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Abstract

We give explicit closed combinatorial formulas for the parabolic Kazhdan-
Lusztig R-polynomials of the tight quotients of the symmetric groups. We give
two formulations of our result, one in terms of permutations and one in terms
of Motzkin paths. As an application of our results we obtain explicit closed
combinatorial formulas for certain sums and alternating sums of ordinary

Kazhdan-Lusztig R-polynomials.

1 Introduction

In their fundamental paper [11] Kazhdan and Lusztig defined, for any Coxeter group
W, a family of polynomials, indexed by pairs of elements of W, which have be-
come known as the Kazhdan-Lusztig polynomials of W (see, e.g., [9, Chap.7] or [2,
Chap.5]). These polynomials play an important role in several areas of mathematics,
including the algebraic geometry and topology of Schubert varieties and representa-
tion theory (see, e.g., [2, Chap.5], and the references cited there). In order to prove
the existence of these polynomials Kazhdan and Lusztig introduced another family
of polynomials, usually called the R-polynomials, whose knowledge is equivalent to
that of the Kazhdan-Lusztig polynomials.

In 1987 Deodhar ([5]) introduced parabolic analogues of all these polynomials.
These parabolic Kazhdan-Lusztig and R-polynomials reduce to the ordinary ones

for the trivial parabolic subgroup of W and are also related to them in other ways
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(see, e.g., Proposition 2.2 below). Besides these connections the parabolic polyno-
mials also play a direct role in several areas including the theories of generalized
Verma modules ([4]), tilting modules ([13], [14]), quantized Schur algebras ([17]),
Macdonald polynomials ([8], [7]), Schubert varieties in partial flag manifolds ([10]),
and in the representation theory of the Lie algebra gl,, ([12]).

The purpose of this work is to study the parabolic Kazhdan-Lusztig R-polynomials
for the tight quotients of the symmetric groups. These quotients were first intro-
duced and studied by Stembridge in [16], who classified them for the finite Coxeter
groups. For the symmetric groups S,, the tight quotients are the ones obtained
by deleting either a single node (maximal quotients) or two adjacent nodes in the
Dynkin diagram of .S,,. The parabolic Kazhdan-Lusztig R-polynomials for the max-
imal quotients of the symmetric groups have been computed in [3], here we complete
the computation of the parabolic R-polynomials of the tight quotients of the sym-
metric groups by dealing with the other ones. More precisely, we obtain explicit
combinatorial product formulas for these polynomials. We give two formulations of
our result, one in terms of permutations and one in terms of Motzkin paths. As
an application of our results, we obtain combinatorial closed product formulas for
certain sums and alternating sums of ordinary Kazhdan-Lusztig R-polynomials.

The organization of the paper is as follows. In the next section we recall defini-
tions, notation and results that are used in the rest of this work. In §3 we prove our

main result, and derive some consequences of it.

2 Preliminaries

In this section we collect some definitions, notation and results that are used in the
rest of this paper. We let P o {1,2,3,...} and NP U{0}. For m,n € N, m > n,
we let [n,m] & {n,n+1,...,m —1,m} and [n] & [1,n] (where [0] & §). The
cardinality of a set A will be denoted by |A|. For S C N we write S = {s1,..., 8k}«
to mean that S = {s1,...,s,} and s1 < s9 < -+ < 5. If P is a statement then we
let x(P) % 1if P is true and x(P) & 0 if P is false. For i,j € N we let d;; be the
Kronecker delta.

Given a set T we let S(T) be the set of all bijections 7 : T — T, and S, % S([n]).
If o € S, then we write 0 = a; ---a, to mean that o(i) = a; for all i € [n]. We

also write o in disjoint cycle form (see, e.g., [15], p.17) and we usually omit writing
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the 1-cycles of o. So, for example, if o = (9,7,1,3,5)(2,6) then o(1) = 3, 0(2) =6,
o(3) = 5, o(4) = 4, etc... Given 0,7 € S, we let o7 ¥ ¢ o7 (composition of
functions) so that, for example, (1,2)(2,3) = (1,2, 3).

