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Abstract

In the classical time optimal control problem, it is well known that the so-called Petrov condition is
necessary and sufficient for the minimum time function to be locally Lipschitz continuous. In this paper,
the same regularity result is obtained in the presence of nonsmooth state constraints. Moreover, for a special
class of control systems we obtain a local semiconcavity result for the constrained minimum time function.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

The minimum time problem is a classical problem in control theory. Given a nonempty closed
set L C R" and a control system

{y‘(t) = f(t,y®),u@®)), u@)eU, (L1)

y(0) =x,
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where U € R™ is a compact set and u is a measurable function, the problem consists of finding a
time optimal control u steering the solution y*-*(¢) of (1.1) to the target K. The minimum time
needed to steer x to K, regarded as a function of x, is called the minimum time function and is
denoted by

Tic(x) = infrc(x, u),
u

where txc(x, u) = inf{t > 0: y**(¢) € K}. Observe that 7i:(x) € [0, o], in general. The control-
lable set C consists of all points x € R" such that 7y (x) is finite. The regularity of the minimum
time function, being related to the controllability properties of system (1.1), has been the object
of an extensive literature. For example, one can show that system (1.1) is small time controllable
on K if and only if 7x is continuous on 9/C, see, e.g., [3]. In a similar way, stronger regularity
properties of 7x- can be proved to be equivalent to stronger controllability properties of sys-
tem (1.1). More precisely, one can show that 7 is locally Lipschitz in the controllable set—and
dominated by the distance from /C near the target—if and only if, for some constant u > 0,

milrjl(f(t,x, u),v) < —plvl, V=0, Vx €K
ue

for all normal vectors v to K at x. The above condition was introduced by Petrov [16] for a point
target, and extended later to more general sets, see, e.g., [4,19]. Further regularity properties
of the minimum time function are also known: under Petrov’s condition, 7x is semiconcave if
IC has the interior sphere property (see [9]), or if the set f(z, x, U) of admissible velocities is
sufficiently smooth (see [8,13,18]).

Note that the above discussion is restricted to unconstrained systems. It is an interesting ques-
tion whether any of these properties remains true for problems with state constraints. In fact, as
far as the semiconcavity of 7i is concerned, it is easy to see that such a property brakes down
if constraints are present, see Example 4.4. What about Lipschitz continuity, then? This paper
aims at finding positive answers to such a question, as well as further addressing the issue of
semiconcavity.

We consider, first, system (1.1) subject to nonsmooth state constraints, that is, given a domain
£2 C R" and a point x € §2, we take as admissible controls only the measurable functions u
such that the corresponding trajectory y**(¢) stays in £ for all ¢ € [0, 7ic(x, u)]. Adapting a
technique due to Frankowska and Rampazzo [15], we will show that the minimum time function
is Lipschitz continuous in C if, in addition to the assumptions that are usually imposed on control
systems, the following conditions are satisfied:

(a) $2 has a suitable uniformly hypertangent conical field (see Section 3);
(b) f(-,x,u) is locally Lipschitz continuous.

It turns out, however, that assumption (b) above can be too restrictive for applications. For
instance, in the study of dislocation dynamics one needs a Lipschitz regularity result for the
constrained minimum time function of the simple control system

{y'(r) =c(r, y())u@), u(t)eU forae.t, (1.2)

y(0) =x,
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where c: R4 x R" — R is just a bounded measurable function with respect to ¢. In Section 4 of
this paper, we will analyze the regularity of the minimum time function for such a system in de-
tail, giving a straightforward proof of the Lipschitz continuity of i for C!:!-smooth constraints,
and obtaining a local semiconcavity result in the autonomous case. The Lipschitz regularity
of Ty, for more general dynamics, could also be derived from a recent result by Bettiol and
Frankowska [6]. As an application, we obtain a Lipschitz regularity result also for the value
function of the exit time problem

Tic(x,u)
Vic(x) = iI(lg / L(y“" (1), u(r)) dt
0

assuming L (-, u) to be a bounded Lipschitz continuous function.

This paper is organized as follows. In Section 2 we give notations, definitions, and we de-
scribe the control system that we will study. In Section 3 we prove the Lipschitz continuity of
the minimum time function for systems with nonsmooth state constraints. In Section 4 we fo-
cus our attention on the special system f(z,x,u) = c(t, x)u, deriving Lipschitz continuity and
local semiconcavity for 7i. In Section 5 we extend some of the previous results to an exit time
problem.

2. Preliminaries
2.1. Notation

Throughout this paper we denote by | - |, (-,-), respectively, the Euclidean norm and scalar
product in R”. For any subset § C R", S stands for its closure, .S for its boundary and S¢ =
R™\ S the complement.

The distance function from a set § is the function dg : R" — R defined by

ds(x) :=inf |x — y|.
yeS

We can also define the signed distance from S, d s :R" — R, that measures the distance from the
boundary 9.5, with negative values for points in §, i.e.,

ds(x) :=ds(x) — dge (x).

