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ABSTRACT. We provide sufficient conditions for the existence and Lipschitz continuity of solu-
tions to the constrained Bolza optimal control problem

T
minimize /0 L(z(t),u(t)) dt + £(z(T))

over all trajectory/control pairs (z,u), subject to the state equation

' (t) = f(z(t),u(t)) for a.e. t € [0,T]

u(t) e U for a.e. t € [0,T]
z(t) € K for every t € [0, 7]
z(0) € Qo .

The main feature of our problem is the unboundedness of f(x,U) and the absence of superlinear
growth conditions for L. Such classical assumptions are here replaced by conditions on the
Hamiltonian that can be satisfied, for instance, by some Lagrangians with no growth. This
paper extends our previous results in Ezistence and Lipschitz regularity of solutions to Bolza
problems in optimal control to the state constrained case.

1. Introduction. The existence theory for the so-called Bolza problem in optimal control is well-
established for Lagrangians that exhibit superlinear growth with respect to controls or velocities,
see, e.g., [17], [14], [13] and [5]. At the same time, some interesting functionals, such as the one
in the brachistocrone problem of the calculus of variations, or in the mathematical economics
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models by Baumol or Knowles (see, e.g. Chiang’s mongraph [6]), fail to possess such a property.
Consequently, Tonelli’s direct method for existence cannot be applied to such problems.

It turns out that a useful complementary property to the existence result is the Lipschitz con-
tinuity of optimal trajectories. Indeed, such a property is essential to study further regularity of
solutions as well as to construct efficient schemes for numerical approximation.

For problems in the calculus of variations without growth conditions, a general approach to the
existence and Lipschitz regularity of solutions was proposed by Clarke [7]. In [4], we extended
Clarke’s results to optimal control problems using a direct method, coupled with penalization and
necessary optimality conditions. However, unlike [7], no state constraints were allowed in our
work. The main object of this paper is to show that the very same ideas of [4] can be adapted
to investigate constrained control problems. As we shall see, such an extension is highly non
trivial mainly because optimality conditions in the constrained case involve vector-valued measures
without a priori bounds.

More precisely, let us consider the problem of minimizing the functional

T
J(z,u) =/ L(z(t),u(t)) dt + £(2(T)) (1)
0
over all trajectory/control pairs (z,u), subject to the state equation

2'(t) = fx(t),u(t)) forae tel

u(t) e U for a.e. t €l (2)
x(t) e K for every t € 1
JJ(O) € Qo -

Here, I = [0,7] where T" > 0, while K,Qy € RY and U ¢ R™. Moreover, L : RY x R™ — R
and ¢ : RV — R are nonnegative functions, f : RY x R™ — R¥, and u : I — U is measurable.
We would like to underline from the very beginning that no growth condition is imposed on the
Lagrangian L.

As noted above, the case of K = R™ (no state constraints) was investigated in [4] studying the
penalized problem for some o > 2

T
min [ [L(e(0),u(0) + £ £@(0). u(0) ] de+ (D)) 3)

which, having superlinear growth, admits an optimal solution (x.,uc). This is still true when
state constraints are present, see [5]. On the other hand, in order for (3) to provide a useful
approximation of (1) we need to know that, for any trajectory/control pair (z,u) of (2), J(z,u)
can be approximated by J(zy,ux) where (w3, u) satisfy (2) and zp € WH(I;RY). Such an
approximation result, which is trivial in absence of state constraints, is the first main difficulty we
have to overcome in this paper, see Theorem 3.2 and Corollary 1.

Once this step is completed, from normal necessary optimality conditions for constrained prob-
lems and the superlinear growth of the penalized Lagrangian it follows that all optimal trajectories
x. of (3) are Lipschitz continuous. Then, imposing a structural assumption on the Hamiltonian as
in [4], we show that z. are essentially bounded uniformly in e. Notice, however, that, to pass to
the limit as € | 0 in (3), we still need to know that the functions

Le(we(t), ue(t)) = L(xe(t), uc(t)) + g |f (@e(t), ue ()
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are essentially bounded on I uniformly in e. For this purpose, we need to show that the co-states
in the constrained maximum principle for the penalized problems are bounded uniformly in e.
This fact, which is a straightforward consequence of Gronwall’s Lemma in the unconstrained case,
is the second major difficulty we have to overcome in presence of state constraints. Indeed, the
constrained maximum principle involves vector-valued measures related to normals to the constraint
set, for which no a priori bounds are available. Nevertheless, we show that, under an inward
pointing condition for velocities at the boundary of the constraint set, such a uniform bound can
be derived. Thus, we can pass to the limit using classical arguments obtaining the existence of a
solution (x*,u*) to our original problem, such that x*(-) is Lipschitz continuous and L(z*(-),u*(-))
is essentially bounded.

The outline of the paper is as follows. In section 2, we introduce our notations and assumptions,
and we recall the maximum principle for constrained problems showing how it can be exploited to
deduce the Lipschitz continuity of optimal trajectories for problems satisfying a quadratic growth
condition. Then, in section 3, we state our main existence and regularity results as well as an
approximation theorem and provide an example. In the same section we prove, as a corollary,
that our minimization problem can be restricted to trajectory/control pairs (z,u) of (2) such that
x € WHe(I;RY). Section 4 is devoted to the proof of the existence and regularity results, whereas
the proof of the approximation theorem is provided in the Appendix.

2. Preliminaries. We begin this section with a list of notations:

- WHY(I;RY) denotes the space of absolutely continuous functions from I to RN and W1 (I; RY)
the space of Lipschitz continuous functions from I to RY;

- NBV(I;RY) denotes the space of normalized functions of bounded variation on I with values
in RV, i.e. the space of functions vanishing at zero, right-continuous on (0,T) and having
bounded total variation || - ||pv;

- we define the set of controls

U :={u:I — U is measurable};

- a pair (z,u) where z € WHL(I;RY) and u € U is called a trajectory/control pair if (z,u)
satisfies (2);

- for a,b € R, we set a A b:= min{a, b};

- for a Banach space X and r > 0, B(0,r) denotes the open ball of center 0 and radius r;

- given mappings a : RV — R, b: RV x U — R, ¢: RY x U — R" such that for every u € U,
a(+), b(-,u) and c(-,u) are locally Lipschitz, we denoted by da(z), 0,b(z,u) and Oc(x,u)
respectively their generalized gradients and generalized Jacobian with respect to z, see [§],
and by (9,¢)*(z,u) the set of the adjoint elements from O, c(x, u);

- given a nonempty set V C R" and y € V, Cy(y) and Ny (y) denote, respectively, Clarke’s
tangent and normal cones to V at y, see [8];

- given K C RY we denote by Int(K) its interior, by K its boundary, by K its closure and
define the signed distance

dic (@) = —dist(z,0K) Vaxe K
KAL)= dist(z,0K) otherwise;

we say that 9K is C if VR > 0, dik is C1! on a neighborhood of 9K N B(0, R);

loc
- C denotes a generic constant that may differ from line to line;
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- L(R™;RY) denotes the space of linear operators from R™ into R¥.
Throughout the whole paper we assume that L : RY x R™ — R and £ : RY — R are nonnegative
functions, f : RY x R™ — RN, U C R™ is closed, K,Qy C RY are closed with K N Qo # 0, and,
for every z € RN, L(x,-) is locally Lipschitz and f(z,-) is differentiable.

The following assumptions will be in use.

Assumptions (H):
i) for some a > 2 and every R > 0, 3Cr > 0 such that, for any z,y € B(0,R) N K and any
ueU,
i1) |t(z) — £(y)| < Crlz —yl,
i2) |L(z,u) = L(y, u)| < Crle —y|[1+ L(z,u) A L(y, u)],

i3) |f(z,u) = f(y,u)] < Crlz —y| {1 +1f(z W)l Af(y w)l + (L(z, ) /\L(y,U))l/a} ;

)
it) 3w e U, v € L*(I;R) such that for a.e t € I, |f(z,u(t))] < v(t)(1 + |z|) and VR > 0,
Imp € LY(I;R) satisfying a.e in I,
L(z,u(t)) <mg(t), Yz € B(O,R) N K;
i) 0K is Cllo’i, there exists k > 0, so that for all R > 0, dpr, nr > 0 such that for every
x € 0K N B(0, R) and some u, € U,
(Vdg (2), f(z,us)) < —pr, |f(z,ue)] < 6(1+|z]) and  L(z,ucs) < ng;
w) for allz € 0K N Qo, Int(Ck(x)) NInt(Co,(x)) # 0;
v) Vo € K, the set F(z) := {(f(z,u), L(z,u) +v) :u € U and v > 0} is closed and convex.

