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ABSTRACT. We extend the Lie-algebra time shift technique, introduced in [2],
from the usual Weyl algebra (associated to the additive group of a Hilbert
space H) to the generalized Weyl algebra (oscillator algebra), associated to
the semi-direct product of the additive group H with the unitary group on
H (the Euclidean group of H, in the terminology of [14]). While in the usual
Weyl algebra the possible quantum extensions of the time shift are essentially
reduced to isomorphic copies of the Wiener process, in the case of the oscilla-
tor algebra a larger class of Lévy process arises.Our main result is the proof of
the fact that the generators of the quantum Markov semigroups, associated
to these time shifts, share with the quantum extensions of the Laplacian the
important property that the generalized Weyl operators are eigenoperators
for them and the corresponding eigenvalues are explicitly computed in terms
of the Lévy—Khintchin factor of the underlying classical Lévy process.

1. Introduction

The classical heat semigroup on R is the Markov semigroup canonically associ-
ated to the classical, real valued Brownian motion (W;) via the basic formula of
Markov processes:

Eg (v (f(W0))) = Eqi(f(We) = P'f =€ f 5 t>0,
where Fp) denotes the WW-conditional expectation onto the past o-algebra of time
0, vy is the usual time shift in the Wiener space and f is any Borel measurable
function. In the quantum formulation of the classical, real valued Brownian mo-
tion there is also a time shift uf and Ey denotes the (restriction of the) vacuum
conditional expectation. However u; acts trivially on the initial algebra and there-
fore the generator of the corresponding semigroup is zero, in particular it cannot
coincide with the time shift of the classical Brownian motion. P.A. Meyer noticed
this discrepancy and, in the Oberwolfach 1987 quantum probability workshop,
posed the question if there exists a quantum extension of the classical time shift
in Wiener space. For any such extension the generator of the associated quantum
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Markov semigroup would provide a quantum extension of the classical laplacian.
A solution of Meyer’s problem was given by Accardi in the same workshop (see
[2]) and it was based on the idea that the Fock space time shift uj is the time
shift of the increment process associated to the classical Brownian motion, i.e., the
(integrated) white noise, thus its action on the algebra of measurable functionals
of the process is characterized by the property of being the unique (continuous)
endomorphism satisfying:

“f (We = Wy) i= Wi — Wiy

On the other hand the usual time shift vy in Wiener space is the unique (contin-
uous) endomorphism of the associated algebra of measurable functions given by
the property:

vy (W) i= Wipe
Therefore, denoting j; the restriction of the Wiener time shift on the time zero
algebra, vy is uniquely determined by the pair (jAt, ug) through the identity

Uto (Ws) = Ws+t = Wt + (Ws+t — Wt) = jt (W()) + ’U,? (Ws — Wo) .
But it is known that, in the quantum formulation of the classical Wiener process,

the initial random variable is identified to position operator gy and the increment
(noise) is identified to the momentum process

Wi —Wo = Po,g-
This leads to this identification
We=Wo+ W, =Wo=qo®1+10® P,
So that
v (Ws) = 07 (qo®@1+10® P 4) = jt(Qo ®1)+1o®@ug(Po,s) = jt(Qo) +1o® Pt 144
On the other hand
v (W) = Wep =Wo+ Wepy —Wo) =qo @1+ 1o @ Po,s44]
= q@®1+19® Poy+1o® Pg,s
From this it follows that
Je(q0) =0 ® 1+ 15 ® Py

is a possible answer to our problem. In [2] it was shown that this is indeed the case
and that the generator of the associated quantum Markov semigroup is indeed a
quantum generalization of the classical laplacian, in the sense that its restriction
to the operators of multiplication by smooth functions coincides with the usual
laplacian.

The systematic investigation of all possible solutions to this problem when the
initial algebra is a general (not necessarily finite dimensional) Weyl algebra, begun
in paper [3] (see also [4]), led in particular to the unexpected identification of the
Lévy laplacian with a usual Volterra—Gross laplacian, corresponding to a usual
Brownian motion with values in a special Hilbert space (the Cesaro Hilbert space),
and opened the way to a multiplicity of new developments on the structure of the
heat semigroups associated to the whole hierarchy of exotic laplacians, to which
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the previously developed analytical techniques did not apply (see for example [11],
[6], [7])-

In the present paper, we extend the results of [2], [3], [4] from the usual Weyl
algebra over an Hilbert space H, which gives a projective representation of the
additive group H acting on itself by translations, to the oscillator algebra, which
gives a projective representation of the semi—direct product of the additive group
‘H with the unitary group on H, denoted U(?H). We combine this extension of the
quantum time shifts techniques with the techniques developed by Araki, Woods,
Parthasarathy and Schmidt (see [15] for a systematic exposition and bibliogra-
phy), to construct quantum Markov processes of random walk type, i.e., obtained
by adding, to an initial operator process, the increments of a quantum indepen-
dent increment operator process. This simple additive picture at Lie algebra level
produces, after exponentiation, a projective representation of Lie groups. While in
the usual Weyl algebra the possible quantum extensions of the classical time shift
are essentially reduced to isomorphic copies of the Wiener process, in the case of
the oscillator algebra a larger class of Lévy process arises as possible candidates
for quantum extensions of the time shift. We determine the explicit form of these
time shifts and construct the associated Markov cocycles hence, via the quantum
Feynman—Kac technique ([1]), the associated quantum Markov semigroup. From
this we deduce the main result of the present paper which can be described as fol-
lows. The quantum Markov semigroup associated to the usual quantum Brownian
motion is the quantum heat semigroup and usual Weyl operators are eigenopera-
tors of its generator (the quantum laplacian). Analogously the generalized Weyl
operators, associated to the oscillator algebra, are eigenoperators of the genera-
tor of the quantum Markov semigroups canonically associated to the Lie algebra
time shifts of the oscillator algebra (which are given by classical Lévy process).
Furthermore the corresponding eigenvalues are explicitly computed in terms of
the Lévy—Khintchin factor of the underlying classical Lévy process. The standard
GKSL form of these generators can be easily computed using stochastic calculus.
Generally these generators are unbounded even in the case of finite dimensional
Brownian motion. The fact that they have a total, self-adjoint, set of linearly in-
dependent eigenoperators singles out an interesting new class of quantum Markov
semigroups (up to now the only non trivial known example in this class was the
quantum laplacian) and can be probably exploited to achieve a deeper understand-
ing of the analytical structure of this class.

2. Notations and Preliminaries

2.1. Boson Fock space. In the following all Hilbert spaces are assumed to be
complex and separable with inner product linear in the second variable denoted,
(+,-). For any Hilbert space H, we denote:

e B(H) the algebra of all bounded linear operators on H
o I'(H) the symmetric (boson) Fock space over H
o 1, (u € H) the exponential vector associated with u:

Xn
Yy 1= Z % el(H) ; o= P vacuum vector.

n>0
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For any dense linear subspace S of H the family {,,u € S} is total and linearly
independent in I'(H). We denote by £(5) the vector space algebraically generated
by it. If S is as above a linear operator may be defined densely on I'(H) by giving
arbitrarily its action on the family {1, u € S}. We simply use the notation £ when
S = H. The annihilation, creation and Weyl operators are defined respectively
by:

d
A_(U)wu = <U7u>wu§ A+(U)1/Ju = % |s:0 Yutsv

W(’U)wu = 6_%|‘0||2_<U7U>,(/}u+v : Yo € H.

