ”operators” may be defined even if

the symbol function is not bounded, but only in L2. In this case the corresponding

Toeplitz operator will be an element in L2(Ar).

Lemma 4.3. We identify L∞(F ) with a subspace of all bounded functions on H,

by extending them outside F by Γ− invariance. Let r > 2. Let Sr be the bounded

linear operator on L∞(F ) with values in Ar defined by Srf = T rf = PrM
r
fPr. Then

Sr extends to a contractive linear map from L2(F ) into L2(Ar). Moreover

〈Srf , Srg〉L2(Ar) = 〈Brf, g〉L2(F ), for all f, g ∈ L2(F ).

In particular, {Srf |f ∈ L2(F ) ∩ L∞(F )} ⊆ L2(Ar) ∩ Ar.
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Proof. We compute the term 〈Srf , Srg〉L2(Ar). We assume first that f is in

L1(F ) ∩ L∞(F ) and g is in L∞(F ). In this case the iterated integral defining

〈Srf , Srg〉L2(Ar) is (modulo a constant which is (area F )−1 in the finite covolume

case and 1 otherwise)

∫
Fz

((z− z/)2i)r
∫
Hη

∫ ∫
H2
a,b

f(a)g(b)

[(z − a)/2i]r[(a− η)/2i]r[(η − b)/2i]r
dνr(a, b)dνr(η)ν0(z).

The above integral is an iterated integral: first we integrate a, b and then η and

z.

If the integral is absolutely convergent, then we may integrate in any order

the variables a, b, η, z. In this case, the integrand with respect to the measure

dν0(a, b, η, z) is Γ− invariant. To evaluate the integral, we may henceforth change

the domain of integration into Fa × Hb × Hη,z. Under the absolute convergence

assumption the integral will be thus equal to

(4.2)

∫
Fa

∫
Hb

f(a)g(b)[

∫ ∫
Hη,z

dνr(η)

[(a− η)/2i]r[(η − b)/2i]r
dνr(z)

[(a− z)/2i]r[(z − b)/2i]r
]dνr(a, b) =

∫
Fa

f(a)(

∫
Hb

g(b)|[(a− b)/2i]|2rdνr(b))dνr(a) = 〈f,Brg〉L2(F ).

By Fubini’s theorem, to show the absolute convergence of the integral, it is sufficient

to check absolute convergence for the first integral in formula (4.2). The integral

of the absolute value of the integrand is bounded by

(4.3)||g||∞
∫
F

|f(a)| Mr(a)dν0(a),
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where

Mr(a) =

∫ ∫ ∫
H3

|d(a, η)d(η, b)d(b, z)d(z, a)|rdν0(z, η, b).

Recall that we use the notation d(z, ζ) = (Im z)1/2(Im ζ)1/2[(z−ζ)/2i]−1 and recall

that |d(z, ζ)| is a function of the hyperbolic distance between z and ζ, z, ζ ∈ H.

It is easy to conclude that Mr(a) is a PSL(2,R)−invariant function on H. Since

PSL(2,R) acts transitively on H it is thus sufficient to check that the integral

defining Mr(a) is convergent for a single value of a. Also to check the finiteness of

the integral defining Mr(a) we may use the unit disk D formalism instead of the

corresponding formalism for the upper half plane H. We let a = 0 ∈ D and hence

we have to estimate:

∫ ∫ ∫
D3
z,η,b

(1− |z|2)r/2(1− |η|)r/2(d(z, b))r(d(η, b))rdν0(b)dν0(z, b).

By integrating first in the parameter b and then in the parameters z, η and since

the quantities

sup
z

∫
D

((d(z, b))2rdν0(b), sup
η

∫
D

(d(η, b))2rdν0(b)

are finite, by using the Cauchy-Buniakowsky-Schwarz inequality, we obtain that

the above integral is dominated by

(const)

∫ ∫
D2

(1− |z|2)r/2(1− |η|)r/2dν0(z, η),

which is finite if r > 2.
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Thus we have proved in particular that for f in L1(F ) ∩ L∞(F ) the following

equality holds:

〈Srf, Srf〉L2(Ar) = 〈Brf, f〉L2(F ).

As Br is bounded and contractive, this shows that

||Srf ||L2(Ar) ≤ ||f ||L2(F )

Hence the above equality also extends to all f ∈ L2(F ).

This concludes the proof of the lemma. Incidentally we have also proved the

following:

Proposition 4.4. Let r > 2. Let Sr : L2(F )→ L2(Ar) be defined as above by

Srf = T rf = PrM
r
fPr.

Then there exists a constant Cr > 0 so that for all g in L∞(F ) and for all f in

L1(F, ν0) one has the inequality

|τAr ((Srf)(Srg))| ≤ Cr||f ||L1(F,ν0)||g||∞.

In fact it is easier to understand the map Sr by looking at its adjoint. In the

next proposition we will identify (Sr)∗ with the restriction map Rr on Ar, which

associates to any kernel k(z, ζ) on H2 its restriction to the diagonal z = ζ.

Proposition 4.5. Let r > 2, let F be a fundamental domain for the action of Γ

on H. Let Rr : Ar → L∞(F ) be the map associating to an operator A in Ar with

kernel Â, the function on F defined by: z → Â(z, z).

Then Rr extends to a continuous linear map Rr : L2(Ar, τ)→ L2(F ). Moreover

Rr is the adjoint of Sr and R∗rRr = Br.
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Proof. Indeed we have already checked that

〈T rf , T rg 〉τ = 〈Brf, g〉L2(F ) = 〈Rr(T rf ), g〉L2(F ),

for all f, g ∈ L2(F ) or for all f ∈ L1(F, ν0) and all g ∈ L∞(F ).

This implies that

〈T rf , Sr(g)〉L2(Ar = 〈Rr(T rf ), g〉L2(F )

for all g in L2(F ) and all f in L∞(F ). Hence Rr is graph-contained (as an eventually

unbounded operator) in the adjoint of Sr. Since Sr is a bounded linear operator

and Rr is closable it follows that Rr extends to a bounded operator. This completes

the proof.

We will now introduce a third type of symbol which is intermediate between

Berezin’s contravariant and covariant symbols. For A ∈ B(Hr) we let VrA to be

the the value of the operatorial inverse square root of Br applied to the function

obtained by restriction to the diagonal of the contravariant symbol Â of A.

When using the intermediate symbol VrA, the main simplification occurs in

computations involving the scalar product: the scalar product 〈A,B〉L2(Ar) of two

elements A,B is equal to the canonical scalar product in L2(F ) of their intermediate

symbols VrA, VrB.

We will use this property to define a different representation of the Berezin

deformation. In this representation the trace of a product of two elements (viewed

as symbols functions on H) doesn’t depend on the deformation parameter. The

main properties for the symbol Vr are outlined in the following proposition.
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Proposition 4.6. Let Ur : L2(F )→ L2(Ar) be the unitary operator defined by

Urf = T r
B
−1/2
r

f, f ∈ L2(F ).

Note that Ur is first defined on a dense set and then extended by continuity.

For A in Ar with symbol Â = Â(z, ζ), z, ζ ∈ H, let RrA be the function on H

defined by (RrA)(z) = Â(z, z). The inverse of Ur is the unitary Vr : L2(Ar) →

L2(F ) defined by the formula:

VrA = B−1/2
r (RrA), A ∈ L2(Ar).

Let js,r : Ar → As be the map that associates to A in Ar the element js,r(A) in As

having the same contravariant symbol as A.

Then the following diagram is commutative:

L2(Ar)
js,r−→ L2(As)xUr xUs

L2(F )
B1/2
r B−1/2

s−→ L2(F )

Proof. We first define Ur on the set S = B
1/2
r (L2(F )∩L∞(F )). By the injectivity

and continuity of Br, S is a dense subspace of L2(F ). For every vector f in

B
1/2
r (L2(F ) ∩ L∞(F )) we have that

||Urf ||2L2(Ar) = 〈T r
B
−1/2
r

f, T r
B
−1/2
r

f〉L2(Ar).

By Proposition 4.4 this is

〈BrB−1/2
r f,B−1/2

r f〉L2(F ) = ||f ||L2(F ).
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Thus Ur extends by continuity to an isometry on L2(F ). To prove that Ur is in

addition an unitary, it will be sufficient to check that Vr is a left inverse for Ur.

First we note that Vr is also a well defined isometry. Observe that if A is of

the form T rf with f a Γ−equivariant function on H, then Vr is well defined as

Vr(T
r
f ) = B

1/2
r f. Hence Vr is well defined on the following dense subset of L2(Ar):

{T rf | f ∈ L2(F ) ∩ L∞(F )}.

Moreover

||VrA||2L2(F ) = 〈VrA, VrA〉L2(F ) =

〈B−1/2
r RrA,B

−1/2
r RrA〉L2(F ) = 〈B−1

r Brf,Brf〉L2(F )

and by Proposition 4.4 this is ||T rf ||L2(Ar). Thus Vr also extends to an isometry on

L2(Ar).

The restriction to the diagonal of the contravariant symbol of the operator Urf

is equal to the restriction to the diagonal of the symbol of T r
B
−1/2
r f

which is

Br(B
−1/2
r )f = B1/2

r f, f ∈ L2(F ).

Hence the restriction to the diagonal of Ur(VrA) is equal to

B1/2
r (VrA) = B1/2

r B−1/2
r RrA = RrA

for all A ∈ Ar ∩ L2(Ar). Thus for such A′s, the restriction to the diagonal of the

symbol of Ur(VrA) and the restriction to the diagonal of the symbol of A are equal.

Hence Ur(VrA) = A for A in a dense set and hence

UrVr = IdL2(Ar).
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Similarly, for f ∈ L2(F ) ∩ L∞(F )

VrUrf = Vr(T
r

B
−1/2
r f

) = B−1/2
r RrT

r

B
−1/2
r f

= B−1/2
r BrB

1/2
r f = f.

Thus Ur, Vr are unitaries, inverse one to the other.

To complete the proof of the proposition it remains to check the commutativity

for the diagram. It is obvious that js,r is bounded with respect to the L2 norms

on the corresponding spaces (since the absolute value of the function d entering

the formulae for these norms takes only subunitary values). Also it will be proved

bellow that the operator B
1/2
r B

−1/2
s is bounded and contractive. Hence it will be

sufficient to check the commutativity of the diagram, for vectors in a dense set.

For f in L2(F ) ∩ L∞(F ), the restriction to the diagonal of js,r(Urf) is

Rs(T
r

B
−1/2
r f

) = Rr(T
r

B
−1/2
r f

) = B1/2
r f.

On the other hand

Rs(Us(B
−1/2
s B1/2

r f)) = RsT
s

B
−1/2
s B

1/2
r B

−1/2
s

=

RsT
s

B−1
s B

1/2
r

= BsB
−1
s B1/2

r f = B1/2
r f.

Since any two elements in As whose symbols coincide on diagonal, are equal it

follows that the diagram is commutative.

Corollary 4.7. For s ≥ r > 1, the vector space js,r(Ar) is weakly dense in As.

