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ABSTRACT In this paper we are considering a new invariant for subfac-
tors in the von Neumann algebra L(Fj) of a free group. This invariant
is obtained by computing the Connes’ y invariant for the enveloping von
Neumann algebra of the iteration of the Jones’ basic construction for the
given inclusion. In the case of the subfactors considered in [Po2], [Ral]
this invariant is easily computed as a relative y invariant, in the form
considered in [Kaw].

As an application we show that, contrary to the case of finite group ac-
tions (or more general G-kernels) on the hyperfinite I71; factor (settled in
[Col], [Oc2], [Jo3]), there exist non outer conjugate, injective homomor-
phisms (i.e two Zs-kernels) from Zsy into Out(L(F}y)), with non-trivial
obstruction to lifting to an action on L(F}). Moreover, the algebraic in-
variants ([Co2]) do not distinguish between these two Za-kernels. Also,
there exists two non-outer conjugate, outer actions of Zy on L(Fj)®R

that are neither almost inner or centrally trivial.

The aim of the present paper is to propose a new invariant for subfactors in the

von Neumann algebra of a free group.

The invariant. Given A C B an inclusion of type 11, factors, of finite index, we
let B be the enveloping algebra for the tower of algebras in the (iterated) Jones’s
basic construction ([Jol]) for A C B. Then

X(Bx) C Out (Boo)
1s a conjugacy invariant for A C B.

Here, for a type II; factor M, x(M) denotes the Connes’ invariant for M

([Co4]). The x(M) invariant was introduced by Connes ([Co4]|) in connection with
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a breakthrough construction that showed the existence of a type Il factor not
anti-isomorphic to itself (thus giving a negative answer to Sakai’s problem on the
existence of type II; factors not coming from discrete groups).

We will show that for the subfactors in free group algebras, considered in [Ral]
(or for those considered in [Po2]), this invariant may be computed and it coincides
with the relative form of the invariant x ([Kaw]) for an associated pair of hyperfinite

factors.

Using the full strength of this invariant (which comes, as in [Co3], by considering
X(Bwo) as a subgroup in Out(By,) = Aut(By)/Int(By ), rather than as an abstract
abelian group (see also [Jo2], [JS],[Su], [St])), we obtain, as an application, that
the classification theory for finite group actions (and for G-kernels) on type Il
factors, such as L(Fy)(the von Neumann algebra of a free group Fy), is different

from the corresponding classification theory on the hyperfinite I1; factor ([Col],
[Co2],[Oc2],[J03]).

Theorem. There exists two injective homomorphisms from Zginto Out(L(Fy)),
for any k € Z,k > 2, non-liftable to an action of Zoon L(F}y) (i.e two Zo-kernels on
L(Fy)with non-trivial obstruction) that are not outer conjugate (in Out) and for

which all the algebraic invariants ([Col],[Jo3]) coincide.

Explicitly, this means that there exist two (non-inner) automorphisms «;, i = 1, 2
on L(Fy), having non conjugate images (of order two) in Out (L(F%)). Moreover,
both automorphisms are not liftable to actions of Zs on L(Fy). The last statement
means precisely that af = Ad g; and o;(g;) = —g;, where g; = g;L —g; , with gfE
projections of trace 1/2 in L(F}) (see [Co2],[Jo3]).

Note also that for actions of infinite cyclic groups on the von Neumann algebra
of a free group with infinitely many generators, by [Ph], the actions obtained by
multiplying the generators by complex numbers of modulus 1 are distinguished
(modulo outer conjugacy) by the topology induced on Z from Aut L(F).

For free groups with finitely many generators or for finite cyclic groups the above
arguments will not work. For example all Zy actions on £(F») that are obtained by
multiplying the generators with +1 or by switching the generators, are conjugate
via elements in Aut £(F>), which belong to the image of the O(2) action on L(F)

b

considered in [Vo2].



As a corollary we obtain that for the classification theory for subfactors in free
group factors the usual invariants from the hyperfinite subfactors theory are not
sufficient. That is, we may produce a pair of inclusions in L(F) of finite index, for
which all the usual invariants are identical, but which, by looking at the invariant

we have just introduced, are distinct.

Corollary. There exist two non-conjugate, finite depth subfactors in L(Fy) having

the same higher relative commutant invariants, and hence the same paragroups

([Ocl], [Jol1], [Pol]).

The main technical ingredients used in proving this results are contained in the

following statements:

Corollary (4). Let C = (A D B 2 C;A D C D D) be an extremal commuting
square ([Pol]) of finite dimensional algebras, which is \-Markov ([Pol,We]), (i.e.
there exist a A-Markov trace, in the sense of Jones ([Jo1]) for C C A, which restricts
to a A\-Markov trace for D C B). By ([Ral]) the inclusion

([,(Fk) X D) xp C C ([,(Fk) X B) xg A

is a finite index inclusion of type 11y factors (that are isomorphic to L(Fy) for
some N > 1).

Let Ay, be the enveloping von Neumann algebra in the tower of algebras in the
iterated Jones’s basic construction of the above inclusion. Let By, C Ao be the en-
veloping von Neumann algebras in the tower of algebras in the iterated Jones’s basic
construction for the inclusions D C B and respectively C C A. Let x(Boso, Aso) be
the relative x invariant ([Kaw]) for the inclusion of hyperfinite factors By, C A.
Then

X(Aco) = X((L(F) @ Boo) *B.., Aosc) = X(Boo, Acc)-

Theorem (21). Let Ry C Ry be the inclusion of type 11, factors corresponding
to the cross product by the action of Z4 corresponding to a Zo kernel that can’t be
lifted to an action of Zy. We assume that the spectral projections, corresponding
to the selfadjoint unitary realizing the obstruction to lifting, have trace 1/2. Let
A= (L(Fy) ® R_1) xg_, Rg. Let N be the subfactor constructed in [Jo2], having
the x itnvariant isomorphic to Zo @ Zs.

With the above notation, N is not isomorphic to A= (L(Fy) ® R_1) *r_, Ro.



Theorem (22). Let N be the factor constructed in [Jo2]. Then there exist subalge-
bras A C B in N so that A is isomorphic to L(F}y), B is the cross product A X Zy4,
where 6 is a Zo-kernel on A with non-trivial obstruction (to lifting). Moreover N

1s the enveloping algebra for the inclusion A C B.

In a forthcoming paper we will carry out the analysis above to more general,

finite abelian groups. It is plausible that an invariant of the type considered in this

note could be used to settle Kadison’s problem in [Ka] (see also Sakai’s book, [Sa]

Problem 4.4.44) on the isomorphism class of the algebras associated to free groups.

This paper is an extended version of a previous note by the author in Comptes

Rendu Acad. Sci. Paris in 1993 ([Ra2])

Acknowledgment. We are indebted to D. Bisch, V. F. R. Jones, S. Popa and to

D. Voiculescu for useful comments on this paper.

0. Definitions

For u a unitary in M we denote by Adru (or when M is clear from the context we

use simply the notation Adu) the inner automorphism defined by Adpyu(z) = uzu®*.

We let Int (M) be the closure of the group of inner automorphisms of M, Int (M),
in the pointwise, weak convergence topology on M. Let Ct (M) be the set of
all automorphisms « of M that have the property that ||a(z,) — z,|l2 — 0,
whenever x,,,n € Z is a central sequence in M (i.e a bounded sequence in M with

||/[#n, y]||l2 — 0 for any y € M. Connes’ invariant ([Co3]) is defined as follows:
xX(M) = (Ct (M)N1Int (M))/Int (M).

If M is a McDuff factor (i. e. M =2 M ® R, where R is the hyperfinite I1; factor)
then x (M) is the center of the the group Out(M) = Aut(M)/Int(M). Let N C M
be an inclusion of finite, separable von Neumann algebras. We recall the definitions
from [Kaw|. We let Int(V, M) be the set of all inner automorphisms of M that are
implemented by unitaries in N. Let Ct(NN, M) is the set of all automorphisms of
M, leaving N invariant and acting asymptotically trivial on central sequences for

M that are contained in NV.