The boson creation and annihilation operators satisfy the canonical commutations
relations (CCR):

[A™ (u),AT(v)] = <u,v>1g (2.1)
[A7(u), A" (v)] = [AT(u),A"(v)] =0,
for any u,v € H, where [z,y] := zy — yz is the commutator and 1 is the identity
operator on I'(H).

The second quantized I'(T") of a self-adjoint bounded operator T' on H is given
by the relation:

D(T)pu = Yru.
The differential second quantization operator A(T) (or the number operator) of T
is defined via the Stone theorem by:
D(eT) = AT teR.
Its action on £(S) is given by:
AT = 55 lomotbirs.

If T is a bounded but not necessarily self-adjoint operator on H, then by writing
T as "sum” of two self-adjoint operators
T+T* T-T*

T =T, Ty = ;
1+ 1ds 5 +1 5

then we can define A(T') by:
A(T) == A(Th) + iA(Ty).

Hence A(T) is linear in T" and the following canonical commutations relations hold
weakly on the set of the exponential vectors

[A(T), AT (w)] = AT (Tw), [MT), A(u)] = —A(T"u) (2.3)

and
[A(Th), MT2)] = A([T1, T3)). (2.4)
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2.2. Markov flows on white noise spaces. In the notations of section (2.1),
if the space H has the form

L*(Ry, Ho) = L*(Ry) ® Ho

where Hy is an Hilbert space, the associated Fock space is called a white noise
space and the space Ho a multiplicity (or polarization) space. Usually an initial
(or system) space is added to the white noise space and in the following we will
fix the choice
Ho =D (Ho) @ I'(L* (R, Ho)).
Notice that we choose the initial space to be the Fock space over the multiplicity
space. This is a common feature in the theory of quantum time shifts (see [3])
whose motivation will be clear from the following development. This space has
two natural Hilbert space filtrations (past and future) defined (asymmetrically)
by
Hy =T (Ho) @ T(L*([0,¢], Ho)) 5 Hy =D (L3([t,+oo[,Ho)) ; t>0

where, here and in the following, H,) (resp. H|;) will be identified to the subspace

Qo @Hy @ Py (vesp. Py @H(), P (resp. @g, Py) being the vacuum vector in H,
(resp. Ho, Hy)). With these notations the following factorization property holds

How =T(Ho) @ T(L*(Ry, Ho)) = Hy © Hys.
Similarly we define the Von Neumann algebra pure noise filtration:
By = B(T(L*(0,4], Ho))) = B(T(L*(0,4], Ho))) ® 1,

By = B(T(L?([t, +oo[, Ho))) = 1y ® B(Hye)

and
B =B(I'(L*(Ry),Ho)) = By ® By,
where 1, and 1} are respectively the identities on the spaces I'(L2([0,t], Ho))

and I'(L2([t, +oo[,Ho)). If Ag is a C*—subalgebra of B(I'(Ho)), we define the
filtrations:

At] = Ay ®Bt]7 .A[t = B[t7 A= .At] ®.A[t =A@ B

and denote by 1o (resp. 1) the identity on I'(Ho) (resp. I'(L?(Ry,Ho))). The
noise creation, annihilation and conservation increment processes, acting on the
space F(LQ(R+, ’HO)), will be denoted respectively

AT (€)= AT (x5 © ), Ag(€) = AT (X[, @), Asu() =AMy, , @ T).
(2.5)
If s =0, we simply write

A (€) = Ag(8), Ay (€) = Ag,(&), M(T) = Nou(T) (2.6)

and, when no ambiguity is possible, the same notation will be used for their natural
action on I'(Ho) ® I'(L?(R4,Ho)). Denote by 6;, the right shift on L?(R.,Ho),
so that Vt >0

fls=1t), ifs>t>0;
0

ifo<s<t. (2.7)

)

0:f(s) = {
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The operator 6; is isometric with 0; f(s) = f(s +t). The white noise time shift
is the 1-parameter endomorphism semigroup of B(F(?—Lo)) ® B(F (LQ(RJ,.,HO)))
characterized by the property that, for all by € B(I'(Ho)), b € B(I'(L*(R4,Ho)))
and ¢t > 0 one has:
ug (bg ® b) = by @ T'(6;)b(6;). (2.8)
The shift «f is a normal, injective *—endomorphism and satisfies the following:
(1) For s,t >0, ugug = ug ;.
(2) For s >0, ug(A) = Ay ® 14 @ Bs.
The vacuum conditional expectations, defined on the algebra A and with values
in the past filtration algebra are defined by:
Et] (bt] ® b[t) = <(I)[0,b[t(1)[0>bt], bt] € .At], b[t € A[t. (2.9)

Definition 2.1. A stochastic process on Ag is a family {j; : Ag — Ay,t > 0}
of *~homomorphisms with jo(z) = 2 ® 1. A stochastic process is called normal if
for each t > 0, j; is o-weakly continuous.

Let (j¢)i>0 be a normal stochastic process on Ag. We define J¢ as the unique
normal *-homomorphism j; : Ag ® 1jg 4] ® By — A characterized by

ji(z®@1) = ji(z), ji(l® b)) = jie(1) @ by (2.10)

BEach j; can be extended in an obvious way to the algebraic linear span of the
elements of the form z ® 1 ® Y}, where x € Ay, Y}; is an operator on Hj;.

Definition 2.2. A stochastic process on Ay is said to be a Markov cocycle if, in
the notations of (2.10), it satisfies the cocycle equation: for all s,¢ > 0 and z € Ay

jo(@) =2 @1 5 Jepe(x) = js oud 0 ji(x). (2.11)

It is said to be o-weakly continuous if the map (¢, ) — j:(x) is continuous w.r.t
the o-weak topology of the Von Neumann algebras involved.

According to the Feynman-Kac formula to every Markov cocycle (j;) on Ay,
one can associate Markov semigroup (P?) on Ay, characterized by the identity:

PH(x) = Egjji(a) (2.12)

for all t > 0, z € Ag. Moreover the cocycle identity (2.11) and condition (2.12)
imply that for each s,t > 0

Es] O Js+t = Js© P (2.13)
In the following we will take the initial space I'(Hg) to be T'(H).

3. The Generalized Weyl Operator

In this section we introduce the generalized Weyl operator associated to the
Fock representation of the oscillator Weyl algebra. We use the notations of section
(2.1).

Definition 3.1. For all unitary operator U, on H and u,v € H, z € C, define the
exponential operator on the set of the exponential vectors by:

L(u,U,v,2) = eA+(“)F(U)eA7(”)eZ. (3.1)
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In the following we need some known results which we sum up in Lemmas (3.2)
and (3.3).