Remark 1. By (H) ii), iii), applying a measurable viability theorem from [1], it can be shown
that there exists a trajectory/control pair (x,u) of (2) such that ' € LY(I[;R™) and J(x,u) < co.

We recall next the necessary optimality conditions for constrained problems. A trajectory/control
pair (z*,u*) satisfies an Autonomous Constrained Maximum Principle if there exist A € {0,1},
p € WHHIL;RN) and o € NBV (I;RY), not vanishing simultaneously, such that, for some positive
Radon measure p on I and Borel measurable mapping v : I — R™ with v(t) € Ng(z*(t))NB(0,1) u-
almost everywhere,

W(t) = /[0 ) v(s)du(s), for every t € (0,T], (4)

and the following three relations hold true:
i) autonomous maximum principle : for some ¢ € R and for a.e. t € I

c= (p(t) + U (t), 2 (t)) = AL(z"(¢), u" (t)) (5)
= max((p(t) + 9 (1), f(27(8), w)) — AL(2"(t), w));

ii) adjoint equation : for some measurable selections A(t) € 9, f(x*(t), u*(t)), w(t) € O L(x*(t),u*(t))

—p'(t) = A(t)"(p(t) + ¢(1)) — An(t), ae inl; (6)
iii) transversality conditions:
—p(T) = (T) € A9(z*(T))  and  p(0) € Ny (27(0))- (7)

The maximum principle is called normal if A = 1.
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We refer to [19] for various results on the above necessary optimality conditions, where the
adjoint equation is written as an inclusion

—p'(t) € (8xf)*(x*(t),u*(t))(p(t) +(t)) — A0 L(z*(t),u*(t)), forae. tel.
Notice that, under the assumptions of [19, Theorem 9.3.1], by a measurable selection theorem
there exist measurable mappings A : I — L(RY;R™) and 7 : I — RY such that, for a.e. t € I,
A(t) € O, f(x*(t),u*(t)), m(t) € O L(x*(t),u*(t)), and (6) holds true.
Let us define the Hamiltonian H : RY x RY — R associated to problem (1), (2):

H(z,p) = sup ((p, f(z,w)) = Lz, u)).
ue
Notice that, when A = 1, equality (5) can be written as

¢ = H(a(£), p(t) + 0(1) = (p(t) + ¥(t),2™ () — Lz (£),u* (1)), aue. in I,
In the literature, many papers have been devoted to the validity of the Constrained Maximum
Principle, see for instance [19] and the bibliography contained therein. The question of normality
was considered recently under an additional assumption that z* is Lipschitz, see e.g. [3, 10, 12, 15],
while the case z* € WH1(I;RY) was investigated in [11].
When a quadratic growth condition is satisfied, then optimal trajectories are Lipschitz.

Theorem 2.1. Assume (H) and that for all (z,u) € RN x U, L(x,u) > a|f(z,u)|?> — b, where
a,b> 0. Then,

a) problem (1), (2) has an optimal solution (x*,u*) and every optimal trajectory/control pair is
so that ©* is Lipschitzian and L(x*(-),u*(-)) € L>®(I;R);
b) (z*,u*) satisfies a normal Autonomous Constrained Mazimum Principle withp € W10 (I; RY).

Proof. By the growth condition we get lim| ¢ (4 u)|—4o0 L(2,u)/|f(z,u)| = +00. So, by Cesari [5,
chapter 11], an optimal solution does exist. Consider an optimal trajectory/control pair (z*,u*).
By [19, p.203] it satisfies an Autonomous Constrained Maximum Principle and using exactly the
same arguments as in [11, Proof of Theorem 2] and assumptions H) we show that this maximum
principle is normal. Let ¢, p, ¢ be as in (4) - (7). Then for ae. t € I, L(z*(t),u*(t)) =
(p(t) + (b)), f(*(t),u*(t))) — c and therefore
L (8 (1) _ c
NCAORRO) R TP O O]
whenever f(z*(t),u*(t)) # 0. Since lim, o ¢ = 0, by the growth condition, |f(x*(-),u*(-))| is
essentially bounded and so z* is Lipschitz. This also implies that L(z*(-),u*(-)) is essentially
bounded and ends the proof of a). To prove b) it is enough to use the adjoint equation and
assumption H) i). O

3. Main results. Our main theorem concerns existence and Lipschitzianity of solutions for a class
of Bolza problems (1), (2).
For (z,u,p) € RN x U x RN set
g
P(z,u) = {p e RN : ?i(x,u)*p € OuL(x,u) + NU(u)},
'H(l‘,u,p) = <p7 f(.’I},’U;)) - L(.’E, U).

The key assumption is a separation property 2) below of the pre-Hamiltonian H.
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Theorem 3.1. Assume (H) and suppose that there exists a trajectory/control pair (x1,u1) satis-
fying 2} € L*(I;RY) and

inf{J(x,u) : (x,u) is a trajectory/control pair of (2)} < J(x1,u1) < oo.

Moreover, assume that there exists k > 0 such that:

1) for any trajectory/control pair (x,u) of (2) such that J(z,u) < J(x1,u1), we have
l2)loc <k and essinfier|f(z(t),u(t))| < k;
2 sup H(z,u,p) < liminf inf H(x,u,p).
) o] < &, |f(z,u)] <k ( ) c=too o <k, [f(m,u)| > ¢ ( )
z € K, p€ P(z,u) z € K, p€ P(z,u)
Then,
a) problem (1), (2) has an optimal solution (x*,u*) such that z* is Lipschitzian and L(x*(-),u*(-)) €
L>(I;R);
b) (z*,u*) satisfies a normal Autonomous Constrained Mazimum Principle with a costate p €
Whee(T; RY).

The above theorem is proved in Section 4. For this aim we need the two approximation results
below.

Theorem 3.2. Assume (H) i), i), iv). Let € > 0 and let (x,u) be a trajectory/control pair of
(2). Then, there exists a trajectory/control pair (ze,u.) of (2) satisfying

() C Int(K);  ||ze —2lloo <€ and  J(ve,ue) < J(z,u) + €. (8)

The proof of Theorem 3.2 is postponed to the appendix. Its consequence is that the infimum of
the functional (1) evaluated along tajectory/control pairs with absolutely continuous trajectories
is equal to the infimum over trajectory/control pairs with more regular trajectories, as stated in
the next corollary.

Corollary 1. Assume (H). Then
inf {J(x,u) s (z,u) is a trajectory/control pair of (2) }

= inf {J(x, u) : (x,u) is a trajectory/control pair of (2) and x € Wl’a(I;RN)},
Proof. Consider a trajectory/control pair (z,u) of (2) with J(x,u) < co. We claim that, for every
€ > 0, there exists a trajectory/control pair (z,ue) of (2) such that
ze € WH(LRY)  and  J(ze,ul) < J(x,u) + e (9)
By Theorem 3.2, there exists (2., @i.) satisfying (2) such that
Z(I) CInt(K)  and  J(de, ) < J(z,u) + % .

Let R = ||#]|oo + 1 and

b =— sup drc (Ze(t))- (10)

{ ac(t) i [f(Ze(t), ()] < m (11)

w(t)  otherwise,

Set, for every n € N,
un(t)
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where @ is as in (H) ii), and consider the system

' (t) = f(z(t),un(t)) forae tel (12)
x(0) = z(0).
We claim that, for every n sufficiently large, (12) admits a solution z,, satisfying
(D) CInt(K), ), € LYGRY),  and  J(@n,un) < J(Eeid) + 3, (13)

implying (9). Define an absolutely continuous function z,(t) := z(0) + fot f(Ze(s),un(s))ds. Then
o = zallc < [ 1((9),1(5) = J(@e(5), ()] ds.
{s:[f(&c(5),e ()| >n}

As f(2(-),u()), f(@(-), () € LY(I;RYN), it follows that z, — &, uniformly in I. So, for all
large n, ||Ze — znlloo < 1. Set y(t) := |2/, (t) — f(2n(t), un(t))|. From (H) i) we deduce

At) < Crlee(t) = 2O [1+ £ (@), wa(O)] + Ll (8), un($))/°].

