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Abstract

We prove that the chiral propagator of the deformed N = 4 SYM
theory can be made finite to all orders in perturbation theory for any
complex value of the deformation parameter. For any such value the
set of finite deformed theories can be parametrized by a whole complex
function of the coupling constant g. We reveal a new protection mech-
anism for chiral operators of dimension three. These are obtained by
differentiating the Lagrangian with respect to the independent cou-
pling constants. A particular combination of them is a CPO involving
only chiral matter. Its all-order form is derived directly from the finite-
ness condition. The procedure is confirmed perturbatively through
order g6.
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1 Introduction

Recently, following [1, 2, 3], there has been a renewed interest in the deformed
N = 4 supersymmetric Yang-Mills (SYM) theory. It has the same field
content as N = 4 SYM, namely (in an N = 1 formulation) a gauge superfield
V and a set of three chiral matter superfields ΦI , I = 1, 2, 3, all in the adjoint
representation of the gauge group SU(N). What distinguishes the deformed
theory from N = 4 SYM is the deformed superpotential

W = g κ tr
(

Φ1 [Φ2, Φ3]ω
)

, (1)

where g is the N = 1 SYM coupling constant and the deformed commutator
is defined as

[A, B]ω = ω AB − BA . (2)

The parameter κ can be considered real (its phase can be absorbed into a
redefinition of ΦI), while ω is in general complex. The undeformed N = 4
SYM is recovered when κ = ω = 1. Although in principle both κ and ω can
be taken as Taylor series expansions in powers of g2 around g = 0, in most of
the recent literature [4, 5, 6, 7, 8] the case of constant ω has been commonly
considered.

The main feature of the deformed theory is that, despite the breaking
of N = 4 supersymmetry down to N = 1, it can be made finite (and thus
conformal) by imposing a condition on the parameters g, κ, ω. The search
for finite N = 1 theories has a long history [9, 10, 11, 12, 13]. In the most
general case one considers a superpotential of the Yukawa type

YijkΦ
iΦjΦk , (3)

where i, j, k are combined color and flavor indices, and Yijk is a set of complex
couplings. These theories are finite if all beta and gamma functions vanish.
In the matter sector βY and γY are related through the non-renormalization
of the chiral vertex [14, 15], so it is sufficient to demand the vanishing of the
matrix of gamma functions of the chiral superfields, γΦ(g, Y )i

j = 0. This is
a set of conditions on the couplings which are to be adjusted order by order
in perturbation theory. The existence of a solution in the general case has
been studied in [11, 12].

The superpotential (1) is a particular case of (3) with the interesting fea-
ture that all matter gamma functions are equal due to the Z3×Z3 symmetry
of the potential1. So, it is enough to impose a single finiteness condition

γΦ(g, κ, ω) = 0 (4)
1The most general superpotential with this property was found in [1, 16]; see Section

3.2.4 for more details.
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to ensure that the matter propagators and couplings do not undergo infinite
renormalization. This feature of the so-called “β–deformed N = 4 theory”
with superpotential (1) was essential for finding its gravity dual in [3] and
for the subsequent development in the context of the AdS/CFT correspon-
dence [17, 18].

The question about the vanishing of the propagator corrections and of
the beta function in the N = 1 gauge sector of theories with the super-
potential (3) is more subtle. A three-loop result is available [10], but its
generalization to all orders [13, 1] relies on the existence of the so-called
“exact β function” [19].

The first steps in the study of the perturbative aspects of the deformed
theory with superpotential (1) were made in [4], with a particular accent
on the chiral primary operators (CPO) in the theory. Subsequently, the
condition for finiteness were established at two loops in [5] and at three
loops in [6]. An all-order condition in the large N limit was found in [7].
The set of CPOs (“chiral ring”) of the deformed theory was further studied
in [5, 6, 7, 8].

In the present paper we concentrate on two particular perturbative issues
in the deformed N = 4 SYM theory.

In Section 2 we investigate the finiteness properties of a theory with
superpotential W, deformed by a g-dependent deformation parameter. For
future convenience we shall write it in the form2

Wκ, ω = g
{

κω(g) tr
(

Φ1 [Φ2, Φ3]ω
)

+ κΩ(g) tr
(

Φ1 [Φ2, Φ3]Ω
) }

+ g
{

κω(g) tr
(

Φ†
1 [Φ†

3, Φ
†
2]ω̄
)

+ κ̄Ω(g) tr
(

Φ†
1 [Φ†

3, Φ
†
2]Ω̄
) }

, (5)

where ω is a complex constant3, ω̄ is its complex conjugate and Ω and Ω̄ are
defined as

Ω = −
N2 − 2 + 2 ω̄

(N2 − 2) ω̄ + 2
, Ω̄ = −

N2 − 2 + 2 ω

(N2 − 2) ω + 2
. (6)

The main result of Section 2 is the proof that for any complex constant ω
and any complex function κΩ(g) satisfying κΩ(0) = 0, there exists a unique

function κω(g), such that the chiral propagator is finite to all orders in per-
turbation theory, with the consequence that the chiral field has a vanishing

2The trace is over the color indices of the fundamental representation of the SU(N)
gauge group. The generators, T a, of the fundamental representation are normalized ac-
cording to tr(T aT b) = 1

2
δab.

3The g-dependence of the deformation parameter is hidden in the terms proportional
to [ , ]Ω. Indeed one can rewrite (5) in the form of (1) with a g-dependent deformation
parameter ω(g).
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anomalous dimension. To be precise, since we shall always compute the dif-
ference between the quantities in the deformed theory and in N = 4 SYM
(which corresponds to κω = ω = 1, κΩ = 0), everywhere in this paper by
“finite” we actually mean “as finite as in N = 4 SYM”. We derive the ex-
plicit form of the finiteness condition at order g6 for any number of colors
N , and at order g8 in the planar N → ∞ limit. We also briefly discuss the
corrections to the three-point vertices.

In Section 3 we study a particular type of CPO of dimension three, namely

OF = tr
(

Φ1Φ2Φ3
)

+ α tr
(

Φ1Φ3Φ2
)

, (7)

which is a mixture of the two terms in the superpotential. Its existence was
revealed in [4] where the one-loop value of the mixing coefficient α was deter-
mined through a direct two-point function computation. This one-loop result
was confirmed in [5, 6] and in [8] it was shown that α is not corrected at two
loops. We compute the three-loop correction to the value of α. However,
the main purpose of Section 3 is to show that α can in fact be determined
without graph calculations, but directly from the finiteness condition (4).
The key observation is that the quantum corrections to the correlators of
composite operators, i.e. their derivatives with respect to each independent
coupling, are generated by the insertion of very special CPOs of the type
I = a tr(W 2)+b tr(ΦΦΦ) (here tr(W 2) is the N = 1 SYM chiral Lagrangian).
The latter are obtained by differentiation of the chiral part of the Lagrangian,
taking into account the relation among the couplings. To do this we rewrite
the superpotential in the form W = f tr (Φ1[Φ2, Φ3]) + d tr (Φ1{Φ2, Φ3}) and
treat the holomorphic couplings f, d as independent, while g is determined
from the finiteness condition γΦ(g, f, d, f̄ , d̄) = 0. The derivatives with re-
spect to f, d give rise to two CPOs If,d. We can say that If,d generate
quantum corrections along the tangent directions to the surface in the mod-
uli space defined by γΦ = 0. Then the operator OF is simply the linear
combination of If and Id such that tr(W 2) drops out. This means that the
form of OF to all orders is directly determined by the corresponding finite-
ness condition γΦ = 0. When restricted to three loops, the general formula
exactly reproduces the result of our graph calculation. Also, we can imme-
diately explain the observation of [8] that α is not corrected at two loops -
it simply follows from the fact that γΦ has no two-loop contribution. In Sec-
tion 3.2.4 we generalize the construction of OF to the most general deformed
theory which is made finite by a single condition [1, 16].
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2 All-order perturbative finiteness