Lemma 3.2. For all unitary operator U on H and u,v € H, one has
T(u,U,v,2)¢, = ez+<”’”’>wu+Ux ;xeH. (3.2)
Proof.
D(u,U,v,2)¢, = eZeA+(“)F(U)eA7(1’)wI = eze“ﬁ(“)F(U) (e<“"”>1/)w)
_ 6z+(v,z>6A+(u) (qux) _ €Z+<ﬂ’m>¢u+Ux-
([l
Lemma 3.3. For all unitary operators U;, on H and uj,v; € H,z; € C; j=1,2,
we have the following relation:
T(uy, Uy, v1, 21)T(ug, Us, e, 22) = T'(u, U, v, 2), (3.3)
where
u=uy +Uug ; U=U1Us ; v=v24+Usv1 ; z=121+29+ (v1,ua). (3.4)
Proof. Let « € H. Using Lemma (3.2) one finds
L1ty = T(uy,Ur, v, 20)1(uz, Uz, va, 22) 0
= D(u1,Up,vr,21) (€202, 0,0

= 622+<’U2’w>1—‘(u17Ulavlazl)¢u2+U2$

zo+(va,x) jz1+(v1,us+Uzx
%2 (v2 >61 (v1,uz2 2 >wu1+U1(u2+U2:c)

_ 2142 v1,u2)+(v2+Us v,z
= e 1422+ (v1,u2)+(v2+U5 vy >'(/)u1+U1u2+U1U2w

I‘(u1 + U1U2, UlUQ,UQ + U;'Ul,Zl + 29 + <Ul,u2>)¢x.

g
Lemma 3.4. Let f(z) = Z anz", be an entire function. Denoting
n>0
F2)=) a2, [ f1(2):=) lan|2"
n>0 n>0

-(i) Let T be a bounded operator on H, then the operator

f(T) = a,T"
n>0
is well defined and bounded on H with norm less than | f | (|T|]). Moreover, the
adjoint of f(T) is f(T*).
-(ii) If f and g are two analytic functions then the operator (fg)(T) := f(T)g(T)
is well defined and it is bounded on H.
-(ii1) If e1 and es are the analytic functions defined respectively by:

+oo  np—1 e? — 1

e1(2) ::Z = (3.5)
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._+°Oz”_2_ez—z—1 3.6
62(2) _; n! - 22 ’ ( . )

then the operators e1(T') and e2(T') enjoy the following properties:

(er(T))" = e (T), (3.7)

(e2(T))" = e2(T™), (3.8)

e Tey(T) = ey (-T), (3.9)
er(=T)er(T) = ex(T) + e2(-T), (3.10)
lex(D < eI 5 llex(D) < ex(lIT1)). (3.11)

Proof. The statements (i) and (ii) are clear. (3.7), (3.8) and (3.11) follow from
(1).(3.9) and (3.10) follow from the identities

e Pei(z) =e1(—z) ; er(—x)er(x) = ea(—2) + ex(x), z € C.
(I

In the following, we denote by Bs(H), the set of all bounded self-adjoint oper-
ators on H.

Definition 3.5. For { € H and T € B,(H), denote
uer =1e1(i1)E ;3 ver = —ier(—iT)E 5 zer = —(,ea(tT)E).  (3.12)
The operator W (¢, T') defined by
W(E,T) =T (ugr, e, ve, T, %,T) (3.13)
is called generalized Weyl operator over H.

Proposition 3.6. For all pair (§,T) € H x Bs(H),W (£, T) is a unitary operator
on T'(H) whose action on the exponential vectors is given, in the notation (3.12),

by
W (&, Ty = 70T T iy, (3.14)

Proof. (3.14) follows from (3.2). Since the domain £ is dense in I'(#), unitarity is
equivalent to

(WD), W(ET)) = (e, 0) Vo ppel. (3.15)
Let x,y € H, then (3.14) gives
(W(E D)o W(E.T)p,) = e tierataertiers)
X <wu§,T+eiTm7 1/}u§,T+eiTy>
— ezg,T+Z§7+<iE,’U§‘T>+<’U£)T,y)+<’U4§‘T+eiT:E,u51T+eiTy>
— ehg,T(ﬂc»y)7 (3.16)

where

her(@,y) = zer + 7 + (@,0e,7) + (er,y) + (uer + €T augr +eMy).
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Using the fact that ve 7 = —e~Tug 7 and the properties (3.7), (3.8) and (3.10),
one has

her(zy) = —(&ea(iT)E) — (£ ea(—iT)E) — (€T w, uer) — (uer, e y)
(e r, e y) + (e, ug v) + (ue v, ue 7) + (7w, e y)
= (& (e2(iT) + ex(—iT))E) + (&, er(—iT)er (iT)E) + (z,y)
= (z,y).

_|_

From the expression of he p and from equation (3.16), one obtains

(W (&, T, W (&, T)hy) = €9 = (3h,4hy)

which can be extended by linearity to whole of £. (]

Remark 3.7. We use Lie algebra notations. The standard notation for the gener-
alized Weyl operator, here denoted W (&, T), is W (£, e'T) (see [14]). Moreover, as
shown in Theorem (3.8) below, our definition of generalized Weyl operator differs
by a phase from the standard one. Our choice has the notational advantage that
it is better suited for the transition between the Lie algebra and the Lie group
language. For example, while in the standard notation the inverse (adjoint) of
W (u,U) is given by

(W 0)) = WU,
in our notation it becomes
(W, U))* — W(—u,U")
or, in Lie algebra notations, identity (3.18) below.

In the following, we will use the notations R(z) and I(z), respectively, for real
and imaginary parts of a such complex number z.

Theorem 3.8. In the notations of Definition (3.5), and denoting Wg the standard
generalized Weyl operator, one has

W(E,T) = S W (ug 1, e'T). (3.17)
Moreover,
(W) =w(-¢-1). (3.18)
Proof. We have
W (ugr,e™) = F(%T»@”a —(eT) ug,r, —% [ ugr |I? )

But

—(eiT)*UE’T = —e_iTU§7T = V¢,
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and
—% luer|? = —%(iel(iT)g,iel(z’T)@
_ —%@,el(—iT)el(iT)g)

_ _%@, (e2(iT) + ea(—iT))€)

1

= (€ (@618 + (& ex(~iT)E))

1 -
= (e v 77)
= %(Zg’T). (319)
Therefore

Wg(uer,e™) = T (uém e ver, %(Zs,T))

—iS(

_ F(Ug,T,eiTgvg,Ta Zg,T)e 1S(ze,T)
= e Sl T) (3.20)

which proves (3.17). To prove Eq.(3.18) notice that, from Eq. (3.17) and using
the fact that
Z—¢~T = 2T, Ve, T = U—¢,—T

one deduces that

(wen)

o—iS(ze.1) (WE(U&T, eiT)) *
_ ei%(@)WE( _ (eiT)*uw7 (eiT>*>

_ ei%(@)WE< _ e—iTu§7T7 e—iT)

= eig(z&j)WE (vg,T, eiiT>

— eig(Z*&*T)WE (u_57_T, e_iT)

= W(=¢,-T).

O

Remark 3.9. A more direct proof of (3.17) can be obtained, noting that the action
of the standard Weyl operator is given by

WE(U£7T7 eiT)'l;Z):E - 67% ‘uﬁ'TH27<u5’T’6iTm>,l/}ug,T+ciTz
and that
<U'€7T7 61T1‘> = <6_ZTU€7T5 JJ> = _<U5,T7x>'

Therefore, from Eq. (3.19) and (3.14), one obtains

Wi (uer, €T )ipy = eMCerItver®ly, o ir, = e SEIW(E T,
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Theorem 3.10. The operator valued function t — W (t&,tT) is a strongly con-
tinuous one-parameter unitary group with generator G(§,T) which is the closure

of
H(ET) = AT (&) + A (&) + A(T). (3.21)

To prove the above theorem, we need the following lemmata.
Lemma 3.11. In the notation (3.12), let
Uy = ut&,tT ; U 1= Utf,tT = —e_itTut y Rt = Zt{,tT s te R, (322)

then the following relations hold

us + €T uy = ug iy, (3.23)
v+ e Ty, = Vstt, (3.24)
Zs + 2t + <’Us,’LLt> = Zgtt- (325)

Proof. Define
fs(2) := seq (isz).