From (11), for some positive constant C' independent of n,

1+ 17 @), un )+ L), ()

As z, — Z. uniformly in I, for all n large enough,

<C. 14
L <C (14)

T . A o
/ (e CnlIH @@ un LG un () as) oy
0

T
g/ Crlic(t) —zn(t)|[1 1 (@e(t), un(D))] +L(§;€(t),un(t))1/ﬂ eCrC gt < 1.
0

Applying Filippov’s Theorem (see for instance [19]), we deduce that for n sufficiently large, there
exists a solution z,, to (12) such that ||z, — z,|lcc < 1 and, for a.e. t € I,

@, (8) = EL()] < | F (@), un(t) = F e (), un(6)] + [f(@(t), un(t)) = F(Ec(E),c(8)]
< Crialan(t) = 2] [1+ 1 @(t), un(O)] + L@e(t), un ()]

+ |f(i‘€(t)’un(t)) - f(i‘e(t)v'&e(t)”
Set R, = ||Zc]loo + [|Znllco. From (11), (H) i), ii), for a.e. t € I,

|f(@a (), un(t)] < 2Cr,, |1+ 0+ L(@(t), ac(t) | + 0(t)(1+ Rn),
implying that =/, € L*(I;RY). By (H) i) and ii), using Gronwall’s Lemma, we obtain
T
[0 = Zelloo < 0/0 £ (Zc(s), un(s)) = f(Bc(s), de(s))| ds
= C/ [f(@e(s),u(s)) = f(Ze(s), tc(s))| ds.
{s:[f(&c(5),e(s))|>n}



8 PIERMARCO CANNARSA, HLENE FRANKOWSKA AND ELSA, MARIA MARCHINI

Therefore, as n — oo, x,, — &, uniformly in I. So, for all n large enough, ||z, —Z¢||cc < min {66, %},
with . as in (10), implying z,,(I) C Int(K) and x,(I) C B(0, R). Further,

L(ccn(t), un<t)) - L(fce(t),un(t)) < CR|wn(t) - CEe(t)| [1 + L(.%E(t), un(t))]
So, owing to (H) i), for all n sufficiently large

T
J(Xp,upn) < J(Ze, Ge) + Crlxn(T) — &(T)| + Crllzn — 555||oo/0 [1 + L(i’e(t),un(t))] dt+

df o L@, a() - L), tule)] de < S +
{tel:[f(2c(2),ac(t))[>n}

and (13) follows. O

Example 1. Let T'> 0, U =R, £ RN - R,, L:RY xR™ — R, with L(z,-) convex for all z,
g RY = LR™ RY), K = {0123 > (3 +...+2%_,)/2}, Qo C RN be compact and Qo N K # 0.
Consider the problem of minimizing the functional

T T m
J(x,u):/o L(x(t),u(t))dt—!—/o Zui(s)ds—ké(x(T)) (15)

over all pairs (x,u) satisfying
2'(t) = g(x(t))u(t), u(t)eU forae tel
z(t) e K for every t € I (16)
.’E(O) S Qo.
Assume that for all x € 0K, g(x)*(x1,...,an—-1,—1) ¢ R}, Qo satisfies iv) of assumption (H),
L satisfies i2), ¢ is locally Lipschitz and for every R > 0, 3Cg > 0 such that

lg(@)u — g(y)ul < Crle =yl [+ lg(@)ul Alg(y)ul + (Liz,u) A Liy,uw)'].

Then it is not difficult to verify that all the assumptions (H) are satisfied.
We further assume that L(x,-) is differentiable and that for all k& > 0 there exists aj > 0 such
that

Vee KNueU, |z[+|gx)ul <k = (2=(z,u),u) — L(z,u) < —ay

lim inf inf (<g§(m,u)7u> _ L(%u)) o (17)

cotoo  ze K, |z| <k,
uw€eU, |g(z)ul > c
We claim that then there exists an optimal solution to our problem satisfying the normal au-
tonomous maximum principle.
Indeed observe first that the set P(z,u) defined in section 3 is as follows

P(z,u)={peR" :g(z)"pe g—i(%u) +(1,...,1) + Ny(u)}.

Since U is a closed convex cone, for all w € U and n € Ny (u) we have (n,u) = 0. Therefore
for all p € P(x,u),
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H(z,u,p) = {g(x)*p,u) — L(x,u) — Zul = <g§(a¢,u),u)> — L(z,u).

Consequently assumption 2) of Theorem 2 is satisfied.

Pick o € Qo N K and consider the trajectory/control pair (Z,w), where © = 0, 2(0) = zp.

If J(Z,u) = inf { J(z,u) : (x,u) solves (16)}, then (Z, %) is the optimal solution we are looking for:
by the assumptions on L, T = xq is Lipschitzian, L(Z(-),u(-)) is essentially bounded, and by [19]
an autonomous maximum principle holds true. It follows from [10] that this maximum principle
is normal. It remains to consider the case J(Z,u) > inf{J(z,u) : (z,u) solves (16)}.

Observe that if for some trajectory/control pair (z,u), J(z,u) < J(x,0), then ||ul/: < J(zg,0).
Since Qg is bounded, from the assumption on g and the Gronwall lemma we deduce that for a
constant k > 0 independent of (z,u)(-) we have ||z||o < k. Furthermore, using that L > 0 and [ >
0, we deduce that essinfser Y ioq ui(s) < M. This implies that essinfser |u(s)| < M
and therefore for a constant k' > 0 independent of (x,u)(-) we have essinfser |g(z(s))u(s)| < k.
Consequently assumption 1) of Theorem 2 is satisfied.

If g : R? — L(R?,R?) is given by
-z
g(x,y) = [ o } ; (18)
U =R2 and L(z,y,u,v) = \/1+u(t)2 + v(t)? then our assumption (17) holds true. That is the

result applies with the Lagrangian having a linear growth. Similarly it can be also applied with the
same g and L(z,y,u,v) = e~ uM+20M] that goes to zero when the norm of control does increase.

4. Proof of Theorem 3.1. To prove Theorem 3.1 we need some preliminary results.
Let « be as in (H) i). For every € > 0, consider the penalized problem:

T €
minimize J,(z,u) = /O [E(0),u0) + <1 @), u(t)|"] de+ (D)) (19)

over all trajectory/control pairs (z,u) of (2). Notice that, by Remark 1, the infimum of problem
(19), (2) is finite. For (x,u) € RN x R™, define

Le(w,u) = Liz,w) + ~|f(z,u)|". (20)
Lemma 4.1. Assume (H) and suppose that there exists a trajectory/control pair (x1,uy) satisfying
zy € L*(L;RY) and
inf{J(x,u) : (x,u) is a trajectory/control pair of (2)} < J(x1,u1) < o0.
Moreover, assume that there exists k > 0 such that:
|2)lco <k for any trajectory/control pair (x,u) of (2) with J(z,u) < J(x1,u1). (21)
Then, for any sufficiently small € > 0,

a) there exists an optimal solution (xc,uc) to problem (19), (2) and J(xe,ue) < J(x1,u1);
b) (xe,ue) satisfies a normal Autonomous Constrained Mazimum Principle for some v, p. and
c. € R.
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Proof. By Cesari [5, chapter 11], for every ¢ > 0, problem (19), (2) admits a solution (x,ue).
From Corollary 1 and the assumptions on (z1,u;), we deduce that there exists a trajectory/control
pair (7,4) such that &’ € LY(I;RY), #(0) € Qo, and J(F,4) < J(z1,u1). Since f(z(-),a(:)) €
Lo (I; RY), for all small enough € > 0

J(:Emue) S Je(xmue) S Je(.’i},fb) < J(-rl?ul)? (22)

implying a).