Let n € P. By a Motzkin path of length n we mean a function M : [0, n] — Z such
that M(0) =0 and M(j) — M(j — 1) € {0,1,—1} for all j € [n]. If j € [n] then we
call M(j)— M(j—1) the j-th step of M and say that such a step is up (respectively,
horizontal, down) if M(j) — M(j — 1) = 1 (respectively, 0, —1). We will usually
depict a Motzkin path by its diagram. So, for example, the Motzkin path depicted
in Figure 1 is the Motzkin path M : [0,9] — Z such that (M(1),...,M(9)) =
(1,0,—-1,-1,0,0,—-1,—2,—1).

Figure 1.

We follow [9] and [2] for general Coxeter groups notation and terminology. In
particular, given a Coxeter system (W, .S) and u € W we denote by ¢(u) the length
of u in W, with respect to S, and we let D(u) % {s € S : f(us) < £(u)} and
co (=)™, For u,v € W we let £(u,v) < ¢(v) — ¢(u). We denote by e the
identity of W, and we let T o {usu™' : u € W, s € S} be the set of reflections of
W. Given J C S we let W; be the parabolic subgroup generated by J and

W Ly e W l(su) > ((u) for all s € J}. (1)

Note that W% = I. We always assume that W is partially ordered by Bruhat order.
Recall that this means that x < y if and only if there exist » € N and ty,...,t, € T
such that ¢, ---tyx =y and £(t;---t1x) > l(t;_y---tyx) fori=1,... 7.

The following result is due to Deodhar, and we refer the reader to [5, §§2-3] for

its proof.

Theorem 2.1 Let (W,S) be a Coxeter system, and J C S. Then, for each x €
{—1,q}, there is a unique family of polynomials {R:;%(q)}uvews € Zlq| such that,
for all u,v € W7

i) R(q) =0 ifu Lo,

i) Ryi(q) =1



iii) if u < v and s € D(v) then

Ri%,a(0), ifus < u,
Rina) =\ (0= DRI(@) + aRl(0), i u<use W,
(q—1—2)R%.(q), ifu<usg W

The polynomials R;%(q), whose existence is guaranteed by the previous theorem,
are called the parabolic R-polynomials of W of type z. It follows immediately from
Theorem 2.1 and from well known facts (see, e.g., [9, §7.5]) that k%7 (q) (= R%4(q))
are the (ordinary) R-polynomials of W which we will denote simply by R, ,(q), as
customary. The parabolic R-polynomials can then be used to define and compute
the parabolic Kazhdan-Lusztig polynomials of W7 of type z (see [5, Proposition
3.1]).

The parabolic R-polynomials are related to their ordinary counterparts also in

the following way.

Proposition 2.2 Let (W, S) be a Coxeter system, J C S, and u,v € W7. Then

BRI (q) = > (=2)" ™) Ryuu(q),

weWy

forall z € {—1,q}.

A proof of this result can be found in [5, Proposition 2.12].
There is one more property of the parabolic R-polynomials that we will use and

that we recall for the reader’s convenience. A proof of it can be found in [6, Corollary
2.2).

Proposition 2.3 Let (W, S) be a Cozeter system, and J C S. Then

qZ(um)Ri#II) (1) = (—1)€(u,v)R;{v;1(q)
b q '
for allu,v € W,

It is well known (see, e.g., [2, Chap. 1]) that the symmetric group S, is a Coxeter
group with respect to the generating set S = {s1,..., 8,1} where s; = (4,7 4+ 1) for

all i € [n — 1]. The following result is also well known (see, e.g., [2, §1.5]).
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Proposition 2.4 Let v € S,,. Then

(v) = [{(i,5) € n]* +i < j,v(i) > v}

and
D) ={(,i+1)eS:v()>v(i+1)}

For k € [n] and U,T C [n] such that |U| = |T| = k let U =< T if and only if
u; < t; for all i € [k] where {uy,...,ux}< 77 and {t1,...,tx}< 4f 7 Note that

U < T if and only if

{jzr:jeTH={j=r:jeU} (2)
for all r € [n]. The following result is well known (see, e.g., [2, Theorem 2.6.3]).
Theorem 2.5 Let u,v € S,,. Then the following are equivalent:
i) u<wy
i) u([5]) 2 v({5]) for all j € [n—1];
iii) w([j]) 2 v([j]) for all j such that s; € D(u).