Hence, for r > 3, the algebra Âr is weakly dense in Ar.

Proof. The statement is equivalent to showing that js,r(L
2(Ar)) is dense in

L2(As). By the commutativity of the diagram in the previous proposition, this is
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equivalent to proving that B
−1/2
s B

1/2
r has a dense image which is also equivalent (as

B
−1/2
s B

1/2
r is selfadjoint) to showing that this bounded operator has trivial kernel

which will be proved by the arguments at the end of this paragraph.

To prove that the algebra Âr is weakly dense in Ar we use the fact (already

proved in the paragraph 2 that for all strictly positive ε, the algebra Ar−2−ε is

contained in Âr. This completes the proof of the corollary.

The diagram in Proposition 4.7 also shows that the operatorial absolute value

|js,r| in the polar decomposition of the inclusion map js,r : Ar → As is unitary

equivalent (by the unitary Vr) to the operator B
−1/2
s B

1/2
r .

This will be useful in understanding the differentiation, with respect the defor-

mation parameter, of the Berezin quantization.

Corollary 4.8. Let s ≥ r > 1 and let |js,r| in B(L2(Ar)) be the operatorial absolute

value in the polar decomposition of the inclusion map js,r : Ar → As (i.e. |js,r| =

((js,r)
∗js,r)

1/2).

Then the following diagram is commutative:

L2(Ar)
|js,r|−→ L2(Ar)xUr xUr

L2(F )
B1/2
r B−1/2

s−→ L2(F )

Proof. By the previous corollary we have that

(js,r)
∗js,r = Ur(B

−1/2
s B1/2

r )U∗sUs(B
−1/2
s B1/2

r )U∗r = Ur(B
−1
s Br)U

∗
r .

The assertion now follows from the fact that B−1
s Br is a positive operator.
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We will now show that the ”coefficient” function s→ 〈Us, Utg〉t is differentiable

at any point s for f, g in a dense subspace. Moreover its derivative will be equal to an

expression involving the bilinear functional giving the derivative (in the deformation

parameter) of the scalar product. This will allow us to simplify the expression of

the derivative of the Berezin product when using intermediate symbols.

Corollary 4.10. Let t > 1 and let f, g be two arbitrary vectors in L2(F ) so that

the function α given by the formula

α(s) = 〈Usf, Utg〉L2(As)

is defined in a neighborhood of t and is differentiable at s = t. We also assume that

the function ψ(s) defined by

ψ(s) = 〈Usf, Utg〉L2(At)

is also defined in a neighborhood of t.

Then the function ψ(s) is also differentiable at t and

ψ′(t) =
d

ds
〈Usf, Utg〉L2(At) = −1/2α′(t).

Proof. The proof is essentially contained in the following observation:

Observation. Let D be a selfadjoint (eventually) unbounded operator acting on a

Hilbert space H. Let ap = ap(D) be positive, selfadjoint,injective (eventually un-

bounded) operators, that are functions on D (in the sense of the borelian functional

calculus), for p in an interval (t− ε, t+ ε). We assume that at(D) = IdH and that

the map p → ap(D)η is continuously strongly differentiable in p in a neighborhood

of p, for η in a dense subset of H.
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Let f, g be two vectors in H so that the function α(p) = 〈ap(D)f, g〉H is defined

in a neighborhood of t and it is differentiable at p = t. We assume also that the

function β(p) = 〈a−1/2
p f, g〉 is defined in a neighborhood of t.

Then β is differentiable p = t and β′(t) = −1/2α′(t).

Proof. With no loss of generality we may assume that D has multiplicity 1. The

setting is then the following: we are given a measure µ on a subset σ = σ(D) and

functions ap = ap(x), x ∈ σ, positive on σ and non vanishing at any atom of µ. The

operator D is then the operator of multiplication with the independent variable on

H = L2(d, µ).

The vectors f, g are now simply two functions in L2(d, µ). By hypothesis, for

µ− almost all x ∈ σ, the application p → ap(x) is differentiable (and finite) in a

neighborhood of t.

Also by hypothesis, the functions on σ, in the variable p, are defined in a neigh-

borhood of t by

α(p) =

∫
σ

ap(x)f(x)g(x)dµ(x)

and

β(p) =

∫
σ

(ap(x))−1/2f(x)g(x)dµ(x)

are the integrals are absolutely convergent. Finally, the hypothesis also gives that

α(p) is differentiable at p = t and that at is the constant function 1.

The conclusion of the observation then simply follows from Lebesgue theorem of

differentiability under the integral sign.

Proof of the Corollary. We have 〈Usf, Utg〉t = 〈at,sf, g〉L2(F ) = 〈a−1
s,t f, g〉L2(F ).
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Moreover 〈a2
s,tf, g〉 = 〈|js,t|2Utf, Utg〉 = 〈Utf, Utg〉s (we use here the following

property of js,t:

〈j∗s,tjs,tA,B〉t = 〈A,B〉s for all A,B in L2(Ar)).

Thus if the derivative d
ds 〈Utf, Utg〉s|s=t exists then this will imply that the deriva-

tive

d

ds
〈a2
stf, g〉s|s=t exists.

The proof now follows from the observation.

Finally to describe the multiplication of Berezin symbols of operators in the

expression given by the intermediate symbols and to be able to define the differen-

tiation of this multiplication with respect to the deformation parameter we will have

to find a dense set of vectors that are well behaved under this type of operations.

This is realized in the following lemma.

Lemma 4.10. Let r > 1 be fixed and let (a, b) be an interval with r < a < b. Then

there exists a weakly dense set E in L∞(F ) so that E ∩ L2(F ) is dense in L2(F )

and so that for all s ∈ (a, b) and all f ∈ E, Usf = T s
B
−1/2
s

belongs to As ∩ L2(As)

and the function on (a, b) defined by

s→ ||Usf ||∞,r

is locally bounded.

Proof. We will let E be the vector space B
3/2
r (L∞(F )). It is clear that E ∩L2(F )

is dense in L2(F ) as this follows from the fact that

B3/2
r (L∞(F ) ∩ L2(F )) ⊆ B3/2

r (L∞(F )) ∩ L2(F ) ⊆ E ∩ L2(F ).
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The first inclusion follows from the fact that B
3/2
r maps L2(F ) into L2(F ) and thus

B
3/2
r (L∞(F ) ∩ L2(F )) ⊆ L2(F ). On the other hand, L∞(F ) ∩ L2(F ) is dense in

L2(F ). Since B
3/2
r is continuous, it follows that B

3/2
r (L∞(F ) ∩ L2(F )) is dense in

B
3/2
r (L2(F )). Since B

3/2
r has a dense range (as it is a selfadjoint operator with zero

kernel) it follows that also B
3/2
r (L∞(F ) ∩ L2(F )) is dense in L2(F ).

We want to prove that, for any s and any f ∈ E∩L2(F ) there exists g (depending

on s and f) so that T rg is bounded and so that

Usf = T s
B
−1/2
s f

= js,r(T
r
g ) = js,r(Ur(B

1/2
r g)).

Since (Us)
∗js,rUr = B

−1/2
s B

1/2
r (by Corollary 4.7), the above equality is equivalent

to

f = B1/2
r B−1/2

s B1/2
r g = B−1/2

s Brg

and hence this is equivalent to

g = B1/2
s B−1

r f.

We need to prove that, with this g, T rg is bounded. As f is an element inB
3/2
r (L∞(F ))

and thus f = B
3/2
r (θ) for some θ in L∞(F ). Hence

g = B1/2
s B−1

r f = B1/2
s B1/2

r θ, θ ∈ L∞(F ).

Thus, to complete the proof of the statement, it will be sufficient to show that

the bounded operator B
1/2
s B

1/2
r maps L∞(F ) into L∞(F ) and that the function

s→ ||Usθ||∞,r is locally bounded for all θ in L∞(F ).
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It will be sufficient to show that the operator B
1/2
s B

1/2
r in B(L2(F )), is given,

by analogy with Br, by an integral, PSL(2,R)− invariant, kernel function on H

([Ku],[Sel]).

More precisely,it suffices to find a kernel function L = Ls,r(z, w) on H2 such that

B1/2
s B1/2

r f(z) =

∫
F

Ls,r(z, w)f(w)dν0(w), z ∈ H.

Moreover it is required that there exists a kernel function ls,r = ls,r(z, w), z, w ∈ H

on H2. The following properties should hold true for ls,r:

a).ls,r is PSL(2,R)−, diagonally invariant, that is

ls,r(gz, gw) = ls,r(z, w), z, w ∈ H, g ∈ PSL(2,R).

b).ls,r(z, w) =
∑
γ
ls,r(γz, w), z, w ∈ H.

c). The expression

M(s) = sup
ζ∈H

∫
H

|ls,r(z, w)|dν0

is finite and moreover the function M(s) is locally finite.

Assume we have find such an ls,r having the properties a), b), c). Then, for any

θ ∈ B3/2
r (L∞(F ) ∩ L2(F )) we will have that

B1/2
s B1/2

r f(z) =

∫
H

ls,r(z, w)θ(w)dν0(w), z ∈ H.

Hence s→ sup||B1/2
r B

1/2
s θ||∞ is locally bounded.
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To prove that the operator B
1/2
r B

1/2
s has the required property, we will use

the technique of the Selberg transform (which in fact, as mentioned in [Ve], is a

particular case of a more general transform).

Assume that Br, Bs are given by the functions hr, hs as a function of the invariant

laplacian. Then (hrhs)
1/2 is the function corresponding to the operator B

1/2
r B

1/2
s .

Let h̃r(t), h̃s(t) be the functions hr(t
2 + 1/4), hs(t

2 + 1/4). Let φr,s(t) =

(hrhs)
1/2(t2 + 1/4).

By Selberg Theorem (see also [Za]), (hrhs)
1/2 will be represented by a kernel

kr,s as we wanted if φrs has an holomorphic continuation in the strip |Imt| < 1/2

and φrs(t) is of rapid decay in this strip.

On the other hand, Berezin formula for Br as function of the laplacian shows

that

h̃r(t) =
∞∏
n=1

[1 + (t2 + 1/4)[(1/r + n)(1/r + (n− 1)]−1]−1.

This expression shows that φrs has the required property.

5. A cyclic 2-cocycle associated to a deformation quantization

In the paragraph 3 we have constructed a family of semifinite von Neumann

algebras Ar ⊆ B(Hr) which are a deformation quantization, in the sense of Berezin,

for H/Γ. In this section we are constructing a cyclic 2-cocycle which is defined on

a weakly dense subalgebra of Ar, for each r. This 2-cocycle is associated in a

canonical way with the deformation. It is likely that an abstract setting for this

construction should be found in the general machinery developed in [R.N,B.T].

In the particular case of the deformation for H/Γ, the cyclic 2-cocycle we obtain

this way is very similar in form with the cyclic cocycles that are constructed in the
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paper by Connes and Moscovici ([CM]). We will prove that that the cyclic 2-cocycle

of the equivariant deformation may be obtained from a Γ−invariant Alexander-

Spanier two cocycle on H by a procedure very similar to the constructions in chapter

4 in the above mentioned paper.

