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1. Introduction

In this work we consider a new approach to the construction of preconditioning matrices P for
the solution of linear systems Ax = y. We call this kind of preconditioners optimal rank because
they are produced trying to force the rank of A — P to be as small as possible. Optimal rank circulant
preconditioners P were initially proposed for Toeplitz systems by Tyrtyshnikov et al. in [2,3]. Here we
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basically extend them to several known low complexity matrix algebras [4-7] and to Toeplitz plus
Hankel like matrices.

1.1. Notations

We use some standard notations, which are briefly described here.

With M(n) we denote the Hilbert space of n x n matrices whose entries are in the complex field C,
with U(n) the group of unitary n x n matrices and with M(n) 4+ the cone of positive semi-definite n x n
matrices. We use also the notation A > 0 for an element of M(n)+ and A > 0 for those matrices which
are strictly positive definite. Given A € M(n), o (A) and X;(A) are the spectrum and the ith eigenvalue
of A, respectively.

The square bracket [ -, -] : M(n) x M(n) — M(n) denotes the commutator

A,B+— [A,B] =AB — BA

also denoted by V4(B) = [B, A]. The round bracket (-, -) denotes the standard scalar product on
C" (sometimes it can denote the scalar product on different Hilbert spaces; it will be clear from the
context).
The symbol e; is used for the ith canonical vector (e;), = 1if k = i and (e;); = 0 otherwise.
Finally given a matrix W € M(n) we shall use the symbol o7 (W) for the algebra generated by W,
namely the closed set

(W) = {p(W) | p polynomials}

2. Low complexity matrix algebras

Suppose we are given a unitary matrix U € U(n). Then it can be naturally defined the algebra of
normal matrices

o = sdU = {Udiag(0y, ..., 6)U* | 6; € C)

also called algebra of matrices simultaneously diagonalized by a unitary transform or briefly sd U algebra.
For an element A € 7, the complexity of the products A x vector and A~' x vector depends only
on the complexity of U x vector and U* x vector. Therefore we say that a sd U algebra <7 is of low
complexity if both these products are computable with less than O(n?) operations, in particular if they
can be performed with O(n log n) floats.

Notice that, whenever W € M(n) is diagonalized by M € M(n), for any A € /(W) we have
A = Mdiag(A1(A), ..., An(A)M™1. Moreover if (A;) is a family of mutually commuting matrices, it
is known that (A, ) admits a common Schur basis. These two facts together imply that the algebra o7 (N)
generated by a normal n x n matrix N, must satisfy =7 (N) C sd U for a unitary matrix U € U(n). The
inclusion can be proper, and precisely it is an identity if and only if N is non-derogatory> [4]. Therefore
the non-derogatorycity hypothesis on the matrix W leads to the following further characterization

(W) = ker Vi

and if W is normal we also have «#(W) = sd U, foran U € U(n).

The best known low complexity sd U algebras are commonly divided into three classes: ¢-circulants,
Trigonometric and Hartley-type. Some specific choices in such classes have been used successfully to
solve linear algebra problems involving Toeplitz matrices or, more generally, structured matrices re-
lated to shift invariance of the mathematical model considered (see f.i. [8] and references therein).

3 Amatrix A € M(n) is said to be non-derogatory if deg(p) > n, for any polynomial p such that p(A) = 0, or, equivalently, if the
geometric multiplicity of any eigenvalue of A is one. We make often use of matrices that are both normal and non-derogatory, which
therefore are those normal matrices that have pairwise different eigenvalues.
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Anyway, depending on the problem, any algebra among the three families could find a potential ap-
plication as a preconditioner.

2.1. p-Circulant algebras

Let us consider the matrix

1
m, = ~1 _pec, (1)

1

which is the basis for the definition of the family of ¢-circulant algebras

Definition 2.1. Given ¢ € C, the algebra €, = «([1,) generated by [T, is called ¢-circulant algebra.

Note that eIH(Lj = ekT+1 fork =0,1,...,n—1,which implies that €y, is a 1-space [4] or, in other
words, that any matrix C € €, is uniquely defined by its first row. It is now natural to introduce the
operator

Cp:C"—> Cp, x> Cpx)
which maps x € C" into the matrix C, (x) € €, whose first row is xT.
It is not difficult to observe that the matrix
1 i _ 2z

= (pnal —e
Fp = ﬁ(w @ )i,j:O,l,..A,n—l’ w=¢ (2)

diagonalizes the algebra €4, namely that
€, = {F, diag(6. ..., 0)F," | 6; € C}.

Moreover Fy, € U(n) if and only if [¢| = 1 (cf. [9]). From now on we assume that ¢, defining €,, has
modulus one, unless otherwise specified. Nevertheless we underline that several formulas that we
obtain could be adapted to the case of a generic complex ¢. The choice ¢ = 1 gives rise to the well
known circulant algebra G, diagonalized by the Fourier matrix

1 (o2
F= ﬁ(e )k,h=0,1,...,n—1 ®)

which is naturally related to F, up to the diagonal scaling

F, = diag(l,w%,...,(p%)Fz AF.

We shall use simply the symbol I7 for IT;. Another very popular choice is ¢ = —1 which defines the
so called skew-circulant algebra C_1. Both € and €_4 and their applications has been widely studied,
see for instance [10]. Since [T, is normal and non-derogatory we have ¢, = ker Vg, .

2.2. Trigonometric algebras

There are sixteen different trigonometric algebras presently known [7,11]. Eight of them are di-
agonalized by a discrete sine-type transform, the other eight by a cosine-type one. We start again by
introducing a family of matrices
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Table 1
Sixteen choices for .« € R* and respective trigonometric algebras.
H3 =2 puz =1 n3 =1 M3 =
g =0 g =0 Mg =1 g = —1
n1=0,uy =2 DCTy DCT3 DCTs5 DCT;
H1 = 0, M2 = 1 DST3 DST1 DST7 DST5
H1 = 1, M2 = 1 DCTG DCTg DCTZ DCT4
m1 =—1,uy =1 DSTg DSTg DST4 DST,
K1 2
23
1 0 1
e H2
X = X1, 2, 13,10) = e T M= 1 ) (4)
3
1 0 1
4
U3 g

and defining T, = #/(X,,). Sixteen different choices for the vector u € R* give rise to the sixteen
trigonometric algebras (see f.i. appendix 1in[12]). We list in Table 1 such particular values for ;« naming
the corresponding trigonometric algebras T, also DST or DCT so to recall that they are diagonalized
by a discrete sine transform or a discrete cosine transform, respectively.

It is not difficult to observe that for such choices of u the matrix X, is normal and non-derogatory,
since uy # 0,50 T, = ker Vy,,.