Before proceeding, let us briefly motivate our conventions. The two deformed
commutators [ , ]ω and [ , ]Ω in eq. (5) are just a conventional choice of basis
in the two dimensional space of color structures (alternative to fabc and dabc,
which correspond to the choices ω = 1 and Ω = −1, respectively). The
explicit form of Ω given in eq. (6) is determined by the requirement that
[ , ]Ω and [ , ]ω̄ are orthogonal in the sense that

∑

c,d

tr(T a [T c, T d]Ω) tr(T b [T d, T c]ω̄) = 0 , (8)

and similarly for Ω̄ and ω. This implies also the vanishing of the color con-
tractions of the ω and Ω̄ (as well as the ω̄ and Ω) terms in the superpotential
Wκ, ω of eq. (5). Note also that if ω is a pure phase |ω| = 1, then also |Ω| = 1.
The real function κω(g) and the complex function κΩ(g) have a power series
expansion in g2 that we find useful to cast in the form

κω(g) =
∞
∑

n=0

κ(n)
ω (g2N)n , (9)

κΩ(g) =
∞
∑

n=1

κ
(n)
Ω (g2N)n . (10)

Note that by assumption κΩ(0) = 0, while κω(0) = κ(0)
ω 6= 0. At each order in

g2 the general superpotential Wκ, ω depends on 3 real parameters. For n > 0

they are κ(n)
ω (real) and κ

(n)
Ω (complex), while for n = 0 we choose them to be

κ(0)
ω (real) and ω (complex). As we shall see, this choice allows us to express

in a compact form the solution of the condition for the perturbative finiteness
of the chiral field propagator to all orders.

2.1 The chiral propagator to all orders

We start by reconsidering the order g2, g4 and g6 conditions for finiteness of
the chiral propagator in the theory with the general superpotential Wκ, ω of
eq. (5) (the order g6 condition in the case of the superpotential of eq. (1) was
found in [6]).

Let us write the action of the deformed theory in the form

Sκ, ω = S0 + Sv + SWκ, ω
, (11)

where S0 contains the free kinetic terms and Sv is the part of the standard
N = 4 SYM action involving the couplings of the gauge superfield V (includ-
ing the gauge-fixing term). Finally, SWκ, ω

is the part of the action involving
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the deformed superpotential Wκ, ω given in eq. (5). In this notation the action
of the undeformed N = 4 SYM theory reads (κω = ω = 1, κΩ = 0)

Sg = S0 + Sv + SWg
. (12)

In the deformed theory the lowest θ components of the order g2n correction
to the propagator of the chiral superfield4 〈Φ1

a(x1, θ1)Φ
†
1 b(x2, θ̄2)〉, can be

compactly written in the form

G2n
κ, ω(x1, x2) = 〈eSv+SWκ, ω

∣

∣

∣

g2n
φ1

a(x1)φ
†
1 b(x2)〉 , (13)

where by eSv+SWκ, ω |g2n we denote all terms of order g2n in the expansion of
the exponent. The similar computation, which in N = 4 SYM reads

G2n
g (x1, x2) = 〈eSv+SWg

∣

∣

∣

g2n
φ1

a(x1)φ
†
1 b(x2)〉 , (14)

is know to give a finite result [20]. Hence, if the computation of the difference

δG2n(x1, x2) = G2n
κ, ω(x1, x2) − G2n

g (x1, x2) , (15)

gives a finite result, then also G2n
κ, ω(x1, x2) will be finite. Note that comput-

ing the difference is much simpler than each term separately, since most of
the vector field contributions cancel out. In particular, as far as the chiral
propagator is concerned, up to order g6, effectively only the superpotential
contributes to the difference (for the details see [6]), leaving the quantities

δG2n(x1, x2) = 〈
(

eSWκ, ω

∣

∣

∣

g2n
− eSWg

∣

∣

∣

g2n

)

φ1
a(x1)φ

†
1 b(x2)〉 , (16)

to be evaluated for n = 1, 2, 3.
Moreover, at each perturbative order we just have to take into account the

primitive divergent superdiagrams (i.e. those which do not contain divergent
subdiagrams). The only two such contributions to (16) up to order g6 are
shown in Figure 1 and they are both logarithmically divergent [21]. The
first has the topology of the one-loop diagram. The second is a genuine
three-loop (nonplanar) diagram. It is present only in the deformed theory,
because the corresponding color factor in N = 4 SYM is zero. Owing to
the chiral structure of the superpotential there are no primitive divergent
two-loop superdiagrams.

4Because of the Z3 symmetry of the action, all three chiral superfields are on the same
footing, so our choice of the flavor index is conventional.
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Figure 1: The one-loop and the three-loop diagrams.

As we said, there is a single divergent superdiagram at order g2. Thus
finding the finiteness condition at this order reduces to a simple color con-
traction problem. The relevant color contractions are

∑

c,d

tr(T a [T c, T d]ω) tr(T b [T d, T c]ω̄) = δab Cω , (17)

∑

c,d

tr(T a [T c, T d]Ω) tr(T b [T d, T c]ω̄) = 0 , (18)

∑

c,d

tr(T a [T c, T d]ω) tr(T b [T d, T c]Ω̄) = 0 , (19)

∑

c,d

tr(T a [T c, T d]Ω) tr(T b [T d, T c]Ω̄) = δab CΩ . (20)

where

Cω =
(N2 − 2)(ωω̄ + 1) + 2(ω + ω̄)

8N
,

(21)

CΩ = Cω
N2(N2 − 4)

((N2 − 2)ω + 2)((N2 − 2)ω̄ + 2)
.

The order g2 (one-loop) finiteness condition then becomes

(κ(0)
ω )2 Cω −

N

4
= 0 , (22)

or equivalently [4, 5, 6] (since Cω > 0 for any complex ω and integer N > 2)

(κ(0)
ω )2 =

2 N2

(N2 − 2)(ωω̄ + 1) + 2(ω + ω̄)
, (23)

exactly as for the simpler case of the potential in eq. (1). Let us note that
since the cancellation is due to the vanishing of the numerical factor in front
of one single diagram, both the logarithmically divergent and the finite part
contributions vanish.
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At the next perturbative order the difference between the superpotentials
of eqs. (5) and (1) shows up. Indeed, if we impose the constraint (23) (we
always choose the positive square root for the solution) the order g4 finiteness
condition reads

κ(0)
ω κ(1)

ω Cω = 0 , (24)

implying
κ(1)

ω = 0 . (25)

Note that due to the vanishing of the contractions (18) and (19) the complex

coefficient κ
(1)
Ω remains undetermined. Hence, contrary to what is said in

previous papers the superpotential Wκ, ω is allowed to contain a different
from zero order g3 term. Since the cancellation is again due to the vanishing
of numerical factors in front of each diagram, both the divergent and the
finite parts are set to zero by eq. (25).