The relation between the cyclic 2-cocycle and the deformation becomes more

transparent if one uses the intermediate type of Berezin’s symbols A → UrA that

we have introduced in the preceding paragraph. This happens due to the fact that

this type of symbols have the advantage that the trace of a product of two symbols is

constant in the deformation parameter. We first introduce a rather formal abstract

setting in which this type of cocycles may be constructed. In the last part of

this paragraph we will perform more precise computations for the Berezin’s, Γ−

invariant quantization.

Definition 5.1. Let (Bs)s∈(a,b) be a family of semifinite von Neumann algebras.

Denote by (∗s)s∈(a,b) the corresponding products operations on these algebras. We

will call (Bs, ∗s)s∈(a,b) a ”nice deformation” if the following properties hold true:

i. For r ≤ s, Br is contained as a vector subspace in Bs. Let js,r be the corre-

sponding inclusion map. We assume that Br is weakly dense in Bs and that js,r

is weakly and normic continuous. Moreover, for all s ≥ r, js,r preserves the

involution and the unit.

ii. There exists a linear functional τ on a subalgebra of the union ∪
s∈(a,b)

Bs, so that

for each s, τ is a semifinite, normal faithful trace on Bs. In addition the maps

js,r are trace preserving.

iii. Let L2(Bs, τ) be the Hilbert of the Gelfand-Naimark-Segal construction for τ on

Bs. We assume that js,r extends to a contractive linear map from L2(Br, τ) into
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L2(Bs, τ). Moreover, js,r maps the positive part of Br into the positive part of

Bs.(In fact we are not going to make use of this last property for js,r.)

iv. There exist a selfadjoint vector subspace D ⊆ ∩
s∈(a,b)

Bs which is closed under

all the multiplication operations (∗s)s∈(a,b). Also, the space D be dense in the

Hilbert spaces L2(Bs, τ), for all s.

Remark 5.2. All of the above properties hold true for the family of algebras

(As)s∈(a,b) in the (equivariant) Berezin deformation quantization of H/Γ that was

constructed in Theorem 3.2. In this case, one could let D be any of the algebras Ar

for r < a− 2, or one might take D = Âa.

For a ”nice” deformation” as above, by requiring some additional properties, we

construct a cyclic 2-cocycle, which measures, to a certain extent, the obstruction

on the algebras in the deformation to be mapped isomorphically one onto the other

by a family of isomorphisms depending smoothly on the deformation parameter.

Definition 5.3. Let (Bs)s∈(a,b) be a ”nice deformation” as in the Definition 5.1.

We will call (Bs)s∈(a,b) a ”nice differentiable deformation” if in addition there ex-

ists weakly dense, selfadjoint subalgebras B̂s ⊆ Bs, for all s, with the following

properties:

i). The algebras (B̂s)s∈(a,b) are all unital with the same unit as Bs. Moreover

L2(Bs, τ) ∩ B̂s is weakly dense in Bs. Also, we let || ||λ,s be a Banach alge-

bra norm on the algebras B̂s for all s. The unit balls for the norms || ||λ,s are

are weakly compact. Moreover ||B∗||λ,s = ||B||λ,s for all s.

ii). For s ≥ r, the inclusions js,r, map B̂r continuously into B̂s with respect to

the norms || ||λ,r and || ||λ,s, correspondingly. Moreover B̂r is closed under the
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products (∗)s for all s ≥ r. There exist positive constants cr,s so that the function

s→ cr,s is locally bounded for all r and so that ||A ∗sB||λ,r ≤ cr,s||A||λ,r||B||λ,r,

for all A,B in B̂r.

iii). The space D is contained in ∩
s
(B̂s ∩ L2(Bs, τ)).

iv). For all s ∈ (a, b) The following functionals are well defined on D.

a). µt(c, (a, b)) = d
dsτ(c ∗t (a ∗s b))|s=t.

b). φt(a, b) = d
dsτ(a ∗s b)|s=t.

c). θt(a, b, c) = d
dsτ(a ∗s b ∗s c)|s=t.

Again we note that all of the above conditions will hold true for the deformation

quantization from Theorem 3.2, with Bs = As and B̂s = Âs = As ∩ B̂(Hs), for all

s ∈ (a, b). We also letD beAr∩L2(Ar) for some r < a−2 or we letD = Âa∩L2(Aa).

The above cocycles have the formal properties listed in the following proposition.

Proposition 5.4. Let D ⊆ B̂s ⊆ Bs, s ∈ (a, b) be a ”nice differentiable defor-

mation” as in Definition 5.3. Let t be fixed in (a, b). Define on D the following

additional cocycles:

αt(a, b, c) = φt(a ∗t b, c) + φt(b ∗t c, a) + φt(c ∗t a, b),

ψt(a, b, c) = θt(a, b, c)− (1/2)αt(a, b, c),

for a, b, c ∈ D. Then the following properties hold true:

i). The linear functionals ψt, θt, αt are cyclic, that is ψt(a, b, c) = ψt(b, c, a) and

similarly for θt, αt. Moreover φt is antisymmetric, that is φt(a, b) = −φt(b, a),

for all a, b, c ∈ D.

ii). For all a, b, c ∈ D one has θt(a, b, c) = µt(c, (a, b)) + φt(a ∗t b, c).
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iii. ψt belongs to Z2
λ(D,C), that is ψt is a cyclic two cocycle in the sense of Connes’

cyclic cohomology (Co]):

ψt(a, b, c) = ψt(b, c, a),

ψt(a ∗s b, c, d)−ψt(a, b ∗s c, d) +ψt(a, b, c ∗s d)−ψt(d ∗s a, b, c) = 0, a, b, c, d ∈ D.

iv. µt is a Hochschild 2-cocycle, that is µ verifies the second property listed for ψt

above.

v. The following equality holds true ψt(a, b, c) = ψt(b
∗, a∗, c∗) for all a, b, c ∈ D.

Moreover if 1 ∈ D, (which corresponds to the case when all the algebras Bs are

finite) then ψt(1, b, c) = 0 for all b, c in D.

Proof. The statement in i). follows from the fact that τ is a trace. The assertion

ii). is a consequence of the product rule for differentiation:

d

ds
τ(a ∗s b ∗s c)|s=t =

d

ds
τ(c ∗s (a ∗s b))|s=t +

d

ds
τ(c ∗s (a ∗s b))|s=t =

φt(c, a ∗s b) + µt(c, (a, b)), a, b, c ∈ D.

In particular this implies that the following formula, relating ψt, θt, φt, holds true:

(5.1) ψt(a, b, c) = θ(a, b, c)− 1/2φt(a, b, c) =

µt(c, (a, b)) + 1/2[−φt(c ∗s a, b) + φt(c, a ∗s b)− φt(b ∗s c, a)].

Note that formula (5.1) shows that i). and iv). imply iii).

The property iv). follows from the identity

d

ds
τ(d ∗s ((a ∗s b) ∗s c))|s=t =

d

ds
τ(d ∗s (a ∗s (b ∗s c))|s=t,
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by using the product rule for differentiation.

Finally property v) is a consequence of the following two equalities:

θt(a, b, c) = θt(b∗, a∗, c∗)

and φt(a, b) = φt(b∗, a∗), which hold for all a, b, c ∈ D. These properties follow both

from corresponding properties of the trace. This ends the proof.

We will check that the model described in Theorem 3.2 has the properties in

Definition 5.3. We will obtain bounds for the cocycles by estimating the absolute

for the integrals representing the cocycles.

Proposition 5.5. Let a > 1 and let D be the vector space L2(Aa) ∩ Âa. Then D

is weakly dense in As, for all s in (a, b) and the conditions in Definition 5.3 hold

true for D. In particular D is closed under all the multiplication the operations

(∗s)s∈(a,b). For any t in (a, b) and r < a, the cocycles µt, θt, φt are defined on

D. Moreover there exists a constant c depending on r so that for all A,B,C ∈

Âr ∩ L2(At) we have:

|φt(A,B)| ≤ c||A||2,t||B||2,r,

|φt(A ∗s B,C)| ≤ c||C||λ,r||A||2,t||B||2,t,

|µt(C, (A,B))| ≤ c(||C||λ,r||A||2,t||B||2,t+||A||λ,r||B||2,t||C||2,t+||B||λ,r||C||2,t||A||2,t).

Proof. We only have the check the inequalities. By Lebesgue theorem on dif-

ferentiation under the integral sign, the derivatives involved in φt, µt will exist as

soon as the absolute value of the derivatives of the integrands have finite integral.

For A,B,C in Âr ∩L2(At), we let At(z, η) = A(z, η)[(z − η)/2i]−t, z, η ∈ H and

we use a similar notation for B and C. We deduce the following expressions for
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µt(C, (A,B)) and φt(A∗sB,C) (were by const we denote (area F )−1 or 1 according

to the case when Γ has finite or infinite covolume in PSL(2,R)):

(5.2) µt(C, (A,B)) = d
dsτ(C ∗s (A ∗s B))|s=t =

c′t
ct
τ(A ∗s B ∗s C)+

c2t (const)

∫
Fz

∫
Hη

∫
Hζ

At(z, η)Bt(η, ζ)Ct(ζ, z)m(z, η, ζ)dνt(z, η, ζ),

with

(5.3) m(z, η, ζ) = ln[(η − η)/2i] + ln[(z − ζ)/2i]− ln[(z − η)/2i]− ln[(η − ζ)/2i], z, η, ζ ∈ H.

Similarly,

(5.4) φt(A ∗s B,C) =
c′t
ct
τ(A ∗s B ∗s C)+

c2t (const)

∫
Fz

∫
Hη

∫
Hζ

At(z, η)Bt(η, ζ)Ct(ζ, z) ln |d(z, ζ)|2dνt(z, η, ζ).

We will carry over only the estimate for µt, since the other one is similar. We recall

that we used the notation d(z, ζ) = (Im z)1/2(Im ζ)1/2[(z− ζ)/2i]−1, z, ζ ∈ H. Also

recall that the absolute value |d(z, ζ)|2 depends only on the hyperbolic distance

between z, ζ in H. Let l(z, ζ) be the function on H2 defined by

(5.5)l(z, ζ) = ln(Im z)1/2 + ln(Im ζ)1/2 − ln[(z − ζ)/2i]−1, z, ζ ∈ H.

We obviously have:

(5.6) m(z, η, ζ) = l(z, η) + l(η, ζ)− l(z, ζ), z, η, ζ ∈ H.
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Consequently to show that the absolute value of the integral in the formula (5.2)

is convergent, it is sufficient to estimate the following integral (and two other similar

ones). ∫
Fz

∫
Dη

∫
Dζ

|At(z, η)||Bt(η, ζ)||Ct(ζ, z)||l(η, ζ)|dνt(z, η, ζ).