Let N C M be an inclusion of separable, finite von Neumann algebras and let

X(N, M) be the relative x invariant ([Kaw]) for the inclusion N C M:

X(N, M) = (Ct(N, M) NInt (N, M))/Int (N, M),

0. Outline of the proofs

The idea of our construction is as follows. Let N, M be finite von Neumann
algebras so that the centers of N and M have trivial intersection. We will first
use the technique, borrowed from Sakai’s proof on the non-existence of non-trivial,
central sequences in a free group factor, to show that for any amalgamated free
products (of the type of those first considered in [Po2]) of the form A = L(F}) ®
N) xn M, the central sequences in A are asymptotically contained in M.

By using this and the results from Jones’s paper [Jo4], we are able to prove that
the x invariant x(.4) may be identified with the relative form of the x invariant
X (N, M) considered in [Kaw]. Also in this correspondence, the obstruction to lifting
for various elements in the y groups are preserved.

Let C = (D C BC A;D C C C A) be an extremal commuting square with
a A Markov trace. Let B, C Ay be the index A subfactor associated with the
commuting square C.

In [Ral] we proved that

is an index A inclusion of free group factors, so that the enveloping von Neumann
algebra of the iteration of the Jones’s basic construction for the inclusion N C M
is
(ﬁ(Fk) X Boo) *B_ A
By combining this with the result we presented above, it means that the y

invariant for the inclusion N C M is
X(Boo, Acc)-

We want to prove that this invariant is fine enough to distinguish between sub-
factors in free group factors, which have the same invariants coming from the higher

relative commutants (i. e. the same paragroup [Ocl]).



Let 6 be an outer Zgy kernel on the hyperfinite I1; factor that can not be lifted
to an action of Zs on R. By the methods developed by Connes in [Co2| this means
that 0% = Adgg for some selfadjoint unitary ¢ in R and that 6(g) = —g. We will
also assume (which is always possible by [Co2]) that the spectral projections of g
have trace 1/2.

We will consider the commuting square Cy, which by iteration of the Jones’s
basic construction yields an inclusion of the form R C R xg Z4. Then it is easy
to see that the inclusion N¢, C M, associated with this subfactor is equivalent to
an inclusion of the form L(Fy) C L(Fy) Xg' Za, where 0 is a Zo kernel on L(Fy)
with exactly the same properties as 6. Moreover, the enveloping algebra for the

inclusion N¢, C Mg, is then isomorphic to

An explicit computation of the relative invariant x (R, R xg Z4) allows to prove
that x(A) is, as an abstract group, isomorphic to Zs @ Zs. Moreover, for exactly
one copy of Zy in x(A), which we will denote by ¢, there is no obstruction to lifting
it to a morphism of Zs into Aut(A).

We analyze the factor B = AxZy and show that the dual action é is decomposed

as ¢ = s152, where s1 is in Int(B), while s5 is in Ct(B). Moreover, for a selfadjoint

unitary h in B we have that
(*) 57 = Adgh, si(h) = —h,i=1,2.

Now we consider the subfactor N introduced in [Jo2]| by analogy with ([Co5]).
Then N has also the property that that x (V) is, as an abstract group, isomorphic
to Zo @ Zs. Moreover, for exactly one copy of Zs in x(N), which we will denote by
7, there is no obstruction to lifting it to morphism of Zs into Aut(V).

We consider (following [Co4]) the factor N x, Zs and show that here the dual
action v on the cross product is also decomposed as ¥ = s152, where s; belongs to
Int(N % Zy), while s belongs to Ct(N x,Z5). This time there exist two selfadjoint

unitaries fq, fo in N x, Zy so that

(**) t% = Ad[N)qﬂlZg]fi: tz(fj) = (_l)iij_‘_lfjv 217 =1,2.



The relations (x) and (xx), by the theory of invariants for finite group actions
on type II; factors ([Jo3]), prevents one to obtain tq,ts, by a unitary cocycle
perturbation, from sq, so.

Since the algebras B, N x. Zy are canonically associated with 4 and IV, as are
s1, $9 and, respectively t1, to, this shows that the factors NV, A can’t be isomorphic.

Moreover, by using Voiculescu’s random matrix picture, the factor N is the
enveloping von Neumann algebra in the iteration of the Jones’s basic construction
of an inclusion of the form L(Fy) C L(Fy) Xg Za4, where 0" is a Zy kernel on L(Fy,)
with similar properties as €’.

The fact that the algebras A and N are not isomorphic shows exactly that 6’
and 0" are not cocycle conjugate (although the two kernels have exactly the same

algebraic invariants considered in [Jo3]).

1. Computations of the invariant for some subfactors of free group factors
The following lemma is essentially contained in Lemma 4.3.3 in [Sa] (which proves

the absence of non-trivial central sequences in free group factors).

Lemma 1. Let N C M be a pair of separable, finite von Neumann algebras. As-
sume that N, M have centers with trivial intersection. Let A be the von Neumann

algebra reduced free product

which by [Po2] is a type 11y factor.Let g;,i = 1,2 are two of the k generators in Fy,
and let ||z||? = T(x*z), © € A where T is the trace on A. Let EX be the normal,

faithful, conditional expectation from A onto N.

Then A has the property that

BN (y) — yll2 < 14 max ||[g, y] 2.

In particular all central sequences in A are asymptotically contained in N.

Proof. We will follow closely the proof of Lemma 4.3.3 in the book of Sakai.

For the sake of completeness we will repeat the argument by using our notations.
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According to Chapter 3 in [Po2] any element x in the amalgamated free product

(L(Fg) ® N) *y M is a sum of elements of the form
mowimyws..wymy, L € Nyw; € Fp\{e},i=1,2,...,1,

where mq, mo,...,m;_1 are elements in M & N, while mg, m; are either 1 or in V.
Moreover one of the terms in the sum may be in N. The different choices (for the
number of indices or for the elements in F}) will give orthogonal terms with respect
to the canonical trace ([Po2], Prop. 3.1) on (L(F)) ® N) *xny M. Hence the above
sum is an orthogonal sum in the Hilbert space associated with (L(Fy) ® N) xn M.
Let S be the index set for the above sum (that is for different elements in S we
get orthogonal elements). Denote by 1 the element corresponding to N in S. Note
that multiplying elements in § with elements in Fj, to the left or to the right, is a
well defined operation on S.

Fix an element y in (L(Fx) @ N)*ny M. For s in S denote by ys the component of
y belonging to the subspace indexed by s. For a subset F' in S, let v(F') be the sum
of the squares of the Hilbert norms of the components of y that belong to F' (e.g.
> ser |ysl|Z). In particular ||v(S\1)||7 is equal, according to the above definition
to C% = |ly — En(y)||*.

We let F' be the subset of all elements in the index set S that correspond
to elements that end in a nontrivial power of g;. Then we will have that § =
Ug; ' Fg1 U F U {1} and moreover the sets F, g, ' Fgy, g2Fgy " are disjoint in S\1.

As in Lemma 4.3.3 in ([Sa]), fix

€2 > ga)é{z ||(ygiilsgi:F1 — )12}
SES

= max{|ly — g yg7 12},
1=1,2

Then

v(F) = v(giFg; M) = [w(F)Y? = v(giFgy Y2 w(F)Y2 + v(giFg; 1)),

The second factor on the left hand side of the previous equality is clearly less than

2C.



For the first factor, we note that

> I gyt )22

sES
= || Z yglsg o HT
seF
> [ ] Zygisg;l\h Y wsll
seF sEF
=1 1Ygusg 111712~ O a2 = [w(giFg;y )Y — v(F)?).
sEF sEF
Similarly
e > |v(g; "Fgi)'? —v(F)'?,
Thus,

W(F) —v(giFg; ')| < 2Ce.

Hence V(gz-ng.’l) < v(F) + 2Ce. Consequently,
C? < wlgiFg, V) + v(F) < 2v(F) + s¢),

and hence v(F') > %2 — Ce.

Since, goFgy ', g5 ' Fgy and F are disjoint subsets of S\{1} we get that
C% > v(gy ' Fgy) + v(gaFgy ') + v(F) > C* — 7Ce.
This, by ([Sal), completes the proof.

In the next proposition we use the methods in ([Jo5]) to prove that the Connes’s x
invariant may be computed for certain amalgamated, free products of von Neumann

algebras. In particular the invariant will be non-zero for some of this algebras.