For any x € R" and r > 0 we denote the ball of radius r centered at x by B(x,r) =
{y e R": |y — x| < r}, and we also use the simplified notations

B, (x) :=B(x,r), B, := B, (0), B := Bj.

We denote the r-neighborhood of a set S by S + B, = {x e R": dg(x) <r}.
The tangent cone to S at a point x € S is given by

d tv) —d
Ts(x) ::{UG]R": lim sup sO +1v) () =O}.
y—x, 10 !
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Then we can also define the normal cone to S at a point x € S as
Ns(x):={p eR": (p,v) <OVveTsx)}.

If 35 is smooth, for any x € 9§ the gradient Vdg(x) gives the outward unit normal to S, and
Ns(x) =[0, +00)Vdg(x) ={tVds(x): 1 € [0, +00)}.

Definition 2.1. A closed set S € R" has the Interior Sphere Property (or ISP) of radius r > 0 if,
for any x € 08, there exists a point y, such that x € B, (y,) C S.

The ISP is a one-sided regularity property for the boundary of S.

Definition 2.2. An open set S € R" has the Exterior Sphere Property (or ESP) of radius r > 0 if,
for any x € 9, there exists a point y, such that x € B, (y,) € S°.

Remark 2.3. An open set S C R" has the ESP if and only if S¢ has the ISP.
Remark 2.4. If both S and S¢ have the ISP, then S has a cl1 boundary (and vice versa). We
recall that 3S is of class C!! if the signed distance dg(-) is of class C! in a neighborhood

of 0.

Proposition 2.5. Let S C R" be a closed set with the ISP of radius r. Then, for any x € 3§ and
y e 8¢

1
wmx—w<§ﬂx—ﬂ%

X—Yx
x—yx|’

where p, := | and yy is given by Definition 2.1.

Proof. If x € 3.5 we know that the ball B,(y,) € S, and x € 3B, (yx).
Now, let y € S¢ be such that

0< (px,x —y) <2r (2.1
Call y the projection of y on x — p,RR, and call y the intersection of the segment [y, y] with
dB,(yy) (see Fig. 1). Note that the intersection [y, y] N d B, (yy) is a singleton because of (2.1).
It is an obvious fact that
=y > 1x =3P+ 15 - 5%
Moreover |y — $|> = 2r|x — 3| — |x — ¥|?, and then
e =y = 2r|x = 3| =2r(py, x — y).

On the other hand, if (py,x — y) < 0, then the inequality is trivial, since 21—r|x —yZ>0.
Finally, for (p,,x — y) > 2r, we have that |x — y| > 2r. But this ensures that

2r(pr,x —y) <2rlx —y|<Ix—y% O
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Fig. 1. A geometric proof.

Remark 2.6. For a set S with ESP, i_n view of Remark 2.3, we have a similar estimate as in
Proposition 2.5, with x € S and y € S.

The interior sphere property, like many other geometric properties, has important analytical
applications. For example, it is deeply connected with semiconcavity, a regularity property whose
definition we recall next.

Definition 2.7. A continuous function u : O — R, with O C R", is called (linearly) semiconcave
if there exists C > 0 such that

Au(x) + (1= Du(y) —u(rx + (1 =21)y) < CA(1 = 1)|x — yI?,

for all x € O, and for all x, y € R" such that [x, y] C O. In this case, we say that C is a semicon-
cavity constant for u in O. We call SC(O) the class of the semiconcave functions on O.

The following proposition establishes a useful connection between a certain nondegeneracy
property of a semiconcave function u, and the interior sphere property of the level sets of u. Such
a connection will be crucial for the discussion of Example 4.4. We recall that the superdifferential
of a function u : O — R at a point x € O is defined by

Drut) = {p € R”": limsup u(y) —u(x) = {p,y — x)

go}.
y—>x ly — x|

Proposition 2.8. Let u be a semiconcave function on an open set O C R", with semiconcavity
constant C > 0. Assume that, for some a > 0, for all x € O there exists px € DV u(x) such that
|px| = a. For all . € R, define the level set

U, = {x €eO: ulx) < k}.

Then there exists r > 0 such that, for all A € R and for all x € dU,, there exists a unit vector vy
such that

B, (x —rv,) N O C U,. (2.2)

Note that, if O =R" or if U, C O (so that U, N 30 = ), the above proposition yields that
the level sets U, have the interior sphere property of radius r.
We give the proof for the reader’s convenience (see also [5,7] for the case of O = R").
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Proof. Setr := 5, fix A € R, and let x € U,.. By hypothesis, there is vector p, € D% u(x) such

that |p,| > « > 0. Let us show that B, (x — r i’“') N O is contained in U,, i.e., for all v € R”,
| <1,

Px Px

+rve® = x-r
| px| | px|

X—r +rveU,.