To prove b), fix € sufficiently small. We claim that:

(h) there exist two Borel measurable functions I,k : U — Ry such that l(uc(+)), k(uc(-)) €
LY(I;R) and

[ Le(z,u) = Le(y, w)| < U(u)le =yl and  [f(z,u) = f(y,u)] < k(u)lz -y,

for every u € U and every x,y € z.(I) + B(0,1).
Indeed, let R, := ||z||co + 1. From (H) i), for some C' > 0, any « € B(0, R.), and any u € U,

|f(@,u)] < C[1+]f(0,u)|+ L(O,u)l/o‘] and  L(z,u)/* < C[1 + L(0,u)"]. (23)
Let x,y € z.(I) 4+ B(0,1) C B(0,R,). From (23) and (H) i), we obtain that, for all u € U,
|f (@, u) = [y, w)| < Cr. |z = yl[1+ |f (@, 0)] + Lz, w) /] < k(u)|z —y],
where k(u) = Cy[1+ |f(0,u)] + L(O,u)l/o‘], for some Cy > 0.

Moreover, from (23),

|f (@, w)[* = 1 (y, w)|*

< alf(@u) = fyw)|(If @] + [ fyw) "

< ak(u)le — y|[2C(1 + [£(0,u)] + L(0,u)/*)] ",

Hence, we deduce that

e, u) = Le(y,u)| < |L(w,u) = Lly.w)| + — || f @) = |f o)l

< Cr e —yl(1+ Lz, u)) + §||f(w»U)|a = [f(y,w)|*] < U(u)|w —yl,

where I(u) = C) [1 + L(0,u) 4+ [1+ [£(0,w)] + L(O,u)l/‘)‘]a}7 for some C; > 0.

We claim that, for this choice of k and [, assumption (h) is satisfied. Indeed, since |f(z(-), u(+))|
and L(z(-), uc(-))/* belong to L*(I; R), an easy computation implies that k(uc(-)) and I(u(-)) are
integrable. Then, by [19, p.203], (x., u.) satisfies an Autonomous Constrained Maximum Principle.
Finally, from assumptions (H) 1), iii), iv), using arguments similar to [11, Proof of Theorem 2|, we
deduce that this maximum principle is normal. O

Lemma 4.2. Under all assumptions of Theorem 3.1, let (x¢,u¢) be as in Lemma 4.1. Then for
some €y > 0 we have

sup || f(ze(+), ue(+)) oo < 00.
e€(0,¢e0)

In particular, there erist a sequence €, — 0+ and x* € WL (I;RN) with 2*(0) € Qo satisfying

Ze, — T uniformly
flxe, () ue, () = " weakly—x in L,
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Proof. The proof follows the same ideas as the proof of [4, Theorem 1]. For € > 0 consider the
penalized problem (19), (2). Lemma 4.1 and our assumptions ensure that, for any small enough e

(say € € (0,¢€p)), problem (19), (2) admits an optimal solution (., u¢) such that
J(@e,ue) < J(x1,u1),  [[7elloo <K, (24)

satisfying a normal maximum principle for some c., ., pe. In particular,
Ce = (e(t) + Ve(t), f(we(t), ue(t))) — Le(we(t), ue(t)) (25)
= gleagi(@s(t) FYe(t), f(ze(t),u)) — Le(xe(t),u)), for ae. tel.
By assumption 1) of Theorem 3.1, the set
Ac={t € I:|f(zc(t),uc(t))| < k} (26)
e

has positive measure. In view of (25) for a.e. t € I, g—i(xe (t),uc(t))* (pe(t) + e(t)) belongs to the

set
7]
OuL(we(t), uc(t)) + €| f(z(t), ue(t))la_la%(xe(b‘)» ue(t))*¢(xe(t), ue(t)) + Nu(ue(t)),
where ¢ is a measurable function satisfying

owet), uct)) = L) 1) () £ 0

d(ze(t),uc(t)) € B(0,1) otherwise .
Hence, for a.e. t € 1,

%(xe(t%ue(t))* [(pe(t) + ve(t)) = el f(xe(t), ue(t))|*~ Slwe(t), ue(t))]

€ OuL(zc(t), uc(t)) + Nu(uc(t)),

or equivalently,

Pe(t) + We(t) — el f(ze(t), ue ()| P(xe(t), ue(t)) € Plae(t), uc(t)). (27)
Using assumption 2) of Theorem 3.1 we deduce that, for some c(k) > k,
sup H(z,u,p) < in H(z,u,p). (28)
|| <k, |f(z,u)| <k |z] <k, |f(z,u)] > c(k)
p € P(x,u) p € P(x,u)

Set
Be={tel:|f(z(t),uct))| > c(k)}.
We claim that p(Be) = 0, from which the first conclusion of Lemma 4.2 follows. Indeed, suppose

for a moment that u(Be) > 0. Let a € A, and b € B, be such that (25) and (27) hold true.
Then (25) yields

ce = (pe(a) + te(a), f(xe(a), uc(a))) — L(zc(a), uc(a)) — élf(fﬂe(a),ue(a))la
= (Pe(D) + e(b), f(we(b), uc(b))) — L(we(b), uc(b)) — é\f(xe(b)aue(b))|a~
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If | f(ze(a), ue(a))| > 0, then, by (27) and (28),
(pe(a) + ve(a) — el f(ze(a), ue(a))|* 2 f(ze(a), uc(a)), f(ze(a), ue(a))) — L(ze(a), ue(a))

< (pe(b) + Ye(b) — Glf(CEE(b)?ue(b))|a_2f(xe(b)a uc()), f(2e(b), ue(b))) — L(we(b), ue(b)).
Hence we obtain

e = (pe(a) + (@) — el f(zela), (@) (@), ue (@), (o), ue(a)
— Lre(@), ue(a)) + o1 = 2 ) (ela), ue(a))”
< (pe(b) + (0) = €l b, ue (D)™ F(eB), e B)) £ (e0),uc(5)
— L), ue®) + (1= )| f(ela), ()l

= co—e(1= D)), uO)l* +e(1 - 2 frela) ula)l

Therefore,
(k) < |f(ze(0), uc(®)|* < |f(ze(a), ue(a))[* <&,
contradicting the choice of ¢(k).
If f(ze(a),ue(a)) = 0, then pc(a) + ¢c(a) € P(zc(a),uc(a)). Arguing as above we derive the
contradiction c(k)® < |f(zc(b), ue(b))|* < 0.
This implies that p(B.) = 0. The last statement of Lemma 4.2 follows by applying Ascoli’s and
Alaoglu’s theorems. 0

The following lemma is needed to prove the boundedness of {9, }nen with €, as in Lemma 4.2.

Lemma 4.3. Under all assumptions of Theorem 3.1, consider a sequence (Z., ,u., ) as in the claim
of Lemma 4.2. For anyn, let A, m, be measurable mappings such that A, (t) € O, f (e, (t), ue, (1)),
Tn(t) € OpLe, (ze, (t),ue, () for a.e. t € I. Then there exist M > 0, p > 0, a function v €
L>(I;Ry) and u, € U such that for all large n the two systems below

{ w'(t) = An()w(t) + () (f(2e, (), un(t) — L, (1)  ae inl (29)
w(0) € Int(C’K(xEn (O))) N Int(CQO (x, (0)))

{ §'(t) = (mu(t), w(t)) +~(t) (Len (e, (1), un(t)) — Le, (Te,, (), e, (t)) a.e. in I (30)

§(0) =0,
admit a solution (wy, &,) satisfying
lw, ()] < M, foranytel (31)
|En(t)| < M, foranytel (32)
(Vdg (x., (t),wn(t)) < —p, for any t such that x., (t) € OK. (33)

Proof. From Lemmas 4.1, 4.2 there exist M > 0, €0 > 0 such that for any € € (0, ¢),
1F@e(-)s ue(Dlloo < M, [L(ze(-), uel D ramry <M - and  [lze]leo < k. (34)