Proposition 2. Let N C M be a pair of separable, hyperfinite von Neumann

algebras. Assume that the centers of N, M have trivial intersection. Let

A= (L(Fy) ® N) sy M.
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By ([Po2]) the von Neumann algebra A is a type I1; factor. Then, the Connes’s
invariant x(A) is determined by the initial inclusion N C M.

The x invariant may be explicitly computed as x((L(Fi) @ N)*xny M) = x(N, M).
Moreover in this identification, the corresponding elements in x(A) and x(N, M)
have the same obstructions to lifting from the quotient.

Note that if the inclusion N C M 1is stable (i. e. isomorphicto NQ R C M®R),
then A is a McDuff factor (i. e. A2 AQ R).

The proof will is a clear consequence of the construction in the following propo-
sition:
Proposition 3. Let N C M be a pair of separable, hyperfinite von Neumann
algebras. Assume that the centers of N, M have trivial intersection. Let A =
(L(Fr) @ N)sn M. Let ® : Aut(N, M) — Aut(A) be the application which to every

automorphism o of M, leaving N invariant, associates the automorphism
O(a) = (lde () ® an) *n a,

(the construction of ®(«) is based on Proposition 3.4 in [Po2]).
Then ® has the following properties

O(Int(N, M)) C Int(A), ®(CHN,M) C Ct.A)

and ® is continuous in the strong, pointwise convergence topology. Consequently

¢ induces a map ® from x(M, N) into x(A). Moreover, ® is a surjective isomor-

phism.

Proof. Let u be any unitary in M, leaving N invariant. Since N commutes
in A with the image of L(Fj) it follows that ®(Adp(u)) = Ada(u). Hence,
®(Tnt(N, M)) C Int(A).

Moreover, because of the previous Lemma, any central sequence in A is asymp-
totically contained in N and hence ®(«) belongs to Ct(.A) if and only if a belongs

to Ct(M, N). Moreover, it is obvious that ® is continuous in the strongly, pointwise

convergence topology. Hence ® induces indeed a map d from

Ct(A) NInt(A)
Int(A)

(Ct(N,M)NInt (N,M))/Int (N, M) into

We check first the surjectivity for . Let a belong to Int(A). We recall the

following lemma due to Jones
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Lemma. (Lemma 3, [Jo5]) Suppose A C Mis a subalgebra (of a finite von Neu-
mann algebra M with a faithful state) with the property that any central sequence

{zn} satisfies ||Ea(zn) — xnlla — 0 (Ea is the conditional expectation onto A).

Then if a € Int(M), there exists a unitary w € M and a sequence z, of unitaries

in A such that « = Ad(w) lim,, o Ad(zy,).
By this lemma (and by using the preceding Lemma 1), we find that there exist
unitaries w in A and u,, in N so that

a=Adgw lim Adg(uy,).

L — 00

But then, by the continuity of ®, it follows that

a=Adgw lim ®(Ady(uy,)).

n— 00

Thus ® maps Int(M, N) onto Int(A) (modulo Int(.A4)). Assume that « also belongs
to Ct(A). As Ad4(w) always belongs to Ct(A), it follows that lim,,_ Ad.4(uy)
belongs to Ct(A) and hence, by Lemma 1, it follows that lim,, . Ady(uy,) is in
Ct(N, M).

It remains to show that ¢ is injective. Thus assume that for some « in Ct(N, M)
we have that ®(a)= Ad4(w), for some unitary in A.

Since by construction ®(«) acts identically on N, it follows that w belongs to
the relative commutant of £(F}) and thus (by [Po2], Theorem 4.1) that w € N, i.e
that o = Adps(w).

Corollary 4. LetC = (A2 B D C;A D C D D) be an extremal commuting square
([Pol]) of finite dimensional algebras, which is A-Markov ([Pol,We]), (i.e. there
exists a A-Markov trace, in the sense of Jones ([Jol]) for C C A, which restricts
to a A-Markov trace for D C B). By ([Ral]) the inclusion

(L(Fx)® D) xp C C (L(Fr)® B) *xg A

is a finite index inclusion of type 11, factors (that are isomorphic to L(Fx) for

some N > 1).
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Let Ay be the enveloping von Neumann algebra in the tower of algebras in the
iterated Jones’s basic construction of the above inclusion. Let B, C As, be the
enveloping von Neumann algebras in the tower of algebras in the iterated Jones’s

basic construction for the inclusions D C B and respectively C C A. Note (by
[Ral]) that A is isomorphic to (L(Fy) ® Bs) *B., Aco- Then

X(Aso) = X((L(Fk) @ Boo) *B.. Asc) = X(Boo; Asc).

2. Computation of x(R, R %y Z4) for a Zs kernel 6 in Out
with nontrivial obstruction to lifting to Aut

Let R be the hyperfinite, type II; factor and let # be an action of Z,4 into R.
We will assume that 0 defines a Zs-kernel, i.e that 6 defines a homomorphism from
Zsy into Out(R). Also we will assume that this Zs-kernel can not be lifted to a
morphism from Z, into Aut(R). By ([Col]), the fact that 6 can’t be lifted to a
morphism into Aut(R) is (uniquely) determined by the following obstruction:

Let g be the selfadjoint unitary (i.e g> = 1) defined by §2 = Adgrg. The fact that
such an unitary exists is warranted by the fact that 6 defines an action of Zs into
Out. It is easy to observe (see [Col]) that there exists an order 2 root of the unity
a so that 6(9) = ag. An obstruction to lifting will exists if and only if @ = —1,
that is if 0(g) = —g.

We will also assume that 6 has the property that the spectral projections of the
selfadjoint unitary g have trace 1/2 (in general, again by [Col], the value of the
traces of the spectral projections of g is an invariant for conjugacy in Aut(R)).

In this paragraph we will compute the relative invariant y for an inclusion of

hyperfinite, type I1; factors having the form
R - R Xg Z4,

with 6 as above.

In particular we will obtain that x(RXgZ4, R) is, (an abstract group), isomorphic
to Zo @ Zs. Moreover, exactly one of the three copies of Z, has no obstruction to
lifting from the quotient. This is to be compared with the case of a Zs kernel with
no obstruction to lifting. In this case, (by [Kaw]), for an order 2 outer action o on

R, one has that x(R, R X, Z3) is also Zg @ Zs.
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We will then apply this result for the commuting square ([Pol], [GHJ], [Ocl])
generating the inclusion R C R xg Z4. By considering the inclusion of free group
factors associated with the commuting square as in Corollary 4, we will deduce that

the enveloping algebra A for this inclusion has also the property that
X(A) = Zz ) Zz,

as abstract groups. Moreover, as a subgroup of Out(A) exactly one of the two copies

of Zs has no obstruction to lifting to a morphism of Zs into the automorphism group

of A.

Because we will need a very concrete knowledge of the structure of the inclusion
X(A) C Out(A), we will introduce a special model (similar the model in [Jo4]) for
the (finite depth) subfactor R C R xg Zy4.

This model will also be used in the last paragraph of this paper, when realizing
the Jones’s example ([Job]) as an enveloping algebra.

The realization of this model is outlined in the following lemma. Some parts of
the arguments are probably well known in the literature of subfactors. We include

them here for the sake of completeness.

Lemma 5. Let (Ug)gez is a family of unitaries with four point spectrum so that
each spectral projection for Uy has trace 1/4 and let g = gy — g_ be a selfadjoint

unitary whose spectral projections g+ have trace 1/2. We assume the following

relations:

and

UkUk+1U,: = \/*1Uk+1, keZ.

The trace on this algebra generated by these unitaries is specified by requiring that
each non-trivial monomial in the Uy ’s and g have zero trace).

Let (see [Jo3])
R_y = {gU Uy, Uy, ..} C{g,Up, Un,....}" = Ry.

Then R_1 C Rg s an inclusion of type 11 factors, of index 4 and the relative

commutant is generated by the (order 2) unitary g.
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In addition, Uy is normalizing R_1 (i. e. Adgr_,(Up) is a (non-inner) auto-
morphism of R_1). If § = Adg_,(Uy), then 8* = 1 and Ry is the cross product
R_1 xg Zy4. Clearly

0° = Adr_, (Ug) = Adg_, (Usg)

and h = UZg is a selfadjoint unitary in R, (with spectral projections of trace
1/2) with 6(h) = —h. Hence, 0 defines a Zs kernel into Out(R_1) with nontrivial
obstruction to lifting.