The well known tau-algebra is DST; = T(0,1,1,00 = T whose generating matrix will be denoted
simply by X. Such algebra was considered in [13] where it is defined as the set of n X n matrices
satisfying the cross-sum rule with null boundary conditions

T=1{AeM®) |agj € C, ai—1j+ Ait1j =0ij—1 + jy1, ,j=1,...,n
(ny1,j = doj = Gjpt1 = j,0 = 0}.

This is a computationally useful definition and it clearly is nothing but the scalar form of our previous
characterization of 7 as the kernel of Vy. Other trigonometric algebras which attained particular
attention are DCT,, DST>, DST3, DST; mainly because of their applications to image processing [14],
displacement decomposition [11,15], and preconditioning techniques (see [4,6] and the references
therein).

As for the ¢-circulants, also the trigonometric algebras are 1-spaces [4], namely each matrix in T, is
uniquely defined up to its first row. In [15] such property is explicitly shown for the more generic set of
Hessenberg algebras which contains both ¢-circulant and trigonometric algebras. As a special case of
that result we derive the following characterization for T, : consider n — 1 polynomials ®1, ..., ®;_q,
each @y defined as the characteristic polynomial of the principal submatrix of X;, of order k. Setting
dg =1and

XY = o1 (X)), k=1,....n,

thenT, = Span(;\’ﬁ), ey Xff)) and the 1-space property e;rkﬂ‘) = ekT follows. So, as for the circulant

case, we introduce in a natural way the operator

7,:C" =T, x> 1,(x)
which maps x € C" into the matrix 7,,(x) € T, whose first row is xT.

Since X, is non-derogatory and normal as well, there exists a matrix U, € U(n) such that T,, =
sd Uy,. Using the symbol S, (C,,) for the matrix U,, diagonalizing T,, when the choice of 1 gives rise
to a DST (DCT), we list S, C, and the eigenvalues of X, in Tables 2, 3. We finally underline that all of
them satisfy the low complexity property (see [16,17] and references therein).
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Table 2
Discrete sine transform S, and the eigenvalues A, of X, k, h =0,...,n— 1.
(Su )kh )Vk(x//,)
DST in(k + 1)(h + 1) —~ k+ Dr
sin —_— c0s ————
! n+1 n+1
I\ k+1)m
DST, sin(k + 1) (h + 7) — cos L
2/ n n
1 T k+ D
DST3 sin (k+ —)(h-‘,—l)f cosg
2 n n
1 1\ k+ r
DSTy4 sin (k + 7) (h + 7) — cos Q
2 2/ n n
T k+ 1w
DSTs sin(k + D) (h+1)— s %
n+ ;3 n+ 3
1 bd k+1)m
DSTg sin(k 4+ 1) (h + —) 1 cos #
2) n+ 3 n-+ 2
1 T k+ Dy
DST; sin (k + —) (h+1) 5 cos %
2 n+ ;5 n+ 3
1 1 T k+ bz
DSTg sin (k + —) (h + 7) 1 cos %
2 2/ n— 3 n— s
Table 3
Discrete cosine transform C;, and the eigenvalues Ay of X,,,k,h =0, ..., n—1.
(C[l)kh )Lk(x;t)
km
DCT, cos kh cos
n—1 n—1
1\ 7 km
DCT, cos k (h + 7) — cos —
2) n n
1 k+ bz
DCT3 cos (k+ 7)hz cosg
2 n n
1 1 k+ D
DCT4 cos (k + 7) (h + 7) z cos (kt
2 2/ n n
km
DCTs cos kh ] cos 1
T2 n—a2
1 T km
DCTg cosk (h + 7) — €os —
2 — = n—
2 2
1 e k+ Lz
DCT, cos (k+ —)h 5 cos%
2) n— 3 n—;
1 1 k+ Dy
DCTg cos (k + 7) (h + 7) il i cos %
2 2/ n+ 3 n+ 3

2.3. Hartley-type algebras

In [5] eight different unitary matrices H; are introduced and eight Hartley-type algebras H; = sd H;
are defined as the set of matrices simultaneously diagonalized by such H;. The Hartley algebra #(; was
introduced in [18] and the well known Hartley matrix Hy, which diagonalizes it, is defined as follows

1 27ij 2mij
Hi = — [cos (—) -+ sin (—)} .
ﬁ n n ij=0,1,...,n—1

The multiplication H; X vector can be performed with O(nlog n) operations, nonetheless in [5] is
shown that the same low complexity property holds for all the H;,i = 1, ..., 8. Let us introduce in
detail the Hartley-type transforms and the corresponding algebras. Consider the matrices
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Table 4
Definitions for the eight Hartley-type algebras JH;.
Hy =H =sdH =sdH; = C° +JIC*
Hy; =K =sdK =sdH, = Gil +]U,16ikl
Hz =9 =sdG=sdHy = €, +JC,
Hy =K =sdkT =sdHy = C° +JC*
Hs =n=sd(K'E;) = sdHs = C° + JC°
He = p = sd(GEy) = sdHs = €, +JC° ,
H7 = o = sd(HE] ) = sdHy = C° +J1C°
Hg = B =sd(KEJ) = sdHg = C° | +J11_,C°,

1 2mwi(2j + 1
K=H) = — [cas((]))i| s
NG n ii,=01,....n—1

1 2 Q2i4+1)(2j + 1)
G=H;=——|cas ,
NG 2n i1,=0,1,...,n—1

where casx = cos x + sin x. Both of them are orthonormal matrices. Furthermore consider the two
sparse n X n matrices

V2
Er=— , EB=—F V2

where the presence of the central row and column depends on the oddness of n. Consider finally the
four subspaces of +1-circulant algebras

S, ={CeCy|CT =0}, € ={Cely|CT=—0},
the first two being a proper subalgebra of 4.

The eight Hartley-type transforms and algebras are defined by the identities in Table 4. Note that
only the algebra ¢ = sd G is not a 1-space, in fact its elements are not defined uniquely by the first
row (for more details see [4,5]).

Unlike ¢-circulant and trigonometric algebras, it is not so clear that Hartley-type algebras can be
introduced as the algebras generated by matrices whose structure is predictable for all n. However,
since all of them are algebras of normal matrices simultaneously diagonalized by a unitary transform,
there exist non-derogatory matrices W; such that 3; = «/(W;) = ker V. Nevertheless let us note
that the €%, part of 3 is the subalgebra 7 (Y+1) generated by the following derogatory matrix

01 )
T 1 .-
Yo="I,+0, = Ll (5)
) 10

Noting that

2mi

FiMlyFp = =¢'/"Q = ¢/ Mdiag(w' |i=0,....,.n—1), w=e n

and that ITyq + I1], = Myq + 15, = 2R 041,* we easily obtain an explicit formula for the
eigenvalues of Y7 and Y_1, namely

4 The real part (Hermitian part) of a matrix X is the Hermitian matrix X = %(X + X*)
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Ak(Y1) = 2cos (MTn) . Ak(Y—1) = 2cos ((Zk—;])”) ©

fork=0,...,n—1.