Our purpose in this work is to study the parabolic R-polynomials of the tight
quotients of the symmetric groups. These quotients were first introduced and studied
by Stembridge in [16], who classified them for the finite Coxeter groups. For the
symmetric groups S,,, the tight quotients are the ones obtained by deleting either
a single node (maximal quotients) or two adjacent nodes in the Dynkin diagram of
Sp. The parabolic R-polynomials for the maximal quotients have been computed
in [3], in this work we complete the computation of the parabolic R-polynomials of
the tight quotients by dealing with the other ones.

Let n € Pand 2 < i < n— 1. For simplicity, we let S® % (8,)% where
J; def {81,82, -+, 8i-2,Sit1,---,Sn—1}- It follows immediately from (1), Proposition

2.4 and well known facts (see, e.g., [2, Proposition 1.4.2]) that
SO —fveS,:v ()< - <o (-1, v (i+1)<---<vi(n)} (3)
For u,v € S and r € [n] we let
ar0) S G >r: jev i i— -G >r: jew -1} (@)
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and

~ def . . _ . . . _ .

ar(u,v) S |G >r jgev (W) - >r: jeu ([} (5)
So, for example, if n = 9, ¢ = 5, u = 162357489 and v = 657182394

then (ai(u,v),...,a9(u,v)) = (0,1,1,2,2,2,1,1,1) and (a;(u,v),...,a9(u,v)) =
(0,1,0,1,1,2,1,1,1). Note that

ap(u,v) +1, ifu=t(i) <k <v71(3),
ap(u,v) =9 ap(u,v) —1, if v71(i) <k <u (i), (6)

ag(u,v), otherwise,

for all k € [n].

Proposition 2.6 Let u,v € SW. Then u < v if and only if a,(u,v) > 0 and
ar(u,v) >0 for all r € [n].

Proof. It is well known (see, e.g., [2, Cor. 2.2.5]) that v < v if and only if
u~t < vt Therefore we conclude from (3) and Theorem 2.5 that v < v if and only
if w'([i —1]) 2 v7([i —1]) and w~'([i]) =< v~!([i]). The result then follows from
(2), (4), and (5). O

3 Main result

In this section we prove our main result and derive some consequences of it. More
precisely, we obtain explicit combinatorial product formulas for the parabolic R-
polynomials of S{V). As an application of our results, we derive explicit combinatorial
formulas for certain sums and alternating sums of ordinary Kazhdan-Lusztig R-
polynomials.

For u,v € S we define
D(u,v) € o7 (i = 1) \ (i 1)),

and

D(u,v) = v ([i]) \ w([i])-
So, for example, if n = 9,7 =5, v = 657182394, and u = 162375489, then D(u,v) =
{6,9} and D(u,v) = {2,9}. Note that D(u,v) = D(u,v) if u='(i) = v=1(4).
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Theorem 3.1 Let u,v € S, u <wv. Then

utn (1 — g+ cqg oY) [T @—q=®), if u'(i) <v7l(3),
keD(u,v)

utn (1 — g+ cg 0@y T (1= ¢®@)), if u=' (i) > v (i),
keD(u,w)

J'vq —
Rufv -

where ¢ < Ou=1(3),0-1(3) -

Proof. We proceed by induction on ¢(v) > 0, the result being easy to check if
¢(v) = 0. So assume {(v) > 0. Let s € D(v), say s = (j,7+1). Then v(j) > v(j+1)
and hence, since v € SU, v(j) > i > v(j + 1). Note that it follows immediately

from our definitions that

ar(u,v) = ar(u,vs) = ax(us,vs) (7)
and

ar(u,v) = ag(u,vs) = ax(us,vs) (8)

for all k € [n]\ {j+ 1}. We will use these facts throughout the proof often without
explicit mention. For simplicity, we write “R,,.” rather than “R;’Jf” for all w, z €
S0,

Assume first that u=1(i) < v~1(7). There are two main cases to consider.
i) v(j+1) <.
There are then six cases to consider.

a) u(j) >i>u(j+1).
Then v > us, (us)™1(i) < (vs)7'(i), D(u,v) = D(us,vs) # j + 1, and

O(us)~1(i),(vs)~1()) = Ou-1(i)w-1() SO We have from Theorem 2.1 and our induc-

tion hypotheses that

Ru,v = Rus,vs
= 5usgvs(1 —q+ 6(us)71(i)7(vs)71(i) qa(us)il(i)(u&m)—i—l) H (1 - qak(u&m))
keD(us,vs)
= cuty (1= g+ 6umrpomr g e O T (1= @),
keD(u,v)

and the result follows since a,-1(;)(u, v) = ags)-1()(us, vs) if u='(i) = v71(7).
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b) u(j) >i=u(j+1).
Then v(j) > i, u > us, (us)~ (i) < (vs)~L(i), D(us,vs) = (D(u,v)\{j+1})U

