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Abstract

We give a sufficient condition for the existence of a quadratic ex-
ponential vector with test function in L?(R%) N L>®(R%). We prove the
linear independence and totality, in the quadratic Fock space, of these
vectors. Using a technique different from the one used in [2], we also
extend, to a more general class of test functions, the explicit form of
the scalar product between two such vectors.

1 Introduction

Exponential vectors play a fundamental role in first order quantization. It is
therefore natural to expect that their quadratic analogues, first introduced
in [2b], will play such a role in the only example, up to now, of nonlinear
renormalized quantization whose structure is explicitly known: the quadratic
Fock functor.

The canonical nature of the objects involved justifies a detailed study of their
structure.

Let us emphasize that the nonlinearity introduces substantially new features
with respect to the linear case so that, contrarily to what happens in the
usual deformations of the commutation relations, quadratic quantization is
not a simple variant of the first order one, but interesting new phenomena
arise.

For example usual exponential vectors can be defined for any square inte-
grable test function, but this is by far not true for quadratic ones. This
poses the problem to characterise those test functions for which quadratic
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exponential vectors can be defined. This is the first problem discussed in the
present paper (see Theorem (3])).

Another problem is the linear independence of the quadratic exponential
vectors. This very useful property, in the first order case, is a simple conse-
quence of the linear independence of the complex exponential functions. In
the quadratic case the proof is more subtle. This is the second main result
of the present paper (see Theorem ().

For notations and terminology we refer to the papers cited in the bibliogra-
phy. We simply recall that the algebra of the renormalized square of white
noise (RSWN) with test function algebra

A= L*(RY) N L*®(RY)
is the x-Lie-algebra, with self-adjoint central element denoted 1, generators
{Bf,By,Ng,1 : f.g,he L*(R)NL>R)}
involution
(B;[)*:Bf , Ni = Ny
and commutation relations
[By, B;] = 2¢(f,g) + 4Ny, [Na, B;[] = 2B;f, c>0
[B;_>B;] = [Bf’ Bg] = [NmNa’] =0

foralla, d’, f, g € L*(RY)NL>(RY). Such algebra admits a unique, up to uni-
tary isomorphism, *-representation (in the sense defined in [7]) characterized
by the existence of a cyclic vector ® satisfying

By® = N,® =0 : g,h € L*(RY) N L= (R%)}

(see [3] for more detailed properties of this representation).

2 Factorisation properties of the quadratic
exponential vectors

Recall from [2b] that, if a quadratic exponential vector with test function
f € L2(RY) N L*>®(RY) exists, it is given by
+n
Bi"®

V(=) =

n>0

2



where by definition
W(0) := Bf'® := @

(notice the absence of the square root in the denominator).

In this section, after proving some simple consequences of the commutation
relations, we give a direct proof for the factorization property of the expo-
nential vectors.

Lemma 1 For all f,g € L*(R%) N L>*°(R?), one has
[Ny, Bj" = 2nB} """V B} | (1)

[By, Bf"] = 2ne(f, 9) B ") + 4nBf "V Ng, + dn(n — 1)B; "I BT .. (2)

Proof. The mutual commutativity of the creators implies that

n—1
[Ny, Bf"] = > B[Ny, Bf|B; "~V
i=0
n—1
= § oy e <o

1=0

which is (). To prove (2)) consider the identity

[Bf, B;—n] — nZIB;i[Bf,B;]B;(n_i_U
-
= > Bf(2¢(f,g) +4N;,) B
= n—1
= 2nc(f,9)B; "V +4> BNy Bf,
=0

From () it follows that

_ pt+n—i-1) _ p+n—-i-1 _ : n—i—2) p+
N By = B =UNg 4 2(n —i = 1) By "2 B .

g



Therefore, one obtains

[By, B/"] = 2ne(f,g)Bf ") +4nBF YN,

g

n—1
+4) Bfi2(n—i—1)Bf" B
=0

= 2nc(f, g)B;("_l) + 4nB;("_1)Nf

g

+8 (nz_l(n —i— 1)) By "B,

= 2nc(fl,:gO)B;("_1) + 4nB;("_1)Nf_g

+8 (ni(n —i 1)) By By,

~ oucl ) B + BN
+8 (n(n -1) - w) By"2Bf,

= 2nc(f,g)Bf "V + 4nB VN,
+(n—-2) p+
+4n(n —1)B; "B ,.

