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CARLEMAN ESTIMATES FOR A CLASS OF DEGENERATE
PARABOLIC OPERATORS*

P. CANNARSAT, P. MARTINEZ}, AND J. VANCOSTENOBLE*

Abstract. Given a € [0,2) and f € L2((0,T) x (0,1)), we derive new Carleman estimates for
the degenerate parabolic problem w; 4+ (x®wg )z = f, where (¢,z) € (0,T) x (0,1), associated to the
boundary conditions w(¢,1) = 0 and w(¢,0) = 0if 0 < a < 1 or (z%wz)(¢,0) =0if 1 < o < 2.
The proof is based on the choice of suitable weighted functions and Hardy-type inequalities. As
a consequence, for all 0 < a < 2 and w CC (0,1), we deduce null controllability results for the
degenerate one-dimensional heat equation uz — (x*uz )z = hxo with the same boundary conditions
as above.
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1. Introduction. The study of controllability for nondegenerate parabolic equa-
tions has attracted the interest of several authors in the past few decades. After the
pioneering works [14, 19, 20, 37, 38], there has been substantial progress in understand-
ing the controllability properties of nondegenerate parabolic equations with variable
coefficients. In [30], local Carleman estimates for elliptic equations were used to study
the null controllability of the heat equation on a manifold. Finally, a powerful new
approach, based on global estimates of Carleman type, was developed in [26].

The theory has also been extended to semilinear problems (see, for example,
[2, 3, 12, 15, 21, 24, 25]) and to equations in unbounded domains (see, for example,
[13, 33, 34]; see also [31, 41]). For the Stokes and Navier—Stokes equations we also
refer the reader to [4, 10, 11, 18, 22, 23, 26, 27, 28|.

On the contrary, few results are known for degenerate equations, even though
many problems that are relevant for applications are described by parabolic equations
degenerating at the boundary of the space domain. For instance, in [5, 32, 8, 9] the
reader will find a motivating example of a Crocco-type equation coming from the
study of the velocity field of a laminar flow on a flat plate.

The goal of this paper is to study the controllability of a simple model of degen-
erate parabolic equation, namely,

U — (2%Ugp)e = hxw, € (0,1),t€ (0,7),
where the control & acts on a nonempty subinterval w of (0,1).
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2 P. CANNARSA, P. MARTINEZ, AND J. VANCOSTENOBLE

2. Results.
2.1. Statement of the controllability problem. Given 0 < o < 2, define

Yz € [0,1], a(x) := z¢,
and let w be a nonempty subinterval of (0,1). For T' > 0, set
QT = (O7T) X (Oa 1))

and consider the initial-boundary value problem

up — (aug)e = h Xw, (t,x) € Qr,
u(t,1) =0, te(0,7),
2.1 = <
(2.1) and u(t,0) =0 for0 <o <1, Le (0.7),
aug)(t,0) =0 forl <a<2,
u(0, ) = up(z), x € (0,1),

where ug is given in L?(0,1) and h € L*(Qr).

2.2. Well-posedness. Let us recall that the above problem is well-posed in
appropriate weighted spaces. For 0 < a < 1, define the Hilbert space H.(0,1) as

H!(0,1) := {u € L*(0,1) | u absolutely continuous in [0, 1],
Vau, € L*(0,1) and u(0) = u(1) = 0},

and the unbounded operator A : D(A) C L?(0,1) — L%(0,1) by

VuGD ), Au = (aug),,
A):={ue HX0,1) | au, € H*(0,1)}.

Notice that if u € D(A) (or even u € H}(0,1)), then u satisfies the Dirichlet boundary
conditions u(0) = u(1) =
For 1 <a < 2, let us change the definition of H1(0,1) to

H!(0,1) := {u € L*(0,1) | u locally absolutely continuous in (0, 1],
Vau, € L*(0,1) and u(1) = 0} .

Then the operator A : D(A) C L?(0,1) — L?(0,1) will be defined by

Vu e D(A), Au:= (auy),,
D(A) :={ue H}0,1) | au, € H'(0,1)}
={u € L*(0,1) | u locally absolutely continuous in (0, 1],
au € H}(0,1), au, € H*(0,1), and (au,)(0) = 0}.

Notice that if u € D(A), then u satisfies the Neumann boundary condition (au,)(0) =
0 at z = 0 and the Dirichlet boundary condition u(1) = 0 at « = 1.

In both cases, the following results hold (see, e.g., [7] and [9]).

PROPOSITION 2.1. A : D(A) C L?(0,1) — L?*(0,1) is a closed self-adjoint
negative operator with dense domain.
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CARLEMAN ESTIMATES FOR DEGENERATE PARABOLIC OPERATORS 3

Hence, A is the infinitesimal generator of a strongly continuous semigroup e*4 on
L?(0,1). Consequently, we have the following well-posedness result.

