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Abstract We describe the "no-go” theorems recently obtained by Accardi-
Boukas-Franz in [[1]] for the Boson case, and by Accardi-Boukas in [[2]] for
the g-deformed case, on the issue of the existence of a common Fock space
representation of the renormalized powers of quantum white noise (RPWN).

1 Introduction

Classical (i.e Ito [[5]]) and quantum (i.e Hudson-Parthasarathy [[6, 3]]) stochas-
tic calculi were unified by Accardi, Lu, and Volovich in [[4]] in the framework
of Hida’s white noise theory by expressing the fundamental noise processes
in terms of the Hida white noise functionals a; and a defined as follows. Let
L2, (R") denote the space of square integrable functions on R" symmetric

under permutation of their arguments, and let F := @ - Lgym(Rn) where
if ¢ .= {2 € F, then v € C, ™ € L2 (R") and

sym

9l = 19O + 32 [ s )P ds,
n=1

The subspace of vectors ¢ = {1} € F with ¢ = 0 for almost
all n will be denoted by Dy. Denote by S C L*(R"™) the Schwartz space of
smooth functions decreasing at infinity faster than any polynomial and let
D = {y € Fly™ € 5, 3>° njypy™|? < co}. For each t € R define the
linear operator a; : D — F' by

(a))™ (s1,...,8,) = vV + 1D (¢t sy, sp)
and the operator valued distribution (cf. [[4]] for details) a;” by

1 Z” .
(arq/])(n)(slv ) Sn) = \/ﬁ 5(t — Si)@b(n_l)(sl, N T Sn)
i=1

where ~ denotes omission of the corresponding variable. The Hida white
noise functionals satisfy the Boson commutation relations

las,al) = 6(t —s)
[azvai] = [at,as]:().



In order to consider higher powers of the Hida white noise functionals we
will use the renormalization

st = e"to(t), e>0,1=23,....

A complete analysis of the choice of such a renormalization, as well as a
discussion of other possible renormalizations can be found in [[4]].

2 The Boson-Fock Case

In the Boson case the basic commutation relations, the properties of the Fock
vacuum vector ®, and the duality relations are

las,al] = 6t —s)
[af,al] = a0 =0
a® = 0

(as)" = a:[:
(O, ) = 1.

Let H be a test function space and for f € H and n,k € {0,1,2,...}
define the sesquilinear form on Dy

Bi(f) = [ra f(t)af df dt

with involution

(BE(f)" = Bu(f)-

More precisely, for ¢, 1 in Dy and k, m > 0,

<, BE(f) ¢ >= [pu f(t) < a9, af ¢ > dt.

In particular



Bi(Gf) = Jra 9(8) f(t)dt =< g, f >

In the following we will use the notation

By == Bi (X0.4)-
It was proved in [[1]] that for all £,s € R, and n,k, N, K >0

laf"af ol aX] = epoeno D KINOS af" ol ak Tk st —s) (1)
>1

N n—L
— €K 0€n0 Z KInWel=1al™ ol " gL ak 5t — s)
L>1

Multiplying both sides of (1) by test functions f(¢)g(s) and formally in-
tegrating the resulting identity (i.e. taking [ [ ... dsdt), we obtain the com-
mutation relations for the Renormalized Powers of White Noise (RPWN)

BX(9). BL(f)]
= 3 bu(Kon) BEGTHE) S ik N) BN @) ()

L>1 1>1
where n, k, N, K € {0,1,2,...},
€ng =1—0nk
where 9, is Kronecker’s delta and
bm<y7 Z) = €y0€0YT 2 Cz—1

where the factorial powers £ are defined by

W i=z(z—-1)--(z—y+1)

with 2(®© = 1. In what follows we will use the notation

By == Bg(x1)
where I C R with u(I) < +oo is fixed. Moreover, to simplify the no-

tations, we will use the same symbol for the generators of the RPWN Lie
algebra and for their images in a given representation.
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Theorem 1 (No-Go Theorem for Boson RPWN). Let £ be a Lie x—sub-
algebra of the RPWN Lie algebra with the following properties:

(i) L contains By, and Ba" where the noise operators are defined on the
same interval I and BY(x1) = p(I).
(ii) the B satisfy the commutation relations (2) .