{j}, so we have from Theorem 2.1 and our induction hypotheses that

R“:U = Rus,vs
= cuen(l—g) I (=g

k€D (us,vs)

= 48, (1 —q) (1 — gusve)) I1 (1 — @)y,
keD(uw)\{G+1}

and the result follows since a;(us,vs) = a;41(u,v).

c) i <u(j) <u(j+1).
Then w < us & S, u=(i) < (vs)~1(i), D(u,vs) = (D(w,v) \ {j +1}) U {j},
Ou=1(3),(vs)~1 (i) = Ou-1(i),v-1(i)> 50 We have from Theorem 2.1 and our induction

hypotheses that

Ru,v = _Ru,vs

= —cutus (1= ¢+ 61y o1 ¢ O T (1= ™)
keD(u,vs)

= et (1= g+ by i g O (1 - gat)

H (1 . qak(u,v)>’

keD(u,v)\{j+1}

and the result follows since a;(u,vs) = a;1(u,v) and u='(i) # j + 1.

d) u(j)=i<u(j+1)
Then u < us € S, u™1(i) + 1 = (us)™1(3) < (vs)~1(3), D(u,vs) = (D(u,v)\
{j + 1}) U {j} = D(US,US), 5u*1(i),v*1(i) = 5(us)*1(i),(vs)*1(i)- Furthermore,
aj+1(us,vs) = a;+2(u,v) so, by (6), (7), (8) and Proposition 2.6, us < vs.

Hence we have from Theorem 2.4 and our induction hypotheses that

Ru,v = qRus,vs + (q - 1)Ru,vs
= (1- q)2(_5u5v8) H (1- qak(uws))
keD(u,vs)

+  QEus€us (1 —q+ 5(us)71(i)7(vs)71(i) qa(us),l(i)(us,vs)—i-l)

H (1 . qak (us,vs))

keD(us,vs)



= 4ty (1 = )* + q(1 — g + Sy-1yn-10s) g9 U509+

(=g L (=g,
keD(u,v)\{j+1}

and the result follows since a;1;(us,vs) + 1 = a;j(u,v) = a;j+1(u,v).

e) u(j)<u(j+1) <.
Then u < us € SW, u='(i) < (vs)~'(i), D(u,vs) = D(u,v) F j + 1,

Ou-1(0)0-1(5) = Ou-1(3i),(ws)-1(s) and we have from Theorem 2.1 and our induc-

tion hypotheses that

Ru,v = _Ru,vs
= —E&yfus (]- —q + 5u*1(i),(vs)*1(i) qauil(i)(um‘S)—i_l) H (1 - qak(umS))
keD(u,vs)
= Euy (]- —q + 5u*1(i),v*1(i) qauil(i)(%v)—‘rl) H (1 - qak(wv)%
keD(u,v)
as desired.

£) u(j) <i<wu(j+1).
Then u < us € SY, (us)™'(3) < u™'(i) < v7'(i) < (vs)~'(3), D(u,vs) =
D(u,v) \ {j + 1}, D(us,vs) = (D(u,v) \ {j +1}) U{j}, and by =
O(us)~1(3),(vs)~1()) = Ou-1(i),(ws)-1(s)- Then from Theorem 2.1 and our induction

hypotheses we have that

Ru,v = qRus,vs + (q - 1)Ru,vs
= (q - 1)5u5vs(1 —q+ 5u*1(i)»(vs)*1(i) qa“ﬂ(i)(u’vs

T (1= ™) 4 x(us < v5) gasns
k€D (u,vs)

(1 —q+ 5(us)*1(i),(vs)*1(i) qa(uS)*l(i)(us’US)"‘l) H (1 _ qak(us,vs))
keD(us,vs)

= et (1= q) + x(us < vs) g(1 — ¢%>)))

(1 —q+ 5u*1(i),v*1(i) qau71(i)(u,v)+l) H (1 . qak(u,v)>
keD(uv)\{j+1}

)+1)

where we have used the fact that, if §,-1(;) ,-1¢;) = 1, then ™' (¢) = (us) (i) #
j + 1, and the result follows if us < wvs since a;j(us,vs) +1 = aj41(u,v). If
us £ vs then, by (6) and Proposition 2.6, a;4+1(us,vs) < 0. But a;4+1(us, vs) +

1 =aj+1(u,v) — 1 =aji9(u,v) so a;+1(u,v) = 1 and the result again follows.
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ii) v(j+1) =1

There are then seven cases to consider.