18z __ itz

Then f, is analytic in z and
Lo 1

f(2) + €% fu(z) = 5 182 1tz
While u; = if;(T)€ for all t € R, then
us + € Tuy = i(fo(T) + "7 fo(T))€ = ifsrt(T)E = syt (3.26)
which proves (3.23). From the definition of v in (3.22) and from (3.23), one has
vt e Ty, = —(e7tTy, + e #Te™15Ty,) = _e—i(s-i-t)T(eisTut + )

_ _e—i(s-i-t)T

e

= (s+t)e1(i(s +1)2) = fore(2).

Ut4s = Vst
then (3.24) is proved. To prove (3.25), denote
gs.t(2) = s%eq(isz) + t2eq(itz) + steq(isz)eq (itz).
Clearly g5, is analytic and it is not difficult to see that
gs.t(2) = (s +1)%ea(i(s + 1)2)
then
zs + 2t + (vs, ug)

— (s, e2(isT)s&) — (t&, ex(itT)tE)
(—ie1(—isT)sE, ieq (itT)tE)
—(&, sea(isT)E) — (&, *ea(itT)E)
— (&, stey(isT)eq (itT)E)
= (& (sPe2(isT) + t?ex(itT) + stey (isT)e1 (itT))¢E)
— (& 954(T)E)
= (& +D%e(i(s + 1T
{5+ )€, ealils + OT)(s + 1)€)
= Zs+t
hence (3.25) is proved. O

_|_
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Lemma 3.12. Let ug, vy, 2z¢ are as in Lemma (3.11), then

}51(1) Uy = }gr(l) v = }51(1) 2 =0 (3.27)

and, for all x,y € H, the function
tER = h(t) =2z + (v, ) + (y,u) + (y, e )
is derivable at t =0 and
W(0) =i({§,2) + (v, &) + (Ty, x)). (3.28)
Proof. We have
luell =l ¢ ] llexGeT)EN <[ ] lIElex ([ [ IT]) — 0, as £ =0
and

—itT

lvell = || — e uy|| = |lwe]| — 0, as t — 0

and
| —t*(€, e2(@tT)E) |< [€e2 (|t || T]]) — 0, as t — 0.
For the second part, note that h(0) = (y,z), then

h(t) — h(0 1
MOZMO -~ L (g, ealitT)e) + it(er(itT)6. ) + itly. ex (7))
+ (y.e"2) — (y,2))
— —HE ealtTIE) + iler(—HT)E, ) + ily, e1 (HT)E)
eitT —1
+ g2
Taking the limit as ¢ — 0, one obtains h is derivable at ¢ = 0 and Eq.(3.28)
holds. g

Proof. ( of Theorem 3.10).

We have already shown that W (£, T') is unitary, for all £ € H,T € Bs(H), so is for
W (t&,tT),t € R. In the following we prove that:

-(a) W(s&, sTYW (t&,¢T) = W ((s + )&, (s + )T),s,t € R ;

-(b) the map ¢t — W (t&,tT) is strongly continuous.

For simplicity we use the notation:

W(t) := Wt tT) = T(ug, e vy, 20), t €R (3.29)
then (a) follows from Lemma (3.11) because
W(s)W(t) = F(us, et v, ZS)F(ut, Ty, zt)
=T (us + 5Ty, Ty, + e oy, 2o 4 2 + (vs, ut))
= F(us + et Ty, ei(SH)T, v e oy, 2o+ 20 + (vs, ut>)

= T (Us+t7 €i(s+t)T, Ustty Zs+t)
= W(s+1).
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By the group property (a), the strong continuity is reduced to time zero. We prove
that, for all ¢ € T'(H),

tim [ ()3 — ]| = 0.

—0
Let v = ,,x € H, then

”W(t)’(/} - ¢||2 = <W(t)wx - 1/)17 W(t)/(px - 1/}:10>
= WOl = 2R ({0, W (0)0) ) + 150

— ou|? — zm(eztﬂm,w <¢x,¢m+einx>)
= 2€HIHZ — 2%(62t+<’ut,m>e(:r,ut)Jr(:r,el"Tz)) )

Using Lemma (3.11), one has

lim (ve, ¢) = lim (2, u;) = lim 2, = 0; lim e = 2
t—0 t—0 t—0 t—0

then
tian ([ (£)0 — 2 = 0.
—0
This limit can be extended by linearity to all b € £. Finally an arbitrary element

1 of I'(H) is a limit of a sequence (¢, ), € €. It follows that, for all € > 0, there
is ng € N such that

[¥one — ¥l < €/4.
This gives

W () -4

W) (W = tng) + (W () Yny = tno) + (¥ng — )|

< WO = uo)| + 1V (g = Y| + [0y — V|
= 2lng = 6l + W (g = o
< 5 IW g — vl

But we have already shown that %in(l) [IW (¢)%ny — ¥ngll = 0. Therefore for ¢ suffi-
—

ciently small we have

HW(t)wno - "/}no” <

N

This gives
W () — | <e
hence %iH(l) W (t)y = 4 for all ¢ € T'(H) which proves the property (b). By Stone’s
—
theorem, there is a self-adjoint operator G(&,T), such that
W(t) = G
Let us prove that, in the notation (3.21)
H(T) C G, T). (3.30)
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Let z,y € H, then
<wy7 W(tﬁ/’ﬁ = 62t+<vt’w> <1/)y, ¢ut+e'ith>
—  erttluna) (yurte T a)

2o+ (v, @)+ (Y ue) +(y, e x)

e
= h®, (3.31)

where h(t) is as in Lemma (3.12).
Taking the derivative of the left hand side of (3.31) at time zero, one obtains

%‘t:o<<wyaw(t)¢z>) = (%,%L:OWU)%)

d i
= (i, = |t:0€ tG(ﬁ,T)wm>

On the other hand the derivative of the right hand side of (3.31) gives
d - Y,Tr
Gilioe" = WO = (€ @) + (4,€) + (Ty,a))e). (3.33)

But we have
(y iH(E, T)ha) =y, i(AT(§) + A7(€) + A(T))¥a)
= (A7 ()ys Ya) + (ty, AT (E)%a)
+ (AT (Ta)y, ¥a))
= i((y,6) + (&) + (y, Tx)) ¥y, ¥u)

= i((y.©) + (€ 2) + (3. Ta) )@, (3.34)
Combining Eqgs.(3.31)—(3.34), one obtains
this gives (3.30) which ends the proof. O

Lemma 3.13. Let D be the set of self-adjoint bounded operators on H with spec-
trum in [—7, |
D :={T € Bs(H); o(T) C [-m,7[}
Then for all unitary operator U € U(H) there exists a unique operator T, € D
such that
U=¢elr,

Proof. Ezistence. Let U be a unitary operator. Since U is normal, the Von
Neumann algebra generated by U is abelian hence, by a theorem of Von Neumann
(see [17]), it is generated by a single self-adjoint operator T. Denote F' : R —
[—7, 7[ the map defined by

F(x) := (x mod 2m) ; z €R.
Clearly F' is a measurable, bounded, real valued function on R. Therefore T, :=
F(T), defined by the spectral theorem, is bounded, self-adjoint and by construction

satisfies
el =l =U.
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Moreover, denoting T' = [ zEp(dz) the spectral decomposition of 7', one has

17,2 = / | F(2) |2 dBr(2)

< WQ/RdET(x)

= 71'2.