3. Optimal rank preconditioning

Let us consider an n X n linear system
Ax=y, AeM(n), x,yec" (7)

which should be solved by some Krylov subspace iterative methods (CG and GMRES are good examples).
When the convergence rate of such methods is low, one may consider a suitable preconditioning matrix
P, switch to the preconditioned linear system

P lAx = P_ly, (8)

and apply to this new system the iterative methods. Clearly, except for trivial cases, the spectrum
of the matrix defining the system (8) is different from the original one, while the solution x main-
tains unchanged. The introduction of the preconditioner P could lead to a substantial improvement of
the convergence rate, provided that P satisfies some “good” properties, that we summarize into the
following two

1. The condition number « (P~'A) is uniformly bounded in n
2. The spectrum of P~!A has a cluster around 1.

When A > 0 (the general case needs some further hypothesis cf. [19]), the first property leads to the
linear convergence of the methods, independently on the dimension n of the problem. The second one
is related with the super-linear convergence of the methods and, fixed an ¢ > 0, it is the same as
requiring that the following splitting for the matrix A in (7)

A=P+R+E

holds, being E a small perturbation, ||E|| < €, and R a low-rank matrix, namely rankR is o(n) [1,2]. It
is clear that the cluster of o (P~'A) is a proper cluster whenever rank R = r,(n) is uniformly bounded
with respect n, in fact r (n) is exactly the number of eigenvalues of P~'A which are outside a ball of
radius ¢ around 1. Moreover we can heuristically affirm that “the smaller is rank R, the smaller is the
cluster of o (P~1A) and the better is the preconditioner P”.

In the following we consider low complexity algebras of matrices simultaneously diagonalized by
a unitary fast transform U, or rather closed sets of the form

o =sdU = {Udiag(0, ..., 0,)U* | 6; € C},
where U x vector and U* x vector require O(n log n) operations.
Our considerations about property 2 above suggest the definition of an optimal rank matrix algebra
preconditioner for a given linear system (7).

Definition 3.1. Given an invertible n x n matrix A and a matrix algebra </, we call optimal rank
preconditioner in .« for A any matrix

A = argmin{rank(A—P —E) | P € &, |[E| < ¢€}.
In[2]itis stressed thatin order to construct such preconditioner for A one should solve the following

Problem 1. Given A € M(n), given an sd U algebra «# and given ¢ > 0, find A = P 4+ R, withP € &/
and ||A — Al|| < e such that rankR is as small as possible.
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Observe that for any given M € sd U there exists a diagonal matrix D such that M = UDU*.
Therefore if the norm considered in Problem 1 || - || is unitarily invariant

|[A—A| = |[U*AU —D —R||,  rankR = rankR.
In other words we can split problem 1 into the following problems 2 and 3 and calculate the minimum
over the algebra of diagonal n x n matrices 2

Problem 2. GivenA € M(n) ande > 0,find A = D+ R, withD € 2 and |||]A — A||| < & such that
rank R is minimum, for a chosen unitarily invariant norm ||| - |||.

Problem 3. Given A € M(n) and given an sd U algebra .« = sd U, compute the image U*AU.

If # = sdU is of low complexity, the computation of U*AU requires an amount of O(n® log n)
operations which is not acceptable. For this reason we have posed Problem 3. However, we shall see
that in solving Problem 3 it is not necessary to compute all the entries of the image matrix U*AU, it is
instead enough to have an algorithm that computes any prescribed entry (U*AU);; in a fast way, by a
number of operations independent of the matrix size.

Problem 2 can be approached as in the circulant-Toeplitz case [2], i.e., by means of the black-dot
algorithm, an ad-hoc version of the incomplete cross algorithm [20-22]. Given an algebra .«# = sdU =
</ (W) (W non-derogatory), in order to apply the black-dot algorithm we need to know some elements
(U*AU)jj, where the pair (i, j) belongs to a certain set of indices Q. Typical choices for Q give rise to
a method whose complexity can be estimated with O(nr, (n)?) [2]. When the coefficients matrix is
positive definite we expect that the preconditioner A computed by such algorithm is positive definite
as well. Actually such property is not always ensured, in fact it may happen that some entry of the
computed diagonal matrix D is negative. However, in typical cases - see [2] and the proposition here
below - it is possible to ensure the positive definitess of A by applying a low-rank correction to the
computed D, i.e., modifying a small number of its diagonal entries.

Proposition 3.2. LetA =P+ R+ E withrankR =r < nand ||E|| < €. IfA > el and R > 0 then at
least n — r eigenvalues of P are positive.

Proof. Weyl's inequalities for the Hermitian eigenvalues problem Z = X + Y give us the following

Aigj—1(Z) < LX) +A(Y),  1<i+j—1<n,

AiX) +An(Y) < 2i(2) < LX) +2q1(Y),  1<i<n,
where the eigenvalues of a Hermitian matrix are supposed in decreasing order (i.e., A; > Aj41). Since
r < n,wehave A,1x(R) =0fork =1, ..., n—r.Thus Weyl's inequalities applied toA = P +R+E
give us

Litr(A) = ax 1)»i+k(/\) <M(P+E) <A(A), 1<i<n—k

=r

Therefore we know that all the first n — r eigenvalues of P 4 E are greater or equal to €, thusn — r
eigenvalues of P are positive, since A > ¢l. O

In the next section we discuss Problem 3 and propose a method for computing any element (U*AU);;
at a very low cost, after a preprocessing phase of complexity O(n log n). Such method works well if the
displacement rank of A, the matrix defining our system (7), with respect to the chosen algebra <7, is
sufficiently small. More precisely let us introduce the following

Definition 3.3. Let .« = /(W) be a matrix algebra. We say that a matrix A € M(n) almost-belongs to
o, in symbols A € ., if rank([A, W]) is uniformly bounded in n.

Note that by the fundamental theorem of homomorphism we have a canonical isomorphism VW
between M(n)/zs and range Vi, which implies that the pre-image of A € range Vyy is given by the
closed set {VM_,l (A + Al acor-
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The method proposed in the next section for computing cheaply the elements (U*AU);;, works if
A € o and [A, W] is explicitly known. We underline since now that our method works well for all the
low complexity sd U algebras .« previously presented and for any Toeplitz or Hankel matrix A.

4. The computation of U*AU

Let o C M(n) be an algebra of normal matrices «# = sd U, U € U(n). Let us consider an element
W € o which is non-derogatory. Clearly &/ = /(W) = ker Vyy and U*WU € 2. Set D = U*WU.
Given a matrix A € M(n), we have
(U*AU)D — D(U*AU) = U*[A, WU
thus the off-diagonal elements of U*AU satisfy the identity
(U*A, WIU); ., .
J ’ 1 75 .]' (9)
(W) — A (W)
Such equalities let us state the theorem below, whose detailed proof can be derived also by the obser-
vations which follow.