THEOREM 2.1. Let h be given in L*(Qr). For all ug € L*(0,1), problem (2.1)
has a unique solution

(2.2) u € C°([0,T]; L*(0,1)) N L2(0,T; H(0,1)).
Moreover, if ug € D(A), then
(2.3) u € CO([0,T]; HL(0,1)) N L2(0,T; D(A)) N H'(0,T; L*(0,1)).

Remark 2.1. Most of the results of this paper hold and will be stated for solutions
in the above class (2.2). However, in the proofs, we will assume—often without further
notice—that solutions belong to the stronger class (2.3). This can be done without
loss of generality, since the general result can always be recovered by a standard
density argument.

2.3. Carleman estimates for degenerate problems. In order to study the
controllability properties of (2.1), we need to derive a Carleman estimate for the
adjoint problem. Keeping the notation

a(z) :=z% with0<a <2, and Qr =(0,T7) x (0,1) for T >0,

let us consider the parabolic problem

wy + (awy)z = f, (t,x) € Qr,
w(t,1) =0, te(0,7),
2.4 = fi < 1
(2.4) and w(t,0) =0 or0<a<l, Le(0,7),
(awg)(t,0) =0 for 1l <a <2,
’U)(T, $) = UJT(JZ), S (071)7

where wr € L%(0,1) and f € L?(Q7). Our main result is the following.
THEOREM 2.2. Let 0 < a < 2 and T > 0 be given. Then there exists o :
(0,T) x [0,1] = R of the form o(t,x) = 6(t)p(x), with

p(z) >0 Vxe[0,1] and 0(1) —ocast— 0", T,

and two positive constants, C and Ry, such that, for all wyp € L*(0,1) and f €
L*(Qr), the solution w of (2.4) satisfies, for all R > Ry,

// (Rﬁxo‘wi + R393x2_°‘w2)e_2R” dzdt

T
<C // 6_2R0f2 dzxdt + C/ {RGe_QR”wi} .
QT 0 lz=1

Remark 2.2. The functions p and 6 will be explicitly constructed in the proof.
As we shall see, the choice of 0 will be

Vte (0.T), () = <t(T1_t))4 .

This weight function satisfies the following essential properties:

O(t) — +ooast — 0" or T~ and |6 < 0%, |0y] < c0%/?
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4 P. CANNARSA, P. MARTINEZ, AND J. VANCOSTENOBLE

for some constant ¢ > 0 depending on T'. Moreover, we will take

92— JC2704

p(z) = m

2.4. Observability inequalities. As it is well known, very useful tools for

studying controllability are provided by observability inequalities for the adjoint prob-
lem

Vz € [0,1].

(e (avx)m =0, (t,{L‘) € QT>
o(t,1) =0, te (0,7),
2.5 = <
(2.5) and v(t,0) =0 for0<a<1, Le (0.7),
(avg)(t,0) =0 for 1 <a <2,
o(T, z) = vp(x), z € (0,1),

where v is given in L?(0,1). From the Carleman estimate of Theorem 2.2, we obtain
the following observability inequalities for (2.5).

THEOREM 2.3. Let 0 < a < 2 and T > 0 be given, and let w be a nonempty
subinterval of (0,1). Then there exists C' > 0 such that, for all vy € L?*(0,1), the
solution v of (2.5) satisfies

1 T
(2.6) / %, (0,2)? do < C/ / v(t, z)? dadt.
0 0 w

2.5. Application to controllability. For any 0 < o < 2, the following observ-
ability inequality follows from Theorem 2.3 and Hardy’s inequalities (see the proof in
section 5):

(2.7) /Olv(O,x)deg C/OT/wv(t,x)dedt.

The above inequality is well known in the nondegenerate case (a = 0) since it
follows, for instance, from classical Carleman estimates for nondegenerate parabolic
equations.

For o € [0,1/2)U[5/4,2), inequality (2.7) was proved in [9] by means of a different
Carleman estimate that had been obtained using a different weight function p but gave
no information for « € [1/2,5/4).

Therefore, inequality (2.7) above fills the gap between 1/2 and 5/4 which was
left open in [9]. Thus, we obtain, by standard arguments (see, e.g., [14, 26]), a null
controllability result for degenerate heat equations with initial data in L2(0,1).

THEOREM 2.4. Let 0 < a < 2 and T > 0 be given, and let w be a nonempty
subinterval of (0,1). Then, for all ug € L*(0,1), there exists h € L*((0,T) x w) such
that the solution of the degenerate problem (2.1) satisfies u(T) =0 in (0,1).