Then L does not have a Fock representation if the interval I is such that

1

N(1)<E

Proof 1 If a common Fock representation of the B} existed, one should be
able to define inner products of the form

< (a B3"(x1) + b (Bg(x1))*)®, (a Bg"(x1) + b (Bf (x1))*)® >

where a,b € R, the noise operators are defined on the same interval I and
BY(I) = p(I). Using the notation < x >=< ®, x® > this amounts to the
positive semi-definiteness of the quadratic form

a* < By, (x1)By" (x1) >

+ 2ab < By, (x1)(Bg (x1))* > +a* < (B, (x1))*(Bg (x1))* >
or equivalently of the matrix

< By, (x1) Ba"(x1) > < B3,(x1) (B (x1))* >
< By, (x1) (By (x1))* > < (Bh(x1))* (Bg (x1))* >

Using the commutation relations (2) we find that
2n)le (D) (2n)!e2u(T)

A:

A—
(2n)le®2u(l)  2(n)*c*2u(1)? + ((2n)! — 2(n!)*)e* (1)

A is a symmetric matriz, so it is positive semi-definite if and only if its
minors are non-negative. The minor determinants of A are

dy = (2n)!" (1) >0

and

Q=

dy = 2D (1) (n!)2(20) (e (D) = 1) = 0 & u(I) >

Thus the interval I cannot be arbitrarily small.



3 The g-Deformed Fock Case

In the g-deformed case, where g € (—1,1),q # 0, we start with the g-white
noise commutation relations

aal —qala, = 6(t—s)

and letting, as in the Boson case,

BR(f) = [na f(t)a] afdt

we obtain the ¢-RPWN commutation relations

Bi(f) BR(9) — ¢V BR(9) By (f)
k K
= > Aok, N BERAN(F9) — N> D A on (I s q) BEERSR
A=1 A=1
where

oa(n, ki q) = g VEN e (5, + (1= 6up)nd,) i A <nand A<k
o 0 ifA>nor A>k
q" —1
g =" =1 (0s:=0)

gt = 1 mle: (01! = 1)

m=1

I VR~
* [k]Q‘ [n - k]q‘ i=1 ql -1 ’

and for K = 0 and/or K = 0 the corresponding sums on the right hand
side of (3) are interpreted as zero. The following theorem was proved in [[2]].
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Theorem 2 (No-Go Theorem for -RPWN). Let g € (—1,1),q # 0 and for
a fized interval I C R and n,k > 0 let BY := B(x;) with BY = p(I) - 1,
the measure of I. Let also the "vacuum vector” ® be such that B} ® = 0
whenever k # 0 and let (x) := (®,x ®) denote the "vacuum expectation” of
an operator x. We assume that (®,®) = 1. Define

< BY B> < BY (B})?>
Aln,q; 1) =
< B, (By)? > < (B))?*(Bp)? >

For any choice of n and q the matriz A(n,q;I) cannot be positive semi-
definite for all I C R.

Proof 2 Using commutation relations (3) we find
u(I) e 2, 21 20,
Aln,q; 1) = e - n
WED = el P (4 (Y,
(D) () ) g N

A(n,q; 1) is a symmetric matriz, so it is positive semi-definite if and only
if its minors are non-negative. The minor determinants of A(n,q;I) are

dy = p(I) 1 [2n],!

which is non-negative for all I and
dy = p(I)2 4 [2n],

<cu(1) (1+4") ([n])? + (Inlg!)? Z_: ¢V Ay~ [2n]q!>

A=1

which, as in the Boson case, is bigger or equal to zero if and only if

#(1)2%

which cannot be true for arbitrarily small I.
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