Moreover the k-th step in the iterated basic construction for this construction is:

k> 1.

3

Ry ={gU?,..U?,,U_,U_(_1),...}"

Proof. Clearly 6 as defined in the statement normalizes R_; by the properties
of the family (Ug)rez and g. Moreover g commutes with R_; (and generates the
relative commutant of R_; in Rg) so that Adg_,(U2) = Adgr_,(Ulg). Hence,
at least algebraically, Adg_, (Uy) implements the cross product R_1 xg Z4. The
properties of the trace, on the family of all (Ug)rez and g, prove that this is valid
when one considers also the topology on the algebraic cross product.

Also, since Adg, (U_1) acts identically on U3g and on Uy, U, ... while Adg, (U_+)
multiplies Uy by /1, it follows that Adg, (U_1) implements the dual action of Z,
on the cross product R 1 Xg Zy.

Hence the next step in the iterated basic construction of the inclusion R_; C Ry
is

Ry ={U_1,9,Up,Ux,..}" = {gU?,,U_1,Up, U, ...}".

The next steps in the basic construction are obtained by adjoining consecutively
the unitaries U _5,U g, ....

By using the above description for R; the notation becomes homogeneous, in
the sense that gU?2, is a selfadjoint unitary that anti-commutes with U_; and with
U_5. Thus adjoining the unitary U_5 to the algebra R; we obtain the next step in

the basic construction.
To construct a family of unitaries with the properties in the statement one has

simply look for the unitaries implementing the cross products in the iterated basic

steps of an inclusion of the form R C R xgZ4, where (3 is an outer kernel of Zy (with

obstruction to lifting: 52 = Adw, v a selfadjoint unitary with spectral projections

of trace 1/2). The unitary g of order 2 comes from the first relative commutant.
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Lemma 6. With the above notations, a downward tunnel ([Pol]) for R_1 C Ry is
defined as follows

R_y = {gU2UE, Uy, Us, ...},
R_3 = {gUULU3Z U3, Uy, ...}
_ 2172 2
R_k — {gUO U]_ "'ka]_? Uk, Uk+17 }

Proof. This in fact clear from the previous step as one can show directly, by
the same method, that R_; is the first basic construction step for the inclusion

R_3CR_,.

Lemma 7. With the above notations, a commuting square Cg = (D C B C
A; D C C C A), generating, by iteration of the basic construction for the in-
clusions D C B and C C A the inclusion R_1 C Ry is obtained (by using the

notations in Lemma 6) as follows:
D ={g}" CC={gU?,U1}";B={gUs,Up}" € A= {gU3U?,,U 1,Up}".

Moreover Uy € B normalizes A and AdCUg = Adgcg. If we iterate the basic
construction for the inclusions D C B and C C A we get the algebras By, Ay, that

are computed explicitly as follows:
By = {gU3UZ..U, Uy, Up_1,....Ug}" C Ay = {gU,UZ.. UL, U_1,Up_1,...,Up}".

Hence B, = R, ;NRy C A =R’ , ,NRy. In particular the inclusion Bs, C A
18

{9,Uo, Uy, ..} C{gU?,,U 1,Up, Uy, ...}",
that is Ry C R;.

Proof. We let

Bo=B=R ,NRyCAy=A=R ,NRy,
and in general we have
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Recall that
Ry = {gUEL U_1,Uy, Uy, "'}”:

Ry ={9,U,U1,...}",
R 1= {gUZ U, Uy, ..},
R_y = {gUU}, Uy, Us, ...},
R_3 = {gUUU2,Uy,...}".

An easy computation (by using the properties of the family (Ug)rez and g gives
the result. This also shows that the commuting square (D C B C A;D C C C A)
verifies the condition to be an extremal commuting square as considered in [Pol],

and thus that we may use the theorem in [Ral]. This ends the proof.

In the next lemma we show that if the commuting square C corresponds to the
commuting square Cg, then the inclusion obtained by the taking the amalgamated

free products will also be associated to a cross product.

Lemma 8. Let Cp = (D C B C A;D C C C A) be defined as in the above
lemma. The the free group factor (L(Fy) @ B) xp A is isomorphic to the cross
product of (L(Fy) ® D) xp C by the Z4 action on (L(Fy) ® D) xp C induced by
0 = Adyc(r,)eD)x,c)Uo- Note that this action is in fact an injective Zy-kernel on
(L(Fy) ® D) *p C with obstruction -1 to lifting (to Aut)), as 0* = Ad g and g is a
selfadjoint unitary in (L(Fy) ® D) xp C' whose spectral projections have trace 1/2.

Moreover, by preceding lemma 3, the enveloping algebra for the above inclusion

is A= (L(Fy) ® R_1) *r_, Ro = (L(Fx) ® Ro) *g, R1.

Proof. Denote for simplicity Q = L(F)). We observe that the unitary Uy in B
has the property that UyCU is C. Since [Uy, Q] = 0 it follows that that Uy belongs
to the normalizer Ny gp)y«,a1((Q ® D) xp C) of (Q® D) *p C in (Q ® B) *p A.
Moreover, Adc(UZ) = Adc(g) as

[Adc(U)(U-1) = —U_1 = [Adc(9)|(U-1),

Ade(U3)(g) = g = Adc(9)(9)-
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Moreover, as [g, Q] = 0. it follows that the following equality also holds true:

Adj@epyprlUs = Ad(@eD)«»o)9-
Finally, it is clear that
{Uo,(Q® D) +p C}" = (Q® B) *p A.

Moreover, any monomial in (Q ® B) xg A may be written by using only one power
of Uy. To finish the proof that € implements the cross product we have to check
that any monomial m involving a non-zero power of Uy will have zero trace with
respect to the canonical trace on (Q ® B) xp A.

Say

m = qocoqi¢1---¢i(¢iUo)qit1Cit1---GnCnln+t1,

where ¢; is in @), ¢; is not a multiple of the identity and ¢; is in C.
Then by the definition of the trace on (Q ® B) xp A, the trace of m is a a sum

of products of the form

which is zero.

This completes the proof.

In the next lemma we compute the relative invariant x(Ro, R_1).

Lemma 9. (compare with[Ocl], [Kaw], [LoJ, [Ch], [Ko]) Let 0 a Z4 action on a
copy R_1 of the hyperfinite 11 factor so that 0 induces a Zo-kernel on R_+1, with
obstruction —1 ([Col]). Let Ry = R_1 Xg Zy. Then x(R_1, Ry) = Zo & Zo.
Moreover, for exactly one of the two copies of Zg in x(R_1, Ry), there exists no
obstruction to lifting from the quotient.
Proof. In fact we will identify precisely also the generators of x(R_q, Ry) =

Zo @ Z4. By using the terminology used in the above lemmas, we have

R,]_ == {gU()27 U17 U27 "'}” g {g/ U07 U].? seey }” = RO'
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Let ¢ = g4 — g—, with g4 projections of trace 1/2. Then, for all complex num-
bers o, 3 of absolute value 1, the following automorphisms Adg, (U ,),Adg, (U?)

’

Adpg, (agy + Bg_) belong to Ct(R_1, Rg). Moreover Adg,(U?,) = Adg,(g) and

hence

(1) Adg, (U2,)Adg, (U2) = Adg, (gUZ) € Int(R_1, Ry).
Moreover

(2) [AdR,(U-1), Adg, (Up)] = 0

and

(3) Adp, (U-1Up)? = Adg, (9Up),

while

(4) Adg, (U-1U0)(gUZ) = —gUZ.

(since Adg,(U-1Up)(g) = g)-

The proof of Lemma 9 is split into the steps contained in the statements (10-13)

bellow.

We will first determine the asymptotic inclusion ([Oc2],[Co3]) for the inclusion

R_1 CRy.