For fixed z in F , denote fz(η) = |At(z, η)|, gz(ζ) = |Bt(η, z)| for η ∈ H. By

Proposition 1.5.a, the functions fz, gz belong to L2(H, νr) for all z in F . Moreover

∫
F

||fz||2L2(H,νr) =

∫
F

∫
H

|At(z, η)|2dνt(z, η) = ||A||2L2(At).

On the other hand if B belongs to Ar, then

sup
z∈H

cr

∫
H

|B(z, ζ)||d(z, ζ)|rdν0(ζ) ≤ ||B||λ,r.

Since, if r < t, there exists a constant c(r) such that

xt lnx ≤ c(r)xr, 0 ≤ x ≤ 1

and since |l(z, ζ)| ≤ | ln |d(z, ζ)|| for all z, ζ ∈ H, it follows that there exists a

constant c(r) so that:

sup
z∈H

∫
H

|B(η, ζ)||l(η, ζ)|tdν0(ζ) ≤ c(r)||B||λ,r.

By Proposition 2.7, it follows that the kernel

KB(η, ζ) = |B(η, ζ)l(η, ζ)

[(η − ζ)/2i]t
|, η, ζ ∈ H,
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defines a bounded operator on L2(H, νr) of operatorial uniform norm less than

c(r)||B||λ,r.

The integral in formula (5.6) is clearly equal to

∫
Fz

∫
Dη

∫
Dζ

KB(η, ζ)fz(η), gz(ζ)dνt(η, ζ)dνt(z).

By the above arguments this is less than

∫
Fz

||KB ||B(L2(H,νr))||fz||Hr ||gz||Hrdνt(z) ≤

c(r)||B||λ,r[
∫
F

||fz||2Hrdνt(z)]
1/2[

∫
F

||gz||2Hrdνt(z)]
1/2 =

c(r)||B||λ,r||A||2,t||B||2,t.

This is an upper bound for one of the three terms that appear in the expression of

µt. The other two terms, listed in the statement of the proposition, are, by similar

arguments, upper bounds for the other two integrals. This completes the proof.

We will now determine the expression for the cyclic 2-cocycle ψt, t ∈ (a, b) that

is associated to the deformation (As)s∈(a,b). The expression for ψt will be very

similar to the one that appears in the construction in the paper by Connes and

Moscovici. The formula for ψt(A,B,C) is obtained by superposition in the integral

formula for the trace τ(A∗sB ∗sC) of a Γ− invariant Alexander-Spanier cocycle θ.

Recall that by using the notation At(z, η) = A(z, η)[(z − η)/2i]−t, z, η ∈ H and

similarly for B,C, the formula for τ(A ∗s B ∗s C) is

τ(A ∗s B ∗s C) = c2t (const)

∫
Fz

∫
Hη

∫
Hζ

At(z, η)Bt(η, ζ)Ct(ζ, z)dνt(z, η, ζ).
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The cocycle θ is a bounded measurable function on H3 and this may be used to get

better estimates for ψt. We find such an estimate in the next statement.

Proposition 5.7. Let 1 < r < t and let A,B,C be arbitrary elements in Âr ∩

L2(Ar). Let φ(z, η) = iarg[(z− η)/2i] = ln[(z− η)/2i]− ln[(η− z)/2i] for z, η ∈ H.

Let

θ(z, η, ζ) = 1/2[φ(z, ζ) + φ(ζ, z) + φ(η, ζ)], z, η, ζ ∈ H.

Clearly θ is a Γ− invariant, bounded function on H. We use the notation

At(z, η) = A(z, η)[(z − η)/2i]−t, z, η ∈ H and similarly for B,C. Then

ψt(A,B,C) = 1/2(
c′t
ct

)τ(A ∗s B ∗s C)+

c2t (const)

∫
Fz

∫
Hη

∫
Hζ

θ(z, η, ζ)At(z, η)Bt(η, ζ)Ct(ζ, z)dνt(z, η, ζ).

Moreover the following estimates holds for ψt.

|ψt(A,B,C) ≤ const[||A||λ,t||B||2,t||C||2,t], for all A,B,C ∈ Âr ∩ L2(Ar).

Proof. To deduce the expression for ψt(A,B,C) we use the formulae 5.2 and 5.4.

Because

ψt(A,B,C) = µt(C, (A,B)) + 1/2[−φt(C ∗s A,B) + φt(C,A ∗s B)− φt(B ∗s C,A)]

we obtain that

ψt(A,B,C) = 1/2(
c′t
ct

)τ(A ∗s B ∗s C)+

c2t (const)

∫
Fz

∫
Hη

∫
Hζ

γ(z, η, ζ)At(z, η)Bt(η, ζ)Ct(ζ, z)dνt(z, η, ζ),
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where γ has the following expression:

γ(z, η, ζ) = m(z, η, ζ) + 1/2[− ln |d(η, ζ)|2 + ln |d(z, ζ)|2 − ln |d(η, z)|2].

Since

ln |d(z, ζ)|2 = ln(Im z) + ln(Im ζ)− ln[(z − ζ)/2i]− ln[(ζ − z)/2i],

and

m(z, η, ζ) = ln(Im η)+ln[(z−ζ)/2i]−ln[(z−ζ)/2i]−ln[(η−ζ)/2i], for all z, η, ζ ∈ H,

one obtains that γ = θ.

The estimate for ψt is now obtained by the same procedure as the one used for

ηt in the preceding paragraph, with the only difference that computations are now

easier by the fact that the function is bounded.

Indeed we have to estimate the following integral:

∫
Fz

∫
Dη

∫
Dζ

|At(z, η)||Bt(η, ζ)||Ct(ζ, z)|dνt(z, η, ζ)

for A,B,C ∈ Âr ∩ L2(Ar). One denotes for a fixed z in F , fz(η) = |At(z, η)|,

gz(ζ) = |Bt(η, ζ)| for η, ζ ∈ H. Since B is in Ât it follows that the kernel on H2

defined by ζ, η → |Bt(η, ζ)| defines a bounded operator L2(H, νr) of norm less than

||B||λ,t. But then the above integral is (modulo a universal constant) less than

||B||λ,t
∫
Fz

||fz||t||gz||tdνt(z) = ||B||λ,t||A||2,t||B||2,t.

This completes the proof.
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In the last part of this paragraph we will the use the intermediate symbols Ur

on the algebras Ar for yet another approach to the construction of the cocycle ψt.

We will prove that there exists a dense domain E ⊆ L2(F ), which is closed under

all the multiplication operations in all the algebras As. Also, we will prove that on

E the following formula holds true:

d

ds
τ(Usf ∗s Usg ∗s Ush)|s=t = ψt(Utf, UtG,Uth).

This formula explains more clearly the reason for which ψt is a cyclic cocycle.

This is because if we transfer the product operation on D by

f ◦t g = U∗t (UtF ∗s Utg), f, g ∈ E

and define a trace by

τ(f) = const

∫
F

fdν0, f ∈ E

and ψ̃(f, g, h) = ψt(Utf, Utg, Uth), then the above formula will show that:

d

ds
τ(f ◦s g ◦s h) = ψ̃(f, g, h), f, g ∈ D.

The reason for which ψ̃t is a cyclic two cocycle is now easy to deduce because

τ(f ◦t g) is a constant (depending on f, g only). We will use for the next statement

the formalism introduced in Definition 5.1 and 5.3.

Proposition 5.8. With the formalism in Definitions 5.1 and 5.3 let D ⊆ B̂sBs, s ∈

(a, b) be a ”nice differentiable deformation”. Let t be an arbitrary in (a, b). We

assume in addition that there exists a Hilbert space H and unitaries Us → L2(Bs, τ)

with the following additional property:
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Whenever f, g be vectors in H so that if Usf, Usg belong to D for s in a small

neighborhood of t, then

d

ds
[Usf, Usg]L2(Bt,τ) = (−1/2)φ(Utf, (Utg)∗).

Then if f, g, h in H have the property that Us, Usg, Ush belong to D for s in a

small neighborhood of t, then

d

ds
τ(Usf ∗s Usg ∗s USh)|s=t

exists and is equal to ψt(Utf, Utg, Uth).

6. Bounded cohomology and the cyclic 2-cocycle of the Berezin’s deformation quantization

In this section we prove some facts about the cyclic 2-cocycle that was con-

structed in the previous section for a deformation quantization of algebras. Recall

that ψt was a cyclic 2-cocycle defined on a dense ∗-subalgebra Ât of the deforma-

tion quantization At for H/Γ constructed in paragraph 3. We will show that the

cohomology class of ψt in the second cyclic cohomology group H2(Ât,C) ([Co]) is

closely related to a canonical element in the bounded cohomology of the group Γ.

In the last part of this paragraph we will show that a deformation in which

the 2-cyclic cocycle is bounded with respect to the uniform norms from the von

Neumann algebras will have the property that the algebras in the deformation are

isomorphic. Indeed in this case, by the next paragraph, the cyclic 2-cocycle vanishes

in the cyclic cohomology group of the von Neumann algebra. We then prove that

there exists a linear, nonautonomuous differential equation, with bounded linear

operators, whose evolution operator implements the isomorphism.



94

We first recall the integral formulae and the estimates that we found in the last

paragraph for the cyclic 2-cocycle ψt associated to the deformation quantization of

H/Γ that we introduced in paragraph 3. Let φ(z, ζ) = iarg((z − ζ)/2i) = ln((z −

ζ)/2i)− ln((z − ζ)/2i), for z, ζ in H and let

θ(z, η, ζ) = φ(z, ζ) + φ(ζ, η) + φ(η, z), z, η, ζ in H.

Then θ is a Γ-invariant continuous function on H3 which is an Alexander-Spanier

cocycle. Let t > 1 and let A,B,C be elements in Ât. Let Â = Â(z, η) be the

Berezin’s, contravariant symbol of A. We use the notation At(z, η) = Â(z, η)((z −

η)/2i)−t, z, η ∈ H, and similarly for B and C. Then the formula for ψt is

(6.1) ψt(A,B,C) = 1/2(
c′r
cr

)τ(A ∗t B ∗t C)+

∫
Fz

∫
×

∫
H2
η,ζ

θ(z, η, ζ)At(z, η)Bt(η, ζ)Ct(ζ, z)dνt(z, η, ζ).

The formula for ψt(A,B,C) should be compared with the similar formula for the

trace τ(A ∗t B ∗t C) which is

τ(A ∗t B ∗t C) =

∫
Fz

∫
×

∫
H2
η,ζ

At(z, η)Bt(η, ζ)Ct(ζ, z)dνt(z, η, ζ).

Note that the integral formula for ψt like the formula for τ(A ∗t B ∗t C) is an

iterated integral. This integral converges absolutely if A belongs to Ât. In fact for

the absolute convergence of the integral it is sufficient that

sup
z

∫
H

|A(z, ζ)| |d(z, ζ)|rdν0(ζ)) ≤ ||A||λ,t <∞.