Uniqueness. Let T1 € D be an operator such that e’’* = e~ = U. Then the
spectra of T1 and T} can differ only by multiples of 27. Since both 77 and T, are
in D, this implies that 71 = F(T}) = F(T) = T. O

Theorem 3.14. For all (§;,T;) € H x Bs(H); j = 1,2, the generalized Weyl
relations hold

W (&, TV)W (€2, Tp) = €T W (E,T) (3.36)

where the pair (§,T) € H x D and ver € R are uniquely determined by the
relations

eTietTe — T (3.37)

e (iT)€ = e (iT1)&1 + e eq (iTh) o, (3.38)

ter = i€ e(T)E) + (6 e (T)6) — (& e2(T)E)
+ e (T e (T)) ). (3.39)
Remark 3.15. The reality of v¢ 1, given by Eq. (3.39), i.e

Si=—(iver +iver) =0

can be directly checked as follows: From Eqs. (3.7) and (3.8), one has, for all
self-adjoint bounded operator T on H,

(e1(iT))" = e1(—iT) 5 (e2(iT))" = ea(—iT).
Then
(&, e2(iT)€) = (ea(iT)E, &) = (€, ea(—iT)E) VT € By(H), € € H.
From Eq. (3.39), one has
$ = ((Gnelim)a) + (& eaiTa)é) - (€ e2(T)E)
+ <€1(*iT1)§1,€1(iT2)52>) + (<51,€2(*iT1)§1> + (&2, ea(—iT5)&2)
& ex(=iT)E) + (ea(iTa)6a, er(~iT)én) )

(
(&1, (e2(iTh) + ea(—iTh)) 1) + (&2, (e2(iT2) + e2(—iT2))E2)
— (& (e2(iT) + e2(—iT)) &) + (er(—iT1)Er, €1 (iT2)E2)
(e1(iT2)&2, e1(—1T1)&1). (3.40)
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Using Egs. (3.9) and (3.10), Eq. (3.40) becomes

S = (&,ei(—iTr)er(iT1)&r) + (€2, e1(—iT2)e1(12)E2) — (€, e1(—iT)e1 (iT)§)
+ (e e (iT)6r, en (iTh)&a) + (er (iTh) e, e~ er (iT1)&r)
= (e1(iTh)&, e (iT1)&1) + (e1(i12)&2, e1(i12)&2) — (e (iT)E, e1 (iT)¢E)
+  (er(iTy)€r, eTre (iTh)Er) + (e ey (iTh) €y, eq (iTh)EL). (3.41)
Denote
n=e (1), n; =e(iT})&; j=1,2. (3.42)
Then Eq.(3.38) becomes
n=m+eln (3.43)
and from equation (3.41), one obtains
S o= Nm 1P+ ? =171+, e n) + (€ na,m)

Fm 12+ e 112 = [+ el 12+, e na) + (€2 mz,m)

Fm 12 e 12 =Clom 112+ e 112 (€T na) + (€70, m))
+ (o eMim) + (e, m)
= 0.

Proof. ( of Theorem 3.14).

Let (&,T}) € H x By(H); j = 1,2.
Using the notations of Eq. (3.12) in Lemma (3.6), one obtains

W(fh TI)W<§2’ TQ) = F(u€1,T1 ’ e’ ) Vey, Ty 261, Ty )F(uﬁz,Tz ’ eiTQ’ Vey, Ty 252,7(‘2)- )
3.44

Denote
uj=ug Ty V=V 3 %= 2 J= 1,2
Using (3.3), Eq. (3.44) becomes
W(gl,Tl)W(fg,Tg) = F(Ul + 6iT1U2, €iT1€iT2,U2 + €7iT2’01, 21+ 29 + <U1,U2>).
(3.45)
While e1ei’2 is unitary then by Lemma (3.13) there exists a unique operator
T € D such that Eq. (3.37) holds. But it is well known (see [16]) that the

Bernoulli series Z —T;x” is convergent with radius equal to 27 and with sum
n>0
z 1

e —1 e ()
It follows that for all operator T' € B(H) with norm ||T|| < 27, e1(T') is invertible
in B(#H) with inverse equal to e_1(T). Since o(iT) C i[—m, 7], then ¢T is of norm
less than 27. From these prescriptions eq(¢T") is invertible with inverse e_; (:T).
Denote &, the unique vector of H defined by

€= e (i) (1 (iT)& + ¢ T er (iT2)6 )
so that Eq. (3.38) holds and

Uy + eiTlug = i(el(iTl)fl + eiTlel (ZTQ)gQ) = iel(iT)f =: UgT- (346)

e_1(z) = ;| |< 2.
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On the other hand, we have

Vo + 67iT2’01 = -1 61(7Z.T2)€2 + efiTzel(fiTl)fl)

= — eiiTgel(iTg)gg +€7iT267iT1€1(Z.T1)51)

_ _,L-e—iTze—iTl <€iT161('L.T2)£2 + el(iTl)fl)
= —i(eMeT2)"le  (iT)E

= —i(e) ey (iT)€

—ie"Te, (iT)€

= —iey(—iT)¢

= ‘lgT- (3.47)
Let v¢, 7 € C defined by

ive,r 1= 21+ 22 + (U1, u2) — 27, (3.48)

where z¢r be as in (3.12). Combining (3.45) with Eqs.(3.46)—(3.48), we deduce
that

W&, TOW (&, T2) = T(uer, e’ ver, zer)es”
eNeTW(E,T). (3.49)
O

Remark 3.16. The set of all generalized Weyl operators
W:={W(T) ; £€H,TeBs(H)}
is not linearly independent. In fact, for example, W (0, —71) = W (0, 71).

In the following we will look for a domain D, of pairs of the form (£, 7)) with the
property that the associated Weyl operators W (&, T) are linearly independent and
which is maximal with respect to this property. To this goal define the equivalence
relation ~, on H x Bs(H), by

(&1,Th) ~ (&, Ty) < thereexists « € C ; such that W (&3, T3) = aW (&1, T1)

(in this case necessarily |a| = 1). Denote by (H x Bs(H))/ ~, the set of equiv-
alence classes for this relation. For all equivalence class, we can choose only one
representant (£,7") in some domain © C H x Bs(H), hence we construct a bijec-
tion between ® and (H x By(H))/ ~. Note that several choices of domain D are
possible. Intuitively there is a some domain ®( which is chosen in a natural way.
This domain will be called the principal domain of generalized Weyl operators, but
here we will not discuss this choice. (see [9] for an example of principal domain of
quadratic Weyl operator). In the spirit to deal with some properties of generalized
Weyl operators, such as independence linearity, we assume, in the following, that
a such domain ® is fixed. Clearly, from above prescriptions, that the linear span
of W, coincides with the linear span of the set of W (&, T), of which (£,T) in D.
Note also that this space is in fact a *—algebra and this comes from theorems (3.8)
and (3.14).
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Definition 3.17. The C*-subalgebra of B(I'(#)), generated by W is called os-
cillator Weyl algebra over H, we denote it by W, (H).