(U*AU);; =

Theorem 4.1. Let o7 = /(W) be a low complexity sd U algebra, A € < and rank[A, W] = p (thus p is
uniformly bounded inn and A;(W) = Ay(W) < i = k). Assume that o (W) is explicitly known. Then, after
a preprocessing phase of complexity O(nlogn) required for the computation of U*[A, W]U (see below),
each off-diagonal element (U*AU);; can be calculated with p 4 1 multiplications.

The theorem above gives us a tool for approaching Problem 3, or rather for computing the image of a
matrix A under a unitary fast transformation. In fact, we are requested to compute 2 p transformations
X = U*xp, Y = U*yy, fork = 1, ..., p, in a preprocessing phase, where x; and y are the vectors
defining a dyadic decomposition of [A, W]. Then each off-diagonal entry of U*AU is known up to p + 1
multiplicative operations (U*AU);j = (Aj(W) — Ai{(W))™! Zf=1 (Xk)i(Yk)j. Finally observe that in
order to apply the black-dot algorithm we actually do not need the diagonal entries of U*AU [2], thus
Theorem 4.1 is not restrictive in our situation.

To summarize, in order to compute the optimal rank preconditioner A for A into the algebra o =
sdU = ker Vi, we can propose the following DR-scheme, where the black-dot algorithm is like a
black box which sometime requires an entry (U*AU);;, i # j.

DR-scheme

Assume sd U = ker Vi and [A, W] = Zle XkYp-

1. (Preprocessing) Compute the 2 fast transforms x, = U*xy, Vi, = U*y, k=1, ..., p.
2. Start the black-dot iterations
2.1. if (U*AU); is required, compute it via the identity

(UFAU); = o1 @i Gk);
W) — a(w)

where Z denotes the complex conjugate of z.
3. Proceed with the iterations until convergence, passing through 2.1 if necessary

Note that the preprocessing phase requires O(ponlogn) operations, whereas only p + 1 arithmetic
multiplications are needed each time step 2.1 must be performed.

Despite the somewhat general formulation of the DR-scheme, in the following we consider some
specific cases, in which A is a Toeplitz or Hankel matrix, and discuss how to compute U*AU explicitly,
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for the low complexity algebras presented in Section 2, underlining that for these choices of A, we
actually have A € «.

4.1. p-circulant algebras
Recall that the generic ¢-circulant algebra is defined as
Cp = (Ily) = sdF, =ker Vp,,

where F, = A F = diag(1, go%, e (p%)F, |@| = 1, and F is the Fourier matrix (3). We will make
use of the following matrix J, also called reverse identity

Given p € Z, consider the equivalence class {p mod n} and let [p], denote its unique representative
in{0,1,...,n—1}.

Proposition4.2. LetT, = (t;_j); be a Toeplitzmatrix and I1, the matrix (1) generating C,. Then T, = Cy
and

[Tn, I1y] = %y eI“‘eny(—; (10)
beingx, = (pt1—n — t1, ..., Qt_1 — th_1, 0)T andy, = —Jx,.

Proof. Due to the definition of /T, we have the following equality

n—1
[To, Mylij = D, (tick ()i — (T iktk—j) = Pli—fjtn—1], — i+1]a—j-
k=0
Therefore (10) holds fori = n—1andj # 0.In fact for such choices of indexes we havei—[j+n—1], =
i—(G—1) =[i+ 1], —jthus [Ty, [1,]; = 0 and rank([T,, I1,]) = 2. It is not difficult to observe
that (10) also holds fori =n — 1andj = 0. O

The above Proposition immediately implies that, when A has Toeplitz structure, the DR-scheme
can be applied to the case U = Fy, the unitary matrix diagonalizing €. The Hankel case needs some
further observation since the rank of [Hy, I1,] is not bounded in general and a direct use of the DR-
scheme would be prohibitive. Given a Hankel matrix H,, call T (H,) the Toeplitz matrix JH,,. Here below
we observe that when ¢ is 1 or —1, the computation of F;HnF‘p can be brought back to the Toeplitz
case F;T(HH)FW for which, instead, the DR-scheme works well.

Observe that

n—2,

A;]A(pzdiag(go e |k=0,...,n—1)],

therefore when ¢ € {—1, 1} we get the equality F;’f]E/, = (p%F*]F. Moreover, since F = JITF*,
F? = JIT and F*JF = ©, we also have

F¥JF = (F*ITF)(F*)* = I,

—2mi/n

where Q@ = diag(1, @, ..., 0" D, w0 =e . Now use the definition of T(H,,) to write
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FrHpFy = (F3JFy) (FAT(Hn)Fy).

The formulas obtained so far imply the desired result:

n—1 r_y .. . .
(FyHnFy)j = ¢ & o "M EST(H)F) g, jo 1,5 =0,...,n—1, i #].

Before proceeding to our discussion for the trigonometric and Hartley cases, let us introduce some
further useful notation. Given a, b € C" with a; = by, we shall denote with T, (a, b) the Toeplitz
matrix whose first column is a and whose first row is b'. Analogously, given u, v € C" such that
up, = vq we shall denote with Hy (u, v) the Hankel matrix whose first row is u" and whose last column
is v. By Proposition 4.2 the following formula holds for any a, b € C" with a; = by

[Tu(a, b), M,] = iy(a, b) — JiK,(a, b)), (1)

where J#,, (a, b) is the rank one matrix

Hy(a, b) = (pJb — H(pa)elT. (12)

4.2. Trigonometric algebras

As discussed in Section 2 all the sixteen trigonometric algebras T, are generated by the matrix X,
(4), for the sixteen choices of u € R* shown in Table 1. Being X, non-derogatory and normal all its
eigenvalues are distinct and we know them explicitly (Tables 2 and 3). As a consequence, Theorem 4.1
holds for the trigonometric algebras and for the set of matrices A € M(n) such that A € T),. Let us
show that all the Toeplitz and Hankel matrices belong to such set.

Given u € R?, let us split X, into X, = X + M, where

m1 p2 —1

u3 —1 g

For any two vectors a, b € C" with a; = by we obviously have [T, (a, b), X,,] = [Ta(a, b), X] +
[Ty (a, b), M, ]. Thus it is possible to prove the result for the tau algebra T and then for all the other
algebras 7.

Proposition 4.3. Let A € M(n) be Toeplitz, Hankel or the sum of them. Then A € T, for any . € c?,
precisely rank[A, X, ] < 8.