The situation becomes more complicated at order g6, since at this order
both the genuine three-loop diagram and the one-loop diagram (multiplied
by order g4 coefficients) contribute. Thus, if we impose eq. (25), the order
g6 finiteness condition reads

2 κ(0)
ω κ(2)

ω Cω + |κ(1)
Ω |2 CΩ (26)

+
3

256

ζ(3) (k(0)
ω )6

(4π2)2

(N2 − 4)

N5
(ω − 1) (ω̄ − 1) P3(ω, N) = 0 ,

where

P3(ω, N) = ((ω2 +ω +1)(ω̄2 + ω̄ +1)−9 ωω̄) N2 +5 (ω−1)2 (ω̄−1)2 , (27)

and Cω and CΩ are given in eq. (21). Note that eq. (26) is linear in κ(2)
ω ,

so there is always a unique solution for κ(2)
ω as a function of ω, N and |κ(1)

Ω |

for any κ
(1)
Ω . Let us stress that this is the first case in which there are

(nonvanishing) contributions from two different (super)diagrams. In fact the
first two terms in eq. (26) come from the diagram with one-loop topology,
while the third term comes from the genuine three-loop diagram. Hence,
the vanishing of the divergent part does not automatically imply also the
cancellation of the (potentially scheme dependent) finite parts. Let us stress
that these finite contributions modify only the normalization of the chiral
superfield propagator. This finite correction of the normalization, which
is present only in the deformed theory (remember that all terms in eq. (26)
originate from the deformed theory), will give rise to a logarithmic divergency
at the next order (g8). Hence starting at order g8 the explicit form of the
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condition for finiteness of the chiral propagator will in general be scheme
dependent.

It is clear that one can proceed iteratively. If we satisfy all the finiteness
conditions up to order g2n, then the finiteness condition at order g2(n+1) will
schematically read

2 κ(0)
ω κ(n+1)

ω Cω + fn+1(N, ω, g, {κ(p)
Ω , p = 1, . . . , n}) = 0 , (28)

where fn+1 is a computable function and we have used the lower order

equations to express all κ(q)
ω , q = 1, . . . , n in terms of the coefficients κ

(p)
Ω ,

p = 1, . . . , n − 1. Equation (28) is linear in κ(n+1)
ω and thus it has always a

unique solution (since both κ(0)
ω 6= 0 and Cω 6= 0).

To summarize we have shown that for any complex constant ω and any
complex function κΩ(g) satisfying κΩ(0) = 0, there exist a unique (possibly
scheme dependent) real function κω(g), such that the anomalous dimension
of the chiral superfields is zero to all orders in perturbation theory5.

The question of the finiteness of the vector superfield propagator is more
subtle and is beyond the scope of this paper. It is closely related to the cou-
pling constant renormalization which we shall discuss in the next subsection.
We note that the finiteness of the vector superfield propagator up to order
g6 follows only from the order g2 and g4 conditions in eqs. (23) and (25).

2.2 The three-point vertices

Another important question which we would like to address is whether in
the deformed theory there is a coupling constant renormalization. To an-
swer this question, one has to compute the perturbative corrections to the
three-point vertex functions. There are four potentially different such vertex
functions, namely the triple chiral (or antichiral) vertex, the chiral-antichiral-
vector vertex, the triple vector vertex and the ghost-ghost-vector vertex (see
Figure 2). All four vertices in the action at tree level are proportional to g,
but only the triple chiral vertex at higher orders receives in addition to the
standard perturbative corrections also finite corrections from κ(n)

ω and κ
(n)
Ω .

Another peculiar feature of the triple chiral vertex is that its color structure
depends on g in a non-trivial way. Indeed, while the three vertices involving
the vector field are always proportional to the SU(N) structure constants
fabc, the triple chiral vertex is proportional to a linear combination of the
two deformed (by ω and Ω) commutators (see eq. (5)).

5Since the potential (5) is a special case of the general Yukawa potential (3), our
result could in principle be obtained as a particular case of [11]. However, translating the
parametrization from (3) to (5) is not an easy task. Therefore we find it useful to give the
explicit form of the finiteness condition and its solution adapted to our special case.
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Figure 2: The three-point vertices.

We recall that the triple chiral vertex function obeys a non-renormalization
theorem [14, 15] which relates the propagator and the coupling constant
renormalization factors. The triple vector vertex is related to the simpler
ghost-ghost-vector one by a Slavnov-Taylor identity [22]. A similar identity
relates the chiral-antichiral-vector vertex to the matter propagator.

For our purposes it again suffices to compute only the difference between
the values of each three-point function in the deformed theory and in N = 4
SYM. Our results can be summarized as follows.

At order g3 and order g5 all three vertices with external vector lines are
exactly equal to the corresponding ones in N = 4 SYM. Only the triple
chiral vertex receives at order g5 a finite non-planar correction from the first
(super)diagram in Figure 3. It affects both the [ , ]ω and [ , ]Ω structures
in the effective superpotential Weff [8]. In particular, the correction to the
[ , ]ω structure is

Weff |g5 , ω =
3 ζ(3) (k(0)

ω )5

32 (4π2)2

(ω − 1) (ω̄ − 1) (N2 − 4)

N2 ((N2 − 2)(ωω̄ + 1) + 2(ω + ω̄))

× P3(ω, N) tr
(

Φ1 [Φ2, Φ3]ω
)

, (29)

with P3(ω, N) defined in eq. (27), while the correction to the [ , ]Ω structure
is

Weff |g5 ,Ω = −
3 ζ(3) (k(0)

ω )5

32 (4π2)2

(ω − 1)((N2 − 2) ω̄ + 2)

N2 ((N2 − 2)(ωω̄ + 1) + 2(ω + ω̄))

×
[

N2((ω + 1)(ω̄2 − 6 ωω̄ + ω2) + 4ω(ωω̄2 + 1)) (30)

+ (ω − 1)2 (ω̄ − 1) (7(ωω̄ − 1) − 3ω + 3ω̄)
]

tr
(

Φ1 [Φ2, Φ3]Ω
)

.

At order g7 vertices behave quite differently. The ghost-ghost-vector vertex
remains equal to its N = 4 value. The other three vertices receive corrections

9



from non-planar diagrams. Whether they sum up to zero or not is an open
question6. Only the triple chiral vertex receives also finite planar corrections
coming from the second (super)diagram in Figure 3, which as explained in
the next subsection modify the chiral propagator at order g8.

Figure 3: The two-loop and the only planar three-loop contributions to the
triple chiral vertex.