Lemma 3.18. For all (¢;,T;) € ®; j=1,2,
((51,T1) = (fg,Tg)) <— (U&,Tl = Ug,y T, and '™t = eiT"’)_

Proof. Let (§;,T;) € ®; j = 1,2 such that

Ug, Ty = Uen, Ty 3 Tt = T2,
Then
Ve, 1 = —ier(—iTh)és = —e it (iel(iTQ)fg) = —67’-T2u527T2 = fefiTlu&,Tl
= Vg
this gives
W(&,To): = Tl(ugm. e vem, 260m) = ug, . e ve 1 26,13)

e T2 e F(uﬁl,Tl ) e » Ve, T 251,T1>
= 2T W (€, T)
which implies (fg,Tg) ~ (fl,Tl) but (fl,Tl), (€Q7T2) € @, then (§I7Tl) = (gg,Tz).
(I
Lemma 3.19. Let j =1,...,m, m € N* and (§;,T;) € © satisfying

(& T5) # (&, Tk) Vi k= 1,....m, j # k. (3.50)
Denote
fii "3y — fi(y) = ug, 1, + ey
then, there exists x € H separating maps fj,

(ie. [5(2) # ful@) Wik =1,..,m, j k)

Proof. From condition (3.50) and Lemma (3.18), we deduce that for j, k =1, ...,m,
J#k, _ _

Ug,; T, F Ug, T, or e'Ti #£ i, (3.51)
Denoting ‘ ‘

J={(,k) € {1,....,m}? Ej =T — T £ 0}
-a) If J = 0, then for all j,k = 1,...,m, one has e’li = ¢'T* then from (3.51), one
has (ug; 1; # ug, 1, VJj # k), then f;(x) # fu(x)Vj # k V2 € H. Hence all z of H
separates maps f;. -b) If J # (), we consider
F = U ker(E; ).
(4.k)eJ

-b.i) Let us prove, in a first step, that 7 # H. By contradiction, assuming that

F = H. While the reunion of finite subspaces is a vectorial space only if, one
among them contains all the others, then there exists some (jo, ko) € J such that

H = U ker(Ej i) = ker(Ej) k)
(3,k)eJ
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This gives
¢iTio — ¢iTko

then by definition of J, (jo, ko) ¢ J absurd. -b.ii) In a second step, assuming by
contradiction, that

Vo € H\F, 3(j,k) € J, fi(x) = fu(z). ()

Fix 2 € H\F and consider z,, = £ € H\F,n > 1. (it is easily checked that
2 € H\F ). By hypothesis (), there exists (for x,,) a pair (j,,k,) € J such that

fin(@n) = fi, (xn). (3.52)

While J is a finite set then, the sequence (j,, k,) has a stationary subsequence,
what we take the same notation. Then for n sufficiently big, (jn, kn) = (Jo, ko) € J
and Eq. (3.52), becomes
fio(@n) = fio (zn)
which gives
Ug;o,Tig — Weny, Thg = (
Taking the limit as n — 400, one has

eTro — etio) g, (3.53)

U0, Tio — Werg, Thg = 0

and Eq. (3.53) becomes

(Ejo,ko)Tn = (eiTkO - eiTjO)xn =0.
Then , € ker(Ej, k,) and also © = nx,, € ker(Ej, r,) C F which is not true by
definition of x, (i.e. absurd). From above prescriptions, we conclude that there
exists xg € H\F, separating maps f; corresponding to all pair (j,k) € J . The case
for which the pair (j, k) ¢ J, is similar to the one for which J = ). In Conclusion,
xo separates maps corresponding to all pair (j, k), 7,k =1,....m, j # k. O
Proposition 3.20. The set of generalized Weyl operators

WD) ={W(ET), (T)ed}

is linearly independent.

Proof. Let (&;,T;) € ©, a; € C, j =1,...,m, m > 1, satisfying conditions (3.50)
of Lemma (3.19) and

Y aW(g,T;) =0. (3.54)
j=1

By Lemma (3.19), there exists 29 € H separating maps f;. Applying Eq. (3.54)
to exponential vector 15,, one obtains

ZajezfjvTj+<”fjvTj’I°>¢fj(x0) =0 (3.55)
j=1

Since the exponential vectors are linearly independent, then
ajeZg_,»,Tj+<v5j,T_,» o> ()

which implies a; =0 for all j =1,...,m. (]
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4. Lie Algebra Time Shift

4.1. Lie algebra time shift as *—homomorphism of Lie algebras. Let £
be a complex x—Lie algebra. Let
(XD, X7, X9 i aeF ;BeR)

where F, Fy are disjoint sets, be set of generators of L satisfying the following
conditions:

(X9)* = X§ VB € R,

(X=X, VaeF.
We assume that there exists a single central element, denoted 1y, among the gen-
erators and that it is of X°-type (i.e. self-adjoint). We will denote C;’ﬁ(s,s’,s”)
the structure constants of £ with respect to the generators (Xg), i.e. with a, 8 €
F U Fy,e,e',e” € {+,—,0}, and assuming summation over repeated indices:

[Xj,Xg'} = Z C’;’ﬁﬁ(a,a’,O)XS + Z Cy 5le, ¢, —i—)X;r + Z Co ple e, =) X7
yEFy ~YEF yEF

In the following we will consider only locally finite Lie algebra, i.e. such that, for
any pair o, 8 € F'U F, only a finite number of structure constants C! 5(5, e e”)
are different from zero.

Definition 4.1. Let be given:
- a *—Lie algebra £ with canonical set of generators
{Xi,ee{+,—-,0},a e FUF,}

with Lie-bracket as in the above definition
- a measurable space (5, B(S))
- a x—sub-algebra C C L (S, B(S5)).
The current algebra over S of {£, X¢}, with test function algebra C, is the x—Lie
algebra £(S,C) defined as follows:
— as a vector space L£(5,C) is the algebraic linear span of the family
{Xa(f), feCeef+, -, 0Lac o UF}

and the generators are independent in the sense that

S Xi(fea) =05 &= fea=0Vc,a
£,

— the map f —— XZ(f) is linear for e = +,0 and anti-linear for ¢ = —
— the Lie—brackets are defined by

[Xa(), X5 ()] = D O sle e e”) X5 (£ g7
'Y7El/

where, for a test function f, we use the notation
fe=f 5 ife=+0 5 f=F ; ife=-
and operations
. , .
55/15/5: { +7 lf (576) e{(+’0)’(+7+)’(070)’( ) )} 3
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— the involution is defined by
(X()" = X5 (f°)
with
+ == =4 0"=0;e,=+, faeF;ec,=—, fack,.