Proof. Notice that rank(M,,) < 2 forall u € c*, thus rank([A, M, 1) < 4. Moreover note that given
any Toeplitz T = (;_;j);j or Hankel H = (h;y;);;, the matrix T + H satisfies the cross-sum rule with
non-null boundary conditions, that is

ti—1—j + hi—14j + tip1—j + hig14j — (Gije1 + higj—1 + Gi—j—1 + higjp1) =0

foranyi, j € Z.Therefore the boundary conditions are given exactly by the border columns and rows of
the (n+2) x (n+42) matrix embedding the given T+ H n x n matrix and maintaining its same structure.
Such columns and rows can not be null except for trivial cases. As a consequence, since A € 7 if and
only if it satisfies the cross-sum with null boundary conditions, we have that rank[T, + Hy, X] < 4,
namely



416 E Tudisco et al. / Linear Algebra and its Applications 438 (2013) 405-427

[Tl'l +Hn,x] = . On_z 2

k| oo *

where « are in general non-null entries and O;,_ is the null matrix of ordern — 2. O

Proposition 4.4. Leta, b, c,d € C" witha; = by and ¢, = d;. Then

[Ta(a. b). X] = ©(a, b) — JO(a, b) "], (13)

[Hn(c, d), X] = ©(d, Jo)] —JO(d, Jo)" (14)
where @ (a, b) is the rank two matrix

O(a, b) = e;(ITh) " — (ITa)e; . (15)

Proof. Displacement formula (14) for H,(c, d) clearly follows from the previous one (13), since
Hn(c, d) = Ta(d, Jo)] and
[Hn(cv d)s X] = [Tn(dsjc)v X]] = @(d,]C)] _.]@(dvjc)-r
By Proposition 4.3 only the border rows and columns of [T;;, X] are non-null, for a Toeplitz matrix Tj,.
Thus we just need to check (13) for such four vectors. For instance, noting that X = ITy + I'IOT , we have
[Ty(a, b), X]e; = Ty(a, b)e; — Xa = I'IOTa + byey — Xa = byer — IMpa

and analogously

e [Tn(a, b), X] = b'X — e] Tu(a, b) = ([Tob) " — ae].

Therefore (13) holds for the first row and column, if we define ® (a, b) with ITj in place of I7. It is not
difficult to observe that the same can be said also for the last row and column. Moreover, thanks to
arithmetic cancellations for the corner positions (1, n) and (n, 1), identity (13) holds for our definition
of ®(a, b), given in terms of I7. O

The above proposition gives us an explicit formula for the displacement rank of a Toeplitz or Hankel
matrix into the tau-algebra 7. Then, if S = S(g,1,1,0) is the sine transform which diagonalizes T, we can
apply the DR-scheme to the case where U = S and A = T, + H, is the sum of any two Toeplitz and
Hankel matrices.

Anyway, by Proposition 4.3, the displacement rank of a Toeplitz or Hankel matrix into any trigono-
metric algebra T, does not exceed 8. Let us first derive an explicit formula for the dyadic decomposition
of [Ty, X,,]. Since

My = er(uier + (2 — 1)ea) " + en((s — Den— + paen) ",
we have
T T
[Ta(a, b), My, ] = c1(a, b)(prer + (2 — 1ez)  + cal@, ) (3 — Ve + raen)
T
— e (Mlcl (a,b) + (u2 — Dca(a, b))
-
— en((13 = 1)ca—1(a, b) + praca(a, b))
where ci(a, b) is the kth column of T, (a, b). The required formula is obtained by summing the latter

one and (13). A similar computation provides a formula for [Hy, X,,] and thus the DR-scheme can be
applied when U = S, C, is any trigonometric transform and A = T;, + Hj.
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4.3. Hartley-type algebras

Let 3(; = sd Hy denote a generic Hartley-type algebra, we can characterize Jy as the set [23]
He ={A A, Yy] = [A, Mk] = 0} (16)
where ¢ € {1, —1} and My € M(n) depend on the Hartley-type algebra. We are considering. Despite
it is obviously possible to define Hj as the set ker Vi, for some non derogatory matrix W, it is not

always easy to find a “simple” W with such property. Therefore here we make use of (16) and derive
an easy variant of the DR-scheme.

Theorem 4.5. Let X and Y be two distinct normal matrices which commute. Let A;(X), A;(Y) be the
eigenvalues of X, Y corresponding to the same common eigenvector. Consider the algebra ov = {A |
[A, X] = [A, Y] = 0}. Then « is n dimensional if and only if 1;(X) = A;(X) implies X;(Y) # A;(Y), for
any pair of distinct indices (i, j).

Proof. DenotewithAq, ..., Apand uq, ..., U, theeigenvaluesofX and Y, respectively.Since [X, Y] =
0 we have X = UD,U*and Y = UDMU*, where D, and D, are the diagonal matrices such that
(D3)ii = Aiand (Dy)ii = Wi

First let us prove the implication («<). Take A € «, then U*AUD; = D, U*AU and U*AUD,, =
D, U*AU. Let (U*AU);; = @j. By writing the first relation entrywise we get @;;(A; — ;) = 0, therefore
a; must be zeroif A; # A;. When A; = A; we use the second relation obtaining @; (u; — 14;) = 0, which
gives us @; = 0 due to our hypothesis. As a consequence we have G;; = 0 Vi # j, hence U*AU € 2
and dim ./ = dimsd U = n.

Viceversa, since any A € sd U is an element of 7 and dim «# = n, we have «# = sd U. Now proceed
by absurd and assume the claim to be false. Without loss of generality, suppose A1 = Ay and 1 = Uz,
and consider the matrix

di b
A=U ) U* = UBU*

dn

where b # 0. We have U*[A, X]U = BD, — D3B = 0 and U*[A, Y]U = BD,, — DB = 0. Therefore A
commutes with both X and Y, namely A € <. This is impossible since A ¢ sdU. O

By the above theorem it is clear how to adapt the DR-scheme for Hartley-type algebras

Assume [A, Y, ] = 30, xy¥ and [A, My] = X7, iz

1. (Preprocessing) Compute the 2(p + 7) fast transforms X, = Hpxs, Js = Hjys, W = Hjw,
Zt=Hiz,s=1,...,p,t=1,...,1.

2. Start the black-dot iterations
2.1. if (H{AHy)jj is required, compute it via the identity

2521 (xs)i@
)‘j(y(p) - )\i(yw)
if)\.,‘(Y(ﬂ) #= )\.j(Y(p), or

Zgrzl (Ws)i(?)j
Aj(My) — Ai(My)

(HyAHy)ij =

(HITAHk)ij =

otherwise
3. Proceed with the iterations until convergence, passing through 2.1 if necessary
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Note that in this modified version the DR-scheme requires one more assumption, since the matrix A
we are considering should have small displacement rank with respect to two different matrices Y,, and
My, rather than only one. Of course there are many matrices which satisfy such assumption, however
it is not obvious if among them there are also Toeplitz or Hankel matrices. The rest of the section is
devoted to observe that this is true in particular cases.