Lemma 10. ([Oc1]) With the notations in [Oc2], [Co2], [MD] and by considering

the factors R_1 C Ry from the previous lemma, we have that
(R-1)“ N Ry C (Ro)” N Ry,
15 an inclusion of type 11, factors of index 2.
Let o« = Adg,(U_1). Then (R_1)¥ N Ry is the fixed point of the (order 2) action
of () = ((Adr,(U_1))*, restricted to (Rg)“ N Ry,.
In particular, by [GHJ], the only non-trivial automorphism of (Ry)* N R{, which
is the identity on (R_1)“ N Ry, is ()“.

Proof (of the lemma). We clearly have that (Adg,(U_1))? = Adg,(g) and since
Adpg,(g) is in Ct(Ry) as g is in Ry it follows (by [Co2]) that () = ((Adg,(U_1))*)*
acts as the identity on (Rp)“ N R{,. Moreover, since R_; is the fixed point algebra
of the automorphism Adg,(U_1), it follows that (R_1)“ N Ry, is the fixed point
algebra in (Ro)“ N Ry, of . Clearly ((Adg,(U_1))“ is non-trivial (since otherwise,
by [Co2]) it would follow that Adg, (U_1) belongs to Int(Ry), which is not the case).

This ends the proof of the lemma.
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Corollary 11. The automorphisms in Ct(Ry) are of the form
(Adp, (U 1)) Adn, (u),

for all w in the normalizer Ng,(R_1).

Proof. Let N C M be an inclusion of hyperfinite, type I1; factors. Consider the
map ® which associates to any « in Ct(M, N) the corresponding automorphism «*
in

S — {/6 E Aut(Mw m M’)‘ ﬂ|Nmli — Idean}.
We claim that the kernel of ® consists of

T ={Ady(u) | u € Ny(N)}.

Indeed, (by [Co2]), any element in 7 is in the kernel of ®. Also, by the definition
of Ct(M, N) we have that ® takes its values into S.

Moreover if o is in the kernel of ®, then (by Connes’s theorem asserting that
centrally trivial automorphisms in the hyperfinite I/; factor are the same as inner
automorphisms), it follows that « must be of the form Adas(u) for some unitary u
in M. As « is leaving N invariant, it follows that u is in Ny (V).

The proof is now completed by noticing that in the case N = R_; and M = Ry,
by the preceding lemma, the only nontrivial element in S is (Adg,(U-1))%.

This completes the proof.

In the next lemma we will determine the normalizer Ng,(R_1). Note that
{AdRo(Ug)| j=1,2,3}

and

{Adg, (0g+ + a19-)|ao, a1 € T},
are subsets of Ng (R_1).
To see that this are all of the generators of Nr,(R_1), we first note that any
element u in Ng,(R_1) has the property that ugu* = +g (as {g}" = R' { N Ry).

Thus, eventually by replacing v by ulUy, we may assume that u has the property
that ugu* = g. With this we obtain:
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Lemma 12. Modulo Int(Ry), the group Ng,(R_1) is generated by the (commuting)
elements

{Aan(Ug)| J =1 273}

and

{Adg,(vg+ + a19-)| g, a1 € T}.

Proof. Let u in Ng,(R_1) have the property that ugu* = g (conform remark
above). By ([Po3]), we may describe R_; C Ry as the following inclusion

T 0 ~
T — <0 9(T)> € My(C) ® R_1 = Ry, x € R_q,

where 6 is an outer automorphism of R_; with the property that 62 = Adg_, (h)
for some selfadjoint unitary h, with 8(h) = —h and whose spectral projections have
trace 1/2.

In this description g generates the diagonal algebra in M5(C). Let u be a unitary
in Ry, with ugu* = g¢:

U = (%0 0),U0,U1 EU(Rfl).

Uy
The condition that u normalizes R_1 may be rewritten as:
Adg ,u1(0(x)) = 0(Adg_,ui(x)), © € R_4.
Since # is an outer automorphism, this implies in turn that

u; = ab(ug), for some a € T.

3

u— Uo 0 1 0 — i 1,c
L0 B(up) 0 o) "9

But ug belongs to R_; (in the above identification).

This means that

This completes the proof.

It remains to determine which elements in the picture described above are a

system of representatives modulo Int(Ry, R_1) for x(Ro, R_1).
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Corollary 13. The group x(R1, Ry) consists of the following elements (represen-
tatives modulo Int(Ry, R_1)):

AdRO (U3)7 AdRo (UOU—1)= AdRo (UOUEI): Id.

Note that in the above set we may always replace Adg,(UZ) by Adg,(U?%,).

Proof. To do this, we will use Loi’s result ([Lo], see also [Ko]) exact sequence

Il’lt(Ro, R_l) — Allt(Ro,R_l) —G.

Here G is the set of all automorphisms of Ry, fixing a downward tunnel and trace
preserving and that are leaving invariant the set of increasing relative commutants
in the tunnel. Moreover, the elements in G preserve the Jones projections in the
tunnel. The image of an element « from Aut(Ry, R_1) into G is obtained by correct-
ing, (by inner automorphisms), in stages, the automorphism «, so that it preserves
each Jones projection in the downward tunnel (see [Lo| for more details).

Let v be the automorphism in Aut(Ry, R_1) defined by v(g9) = —g, v(U;) = U;.

It is easily seen that the following formulae hold true:

AdRO (Uo) =7 lim AdRO(USUZU;n)v
n—00

and similarly

Adg, (U-1) = v lim Adg, (UFUs...Us,, ).

It is easy to see that the terms involving a limit in the above formula, are exactly

the necessary correction in Int(Ry, R_1) to get from Adg,(U-1) and Adg, (Uy) the

element v in G. As v is non-trivial (and of order 2) it follows that
(Adg, (U-1))"(Adg, (U0))?

belongs to Int(Ry, R_1) if and only if i + j is even.
Loi’s description of G for our particular inclusion R_; C R, shows that for this

inclusion, we have that G = T X Zs. Moreover the set

{AdR,(9") | a € T}
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corresponds to the copy of the of T in G, while v corresponds to the generator of
Zs.

The fact Adg,(¢™*) doesn’t belong to Int(Ry, R_;) could in fact be checked
directly by using the matrix model for the inclusion for R_; C Ry as in Lemma 12.

We use the notation in Lemma 12. Assume, to get a contradiction, that there

are unitaries u,, in K_; so that

1 0 . Uy, 0
Adr <0 oz) N nll)nolo Adgy < 0 9(un)> '

This would imply that
lim Adg,(u,) = Idg,,

n— 00

while in the same time the other relation gives that

lim Adg,(0(u,)) = aldg,.

n— 00

Hence, as 6 is a Zs kernel, by ([Col]), this implies that o®> = 1. Hence for

Adpg, (9"®) to belong to Int(Rg, R_1), the only possibility is that ¢g*“ be equal to
qg.
By using the formulae (1), (2), (3), (4), this leaves for

Int(R_l, Ro) N Ct(RR71 ) Ro)
(modulo Int(R_1, Rg)) only the possibilities announced in the statement. Note that
AdRO (Uzl) = AdRo (g) = AdRo (Ug)

This ends the proof. The steps outlined in the statements 10-13 complete the proof

of Lemma 9.

Moreover, the proof shows to us some more precise information about the struc-
ture of the group x(R_1, Ry) = Za @® Zs. We collect this information in the next

statement.
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Corollary 14. Let x(R_1, Ry) be the relative x invariant for the inclusion R_y C
Ry. Then, as an abstract group we have that x(R_1, Ry) = Za ® Zs. Moreover, we

have
(Adg, (U?)))? = Idg,; (Adgr,(UsU_1))* = Adgp,(Ugg) € Int(R_1, Ry).

In addition,
(Adr, (UoU-1))(Ugg) = ~Ugg € R-1.

Hence for all copies of Zy in x(R_1, Ry) = Zo® Z4 there is an obstruction to lifting

Aut(R,1 ,Ro)

Tt(E 3 o) 10 Aut(R_1, Ry), except for the one generated by Adg,(U?,).

from

We translate this into the language of A = (L(Fy) @ R_1) xr_, Ry. We get

Corollary 15. Let Ry C Ry be the inclusion of type 11, factors corresponding to
the cross product by the action of Z4 corresponding to a Zo kernel that can’t be
lifted to an action of Z,. We assume that the spectral projections corresponding to
the selfadjoint unitary realizing the obstruction to lifting have trace 1/2 Let A =
(L(Fy) ® R_1) xr_, Ro. Let x(A) C Out(A) be the Connes’s x invariant for A.
We use the model for R_1 C Ry outlined in Lemma 5. Then, as an abstract group

X(A) is Zo @ Zs. Moreover, the elements of x(A) are (modulo Int(A))
AdA(U3), Adg(UgU—1), Ada(UgU?,), Tdg.