Indeed, from a well-known property of Du for semiconcave functions (see [10, Proposi-
tion 3.3.1]) it follows that

_ Px
| x|

Px

| x|

>—|—Cr2 v

u(x—r Px —I—rv) <u(x)—|—<px,rv—r

| x|

<A+ (pe, v) = rlpal +2Cr2(1 _ “T"’T”)
DPx

2Cr
:)\+r(<px’v>_|px|)(1_ )

| px|

On the other hand,

2Cr
X - X 1_ <O
((px,v) —1p |)< Ipx|>

by the choice of r and since |pyx| = «. So, if we let vy := p(x)/|p(x)|, then u(x —rvy +rv) <A.
Thus, the intersection between B, (x — rv,) and O is contained in U,. O

2.2. Control system

Let £2 € R" be an open _domain, and let K C £2 be a closed subset. The set K is the target
of our control system, and £2 is the constraint set. For simplicity, we denote the signed distance
from £2 by

d(x) :=dgo(x).
Let U C R™ be compact (the control set). We consider a control system of the form

()= f(t,y@®),ut)), u(t)eU forae.t,
y(0) =x, (2.3)
y(t) € 2 forallt,

where u € L1 ([0, 00), U) is the control function, and f:R; x R" x U — R”" is a function such

loc
that
(i) t — f(t, x,u) is measurable for every x € R”, and for every u € U;
(i1) (x,u) — f(t,x,u) is continuous for any ¢ > 0, and 3L¢ > O such that
4 ‘f(t,x,u)—f(t,y,u)‘<L0|x—y|, Vx,yeR" YueU, Vt > 0; 2.4)
(ii1) f is bounded, i.e.,
|f(t,x,u)| <My, VxeR" VuelU, vt >0.
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We denote by
F(t,x):= f(t,x,U)

the set of admissible velocities, and by y**(t) = y(¢; x, u) the unique solution of (2.3) starting
from point x, with control u(-). We define the exit time of trajectory y** by

Tic(x, u) == min{t >0: yH'(1) € /C},
where we set tic(x, u) := —4oo if y*¥(¢t) ¢_IC for all # > 0. We say that u(-) is an admissible
control (on [0, ¥]) for a starting point x € £2 if y*“(¢) € §2 for all t < tic(x, u) (for all r < ),
and we define the set of admissible controls as
Ax) = {u € L110c3 yoU(t) € 2 forall t < e (x, u)}.

The minimum time function is given by

Te(x):= inf tc(x,u).
k u(-)eAx) k

Fix a time v > 0. The controllable set to K in time ¥ is
C®):={x e Q2: Te(x) <O},
and the controllable set to K is C := >0 C().
2.3. Petrov’s condition
In the following sections we will assume a controllability assumption “near” the target K. The
Petrov condition ensures that if a trajectory y*-* arrives sufficiently close to the target, then you

can steer y** to K in a finite time.

Definition 2.9. We say that control system (2.3) and target C satisfy the Petrov condition if there
exists ;o > 0 such that for any r > 0

mi(r}(f(t,x, u),v) < —plvl, Vx €dk, Vv e Ni(x). (2.5)
ue

The uniformity needed in Petrov’s condition provides the validity of a very useful estimate
for the minimum time, in a neighborhood of /.

Proposition 2.10. If IC C §2 and the control system (2.3) satisfies the Petrov condition (2.5), then
dn, k > 0 such that

Tic(x) <kdi(x) VxeK+ By.

For a proof we refer the reader to [10].
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3. Nonsmooth constraints

In this section we prove the local Lipschitz continuity of the minimum time function in the
case of nonsmooth constraints, adapting some techniques from [15]. We consider a dynamics
f(t, x,u) satisfying assumptions (2.4), and a Lipschitz condition with respect to the time ¢.
Consider a control system of the form

)= f(t,y@®),ut)), u(t)eU forae.t,
y(0) =x,
y(t) € 2 forallzt.

Definition 3.1. A set-valued map Z: 052 ~» R" is called a Uniformly Hypertangent Conical Field
(or UHCF) if there exist 8,6 > 0 such that, for every xo € 982, Z(xg) is a convex closed cone
and for any unit vector v € Z(xo)
x+1[0,81B(v,B) €2 Vx e B(xo, 8 NKN.
On the boundary of 2 we impose the following uniform regularity assumption:

{ da > 0, and 3Z(-) UHCF s.t. Vx € 9§2 and Vr > 0 a1

Fit,x)NZ(x)N{veR" |v|>a} #0.
Remark 3.2. We note that assumption (3.1) implies that £2 is wedged at all points of its boundary,
i.e., Int(Ts (x)) # @ for all points of 952 (see [14, p. 166]). Therefore 92 is Lipschitz by a result
due to Rockafellar [17]. Thus, even though no any explicit regularity assumption has been made

on d£2 in this paper, we actually need 052 to be Lipschitz.