It is not restrictive to assume that ¢, € (0,¢) for all n > 1.
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By (34) and assumption (H) i), there exists M’ > 0 such that for all n
||An||La(I;RN><RN) S M’ and ||7T7L||L1(];]RN) S M’. (35)

Assumptions (H) i), iii) and Lipschitz continuity of z., imply that there exist 7,d,p,7 > 0
(independent from n) and wu,, € U such that dg is C** on (0K N B(0,k)) + B(0,9)

1 (e, (s tun(Nlloo <5 [[L(e, (), un())lloo <1 (36)
and for all s,t € I satisfying |s —¢| < 7 and z, (t),zc, (s) € K + B(0,0)
p
(Vdk (e, (5)); [ (e, (s),un(s))) < —p,  |Vdr (2, (1)) = Vdk (2, (s))] < T tnrl) (37)

Let z* be as in Lemma 4.2. Fix any 0 # wy € Int(Ck(z*(0))) N Int(Cq,(z*(0))) and set
vn(+) = flze, (), un(")), ln(:) := L(ze, (+),un(:)). Since z., (0) — 2*(0) and the set-valued map
KNQo >z~ Int(Ck(x)) NInt(Cgq,(x)) is lower semicontinuous, see [2], for all large enough n,
say n > g, Wy € Int(Ck(ze,(0))) NInt(Cy,(z.,(0))).

Set

A={tel:a*(t)e 0K+ B(0,6/2)}, B={tel:z*(t)€dK+B(0,6/4)},

and, for any n,

A, ={tel:z. (t)€0K+B(0,0)}, B,={tel:z.(t)e K+ B(0,6/8)}.
Since x., — x* uniformly, for any large enough n (say n > fig > 7ig)
B, CBCACA,.

Moreover, as A is open in I and B is compact, we deduce that

for some disjoint relatively open subintervals I of [0, 7. Then, it is not difficult to check that for
somemgy,0§t6<t}<~-~<t6"<t’}1§t6”+1:Tandforanyn2no,

m v
B,c |Ji. =T
j=1 i=1
To obtain a function w,, as in the claim (of the lemma), we solve the system

w'(t) = Ap(t)w(t) + () (v (t) — z. (1)), (38)

€n
with a piecewise constant function v independent of n and w,(0) = wy. Since {v, — 2, }nen is
bounded in L, estimate (35) will imply (31) for some M > 0 independent of n.
Let to € I and, for n € N, let W,,(-,to) be the matrix solution to

{ Wo(t;to) = An ()W (t;to)  for ae. t € [to, T)
Wn(to; to) = ]IRN.

From (35) and Gronwall’s Lemma, it follows that there exist {,o > 0 independent of n such that
for any ¢ty and any n,

[Wa(5t0)lleo < ¢ (39)
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and for all s,t € I satisfying [t —s| <o

p

Wn t,t Wn ;t -1 — Igm —_————.
[Wa(t:to)Walsito) ™" — I A(M + 1+ 1)

< (40)
The construction of v and of a solution w,, to (29) is structured in the following way:
In Step 1: we define w,, in [0, t}] For this aim we consider two cases : t§ > 0 and t} = 0;
In Step 2: we extend w, on [0,T] iterating the construction of step 1.
Step 1: Let ty = to <t < --- < ty, =t} be such that

t; —ti1 <min{r,o}, fori=1,...,m.

Case 1: t§ > 0. By the definition of ¢}, z*([0,t}]) C Int(K). Since z., — z* uniformly, for all n
large enough, z., ([0,t}]) C Int(K). So, for some My > 0, ng > 7g, and all n > ng, the solution
wy, to (38) with v = 0 and w,,(0) = wy satisfies

lw, ()] < My, Y te€[0,t))]. (41)

Consider the time interval [tg, t1].

If 2*([to, t1]) C Int(K), then for any n large enough also z., ([to,t1]) C Int(K) and we extend
wy, on [tg,t1], by taking the solution to (38) with v = 0 and starting at w,,(t3). As in (41), we
obtain that for some M; > 0, n1 > ng and all n > nyq,

|wn(t)] < My, YitE€ to,t1]. (42)
If z*([to, t1]) N OK # 0, then define

s0 = min{t € [to, t1] : 27(£) € DK}, 57 = max{t € [fo, t1] : due (27(£)) > w}. (43)

Since z*(tg) ¢ 0K, we deduce that sy > to and that dg(x*(tg)) < 0. As z., — x*, there exists

n1 > ng such that

di (z*(to))
4 b

Hence, using that x* is Lipschitz and that x., — z* uniformly, for some oo > 0, ny > f; and for

all n > nq,

|lze, — 2" |0 < — for any n > n;. (44)

dx (2" (t0))
2

Let n > ny and w, solve (38) in [to, s;] with the initial condition w,,(to), v =

n (39), p as in (37), and My as in (41). Then,

min {t € [to, t1] : di (e, () > } >ty + 0p.

4CM° , where ( is as

Wy (£) = Wi (E to)wy, (to) + 4 2Mo / Wi (t;to) W (s:t0) ™  (vn(s) — 2. (s))ds. (45)
PO Ji,

For any t € [to,to + 00), Z.,(t) € Int(K). Let t € [to + 09, ss] be such that z., () € 0K +
B(0,—dg (z*(t0))/2). From (40) and (37), for all s € [to + 00, s¢],

(Vi (e, (£)), Wa(t; to)Wa(sito) ™ (vn(s) — 2t (5))) < (Vi (ze, (5)), vn(s) — 2, (5)) +

[N IS
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So, by (37) and (44), for all ¢ € [to, sf] such that dx (z., (t)) > drx (z*(t0))/2
/t (Vg (e, (t), Wa(t; to) Wi (s; to) ! (vn(s) — 2 (s)))ds (46)
< —plt — to) = dic (e, (1)) + dic (e, (t0) + 5 (t =t0) < =5 (¢ = o).
Hence, from (45), for all ¢ € [to, sy] satistying di (z., (t)) > dx(z*(t0))/2
(Vdk (e, (1)), wn(t)) < (Vdk (¢, (t), Wn(t; to)wn(to)) — 20Mo < —CMo := —p1. (47)
The above inequality implies that
(Vdk (e, (s£)), wn(sg)) < —p1, (48)

and so wy(sf) # 0. Further, by (34), (35), (36), (38), (41), and Gronwall’s Lemma, for some
My >0, |w,(t)] < My, for any n > ny and any t € [t1, s¢].

If sy < t1, then we take the solution w,, to (38) in [sy,?1] with v = 0 and starting at w,(sy), so
that wy, (1) # 0.

So, we proved that for some M; > 0, ny > 1 and for all n > n; there exists a solution w,, to
(38) in [tg, t1] satisfying (33), w,(t1) # 0, and

|U}n(t)‘ < Mla for any te [t07t1]'
Consider, next, the time interval [¢1,t2]. Then either sy < ¢1 or s5 = ¢;.
a) If sy < t1, then 2*(¢t1) € Int(K). Arguing as in [tg,t1] we deduce that there exist My >

0, p2 > 0, a piecewise constant function - independent of n and ns > ny such that, for all n > ng,
the solution w, to (38) defined in [t1, o] starting at w,(t1) satisfies

wn ()] < Mz, Vi€t ta], (49)
(Vdg (zc, (t), wn(t)) < —pa, Vit €& Isuch that z., (t) € 0K + B(0, —dg (2" (t1))/2).

b) If sy = t1, then from (48) and (H) iii), there exist no > n; and 0 < o1 < to — t; such that,
for any t € (t1,t1 + 01) and any n > no,

P1 P1
— < : — Igpm|| < .
Vi, (1) = Ve e, (1)) < o= and - [Waltit) —Tan | < (50)
We may also assume that, for any n > ng,
* . o ANCMy r4CMiN—1 6
R o

Define
sy =max {t € [t1,1o] : dg (z"(t)) > =61}

and consider the solution w, to (38) on [t1, s}] starting at wy(t1), with v = %. Then,

4CM, [t
PO1 Jy

Let ¢ be such that z., (t) € 0K + B(0,201).

wp(t) = Wy (tt1)wn(t1) + W (tt1) W (sit1) ™ (va(s) — 2 (s))ds.