Remark 2.3. Let us recall that the above result is optimal since, for o > 2,
problem (2.1) fails to be null controllable (see [8]). Indeed, a standard change of
variable transforms problem (2.1) into the heat equation in the unbounded domain
10, +00[, whereas control supports are still bounded. Then a result by Escauriaza,
Seregin, and Sverak [16, 17], which generalizes a result by Micu and Zuazua [33],
ensures that null controllability fails for such an equation.

Remark 2.4. In [9], inequality (2.7) was applied to a Crocco-type equation to
obtain a null controllability result for o« € [0,1/2) U [5/4,2). Thus, the results of
the present paper also show the null controllability of this equation for all values of
a € [0,2).
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2.6. Hardy-type inequalities. A major ingredient for the proofs of Theorems
2.2 and 2.3 is the following well-known lemma (see, for example, [35]; for the reader’s
convenience, we recall the proof in section 6).
LEMMA 2.1 (Hardy-type inequalities).
(i) Let 0 < «* < 1. Then, for all locally absolutely continuous functions z on
(0,1) satisfying

1
z(x) = 0 and / 2" 22 < o0,
0

z—0t

the following inequality holds:

1 s g 4 T oo
(2.8) / x* Tt < 7*/ T zi.
0 (L—ar)? Jo

(ii) Let 1 < a* < 2. Then the above inequality (2.8) still holds for all locally
absolutely continuous functions z on (0,1) satisfying

1
z(x) - 0 and / 2" 22 < +o0.
0

r—1—

Remark 2.5. Notice that (2.8) is false for a* = 1.

2.7. Further remarks. In the present paper, we study the case of a degener-
ate operator of the form —(z%u,), with the boundary condition u(x = 0) = 0 when
0<a<1or (z%y)(r =0) =0 when 1 < a < 2. The choice of such an operator in
divergence form probably simplifies parts of the computations arising in the proof of
Carleman estimates. Of course, it would be interesting to study, in a next step, other
operators like —x“u,,. On the other hand, the choice of the boundary condition at
x = 0 ensures a relatively simple framework for the statement of well-posedness. Here
again, it would be interesting to study the cases of other boundary conditions. For
example, an interesting problem would be the case of Wentzell boundary conditions;
see, e.g., [6, 39]. The techniques developed here may be useful to treat such problems.
However, both the form of the operator and the boundary conditions play an impor-
tant role in the computations of the proof of Carleman estimates. For this reason,
these other problems have yet to be studied.

On the other hand, let us mention that the ideas of the present paper allow us
to prove similar null controllability results for degenerate semilinear problems using
a classical fixed point method (see [1]).

Next, instead of a distributed control on w C (0, 1), one could consider a boundary
control acting at one extreme point of the domain (0,1). Theorem 2.2 readily implies
a boundary null controllability result if the control acts at z = 1. The case of a
boundary control at £ = 0 has not yet been studied.

Finally, another interesting question would be the study of degenerate operators
in higher dimensions. Of course, this opens a lot of perspectives since the study will
depend on the domain where the operator degenerates and the way it degenerates.
This question will be the subject of a forthcoming paper.

3. Proof of Theorem 2.2 (Carleman estimates).

3.1. Notation and reformulation of the problem. We recall that a(z) = =

for all z € [0,1] with o € [0,2) given. Let o(¢,z) = 6(¢)p(x), where
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6 P. CANNARSA, P. MARTINEZ, AND J. VANCOSTENOBLE
p(r) >0 Vo €[0,1] and 6(t) —occast— 0", T".

For R > 0, define

(3.1) 2(t,z) = e BoEDy (¢, x),

where w is a solution of (2.4). Notice that,

(3.2) YneN, 0"z2=0 and z, =0 attimet=0andt="T.

Moreover z satisfies

(eRoz)t + (a/(eRa’z)w>w = f7 (t,.’L') S QT7
by | D=0 te(0,7),
' z(t,0) =0 for 0 <a <1,
d { (a22)(1.0) = —R(ao2)(1,0) for1<a<2, SOOI

This equation may be recast as follows:
Prz=Plz+ Pz = fe 17,
where

Prz:= Royz+ R?ao2z + (azy)s,
Ppz:= 2z + R(ao,2), + Rao, 2,
zt + R(aoy)z2 + 2Rao, 2.

Moreover, we have

(3.4) Ife™ 1 > |PRell® + | Prell® + 2(Pg 2, Prz) > 2(Pz Pga),

where || - || and (-,-) denote the usual norm and scalar product in L*(Qr).