O
Lemma 2 Let fi,..., fr, g1,--.,gn € L>(R?) N L>®(RY). Then, one has
By, ...ByBj ... B ® =0 forall k> h>0.
Proof. It is sufficient to prove that
Bj,.,...BpB) ...B;®=0, VheN. (3)

Suppose by induction that, for h > 0, ([B]) is satisfied. Then, one has
By, ., - ..Bleg: . ..B;<I> = By, "sz[vaBg: . ..B;l](ID

1

1
=By, ... By, Z B} .. B (2¢(f1,9:) + 4Ny,
i=h

B ...Bl®

Gi—
1

= 2¢> (f1,9)(Byy,, - Bp)(By, ... B) ... B} )®

i=h



gn "

+4> (By,,,---Bp)(By, ... Nj,Bf ... B})®.

By the induction assumption

1

> (f1,9)(Byy,, - Bp)(By, ... Bj ... Bj )@ =0.

i=h
Therefore, one gets

thH ...B;B} .. .Bid®

_42 By,.,...Bp)(B} ...Bf Np, B ...BI)®

gi+1

1
=4 (By,.,-.-Bp,) <B;. . Z B} .[Nflgi,B;m]...B;l)CD
i=h

m=i—1
1
- 42th+1 ...By,B ...B} ( Z L BE By ..B;> o
i m=t—1
82 Z Bg,,, - BpB), ...By  ...B} ...BiB &,

i=h m=i—1

which is equal to 0 by the induction assumption. O

Lemma 3 Let I, J C R? such that INJ = ¢ and let f1,..., fu, fl, -, fi,
Gy oy Gy Ghy oy G € LARY) N L°(R?) such that

supp (fi) C I, supp (fj) C I, supp (9:) C J . supp (g;) C J
Then, for h # h' or k # k', one has
(B}, ...B},B},...BL® B}, ...BLB! .. Bia)=0.

Proof. Lemma ([Il) and the polarization identity imply that
[By, ... By, By ...B;,l] = 0. Therefore, it is sufficient to prove the result
k!

for h # h/. Taking eventually the complex conjugate, we can suppose that
h > h'. Under this assumption

+ + n+ + + + n+ +
(Bj,...B},B; ...B;,®.B}, ...BLB} ...B}®)

= (Bj, ... Bi®. B} ... B}(By, ... BB ... Bf)®)

>



and the statement follows because, from Lemma 2] one has

By, ... BpBf, ... Bj® =0,

For I € R?, denote H; the closed linear span of the set
{Bf"®, neN, f e L*(R%) N L>(R) such that supp (f) C I}
and H = Hga. The space H, denoted I'y(L*(R%) N L>*(R?)), is called the
quadratic Fock space with test function algebra L?(R%) N L>(RY).

Lemma 4 Let I,J C R? such that INJ = ¢ and let fi,..., fn, f1,--, f,
Gy s Gy Ghy -5 G € LARY) N L®(R?) such that

supp (f;) C I, supp (f}) C I, supp (g;) C J and supp (g}) C J.
Then, one has

+ + n+ + + + n+ +

(B} ...B},B},...B;® B, ...BLB} ... B}®)

_/pt + + + + +

= (B}, ... Bj, @1, Bf, ... BL®)(B}, ... Bi®,, B ... BLd,). (4)

1

Proof. By induction on A. For h = 1, one has
<B;B;...B;1<I>,B}EB£...B;Z<I))
= (B;: o B;CD, B;;c e B;Z(Ble;E)CI))
=2¢(f1, f{><B;; e B;l(I), B;Z o B;l@
= (B}ECDI,B;ZCDI)(B; . .B;CDJ,B;:,C e B;CICDJ).
Let h > 1 and suppose that () holds true. Then, one has
+ pt + R+ + + pt + pt +
<th+1th ...By B, ...BJ P, BféHBfé e Bf{Bg; e ng@
= <B;; . .B;B;; ) ..B;(ID,thHBJr BT, ..B;[{B;[{B;:,C . ..B;ZCI>>

Fh T
1
=) (B} ...BiB, ... Bj®.(By ... B)(B, ...[Bj...B},].. . B)®)
m=h+1
1
=2c > (fas1. fl)
m=h+1

(B},...B}B; ... Bj,® (B} ...B})(B] ...B},

1 f]l—L+1 f'r,n

.B})®)



1
+ + p+ +
+4 Y (B} ...B}B}..B] o,
m=h+1

+ +\( Rt
(B}, ... B})(B

7
fh+1

B;”r;nHthﬂf;nBJr ... B})®).

fina 1
By the induction assumption

1
/ + + p+ + + + p+
> (fusr £ )(B .. BfBS . B} ®, By ...Bj B},
m=h+1
1
= > (fur, fu) (B, ... Bi®r, B, ... B}, ... B}, %)
m=h-+1

(B}, ... Bj;®), B} ... B} ®,).