2) u(j) > i > uj+1).

Then we conclude as in case i)a) above.

b) u(j)=1i>u(j+1)

Then u > us, (us)~'(i) > (vs)~'(i), D(us,vs) = D(u,v) # j 4+ 1 so we have from
Theorem 2.1 that

Ru,v — Rus,vs - €u5€vs(1 — q) H (]_ — q&k(usvvs))
keD(us,vs)

= cu& (1 —¢) H (1- qak(um))a
keD(u,v)

as desired.

c) i <u(j) <u(j+1).

Then u < us € S, u='(i) < (vs)~'(i), D(u,vs) = D(u,v) # j + 1, and the result
follows from Theorem 2.1 and our induction hypothesis.

d) u(j)=i<u(f+1).

Then u < us € SW, u™'(i) = (vs)~1(i) < (us)~'(i), D(u,vs) = D(u,v) & j + 1,

D(us,vs) = D(u,v) U {j}. Then by Theorem 2.1 and our induction hypothesis we
have that

Ru,v = qRus,vs + (q - ]-)Ru,vs
= (¢ Dewens(l =g+ g9 I (1 — =)

keD(u,vs)
+q X(US < Us)gusgvs (1 - Q) H (1 - q&k(U&US))
keD(us,vs)
= o (l—q) [[ (1—g»")
keD(u,v)

(1 o q_'_qaj(u,US)—l—l "‘(]X(US < ’US)(l . q&j(us,vs)»’

and the result follows if us < vs since a;(u,vs) = a;(us,vs). If us £ vs then, by
(6) and Proposition 2.6, @;41(us,vs) < 0. But a;+1(us,vs) = a;(u,vs) — 1 so, by

Proposition 2.6, a;(u,vs) = 0 and the result again follows.
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e) u(j) <u(j+1)<i

Then we conclude as in case i)e) above, except that 6,-1(:).,-1() = 6u-1(:),ws)-1 (1) = 0

in this case.
£) u(j) <i<u(j+1).

Then u < us € SO, (us)~'(i) = v'(i) < (vs)~'(i), D(u,vs) = D(u,v) =
D(us,vs) # j+1. Furthermore, a;1(us, vs) = a;j+1(us,vs) = a;(u,v) so, by Propo-
sition 2.6, us < vs and we have from Theorem 2.1 and our induction hypotheses

that

R“vv = qRus,vs + (q — 1) Ru,vs
= (—utus)(1 —q)? H (1 — gow(wes))

k€D (u,vs)
bewtwa(img) [ (1 g
keD(us,vs)
= Euly (1 - Q) H (1 — qak(“v”))’
k€D (u,v)

as desired.

g) u(j) <i=u(j+1)

Then u < us € SW, (us)™1(i) = (vs)~1(i) < u='(i), D(us,vs) = D(u,v) % j +
1, D(u,vs) = D(u,v). Furthermore, a; i(us,vs) = a;i1(us,vs) = a;(u,v) so,
by Proposition 2.6, us < vs and we have from Theorem 2.1 and our induction

hypotheses that

Ru,v = qRus,vs + (q - 1)Ru,vs
= (—cucus)(1 — q)2 H (1- q&k(uws))

k€D(u,vs)
+q Eustrs(1 — g + g 5w M a- gk s
k€D (us,vs)
— (= 0P gl =g g T (1 g0,
k€D (u,v)

and the result follows since a;(us,vs) + 1 = a;j41(u,v).

Assume now that u=!(i) > v~!(i). There are again two main cases to consider.
i) v(j) > 1.
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There are then five cases to consider.
a) u(j) >u(j+1).

Then u > us, u(j + 1) <, (us)~'(i) > (vs)~(i), D(us,vs) = D(u,v) ¥ j + 1, so
by Theorem 2.1 and our induction hypotheses we have that
Ru,v - Rus,vs = Eus€us (1 - Q) H (1 - q&k(U&US))'
k€D (us,vs)

and the result follows.
b) i <u(j) <u(j+1).