3.2. Computation of the scalar product. We now want to compute the
scalar product in L?(Q7) of Py z and Py z. This will be done in two steps.
LEMMA 3.1. The following identity holds:

T
(sz, Ppz) = / [azwzt + R%a0:0,2° + Rgazaizz
0 (b.t.)
1
+ Ra(acy)pzze + Ra20'122}
0

x

+// (*%Ratt — 2R%a0,044 — Rgaaz(aai)m)z2
’ (d.t.)
—|—// —Ri(aag)gﬁzi — Ra(aoy)yu22s-
Qr g

xT

Then, using the fact that a(z) = z® and o(t,z) = 0(¢)p(x), we compute the dis-
tributed and boundary terms as follows.
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LEMMA 3.2. For all 0 < a < 2, we have
1 2 2 ap? ;2
(d.t.) = —§R Oypz® — 2R 00z
Qr Qr
[
T
— R/ 0221 (22ppy + ap, )22 — R/ 0z (2P )2 22z -
Qr Qr
Moreover, for 0 < a < 1, the boundary terms (b.t.) are given by

(bt) foro<a<1= /OT {R9a2pzzi}lw:1 - /OT {RGaQszf;}w:O.

For 1 < a < 2, the boundary terms (b.t.) become

T
b.t.) for o :/ ]-29@2}995232C
b zacre [ {mnin)

T
R
+/ { = S0iap.2® = R*0,0app,2* — 2R°0°a’p; 2" + R202ap’”(ap”)”zg}\ 0
0 -

Proof of Lemma 3.1. We have

<P]%FZ7P}€Z> :Q1+Q2+Q3+Q47
where

Q1 := (Royz + R*ac?z + (a22)w, 21,
Q2 = R*(02,(a0,) 2 + 200, 2,),
Q3 := R¥(ac?z,(a0y) w2 + 200, 2,),
Q4 := R{(azz)z, (a0) 22z + 200, 24).

First term: Q.

Q= // (Ratz + R%*a02z + (azx)x> 2

// (Roy + R2a0 // Zy)x?
T
1
— [/ (Ro’t + R2aa // Ro, + R?%ac? ) 22
0

1
—|—/ [azxzt} —// AZy 2ot
0 0 T
1 1 1 T
= [/ (Rat + Rzaag) . azi}
0 2 2 0

— // ) %(Rot + Rzaai)tf + /OT [azmzt};.
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By (3.2), the terms integrated in time are equal to zero. Hence,

(3.5) Q= /OT {azxzt}; + //T (— %Ratt — R2a010m>z2

Second term: Qo.

= // Utz<(aax)xz + 2(10',7;335) =R // Ut(agx)xz2 + agta’m(ZZ)ﬂC
T T
T 1
_ R? // ot(aax)wZQ—l—Rz/ [aatawzﬂ _R2? // (aO'tU:E):L'ZQ

Therefore,

(3.6) Q2

T 1
Rz/ {aotamzz} — R? // A0 4Ot 22.
0 0 T

Third term: Q3.

Qs =R3 // aaiz((aaw)xz + 2aazz$) =R3 // aaiz((aowz)x + aaggzw)
T T
T
= R3/ [a ai’ - R? // (a022) a0,z + R? // a’032z,.
0 T T

Thus,

(3.7) Q3 = R? /T [a20322 - R? // ao,(ao?),2?
0 T

Last term: Q4.

Qi = R//T(azm)m (404)uz + ZaJmZm)

—R/ azg(aoy)z2 —R// azm (a0z)z2 —|—R// O'x azx
T T Z'
= R/ [a(aam) 22z —R// a(aoy)p22 + a(a0y) s 22e
0 T

T
+ R/ [amazz2 — R// amwani.
0 Qr

Consequently,
1
(3.8) Q4—R/ aaz) 22 + a20.2 2}

—R// aa z—R// a(a0:)pa 22y
Qr UJC Qr

Finally, Lemma 3.1 follows from (3.5)—(3.8). 0
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Proof of Lemma 3.2. With a(z) = z® and o(t,z) = 6(¢)p(x), the distributed
terms (d.t.) can be computed as follows:

(d.t.) = —fR/ Opp=? —2R2/ 00,x°p22* — R? // 032%p, (2¥p2) 1 2*
Qr T
— R/ (z pm) z —R/ O0x* (2%Ds ) wa 220
Qr Pz Qr

= —*R/ 975th2 —2R2/ 99@0‘ 2 2
2 Qr Qr

_ RS // 93x2a71(2xpm6 +0£Pz)p9252’2
T
— R/ 0% (2ap,0 + apy )22 — R/ 0x(2%Py) 20220
Qr Qr