Remark 3.3. If £2 is bounded and system (2.3) is autonomous, then (3.1) is satisfied provided
that

F(x0) NInt(Tg(x0)) #8 Vxo € 052.
For a proof, we refer the reader to [17].

Remark 3.4. If 7(-) is a Uniformly Hypertangent Conical Field, then there exists r > 0O s.t. for
any point xo € 052

<n(x0), v) <rlvl YveZ(xg)
for some unit vector n(xg).

In addition, for the time dependence of the dynamics f, we assume that

VR > 0 3kg(-) € LI(R+) s.t. for any ¥ > 0

2
| f(t,x,u) — f(s,x,w)| <kg@)|t —s|, Vi,s€[0,0], Vx € Bg. (3-2)
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Our strategy to prove the Lipschitz continuity of the minimum time function, is split in two “big”
steps. In the first step, we restrict us to (work with) short times (Lemma 3.6 and Theorem 3.7).
In the second step, we get the final result by iterating the process (Theorem 3.8). Aiming at this
we define some constants for later use. Let be 0 < 8/ < aBr, and fix R > 0. Consider

A

B = apr, (3.3)
R B-p B
Yo := min ﬁ, ,ﬁ p , P , (3.4)
My 4My LoMo 2LoMy
t A
ﬁ::sup{t}O: fkR(ﬁ+29/)d29<g‘v’ﬁ/e[o,ﬁo]}, 3.5)
0
. ) R 3 _
s :min{ , , P = ,29}, (3.6)
2Moy 4AMo 2Lo(2My + B)
_[B—B & DB R
_ ° X 3.7
£0 mm{ 2L, 2 44l (3.7)
1
ko = 2. (3.8)
L0

Remark 3.5. For any xg € 02 and 79 > 0 we have that for all t € [19, fp + D¢] there exists
vy € Z(xg) such that

x+v+ (¢ —10)BBC 2 VxeB(xg,8)NLR.

Proof. By assumption (3.1) there exists a measurable selection v(s) € F (s, xo) N Z(xg) for a.e.
s € [to, to + Vo] such that |v(s)| > « for a.e. s € [tg, 19 + Do]. We set

t

v = / v(s)ds Vt € [ty, tg + Vol. (3.9)

fo

Note that v; € Z(xo) by convexity. Then,

v —
X+ |vt|—|vt| +|v|BBC 2.
t

The desired inclusion follows directly, since
(t—10)B=(t —1)apr <|v|p. O
We recall that 8’ is a constant arbitrarily chosen, so that 0 < 8’ < ,3

Lemma 3.6. Assume that (2.4) and (3.1) hold true. For any point xo € 052 there exists a control
u0(-) such that for every t € [tg, ty + Vo]

YU @)+ (t —19)B' B2 Vx € B(xg, po) N 2. (3.10)
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Proof. Let us choose v(s) as in Remark 3.5. Then there exists a control u*(s) € U such that
f (s, x0,u*(s)) = v(s). We already know, by Remark 3.5, that x 4+ v, 4+ (¢t — 19) BB C £2. So, in
order to prove inclusion (3.10), we show that yx”‘x0 (t) is not too far from x + v;. Indeed,

t

/ [ (5. 55" (), ™ (5)) — f (5, %0, u™(s)) ] ds

Ty

[y 0 (1) — (x +v)| <

t
< [y .000) = £ (5. x.0006)
0]
+ | £ (s, x, u™(s)) — £ (s, x0,u™(s))|] ds
t
< Lo/[\yx’”xo(S) — x|+ |x — xol] ds
0

(t —19)?
< LoMoT + Lopo(t — 1)

LoMy
= (¢ —to)( > (t —10) +L0po>-

Recalling the definition of 9% and pg in (3.4) and (3.7), we have that L°2M O(t —to) + Lopo <

B — B/, and then, for all ¢ € [1o, 1o + o],

YO+t —10)BBSx+u+ (@ —1)fBCR. O

Theorem 3.7. Assume that (2.4), (3.1) and (3.2) hold true. Take a point xo € 2 N B & and a

time © > . Fix to = 0 such that to + D <9 and an_admissible control ug € A(xg). Then for
any trajectory satisfying y**(to) € By, (y*0"0(ty)) N §2 there is an admissible extension of u on
[0, to + 5] such that

|y 5 () — yS0o (1)] < Coly™(t9) — Yy "0 (19)| V1 € [to, 1o + D],
where Co = Co(v) > 0.

Proof. We can suppose y**(fo) € 952. Otherwise, we set u(¢) = uq(t) until y**(¢) € £2, and we

have that | y*¥(¢) — y*®"0(2)| < elo? |y* " (tg) — y "0 (ty)|. Moreover, for simplicity, we suppose
to = 0 so that y*"*(¢p) = x and y**“0(zy) = xop.
Now, let u*(t) € U be such that f(¢, x,u) = v(¢) as in Lemma 3.6. Let us set

u* (1) for t <kglx — xo| =: 5y,

u(t) = {

uog(t —sy) fort > sy.