Then u < us ¢ S, u='(i) > (vs)~'(i), D(u,vs) = (D(u,v)\ {j +1}) U {5}, so by

Theorem 2.1 and our induction hypotheses we have that

RU,U = _Ru,vs = —Eufus (1 - q) H (1 - qak(UWS))

keD(u,vs)

= €46 (]_ _ q) (1 _ q&j(u,vs)) (1 o q&k(u,v))
k€D (uw)\{j+1}

and the result follows since a;(u, vs) = aj11(u, v).
c) u(j) <i<u(j+1).

Then u <us € S, (uf)_l(z) > u (i) > v (i) > (vs)7'(i), D(u,vs) = D(u,v) \
{j + 1}, D(us,vs) = (D(u,v) \ {j + 1}) U {j}. Hence, by induction and Theorem

2.1 we conclude that

Ru,v = (q - 1)Ru,vs +q Rus,vs
= (—€ubus)(1 — q>2 H (1- q&k(u’vs))
k€D(u,vs)

teuscosx(us <vs)(1—q)q  J] (1 — g™sv?)
keD(us,vs)

= eu&(1 —9q) II (1 — g )
keD(u,v)\{j+1}

(1 —q+ qx(us < 'US)(]_ _ q&j(us,vs)))

and the result follows if us < vs since a;(us,vs) + 1 = a;41(u,v). If us £ vs then,
by (6) and Proposition 2.6, @;4+1(us,vs) < 0. But a;41(us,vs) = @j41(u,v) — 2 =
aj+1(u,vs) — 1, so we conclude from Proposition 2.6 that a;i(u,v) = 1 and the

result again follows.
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d) u(j) <u(j+1)<i

Then u < us ¢ SO, u='(i) > (vs)~'(i), D(u,vs) = D(u,v) # j + 1, so the result

follows from Theorem 2.1 and our induction hypotheses.
&) ulj) <u(j+1) =i

Thenu < us € SO, v(j+1) <4, u="(i) > (us)~1(i) > v='(i) = (vs)~(i), D(u,vs) =
D(u,v) = D(us,vs) # j+ 1. Furthermore, a;,(us,vs) = a;41(us, vs) = a;(u,v) so,
by Proposition 2.6, us < vs. Hence by Theorem 2.1 and our induction hypotheses

we have that

Ruy = qRusws+(q—1)Ryus
= (_guevs) (]- - q>2 H (1 — qdk(u,vs))

keD(u,vs)
+€u85vsCI(1 - Q) H (1 — qak(usvvs))
keD(us,vs)
= Eucv (1 — q) H (1 _ qdk(u,v))
k€D(u,v)

and the result follows.
i) v(j) = 1.
Then u(j) # i and there are six cases to consider.

a) u(j) >i>u(j+1).

Then u > us, (us)~'(i) > (vs)~'(i), D(us,vs) = (D(u,v)\ {j}) U {j + 1}, so by

Theorem 2.1 and our induction hypotheses we have that

Ru,v = Rus,vs = Eusus (1 - Q) H (1 - q&k(us,vs))

keD(us,vs)

= e (- —g ) [ (=g
keD(u)\{j}

and the result follows since a; ;1 (us, vs) = a;(u,v).
b) u(j) >u(j+1)=1.

13



Then u > us, (us)~(i) < (vs)~'(i), D(us,vs) = D(u,v) # j+1, so by Theorem 2.1
and our induction hypotheses we have that

Ru,v = Rus,vs = EusCus (1 - Q) H (1 - qak(us,vs))

keD(us,vs)

= eu&y (1 —¢q) H (1- q&k(uw))
keD(u,v)

as desired.

c) i <u(j) <u(j+1).

Then u < us & SO, u='(i) > (vs)~(i), D(u,vs) = D(u,v) > j + 1, so by Theorem
2.1 and our induction hypotheses we have that

Ru,v = _Ru,vs = —&yufus (1 - q) H (1 — q&k(u,vs))

keD(u,vs)

= cue (=g (L—gnt) [ (1-gn0),
keD(uw)\{j+1}

and the result follows since a;41(u, vs) = a;j41(u,v).
d) u(j) <u(j+1)<i.