2.3 The order g8 condition in the planar limit

In this subsection we shall derive the explicit form of the condition for finite-
ness of the chiral superfield propagator at order g8. We shall work in the
planar limit N → ∞, since this allows us to drastically simplify the neces-
sary calculations. Still, the essential feature, namely the fact that even in
the planar limit, unless |ω| = 1, one has to modify the coefficients in the
superpotential eq. (5) by higher powers of g, clearly shows up.

Owing to the properties of the three-point vertices, in the planar limit
(N → ∞ and g2N fixed), there are significant simplifications. On the one
hand, the order g8 correction (with respect to the N = 4 SYM value) to the
vector propagator is zero. Indeed all diagrams which contribute will contain
as a subdiagram some lower order vertex with external vector lines which, as
we mentioned in the previous subsection, vanish in the planar limit. On the
other hand the corrections to the chiral propagator will come only from the
diagram with the one loop topology shown in Figure 1 and from the planar
three-loop correction to the chiral vertex shown in Figure 3, which leads
to an order g8 planar primitive logarithmically divergent diagram shown in
Figure 4.

6To answer it one has to carefully compute the numerous three-loop super diagrams
which contribute to the various three-point functions. We shall address this issue in a
future publication.
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Figure 4: The 4-loop primitive planar diagram.

In the planar limit the finiteness conditions become

g2 : (κ(0)
ω )2 =

2

(1 + ωω̄)
, (31)

g4 : κ(1)
ω = 0 , (32)

g6 : 2 ωω̄ κ(0)
ω κ(2)

ω + |κ(1)
Ω |2 = 0 , (33)

because Ω = −1/ω̄, Ω̄ = −1/ω, Cω/CΩ = ωω̄. After imposing these condi-
tions, the cancellation of the order g8 divergencies coming from the diagram
with one-loop topology and the planar 4-loop diagram depicted in Figure 4,
leads to the condition

2 κ(0)
ω κ(3)

ω +
κ

(1)
Ω κ

(2)
Ω + κ

(2)
Ω κ

(1)
Ω

ωω̄
= ξ5

8 − (κ(0)
ω )8(1 + 6 (ωω̄)2 + (ωω̄)4)

(ωω̄ + 1)

= − 8 ξ5
(ωω̄ − 1)4

(ωω̄ + 1)5
, (34)

where ξ5 is a numerical constant proportional to ζ(5) (see also [35]), and to
obtain the second equality we used the order g2 condition of eq. (31).

It follows that even in the planar limit, in order to make the theory
finite we are obliged to fine-tune order by order in g2 the coefficients in the
superpotential. Indeed, for generic ω the above equation necessarily requires
a nonvanishing correction to the superpotential. The only exception is when
|ω| = 1, in which case the order g2 condition alone is sufficient for all order
finiteness [7].

Let us stress that eq. (34) is scheme independent, since it follows from re-
quiring the cancellation of the leading logarithmic divergencies. However, as
it involves two different (super)diagrams, the vanishing of the divergent part
does not automatically imply the cancellation of the (possibly scheme depen-
dent) finite parts. These finite corrections change only the normalization of
the chiral superfield propagator and will give rise to logarithmic divergencies
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at the next order. Hence, even in the planar limit, starting from order g10,
the explicit form of the condition for finiteness of the chiral propagator will
be scheme dependent.

Let us note also that the 5-loop discrepancy in the planar Maximally He-
licity Violating (MHV) amplitudes pointed out in [18], is actually not present
thanks to the order g8 finiteness condition in eq. (34). Indeed the vacuum
diagram considered in [18] is equivalent to the 4-loop planar correction to
the chiral propagator shown in Figure 4, which, as we have shown, can be
cancelled by fine-tuning the parameters in the superpotential.

To conclude, let us briefly comment on the freedom which the conditions
for finiteness of the chiral propagator leave. As we already noted, all the
coefficients κ

(n)
Ω remain arbitrary. Thus one simple choice is κ

(n)
Ω = 0 for all n.

In this case the superpotential in eq. (5) reduces to the simpler expression (1),
widely studied in the literature. However, as noted in [8] (see also eq. (30)),
even if we start with the simple superpotential proportional only to [ , ]ω,
the quantum corrections to the effective superpotential Weff give rise also to
contributions proportional to [ , ]Ω. This suggests that we may choose κ

(n)
Ω

to precisely cancel the quantum corrections to the effective superpotential
proportional to [ , ]Ω , obtaining

Weff ∼ tr
(

Φ1 [Φ2, Φ3]ω
)

, (35)

to all orders in perturbation theory. For the first two coefficients one finds
in this case κ

(1)
Ω = 0 and κ

(2)
Ω = −Weff |g5 , Ω/N2, where Weff |g5 ,Ω is given in

eq. (30).

3 The origin of the protected operator OF

In this section we show that among all CPOs made out of matter superfields
the protected operator OF (7) occupies a special place. It can be derived di-
rectly from the Lagrangian (46) by the so-called insertion procedure, i.e. by
exploiting the information that can be obtained in a superconformal theory
by taking derivatives of correlation functions with respect to the independent
coupling constants. Each such derivative gives rise to the insertion of a CPO
which is a combination of the SYM Lagrangian tr(W 2) and of terms from
the superpotential. In this context the protected operator OF arises as the
particular linear combination of these CPOs which does not contain tr(W 2).
We show that the form of OF is directly determined from the finiteness con-
dition γΦ = 0. We confirm this result by an explicit three-loop calculation.
The generalization to a superpotential with cubic terms

∑

I(Φ
I)3 is straight-

forward and gives rise to a family of protected operators of this type.
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3.1 Quantum corrections through insertions

Here we briefly describe a procedure which provides useful information about
the quantum corrections to Euclidean n–point correlation function (for de-
tails see [23], Chapter 6.7). Consider the expectation value

G ≡ 〈O(1) · · ·O(n)〉 =
∫

e−
∫

d4x0d4θ0L(x0,θ0,θ̄0; gi)O(1) · · ·O(n) (36)

where it is assumed that the Lagrangian depends of a set of independent
coupling constants, gi. In order to avoid irrelevant (for the present discussion)
contact terms we will always take the operators O at unequal space-time
points.

The quantum corrections to the correlator (36) can be obtained by dif-
ferentiating it with respect to the couplings gi. Each such derivative leads to
the insertion of a derivative of the action into the correlator 7

∂G

∂gi
= −

∫

e−
∫

L

[

∫

d4x0d
4θ0

∂L(x0, θ0, θ̄0; gj)

∂gi

]

O(1) · · ·O(n)

= −
∫

d4x0d
4θ0 〈

∂L(0)

∂gi
O(1) · · ·O(n)〉 , (37)

In what follows we assume that the theory is (super)conformal, i.e. all the
beta functions βgi

vanish. As we already know, in the deformed theory this
is achieved by imposing a constraint on the couplings which should be taken
into account when differentiating. We shall come back to this essential point
in Section 3.2.