On the other hand, also taking into account the fact that z(¢,1) = 0, the boundary
terms (b.t.) become

T T
(b.t.) = / {Rﬁazpng}l T / {azmzt + R%0,0app, =* + R393a2p;°’c 2
0 z= 0
+ Rba(apy)zzzs + RHanxzi}‘ N

Now, for 0 < a < 1, use the fact that z(¢,0) = 0 to obtain

T

T
bt)foro<a<t = / {RGanxzi} — / {R0a2pxz§} )
0 lz=1 0 |z=0

Similarly, for 1 < a < 2, recall that (az;)(t,0) = —RO(t)(ap,z)(t,0) to conclude that
T T 52
(bt)fori<a<z = / {R9a2pmz§} + / {RGapx (>
0 |m:1 0 2 t
— R?0,0app,2° — R303a*p3 2% + R%*0%ap,(apy).2* — R303a*p3 2 2}‘ .
=0
Hence
T T R
(bt) forl<a<2 = / {R0a2pzzz} + / { - *atapmzz
B 0 le=1 0 2
— R?0,0app,2* — 2R303a*p3 22 + R292apx(apx)xzz}‘ . d
3.3. Bounds from below. Let us first define

4
vte (0,T),  6(t):= <t(T1_t)) .

Observe that 0 satisfies the following properties:

16| < c0°'* < ch? and 04| < c03/? < cf3.
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Next, let us recall that « € [0,2) and let us choose

2 1,2704
Vx € [0,1], =
re01) P = G
Then
— gl -1-a) _,
px(l‘): 29— pa:x(x)f ;_a)
Hence
2$pa:a: + APy = _xl_a
and
(%p)s = 2:704; thus (2%pg)pe =0.

With this choice of § and p, the distributed and boundary terms can be first computed
and then estimated as follows.
LEMMA 3.3. For all a € [0,2), the distributed terms (d.t.) become

_ R 2 R 2—a 2
(dt) = (2 — a)z / o HttZ + 2(2 — Q)Q //QT 0ttx z
2 2 3
- LQ/ 00,2° 2% + RiQ/ 032 2" + R/ 22,
(2 - a) QT (2 - a) QT QT

For 0 < a < 1, the boundary terms (b.t.) become

I I
b.t.) tor = —— {Rg 2} / {RH l+a 2} '
(b:t:) forosa<a 2—aj, % |x:1+2—a 0 T |z=0

For 1 < a < 2, the boundary terms (b.t.) become

I ) T RO,
(bt) for1<a<2= —5—— ; {Rezz}lwzl + /0 {mm
OR20,0 , R0 . ., 2R . ., R
C2—ap” T 2=apt T Tazap” Tt gmap™ }\w:o'

LEMMA 3.4. For all a € [0,2), the distributed terms (d.t.) and the boundary
terms (b.t.) satisfy, for R large enough (depending on a and T'),

1 R3 // 3
dt.)> ——-—= 3222+ ZR on‘zi,
( ) 4 (2 — Oé)Q Qr 4 Qr

(bt) 2 — i . /OT {Rezi}lpl.

Proof of Lemma 3.3. The conclusion follows from the above choice of p and the
expressions of (d.t.) and (b.t.) given in Lemma 3.2. 0
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Proof of Lemma 3.4. Let us first analyze the distributed terms. Recall that, owing
to Lemma 3.3,

(dt) = — — a // HttZ + 2 — a / Gttx %z

2
— i/ 00,2222 + 72/ 322 22+ R 0x22
(2 - a) QT (2 - a) Qr QT

Since the two last terms are nonnegative, we only need to estimate the three other
terms. We begin with the second term: since |6;;| < c63/? < 63, we have

R cR
0 2—a 2 < // 93 2—a 2
‘2(2(1)2/% B T R L A
S 1R3/ 93x2—a22
4(2-a) J)or

for R large enough. Next, using |06;] < ch¥4 < cf3, we also obtain a bound of the

third term for R large enough:
2
< 2cR - // 03 22— 52
(2 — Oé) Qr

2
‘ 2R // 091,2042
2 —)?

Therefore,

R / 5 1 R3 / 3 9 g 9 / 9
3.9 dt))> ———— Oz + = —-- P 2+ R 0x“z
B0 @)= ~5=00 [, P ae—ae /o, or

It remains to bound the first term on the right-hand side above. First let us observe
that the solution w of (2.4) belongs to L?(0,T; H}(0,1)) by Theorem 2.1. Since
z = e~ By, some direct computations imply that z also belongs to L2(0,T; HL(0,1)).