Then u < us & SO, u='(i) > (vs)"'(i), D(u,vs) = D(u,v) ¥ j + 1, so by Theorem

2.1 and our induction hypotheses we have that

Ru,v = _Ruﬂ)s = —Euus (]- - Q) H (1 _ q@k(u,vs))

keD(u,vs)
and the result follows.
e) u(j) <u(j+1) =1
Then u < us € SO, (us)~'(i) = v='(i) < (vs)~'(i) = u='(i), D(u,vs) = D(u,v)
j+ 1, D(us,vs) = D(u,v) U {j} so by Theorem 2.1 and our induction hypotheses

we have that

Ru,v = 49 RU&US + (q - 1) Ru,vs
= —€ufus (1 _ q) (qaj+1(u,US)+1 —q+ 1) H (1 . qak(u,vs))

k€D (u,vs)
tax(us S vs)eysens (1 —q) [ (1 — g=@svs))
k€D (us,vs)
= Eu&yp (1 — q) H (1 _ q&k(u,v))

k€D (u,v)
(gt — g+ 14 g x(us < vs)(1 — )
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and the result follows if us < vs since a;(us,vs) = aj41(u,vs). If us £ vs then, by
(6) and Proposition 2.6, a;j4+1(us,vs) < 0. But a;1(us,vs) = a;j41(u,vs) — 1, so we

conclude from Proposition 2.6 that a;;;(u,vs) = 0 and the result again follows.
£) u(j) <i<u(j+1)

Then u < us € SO, (vs)~1(i) < u='(i) = (us)~'(i), D(u,vs) = D(u,v) > j + 1,
D(us,vs) = (D(u,v) \ {j + 1}) U {j}. Furthermore, @;,,(us,vs) = a; 2(u,v) so,
by (6) and Proposition 2.6, us < vs. Then by Theorem 2.1 and our induction

hypotheses we have that

Ru,v = (q - 1) Ru,vs +q Rus,vs
= —Eufus (1 . q)2 H (1 . q&k(u,vs))
keD(u,vs)

tgeusces (L—q)  JI (1 — g™t
keD(us,vs)

= e.6 (1—9q) 11 (1 — ¢ o)
keD(u,v)\{j+1}

((1 _ q) (1 _ q&j+1(u,vs)) +q (1 _ qdj(us,vs)))

and the result follows since a;11(u,vs) = a;(us,vs) = a;41(u,v).

This concludes the induction step and hence the proof. O

We illustrate the preceding theorem with two examples. Suppose n =9, ¢ = 5,
u = 162578349 and v = 657819234. Then u~'(5) = 4 > 2 = v~ 1(5), D(u,v) =
{2,5,9}, (aa(u,v),as(u,v),ag(u,v)) = (1,2,1) so by Theorem 3.1 we have that
R4 = (1—¢)*(1 —¢%). On the other hand, if u = 123567489 and v = 617582394
then u=1(5) = 4 = v=1(5), D(u,v) = {6,9}, (as(u,v), ag(u,v), ag(u,v)) = (2,2,1)
so by Theorem 3.1 R;)%7 = —(1 —q+¢*)(1 — ¢)(1 — ¢*).

From Proposition 2.3 we obtain the following “dual” version of Theorem 3.1.

Corollary 3.2 Let u,v € S, u < wv. Then

n

¢ (1= g gt 0@ ) T (1= ge®),if um (i) < vm'(d),
keD(u,v)

¢ (1= g g O (1= ), i) 2 07 ),
k€D(u,v)

J'v_l _
Ru?v -

where ¢ < du—1(i)0-1()- O
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If the first element is the identity, only one of the integers appearing in Theorem

3.1 is sufficient to determine the corresponding polynomial.

Corollary 3.3 Let v € SU. Then
k
Rgf;)qzsv(l—qjtdvl ¢ Hl—q

and

Rg,izl_l = qé(v)(l - q_l + 51}*1(2' z k- 1 H 1 - q

where k %< a;(e,v) if i <o) and k ¥ G (e, v) if i > v71(i).