1

Moreover

+ + p+ + + + p+ + _ +
<th...Blegk...B‘gl@’Bg;C...BgiBf}/L+1...Bf’,/n+1th+1f;an7/n71
1
_ + + B+ +
= Y (B} ...B;Bf ...B}®,
i=m—1

B, ...B B,
g;ﬂ /

91 ff,H»l

7

B, . [Nj,.p, B}l B,

1

=2 Y (B} ...B}B/ .. B2,

i=m—1

B} ...B}B%B} ...Bj ...B}...BjBf . .,®).
9L g1 m fi f

91 f}/1+1 1 fh+1f7lnfi,

Again by the induction assumption, this term is equal to

(2

1
+ + + -+ N+ + p+
2 Z <th...Bf1®1,Bf},lH...Bﬂn...BfZ,...Bf{thHﬁnfi,
=m-—1

(Bf ... Bj®), B ... BLd,).

1

Hence, one obtains

(B,

St

+ + n+ + + + + n+ +
B}, ...BjB} ...Bj® B}, B}..B}B}. . B}o

f};+1 91

-+
...Bf,{”b.

.. B}®)

+
.. B}®)

;)



1
:{ 3 [2c(fh+1,f[n><Bﬁ...B}ECDI,B}:;H...B};...BE(DI)

m=h-+1
1
+ + + >+ >+ + pt
+8 3 (B}, ...BjeL Bl . Bf ..Bj. BB . 00|}
i=m—1
(By,

[ 1

B},®), B}, ... B} ®,).

Since the term between square brackets is equal to

+ + + +
(th+1 ... B}, @, Bf;’m .. .Bf{(I)I).
This completes the proof of the lemma. 0J

Lemma 5 Let I, J C R? such that I NJ = ¢. Then, the operator
ULJ:H]LJJ —)%I®%J
defined by

Urs(Bf ...BL B} ...Bf &)= (B} ...Bj®)) @ (B} ...B]®;)

17 9gm *
where supp (f;) C I, supp (g;) C J, is unitary.

Proof. It is sufficient to prove that for all f,,..., fi, fl,..., fi € Hr;
Gms -y G1sGhs -5 Gy € Hy
(B},...B}B}, ... Bi®u,, B} . BLBS . B
=(By,...B}®, By ... B (B, ...Bj®,, B, ... Bi®;). (5)

1 gm """ 1

Note that Lemma [ implies that (B]) holds if n # h or m # h. Moreover, if
n = k and m = h, then from Lemmal] the identity () is also satisfied. This
ends the proof. O

Theorem 1 Let Iy,..., I, CR? such that I; N I; = ¢ for all i # j. Let
Ullu...ulk,l,lk : HUf:Ji — HUiy;ll I; X H[k
be the operator defined by Lemmald. Then, the operator

17L:HU;L:111.—>H11®...®'H17L

-----

8



given by

L=Unn®l,®..01,)o(Unun,®l,®...®1;,)o...

-----

oo (Unu.vtnogn @11,) o Unu.un, 1 1,

1S unitary.
Proof. Forall k € {2,...,n} (IU...Ul;_1)NI; = (). Therefore the operator
UIlU"'Ukal’I’“ : HU?:I I — %Ui':ll I; ® ij

is unitary because of Lemma [l In particular Uy,
O

1, 1s a unitary operator.

.....

Theorem 2 (factorization property of the quadratic exponential vectors) Let
Ii,..., I, CRY such that I; N I; = ¢, for all i # j and let

,,,,, L Hye, o — ®?:1 Hi, @ ... Hy, be the unitary operator defined by
Theorem [l

Then, for all f € L* (U, I) N L= (U}, I;) such that U(f) exists, one has

Un,...,%(f) =¥(fn)®...0 ¥(f1,)

where fr, == fxi,.

Proof. Denote J, = Ule I, Then, Unu.ur,_ 1, = Uy .1, 15 a unitary
operator from H;, to Hy,_, ® Hy,. Let f € L* (U, L) N L= (Ui, L) be
such that W(f) exists. Since

F=Y_fr.="frn.+/
=1

it follows that

+m _ + + \ym _ k p+k +(m—k)
Bf™= (B}, +B})"=)Y ChBIf Bi'
k=0
where |
m!
CcF = .
o (m— k)k!