In this set, all elements have order 2, but only for the element Ad4(UZ) there exists
no obstruction to lifting from Out(A) to Aut(A). Thus Ada(UZ) gives an (outer)
action 6 on A.

In what follows, we will be interested in analyzing the factor A x4 Zy. Note that
because 6 gives the only copy of Zs in x(A), with no obstruction to lifting, A Xg Z
is an invariant for the factor A.

We note the following

Remark 16. Let N C M be finite, separable, von Neumann algebras whose centers
have trivial intersection. Let G be a finite group acting on M that leaves N invari-

ant. Let Q be a type 11, factor. Then G induces an action on C = (Q ® N) xy M
and moreover C x G is isomorphic to (Q ® (N X G)) ¥(nxa) *(M x G).

Proof. Let M x G be generated by M and the unitaries (u4)4eq. Clearly then

N x G is generated by N and the unitaries (uy)4eq (which implement the cross
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products). Then the unitaries (uy)g4eq commute with @ in (Q ® (N x GQ)) *(nvxa)
#*(M xG). Clearly then (at least algebraically) the unitaries (u,)4eq are normalizing
Ain (Q@(N xQ))*(nua)*(M xG). They also implement the corresponding action
on A. In addition any monomial in (Q ® (N x G)) *(nua) *(M x G) may be written
as a sum of monomials containing just one of the uy (because @ commutes with all
of the unitaries (uy)4eq. Moreover the trace on (Q ® (N x G)) *(nug) *(M x G)
is so that any monomial containing a single unitary u, different from the identity,
has zero trace (because of the similar property for the trace on M x G).

This completes the proof.

In the next proposition we analyze the structure of the cross product A xg Zs

(with the notations in Lemma 15.

Proposition 17. We use the notations in Lemma 15. Let 6 be Adg,(U?,). Then
0 defines an action of Ziy on Ry, leaving R_1 invariant. Moreover, 0 acts identically

on R_1. We may identify
RO Xy Ly = {U31:g7 UO: U17 "'},/7

R 1 %9 Zo = {UzllgUg, U17 "'}”:

as subalgebras of Ry. The center of Ry g Zs is generated by U2, g, while the center
of R_1 % Zy is generated by U?,. In particular B = A NAdaU2,)) L2 is identified
with

(L(Fr) @ (R_1 X9 Z2)) *R_,xy7, (Ro Xg Z2)

1s a type 117 factor.

Proof. Clearly the trace condition on the family of all unitaries (Ug)gecz and g
implies the identification of the cross products as in the statement.

Clearly U2, commutes with R_; which is the same as saying that 6 acts trivially
on R_;. On the other hand U? g commutes with g (obvious) but also with Uy and
obviously with all others Uy, k > 1. This completes the proof.

Lemma 18. We use the above notations. Let s be the dual action of Zo on the
cross product Ro xg Zo. Then s acts as s(U?,) = —U?, and s acts identically on

all the other generators for Ry, in the list of generators in the previous proposition.
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Then  sAdpyx,7,(U-1Uy)  belongs to  Int(Rg X Zo, R—1 Xg Zs)  while
Adpyw,z,(U-1Up) belongs to Ct(Ry g Lo, R_1 Xg Zs).

Proof. Observe that Adp,x,7z,U—-1 acts identically on R_; Xy Zg so that
Adp,x,7,(U-1) belongs to Ct(Ry xg Za, R_1 Xg Zs).

On the other hand Adg,x,z,(Uo) belongs to Ct(Ry xg Za, R_1 xg Z3).

Indeed, recall that AdU, belongs to Ct(Rg, R_1) (from Corollary 11) The typical
central sequence for Ry Xg Zsy that is asymptotically in R 1 Xg Zsy, but is not
asymptotically in R_y is {U2,gU}U3..U3, 1 }nez. But AdUp acts identically on
this sequence. A similar argument as in Lemma 10 shows that is sufficient to check

that Adg,x,7,(Up) belongs to Ct(Ry xg Za, R_1 g Z3). We have that
AdRo (U_on) = lim AdRO(UOUI----Un) S Il’lt(R_l,Ro).
T —> 00

On the other hand, this will not hold true in Ry xg Zo (that is, it is not true that

Adpgxyz,(U-1Up) belongs to Int(Ry xg Za, R_1 xg Zs) because
[AdR, x,7,(U_1U0)](U?;) = —U?; and U?, is in the center of Ry xg Zy. Clearly
the term which corrects this obstruction is the automorphism s which has exactly

the property that s(U%,) = —U?, while accting identically on all other generators.

Thus sAdg,x,7,(U-1Up) belongs to Int(Rg xg Za, R_1 Xg Z2); more precisely

SAdRONGZQ(U*].UO) = nh_{go Angngg(UOUl----Un)-

The same argument shows that Adp,x,z,(U-1Uy) doesn’t belong to
Il’lt(Ro Xp ZQ,R_l Xp Zg)

Proposition 19. Let Ri C Ry be the inclusion of type 11 factors corresponding
to the cross product by the action of Z4 corresponding to a Zs kernel that can’t be
lifted to an action of Zs. We assume that the spectral projections corresponding
to the selfadjoint unitary realizing the obstruction to lifting have trace 1/2. Let
A= (L(Fx) @ R_1) *r_, Ro. Let x(A) C Out(A) be the Connes’ x invariant for
A. We use the model for R_1 C Rqy outlined in Lemma 5.

Let B = A x Zs, where the Zy-action on A is induced by ¢ = Ady U?, € x(A)

(this action is an invariant for A as ¢ represents the only copy of Zg in x(A) =
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Zo @ Zso liftable to a morphism of Zs to Aut(A)). Let s be the dual action on the
cross product. Let Q 1 ={R_1,U%,}", Qo = {Ro,U?,}".

Then B 1s isomorphic to

(L(Fr) ® Q1) *q_, Qo-
Moreover, we have the following decomposition for s :

s = (9Ad UoU_l)(Ad U(;Uil) = 851892,

where s1 = sAd UgU 1 € Int (B), so = AdUSU*, € Ct(B). In addition s? = Ad h,
with h = UZg € A and s;(h) = —h.

Proof. The proof of this statement follows, by using Lemma 18, from the isomor-
phism we constructed in Proposition 2 from x (M, N) onto x((L(Fy) ® N) xnx M).
This ends the proof.

3. The non-isomorphism of the two algebras having
the invariant y equal to Z, @ Z,

The decomposition, obtained in Proposition 19, for the dual action of Zs into an
almost inner part and a centrally trivial part on the algebra B = A x Zs prevents A
from being isomorphic to Jones’ example ([Jo2], in analogy with the construction
in [Co3]). Note that in both of this examples the Connes’ x invariant is equal, as
an abstract group, to Zs @ Zs. Moreover, in both cases, exactly one of the copies
of Zs, has no obstruction to lifting to an action of Z,.

As in the Connes’s original proof (see also [Jo2]), the x invariant carries addi-
tional information, coming from its position into Out. This additional information
is revealed by taking the cross product with the Z, action.

We recall the Jones’ example (constructed in analogy with [Co4]). One considers
N = (L(Fn) ® Ry) % Zs for a suitable action 7.

The Zy action is defined as follows. Let « be a Zj kernel on L(Fy) with o =
Adgpy)(e), ale) = —e trace 1/2 in L(F}). Similarly, R = Ry = {g,Uo, Uy, ...}",
while 8 = Adg,(U_1Uy), 8% = Adg,(9),, B(g) = —g. The Zjy action v on M =
L(Fn) ® Ry is constructed as follows

v = (Adig(ry)yorgW) (@ ® B),
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where W is any square root of e®g in the fixed point algebra of a® (3 in the algebra
L(Fn) ® Ry.