Before discussing the superconformal insertion procedure, let us explain
some details about its conformal analog. To be more specific, let us consider
the simplest case of scalar operators O with n = 2. After integration over
d4θ0 in (37) and setting θ = θ̄ = 0, we obtain

∂

∂gi
〈O(1)O†(2)〉 = −

∫

d4x0 〈
∂L(x0; gj)

∂gi
O(1)O†(2)〉 , (38)

where L(x0) is the Lagrangian operator (the top component in the θ expan-
sion of L). The bare operators O in (38) are in general ill defined. Conse-
quently, they must be renormalized, unless they are protected. Let us start
with the case of a single multiplicatively renormalized operator. We will use
the notation [O](x) = limǫ→0 Ô(x, ǫ) with Ô(x, ǫ) = Z(ǫ, µ, gi)O(x, ǫ). Here

7The functional integral in (36) should be divided by
∫

e−
∫

L. Connected correlators
are automatically generated in this way by differentiation. To simplify notations we will
not explicitly indicate this.
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Z(ǫ, µ, gi) is a renormalization factor depending on the couplings gi, on the
regulator ǫ (e.g., a four-vector ~ǫ in point-splitting regularization) and on the
renormalization scale (or subtraction point) µ. O(x, ǫ) is the regularized ver-
sion of the bare operator (e.g., with the constituent fields put at distances
~ǫ). Now, suppose that the renormalized operator [O] is a conformal primary
of dimension ∆ = ∆0 + γ(gi), where ∆0 is the naive and γ the anomalous
dimension. In the point-splitting scheme we have [24]

Z(ǫ, µ, gi) = (ǫ2µ2)−γ(gi)/2 . (39)

Repeating the differentiation (38), but this time with the renormalization
factors included, we find

∂

∂gi
〈Ô(x1, ǫ1)Ô

†(x2, ǫ2)〉 = −
1

2

∂γ

∂gi
ln(ǫ2

1ǫ
2
2µ

4) 〈Ô(x1, ǫ1)Ô
†(x2, ǫ2)〉

−
∫

d4x0 〈Lgi
(x0)Ô(x1, ǫ1)Ô

†(x2, ǫ2)〉 , (40)

where for short we have set Lgi
= ∂L/∂gi. Since we are taking the derivative

of a finite quantity, the apparent logarithmic singularity in the first term of
the right-hand side of eq. (40) has to be compensated by a similar singularity
in the second term 8.

To show how this comes about we recall that two-point correlator of renor-
malized scalar operators takes the form predicted by conformal invariance:

〈[O](x1)[O]†(x2)〉 = lim
~ǫ1,2→0

〈Ô(x1, ǫ1)Ô
†(x2, ǫ2)〉 =

A(g)

(x2
12)

∆
, (41)

where A(g) is a (coupling-dependant) normalization constant. We remark
that if ∆ is an integer ≥ 2, then the distribution 1/x2∆ is singular, with a δ-
(or derivatives of δ-) function type singularity. Such contact terms become
important in the n + 1–point correlators with the insertion (37), see below.

The derivatives of the Lagrangian L with respect to the couplings must
have the right conformal weight in order to make the integral in (40) con-
formally invariant (in the limit ~ǫ1,2 → 0). In other words, we assume that
the operators Lgi

= ∂L/∂gi are conformal primaries of dimension four. This
assumption can be justified in a superconformal theory such as N = 4 SYM
or its deformed N = 1 version (see subsection 3.3).

Now, conformal invariance can also predict the form of the “regular” part
of the 2 + 1–point correlator in the last term in (40), yielding

〈Lgi
(x0)[O](x1)[O]†(x2)〉regular =

Bi(g)

(x2
01x

2
02)

2(x2
12)

∆−2
. (42)

8Our discussion about this point is similar to that in [25], except for the regularization
scheme used.
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where “regular” means x0 6= x1 6= x2. Inserting (42) into (40) leads to a
divergent integral which we regularize by splitting points 1 and 2

Bi(g)

(x2
12)

∆−2

∫ d4x0

x2
01x

2
01+ǫ1x

2
02x

2
02+ǫ2

= −π2 ln(ǫ2
1ǫ

2
2µ

4)
Bi(g)

(x2
12)

∆
+ finite part , (43)

where we have introduced the subtraction point, µ. We now see that this
term can provide the singularity which cancels the logarithm in the first term
in the right-hand side of (40), if

∂γ

∂gi
= 2π2Bi(g)

A(g)
. (44)

The conclusion is that the anomalous dimension γ(g) is controlled by
the regular part of the 2 + 1–point correlator (42). This observation, gen-
eralized to the supersymmetric case, explains why CPOs have no anoma-
lous dimension. The reason is that in both the deformed and undeformed
theories superconformal invariance forbids the existence of a nonvanishing
〈Lgi

(0)[O](1)[O]†(2)〉regular with [O] being a CPO. Consequently, such oper-
ators keep their naive dimension ∆0, i.e., they are “protected”. However,
this does not necessarily mean the total absence of quantum corrections to
the correlator 〈[O][O]†〉. Indeed, conformal invariance allows contact term
contributions to the 2 + 1–point correlator of the form

〈Lgi
(x0)[O](x1)[O]†(x2)〉contact = Ci(g)

[

δ4(x01) + δ4(x02)
] 1

(x2
12)

∆0

. (45)

The appearance of such terms is related to the general fact that the factors
1/x4 in (42) are singular distributions with a δ-function type singularity 9.
It is clear that such terms, integrated over the insertion point x0, will give
quantum corrections to the normalization A(g) of the correlator (41). This
is precisely what happens to CPOs in the deformed theory, starting at two
loops [5, 6]. In the undeformed theory the more powerful extended super-
conformal symmetry forbids even the contact terms, so there the two-point
functions of CPOs are completely protected (for more details see [26]).

We note that the above insertion procedure can be generalized in an
obvious way in the presence of mixing, i.e. when the renormalized operators
have the form Ôi = ZijOj.

9Note that in the case of CPOs with ∆0 an integer ≥ 2, an ultralocal contact term,
like δ4(x01)δ

4(x02) for ∆0 = 2, could be added to (45). We need not consider such terms
here since we are assuming x12 6= 0.
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3.2 CPOs as derivatives of the deformed N = 4 La-

grangian

3.2.1 Holomorphic form of the action. Finiteness condition

For our purposes in this section it is more convenient to rewrite the action
of the deformed N = 4 theory as follows:

S = tr
{
∫

d4xd4θ e−gV Φ†
Ie

gV ΦI

+
∫

d4xLd2θ W αWα

+
∫

d4xLd2θ
(

f Φ1[Φ2, Φ3] + d Φ1{Φ2, Φ3}
)

+
∫

d4xRd2θ̄
(

f̄ Φ†
1[Φ

†
3, Φ

†
2] + d̄Φ†

1{Φ
†
3, Φ

†
2}
)

}

, (46)

where Wα is the chiral field-strength of the gauge potential V ,

Wα = −
1

4g
D̄2

(

e−2gV Dαe2gV
)

= −
1

2
D̄2DαV + O(g) . (47)

Note that in (46) we have written the SYM kinetic term in its chiral form.
If needed, it can be rewritten as an antichiral term according to the identity
∫

d2θ W 2 =
∫

d2θ̄ W̄ 2 valid in a topologically trivial background.10 Unlike
Section 2, here we prefer to parametrize the potential by two complex cou-
pling constants, f in front of the commutator (i.e., color tensor fabc) and d in
front of the anticommutator (i.e., color tensor dabc). Both of them as well as
the gauge coupling g are treated as small perturbative parameters f ∼ d ∼ g.
To switch back to the notation of Section 2 we need to perform the change
of parametrization

f =
g

2
[(ω + 1)κω(g) + (Ω + 1)κΩ(g)]

d =
g

2
[(ω − 1)κω(g) + (Ω − 1)κΩ(g)] . (48)