First of all, note that the matrices Yy, are derogatory and only dim Gfo of their eigenvalues are distinct,
in fact Yy, is the generator of the family of algebras

€ ={CeC|C=C"}.
Note that in (6) we derived an explicit formula for the spectrum of Y.
Moreover it is clear from Propositions 4.2 that for any Toeplitz matrix A we have rank[A, Y,] < 4.
The same conclusion holds for [A, Y, ] with A Hankel. Namely
Proposition 4.6. Assume |¢| = 1. Let a, b € C" such that a; = bq. Then
[Ta(a. b). Y, 1 = i, (a b) — iy (b, @) + (i, (b @) — #ip(a. b)),

where Ky (X, y) is the rank one matrix in (12).
Let c,d € C" with ¢, = dy. Then

[Ha(c, d), Y] = exd" JIT — @) — (JIT — @l)de] + enc' (1] — @I) — (1] — pl)ce, .

Proof. The formula for T, (a, b) immediately follows from (11), noting that T (a, b)T = Tp(b, a) and
that [A, BT] = —[AT, B]T, VY A, B € M(n). The second one, for H,(c, d), follows from (14) and the
decomposition Y, = X + Ry, being R, = <p(enelT + eleI). In fact Hy(c, d)e, = d, Hy(c, d)e; = c,
el Hy(c,d) = c" and e/ Hy(c,d) =d'. O

Clearly we can also represent [T, (a, b), Y, ] by means of @ (a, b), in fact

[Ta(a, b), Y, = ©(a, b) —JO(a, b) "] + gJ(be] —e1b") + p(ae] —eja’)]

which easily comes from (13).

Now, concerning My, let us fix four choices among the eight possible indices k, precisely k =
1,2, 5, 6, and consider the corresponding Hartley-type algebras 5 = Hy, X = Ha, n = Hs and
1 = Hg. For such choices we can characterize My somehow explicitly, in fact in [4] it is shown that

o o'
Mk =] + ( ) s (17)
0 7(z)

where 7(zx) = 7(0,1,1,0)(zk) € M(n — 1) and the vectors z; € R" 1 are, respectively,

1 1
z1=5(e2 —en—1), z2=—5(e2+en—1), 25 =25 =0.

As a consequence we get T(z5) = 7(zg) = Op—1, and

T(z) =3XU—)). () =—3XU+]))

where X = X(9,1,1,00 € M(n — 1) is defined in (4). Also note that for the algebras Hs = 71 and
He = 4 a more elegant characterization does hold. We state it by means of the following

Proposition 4.7. Let n and p be the Hartley-type algebras defined in Table 4. Then

n = ker Vy1 +] nw = ker Vy_H_].
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Proof. Clearly n C ker Vy,4j, u C ker Vy_,4; and the equalities hold if and only if Y1 +Jand Y_1 +]
are non-derogatory. If Hs is the unitary matrix diagonalizing 7, it is not difficult to observe that

I,
HiJHs = ( " . )
—In—m

where m = n/2 if nis even and m = (n + 1)/2 otherwise. This remark and (6) imply that the
eigenvalues A;(Y1 +J) = Ai(Y7) + A;(J) are all distinct; thus Y7 + J is non derogatory, and the thesis
follows for 1. In the same way one proves the thesis also for . O

It is now clear that we can apply the modified DR-scheme to a quite general class of Toeplitz and
Hankel matrices. In fact for any symmetric Toeplitz matrix T,, and any persymmetric Hankel matrix
H, we have [T,,J] = [Hy,J] = 0, therefore [T,,, X]] = [Ty, X1J and [H,,, X]] = [Hp, X]J. Using (13)
and (14), it is now straightforward to derive the formulas for the commutator of T, and H, with Mj,
fork =1, 2, 5, 6, taking into account that the matrix X which appears into (17) has order n — 1. This
eventually allows us to apply the modified DR-scheme to the case A = Toeplitz symmetric + Hankel

persymmetric.
We conclude this section by noting that using only Y, and formula (9) we can compute at least
n(n — 2) entries of H'AH;, for any i = 1, ..., 8. The elements e of H;"AH; that we can not compute

this way, are in the positions shown in the figure below (we represent them for n = 5, 6).

°
° °
) .
° °
) (p=1)
°
L)
° °
. °
° ° odd
even
. °
° °
° .
. .
D)
° (p=-1)
L)
. .
° °
° °
odd

even

5. Algebra-plus-low-rank approximation of a matrix

As we underlined the previous section, an optimal rank preconditioner P should realize the splitting
A=P+R+E (18)

where || E|| < € andrank Ris minimum. When A is Toeplitz, it can be shown that optimal or Strang-type
preconditioners P, chosen inside suitable sd U algebras, realize an analogous decomposition where in
general rankR = 0(¢P)0(n), for ap > 0]1,4,8]. In this section we show that for particular classes
of matrices A and algebras <7 there exists P € .« that realizes the splitting (18) with ||E|| < & and
rankR = o(n).

If T is the unit circle T = {z € C | |z| = 1}, let us denote with T,, H,, : L°°(T, C) — M(n) the
Toeplitz and Hankel operators, respectively, which map f € L°(T, C) into the n x n Toeplitz or Hankel
matrices T, (f), Hy (f). Finally call £(T) the subset of L°°(T, C) of all piecewise holomorphic functions
with logarithmic singularities, i.e., functions given by an holomorphic function plus a function with
logarithmic singularities. A generic f € £(T) has the form
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p q ;
f@=8@+ 2> omn-(z—z) logz—2zy), z€T,

k=0 h=0

with g holomorphic over a set containing Tand z, € T,h =0, ..., q.
In [3] it is shown that for an f € £(T) the Toeplitz matrix T, (f) admits the decomposition

1 1
T,(f) =P+ R+E, rank(R) = O (log - (log — + log n)) ,
€ £

where P is a circulant matrix and E is a small perturbation as usual. The space £(T) is a special
class of symbol functions that, however, covers all examples considered in literature on superlinear
preconditioners [2].

In this section we will show that a splitting analogous to the one in [3] also holds for H,(f) and P
chosen inside a generic ¢-circulant algebra, ¢ € T. We will explicitly describe such matrix P in several
cases, and we will discuss also the case of Hartley-type algebras.

Let us consider a A € C and define the vector

poy = (1232 1)

It is not difficult to observe that the Toeplitz matrix
L), 21 "p(1) = pp( =T

is a rank one matrix. Moreover, by requiring a Toeplitz matrix to be of rank one, we observe in fact that
rank T,(a,b) =1 <= 31 | a=p(X) and b = A1 "Jp(}).

Given a real number A set

Zy(A) = Ta(p(X), €1) =
Al

This is the Toeplitz matrix generated by the symbol

1
60) =5 hOEE

Kel?’
By noting that p(1) satisfies
Hyp(A) = Ap(A) + (¢ — AMen
we obtain the following identities
Hip((2), €1) = gene] — Myp(he] = (Aen — Ap(1))eq,
Hy (), 21 7p()) = (927" = Mp() = (@ — 2Men) ef

which lead to

Lemma 5.1. Forany A € R there exists P, € C, such that the triangular Toeplitz matrix Z, (A) splits into
Zy(A) = Py + R, withrankR = 1.
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Proof. Using (11) and the formulas above we have
Al 1
[Ta(p(X), €1), ITy] = [MTn(P(A), A (L)), Hw} .