Example 4.2. The one-mode Heisenberg Lie algebra heis(1), is the complex x—Lie
algebra generated as vector space by a™,a™,1 with involution 1* =1 ; (a™)* =
a~ and Lie bracket

[a”,at]=1; [a®,1] = 0.
The current algebra of heis(1) over R is the Lie algebra generated by the set
{a*(f),a”(f).1 5 feC:=L*R)NL™(R)}
which are linearly independent in the sense that, Vf,g € C,A € C
at(f)+a (9 +AX1=0=f=g=0,A=0.
The involution and the Lie bracket are given by
(@* () =a"(f)
and
[a™(f),a* ()] = (£, 901 5 [a*(f),a*(9)] = la™(f),a” (9)] = [a*(£). 1] = 0.
Definition 4.3. A unitary representation of a Lie algebra L is a triple:
{H,m, D},
where: D C H is a total subset of £ which is a core for each 7(a) (a € £)
7w L — L%(D) (adjointable linear maps from lin-span(D) — H)
m(a)T, i.e. the H-adjoint of m(a) is defined on D and
m(a)" = m(a”),
(la,b]) = [7(a),7(b)] Va,beL,
where the identity is meant weakly on D.

Definition 4.4. Let £ be a real or complex *—Lie algebra with center Centre(L).
A central decomposition of L is a direct sum of vector spaces

L = Centre(L) @ Lo,
where L is a sub—Lie algebra of L.

Remark 4.5. Let £ and G be a real or complex x—Lie algebras and & : L — G a
x—isomorphism of Lie algebras. Clearly if £ has a central decomposition

L = Centre(L) @ Ly,
then G has the central decomposition

G = ®(Centre(L)) ® ®(Ly).
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In the following all Lie algebras are identified with their images under the cor-
responding unitary representations and these are omitted from the notations. We
assume that all Lie algebras have a scalar center, i.e. with central decomposition

L=Cly® L.
If given a *—Lie algebra, denote by L, the real subspace of L, of self-adjoint non

central elements, i.e. such that £, C Lo and a* = a for all « € L,. For I C R,
denote by Cj, the space of test functions in C with support in 1.

Definition 4.6. Let be given:

- a complex *—Lie algebra £ with scalar center Cly),

- a space of test functions C,

- a current algebra L(R,C) of £ over R.

A Lie algebra time shift is a family of homomorphisms of x—Lie algebras

Jei £L— L@1+15® L([0,t],Clo.4) (4.1)
with the following structure:
Je(X) :=T(X) @1+ 1 @ Tjg,4(X) (4.2)
with the property that the exponential map exists and the map j;, defined by
je(eX) = X er, (4.3)

is well defined and extends to a *—homomorphism of the C*—algebra generated by
the set A
{e*, X € L,}.

Note that in the above definition the map T must be a *—Lie algebra homo-
morphism of £ and Tjg ) is a *Lie algebra homomorphism from £ to its current
algebra over [0, t]. In the following we take T' = Id, i.e. T(X) = X, for all X € L.

4.2. An example of Lie algebra time shift of L£,..(H). In this section we
give an example of Lie algebra time shift of the oscillator Lie algebra.

Definition 4.7. The oscillator Lie algebra algebra over an Hilbert space H, is the
complex *—Lie algebra L,s.(H) generated as vector space by

At (u), A™ (u), A(T), 1o (the identity on H), wu € H\ {0}, T € B(H)\ {0}
which are linearly independent and satisfying the commutation relations from (2.1)
to (2.4).

In the definition (4.6), taking £ = L,s.(H) and sets of indices FF = H \
{0}, Fo=B(H). Losc(H), is generated as vector space by the set

{X{ ;€ FUFy, ; e=+4,—,0},
where: If a =u € F, XI = A%*(u) andifa =T € Fy\ {0}, XJ = A(T) and
X9 = 1p. The current algebra, L,s.(R, B(R)), of L,s.(H) over R is given by the
following -the space of test functions is C = L?(R) N L>=(R), -for all f € C,
AL (f @u), ife=fanda=ueF;
Xo(f)=4 AMM;xT), ife=0anda=Tc¢c Fy\{0};
(J f(z)dx)ly, ife=0and a=0,
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where the operator My, is the multiplication by f. Since fou € H' := L2 (R)@H =
L*(R,H) and M; ® T acts on H', the representation space of this current algebra
is

I(LA(R) @ H) = T(LA(R,H)).

If f= Xjo,g, denote X7 (a) := X (X[0,4), then we have

Af(u) = AT (xpg ®@u) 5 A7 (0) = A7 (X, ©@u) 5 A(T) =AMy, @ T).
(4.4)
This shows clearly, with these notations, that the operators AF (u) and Ay(T) are
in the current algebra L,s.([0,],Cjo.4)-
The Lie algebra time shift can be defined by its action on generators of £,s.(H)
which takes the form:

X =Xo@1+10® Y X5 (7). (4.5)
V&’

Several choices of *—homomorphisms of Lie algebras are possible. In our case, we
consider only a class of *—Lie algebra homomorphisms and we study in which cases
they are a Lie algebra time shifts.

To this goal, let us fix:
- (i) a continuous unital *~homomorphism p : B(H) — B(H),
- (ii) a surjective p—1—cocycle, i.e. a linear map 0 : B(H) — H with the property

S(T'T) = p(T")3(T) VT,T' € B(H). (4.6)

Then the cocycle property implies that the linear functional L : B(H) — C,
defined by

L(T) := (6(1),6(T)) VT € B(H) (4.7)
is hermitian and satisfies:
L(TT") = (5(T*),56(T")) VT, T" € B(H). (4.8)

In fact we have

L(T) = (6(T7),6(1)) = (p(T)5(1),6(1)) = (5(1), p(T™)5(1))

and

L(TT) = (6(1),6(TT")) = (6(1), p(T)8(T")) = (p(T)5(1),6(T"))
= (38(T"),o(T")).

Example 4.8. Let u be a fixed vector in H. Taking p(T') := T and §(T) = p(T)u,
one finds L(T) = (u, p(T)u).
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With the following choices:

J(AT() = AT @1+1p® (A (T1€) + 47 (Tx8)), (4.9)

G(AT() = AT (O @1+ 1@ (Af (Tx€) + A; (T19)), (4.10)
GAT) = AMT)©1+1y® (A?(5(T)) + Ay (0(T7)) + Ae(p(T))

+ tL(T)l), (4.11)

Gi(le) = 1o®1+1® Ry, (4.12)

j; will be a R-linear *—map whenever Ty, T5 are R-linear operators on H and R,
is a self-adjoint operator acting on I'(L?(R, H)).

Proposition 4.9. The map j;, defined by the equations from (4.9) to (4.12), is a
x—Lie algebra homomorphism if and only if Ty =T> =0 and Ry =0 for all t > 0.
In this case, denoting

Hy(,T) := A (&) + Ay (&) + Au(T) (4.13)

one has
J(H(ET)) = HET) @1+ 10 @ (Hy(5(T), p(T)) + LL(T)1) V(E, T) € H x BH).
(4.14)

Proof. The s—property is easily verified from the construction. The map j; is a
*—Lie algebra morphism if and only if for all X, Y € {A1(£), A~ (£),A(T), 1o}, one
has

jt([X7 YD = []t(X)th(Y)]v
this is equivalent to the following conditions:

EmR: = t((Th&, Tan) — (Tan, T2E)), (4.15)
(1x¢,Tam) = (Ton,Ti§), (4.16)
p(T)T§ = T, (4.17)
p(T*)12¢ = —T3¢, (4.18)
(6(T7),T:&) = (126,0(1)) (4.19)

for all §,m € H and T € B(H). Taking T' = 1 (the identity of B(#H)) in (4.18),
since p(1) = 1, it follows that T = 0. Therefore (4.19) implies that also T} = 0
because ¢ is surjective. From this we see that (4.15) implies that R; = 0 for all

t > 0. Given the above, from the real linearity of j; and the notation (4.13), one
sees that Eq. (4.14) is the sum of (4.9), (4.10) and (4.11). O

Defining a map j; on the set W(®) by the following:
Ge(W(E,T)) = jo (e ED) = 1 (HET)), (4.20)
Then
. i(H(§,T)®1 +i<1 ®(He(8(T),p(T))+tL(T)1 )
ey = ¢ Jriloed )
eHET) g ot (3(T),p(T)) it L(T)

= W(ET)® Wo(5(T), p(T))e T, (4.21)
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where we have used the notation
Wi(€,T) = &),

Note that from definition of ©, the map j; is well defined by Eq. (4.20). Since
W(D) is a linearly independent set, then j; can be extended by linearity to whole
the linear span of W(®) and we have the following theorem.