95

Also recall that we found the following estimate:

(6.2) |ψt(A,B,C)| ≤ const||A||λ,t||B||L2(At)||C||L2(At)

The relation between the 2-cocycle ψt with the deformation quantization is more

transparent from the viewpoint of the the intermediate symbols VrA = B
−1/2
r (A(z, z)),

A in Ar introduced at the end of paragraph 4. Recall that Vr maps L2(Ar) iso-

metrically onto L2(F ). If Ur is the inverse for Vr then we found that

ψt(Utf, Utg, Uth) =
d

ds
τ(Usf ∗s Usg ∗s Ush)|s=t

if f, g, h run through a dense subset of L2(F ).

We will single out some obstructions for the cocycle ψt to be trivial in the cyclic

cohomology group H2
λ(Ât,C). The condition that ψt vanishes in this cohomology

group is equivalent to the existence of a bilinear form on At so that

(6.3) χ(A,B) = −χt(B,A),

(6.4) ψt(A,B,C) = χt(B ∗s A,C)− χt(B,A ∗s C) + χt(C ∗s B,A),

for all A,B,C in Ât. Because of the antisymmetry for χt, the relation (6.4) is

equivalent to:

(6.5) ψt(A,B,C) = χt(B ∗s A,C) + χt(A ∗s C,B) + χt(C ∗s B,A).

A natural candidate for a bilinear form χt is given by the formula

χt(A,B) =

∫
Fz

∫
H

At(z, η)Bt(η, z)d(z, η, η, z)dνt(z, η),
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for a suitable Γ−equivariant function d on H2.

In fact we will rather use this formula to construct a solution for a perturbed

problem with respect to the equation in (6.5). This is contained in the following

statement.

Proposition 6.1. Let d = d(z, η, η, z) be a Γ−equivariant function on H2, having

purely imaginary values and with the following properties :

d(z, η, η, z) + d(η, ζ, ζ, η) + d(ζ, z, z, ζ) = θ(z, η, ζ),

d(z, η, η, z) = −d(η, z, z, η),

for all z, η, ζ ∈ H. Let A,B be in L2(Ar), with Berezin’s contravariant symbols

Â, B̂. We use the notation At(z, η) for Â(z, η)[(z − η)/2i]−r and similarly for B.

Let χt(A,B) be defined by

χt(A,B) =

∫
Fz

∫
H

At(z, η)Bt(η, z)d(z, η, η, z)dνt(z, η).

Then χt is an antisymmetric bilinear form (χt(A,B)=-χt(B,A)). The form domain

for χt is the linear space of all A,B for which the integrals in the definition of χt are

absolutely convergent. Moreover the following equality holds true for all operators

A,B,C in L2(At) whose symbols are so that the integrals involved in the formula

are absolute convergent:

(6.6) ψt(A,B,C)− 1/2(
c′r
cr

)τ(A ∗t B ∗t C) = χt(B ∗s A,C) + χt(A ∗s C,B) + χt(C ∗s B,A).

Proof. Indeed, if the integrals are absolutely convergent, then we have that:

χt(A ∗s B,C) =

∫
Fz

∫
Hη

∫
Hζ

d(z, ζ, ζ, z)At(z, η)Bt(η, ζ)Ct(ζ, z)dνt(z, η, ζ),
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and similarly for the other two terms.

Because the absolute value of the integrands has finite integral and the integrands

are Γ− invariant functions on H3, by Fubini’s theorem, we may choose any domain

of integration, as long it is a fundamental domain for Γ in H3. Then (6.6) reduces

to the first property for the function d (by using also formula (6.1)). This completes

the proof.

In general it is difficult to check that the domain were the above identity holds

is sufficiently rich. In fact, in the case of groups Γ of finite covolume, the identity

vector 1 ∈ At ⊆ L2(At) makes the integrals involved in the formulae divergent.

We will find a condition on the group Γ for which a function d with the properties

in Proposition 6.1 exists. To do this we need to recall the construction of canonical

a group 2-cocycle in the second cohomology group H2(PSL(2,R),Z).

Definition 6.2. Let N(γ1, γ2), γ1, γ2 ∈ Γ be the group cocycle in the second coho-

mology group H2(PSL(2,R),Z), defined by the formula:

(2π)N(g1, g2) = arg j(g1g2, z)− arg j(g1, g2z)− arg j(g2, z),

for all g1, g2 ∈ PSL(2,R) and for all z ∈ H.

Then N is a non-trivial element in H2(PSL(2,Z). The only possible values for

N are -1 , 0 or 1. (see e.g the book of Maass ([Ma], pp. 113). Denote by NΓ the

restriction of N to Γ×Γ. Then NΓ vanishes in H2(Γ,Z) if Γ is not cocompact (see

e.g [Pat]).

The reasons for which the 2-cocycle NΓ is a coboundary in H2(Γ,Z) when Γ

has finite covolume are more transparent in the case when Γ = PSL(2,Z). In this
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case (because the commutator subgroup of PSL(2,Z) is cyclic of finite order) there

exists at most one Z− valued cocycle c = c(γ), γ ∈ Γ so that

NΓ(γ1, γ2) = c(γ1γ2)− c(γ1)− c(γ2), γ1, γ2 ∈ Γ.

Also, when Γ = PSL(2,Z) it is easy to determine the cycle c. A possible formula

for c is

c(γ) = ln(∆(γz))− ln(∆(z)), γ ∈ Γ, z ∈ H.

The explicit formula for c in terms of the generators for Γ has been determined

already by Rademacher in [Ra]. (Recall that ∆ is the unique modular form for Γ

of order 12 and that ln ∆ is defined in H.)

In the next proposition we find a sufficient criteria on a discrete, Fuchsian sub-

group Γ of PSL(2,R) so that there exists a bounded function d for Γ with the

properties in Proposition 6.1. The fact that d is bounded implies that the bilinear

form χt constructed in that proposition is bounded. As we will see later the criteria

on the group Γ can not hold true unless Γ has infinite covolume.

Proposition 6.3. Let Γ be a Fuchsian group such that NΓ vanishes not only in

H2(Γ,Z) but also in the bounded cohomology group H2
bound(Γ,Z) (that is there exist

a bounded cochain c : Γ→ Z so that NΓ(γ1, γ2) = c(γ1γ2)−c(γ1)−c(γ2), γ1, γ2 ∈ Γ.)

Then there exists a bounded measurable function d on H so that the function on

H2 defined by z, ζ → arg [(z − ζ)/2i] + d(z)− d(ζ), is diagonally Γ− invariant.

Proof. Define for each γ ∈ Γ

J(γ, z) = arg (j(γ, z))− (2π)c(γ), z ∈ H.

We clearly have then that

(6.8) J(γ1γ2, z) = J(γ1, γ2z) + J(γ2, z) for all γ1, γ2 ∈ Γ, z ∈ H.
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Moreover, the quantity sup
z∈H,γ∈Γ

|J(γ, z)| is finite.

We let d to be any bounded measurable function on F and then we define d

outside F by the relation

d(γz) = d(z) + iJ(γ, z), z ∈ F, γ ∈ Γ/{e}.

The condition (6.8) shows that in this case the relation d(γz) = d(z) + J(γ, z), will

hold true for all z ∈ H and all γ ∈ H. We clearly obtain now that the following

equality

arg [(γz−γζ)/2i]−arg [(z−ζ)/2i] = arg (j(γ, z)−arg (j(γ, ζ)) = J(γ, z)−J(γ, ζ),

holds true for all z, ζ in H and γ ∈ Γ. Hence, with the above choice for the function

d, the function arg [(z− ζ)/2i] + d(z)− d(ζ) is diagonally Γ− invariant on H. This

completes the proof.

As we mentioned before the statement of the preceding proposition, the vanishing

of the cocycle nΓ in the bounded cohomology amounts to the fact that the bilinear

form in Proposition 6.1 may be chosen to be bounded. This is more precisely stated

in the following corollary.

Corollary 6.4. If the 2-cocycle nΓ defined in 6.3 vanishes in H2
bound(Γ,Z), then

there exists a bounded, antisymmetric operator X on L2(At) so that the bilinear

functional χt defined on L2(At) × L2(At) by χt(A,B) = 〈X(A), B〉L2(At), A,B ∈

L2(At), is a solution to the equation (6.6).

We will now prove that this can only happen if Γ has infinite covolume.
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Corollary 6.5. Let nΓ be the integer valued, two cocycle on the group Γ, defined

by the following relation, in which the choice of z in H is irrelevant:

(2π)nΓ(γ1, γ2) = arg (j(γ1γ2, z)− arg j(γ1, γ2z)− arg j(γ2, z), γ1, γ2 ∈ Γ, z ∈ H.

If Γ has finite covolume then nΓ is a nonzero element in H2
bound(Γ,Z).

Proof. Assume that we have a group Γ of finite covolume so that nΓ van-

ishes in H2
bound(Γ,Z). Then, by the preceding corollary, there exists a bounded,

antisymmetric operator Xt on L2(At) so that the equation (6.7) holds true with

χt(A,B) = 〈Xt(A), B〉L2(At). In this case 1 belongs to L2(At), so we may take in

the equation (6.6), A = B = C = 1. As ψt(1, 1, 1) = 0 we obtain that

〈Xt1, 1〉L2(At) = −c
′
r

cr
〈1, 1〉L2(At).

This contradicts the fact that Xt is antisymmetric. This completes the proof of the

corollary.

Assume that Γ is such that the cocycle nΓ is zero in H2
bound(Γ,Z). Then the

equation (6.6) shows a better estimate for ψt.

Proposition 6.6. Assume that Γ is a Fuchsian subgroup of PSL(2,R) (necessary

of infinite covolume) so that the group cocycle nΓ, introduced in Definition 6.3,

vanishes in H2
bound(Γ,Z). Then, for all A,B,C ∈ L2(At) ∩ At, we have

|ψt(A,B,C)| ≤ (const)[||A||2||B ∗s C||2 + ||B||2||C ∗s A||2 + ||C||2||A ∗s B||2].

In particular, ψt extends to a 3-linear functional on L2(At) ∩ At.
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The discussion shows that, when Γ is of finite covolume, we can not expect to

be able to solve the equation (6.6), with χt of the form in Proposition 6.1 and so

that simultaneously 1 be contained in the domain of the quadratic form χt.

Finally we show that if don’t require for d to be bounded then a function d with

the properties in Proposition 6.1, may be easy to construct for discrete groups like

PSL(2,Z). This corresponds to the fact that the Alexander-Spanier cocycle θ on

H3 defining the cyclic 2-cocycleψt is a coboundary even in the Γ− equivariant form

of the Alexander-Spanier cohomology.

Remark 6.7. Assume that Γ is a Fuchsian subgroup of PSL(2,R) so that there

exists an automorphic form ν of order k, k ∈ 2N, which is nowhere zero in H. For

example, Γ could be PSL(2,Z), and ν could be the unique automorphic form ∆, of

weight 12, for PSL(2,Z). Let α be the function on H2 defined by

α(z, ζ) = (1/k){ln ν(z) + ln ν(ζ) + k ln[(z − ζ)/2i]}, z, ζ ∈ H.