Notice, in fact, that, after the subtraction between J, and ] H{;j , the term goenelT is canceled. O

Observe that we can explicitly write the ¢-circulant matrix P, in Lemma 5.1, in fact it is given by
the difference

n

=, ). AP (). (19)

Py = Ta(p(X), e1) — o

Hence, using the operator C, : C" — €, defined in Section 2.1, we have the equality
1
Zn(A) = Cy (ti (M) +R, Xp A = m]n(pp()t)-
As a consequence, the following characterization holds

Proposition 5.2. The eigenvalues of Cy,(x, (1)) are

2k
CL(*) k=0,...,n—1.
Wl/” n

Proof. Observe that for a generic v the following formulas hold
Myp(v) = vp() + (¢ —VMen,  Jp() =" 'p7 ).
Then note that
«/—
VR %y () = ——FAGITT,p(})
ﬁ A"y

T 9 A0 Gdp() + (9 = 2Men) = . ST FAp( Nie

1
17)L‘p—1/nw—k

The thesis follows by recalling that, given y € C", the eigenvalues of Cy (y) are the entries of the vector

ﬁFJy. 0

Consider now the matrix

Kn(A) = Zy() + Zn ()" —
i.e., the well known Kac-Murdock-Szego (KMS) matrix generated by the symbol
1—22

0) = 207 (6) — 1 = )\\n\ g *~ %~ 20
13.(0) £.(0) é T 1—2Xcosf + A2’ 20
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Observe that when A is real, we have the identity, K, (1) = 20Z, (L) — I. It is also easy to show that
K (0) > 0 <= |A| < 1 or, equivalently, K,(1) > 0 <= |A| < 1. Therefore

Proposition 5.3. For a given A € R, let K,(1) be the corresponding KMS matrix. Then

1. Forany ¢ € T there exist Q, € €, and R of rank 2 such that K;,(A) = Q, + R
2. Let&,(h) = (5557, + =57 ) P() — 1. Then Q, = Cy (&, (1)

3. The eigenvalues of Q, are K s (z%k) k=0,....,n—1

(ﬂl/n

Notice that we also have K (A) > 0 <= Q, > 0.

Proof. By Proposition 5.1 we have the equality K,(A) = (2MCy(xy(1)) — I) + R where R is a rank
two Hermitian matrix. Note that the matrix 91Cy, (x4, (1)) belongs to €, and this proves (1). Moreover
its eigenvalues are the real part of the eigenvalues of Cy(x,(1)). Therefore from (20) we derive (3).
Concerning (2) just observe that, for any y € C", C,(y)* = @C,(IT,y), and use such remark to
compute the first row of 20Cy (xy (1)) — 1. O

It is important to note that the ¢-circulant matrix Q, in the previous proposition is indeed the
optimal rank ¢-circulant preconditioner for a KMS matrix. This fact can be easily proved by a
direct calculation. Just try to impose that the difference between K,(A) and a rank one matrix is
@-circulant to reach an absurd. Therefore we have an explicit formula for the optimal rank pre-
conditioner of K, (A). Note that it outperforms, from the clustering point of view, any other known
preconditioner for a KMS matrix [8,24]. In fact the preconditioned matrix Q, 1K, (%) has only three
distinct eigenvalues.

Theorem 5.4. Letp, q be two complex valued mutually prime polynomials defined on T, such that 0 ¢ q(T),
deg p < degq,and q hasalldistinctroots. Then, forallp € T, the lower triangular Toeplitz matrix generated
by p/q satisfies the identity

Ty(p/q9) =Py, +R, Py, € Cyp, rankR < degp+1.

Moreover, if the roots of q are real, then also the Hermitian Toeplitz matrix generated by N (p/q) splits
into

To(M(p/9)) = Q, + R, Q, € €y, rankR < 2rankR.

Proof. By the fundamental theorem of algebra, any polynomial f : T — C admits the splitting
f(2) = H?i%f (z— z). As a consequence, the rational function % admits the simple fractions decom-
position

where p; is the residual given by p; = (z — z;) % s and z; are the roots of q. Therefore, by the

linearity of the Toeplitz operator T, : L*(T) — M(n) we have the identity

de,
£l Pk

Ta(p/q) = — Z gzn(l/zky

k=1

Now the existence of P, and R follows from Proposition 5.1. Finally, if all the roots of g are real, then
the residuals p; are real, and
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degq
Pk

To(R(p/9) = — D — Ka(1/ze) +1),

k=1 2%k
which together with Proposition 5.3 concludes the proof. O

Notice that, if all the roots of q are known, then one can explicitly compute the ¢-circulant matrices
of Theorem 5.4, obtaining not exactly the optimal but a rank bounded preconditioner for an important
class of Toeplitz matrices.

There follows one further lemma, whose proof can be found in [25] as underlined in [3].

Lemma 5.5. Letk € {1,...,n}and @ € R. For any ¢ > 0 there exist a;, b; such that

k™% — Ep aj (e_b")k
1
i=1

<ek™

with p < loge™1(Bo + B1loge ™! + B, log n), and the coefficients fB; depend only on c.

By using the result stated in Lemma 5.1, we can reformulate the above Lemma 5.5. Let || - ||c denotes
the Chebyshev norm on M(n),

A= (az)j € M(n),  [Allc = max |a].

Consider the lower triangular Toeplitz matrix T, = [(i — j)~“Ii>;j. Then, for any & > 0, there exist
Pé)") € €, and Ry of rank one, such that

|70 — S aza(e™)| . = |[Tn — Zhoy PO +Re| < elTalc

where p is bounded as in Lemma 5.5. By taking the transpose of T, and then subtracting by I, one
immediately observes (via Proposition 5.3) that also the symmetric Toeplitz matrix T, = (|i —j|~%);
admits the decomposition

ITS — Cp — Rllc < ellTlle, Cp € €y

for a matrix R whose rank is bounded by 2p.
From now on when referring to Lemma 5.5 we will always think at the latter two inequalities.
Observe that the results obtained at this stage are enough to say that for any polynomial f and any
symmetrized polynomial g(x) = f(|x|), the Toeplitz matrices T, (f) and T, (g) admit the decomposition

Ty =Cp+R+E

where C, € €y, R has sufficiently small rank and ||E[[c < . Notice furthermore that the same can
be said for continuous symbol functions, since they can be approximated by polynomials (Weiestrass
theorem).