Next we write
S

R
2 // ex(oz 2)/3 2) (031,270122)1/4
— a)?
SECR // gpla=2)/3,2 St // 032 ,2
455 2—a)

As this point, we separate the case & = 1 from the other ones. This case is peculiar
since Hardy’s inequality (Lemma 2.1) does not hold for a* = 1.

In the case a # 1, we observe that z(@=2)/3 < zo—2 (since a < 2), and we apply
Lemma 2.1 with a* = « # 1 (z satisfies the assumptions of Lemma 2.1 for almost
every t since it belongs to L?(0,T; H:(0,1))) to obtain

(3.11) // 0x(2=2/3,2 < // 0222 < % // G 22
T T (a B 1) T
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In the case o = 1, we apply Lemma 2.1 with a* = 5/3 and then use the fact that
2%/3 < x to arrive at a similar conclusion:

. . 4 .
a—2)/3.2 _ —1/3,2 5/3,2
(3.12) //THJC( )3 —//Tﬂa: 1322 < @ 1) //Tez /32

< 9/ Oxz2 = 9/ 022,
Qr Qr

In both cases, combining (3.10) with (3.11) or (3.12), we deduce

R // 2 / // 2 cR // 3 2—a_2
T —— Ouz”| <ec'R 0“2 + ———— 0oz "%z
‘ (2 - a)Q QT " Qr 453(2 - a)2 Qr

for some constant ¢/ > 0. Then, for € small enough and R large enough, we have

R // 2 1 / 5, 1 R // 3 2-a_2
3.13 —_— 0271 < =R 0x%2; + - — 0°x "z,
(3.13) ‘ 2-a)?))o, 4 Or 12-0a) /),

Summing up, we obtain by (3.9) and (3.13)

1 R? 3
(dt) > 772// 632222 fR/ 0222 > 0,
4 (2 — O[) Qr 4 Qr

We now turn to the boundary terms. In the case 0 < a < 1, there is nothing else
to do since, by Lemma 3.3,

(b.t.) for0<a<l = D) i o /OT {Rezi}W:l + Qia /OT {R9$1+azg}ll_:0

T
= 72ia/0 {Rezz}\zzl'

In the case 1 < a < 2, we recall that, by Lemma 3.3,

1 T ) T RO,
bt)for1<a<2 = —2_a/0 {Rezx}lle + /O { (2(2—0[)

2R*0,0  R*0,0 g2 ﬂx%a + RQGQ) x22}
2-ap @-opF" ' @-aF =02 )" iz

Thus, applying Lemma 3.5 below (since z € H1(0,1) for almost every t), it follows
that, for almost every t € (0,7,

r23(t,x) -0 asx —0.

Hence,

1 T )
E) for1cacy = — D
(0t) for1<a<2 2_@/0 {]:iﬁzw}lmz1

LEMMA 3.5. Let a € [1,2) be given. Then, for allv € HL(0,1),

(3.14) rv?(z) =0 asxz — 0.
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Proof. Let v be given in H}(0,1). By the definition of H!(0,1) in the case
1 < a < 2, we know that v € L?(0,1) and vav, = x*/?v, € L?(0,1). Then
zv? € LY(0,1). Moreover,

(zv?), = v* + 2200,
with v € L'(0,1) and with zvv, = (z'~%/?v) (z*/?v,) € L'(0,1). Hence, zv? €

W11(0,1). Thus, 20> — L > 0 as z — 0T. Finally, L = 0 since L # 0 would imply
v & L?(0,1). This completes the proof. |

3.4. Conclusion. From Lemmas 3.1 and 3.4 we obtain, for all 0 < a < 2,

(Pi 2, PR 2) = (d.t.) + (b.t.)

T
> cR? // 032222 + cR // 022 — c’/ {RQZ?C}
T T 0 le=1

for some constants ¢,¢’ > 0. By (3.4), we have

|fe R = [|PR 2] + | PRzl + 2Pz Prz) > 2Pz Py)

T
> cR3 // 322 —|—CR// Oz z —c / {RHZ } .
T T 0 lz=1

We recall that o(t,z) = 0(t)p(r) and p,(z) = —2'17%/(2 — ). Hence, %2 =
Bz 272 = %22, Moreover, w = e'*?z. Thus, w, = Rozef*?z + ¢/ z,. There-
fore,

R393x2_aw2+R9xawi < R332 ¢2Ro 2 +R9xa( 0.262RJZ 4 ¢2Ra 2)

< C(R303 2-a 2R0 2 | pooo2Ro 2).