Then α is Γ-invariant and the hypothesis of (6.7) are fulfilled with

d(z, ζ, ζ, z) = α(z, ζ)− α(ζ, z), z, ζ ∈ H.

Moreover, the (unbounded) quadratic form χt, associated with d has the following

form

χt(A,B
∗) = 〈(α ·A), B〉L2(At) − 〈(A, (α ·B)〉L2(At).

We suppose that A,B run through a subspace D = D(χt) of At, and assume that D

is so that, for A,B in D their contravariant symbols, led to absolutely convergent

integrals in the formula for χt.
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By using the Berezin intermediate symbols Ut, that were in paragraph 4, it

is interesting to observe the expression for χt(Utf, Utg), when χt is defined by a

function d constructed as above. We state this separately

Remark. We use the notations from the preceding remark. Let f, g in L2(F ) so

that Utf, Utg belong to the domain D(χt). Let Mα be the (unbounded) multiplication

operator on L2(F ) with the restriction of the function of α to the diagonal z = ζ.

Then

χt(Utf, Utg) = 〈B−1/2
t [Bt,Mα]B

−1/2
t f, g〉L2(F ),

where f, g belong to the domain of the (unbounded) operator on the right hand side

of the equality.

Proof. We only have to check the last formula in the statement of the remark.

Let A,B be in the domain of χt and assume B = T rg , A = T rf for some f, g in

L2(F ). Then, by Proposition 4.6,

χt(A,B) =

∫
F

(α ·A)(z, z)g(z)− f(z)(α ·B∗)(z, Z)dν0(z)

=

∫
F

α(z, z)(A(z, z)g(z)− f(z)B(z, z)dν0(z).

Let k, l be the intermediate Berezin symbols (see paragraph 4) for A,B, that is

A = T t
B
−1/2
t k

, B = T t
B
−1/2
t l

. Then f = B
−1/2
t k,g = B

−1/2
t l and A(z, z) = Btf(z) =

B
1/2
t k(z) and B(z, z) = Btg(z) = B

1/2
t l(z). Hence

χt(A,B
∗) = 〈MαB

1/2
t k,B

−1/2
t l〉L2(F ) − 〈MαB

−1/2
t k,B

1/2
t l〉L2(F ) =
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〈B−1/2
t [Bt,Mα]B

−1/2
t f, g〉L2(F ).

This completes the proof.

The problem with the solutions we have constructed so far is that we rather

solved the perturbed equation (6.6) instead of (6.5), with antisymmetric cocycles

χt. This corresponds to a scaling factor, which is then canceled out by numerical

factors in the formulae for the traces on the algebras As.

In the remaining part of this paragraph we prove that if one could find a solution

to the equation (6.5) with bounded antisymmetric cycles would imply that the

algebras (As)s∈(a,b) are isomorphic. We will state the procedure of constructing

such an isomorphism in an abstract setting that that formally uses the intermediate

Berezin symbols introduced in paragraph 4.

Definition 6.8. Let H be a Hilbert space and let E ⊆ H be a dense subspace with

an involution denoted by ∗ and a length 1 vector denoted by 1, 1 ∈ E. For t ∈ (a, b),

let Dt ⊆ B(H) be type II1 factors with unit 1B(H). Moreover, assume that the trace

τDt on Dt is computed by the formula:

τDt(x) = 〈x(1), 1〉H , for all x ∈ Dt ⊆ B(H).

When no confusion arises we denote the trace τDt simply by τ . In particular H is

canonically identified with the Hilbert space L2(Dt, τ) of the Gelfand-Naimark-Segal

construction for the trace τ on Dt. We require that the involution on H is exactly

the one corresponding to the canonical involution on L2(Dt) for all t. For x, y in

L2(Dt) ∩ Dt we denote their product in Dt by x ◦t y. In addition we assume that

the subspace E is contained in the intersection of all L2(Dt) ∩ Dt for all t.
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Let || · ||∞,t be the norm defined on a dense subspace of H which corresponds

to the uniform norm on Dt. We assume that the function on (a, b) defined by

s→ ||f ||∞,s, is locally bounded for all f in E. Also we require that the derivative

ψ̃t(f, g, h) =
d

ds
τ(f ◦s g◦s)|s=t,

exists for all f, g, h ∈ E .

We will call a family (1, E , H, (Dt)t∈(a,b)), with the above properties, a ”nice

intermediate deformation”.

The reason for this terminology (”nice intermediate deformation”) is that this

type of deformation corresponds to the Berezin quantization deformation, when we

use the intermediate symbols corresponding to the operators Ur acting on L2(Ar).

This is explained in the following remark

Remark 6.9. Assume that Γ ⊆ PSL(2,R) is a Fuchsian group of finite covolume.

Let (Ar)r∈(a,b) be the family of von Neumann algebras that are associated with the

Γ-invariant form of the Berezin quantization (see Theorem 3.2).

Let Vr : L2(Ar)→ L2(F ) be the unitary corresponding to the intermediate sym-

bols defined Proposition 4.9 and let E be the dense subspace constructed at the end

of the paragraph 4.

Let (Dr, ◦r) = Vr(Ar)V ∗r be the type II1 factor represented on L2(F ), obtained

by transporting the multiplication structure from Ar:

f ◦r g = Vr(V
∗
r f ∗r V ∗r g), f, g ∈ Dr.

Then (1, H = L2(F ), E , (At)t∈(a,b)), is a ”nice intermediate deformation” in the

sense of the preceding definition.
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Definition 6.10. We use the notations from Definition 6.8. For s ∈ (a, b), assume

that the cocycles ψ̃t in Definition 6.8, have in addition the property that for all

f, g, h ∈ E,

ψ̃t(f, g, h)| ≤ (const)||f ||∞,t||g||L2(F )||h||L2(F ).

We then call the deformation (1, E , H, ∗, (Dt)t∈(a,b)) a ”rigid nice intermediate de-

formation”.

Remark 6.11. The property that the function s → ||f ||∞,s is locally bounded for

f in E shows that with the additional property in Definition (6.10), in a ”nice

intermediate deformation”, the cocycle ψ̃t may be extended by continuity to Dt ×

L2(Dt)× L2(Dt). Moreover we have that

d

ds
τ(f ◦s g ◦s h)|s=t

exists and is equal to ψ̃t(f, g, h) for all f in E and g, h ∈ L2(F ).

We will show now that for a ”rigid deformation” as in Definition 6.10, the al-

gebras Dt in the deformation are all isomorphic. The proof will consist into two

steps: one is to show that the boundedness conditions in the Definition 6.10 imply

that ψ̃t is a (bounded) coboundary in Connes’s cyclic 2-cohomology group. The

other step will be to show that the evolution operator for a differential equation

associated to the deformation realizes precisely this the isomorphism. The precise

statement is the following:

Proposition 6.12. Let (1, E , H, ∗, (Dt)t∈(a,b)) be a ”rigid nice intermediate defor-

mation” in the sense of the Definitions 6.8 and 6.10. Assume in addition that
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there exists a bounded operator A(t) on H for each t in (a, b) with the following

properties:

(a). t→ A(t) is a (norm) bounded measurable function with values in B(H).

(b) A(t) is antisymmetric and if we define φt by φt(x, y) = 〈A(t)x, y∗〉L2(F ) for

x, y ∈ L2(F ), then

ψ̃t(f, g, h) = φt(f ◦t g, h)− φt(f, g ◦t h) + φt(h ◦t f, g),

for all f ∈ Dt and g, h ∈ L2(Dt).

(c) In addition, A(t) maps L1(Dt, τ) and Dt continuously into L1(Dt, τ) and respec-

tively Dt.

(d) A(t) preserves the involution on H and A(t)1 = 0.

For t, s ∈ (a, b), let U(t, s) be the evolution operator ([Sim]) corresponding to the

linear, nonautonomuous, differential equation :

ẏ(t) = A(t)y(t).

Then U(t, s) is a unitary for all t, s. By definition U(t, s) has the property:

d

ds
U(s, t) = A(s)U(s, t).

Moreover U(t, s) maps Dt into Dt and U(t, s) is an algebra isomorphism from the

algebra Dt into Ds.

We will prove into the next paragraph that the existence of a bounded mea-

surable function t → A(t) for which the properties a), b), c), d) hold true follows

automatically from the boundedness property for ψ̃t in Definition 6.10 (that is

ψ̃t(f, g, h)| ≤ (const)||f ||∞,t||g||L2(F )||h||L2(F ), for all f, g, h ∈ E .) Proof of Propo-

sition 6.12. We will divide the proof into a series of lemmas.
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Lemma 6.13. For f, g in H, the derivative d
ds (f ◦s g)|s=t exists in the weak sense

and

d

ds
(f ◦s g)|s=t = A(t)(f ◦t g)−A(t)f ◦t g − f ◦t A(t)g.

Note that the right hand side makes perfectly sense as an element in L1(Dt, τ).

Proof. We check the above equality by taking the scalar product of both terms

of the equation with a vector h in E and use the fact that d
dsτ(f ◦s g ◦s h)|s=t is

equal to ψt(f, g, h). We then use condition (b) from the hypothesis of Proposition

6.12.

Lemma 6.14. Let f be any selfadjoint element in E and fix t in (a, b). Let λ be

any complex number with Im λ 6= 0. Denote the inverse of an element a in Ds (if

it exists) by a−1,s. Then

d

ds
(f + λ)−1,s|s=t

exists (weakly in H) and it is equal to:

A(t)((f + λ)−1,t) + (f + λ)−1,t ◦t (A(t)(f + λ)) ◦t (f + λ)−1,t.

Proof. Formally this follows from the equality

d

ds
[(f + λ)−1,s) ◦s (f + λ)]|s=t = 0.

This implies that

d

ds
[(f + λ)−1,s]s=t)] ◦t (f + λ) = − d

ds
[(f + λ)−1,t) ◦s (f + λ)]|s=t =

−A(t)(1) + (A(t)y) ◦t (f + λ) + y ◦t A(t)(f + λ) =
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A(t)y ◦t (f + λ) + y ◦t A(t)(f + λ),

which is the required equality (we use the notation y = (f + λ)−1,t).

To obtain a rigorous justification for the above formal computation we note that

the procedure we are using here is the following: We have F (s, t) a function on

(a, b)2 (in our case the function (s, t) →〉(f + λ)−1,s) ◦t (f + λ), c〉L2(F ) for a fixed

c in E) and we know that F (t, t) is constant on (a, b).

We want to deduce that d
dsF (s, t)|s=t exists and is equal to − d

dsF (t, s)|s=t, if the

later term exists. This comes from the identity:

(s− t)−1[F (s, t)− F (t, t)] = (s− t)−1[F (s, t)− F (s, s)].

Thus, the proof would be completed if we can prove that (z, y)→ d
dzF (y, z) is a

continuous function in (y, z) around (t, t) which in turn will follow if we knew that

(z, y)→ ψ̃z((f + λ)−1,y, f + λ, c)

is a continuous function (y, z) around (t, t). This follows from the following state-

ment

Lemma 6.15. For f in E and g in H, the map on (a, b) with values in H defined

by

s→ f ◦s g

is continuous. The same holds for an n− fold product for every n ≥ 2 in N.