€n
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If t < t1 4 01, arguing as in (46), from (50) we deduce that
(Vdk (e, (8), wa(t)) < (Vi (2c, (t1)), wa(tr)) + | Vdx (2, (1) = Vdx (2, (1)) Ma

Z = 1)+ S0 o (1) — e, ()] < -2

+ | W (tst1) — T || M7 —
If t > t; + o1, then, as in (46)—(47), from the definition of §; we obtain that

1
(Vg (2e, (1), wn(t) < (Vdg (2, (1), Wa(t;t1)wn (1)) — 2¢My < ) (M = —pa.
The above inequality implies that (33) is satisfied in [¢1, s}] and

(Vdk (e, (5})) wa(s})) < —p2.
So wn(s}) # 0. Further, by (34), (35), (36), (38), (42), and Gronwall’s Lemma, for some My > 0
and all large enough n, w, satisfies (49) in [t1,s}]. If s} < t, then we extend w, on [s},t2] by a
solution to (38) with v = 0 starting at w, (s}).

Iterating the procedure described above, for all n large enough we construct on [O,t}] a mea-

surable bounded function v and a solution w,, to (38) which satisfies w,,(0) = @, wn(t}) # 0,
and

lwn (t)] < My, for any t € [0,1}],
(Vdg (zc, (t),wn(t)) < —p1, foranyte [O,t}} with z., (t) € 0K,

where pq, M, are positive constants independent of n.

Case 2: t§ = 0. If *(0) ¢ OK, then we obtain a solution w,, in [tg,#;] arguing exactly as in
Case 1. Tt remains to consider the case 2*(0) € K. Since z.,(0) — z*(0) and 9K is C};!, there
exists dg > 0 such that

(Vdg (xc,(0)),wo) < —d, for all n large enough.

We can define a solution to (38), arguing as in b). The construction of w, in [tg, t}] follows exactly
as in case 1.

Step 2. We extend w,, to [t}, T, as we did in case 1, by sgtting ~ =0 in any interval [tjf_l, té], for
j=2,...,m+ 1, and taking v piecewise constant in [t} t?c] and independent of n. Notice that by
the definition of #}, z*(#}) € Int(K). As the number of steps is finite for all n large enough we
obtain a solution w, to (29) satisfying

lwa(t)] < Mj, Vte€ [ty t5],

(Vdg (2, (1), wn(t)) < —pj, Vteltp,t7] suchthat . (1) € IK.

Estimates (31) and (33) follow.
Consider next, the solution &, to (30) for n large enough. Since {m,}nen, {ntnen and

{L(z, (), te, () }nen are bounded in L', and 7 is essentially bounded and independent of n, the
sequence {&, }nen is bounded in C(I;R) and (32) follows. O
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Lemma 4.4. Under all assumptions of Theorem 3.1, consider a sequence (., , e, ) as in Lemma 4.2
and let 1., , pe, be as in Lemma 4.1. Then

sup [|Ye,, | By < oo. (52)
neN

Proof. From Lemma 4.3, there exist v € L>®(I;R,), p, M > 0 and u,, € U such that, for all n
large enough, (29), (30) admit a solution (wy,,&,) satisfying

wy () + B(0,p) € Int(Cx (e, (1)), VEel & |wnlso + [[€nlloe < M. (53)

Set v, () = fxe, (-),un(+)) and 1,(-) = L(z., (*),un(-)). Using (29) and (30), it is not difficult
to prove that

(pe,, (T),wn(T)) = (pe,, (0), wn (0)) — & (T)

- / (0L (£), wn(£)) + (pe (1), (1) — €1,(8)) dlt
- / (e (£), w0 (1)) dt
+ /0 V(t)«pen (t) + e, (1), vn(t) — xlen (t)) — (ln(t) = L, (we,, (), ue, (t)))) dt.

This and (5) yield

T
(Pe.,(T), wn(T)) = (pe,, (0), wn(0)) = &n(T) S/O — (e, (t),wy, (1)) dt.

Integrating by parts and using (53), we obtain

T
(Pe, (T), wn(T)) < (pe,, (0), wn(0)) + M = (e, (T), wn(T)) + /0 wn (t) dipe, (1).

Thus, by the Cy Lipschitzianity of ¢, and by (7),

T
- / wn () dibe, () < [pen (T) + e, (T)[M + M < (Cy + 1) M, (54)

with M as in (53).
Let w € C(I;RY) satisfy ||w| < p. By (53)

wy(t) +w(t) € Int(Ck (2., (1)), Vtel
So, from (54) and (4),

/ w(t) di, (t) = / (wn(t) + w(t)) dipe, (t) —/ wp,(t) dipe, (1) < (Cr. + 1) M,
0 0 0

implying (52). O

Lemma 4.5. Under all assumptions of Theorem 3.1, consider a sequence (e, , e, ) as in Lemma 4.2
and e, , e, as in Lemma 4.1. Then sup, ey ||Pe, ||oo < 00.
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Proof. From Lemmas 4.1, 4.2 and 4.4 we deduce that for some C' > 0 and all n large enough
[L(ze, () ue, (Dl < C, e, lloo < ks [1f(2e, () ue, (Do < C, [[Ye, v < C. (55)

Since the optimal pair (z., , u., ) satisfies the normal maximum principle, from (H) i) and (6) with
L replaced by L., we deduce that, for a.e. t € I,

L, (D] < Ok [1+ [ f (e, (), ue, ()] + L(we, (t), e, ()] ([pe,, (8)] + [, (1)]) (56)
+ C[1+ Lie, (1), ue, (1))]
+ enCr [L+ | (e, (1), ue, ()] + L(we, (8), ue, () ]| (e, (1), ue, (£)* 7
As o > 2, (56) and (55) imply that for some C' > 0 and for all n large enough
P ()] < C[1+ L(xe, (t),ue, ()] (Ipe, ()] + 1) ace. in I.

By the Cg-Lipschitzianity of £ on K, (7) and (55), |p., (T)| < C + C. Hence, applying estimates
(55) and Gronwall’s Lemma, for some C;7 > 0 and all n large enough, ||pe, |lcoc < Ch.

Proof of Theorem 3.1. Lemma 4.1 ensures that, for any ¢ € (0,¢p), problem (19), (2) admits an
optimal solution (z.,u.) such that

J(@eyue) < J(x1,u1),  ||2c]|oo < K, (57)

and the normal Autonomous Constrained Maximum Principle holds true with some ¢, e, pe
satisfying (25).

Step 1. Consider a sequence {€, }nen as in Lemma 4.2. We claim that there exist a subsequence
{€n, }ien and & € L>°(I;R) such that

L(xgw (), Ue,,, (1)) =& weakly—x* in L™, (58)
Applying Lemmas 4.4 and 4.5, we deduce that for some M > 0
sug{llpen loo + e, lpv} < M. (59)
ne

Define A, as in (26) and fix any up € U. Let t € A, be such that (25) holds true. Since f(-,ug)
and L(-,ug) are continuous, from (57) and (59) it follows that, for some m > 0 independent of
n €N,

Cen Z (Pey (8) + e, (1), f (e, (£), u0)) — Llwe, (), u0) — %If(xen (1), u0)|™ = —m.

Equality (25) and the above estimate imply that, for a.e. t € I,

€ [e%
(pen (8) + e, (0), f (e, (1), e, (£))) = Llwe, (8), e, (8) = = |f (e, (), e, ()| = e, 2 —m. (60)
Hence, by Lemmas 4.2, 4.4 and 4.5 for some C' > 0 and all n € N large enough,

L(we, (t), e, (1)) < (Ipe, ()] + We)) 1 f (e, (), ue, (1) +m < C.

This implies that the sequence {L(x., (-),uc,(-))} is bounded in L°°(I;R;). Then, (58) follows
from the Alaoglu theorem.
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Step 2. From Lemma 4.2 and Step 1 it follows that there exist 2* € W1>°(I; RY) with z*(0) € Qo,
€€ L=(I;RY), and €, | 0 such that

Ze, — T uniformly
a, — weakly—x* in L™ (61)
Lz, (), u., () =& weakly—x in L.