The deformed theory is finite (and hence conformal) up to three loops 11

if the couplings satisfy the relation

γ(g, f, d, f̄ , d̄) = γ(1) + γ(3) = 0 . (49)
10It is more convenient, although not essential, to work with a real gauge coupling g,

therefore we do not introduce an instanton angle.
11We remark that now the counting of “loops” is somewhat different than in the pre-

ceding section. There all the couplings were expressed in terms of g, so “n loops” meant
perturbative level g2n. Here “n-loop” corrections are homogeneous polynomials of degree
2n in the couplings g, f, d.
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This is the condition for vanishing anomalous dimension γΦ of the matter
superfields Φ involving a one-loop

16π2γ(1) = 2
N2 − 4

N
|d|2 + 2N |f |2 − 2Ng2 (50)

and a three-loop

(16π2)3γ(3) = −
24ζ(3)(N2 − 4)

N3
|d|2[2(N2 − 10)|d|4−3N2(f 2d̄2+d2f̄ 2)] (51)

contributions 12 (cf. eq. (26)). The absence of a two-loop contribution is
explained by the fact that in carrying out the two- and three-loop calculation
of γΦ the one-loop condition γ(1) = 0 has been used, after which no new
condition arises at two loops. Alternatively, the calculation may be done
without imposing the one-loop condition. In this case one finds [13] a two-
loop contribution to γΦ of the form

γ(2) = γ(1) P (1) (52)

where P (1) is some homogeneous polynomial of degree two in the couplings
whose explicit form is not important for us. Similarly, γ(3) gets modified by
a term of the type γ(1) P (2) with P (2) a polynomial of degree four. Thus, the
complete version of the finiteness condition (49) up to three loops has the
form

γ(1)(1 + P (1) + P (2)) + γ(3) = 0 . (53)

Clearly, since P (1), P (2) << 1, we can multiply this equation by (1 + P (1) +
P (2))−1. In this way we recover (49), up to terms of four-loop order which
are beyond the scope of this section.

Following [13], we note that the three-loop condition γ(1) + γ(3) = 0
can be formally reduced to a one-loop condition of the type γ(1) = 0 by a
change of variables (or, equivalently, by a finite coupling renormalization).
For instance, one such change is

f → f −
9ζ(3)(N2 − 4)

64π4N2
d3d̄f̄ , d → d +

3ζ(3)(N2 − 10)

64π4N2
d3d̄2 . (54)

Finally, returning to the notation of Section 2, it is easy to see that the
condition (49) with γ(1) from (50) and γ(3) from (51), rewritten in terms of
κω,Ω(g) as indicated in (48) and expanded up to g6, is equivalent to (23) at
order g2, (25) at order g4 and (26) at order g6.

12This condition is a particular case of the finiteness condition for the most general
trilinear superpotential (3) discussed in [13]. It was obtained in its explicit form for the
case of the deformed N = 4 SYM potential in [4] at one loop, in [5] at two loops and in [6]
at three loops.
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3.2.2 Holomorphic derivatives. CPOs as generators of quantum

corrections

The general procedure which generates quantum corrections to the n-point
correlation functions (36) was described in section 3.1. The derivative with
respect to each independent coupling gives rise to an operator insertion into
the correlator, as shown in (37). Below we prove that in the specific case of
the action (46) this procedure amounts to the insertion of chiral or antichiral

primary operators.
The condition for finiteness (49) means that in our case the couplings,

and hence their variations are not independent, rather they satisfy,

γgδg + γfδf + γdδd + γf̄δf̄ + γd̄δd̄ = 0 , (55)

which implies for the variation of the n-point correlator G

δG = Ggδg + Gfδf + Gdδd + Gf̄δf̄ + Gd̄δd̄

=

(

Gf −
γf

γg

Gg

)

δf +

(

Gd −
γd

γg

Gg

)

δd + c.c. . (56)

In this equation we have treated the holomorphic couplings f and d as in-
dependent, while the gauge coupling is taken as a (real) function of them,
g = g(f, d, f̄ , d̄). This point of view is preferable here because we want to
obtain chiral operators through differentiation with respect to the holomor-

phic couplings f, d. In Section 2 we adopted the alternative (i.e. perturbative)
point of view where the gauge coupling is the universal small parameter used
in the perturbative calculations.

In order to compute the derivatives of the Lagrangian in (46) (completed
with the gauge-fixing term ξ

∫

d4xd4θ D2V D̄2V and with the ghost term)
with respect to the independent holomorphic couplings, we first absorb the
gauge coupling g into the gauge potential and the gauge-fixing parameter13

V → g−1V , ξ → g2ξ . (57)

The effect of this rescaling is that g now appears only in front of the classical
SYM term W 2 in the Lagrangian (recall (47)), while it drops out from the

13In [27] it is claimed that this redefinition of V may lead to the so-called “rescaling
anomaly”, which is used to justify the “exact” NSVZ beta function [19]. However, as
mentioned in [27], the rescaling anomaly is not seen in dimensional regularization. Here we
adopt the point of view that there exists a scheme free from such anomalies. Note also that
the rescaling of the gauge-fixing parameter ξ in (57) has no effect on the correlators (36)
of gauge invariant composite operators O.
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gauge-fixing and ghost terms. So

Lg = −
2

g
tr(W 2) , (58)

while the variation with respect to the holomorphic couplings gives

Lf = tr
(

Φ1[Φ2, Φ3]
)

, Ld = tr
(

Φ1{Φ2, Φ3}
)

. (59)

It is now clear that the total derivative of G with respect to each holo-

morphic coupling gives rise to the insertion of a chiral operator:

δG

δf
= −

∫

d4xLd2θ0 〈If(0)O(1) · · ·O(n)〉

δG

δd
= −

∫

d4xLd2θ0 〈Id(0)O(1) · · ·O(n)〉 (60)

where

If =
2γf

gγg

tr(W 2) + tr
(

Φ1[Φ2, Φ3]
)

Id =
2γd

gγg

tr(W 2) + tr
(

Φ1{Φ2, Φ3}
)

. (61)

In section 3.3 we show that the insertions I are chiral primary operators of
protected conformal dimension ∆0 = 3. Similarly, differentiating with respect
to the antiholomorphic couplings amounts to inserting antichiral operators
(to this end the SYM kinetic term should be rewritten in its antichiral form).

This result admits the following interpretation14. The finiteness condi-
tion (49) can be viewed as the equation of a real hypersurface in the complex
moduli space of the couplings. In Section 2 we chose to describe it in a para-
metric fashion, by expressing the matter couplings as functions (perturbative
power series) of the gauge coupling g. In this section we use the holomor-
phic couplings f and d as the independent coordinates on the surface whose
tangent space is spanned by the derivatives ∂/∂f and ∂/∂d. The quantum
equivalents of the tangent space vectors are the CPOs (61). Each of them
generates quantum corrections to the Green’s functions of operators in the
theory when moving along the corresponding tangent direction to the surface
of couplings.