Then, by the Connes’s exact sequence in ([Co4]), we have that x(N)= Zs @ Zo,
where, for exactly one of the two copies of Zs in x(N) C Out (N), there exists
no obstruction for lifting to an action on N. By [Co4] (see also [Jo2]) this copy
(denoted by 4) corresponds to the dual Z, action for N = (L(Fn)® Ro) X Zs. By
Takesaki duality ([Ta]) we get:

Proposition 20. With the above notations, the dual action y on the cross product

N x5 Zs, has a decomposition of the form: ¥ = t1to Ad W, where t; € Ct (N x5 Zs),

ty € Int (N x5 Zs). Moreover there exist selfadjoint unitaries f* = fi — €', with

fL projections of trace 1/2, so that t? = Ad f* , t;(f') = —f*, t:(f)) = f7,i # 7.

Proof. Indeed this decomposition comes from the fact that in x (V) the copy
of Zs corresponding to an action (by Connes’s exact sequence) is exactly the dual
action of Zy on the cross product in (L(Fn) ® Ro) X4 Zy. By Takesaki duality,

N x5 Zs is isomorphic to

(L(Fn) ® Ro) ® B(I*(Z2)),

with the dual action on the cross product being unitary equivalent to v ® Az, (Az,
is the left regular representation of Zsg on 1?(Z3).

This ends the proof.

The information about the decomposition of the dual action of Zs, into centrally
trivial part and a part in the closure of inner automorphism is now sufficient to

distinguish in between the two algebras.

Theorem 21. Let Ri C Ry be the inclusion of type 11, factors corresponding to
the cross product by the action of Zy4 corresponding to a Zso kernel that can’t be
lifted to an action of Zy. We assume that the spectral projections, corresponding
to the selfadjoint unitary realizing the obstruction to lifting, have trace 1/2. Let
A= (L(Fy)®R _1)*r_, Ry. Let N be the subfactor constructed in [Jo2] which has
the x invariant isomorphic to Zo @ Zs.

With the above notation, N is not isomorphic to A= (L(Fx) ® R_1) xr_, Ro.

Proof. Assume the contrary. Then B = AxZg and Nx,Zy = (L(FN)®Ry) % Zo

would be isomorphic (since in each of the two cases the Zs action is canonical as
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the Zy action is determined in each of the two cases by the x invariant). Moreover,
under that assumption it would follow that the corresponding dual actions on the
cross products by Zs would have the same image in Out, and thus by [Col], we
may assume that they are equal.

Since in N = (L(Fn) ® Ry) X~ Zs, the decomposition of an automorphism as the
product of a centrally trivial automorphism and an almost inner automorphism,
is unique (modulo inner automorphisms), it would follow that the decomposition
s = $182 (regarded as an action of Z4 @ Z4) is outer conjugate to the similar
action described by %1, %5 in the preceding lemma. But this is impossible because
the two actions have different characteristic invariants (see [Jo3]). This is because
t1(f?) = 2, (t;)> = Ad f* , while, with the notations in Proposition 19, s;(h) =
—h,s? = Ad h (and also [s1, s3] = 0).

For the sake of the completeness we include an ad-hoc argument for this last
assertion (instead of referring to [Jo3]).

So assume to get a contradiction, that in the group Out, the following equality

holds true: syso=t1ts. Hence, for some unitary W, we have that
t1to AdW = 5189
and hence there exists a unitary w so that
tiAdw = s1, Adw ts AdW = s5.

Hence
s1 = t1Adwy, so = Adwits

for some unitaries wy, ws.

Moreover we have
t2 = Adfit(fY = L = £ i i=1,2, i#7.

Moreover we know that s1, s commute.

Then
S% = t%AdwltlAdwl = t%Ad(tfl(wl)wl) = Ad(fltfl(wl)wl),

s2 = Adwito Adwits = Ad(wits(wl) f2).
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Note that
so(wita(w3) f2) = wi (L2 (west)ts (w3t (f2))ws
(5) = w3 (t2(w3) fPws f2 (= f?))ws

= —wita(w}) f>.

We want to exploit the commutativity hypothesis (i. e. that [s1, s2] = 0).

We thus have
t1Adwy Adwite = Adwitat; Adwy,

and hence
{Ad[tl(wlw;)]}tltg = {Ad[’w;tztl(’wl)]}tltg.

Hence
Ad[tl (wlw;)] = Ad[w;tztl(wl)],

and therefore there exists a complex number g of absolute value 1 so that
tito(wy) = pwaty (wiwsy),

or equivalently

(6) t1(wiws) = pwitita(ws).

We want to determine the following quantity:
sp(wita(wd) f2) = t1(Adwy (wite(w3) f?)) =

tr(wiwits(w3) fPwi) = t1 (wiws)tats (ws) f2 (ws).

We would like (to get a contradiction) that this last expression is wita(w3)f?,

i.e. we want to check that
(8) t1(wiwd)tyta(wy) 2t (wi) = wita(w}) f2,

which is equivalent to

[waty (wiw})]t1 (b2 (w3)) f2t1(ws) = ta(w3) 2.
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By using (6) we get the equivalent form to be checked

fit1to(wr)tits(ws) f2 41 (wy) = to(wy) f2.

Applying t5 both sides, we have to check successively
Tttt (wiwd)ta (f2)trta(wl) = t3(w3)ta(f?),

fit1 (f*wiwy £2) (= f2)tata (wi) = fPus f2(=f7),
f2t (wiwd)tite(w?) = f2ws.

But t1 (wyw3) = pwitite(wy) implies t1 (wyws)tite(w]) = pwi, so that the rela-

tion to be checked is equivalent to
f2ws = f2w}.

Thus if the relation s1s2 = t1t5 holds in Out then both relations (5) and (8) have
to hold true in the same time. But this is a clear contradiction. This completes
the proof, but we want to point that what we have checked in the last part of the
proof is the following.

What we have checked (by an ad-hoc argument) is a part of [Jo3]). We have
proved that for a cocycle perturbation of tq,ty written as s; = t;{Adwi;sy =
Adwits, we necessary have that s3 = Adgy, s3 = Adgs for some selfadjoint unitaries
g1, 92. Moreover s;(g;) = —g; if i = j and s;(g;) = g; if i # j.

Because in fact s;(g;) = —g; for all 4,7, it follows that there is no cocycle
perturbation from sq, s to t1,t3. Thus the factors N and B can not be isomorphic.

This completes the proof.

4. The factor constructed in [Jo2|, with y invariant Z, & Z,

is the enveloping algebra of an inclusion of free group factors
In this section we use the tools provided by Voiculescu’s random matrix model
([Vol]) for free group algebras to prove that the example considered in [Jo2] of a
type I1; factor N having the y invariant equal to Zs®Zs may be identified with the

enveloping algebra in the iterated basic construction A C B of free group factors.
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We will also show that this B is identified with A xg Z4, where 0 is a Zs kernel
on A with non-trivial obstruction to lifting. The spectral projections of the unitary
implementing the obstruction have trace 1/2.

In lemma 8 we showed that the subfactor A considered in Theorem 21 is the

enveloping algebra of an inclusion of free group factors which also may be identified
with the cross product by Z4 with an action coming from a Zs-kernel with the same
properties as 6.

It will then follow, by the non-isomorphism result in Theorem 21 that we found
in this way, two outer Zs kernels on a free group factor which are not conjugate.
In this way we accomplish the proof of the results announced in the introduction.

Thus it remains to prove the following result:

Theorem 22. Let N be the factor constructed in [Jo2]. Then there exist subalge-
bras A C B in N so that A is isomorphic to L(Fy), B is the cross product A Xg Zy,
where 0 is a Zo-kernel on A with non-trivial obstruction (to lifting). Moreover N

is the enveloping algebra for the inclusion A C B.

Proof. We will do this into two steps. Step I consists of showing that N is the
term at the infinity (in the iterated o Jones’ basic construction) of an inclusion of
the form A C B = A xg Zy4.

We recall construction of N from above.

The type 11, factor N is (L(Fy) ® Ry) X Zsg, for the Zy action v defined as

follows. Let a be a Zsg kernel on L(Fy) with o = Adg(p,)(e), a(e) = —e where e
is a selfadjoint unitary whose spectral projections ey have trace 1/2 in L(Fy).