To complete the proof of the existence of an optimal trajectory/control pair for problem (1), (2),
we use standard arguments based on Mazur’s Theorem. Assumptions (H) i), v) imply that

(z*'(t),£(1)) € {(ft,z*(t),u), L(t,z*(t),u) +v) :u € U and v > 0}, for ae. t € I.

Applying a measurable selection lemma, see [2], we obtain the existence of two measurable functions
u*, v* satisfying, for a.e. t € I,

§(t) = L(z™ (1), u" (1)) + v (1).
Now, let (x,u) be a trajectory/control pair of (2) with 2’ € L*(I;R). Then we get

W) €U, v*(t)>0, and {w*’@):f(w*(t)?u*(t)) .

lim}_nf J (e, , ue, ) < 1imJirnf e, (Tep s Ue,,) < limJirnf Je, (x,u) = J(z,u).

From (61) and (62) we deduce that

n—-+00

/0 [L(a*(8), u* (1)) + v*(8)] dt + £(2*(T)) < liminf J(zc, , uc, )

< inf {J(m,u) : (z,u) is a trajectory/control pair of (2) and z’ € L¥(I; ]RN)}.

In particular, v*(¢) = 0, for a.e. t € I. Applying Corollary 1 we obtain that (z*,«*) minimizes (1)
over all trajectory/control pairs (z,u) of (2). Moreover, from (61) and (62),
v and L(2*(-),u*(:)) are essentially bounded, (63)
implying conclusions a).
Arguing as in the proof of Lemma 4.1, we deduce that the optimal trajectory/control pair
(z*,u*) satisfies an Autonomous Constrained Maximum Principle for some v, p, A as in (4)-(7).

Also, from (63), applying [10, Corollary 6.3] we obtain that the maximum principle is normal.
Hence, by (6), (H) i) for a.e. t € I,

' (O] < Ci[L+ | (2 (1), w ()] + L™ (), w* ()] p(t) + ()] + O [1 + L(z* (1), u" (1))],

and b) follows from (63) and Gronwall’s lemma.

Appendix A. Proof of the approximation result.
The two lemmas below are instrumental for the proof of Theorem 3.2.

Lemma A.l. Assume (H) i), 4ii). Then, VR > 0, bR, pr.Nir > 0 such that, for any = €
(0K N B(0,R) + B(0,6r)) N K and some u, € U,

<VdK<m)a f(xa ux)> < _p~R7 |f(xvum)| < ﬁRv and L(l'vur) < ﬁR' (64)
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Proof. Let 0 < 6p < 1 such that the signed distance dg is C*! in 9K N B(0, R) + B(0,dg), and let
CR+1,PR+1,NR+1 be as in assumptions (H) i), iii). We may assume that ng41 > (2 + R). Then,
there exists

0<dp <minid PR41
R R 20R+1(1+77R+1+n}:£/fl)

such that, for any = € (9K N B(0, R) + B(0, SR)) N K, the projection of x on 0K, w(z), belongs
to 0K N B(0,R + 1). We associate to m(z) the control u,(,) as in assumption (H) iii), and set
Uy 1= Ur(y)- By the Lipschitz continuity of f and by the definitions of o

(Vdr (2), f(2,us)) = (Vdg (7(2)), f (2, tn(z)))

< (Ve (n(2). F(5(&) o)) + Croan (14 mgs +mif )l — ()] < —25L,
Assumptions (H) i), iii) imply that
o) < mpga+ FEE and - ey ug) < g+ F5E
Setting pr = 25 and g = nr41 + 25, (64) follows. O

Lemma A.2. Assume (H) i), iii). Let R > 1 be fized, Or, pr,ir > 0 be as in Lemma A.1 and
(z,u) be a trajectory/control pair of (2) satisfying x([0,T])) C K N B(0,R — 1). Then for some
o > 0 the following property holds true:

for every e > 0 and ty € [0,T), one can find r > 0 such that ¥V xo € Int(K) N B(x(ty),r) there
exists a trajectory/control pair (z,u.) of

xL(t) = f(ze(t),uc(t)), uc(t) €U a.e. in [to,t]
z(t) € Int(K) for all t € [to, 1] (65)
ze(to) = o,

where t1 = (to + o) AT, which satisfies

max |z.(t) — z(t)] <e, / 1 L(z(t),uc(t)) dt < / 1 L(z(t),u(t)) dt +e. (66)

teto,t1] to to

Proof. We shall abbreviate § = 0z, p = pr, 7 = 7ir. Without loss of generality, we may assume
that 0 <6 <1,0<p<1, Cp>1and that dg is C*! on 0K N B(0, R) + B(0,6). Define

0(t) = Cr(1+ f(2(t), ul®)| + Llz(t), u(t)/*) , Ve, (67)
Co =elo ®Wd = Cr(1+n+n")

and let Iy be a Lipschitz constant of Vdg on 0K N B(0, R) + B(0,6). Take 0 < o < 1 satisfying,
forall t €1,

(t+o)AT 5 p
O(s)ds < 2 A . 68
/t (s)ds < 5 8Co(nCo + 1)(lg + 1) (68)

Fix € > 0 and let 0 <7 < Z be so that for every t € I

SN La(s),u(s)) ds < £, 7C30Ce + 1) + [N @(s)ds <

NP

™ (nla + Cy)Ca < p, (1 + Cr(1+1)Cs) < 5.
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Fix any to € [0, 7).
Case 1. di(x(tg)) < —6/2. Then, by (68), for all t € [to, (to +0) AT, di(x(t)) < —§/4. Define
r = (eN2)/Cq and pick any o € Int(K)NB(z(to), 7). Set uc(-) = u(-) and let z. be the trajectory

of
y/
{ y(to

Then, for all ¢t € [to, t1], |ze(t) —x(¢)
lemma, |z(t)—z(t)] < Colro—z(to)
Furthermore

/ " Lol ue(s)) ds — / " L(a(s), u(s)) ds < | oG — sl ds < [ " a(s) ds < c.

to to to to

fy,uc(t)) a.e. in [to,t1]
=x

~

xo—x(to)| +ftt0 O (s)|xc(s) —x(s)| ds. Hence, by Gronwall’s

| <
| < e/\g for all t € [to, t1] implying that dx (z.(t)) < —g—i—g < 0.

t1

Case 2. di(x(tg)) > —0/2. Set r = p7/8 < 7 and pick any zo € Int(K) N B(z(tg),r). Let
Ug = Ug, be given by Lemma A.1 and define

u(t){uo if t € [to, (to +7) AT
¢ u(t—7) iftelto+7)AT, (to+0)AT].

Then for all t € [to, (to + 7) A T], |ac(t) — zo| < [ |f(w0,u0)|ds + [, ®(s)|zc(s) — wo|ds. So
|ze(t) — 20| < NCos(t — to) and, using (69), we obtain

|ze(t) — 2(t)| < |ze(t) — xo| + |0 — 2(t0)| + |2(t) — z(t0)|

¢
SnC’@(t—to)—&—r—i—/ @(s)dsgg.

Furthermore, for all ¢ € [to, (to + 7) A T}, ’
il 0) = dic(an) + [ (Va6 s (10)
< dg(z0) + /t: (Vdk (o), f(z0,u0)) ds + (lan + Cy) /t: |ze(s) — wo| ds
< diclan) — plt — t0) + (ln + C)n O 0 < ) — Bt —10) <0

Consider, next, any ¢t € ((to +7) AT, (to + o) AT]. Then

t

|z (t) —x(t — 7)| < |xe(to +7) — z(to)| + /t N |ze(s) —x(s — 7)|®(s — 7) ds

<nCor+7+ / [2e(s) — (s — 7)|®(s — 7) ds.
t0+T

So, applying Gronwall’s Lemma,

t

|z (t) — a(t — 7)| < 7(1Co + 1) exp (/

- B(s—7) dr). (71)
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Moreover, by (69), for all t € ((to +7) AT, (to + o) AT,

|ze(t) = 2(t)] < fae(t) —x(t = 7)[ + |2t = 7) —2(t)| < 7Ca(nCa +1) + /t_ ®(s)ds <

[N e)

We estimate next dg (z.(t)). For this aim observe that

(Vg (z(t)), 2. (8)) = (Vdg (2c(t)), f(@e(t),u(t — 7))
< (Vdg(z(t — 1)), f(2(t —7),u(t = 7)) + (la + D@t — 7)[we(t) — x(t — 7)].
- %d}((l‘(t — )+ (la + D)t — 7)|zc(t) — x(t — 7).