For simplicity, we use the notation

yo(t) == y* (1), y() =y (D).
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Since s, < ¥, by Lemma 3.6 we have that
y(t) € 2 Vit < sy.

Moreover, as ¥ < 2‘370 and s, < ¥ for all x € B(xg, po), we know that yo(?) + v, + sx,éB cR

in view of Remark 3.5. To ensure that u(-) is admissible on [0, s, + z§‘], we will bound the distance
between y (¢ + sx) and yo(¢) + vs, , showing that it is less than s, 8. We set

o) := |y +s50) — (Yo(t) + vy,) |-

Then

t

o(1) — 9(0) = / ¢/ (s)ds
0

</\f(s+sx,y<s+sx>,uo(s>) — f(s, yo(s), uo(s))|ds
0

< Lo(Mosy + o = x1)e 5, [ k(0 +50)d.
0

Moreover, for t = 0, we have that

Sx

x—l—/f(s,y(s),ux(s))ds—xo—/f(s,xo,ux(s))ds
0 0

Sx Sx

<|x—xo|+Lo/}y(s>—x\ds<|x—xo|+Lo/Mosds
0 0

@ (0) =

S)% 1 LoM()
< |x —xol + LoMo—- < kolx — xol{ — + Sx
2 ko 2
po . LoMovo B
< —t+— ) <SS
Sx(ﬂo T ) 7
since pg < 192/3 and ¥p < ﬁ Finally we have an estimate for ¢(¢) on [0, 19], 1.e.,

9(1) < @(0) + (¢(t) — 9(0))

t

é Lo? i
< Sy 2+tLoe Mo—l—k + [ kr(O +5,)d0
0

A

S)Cﬂ’

N
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since, by definition of 1A9, we are sure that

A~

v

" 5 1
l?L()gLOﬂ (MO + k_) +/kR(l9 +Sx)d19 <
0
0

N | >

Forasmuch as
y(t +5x) € yo(t) + v, +1tBB C £2,

y(-) is an admissible trajectory in [0, 1. Now, we claim that we have a suitable estimate for the
distance between y(¢) and yo(¢). Indeed,

1y(®) — o) | < |y +52) — Yo + [y(@) — y(t + 51|

N

s

< eLoﬁ(}y(sx) —x0| + 5y /kR(ﬁ —{—Sx)dﬂ) + Mosy
0

9
< Ix — xoleto? (1 + Moko + ko f kr(9 +sc)dv + Mokoe_L‘”g‘)
0

for every t < 9. O

Note that all the constants (in particular & and Cy) are independent from the points xo, x € £2.
This allow us to obtain the following main result.

Theorem 3.8. Assume that control system (2.3) satisfies the Petrov condition, and that assump-
tions (2.4), (3.1) and (3.2) hold true. Then the minimum time function Tx(x) is locally Lipschitz
continuous in the controllable set C.

Proof. Consider a point xo € C. Fix R > 2|xo| + 2My7Zxc(x9) and O = Tic(xg) + % For any

% > ¢ > 0 we can choose an admissible control ug € A(xg) such that

70 1= T)c (%0, uo) < Tic(x0) + &.

Now we want to find p’, C’ > 0 such that for any x € B(xg, p’) there is an admissible control
u(-) € A(x) with [y*"(zg) — y*"0(79)| < C'|x — xo.

Note that we can iterate the application of Theorem 3.7 to obtain such an estimate in, at most,
n=max{n e N: n < %} steps. For instance, with C" = Coﬁ and p’' = %. So, there exists a control
u(-) € A(x) such that

dic (" (0)) < |y (z0) — y'"0 (z0) | < C'lx — x0l.
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Recalling that k and 7 are the constants defined in Proposition 2.10, and setting

. [0 n MoTi(x0)
pi=min] —, —, ————~ 1,
2 C (o

we have that, for all x € B, (xo),
Tic (" (10)) < kdic (y™" (10)) < kC'|x — xo].

Since Tic(x) < 19 + T (y**(10)), we find that for any x € B(xq, p) there exists a control u(-) €
A(x) such that

Tic(x) < 10+ Tic (v (10)) < w0 + kdic (Y™ (70))
< 10+ k|y* (m0) — y 010 (0)|

< Tic(xo) + & +kC'|x — xo,
hence
Tic(x) — Tic(x0) < kC'|x — xo| + €.

Finally, observe that we can switch the role of x and xg. So, setting C := kC’, using the definition
of p, and the arbitrary choice of ¢, we have that 7j-(x) is Lipschitz continuous of rank C in

B(xp,p). O
4. A special class of control systems

In this section we restrict our attention to the class of control systems with admissible veloci-
ties of the form F (¢, x) = c(¢, x) B, where c is a scalar function. Clearly, this is a special case of
control system (2.3). For these systems it is possible to produce easy proofs for finer results. In
spite of its simplicity, this system is interesting for applications, see, for instance, [1,2,11] where
the phase field model is applied to dislocation dynamics.