For the 8 action we use the following model: R = Ry = {g,Uy, Uy, ...}", while
B = Adg,(U_1Uy), > = Adg,(9), B(g) = —g. The Zy actionyon M = L(Fn)®Ry

is constructed as follows
v = (Adg(ry)or,W)(a @ B),

where W is any square root of e®g in the fixed point algebra of «® 8 in L(F})® Ry.

We need a more precise description for the action «. For that purpose we use the
terminology introduced in ([Dy], [Ral]) of free group factors with fractional number
of generators: we let k = 5/2 and hence L(Fy) = L(F5/) has the free generators:

X, Y, e with the following properties: X, Y are semicircular, while e is a selfadjoint
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unitary whose spectral projections ex have trace 1/2. We let « be defined by the

requirement:
o(X) = [Adg(r, ) (@(V). oY) = X, afe) = .
Assume that g = g4+ — g—. Then one may choose W to be equal to
W =(erg +e g )+V-1(erg +erg ).
Hence, W? =eg as W? =e,g_+e,g_ — (exgy +e_g_) and
(@@ 1)(W) = (e4g- +erg-) +V-1(ergr +eg-) = V-1W",

and

(1®B)(W)=V-1W*.

In particular (a ® B)(W) = W.
In N = M %, Zj, we let p be the selfadjoint unitary implementing the cross
product. Thus the spectral projection of p in N have trace 1/2.

We then have that
Adp(g) = —g; Adp(e) = —e,

since [W, e] = 0, [W, g] = 0. Moreover:
Adp(z) = AdW (a(x)), for all z € {X,Y}",

Adp(y) = AdW (B(y)), for all y € {Uo,Un,...}".

We want to see the action of AdUy on this elements. We note that
pUop = Wa(Ug)W* = /= 1WUW*.
But UygUy = —g and hence Uyg+Uj = gz and consequently
UWU; = —1W*, hence UW*U; = —/—1W.

Thus
pUgp = V—AWUW* = /=1W (—/=1)WU, = W32Uj.
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Thus
UopUj = pW? = peg.

Thus we may describe the action of Uy on the algebra
A={X,Y e p,g}",

as follows:
AdU(X) = X, AdUy(Y), AdUyp(e) = e,

AdUy(g) = —g, AdUy(p) = peg.

This implies that (AdUy)? acts identically on {X,Y, e, g}, while

(AdUo)?(p) = AdUy(peg) = (peg)e(—g) = —p.

Thus
(AdUp)? = Adyg,

(since Adag(p) = —p, while Adag acts identically on X, Y, e, g).

Moreover, since AdUy(g) = —g it follows that, at least algebraically, the algebra
B = (AU {Uy})" is identified with the cross product A X aq,v, Z4 with Uy imple-
menting the cross product. Moreover Ad, Uy implements on A an Zs-outer kernel
with obstruction to lifting.

The only condition that remains to be checked is that any monomial in the
variables {X,Y, e, g,p, Uy} may be written by using only one occurrence of U, to
some power. We will also have to check that any such monomial has zero trace if
the power of Uy is not a multiple of 4.

Because we already know that p implements a cross product any such monomial
will be of the form pm or m where m belongs to L(F5/2) ® Ro. By the construction
of Ry, Uy may be used at most once in m. Also by the definition of the trace on
the cross product the trace of a monomial of the form mp is zero. For a monomial
of the type m we are back in the case of Ry where the statement holds.

Moreover it is clear that the unitaries Uy, U, ... will implement the consecutive
terms in the iterated basic construction of A C A xaq,1, Z4. This completes the
proof of the first step.

We collect what we found so far in a form of a Corollary.
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Corollary 23. Let N be the example constructed in [Jo2] of a type 11, factor
having x(N) = Zo @ Zs. Then N is the term at the infinity of the iteration of
Jones’s basic construction in an inclusion of the form A C A xgZy4, where 0 is a Zs
outer kernel on A (that is 0 = Adag, g a selfadjoint unitary in A with 0(g) = —g
and so that his spectral projections have trace 1/2).

By using the notation we introduced above in the first step of the proof, we have
that A = {X,Y,e,p,g} and we are given a trace on this algebra with respect to
which X,Y,e are free, X,Y are semicircular, e, g,p are selfadjoint unitaries whose
spectral projections ey, g+, p+ have trace 1/2.

Let W = (eygy +e_g ) +V-1(exg_ +erg_), so that W? = eg. Then g
commutes with {X,Y, e} and Adap(e) = —e, Adap(g) = —g. Moreover

[Adap|(X) = [AdaW](Adae(Y))

= g+ Ada(es — V=Te ) (V)] + [g Ad(es +v/~Te_)(V)]

and
[Adap)(Y) = [AdaW](X) = [g4 Ad(ey +V—1e_)(X)] +[g-Ada(er —V-Te_)(X)].

Moreover the trace on the algebra A is described as follows:

If any monomial in X,Y, e, p, g contains p then the trace is zero. If the monomaial
doesn’t contain p then the trace is the same as the trace on {X,Y, e}’ @ {g}".

We claim that in this conditions, the algebra A is a a free group factor (eventually

with a fractional number of generators, as in [Dy],[Ral]).

Proof. This will also complete the proof of step II of our lemma. The proof is
based on the Voiculescu’s random matrix model introduced in [Vol].

The proof of this is again in two steps. We will give an explicit random matrix
model for the algebra A and then by using this model we will show that A is a free
group factor.

The model is as follows: note that by ([Jol]) the selfadjoint unitaries {e,p, g}
generate a copy of My (C)@® M5 (C), with the minimal projections of trace 1/4. Take
M, (C) & M2 (C) € M4(C) and assume that we are using a system of matrix units

(€ij)ij=1,....a so that the first copy is generated by e1, while the second is generated
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by es4. Let D be any W*-algebra with finite trace 7, containing the free elements
a,b,c,d, f where a,c,e, f are semicircular, while b, d are circular.

We let in M4((C) g M4((C) ® D:

1
€y = ez +€33; gy = €11+ €335 P= i(Re (e12) + Re (e34)).

With this choice e, p, g verify our conditions. We let
X=a®ej1+cRepn+e®esz+ fResqs+2Re (bR erq) + 2Re (d ® e93),

or by using matrix notation

a 0 b
0 ¢ d 0
X = 0 d* e 0
b* 0 0 f

Clearly, we have that X is free with e given in matrix notation as

€y =

o o O o
oo = O
o= oo
o o OO

and X commutes with g given in matrix notation as

9+ =

o o O
o o O O
o = o O
oo OO

We recall that W = (exg4+ +e g )++v—1(erg_ +erg_). We have to find that
Y = Ada(pW)(X). Now e_g_ = eqq, €494+ = €33, €_g4+ = €11, €4+g— = ea9. Hence

p, W are given in matrix notation as

3

I
co—o
co o=
— o oo
o~oc o



36
v—1

T 0
I B RVAS
=1 o 0
0 0

o -=OoO O
—_— o O O

Hence the matrix expression for Y is

Cc

0
0 a
0 (—v=D)b*

V-1d 0

0 (—v—-1)d
v — vV —1b 0
f 0
0 e
Since a, b, c,d, e, f is a free family it follows that X, Y, e are free with respect to
the unique (normalized) trace on M4(C) ® D. Moreover, X, Y, e are (probability)
independent (with respect to the trace) to g. Finally if we have any monomial pm

containing a p (which necessary occurs only once). Then m commutes with g, so

it has the form

O *x O ¥
* O ¥ O
S x O %
*x O ¥ O

When we hit this operator with p we get something with zero on the diagonal and

thus of null trace. This completes the matrix model for the algebra A.

To show that A is a free group factor (it is clearly a factor) we reduce A by the
projection ess + e33. The reduced algebra is then generated by es3 and ¢ ® egs +
2Re (d ® ea3) + € ® ezz and a similar element involving a,b, f. By [Vol], this is
M, (C) ® L(F>) which if we further reduce it by ess is a free group algebra.

The last part of the argument can me made more precise by determining (as in
[Dy], [Ral]) the exact number of generators to show that A is £(F,/4). If from the
beginning we add to the generators of L(F3/3) a number of generators on which «
acts trivially, then we could get any number of generators for A (bigger than 11/4).

This completes the proof.
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