An even better result can be obtained for the Toeplitz matrix whose entries are positive integer
powers of the indexes, namely

Lemma 5.6. Let T, = [(i —j)’li>jand T, = (|i — j|P). Then for any ¢ € T, we have T, = P, 4+ R and
Ty = Qyp + Rwith Py, Q, € €, and rankR < 2rankR < 2(p + 2).

Proof. If we prove the decomposition for Ty, the thesis for T} follows because of the identity T, =
Tn + TnT. Fix p € N and consider the polynomial x,, such that deg(x,) < p + 1 and

Xo(K) —@xok —n) =KkP, k=1.....,n—1.
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Call vy, the first column of Ty, i.e., T, = Ty(vp, 0), then set

Xp(0) X (0)

1 -1

a=| V| b = | TV
X(p(n_l) X(p(l_n)

It follows that ¢Jb(x,) — I,a(xy) = —I1,Vp, and therefore

'}K(ﬂ(a(X(p)a b(X(ﬂ)) = H{w(\’p’ 0)7 [Tn(a(Xw), b(X(p))» H(p] = [Tn(Vps O)s Hga]
The thesis for T, follows by noting that rank T, (a(xy), b(xe)) < p+2. O

Now consider a polynomial f of degree d. By the previous Lemma we can affirm that the Toeplitz
matrix whose entries are f(|i — j|) can be decomposed into the sum of a ¢-circulant matrix and a
matrix R whose rank is bounded by Z?:] i + 2 = 0(d?). Such particular Toeplitz matrix is indeed a
generalized KMS matrix. For the sake of completeness we recall that, given the matrix

Kn(F, %) = (F(li = DA

i

a generalized KMS matrix is defined as

m
Gn = D, YiKn(fics M)
k=1

where Yy and Ay are all real and f;, are polynomials of degree dy.
It is clear that using both Proposition 5.3 and Lemma 5.5 we have
IGn — Py + Rllc < ellGnllc, P, € G(p»
with rank R = 0O(log %(log % +logn) 2L, di).

Propesition 5.7. Set f(z) = log(z — 2p), 29, z € T. Then, for any & > 0 there exist P, € C, and R; with
rank R, < loge™1(Bo + B1loge™! + B, logn) such that

ITa(F) — Py — Rellc < elTa(Pllc.

Proof. By the logarithmic singularity of f there follows the equality

k

@) =logzg + Y

z
=,
k>1 kzg
and thus for i > j, we have
1 c a1 —1
(N = g T (=17 Zn(zg )i
(i =Pz

Note that the log zg term gives rice to a multiple of the identity, thus to an element of C,. Therefore
we do not care about it. By Lemma 5.1, the matrix Z,(zo) has the form P, + Rfora P, € C, and a rank
one matrix R. Therefore by Lemma 5.5, for any € > 0 there exist Pg‘) and a rank one Ry such that
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< ElTnP)llc-
C

To(f) — By +R) D (PP + R
k

As a consequence we have the thesis, since (P, + R) Zk(Pg‘) + Rx) = Py + Rg, with R, and P, as in
the statement. O

We can, finally, combine Theorem 5.4, Lemma 5.6 and Proposition 5.7, to obtain

Theorem 5.8. Let f € L(T). For any € > O there exist Py, Q, € €, such that

ITa(f) — Py = Relle < ellTa(Pllc = O(e),
ITa(RF) — Qp — Rellc < elTa(Rf)lIc = O(e)

with rank R, < 2rankR, < 2loge'(a + bloge ™" + clogn) + d, and all the coefficients a, b, c, d do
not depend on n neither on ¢.

The Hankel case can be discussed analogously. It is not difficult to check that H, (a, b) = JT,(Ja, b),
foranya, b € C"witha; = by.Asbefore we call H(T,,(a, b)) such matrix. Therefore we can reformulate
the results obtained in this section simply multiplying them by J on the left, since this clearly does not
affect the rank neither the arbitrariness of &. Moreover, we can write the Hankel matrix generated by
the symbols

1
Lu(0) = m7 g(z) =log(z —z9), z,z0 €T,

in terms of H(Z,(1)). In fact, for instance, we have

Hn(¢w) = 1" JZo(n™") = p" T HZy (™) 1)

and a similar identity holds for H,(g).

We finally stress the fact that our initial problem is not well posed when f is a rational function
and the linear system is defined by the Hankel matrix with symbol f. In fact such matrix H, (f) has in
general a small rank which equals the number of poles of f (due to the Kronecker theorem, 1881 [26])
and therefore the linear system H, (f)x = y, when n is large enough, could even be unsolvable.

Hartley-type algebras

Let us conclude with few observations concerning Hartley-type algebras. In studying this case the
arbitrariness of ¢ € T is crucial, in fact it allows us to use both circulant and skew-circulant matrices
and thus to consider Hartley-type algebras. If H is a generic Hartley-type algebra, recall that eﬁo CH
withp € {—1, 1}.

Observe that by Proposition 5.3 we already know that the KMS matrix K, (A) admits the splitting
Kn(L) = H + R where rankR = 2 and H is an element of ¢ ; C 3 In fact we have K,(1) =
Cy(€y(A)) + R where the matrix C,(£,(1)), ¢ € {1, —1}, is circulant or skew-circulant symmetric,
respectively. Thus by the definitions in Table 4, when ¢ € {1, —1}, C,(§,(1)) € H.

Let us summarize this remark into the following:

Lemma 5.9. Let A € R. For any Hartley-type algebra 3 there exists H € 3 and R of rank two, such that
K.(A\) =H+R

Proof. Specialize Proposition 5.3 for ¢ = 1 and ¢ = —1 and use the definitions in Table 4. O
Nonetheless we would stress the fact that all the results we obtained in terms of symmetric ¢-

circulants may also be seen as involving Hartley-type algebras. One just need to specialize them for
g=1lorgp =—1.
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6. Conclusions

We have tried to produce a first step towards the generalization of the ideas presented in [2]. After
a brief overview about matrix algebras of low complexity, their generators and main properties, we
have proposed a way to extend the applicability of the black-dot algorithm, proposed in [2] for the
construction of optimal rank circulant preconditioners for a Toeplitz system, to other types of linear
systems (including Toeplitz plus Hankel like) and to preconditioners chosen in other low complexity
matrix algebras. Then we have shown that, in fact, a suitable class of Toeplitz and Hankel matrices is
indeed representable as the sum of a ¢-circulant matrix and a small rank perturbation, for any ¢ of
modulus one. Combining such representation for ¢ = 1 and ¢ = —1 we then derive an analogous
decomposition involving matrices from a Hartley-type algebra and a low rank perturbation.

It is important to note that for a significant class of Toeplitz (and Hankel) matrices associated with
arational symbol, the optimal rank ¢-circulant and Hartley-type preconditioners (as we called it) can
be explicitly computed without the use of the black-dot method, provided that the symbol function
and its poles are explicitly known.
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