We provide a self-contained proof of the Lipschitz continuity of 7x, for dynamics that are
just measurable in time. For this, the C!-! regularity of 32 is needed. For more general dynam-
ics f(t,x,u), the Lipschitz continuity of 7x can also be obtained from a result by Bettiol and
Frankowska [6].

Once Lipschitz continuity is obtained, we turn our attention to higher regularity properties.
Observe that the minimum time function is not semiconcave in £2, even for very special classes
of control systems (see Example 4.4). Nevertheless, we will prove that 7 is locally semiconcave
in £2.

Let us consider a control system of the form

y(t) =c(t, y(®))u(t), u(r)e B forae.t,
y(0) =x, (4.1)
y(t)e 2 forallt.
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We observe that assuming (2.4) for f (¢, x, u) = c(t, x)u is equivalent to require that

c(-, x) is measurable for all x € R” and, for a.e.r >0,
|c(t, x) —c(t,y)| < Lolx —y| Vx,y€eR", (4.2)
0<c(t,x) <My VxeR™

For the purpose of prove Lipschitz continuity of 7, with dynamics just measurable with re-

spect to time ¢, we require on 92 more regularity than Section 3, and we shall replace assumption
(3.1) with a C! regularity of the boundary of £, i.e.,

38 > 0 such that d(x) is of class C!:! in 32 + Bs, with

|Vd(x) — Vd(y)| < Lilx —y| Vx,y€d2+ Bs, (*-3)
for some positive constant L.
Remark 4.1. Control system (4.1) satisfies Petrov condition if and only if
du>0 st clt,x)>pu Vxedlk, vVt >0. 4.4)

Under Petrov condition the minimum time function is locally Lipschitz continuous on the
controllable set.

Theorem 4.2. Suppose that system (4.1) satisfies assumptions (4.2)—(4.4). Then the minimum
time function Tx(x) is locally Lipschitz continuous in C.

To prove the above theorem, we use the Lipschitz dependence of solutions to (4.1) with respect
to initial data. A proof for a more general context is given in [6]. In the special case of this section,
we are able to explicitly construct admissible controls that realize this dependence.

Lemma 4.3. Under the assumptions of Theorem 4.2, fix a time ¥ > 0, a point x € 2, and an
admissible control uy € A(xq). Then there exists a constant Co > 0, independent of xy and uy,
such that for any point x € §2 there exists a control u € A(x) such that

Y5 () — O ()| < Colx —xol Vi< P 4.5)
Proof. Our strategy is to define an arc y(-) that satisfies inequality (4.5), and then to show that

y = y** for some admissible control u.
Let us define the function (see Fig. 2)

0 for d(x) < -3,
§6+2d(x)  for —§ <d(x) <0,

x(x):=11 for0<d(x) <3,
$(28 —2d(x)) for § <d(x) <,
0 ford(x) > 6.
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A x(x)

>

8 d(x)

D[S A
NS gd

Fig. 2. The graph of x.

Now, instead of f (¢, x, u) = c(¢, x)u, we consider a “revised” dynamics f defined by
fa,nu)::aﬁx)p-@,Vdu»+Vduoxuo}

Note that x — f(,x,u) is Lipschitz continuous. In fact, for d(x) < —% and for d(x) > §, we
have that f(t,x, u) = f(t,x,u). While, for —% < d(x) <4, all the terms are Lipschitz and
bounded.

So, using control u(-), we can define the arc y(-) as the solution of

{ y@) = f(t.y(0).uo(r)) ae.r,
y(0) =x.

We can observe that y(-) is also a solution of (4.1), with control strategy
u(t) =uo(t) — (uo(1), Vd (y(0))), Vd (y(®)) x (y()).

Then y(t) = y**(t). Now we prove that u(-) is an admissible control. Note that u(¢) € B for a.e.
t > 0. In fact

u®]* = [uo®)|* + x> (y0)) (o (®). Vd (y(@))2. = 2x (y®)){uo (1), Ve (y (1))
< o] + x () (o), v (y®));, = 2x (y®)){uo (@), Vd (y®)):

< }uo(t)|2 <L

Moreover y(t) € 2 for all + < ¢. If not, arguing by contradiction, we can suppose that there
exists ¢ > 0 such that

d(y(0) > 0.