Finally, the operator OF (7) is nothing but the linear combination of If

and Id from which the SYM term W 2 drops out:

OF =
γdIf − γfId

γd − γf

= tr
(

Φ1Φ2Φ3
)

+
γf + γd

γf − γd

tr
(

Φ1Φ3Φ2
)

. (62)

14ES is grateful to Ken Intriligator for this remark.
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The explicit form of the relative coefficient in (62) is determined by a straight-
forward calculation. From (49), (50) and (51) we find

γf + γd

γf − γd
=

N2f̄ + (N2 − 4)d̄

N2f̄ − (N2 − 4)d̄
−

9 ζ(3)(N2 − 4)

32π4
d̄ × (63)

2(N2 − 4)d̄3df − 3N2f̄ 3d2 − N2d̄2f̄ f 2 + 2(N2 − 10)d2d̄2f̄

[N2f̄ − (N2 − 4)d̄]2
.

The first term coincides with the one-loop result first obtained in [4]. The
second term is the three-loop correction; it has been obtained by expanding
(γf +γd)/(γf−γd) in f ∼ d ∼ g up to g4. The absence of a two-loop correction
in (63) (independently noticed in [8]) is due to the specific form (52) of the
two-loop contribution which allows us to rewrite the finiteness condition up
to three loops in the form (49).

3.2.3 Perturbative calculation at order g6

We have checked by an explicit computation that the operator defined in
eqs. (62), (63) has vanishing anomalous dimension at order g6. Note that
with the notation introduced in eqs. (2), (6), we can rewrite OF (up to an
irrelevant rescaling) in the form

OF ∼ tr
(

Φ1 [Φ2, Φ3]Ω
)

+ (a2g
2 + a4g

4 + . . .) tr
(

Φ1 [Φ2, Φ3]ω
)

. (64)

We have computed through order g6 the corrections to the two-point func-
tions of (the lowest θ component of) the operator OF with all the operators
it can mix with. There are only three such operators, namely

tr
(

Φ†
1 [Φ†

3, Φ
†
2]Ω̄
)

, tr
(

Φ†
1 [Φ†

3, Φ
†
2]ω̄
)

and tr(W̄ 2) , (65)

All the corrections to the two-point function of OF with tr(W̄ 2), as well
as the logarithmically divergent correction to the two-point function with
tr(Φ†

1 [Φ†
3, Φ

†
2]Ω̄) vanish by the color contractions. At order g6 the logarith-

mically divergent correction to the two-point function with tr(Φ†
1 [Φ†

3, Φ
†
2]ω̄)

comes only from the three superdiagrams depicted in Figure 5. The first two
are genuine order g6 diagrams, while the last (order g2) diagram appears mul-
tiplied by the order g4 coefficient a4 in (64). All three diagrams lead to the
same (logarithmically divergent) coordinate space integral. The cancellation
of this divergence, i.e. the vanishing of the order g6 anomalous dimension of
OF , fixes the values of a2 and a4. Exactly the same values are obtained from
(63) by rewriting it in the notation of Section 2 (see (48)) and expanding in
g up to g4.
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Figure 5: Diagrams contributing to the 2-point functions of OF at order g6.

3.2.4 General potential with a single finiteness condition

The chiral superpotential in eq. (46) has the key feature that it leads to
a single finiteness condition. The reason for this is that the matrix of γ
functions of the matter superfields ΦI is proportional to the unit matrix in
flavor space,

(γΦ)I
J = γ δI

J , (66)

so it is enough to demand γ = 0 to ensure finiteness for all fields. In [1] a
generalized superpotential with such a property was proposed in the form

f tr
(

Φ1[Φ2, Φ3]
)

+ d tr
(

Φ1{Φ2, Φ3}
)

+ k tr
(

(Φ1)3 + (Φ2)3 + (Φ3)3
)

. (67)

Here the holomorphic couplings f, d, k are subject to a single real condition
generalizing (49):

γ(g, f, d, k, f̄ , d̄, k̄) = 0 . (68)

Note that for generic values of the couplings the U(1) × U(1) symmetry of
the superpotential is broken, only U(1)R survives (in addition, there is a
discrete symmetry Z3 × Z3). It can be shown [16] that (67) is in fact the
most general superpotential of this type, up to field redefinitions in the form
of SU(3) transformations (recall that the matter kinetic term tr(Φ†

IΦ
I) is

SU(3) invariant).
Just as in section 3.2.2, the derivatives of the Lagrangian with respect to

each independent holomorphic coupling (we treat g as dependent and f, d, k
as independent) lead to insertion formulae of the type (60). This means that
the quantum corrections are now generated by the three CPOs

If =
2γf

gγg
tr(W 2) + tr

(

Φ1[Φ2, Φ3]
)

Id =
2γd

gγg
tr(W 2) + tr

(

Φ1{Φ2, Φ3}
)

Ik =
2γk

gγg
tr(W 2) + tr

(

(Φ1)3 + (Φ2)3 + (Φ3)3
)

. (69)
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From them we can form a one-parameter family (up to an overall factor) of
protected operators analogous to OF in eq. (62)

h1 tr
(

Φ1[Φ2, Φ3]
)

+ h2 tr
(

Φ1{Φ2, Φ3}
)

+ h3 tr
(

(Φ1)3 + (Φ2)3 + (Φ3)3
)

(70)

with the coefficients satisfying the relation

h1γf + h2γd + h3γk = 0 . (71)

Using the one-loop finiteness condition from [8], we immediately reproduce
their form of the dimension three protected operator.

3.3 Operator mixing. Superconformal primaries and

descendants

In this subsection we justify our claim that the chiral insertions (61) are also
superconformal primaries and hence they are protected operators (or CPOs).
We do this by examining the mixing of all the chiral terms in the Lagrangian
(SYM kinetic term and matter superpotential).

Whether an operator is primary or not is a subtle question which can
only be answered at the quantum level. In [28] a “rule of thumb” for CPOs
made out of matter superfields was proposed, which says that “an operator
is primary if it does not contain commutators of superfields under a single
color trace”. The presence of a commutator is, in fact, a signal that the
operator has been obtained from another, lower dimension operator via the
field equations, e.g., D̄2Φ† ∼ g[Φ, Φ] in the undeformed theory. However, we
know that this rule works only in the simplest cases. A counterexample are
the 1/4 BPS operators [29] which are mixtures of single and double trace
operators, the former containing commutators. This is a typical case of
operator mixing.