Therefore, one obtains
+ \mg k (n+k +(n—k)
B =) Ch(BI @y, ) @B

+
UJnflvln(Bf n*
k=0

T

This gives
UJnflyIn\Il(f) = \Il(fJnfl) ® \I](fln)

Now, one has

Uspsity ®11,) 0 (U, 1)V (f) = (Usyp1, Y (fi,-1) @ ¥ (f1,)-

In the same way, we prove that

UJn7271n71\Il(fJn71) = qj(f{hhz) ® \Il(flnfl)'

Hence, the following identity holds

Uspsity @ 11,) 0 (U, 1)V (f) = V(1) @ V(f1,_,) @ V(f1,)

Iterating this procedure one finds
(UJkaH ® ]‘Ik+2 ®...® ]‘In) © (UJk+1,Ik+2 ® 1Ik+3 ®...® ]‘In)

o...olUs ,,U(f) =¥(f5) @V (fr,)® ... @V(fL,)

or equivalently
LY =Unn®l,®..01,)o(Usp,®1,®...®15,)

o...olUj 1, U(f) =¥(frn)®...@¥(f1,).

.....

O

3 Condition for the existence of the quadratic

exponential vectors

When both ¥(f) and W(g) exist, the explicit form of their scalar product
was determined in [2b], for step functions in R with bounded supports. We
further give a sufficient condition for the existence of a quadratic exponential
vector. Finally, using the factorization property of the quadratic exponential

10



vectors and an approximation argument, we extend the formula for the scalar
product to exponential vectors with arbitrary step functions. Due to the
nonlinearity involved in this form of the scalar product, the approximation
argument is not as straightforward as in the first order case. A different proof
of this result was obtained in [2].

Lemma 6 For alln > 1 and all f, g, h € L*(R?) N L>(R%), one has

< f s Ph g > C];:O ((n—k‘—l)')2< f’g >
(B Vg, Bt g), (6)

Proof. Let us prove the above lemma by induction. For n = 1, it is clear
that identity () is satisfied.

Now, let n > 1 and suppose that (@) holds true. Note that, from (2]) it
follows that

BhB;_(n+1)(I) =2(n+ 1)c(h, Q>B;”<I> +4n(n + 1)3}:;23;(”—1)(1),
Then, one gets

(Bf"®, BB "V®) = 2(n+1)c(h,g)(Bf"®, B/"®)
+4n(n +1)(Bf"®, B} . Bf "V a)
= 2(n+ Dc(f,g)(Bf"®, B"®)

+n(n + 1)(Bf "V, B, . Bf"®).  (7)

Therefore, by induction assumption, one has

nt (n—1) -
Brn-1)¢ B. .BT®) — Z22k+1 n : ha?) ok R+
< g ) Phg? P > Ck_o ((n—k:—l)')2<( 9 )g 7f >
<B;—(n—k—1)q)’ B;‘(”—k—l)q)>

"L nl(n—1)!
= c 2 22k 1((n — k)')2 <gk+l’ hfk)

(B0, B M),

11



It follows that

((n— k)1
(B Mo, Brnhe). (8)

- " (n+1)!
dn(n +1)(By " Ve, By, BI"®) = CZ22’~€+1”(”7+>2<hf’2g’”1>
k=1

Finally, identities () and (&) imply that

nfn+ 1! 0k e
(g M9

+(n—k) n—k
(Bf" Mo, B M),

<B}i-nq>’ BhB;-(n-l-l)(I)) = ¢ Z 22k+1
k=0

This ends the proof. 0J
From the above lemma, we prove the following.

Proposition 1 For alln > 1 and all f, g € L*(R?) N L>(RY), one has
nl(n —1)!
n—k—1)?2
+(n—k-1) n—k—1
(B} o, B/ VD).

n—1
<B}i-nq>’ B;—nq)> _ CZ 22k+1 (( <fk+1> gk—i-l)
k=0

Proof. In order to prove the above proposition, it is sufficient to take f = h
in Lemma [6] O

As a consequence of the Proposition [Il we give a sufficient condition for
the existence of an exponential vector with a given test function.

Theorem 3 Let f € L2*(RY) N L*(RY). The quadratic exponential vector
U(f) exists if | flloo < 3, and does not exists if || f|loc > 3.

Proof. Sufficiency. Let f € L*(R%) N L?*(R?) be such that || f|| < 3. From
the above proposition, one has

n—1
n n'(n—l)' n—k—
IBFrellt = e 2w IR B e
k=0 ’

n—1 '(n B 1)'
2%+ - ' k+1)2 B-l—(n—k—l)q) 9
C; ((n—k;_1)1)2|“f 1211 B} I

+2ne|| fI31B; "V o|? + 2ne| fI31 BV @2

12



n—2
nl(n —1)! n—1)—k-1
_ 0222k+3(((n 2|||fk+2||§||B}‘r(( ) )q>||2
k=0

-1 —k—-1)
n—2
(n—1)l(n —2)!
< (dn(n = DIfI%)|e Y 2%
P -y
73BT ). (9
Note that
n—2
n— (n—1)!(n—2)! .
||B;‘( l)q)||2 — 0222k+1 ((n — 1) — 1)')2|ka+1||§HB;-(( 1)—k 1)(I)H2-
k=0
This proves that
1BF"@||? < |4n(n = D)LFI2 + 20l £I3]11B7 Vo2 (10)

Finally, one gets

1B/l _ [4n<n — DI f|I1% +2n!|f||%] 1B V|2
(nt)? (n=1)n2 "

o : : Bf"®|?
Hence, it is clear that if 4[| f||2, < 1, then the series > -, %

Now, let f € L*(R?) N L*(R%) be such that || f||o > 5. Put

n2

converges.