Then we set #g := sup{t < ¢: d(y(t)) <0}, and #; := min{z, o + %IWO}' By continuity, we have
that d(y(t9)) = 0 and

d(y(®)) >0 Vie(t,nl (4.6)
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Thus,

I

d(y(r)) =d(y(t) —d(y(t0)) = / c(s, y))(Vd(y()), u(s))ds

fo

31

:/c(s,y(s))[(Vd(y(S)),MO(S))

0]

—(Vd(y(5)), Vd(y())){Vd(y(5)), uo(s)), x(¥(5))]ds

1
N
I

<0,

in contrast with (4.6).
Finally, using the notation y(z) := y*©“0(¢), we want to estimate the distance |y(¢) — yo(?)|.
Let us set

1 2
(1) == Ely(t) — yo)|".
Then, for a.e. t > 0 we have

o' (1) =(y(®) — yo(®), c(t, y@))u(t) — c(t, yo(t))uo())
< {y@) = yo(), [c(t, y@)) — c(t, yo(1)) Juo(®))
— (1) = yo(0), Vd(y(®))) e(, y(0)) {uo (1), Vd (y(1))), x (y(®))

——— —’
<Mo <1 <1

Mol
2

< Lo|ly(®) — yo)|* + |y (1) = yo()|*

Mo
<2( Lo+ > @(1),

where we used the ESP of £2 (i.e., the ISP of £2¢; see Proposition 2.5 and Remarks 2.4 and 2.6).
MyL
(Lo+=5D? we have |y(1) — yo(1)| < Colx — xol. O

Then, setting Co :=e
Proof of Theorem 4.2. Fix xo € C. We want to find positive constants p and C such that

|Tic (x) — Tic(x0)| < Clx —xo  ¥x € By (x0). 4.7)
Fix ¥ = Txc(x0) + % For any % > ¢ > 0 we can choose an admissible control uy € A(xg) such
that 7o := tic (X0, u0) < Txc(xg) + & < 0.

Owing to Lemma 4.3, there exists a control u € A(x) such that

dic(y" (10)) < [y*" (z0) — y**0(9)| < Colx — xo.
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We can argue as in the proof of Theorem 3.8, and recalling that k and n are the constants defined
in Proposition 2.10, if we set

then we have that, for all x € B, (xo),
Tic (v (10)) < kdie (™" (10)) < kColx — xol.
Finally, from this inequality, we obtain that
Tic(x) < 0+ Tic (v (10)) < 70 + kColx — x0| < Tic(x0) + & + kColx — xol.

Since we can switch the role of x and x(, and for the arbitrary choice of ¢, we have (4.7) taking
C=kCop. O

Despite of Lipschitz continuity of 7y on £2 can be also obtained in more general cases, it
is difficult to obtain semiconcavity, even in the case of very simple control systems. Indeed, we
give an example with trivial dynamics, inspired by [11], to show that the minimum time function
may fail to be semiconcave on 2.

Example 4.4. Let v be a unit vector. Consider K = B(0, %) and 2 = B(0, R) \ B(2v, 1), with
R > 4. Set c(t,x) = 1. Then arguing as in [11], one can show that, for V3 - % < ¥ < 3, the
curvature of dC(¢}) blows up near d B(2v, 1).

We claim that the minimum time function is not semiconcave in £2. For suppose 7x is semi-
concave with constant C > 0. Then, since 7x is a viscosity solution of the eikonal equation
|VTxc(x)| =1 in £2, we have that, for all x € £2, at least one vector p € DV Tj(x) must satisfy
|p| = 1. Therefore the assumptions of Proposition 2.8 are satisfied with & = 1. Choose r = .

2C°
fix ¥ € (v3 - 3,3) and let
x €9C() NIBQv, 1).

Take a sequence {xx}ren C §2 converging to x, such that 7x is differentiable in x; for all k € N.
Set ¥ = Ty (x1). Thanks to (2.2) we have that

B (xx —rVTc(xp)) N2 SC() VkeN.

But this is impossible since 1/r would represent a bound for the curvature of dC () arbitrarily
close to x.

In the above example it is no coincidence that semiconcavity brakes down at the boundary
of 2. Indeed, we will show that 7x is locally semiconcave in §2. For this purpose, we shall

restrict the analysis to autonomous systems, i.e.,

c(t,x)=c(x) Vrt.
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Like for unconstrained problems, we will assume that, for some Ly, mg > 0,

{‘Vc(x)—Vc(y)‘ <Lylx —y| Vx,yeR", 48)

c(x) > mg Vx € R".

Theorem 4.5. Assume that (4.2) holds true. Let c(t, x) = c(x), and let (4.8) be satisfied. If Tic(-)
is locally Lipschitz continuous in 2, then Tic € SCioc (82 \ K).

To prove the above theorem, let us consider the unconstrained control system

{)"(f) =c(y(®))u(r), u(r)€ B forae.t,
y(0)=x

and the associated exit time
Tic(x,u) == min{r > 0: y“"(r) e K}.
The (unconstrained) minimum time function is defined by

Te(x):= inf Frc(x,u).
u(-)eLl

loc

Then, as shown in [8] under milder assumptions than those of Theorem 4.5, T ic(x) is locally
semiconcave in R" \ /C.

Proof of Theorem 4.5. Let xo € £2 \ K and define the constants

n = |d(xo)
70 := Txc(x0),

¥ :=min L,ro .
4 M

Since ¢+ > 0 and controllable sets are closed, there exists 6, > 0 such that

’

B(xo,8,) NC(rg — V) =0.