Proof. Fix t in (a, b) and assume that M = sup
s∈V
||f ||∞,s is finite in a neighborhood

V of t.
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For any h in H and s in V we have that

〈f ◦s g, h〉 − 〈f ◦t g, h〉 =

s∫
t

ψ̃p(f, g, h)dp.

Using the estimate for ψp we get that

|〈f ◦s g, h〉 − 〈f ◦t g, h〉| ≤M |s− t|||g||H ||h||H .

Since this is valid for arbitrary h ∈ H the statement follows.

Corollary 6.16. Let f be any vector in E and let λ be any non real element in C.

Then the map

s→ (f + λ)−1,s

on (a, b) with values in H is continuous in the norm topology.

Proof. We use the expression:

(f + λ)−1,s = (cst)

∞∫
0

exp(−λp) expAs(itf)dt.

We also use the preceding corollary for the continuous dependence on s of the

function s → expAs(itf). (we use here the notation expAs for the exponential in

the algebra As.) This proves the required continuity result and also concludes the

proof of Lemma 6.13. From lemma 6.13 we also deduce the following more general

result

Lemma 6.17. Let f be any function on (a, b) with values in H and so that f is

differentiable and f ′(s) belongs to H for almost all s in (a, b). Let λ be any complex



110

number which is not real. Then, (in the weak sense) d
ds (f(s)+λ)−1,s|s=t exists and

it is equal to

A(t)(f(t) + λ)−1,t + (f(t) + λ)−1,t ◦t [A(t)f(t)− f ′(t)] ◦t (f(t) + λ)−1,t,

for almost all t in (a, b).

Proof. A general fact in Banach algebras shows that:

d

ds
(f(s) + λ)−1,s|s=t = (f(s) + λ)−1,t ◦t f ′(t) ◦t (f(s) + λ)−1,t, t ∈ (a, b).

This and Lemma 6.13 completes the proof of the Lemma 6.17.

Corollary 6.18. Let f = f(t) be a function on (a, b) with values in H so that f is

differentiable and so that f ′(t) = A(t)f(t) for almost all t. Then, for all λ ∈ C/R,

we have

d

dt
(f(t) + λ)−1,t = A(t)(f(t) + λ)−1,t,

for almost all t in (a, b). Consequently, the uniqueness in H, of the solution for the

equation ẏ(s) = A(s)y(s) shows that

U(s, t)(f + λ)−1,t = (f + λ)−1,s,

for almost all s, t in (a, b).

Hence, for almost all s, t in (a, b), U(s, t) maps Dt into Ds.

Proof. This follows from Corollary 6.17 and the fact that the set

{(λ+ f)−1,t| f ∈ H = L2(Dt), f = f∗, λ ∈ C/R}

is normic dense in Dt for all t.

We have thus proved
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Theorem 6.19. Let (1, E , H, ∗, (Dt)t∈(a,b)), be a rigid ”nice intermediate deforma-

tion” as in definitions 6.8 and 6.10.

Let (A(t))t∈(a,b) be a bounded solution (measurable in t) of the equation

ψ̃t(f, g, h) = [A(t)(f ◦t g)−A(t)f ◦t g − f ◦t A(t)g, h∗]H ,

for all f, g, hin E with properties a), b), c), d) in Proposition 6.12 (such a solution

exists automatically by the next paragraph).

Let (U(t, s))t,s∈(a,b) be the evolution operator associated to the linear differential

equation ẏ(t) = A(t)y(t). Then U(t, s) maps Dt onto Ds and U(t, s) is an algebra

isomorphism for all s, t.

Proof. Using 6.18, it follows that we only have to check that U(t, s) is a morphism

of algebras. Fix t in (a, b). For x, y in Dt, we let x(s) = U(s, t)x and y(s) = U(s, t)y.

Then we have ẋ(s) = A(s)x(s) and ẏ(s) = A(s)y(s) and x(t) = x, y(t) = y.

Let z(s) = x(s) ◦s y(s), s ∈ (a, b). Then x(s), y(s) belong to DS for all s and

d

ds
z(s)|s=t =

d

ds
(x(s) ◦s y(s))|s=t =

d

ds
(x(s) ◦t y(s))|s=t + (A(t)x(t)) ◦t +x(t) ◦t (A(t)y(t)).

By Lemma 6.14 this is A(t)(x(t) ◦t y(t)). As x(t) ◦t y(t) belongs to Dt ⊆ H for

all t and z(t) = x ◦t y, the unicity of the solution of the linear(nonautonomuous)

differential equation shows that

z(t) = x(t) ◦t y(t) = U(s, t)(x ◦t y).

this completes the proof.
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7) Vanishing for certain bounded cyclic cohomology

cocycles in a finite von Neumann algebra

The main result of this section is that cyclic cohomology 2-cocycles ψ̃ on a type

II1 factor M with trace τ , that have the property that

|ψ̃(a, b, c, )| ≤ (const) ||a||∞ ||b||2 ||c||2

are coboundaries of antisymmetric 1-cocycles on M defining bounded operators on

L2(M, τ) and L1(M, τ).

We will start first by explaining why this result is not sufficient for our purposes

and then prove the above mentioned result. The cocycles that we would like to be

coboundaries in Connes’s cyclic cohomology live on dense subsets of the algebras

At like Ât.

Let t be any real number in (1,∞). Let A,B,C be in L2(At), with contravariant

symbols A = Â(z, ζ), for z, ζ in H and similarly for B and C. Let At(z, ζ) be

Â(z, ζ){(z − ζ)/2i}−t and similarly for B and C. The 2-cocycle ψt associated to

the deformation quantization for H/Γ is defined by the following formula: (as long

as the integrals are absolutely convergent)

ψt(ABC) = (1/2)(c′t/ct)τ(A ∗t B ∗t C)+

+c2t

∫
Fz

∫
×

∫
H2
η,ζ

iθt(z, ζ, η)At(z, η)Bt(η, ζ)Ct(ζ, ζ)dνt(z, ζ, η).

Recall that θ is a bounded, continuous, Γ invariant function on H3 given by formula

(6.3). Note that if in the last integral above we replace θ by 1, then we get τ(A∗tB∗t

C). Also recall that we found a Banach norm || ||λ,t on a weakly dense subalgebra
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Ât of At that behaves nicely with respect to the algebras in the deformation. Using

this norm we found the estimate

|ψt(A,B,C)| ≤ ||A||λ,t||B||2,t||C||2,t.

Unfortunately the norm ||A||λ,t is not equivalent (at least as long as the Haussdorf

dimension of the limit set δ(Γ) is strictly greater than 1/2 (see[Pat])) to ||A||∞,t.

Moreover, even when assuming stronger conditions on the group Γ, like vanish-

ing of the canonical cocycle [nΓ] (introduced in Definition (6.2) in the bounded

cohomology H2
bound(Γ,Z), the best estimate we are able to find for ψt is

|ψt(A,B,C)| ≤ const ||A||2,t||B ∗t C||2,t + two other terms by permutation .

This estimate can be improved to a a complete boundedness condition ([EC,AS]).

Remark 7.1. Let Γ be a discrete, fuchsian subgroup of PSL(2,R) such that the

canonical cocycle [nΓ], introduced in (6.2), vanishes in H2
bound(Γ,Z). For n in

N, let ψ̃t,n be the 3-linear functional on Mn(At) ×Mn(At) ×Mn(At) with values

in Mn(C) that is associated with ψt. Then ψ̃t,n is defined by requiring that, for

A = (Aij), B = (Bij), C = (Cij) in Mn(At), ψ̃t,n((Aij), (Bij), (Cij)) be the

matrix with i, j entries equal to
∑
k,l

ψt(Aik, Bkl, Clj). for all i, j. Then

||ψ̃t,n(A,B,C)||Mn(C) ≤ const (||A|| ||BC||+ ||B|| ||CA||+ ||C|| ||AB||)

for all A,B,C, in Mn(At), all the norm being uniform norms.

Proof. Indeed we know that we have in this case a splitting for ψt(A,B,C) −

c′r/crτ(A ∗t B ∗t C) into a sum of three other terms:

χt(A,B ∗t C) + χt(B,C ∗t A) + χt(C,A ∗t B)
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with χt of the form

χt(A,B) =

∫
F

∫
×H

(d(z, ζ, ζ, z))At(z, ζ)Bt(ζ, z)dνt(ζ, z),

for a suitable Γ−invariant function d. It is thus sufficient to prove for χt such a

completely boundedness type of estimate. But χt(A,B) has the following expression

〈TdA,B〉L2(At) = 〈TdA ∗t Bζ0, ζ0〉L2(At),

where Td is the Toeplitz operator with symbol d(z, ζ, ζ, z) on the space of analytic

functions on H × H, that are Γ invariant and square summable and ζ0 is the unit

vector in L2(At). As Td has bounded symbol,the Paulsen and Smith dilation lemma

for completely bounded maps applies. (see e.g. [E.K.],[A.S.]). This completes the

proof.

It is conceivable that the techniques in [C.S.] or [Sm.,P.] could eventually be used

to show that in this case ψt is a coboundary of a completely bounded cocycle. To

obtain for ψt an estimate like the one in the main theorem of this paragraph, one

would need to have some more information about the function z, ζ → arg [(z−ζ)/2i]

which appears in the expression for θ.

Remark 7.2. If the function φ = φ(z, ζ) on H2 defined by (z, ζ)→ arg [(z−ζ)/2i]

could be shown to belong to the projective tensor product of L∞(H) with itself, (or

even weaker, if one could prove that φ belongs to a weak limit of some ball in the

projective tensor product) then it would follow that ψt automatically verifies the

estimate

|ψt(A,B,C)| ≤ const||A||∞,t||B||2,t||C||2,t.
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Thus, if this would hold true, it would follow that for all lattices Γ in PSL(2,R),

the algebras in the deformation are isomorphic (i.e. that the fundamental group of

L(Γ) is nontrivial).

The same conclusion would also hold if the function z, ζ → arg [(z − ζ)/2i]

would be a Schur multiplier on the Hilbert spaces H2(H, (Im z)t−2dzdz) for t in an

interval.

The main result of this paragraph shows that the estimate

|ψt(a, b, c, )| ≤ (const) ||a||∞ ||b||2 ||c||2, implies that the cocycle ψt is trivial in

cyclic cohomology.

Theorem 7.3. Let M be a semifinite von Neumann algebra with semifinite, faithful

normal trace τ . Denote the L2-norm on M by || ||2 and the uniform norm on M by

|| ||∞. Let ψ : (L2(M)∩M)3 → C be a 3-linear functional on M with the following

properties:

i). ψ is a cyclic 2-cocycle in the sense of [AC], that is for all a, b, c, d in M ∩

L2(M, τ),:

ψ(a, b, c) = ψ(b, c, a)

ψ(ab, c, d)− ψ(a, bc, d) + ψ(a, b, cd)− ψ(da, b, c) = 0.

ii). |ψ(a, b, c)| ≤ const ||a||∞ ||b||2 ||c||2 for all a, b, c in M ∩L2(M, τ). Moreover if

ψ is extended by continuity to M × (L2(M, τ) ∩M)2 then ψ(1, b, c) = 0, for all

b, c in M . iii) ψ(a, b, c) = ψ(a∗, b∗, c∗) for all a, b, c in M ∩ L2(M, τ).