J={reR’ |f@) > 3}

It is clear that |J| > 0. In fact, if |J| = 0, this implies that a.e x € RY,
|f(z)] < 5 and |||l < 3 , against our hypothesis. It follows that

1

(@) 2 xs@)lf (@) = 5o (e), (11)

for almost all z € R%. Note that from Proposition [I] it is easy to show by
induction that if
|h(@)] = |g(z)], a.e

then
IBS"®|* > || B . (12)

13



Hence, identities (1) and (I2) imply that

1 +n 2 1 +n 2
Z (n!)anf | 2 Z (n!>2||B%XJ(I)|| ’

n>0 n>0

But, from Proposition [, one has

+n 2 +(n=1) 112 +(n=1) 52
”B%XJCDH _ <C|J\ n— 1) HB%XJ il n= 1 ||B%XJ ol -
(n!)? on n (n—=1NH% = n  (n=1H — 7

n—1n-—2 1
> .=
n n—1 2

which proves that the series Y ., ﬁHBT;CPHz diverges. It follows that
>0 (a2 191y,

1 1
IBL, @I = —|1B], ®|F = —IJP

also the series ), - ﬁHB;{”(E!P diverges. O
Theorem [3] implies that, whenever the quadratic exponential vectors are
well defined, their scalar product

(W(f), ¥(9))

exists. More precisely the following results hold.

Theorem 4 For all f, g € L*(R%) N L>°(R?) such that

1 flloo < % and ||g||ls < 3. then the integral

[ 1= afs)gte))as
R4
exists. Moreover, one has
<\If(f), \Ij(g» =e 2 Jra 1n(1—4f(8)9(8))d8' (1?))

Proof. Proposition [l implies that, for any pair of step functions f = py;y,
g = oxr, where |p| < 3, |o] < 1 and I C R? such that its Lebesgue measure
|I| < 0o, one has

e in — I(n —1)!
(B;{ <I>,B;r o) — 0;22k+3(((n 111) — 1)!)2<fk+2’gk+2>

<B]‘|c'((”—1)—k—1)q)7 B;—((n—l)—k—l) (I)>

14



+2nc(f, )BTV, BV @)

_ PR akr1_ (= Dln —2)!
- 4n(n—1),00[0k2202 (n—1)—k—1))

<B]—c|-((n—1)—k—l)q)7 B;((n_n_k—n@]

- <fk+1, gk+1>

—l—2ncﬁa|[|<B;[("_1)q)’ B )
= [4n(n —1)po + 2ncﬁa|[‘] (B;[("—l)q), B;—(n—l)q)>.

This gives

(14)

(Bf"®,Bi"®) [cm Ln- 1} (B;" Vo, B;" Vo)
(n1)? (n—1)1)?

On the other hand, if I, J C R? such that |I| < co, |J| < oo and I NJ = 0,
then by factorization property (see Theorem [I]), one has

<\IIPXIUJ7 \IIUXIUJ> = <\IIPXI7 \IIO'XI> <\IIPXJ7 \IIO'XJ>' (15)

Therefore, if we put

2n n

F(p, g, |I|) = <\Dpx1> \IIGX1>'
then from (I4)), it follows that
F(pa U? |I| _I— |J|) = <\IIPXIUJ7 \IIUXIUJ>'

for all I, J C R? such that |I| < oo, |J| < oo and I NJ = (. Moreover,
identity (I5) implies that

F(p,o,|I|+ |J]) = F(p,0,|1|)F(p,0,]J])
Thus, there must exists & € R such that
F(p,a,|1]) = '

Put t = |I|. The number ¢ is obtained by differentiating at ¢t = 0. Using
relation (I4]) one finds

d| (Bf"®, Bf"®) 4
dtl=o  (n!)? T dt

¢ n—1 ct ) ¢ (4po)”
=3 _

. <4pa(%—|— ). 4p0(5-+0)

n

15



Hence, one gets

_d B _c (4po)” ¢ _
=) Flpot=I)=53" = —5 In(1 = 40).