O

// R303 2maw? 4 ROz w2 )e 20 < c// f?e _QRU—‘rC/ {Rﬁzi}‘ v

Moreover z,(z = 1) = (e 7w, )(z = 1) since 2(z = 1) = 0. It follows that

// (R393x2*aw2 + Rexo‘wi)e*QR
T
T
< c/ f2€72RU—|—C/ {RG@fQRUwi} . ]
Qr 0 lz=1

4. Proof of Theorem 2.3 (observability inequalities). Theorem 2.2 yields
a Carleman estimate for the solutions of (2.5).

LEMMA 4.1. For all 0 < o < 2 and all T > 0, there exist positive constants,
Ry, C,c > 0, such that, for all vr € L*(0,1), the solution v of (2.5) satisfies, for all

R > R07
T .1 T
/ / (R(%cavi + R393x2_a02)6_20R9 dxdt < C/ / v2dxdt.
o Jo 0 Juw
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Let us put off the proof of the above lemma and proceed with the reasoning.
Multiplying the equation in (2.5) by v; and integrating by parts, we get

1
O:/ (vt+(zavw)x)vtdx
0
1 1 1 1d [t
:/0 vfdx—i— [mo‘%vt}o—/o VU, dx > —§£/0 xavidx.

1 - .
Therefore t — [; v dx is increasing and

1 1
/ %, (0,2)? do < / %, (t,2)? dx vVt € [0,T].
0 0

Integrating over [T'/4,3T/4], we have

1 o [3T/4
/xvz(Ox —/ /ajvmtaj dxdt
0 T Jr4

3T/4
/ 930 vy (t, ) 2 e 2R qrdt.

I /\

Hence, owing to Lemma 4.1,

1 T
(4.1) / 2%v,(0,2)? do < C/ / v dxdt. 0
0 0 w

Proof of Lemma 4.1. Let w = (xo,21) with 0 < zp < 27 < 1 and consider a
smooth cut-off function ¢ : R — R, such that

0<¢(z)<1 VzeR,
Y(x)=1 for x € (0, (2z9 + x1)/3),
P(z) =0 for z € ((wo + 221)/3,1).

We define w := 1v where v is the solution of (2.5). Then w satisfies

wy + (awy )y = (a1Py0)s + Vpav, =: f, (t,z) € Qr,
(42) w(t,1) =0, te (0,7),
. L { w(t,0) =0 for 0 < a < 1, cO.1)
(awz)(t,0) =0 for 1l <a <2, T

Therefore, applying Theorem 2.2 and using the fact that w = 0 in a neighborhood of
2 =1 (hence w,(1,t) = 0), we have, for all R > Ry,

/ / (Rexaw§+R3o3x2*aw2)e*2R“ dedt < C / / e~ 27 f2ydt.
T T

Then using the definition of ¥ and in particular the fact that ¥, and 1, are supported
inw = ((2zo + x1)/3, (o + 2x1)/3), we can write

= ((awzv)w + wxavxf = (awwmv + 2a1p, v, + awmv> Xor < C(0* 4+ 02)Xur»
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since the function a, is bounded on w’. Hence

T
(4.3) // (RGxawg + R393x2_0‘w2>e_2R‘7 dzdt < C/ / e 217 (v2 4 v?)dxdt,
T 0 w’

where w’ 1= ((2x0 + 21)/3, (xo + 2x1)/3). At this point, let us apply the following
standard estimate, to be proved later on.
LEMMA 4.2 (Caccioppoli’s inequality). For all R > 0,

T T
/ / e 2Rop2dadt < C(R,T)/ /Ule‘dt.
0 w’ 0 w

Let us continue with the proof of Lemma 4.1. The proof of Lemma 4.2 will be
given later. By (4.3) and Lemma 4.2, we obtain a bound for v on (0, (2xg 4+ x1)/3) of
the form

T r(2zo+z1)/3
/ / (R(%avi + R393x2_°‘02)6_2R" dzdt
o Jo

T r(2z0+z1)/3
= / / (R@xawi + R303x2_aw2) e 28 dydt
o Jo

T
< // (Rﬁa:o‘wi + R393332_°‘w2)6_2R” dxdt < C’R/ / v2dxdt.
T 0 w

Hence,

T r(2zo+z1)/3 T
/ / (Reac"vi + R393x2_a02)6_260R9 dzdt < CR/ / vzdxdt,
o Jo 0 Jw

where ¢y = max {p(z);z € [0,1]} = 2/(2 — a)?.