3.3.1 Deformation with f, d terms

In a quantum theory operators can mix if they have the same quantum
numbers. For instance, the chiral terms in the Lagrangian (46)

F = tr(W 2) , B1 = tr
(

Φ1[Φ2, Φ3]
)

, B2 = tr
(

Φ1{Φ2, Φ3}
)

(72)

are scalars of dimension 3 and of R charge 2/3 (in units in which θ has
charge 1). They also have vanishing U(1) × U(1) charges generated by the
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currents 15

VX = tr
(

2 Φ†
1Φ

1 − Φ†
2Φ

2 − Φ†
3Φ

3
)

VY = tr
(

Φ†
2Φ

2 − Φ†
3Φ

3
)

. (73)

The conservation of these currents

D2VX,Y = D̄2VX,Y = 0 , (74)

follows from the field equations of the Lagrangian (46). The conclusion of
this analysis is that the operators (72) can mix among themselves. The
combinations If,d in eq. (61) are two such mixtures. Notice that F = O(g0)
(recall (47)), while B1,2 appear in (61) multiplied by the couplings f ∼ d ∼ g.
This means that the leading term in (61), i.e. the one that survives in the
free theory (g = f = d = 0), is F , while the appearance of B1,2 is a quantum
effect.

We can construct a third mixture of the same three operators B1,2 and
F , where their roles are exchanged: B1,2 are the leading terms and F comes
about because of quantum corrections. This mixing pattern can also be
seen as originating from the so-called “Konishi anomaly” [30]. The Konishi
operator is the sum of the three matter kinetic terms in the Lagrangian (46),
K = tr(Φ†

IΦ
I). Hitting it with D̄2 and using the classical field equations, we

obtain
D̄2K = 3(f B1 + d B2) . (75)

Unlike the currents (73) the Konishi operator is not conserved and hence not
protected.

In the quantum theory the classical (non-conservation) equation (75) has
to be corrected by an anomaly term. For example, at one loop one finds

D̄2K = 3(f B1 + d B2) + ag2 F ≡ gK′ , (76)

where a is some computable numerical coefficient 16. In fact, the quantum
corrected equation defines the superdescendant of the Konishi multiplet K′.
Although not a superconformal primary, K′ is an operator with well-defined
conformal properties (conformal primary).

15For brevity the covariantizing factors e±2gV are suppressed.
16In the literature there are claims that the Konishi anomaly is one-loop exact (see,

e.g. [31]). Such claims fail to take into account the presence of the (classical) B terms
and their non-trivial mixing at the quantum level with the operator F . This is most
clearly seen if one repeats the two-loop calculation of [32] in the presence of a matter

self-coupling (ES thanks Marc Grisaru for discussions on this point). See also [34] for a
general discussion of the Konishi anomaly in the context of N = 4 SYM.
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Returning to the first two combinations (61), we can now argue that they
are superconformal primaries. Indeed, if they were descendants, we should
be able to find some lower dimensional primaries from which we could ob-
tain (61) through supersymmetry transformations (or, equivalently, through
spinor derivatives, as in (76)). Since the leading F terms in (61) are fermion
bilinears, we can only use two supersymmetries on a scalar operator of di-
mension two, or one supersymmetry on a spinor of dimension 5/2. Given the
U(1)×U(1)×U(1)R charges of B1,2, the only scalar candidates are the three
matter kinetic terms. Two combinations are the U(1) × U(1) currents (73),
which have no descendants obtained acting with D̄2. The third one is the
Konishi operator K which gives rise to the descendant K′. Similar arguments
rule out a fermionic primary. Thus, the operators (61) must be primary, and
since they are also chiral, they are protected (or CPOs).

We remark that the protected operators are orthogonal to the Konishi
descendant (the latter has a non-vanishing anomalous dimension, the former
do not), implying

〈K′ I†
f,d〉 = 0 . (77)

This condition can be efficiently used for determining the right mixture
in (76) not only at one loop, but also beyond (see [33, 34])17.

3.3.2 General deformation with f, d, k terms

In the case of the superpotential (67) the U(1) × U(1) symmetry is broken
and only U(1)R survives. This means that we can extend the set of chiral
operators (72) by adding the new terms

B3 = tr
(

(Φ1)3
)

, B4 = tr
(

(Φ2)3
)

, B5 = tr
(

(Φ3)3
)

. (78)

appearing in (67). Out of the set of six operators (72) and (78) we can form
the three protected combinations of eq. (69) and three new, unprotected
combinations. One of the latter is, as before, the Konishi descendant

D̄2K = 3 (f B1 + d B2 + 3k(B3 + B4 + B5)) + ag2 F ≡ gK′ . (79)

The two new ones are descendants of the former U(1) × U(1) currents (73)
which are not conserved anymore

D̄2VX = 3k(2B3 − B4 − B5) , D̄2VY = 3k(B4 − B5) . (80)

17In the recent paper [8] the logic has been inverted, using the orthogonality of the
protected operator OF to the Konishi descendant as a tool for determining the former from
the known form of the latter. However, experience shows that the direct determination of
the Konishi anomaly beyond one loop is not an easy task.
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If we now switch off the new deformation by setting k = 0, conservation of
currents is restored, while at the same time the chiral operators 2B3−B4−B5

and B4 − B5 become primary and thus protected.

3.3.3 Undeformed theory

In the undeformed N = 4 theory we have f = g and d = k = 0 which
restores the full SU(3) × U(1)R ⊂ SU(4) symmetry. The Konishi operator
has a scalar descendant K10 of dimension three in the 10 of SU(4). Its
SU(3) singlet projection K10/1

18 in the N = 1 formulation of the theory is
the Konishi anomaly, a mixture of B1 and F , which is the analog of K′. The
same SU(3) invariant operators B1 and F form another combination,

O10/1 = 2F − gB1 = −gIf . (81)

We observe that O10/1 is on the one hand proportional to If of eq. (61)
computed with γ = 2N(|f |2 − g2) = 0, d = 0. On the other hand, it is
a descendant in the N = 4 sense of the protected stress-tensor multiplet
O20′ . It can be obtained by making two on-shell N = 4 supersymmetry
transformations on the highest-weight chiral projection O20′/6 = tr(Φ1Φ1) of
the 1/2 BPS operator O20′ ,

O10/1 = (Q̄N=4)
2O20′/6 . (82)

It is important to realize that O10/1 is not a descendant of O20′ in the N = 1
sense. This confirms that If is a superconformal primary from the N = 1
point of view.

Finally, in the undeformed case the operator OF eq. (62) is a particu-
lar state in the SU(3) 10-plet projection O50/10 of the protected 1/2 BPS
operator O50 whose highest weight is tr((Φ1)3).

4 Conclusions

We have shown that for any complex value of the deformation parameter ω
there exists a whole family (parametrized by the complex function κΩ(g))
of conformally invariant N = 1 deformations of N = 4 SYM. In each such
theory is present a special CPO OF , of dimension three, whose explicit form
to all orders can be determined directly from the finiteness condition γΦ = 0.

18We denote by m/n the n-dimensional SU(3) projection of an m–dimensional SU(4)
multiplet.
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In the recent paper [35] the planar limit of the deformed N = 4 SYM
theory has been investigated in detail up to ten loops. Our, order g8 pla-
nar, calculation is in agreement with the four-loop formula obtained there.
However, we disagree with the conclusions of [35], where it is claimed that
the deformed N = 4 SYM can be made conformally invariant only if the
deformation parameter β is real (i.e. for |ω| = 1 in our notation). We believe
that the contradiction they find at the five-loop level is an artefact of the use
of dimensional regularization and that the solution to this problem is given
in [11, 12].
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