[\

This proves that the identity (I3) holds true for any step functions

f, g € L*(RY) N L>®(R?) such that || f]|o < 3 and ||g]|o < 3.

By the factorization property (see Theorem [2)), it is easy to show that, if
f =2 aPaXier 9 = 25PaX15 € L*(RY) N L>®(RY), where I, N Iy = () for
all @ # o and |pa| < 3, |ps| < 3 for all a, 3, then the equality (I3) is also
satisfied.

Note that the set v of functions f =) paxy, is a dense subset in

L*(RY) N L>(R?) equipped with the norm || - || =1 * [eo + || - |2
Consider now two functions f, g in L?(R%) N L>(RY) such that

1 flloos [l9]loo < 3. Then, there exist (f;);, (g9;); C v and jo € N such that

lim ||f; = fI[=0 ,  lim |lg; —g[[=0
j—o0 J—o0

1 1 S
1fillee < 5 llglle <55 forall j 2 o

- First step: Let us prove that, under the assumptions of the theorem, the
integral )

=5 Jea (1=4F(s)g(s))ds
exists and

L o= S (=455 (5)g;(5)ds _ o= foa I(1—4F(s)g(s))ds (16)
Jj—00

For z,2' € C such that |z| < 1, [2/| < 1, we put
h(t) =In(1 —4(tz + (1 — ¢)2")), t € [0,1].

It is clear that h is a derivable function on [0, 1]. Hence, one has
1
h(1) — h(0) = / W (t)dt.
0

This gives

In(1— 42) — In(1 — 42') = (/01 i :l(l_t)z,)dt)(z—z').
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It follows that

4

In(1 —42) —In(1 —42")] < sup z—2
| In( ) — In( )] S T i+ 1 =07) | |
- 22!

z—z

1 —dsupeq) [tz + (1 —t)2]
4
|z — 2| (17)

1 —4sup (|2, ]2'])

Note that if we take z = f(s)g(s) and 2’ = 0, it is clear that |2| < 1 and
2’| < 1. Hence, identity (I7) implies that

4 _

(1 = 4/(9)a(s))] < e ()
4 B
S T
This yields
| / (1= 4f@()ds| < = fT|m||g||m [ 1F)as)as
: 1 ll2llgle.

<
1= 4][fllcollglloe

Then, under the assumptions of the above theorem, the right hand side term
of equality (I3) exists.

Now, take z = f(s)g(s) and 2’ = f;(s)g;(s);, for j > jo. Then, it is easy to
show that |z| < 1 and |2/| < 1. Moreover, from (7)), one has

In(1 — 4f(s)g(s)) — In(1 — 4f;(s)g;(s))

e O ) et
S T T AT 9 = 5950
T T T 900 ~ Felao)
= T—dww T w090 = £l
< KIF(s)g(s)) ~ ()0,(5)
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for all 5 > jg, where

4

K = .
1 — 4sup (|| fllool9lloc: P55, ([ filoc 1941 |0))

Therefore, for all 5 > jy, one obtains

| ln(_l —4f(s)g(s)) — In
K|f(s)g(s)) -
< K1)l l(g(s)

—
—_
|
N
S
—
(V)
S—
&
V)
S~—
=

IA

This implies that
| [, (= 47(s)g()) = In(1 = 45, s)gy 51|
<K [ 1O o) = itolds+ 1 [ 176) = £ s (0)1ds
< K (If11zllg = gille + llgsll2l £ = £ll2) (18)

for all 5 > j9. Note that it is clear that the term on the right hand side of
(I8)) converges to 0, when j tends to co. Thus, one gets

lim [ In(1—4f;(s)g;(s))ds = / In(1 —4f(s)g(s))ds.
J =0 JRd R4
This proves that

lim e~ 5 Jra In(1=45;(s)g;())ds _ =5 Joa In(1=4f(s)g(s))ds_
j—o0

- Second step: The following identity holds.

Tin (9(1,), B(g;)) = (¥(5), ¥(9)) (19)
In fact |
(V) W(0y)) = D o (B0, ;)

for all 7 > jo. Therefore, in order to prove (I9) it suffices to prove that

lim (B{"®, B;"®) = (B{"®, B;"®), (20)

j—o0

18



for all n € N. Let us prove (20) by induction.
- For n =1, one has
(B}, ®, By @) = c(fj, ;)
This implies that
(B}, ®, B, ®) — (Bf®,B;®)| = c[(f;,9;) — (f,9)]
= ({5950 = {fr950) + ((F. 950 — (F. 9))]
< clf = fillzllgsllz + cllg — g;ll=ll 12

which converges to 0, when j tends to oco.
- Let n > 1, suppose that

lim (B}"®, B}"®) = (Bf"®, B"®).