Now, to complete the reasoning, one has to recover a similar inequality on the
interval ((zg + 221)/3,1). But the equation is uniformly parabolic on such a domain.
Therefore, the well-known Carleman estimate for the nondegenerate case (see [26])
yields, for R large enough,

T 1 T
/ / (Rﬁvi + R393U2)6_261R9 dzxdt < CR/ / v2dxdt
0 J(zo+2x1)/3 0 Jw

for some constant ¢; > 0. Indeed it is sufficient to apply the classical Carleman
estimate to the function o = pv in the space interval ((2z¢o+2z1)/3,1), where p: R = R
is some smooth cut-off function, such that

0<p(x)<1l VzeR,
1 for x € ((xo + 221)/3,1),
p(x) =0 for z € (0, (2z0 + x1)/3).

Hence we obtain

T 41 T
/ / (RGxavi + R393x2_°‘02)6_2C1R9 dxdt < CR/ / v2dzxdt.
0 (xo+221)/3 0 w

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Combining the above estimates and using Lemma 4.2 to bound the integral on
the middle interval, we obtain

T 1 T
/ / (Rax%ﬁ+R393x2*%2)e*2®39 dedt < Cg / / v2dxdt,
0 0 0 w

where ¢y = max (¢g, ¢1). d
Proof of Lemma 4.2. Consider a smooth function £ : R — R such that

0<{(z)<1 VzeR,
1 for x € W',
&(x)=0 for x € w.

Then, for all R > 0,

/; dt/ g? —ZRO' 2 //T_ZEZRO- e—?RU 2_"_252 —QRO'
_ _2/ £2R0_t672Ro’ 2 2/ 52 —2Ro (avz)z
Qr
:_2/ §2RU€ 2Ro 2+2// 2RU szm
Qr T

= 72/ E2Roe 272 4 2// QR" )0V, + §2672R”av3.
QT T
Hence,

2/ £2e7 2o gp2 = 2/ E2Rove2Roy? — 2// a(€2e7 2R o,
Qr Qr T

=2 [| ot [ (ﬁge—Rovw) (va “2?0)
e
< 2/QT£ Roye=2Ro4? +//QT 52 _21:;’ /QT 220,
Therefore,
/QT e Moq? < 2//T§2Rate—2R%2+//T(\/6%v)2
<C(R,T)/0T/wu2

5. Proof of Theorem 2.4 (controllability result). By standard arguments,
the null controllability result stated in Theorem 2.4 follows from (2.7). Hence it
remains to prove (2.7). For a # 1, we apply Hardy’s inequality (Lemma 2.1) with
a* = a to deduce from (2.6) that

1 1 T
/ (0, z)? do < C/ %,(0,2)? do < C/ / vidadt.
0 0 0 Juw
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In the case of @ = 1, from (2.6) we deduce that, for all 0 < n < 1,

1 1 T
/ o 0,(0,2)? de < / 20, (0, )% dr < C’/ / vidxdt.
0 0 0 Ju

Now, applying Hardy’s inequality (Lemma 2.1) with o* =1 + 7, we obtain

1 1 T
/ 2" (0, 2)? de < C’/ 20, (0,2)? de < C’/ / v2dzdt.
0 0 0 Juw

In both cases, (2.7) follows. 0

6. Proof of Lemma 2.1 (Hardy’s inequalities).
First case. 0 < a* < 1. Since z is absolutely continuous on (0,1), we have

2

|z(x) — z(a)\Q = </ Zx(s)5(3*7)/45(*3+7)/4 ds>

< (/: z$(s)2$(3*7)/2 ds) (/w s(=3+7)/2 ds),

€

where we denote v := 2 — a* € (1,2]. Letting ¢ — 0", we get

|Z(JZ)|2 < (/ Z£(5)23(37’Y)/2 dS) (/ S(*3+’)’)/2 dS)
0 0
Therefore
1 1 T x
/ xa*,Qz(x)Q dx < / Y (/ Zx(8)28(3*7)/2 dS) (/ S(*3+’Y)/2 dS) dx
0 0 0 0
1 z (v=1)/2
/ x (/ 2g(5)2s(377)/2 ds) —
0 0 (v—1)/2

1 1
_ 2 Zz(s)%(sfv)/z(/ L(=r-1)/2 dx) s
Y= 1 0 s

2 1 s(1=7)/2 4 L,
(s = 7/ s 2,(s)% ds.
<=1, Gonp® = aoap), T

Second case. 1 < a* < 2. Denoting v := 2 — o* € (0,1), we have

1 . 1 1 1
/ 2" 25(2)? do S/ - (/ 2 (5) 255112 ds) (/ S(=3+7)/2 ds) i
0 0 T

x

1 1 —(1-7)/2
< / x 7 (/ 2g(5)2s377)/2 ds) R
0 T (1 - 7)/2

1 s
N (/ e dx) ds
L=~ Jo 0

4 LR 4 Vo e
SW‘/O ZI(S) s“7Vds = m/o s¢ ZI(S) ds. 0
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