Then there exists a bilinear form φ : (M ∩ L2(M, τ))2 → C so that for all a, b, c

in M ∩ L2(M),

ψ(a, b, c) = φ(ab, c)− φ(a, bc) + φ(ca, b).
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In addition φ(a, b) = −φ(b, a) and φ may be chosen so that if χ = χφ is the linear

operator on L2(M, τ) defined by the equality 〈χa, b〉τ = φ(a, b∗), a, b ∈M∩L2(M, τ),

then χ is a bounded antisymmetric operator. Finally, we may in addition assume

that χ maps M into M and that χ maps Msa into Msa.

Proof. We will consider a convex set Kψ of bounded bilinear functionals on

L2(M, τ). By identifying Kψ with a convex compact subset of the unit ball of

B(L2(M, τ)) we will be able to apply the fixed point theorem of Ryll-Nardjewski.

This is a standard procedure when solving cohomology problems in von Neumann

algebras (see [Ek], [Ka]).

For each bounded, bilinear functional φ on (L2(M, τ))2, we associate a bounded

linear operator Tφ in B(L2(M, τ)) which is defined by 〈Tφ(x), y∗〉τ = τ(yTφ(x)) =

φ(x, y), x, y in L2(M, τ). For u a unitary in M let φu be the bounded linear

functional defined by

φu(x, y) = ψ(yu∗, u, x), x, y in (L2(M, τ)

and let Tu be the associated bounded operator on (L2(M, τ) which is thus defined

by

〈Tu(x), y〉τ = φu(x, y∗) = ψ(y∗u∗, u, x), x, y in (L2(M, τ).

To simplify our setting we will assume that the constant in (ii) is 1 so that Tu

belongs to the unit ball B(L2(M, τ)1 for all unitaries u. We consider now the

weakly compact convex set K in B(L2(M, τ)1 defined by

K = cow{Tu | u ∈ U(M)}.

The w- topology is the weak operator topology on the unit ball B(L2(M, τ)1.
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We show that for T in K, T extends to a bounded linear operator on M . We

first note the identity:

(7.3) 〈Tuv(x), y〉L2 = 〈Tu(vx), vy〉L2 − φu(v, xyv∗) + 〈Tvx, y〉

which is valid for all x, y in L2(M) and for all u, v in U(M). This is easy to check

because it corresponds to

ψ(y∗v∗u∗, uv, x) = ψ(y∗v∗u∗, u, vx)− ψ(xyv∗u∗, u, v) + ψ(yv∗, v, x).

This is equivalent to

ψ(yv∗, v, x)− ψ(y∗v∗u∗, uv, x) + ψ(y∗v∗u∗, u, vx)− ψ(xyv∗u∗, u, v) = 0,

which is exactly the identity for ψ with a = y∗v∗u∗, b = u, c = v, d = x.

From the relation (7.3), by using the continuity for Tu, Tv, Tuv we deduce that

(7.4) |φu(v, xyv∗)| ≤ 3||x||2 ||y||2 for any x in L2(M, τ).

Take z be arbitrary in L1(M, τ)∩M, and let z = z+ − z− be the canonical decom-

position of z as a difference of positive elements.

The preceding relation shows that |φu(v, z+)| ≤ 3||z+||L1(M,τ) and hence that

|φu(v, z)| ≤ 3(||z+||L1(M,τ) + ||z−||L1(M,τ)) = 3||z||L1(M,τ).

Thus we have shown that for u in U(M) the bilinear maps φu on L2(M, τ), have in

addition the property that

|φu(v, z)| ≤ 3(||z||L1(M,τ)) for all z in L1(M, τ) ∩M.
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We now use the fact that any x inM is a linear combination of four unitaries (see e.g.

2.24 [S.Z.]) x =
4∑
i=1

λiui with |λi| ≤ 2||x||. Consequently |φu(x, z)| ≤ 24||x||∞ ||z||1

for all x in L1(M, τ) ∩M , z in L1(M, τ) ∩M. Since ψ was assumed to be weakly

continuous this shows that the operator Tu associated to φu maps boundedly M

into M and L1(M, τ) into L1(M, τ). The operator norm is bounded in both cases

by 24.

But then the same statement holds true for any convex combination in the

operators {Tu |u ∈ U(M)}. By taking weak limits one obtains any element T in

K has in addition the property that it extends by continuity to M (and L1(M, τ))

and

||T (x)||∞ ≤ 24||x||∞, ||T (x)||1 ≤ 24||x||1 for all x in L2(M, τ) ∩M.

We define a family of affine weakly continuous maps (αv), v ∈ U(M) on K with

values in K by

〈αv(T )x, y〉L2 = 〈T (vx), vy〉L2−〈T (v), vyx∗〉L2 +〈Tu(x), y〉L2 , x, y in L2(M, τ)∩M

which, by identifying the elements in T with the associated bilinear φ functionals

φ in K, are

αv(φ)(x, y) = φ(vx, yv∗)− φ(v, xyv∗) + φu(x, y), x, y ∈M.

Relation (7.3) shows that

αv(Tu) = Tuv, for all x in U(M).

By what we have just shown αu are weakly continuous and well defined on K.

Assume that there exists a common fixed point φ in K for all the maps (αu)u∈U(M).
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Then αu(φ)(x, y) = φ(x, y) for all u in U(M), x, y, in L2(M, τ)∩M which gives the

following relation valid for all x, y, in L2(M, τ) ∩M , v in U(M).

φ(x, y) = φ(vx, yv∗)− φ(v, xyv∗) + ψ(yv∗, v, x).

This is equivalent to:

ψ(yv∗, v, x) = φ(v, xyv∗)− φ(vx, yv∗) + φ(x, y)

for all x, y, in L2(M, τ) ∩M , v in U(M).

Denote φop(x, y) = φ(x, y). We get

ψ(yv∗, v, x) = φop(xyv∗, v)− φop(yv∗, vx) + φop(y, x)

= φ(yv∗v, x)− φop(yv∗, vx) + φop(xyv∗, v).

Denoting a = yv∗, b = v, c = x we get

ψ(a, b, c) = φop(ab, c)− φop(a, bc) + φop(ca, b)

By continuity we get that φop has the property

ψ(a, b, c) = φop(ab, c)− φop(a, bc) + φop(ca, b)

for all a, b, c in L2(M, τ) ∩M (in fact all b in M , a, c in L2(M, τ)).

We note that in addition all the elements in K have the property that T1 = 0.

Indeed, because we have a proved that φu makes sense on M ×L1(M, τ) it follows

that ψ(uy∗, u, x) is defined for all x in M and y in L1(M, τ). By weak continuity

since ψ(a, b, 1) = 0 for all a, b in L2(M, τ) ∩M it follows that the same holds true

for a = uy∗, b = u and hence ψ(uy∗, u, 1) = 0 for all y in M ∩ L1(M, τ).
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To show that there exists a fixed point for all the affine maps (αu), u ∈ U(M)

on K we will apply the Ryll-Nardjewski theorem. To do that we have to find a

seminorm p which is weakly inferior semicontinuous and so that if T, S ∈ K then

inf
u∈U(M)

p(αu(T )− αu(S)) > 0.

We choose the seminorm p to be the uniform norm on M (since the ball

{x | ||x|| < c} is always weakly closed). We have to show that if T, S belong

to K and

(7.4) inf
u∈U(M)

||αu(T )− αu(S)||B(L2(M,τ)) = 0

then R = S. Denote R = T − S. Then αu(R) is given by the formula

〈αu(R)x, y〉L2(M,τ) = 〈u∗R(ux), y〉L2(M,τ) − 〈R(u), uyx∗〉

for all x, y in L2(M, τ).

By (7.4) it follows that for any ε > 0 there exists u in u in U(M) with

||u∗R(ux)− u∗R(u)x||L2(M,τ) ≤ ε ||x||2, x in L2(M, τ).

Equivalently this means that for any ε there exists u with

||R(ux)−R(u)x||L2 ≤ ε||x||L2 , for all x in M ∩ L2(M, τ)

and consequently

||R(x)− (R(u)u∗)x||2,L2(M,τ) ≤ ε||x||2

As R(u) belongs to M (since we have shown this for all Tu), this shows that R

belongs to the uniform norm closure in L(M,M) of the maps {La | a ∈M} where

La(x) = ax for x in M . But this uniform norm closure is {La | a ∈ M} itself and
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hence R is of the form La for same a in M . As R(1) = 0 it follows that R = 0.

Thus the Ryll-Nardjewski applies.

The relation ψ(a, b, c) = ψ(b∗, a∗, c∗) gives that

ψ(a, b, c) = ψ(b∗, a∗, c∗) = φ(b∗a∗, c∗)− φ(b∗, a∗c∗) + φ(c∗b∗, a∗).

Consequently, by using also the properties of ψ and writing

ψ(a, b, c) = ψ(b∗, a∗, c∗) = 0 we get

[φ(ab, c)− φ(b∗, a∗c∗)] · [φ(a, bc)− φ(c∗b∗, a∗)] + [φ(ca, b)− φ(b∗, a∗c∗)] = 0,

for all a, b, c in M ∩ L2(M, τ). By using the property φ(x, y) = −φ(y, x), we get

that

[φ(ab, c) + φ(c∗, b∗a∗)]− [φ(a, bc) + φ(c∗b∗, a∗) + [φ(ca, b)− φ(b∗, a∗c∗)] = 0.

Now using the expression φ = φ1+φ2

2 where φ1(x, y) = φ(x, y) +φ(y∗, x∗), it follows

that there is no loss of generality when assuming the equation ψ(a, b, c) = φ(ab, c)−

φ(a, bc) + φ(ca, b) to suppose that

φ = φ2 = φ(x, y)− φ(y∗, x∗).

Hence φ(x, y) + φ(y∗, x∗) = 0, x, y in L2(M, τ) which is the required condition for

φ to be antisymmetric.

The only property that hasn’t been checked is that χ(Msa) ⊆ Msa which is

equivalent to

χ(x∗) = χ(x∗) for all x in M ∩ L2(M, τ) or

〈χ(x∗)y, z〉 = 〈y, χ(x)z〉 or
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〈χ(x∗), zy∗〉 = 〈yz∗, χ(x)〉.

Denoting b = zy∗, this means that we want that

〈χ(x∗), b〉 = 〈b∗, χ(x∗)〉.

By the antisymmetry for χ this is

〈χ(x∗b), b〉 = −〈χ(b∗), x〉

which is the same as φ(x∗, b∗) = −φ(b∗, x∗).

This completes the proof of our theorem.
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