Jj—o0
From Proposition [, one has
n+1 n n+1 n
(B Ve, BNy — (B Ve, B )

— kg1 (n+1)n!
— ¢ 22k+1(n
; (n—k)!
n—=k n— n—k n—
(L g BE P, By e) — (£, g (B Ve, B D)
Note that

n—=k n— n—k n—
(FE g (BP0, B Py — (51, ¢ (B Ve, B Pa)|

<f](c+1’g;c+1> [(B;;( )CID, B;;_( k)q>> _ <B;‘( )CID, B;r( k)q;)}

+<B;—(n—k)q)’ B;—(n—k)q>> |:<f;c+1’g;§+1> _ (fkﬂ,gkﬂ)}

n—k n— n—k n—
§|(ff+1,gf“)|)<Bij( ', B M) — (BFH g, B k)@))

FI(BF PR, B |(E, gh ) - (£ g (21)
and from the induction assumption it follows that
Jim (B Mo, B Pe) = (B Mo, B P e) (22)
for all k =0,1,...,n. Now, let us prove that
Tim (£, gH41) = (7441, g0, (23)
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One has

(I gty — (F* g™t = (T = M gt + (7 g — g,
This gives

(R gE ) (£ ) < gl ol £ = £ g = o

Notice that
S = M = (f = Py

where v; € L*(R?) is a function on R?, which depends on f and f; such that

sup [|vj][ee < 00
J

It follows that
LFEF = Fo4 2y < sup [losllooll 5 — fll2
J

which converges to 0, when j goes to co. Thus, the relation (23]) holds true.
Using all together (21)), (22) and (23)), we have proved that

. +n n _ +n +n
}I_I}(l](ij <I>,B;j ) = (B;"®, B/"P)
for all n € N. This implies that there exists j; € N such that for all n € N

(B{"®, BI"®) — (B"®, B;"q>>’ <

-

V5 > j1. Hence, for all ;7 > max (jo, j1), one obtains

RIARIHIEVIHR TN EESSS (n1!>4|<3}§"<1>, B,"®) — (B"®, B/ )|

1 1
< 2y —
- anzo(n!)‘1

which converges to 0, when j tends to oo.
In conclusion, from (@) and (I9), one deduces that

lim =% Jea (=43 ()gj(s)ds - — o5 fpa In(1=4f(s)g(s))ds
j—o0
Lim (U(f), W(g)) = (L(F), ¥(g)).
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But, for all j > jq

(W(f;), U(g,)) = e 2 Jua IM1=475(5)g;(5))ds.
This implies that

(W(f),U(g)) = e 2 Jaa I=47()g(s))ds

O

4 Linear independence of the quadratic ex-
ponential vectors
The following lemma is an immediate consequence of the Schur Lemma.

Lemma 7 If A = (a;j)1<ij<n be a positive matriz. Then, for all n € N,
the matriz ((a; ;)" )1<ij<n S also positive. In particular, (€%9)i1<; j<n 1S a
positive matriz.

Now, we prove the following.

Lemma 8 Let fi, ..., fx be functions in L*(R?) N L>®°(RY). Suppose that
for all i,j = 1,...,N, there exists a subset I;; of R? such that |I, ;] > 0
and fi(x) # fi(x) for all x € I;;. Suppose that |supp(f;)| > 0, for all
1=1,...,N. Then, the identity

A(fi(@)" +. .+ An(fa(@)" =0 (24)
for all n € N and for almost any x € R?, implies that \; = ... = Ay = 0.
Proof. By induction. If N = 2, then one has
A (fi(x)™ + Xa(fo(z))" =0 s a.ex € R (25)

Suppose that \; # 0. We can assume that there exists xy € R? such that
| f1(xo)| > | f2(xo)|. From (25), it is clear that Ay # 0 and fo(zo) # 0. Hence,

one gets
Al . (fa(mo)\"
— =—lim =0
>\2 n—o0 <f1 (l’o))
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This yields that A\; = 0, which is impossible by assumption.

Let N > 2. Let f1, ..., fy in L2(RY) N L>(R?), which satisfy the hypotheses
of the lemma. Suppose that if identity (24]) holds, then \; = ... = Ay = 0.
Now, consider fi, ..., fn, fv41 in L*(R?) N L>®(R?), which satisfy the hy-
potheses of the lemma and assume that

A(fi(@)" + .+ A (v (@) + Ava (favsa (@) =0 (26)
for all n € N and for almost any = € R?. Because the hypotheses satisfied by
fi, -, fn, fn41, there exists zy € RY such that for some ig € {1,..., N+1},

one has

| fio(@)| > [ fi(2o)|
foralli e {1,..., N+ 1} and i # 5. Without loss of generality suppose that
io = N + 1. So, identity (26]) implies that

b=t [ () (Y]

Hence, one gets Any11 = 0 and, by the induction assumption, one can conclude
that)\lz...:)\NZO. ]
As a consequence of Lemmas [7, 8, we prove the following theorem.