Proof. We have that D(e,v) = {j > i : v(j) < i} and hence that |D(e,v)| =
a;(e,v). But, for all r € D(e,v), a.(e, ) {j >r: v(j) < i} =|D(e,v)N[r,n],
so the result follows from Theorem 3.1 if i < v='(4). Similarly, D(e,v) = {j > i :
v(j) < i} so |D(e,v)| = d41(e,v). But, for all r € D(e,v), a(e,v) = |{j > r :
v(j) < i}| = |D(e,v) N [r,n]|, and the result again follows since d;41(e,v) = a;(e, v)
if i =v71(7). O

It is an open problem, in the theory of the (ordinary) R-polynomials, to know if
given u,v € W there exists w € W such that R, ,(q) = Rew(q) ([1]). The last three
results (and simple examples) show that, in general, this is false for the parabolic
R-polynomials of S

As a further consequence of our main result we obtain combinatorial closed prod-

uct formulas for certain sums and alternating sums of ordinary R-polynomials.

Corollary 3.4 Let u,v € SW, u <wv, and x € {~1,q}. Then

Z (_x)ﬁ(w) Rwu,v =

wG(Sn)Ji

£(u,v z? z? aufl(i)(u’v)—i—l
(q—x—1)% )<1—7+c(?) )

reD(u,v)

(-2 =10 (1= 2 e (2)70 T (1= ()7 i@ 2 0),
)

where ¢ déf 5u*1(i),1}*1(i)-

Proof. This follows immediately from Theorem 3.1, Corollary 3.2 and Proposition
2.2. 0
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We conclude by giving a geometric interpretation of our main result. Given
u € S we associate to u a Motzkin path, which we denote by M,, with n — i up,
1 — 1 down, and 1 horizontal steps, in the following way. For 1 < 57 < n the j-th
step of M, is down (respectively, horizontal, up) if and only if u(j) < i (resp., = i,
> 1). So, for example, if n =9, i =5, u = 123657489 then M, is the Motzkin path
depicted in Figure 2. Note that, if u,v € S%, then D(u,v) (resp., D(u,v)) is the
set of all j € [n] such that the j-th step of M, (resp., M,) is down (resp., up) and
the j-th step of M, (resp., M,) is not.

Figure 2.
Proposition 3.5 Let u,v € S%. Then

Mv<j—1>—Mu<j—1>J :{ a;(u,v), if u\(i

2 a;(u,v), if u=t(i

for j € [n]. In particular, uw < v if and only if M,(j) > M,(j) for all j € [n].

(9)

Proof. Let j € [n|. Clearly, M,(j — 1) equals the difference between the number
of up steps and down steps among the first j — 1 steps of M,. Therefore, by our

definitions

M,(j —1) {reli—1: vlr)>di|-Hrelj—1]: v(r) <}
= n—2i+1—{reljn]: v(r)>i}|+|{reljn]: vir) <i}|)
= j=2i+2+{reljn]: or)<i}|+ |{r€jn]: v(r) <i}.

Hence, by (4), (5), and (6)

M,(j—=1)—M,G—-1) = aj(u,v)+a;(u,v)
2ai(u,v)+ 1, if u™t(i) < 7 <vl(i),
— 2a;(u,v)+ 1, if v7(i) < j <ut(d),

a;(u,v) + a;(u,v), otherwise,

and (9) follows since a;(u, v) = a;(u,v) if either j < u=*(2),v™(¢) or u=1(2), v1(3) <
J. The second statement follows immediately from (9), (6), and Proposition 2.6. O

We can now give the following geometric reformulation of Theorem 3.1.
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Figure 3.

Corollary 3.6 Let u,v € S, u <wv. Then

\\NIU(U 1(2‘)71)71V1u(u 1(1’)71)J 1
J'
R1 f’l’)q - éufv 1 q + Cq 2

H <1 B qLMu(jl)zMu(jDJ) ’
Jj€D(u,v)

def def R —1/- def 7~
where ¢ = 6y-1(1y0-13:), D(u,v) = D(u,v) if u=' (i) <v7'(i) and D(u,v) = D(u,v)
if w”l(i) > v (2).

Proof. This follows immediately from Theorem 3.1 and Proposition 3.5. O

So, for example, if n = 9, i« = 5, u = 123657489 and v = 671829345 then
the two Motzkin paths M, and M, are depicted in Figure 3, u=(5) < v7'(5),
D(u,v) = {5,8}, M,(4) — M,(4) = 4 and M,(7) — M,(7) = 3 so we have from
Corollary 3.6 that R;%¢ = —(1 — ¢q)*(1 — ¢*).

Acknowledgments. I would like to thank John Stembridge for suggesting the
tight quotients as a natural next step after the maximal quotients and for useful

suggestions and conversations.
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