Now, consider the optimal time problem with target C(tg — ). As recalled above, the uncon-

strained minimum time function %(to_ﬁ) (+) is locally semiconcave in R" \ C(tg — ¢}). Moreover,
Tic(x) = 1o (ry—p) (x) + 10 — ¥ for all x € B(xo, 8,). Therefore, it suffices to prove that

Ty (X) = Te(ry—9)(x)  ¥x € B(xo, &), (4.9)

where

. n
&= mln{8,7, m},
0

and L is a Lipschitz constant for 7jc in B(xg, 1).
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To show (4.9), fix x € B(xo, ¢) and define 7, := i’c(m_,}) (x). First, let us prove the inequality
10 (rg—v) (X) < To(gy—p)(x). Let y*(-) be an optimal trajectory for x, i.e., a trajectory of the un-
constrained problem such that y*(0) = x and y*(zy) € C(trg — ¥). Since x € B(xo, €), we have
ld(x)| > %n (notice that it is not restrictive to assume MoL > 1) and t, < ¥ + Le. Therefore, for
all r € [0, 7y ],

3
[d(* )] = 70 — Moz = 71— Mo(® — Le)

A AW

This proves that y* (¢) € §2 for all ¢ € [0, 7, ], and then

Te(2—9) %) < Te(z—9) (X).

The opposite inequality is trivial, since any trajectory of (4.1) also solves the unconstrained
system. Hence 7j(x) is semiconcave in B(xg, &). O

Note that, in Theorem 4.5, we made no assumptions on the regularity of d§2 (we only need §2
to be an open domain). So, this proposition applies to all contexts in which Lipschitz continuity
of 7x(x) holds true.

Remark 4.6. The result of Theorem 4.5 can be extended to more general dynamics f(x, u)
(using similar arguments). In order to apply the semiconcavity results of [8] for unconstrained
systems, we just need to assume that

F (x) is a convex set and has the ISP of radius r for all x € R";

Bs C F(x) for all x € R",;

x ~» 0 F(x) is a Lipschitz boundary map (see [8] for the definition);
x = V, f(x,u) is Lipschitz continuous of rank L, for all u € U

for some positive constants r, §, L.
5. Optimal exit time problems

The set-up of this section is similar to Section 3, but we consider the autonomous system

()= f(y@®),u()), u@)eU forae.t,
y(0) =x, (5.1)
y(t)e 2 forallt,

and we add a running cost L : R" x U — R that satisfies the following assumptions

(1) there exist M1, o1 > 0 such that
My >L(x,u)>a; >0 Vxef2;
(i1) L is continuous, and 3L > 0 such that
‘L(x, u) — L(y, u)} <Lilx—y| Vx,yeR"

5.2)
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For any x € £2 and u € A(x), if tic(x, u) < +00 we set the cost functional

Tic (x,u)
J(x,u) = / L(y™" (1), u(r)) dt
0

or J(x,u) := +oo otherwise. Finally we define the value function

Vic(x) := 'Jréllf J(x,u).

ueA(x)

To obtain a local Lipschitz continuity also for this value function, we analyze the minimum
time function of an equivalent problem. Let us consider

y0)= f(y@®),u®), u(t)eU forae.t,
y(0) =ux, (5.3)
y(t) € 2 forallt,

where

1

J@w)= e

fx,u),

and denote by 7 (-) the minimum time function for the control system (5.3). Now, call
C) = {x e R: Vi(x) <2}

the controllable set with cost A (for system (5.1)), and
CW):={xe2: Tk <}

the controllable set in time ¢+ (for system (5.3)). Then, T ic(-) can be identified as the value
function of the original exit time problem.

Proposition 5.1. Assume hypotheses (2.4) and (5.2). Then
Vicx) =T (x) Vxef.
Moreover for any A > 0 we have C(1) = C(}).

For the proof we refer the reader to [12]. This allows us to use the results of the previous
section for the minimum time function.

Proposition 5.2. Assume that control system (5.1) satisfies Petrov’s condition, and that assump-
tions (2.4), (3.1) and (5.2) hold true. Then the value function Vic(x) is locally Lipschitz in the
controllable set C.
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Proof. On account of Proposition 5.1, we only have to prove that control system (5.3) satisfies
hypothesis of Theorem 3.8.
It is easy to check that f satisfies Petrov’s condition and (3.1), with u = MLI and o = Mll

To check hypothesis (2.4), observe that | f| is bounded by f—f’, and that

S r L(yvu)f(-xvu)_L(-xau)f(y’u)
|f(x,u)—f(y,u)}<‘ Lo L0

_LOuwIf O w) = fOw+1f Gl L, ) = L(x, )]
h L(y,u)L(x,u)

Lo MyL
<(—w— J)u—ﬂ. O
a o
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