Theorem 5 Let fi, ..., fn be functions in L>(RY)NL®(R?) such that || filleo <
% forallt=1,...,N. Suppose that for alli,7 =1,..., N, there exists a sub-
set I; j of RY such that |I; j| > 0 and f;(x) # f;(z) for all x € I, ;. Then, the

quadratic exponential vectors V(f1),...,¥(fy) are linearly independents.
Proof. Let A = (a;;)};_,, where

i == [ 1= @)@

Then, one has

N N
Z j\i)\jam = — Z )\z>\]/ 11'1(1 — ﬁ(x)f](x))dx
ij=1 ij=1 Re

:Aixﬂi&Mmmwmwwx

n>1 ij=1

1
—Lga

MA@ + ..+ AN(fN(:c))"‘Qd:c > 0. (27)
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Thus A is positive definite. Now, let A1, ..., Ay be scalars such that
U(fi)+...+MY(fy) =0. (28)
Then, identity (28)) holds if and only if

IMT(f1) + ...+ AT (fa)]* = 0.

That is
N N
D ONNE(), V() = D Aidsbiy =0, (29)
ij=1 ij=1
where
by = evs = e~ B OB — () w(f),

Note that idendity (29) implies that

> % [ i: S‘Mj(azpj)"] = 0. (30)

n>0 i,j=1

Recall that A is a positive matrix. Then, Lemma [[limplies that for all n € N,
the matrix ((a;;)")1<ij<n is also positive. So, from (B0), one has

N
2 Aoy =0

for all n € N. In particular,

N p—
Z )\i)\jai,j = O
i,j=1

Therefore, from (27)), one gets

A(fi(2)" + .+ Av(fv(@)" =0, (31)

for all n € N and for almost everywhere x € RY.
- First case: For all 7,5 = 1,..., N, there exists a subset I, ; of R? such
that |1, ;| > 0, fi(z) # f;j(z) for all x € I;; and |supp(f;)| > 0, for all
i=1,...,N. Then, identity (3I]) and Lemma [ imply that A\; = ... Ay = 0.
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- Second case: There exists ip € {1,..., N} such that f;, =0, a.e. From
the assumptions of the above theorem, it is clear that |supp(f;)| > 0 for all
i # 1. Without loss of generality, suppose that ig = N. Then, identity (31])
becomes

M(fi(@)" + o+ Avaa(fvaa(2)" =0

for all n € N and for almost everywhere z € R%. Moreover, the functions
fi,-.., fn_1 satisfy the hypotheses of Lemma [§ which implies that \; =
... An—1 = 0. Now, taking account of (2§]), one obtains that A\; = ... Ay = 0.
This ends the proof. U

5 Property of the family set of quadratic ex-
ponential vectors

In this section, we prove that the set of the quadratic exponential vectors is
a total set in the quadratic Fock space.

Theorem 6 The set of the quadratic exponential vectors is a total set in the
quadratic Fock space. Moreover, one has
Bi"® = 4 U(tf) (32)
! dt™ lt=0
for all f € L*(R?) N L>®(RY).
Proof. If ||f|loc = 0 then (B2)) is clearly verified. Therefore we can assume
that f € L2(R?) N L>®(RY) such that || f]| > 0. Consider 0 <t < § with

1
201 flloe

Recall that for all 0 <t < J, one has

o<

U(tf) =) %B;%.

m>0

Then, for all m > n, one has
tm—n

dn otm
— | — m@) = ——B"o
dt"(m! f (m —n)!" 7
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It is obvious that for all 0 <t < § the quadratic exponential exists and one

has
tm—n m—n

— B < —
H(m—n)! f H_(m—n)!

But, from identity (I0)), one has

|Bf™®| =: U

1B @I < [4m(m = 1)|IF2% + 2m] £13] 187"V @

This proves

v < VAm(m = 1) fI12, + 2m| 113 0 Up_1.

m-—-n

This yields

Un
li < 2| fllsd < 1.
im " < 2] fllod <

m—ro0 m—1

Then, the series ) U, converges. Therefore, one gets

(X Spre) =3 o (SBire) = 3 B,
n ! n f !
dt = m! = dt" \m! = (m —n)!
Finally, by taking ¢t = 0 the result of the above theorem holds. 0J
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