Therefore, by (70) and (68), for all t € ((to +7) AT, (to + o) AT],
t

di (e(t)) ZdK(.’EE(t0+T))+/t+ (Vi (xe(s)), zc(s)) ds

< die(an) ~ G+ diclat =)~ di(a(t0) + (a+ 1) | @5 = 7)lnc(s) = als — s

t
< | (z0) — drc (z(to))| — gf +7Co(lg + 1)(nCo + 1)/ O(s —7)ds < _§T + gf <0.
to+T1
Hence (e, ue) is as in (65) and ||z — 2o < €.
To prove the last statement it is not restrictive to assume that ftzl L(z(s),u(s))ds is finite.

Then, by (69) and (71),
(to+7)AT (to+7)AT
/t (L(ze(5), ue(s)) — L(a(s), u(s)) ds < / L(ze(s), uo) ds

(to+7)NT (to+7)AT
- / Lo, uo)ds + / (L(ze(s), o) — L(zo, o)) ds
to t()

(to+T)AT .
<nr+Cgr(1+ L(mg,uo))/ |ze(s) —xo|ds < (1 + Cr(14+n)Cs) < 3
and whenever tg +7 < T
(to+o)ANT
J ). uee) - L) () ds =
0(thra')/\T
/t N (L(ze(s),u(s — 7)) — L(x(s — 7),u(s — 7))) ds+
O(to-i-a)/\T (to+o)AT
/ (L(z(s —7),u(s — 7)) — L(x(s),u(s))) ds < / O(s —7)|ze(s) —x(s — 7)| ds
to+T to+T
(to+o)AT—7 to+T (to+o)ANT—7
+ /tw L(x(s), u(s)) ds + /t L(z(s), u(s)) ds — /tw L(x(s), u(s)) ds—
(to+0)AT e
/ L(z(s),u(s))ds < 7(nCqe +1)C2 + 1 < 7
(to+o)ANT—1
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Therefore,

(to+o)AT totT
/ (L(2e(5), ue(5)) — L(x(s), u(s))) ds = / (L(ze(5), ue(5)) — L(x(s), u(s))) ds+

tU t()

(to+o)AT
/t (L(zc(8),uc(s)) — L(z(s),u(s))) ds < e.

o+T
The proof is complete. O

Proof of Theorem 3.2. First of all, thanks to the local Lipschitz continuity of ¢, it suffices to prove
that for every e > 0 there is a trajectory/control pair (x.,u¢) of (2) such that

T T
() CInt (K);  ||ze — 2|00 < €; /0 L(zc(s),uc(s))ds < /0 L(z(s),u(s))ds+ €.

Now, let 0 > 0 be as in Lemma A.2. If ¢ > T, then the conclusion follows from Lemma A.2
and assumption (H) iv). Indeed, let v € Int (Ck(2(0))) N Int (Cg,(x(0))). Then, for h > 0
sufficiently small, 2(0) + hv € Int (K) N Qo (see, for instance, [2]). So, we can apply Lemma A.2
with g = 2(0) + hv and h > 0 small enough to obtain the conclusion.

Next, suppose 0 < 0 < T and let n € N be such that (n —1)o < T < no. We claim that for any
integer k € {1,...,n} there is a trajectory/control pair (x.,u.) of (65) with tg =0, t; = (ko) AT
and zg € Int (K) such that (66) holds true. Let us show our claim by an induction argument: for
k = 1 the claim is guaranteed by Lemma A.2. Suppose now it holds true for some k < n. Let € > 0
be fixed and set ty = ko, t; = ((k + 1)0) AT. By Lemma A.2 for some positive number r < e and
YV xo € Int(K) N B(z(ko),r) there exists a trajectory/control pair (z.,u.) of (65) satisfying (66).
We already know, by the induction hypothesis, that there is a trajectory/control pair (Z.,u.) of
(65) with to = 0, t; = ko satisfying

ko ko
max |Z(t) —z(t)] <7r; / L(z.(s),u.(s))ds < / L(z(s),u(s))ds + <.
t€[0,ko] 0 0 2
Applying Lemma A.2 with to = ko, t1 = ((k+1)o) AT and zg = Z.(ko) we obtain (z¢,uc) as in
(65) satisfying
max |xe(t) —z(t)| <€
telko,((k+1)o)AT]

((k+1)0)AT ((k+1)0)AT .
/ L(zc(s),uc(s))ds < / L(z(s),u(s))ds + = .
k

2

o ko

Finally, extend (z¢,uc) to [0, ((k + 1)) A T] by setting z¢(s) = Zc(s) and uc(s) = @c(s) for all

s € [0, ko) to complete the proof of our claim. O
REFERENCES

[1] J.-P. Aubin, “Viability Theory”, Birkhauser, Boston, Basel, Berlin, (1991).

[2] J.-P. Aubin and H. Frankowska, “Set-Valued Analysis”, Birkhauser, Boston, Basel, Berlin, (1990).

[3] P. Bettiol and H. Frankowska Normality of the mazimum principle for non convex constrained problems,
J. Diff. Eqs., 243, (2007) 256 - 269.

[4] P. Cannarsa, H. Frankowska and E. M. Marchini, Ezistence and Lipschitz regularity of solutions to Bolza
problems in optimal control, (to appear) TAMS.

[5] L. Cesari, “Optimization, Theory and Applications”, Springer, Berlin, (1983).

[6] A. C. Chiang, “Elements of Dynamic Optimization”, McGraw- Hill, Inc., New York, (1992).



PIERMARCO CANNARSA, HLENE FRANKOWSKA AND ELSA, MARIA MARCHINI

[7] F. H. Clarke, An indirect method in the Calculus of Variations, Trans. Amer. Math. Soc., 336, (1993),
655-673.
[8] F. H. Clarke, “Optimization and Nonsmooth Analysis”, Wiley-Interscience, New York, (1983).
[9] F. H. Clarke and R. B. Vinter, Regularity properties of optimal controls, SIAM J. Control Optim., 28,
(1990), 980-997.
[10] H. Frankowska, Regularity of minimizers and of adjoint states for optimal control problems under state
constraints, J. Convex Anal., 13, (2006), 299-328.
[11] H. Frankowska and E. M. Marchini, Lipschitzianity of optimal trajectories for the Bolza optimal control
problem, Calc. Var. Partial Differential Equations, 27, (2006), 467-492.
[12] G. N. Galbraith and R. B. Vinter, Lipschitz continuity of optimal control for state constrained problems,
SIAM J. Control Optim., 42, (2003), 1727-1744.
[13] A. D. Ioffe, On lower semicontinuity of integral functionals, SIAM J. Control Optim., 15, (1977), 991—
1000.
[14] C. Olech, Weak lower semicontinuity of integral functionals, J. Optim. Theory Appl., 19, (1976), 3-16.
[15] F. Rampazzo and R. B. Vinter, Degenerate optimal control problems with state constraints,SIAM J.
Control Optim., 39, (2000), 989-1007.
[16] A. Sarychev and D. F. M. Torres (2000), Lipschitzian regularity of the minimizers for optimal control
problems with control-affine dynamics, Appl. Math. Optim., 41, 237-254.
[17] L. Tonelli, “Fondamenti di Calcolo delle Variazioni”, Vols 1, 2, Zanichelli, Bologna, (1921).
[18] D. F. M. Torres, Lipschitzian regularity of the minimizing trajectories for monlinear optimal control
problems, Math. Control Signals Systems, 16, (2003), 158-174.
[19] R. B. Vinter, “Optimal control”, Birkhduser, Boston, Basel, Berlin, (2000).
E-mail address: cannarsa@axp.uniroma2.it
E-mail address: frankowska®@math. jussieu.fr
E-mail address: elsa.marchini@polimi.it