Theorem 4.10. The action of j; given by (4.21) holds also for all (§,T) € H X
Bs(H). Moreover, j; extends to a x—isomorphism from the C*-algebra Wy(H) onto
its image. Furthermore the map j; is a Lie algebra time shift.

For the proof of this theorem we need the following lemma.

Lemma 4.11. Let f(z) = }_,5qanz" be an entire function and p and § as in
(4.6). Then we have:
(i) For all T € B(H),

F(p(T)) = p((T)). (4.22)

-(i) For all T € B(H),& € H,
T (X0, @ T)(X[0, ®&) = X0, ® F(T)E. (4.23)
Proof. Note that from Lemma (3.4), p(f(T)) and f(p(T')) are well-defined. More-

over, since p is continuous,

(i)
F(T) = > an(p(D)" =" anp(T™)

n>0 n>0
(continuity) = p( > a,T") = p(f(T)),
n>0
-(ii)
TXo,g @T) (X0, ®E) = Z an (X0 @ T)" (X0, ® &)

n>0

= Z anXjo,) @T"E = X0, ® Z a,T"¢
n>0 n>0

= Xpo.g ® f(T)E.

]

Proof. (of Theorem 4.10).
Step I. In this Step we will prove the first part of Theorem. Let (£,7) € © then

Je (W(S’T)) = W(T) @ Wi (8(T), p(T))etH ™)
= W(ET)@D(Ure™, Vi, Zy)ett ), (4.24)
where
Ty = X0, @ p(T), Ug = iel(iTt)<X[07t] ® 5(T)) V= —e~ iy,
and

Zy = ~(Xjo) @ 8(T), e2(iT3) (X101 © 8(T) ).
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Using Egs. (4.22) and (4.23) in Lemma (4.11), we get

el = (1®1) + (xp. ® ple” = 1)), (4.25)
Uy = e ((X[O,t] ® p(iT)) (X[O,t] ® 5(iT)> = X[o,q ® e1(p(iT))é(iT)
X[o,¢] ® P(el(iT))(s(iT) = X[0,4] ® 5(61(iT)iT)
= X ®@6(eT —1), (4.26)
Vi = —eXoa®p(=iT) (X[O,t} ® 6(eiT _ 1)) — X ® p(e—iT>5(eiT —1
= o @6(e7 T (T~ 1)) = xjo @ 8™ T — 1), (4.27)
Zy = —{X09 ©(T), xp0,0 @ p(e2(iT))d(T)) = —t(d(T), 5 (e2(iT)T)))
= tL(e2(iT)(iT)?) = tL(e"" —iT —1). (4.28)

Injecting right-hand sides of Eqs. (4.26)—(4.28) in (4.24), one obtains

ji (W(g,T)) - W(g,T)ear(X[o,t]®5(e”—1), T, XM®5(e—iT—1),tL(eiT—1)).

(4.29)
Note that from (4.25), arguments of exponential operator I" in the right-hand side
of the above equation dependent of e’’. Now taking (¢/,7") € H x Bs(H) then

there exists a pair (&,T) € © such that W(&',T') = W (£, T), a € R. But

from definition of generalized Weyl operator given in Eq. (3.13) we get /7 = e,

Then by linearity of j; we obtain
(WE.T)) = (W)
= W(ET)®
F(X[O,t] ® (e’ — 1), e, xjo,q ® (e — 1), tL(e" — 1))
= W(E, T
F(X[O,t] @™ —1),e™ x0,q @ 6(e T — 1), tL(eT — 1))
= W(E,T)@ Wi (8(T"), p(T"))
—  We(HELT) (4.30)

which proves that we can take the same expression of j; for all W (£, T).

Step II. Assuming, provisionally, that for all £,&1,&, € H and T, T3, Ts € Bs(H),
the following relations hold

(W& ) = ((WEe)") (431)
and

Jt (W(€17T1)W(§2,T2)) =Jt (W(fl,Tl))Jt (W(&,Tz))’ (4.32)
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then j; is a *~homomorphism from the x—algebra generated by the set of general-
ized Weyl operators onto A;j. In fact if

w = E Oéjo
1<j<n

then

Gew)' = (W) = 3 @) = 3 agiwy)

1<n 1<j<n 1<j<n
- jt( 3 oszj) = ji(w"). (4.33)
1<j<n

On the other hand, let w; = Zl<j<n a;W; 5 wy = Zl<j<n B;Wj, then

Je(wiwz) = jt( Z ajBijWk): Z o Brie (W; W)

1<j,k<n 1<j,k<n

= Y B W)i(We) = D aiie(W;) D Brin(Wi)
1<j,k<n 1<j<n 1<k<n

= Je(w1)je(w2). (4.34)

Egs. (4.33) and (4.34) imply that j; is a *-homomorphism. From the expres-
sion of j; in equation (4.21), we see that it is an injective map. Since j; is a
s—homomorphism of x—algebra and identity preserving then it is automatically
continuous. Hence it can be extended to the C*—algebra generated by the set of
Weyl operators W, (). Hence it is a *—isomorphism from W, () onto its image.

Step III. Here, we prove the x—property (4.31). We have
(Jt (W(&T)))* - (eimH(&,T)))* _ omilmEem)” _ i ((HEem))

e HED) (e em) — i (W(e.1)°):

Step IV. In this step we investigate to prove the multiplicative property (4.32).
From Theorem (3.14) and linearity of j;, we get

G(WELTOW (€. 1)) = i€ TW(ET))
= 1 (W(ET))
eCTW(ET) T (Up, e, V,, &), (4.35)

where e/t U, and V; are as in Eqs. (4.25)—(4.27) and ¢; = tL(e'T — 1). Similarly
we obtain

jt<W(§17T1))jt(W(52,T2)) = (W(glaTl)®F(Ut(1)aeiTt(l)’Vt(1)a t(l)))

x (W(€27 TZ) ® F(Ut(z)’ @iTt(Z) , ‘/15(2)3 Ct(Q)))
= ei'YE,TW(é',T) ® |:F(Ut(1),eiTt(l)7‘/;(1)’ t(1)>

« T (Ut(z)’ T , Vt(2)’ Q@))} 7
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where Ut(j),eiTtm,V;(j) and ¢ j =1,2 are as Uy, et V; and (; respectively.
Using Lemma (3.3), we get

(W, 1))i (Wig, 1)) = em Wi, T) @ T(U',e ™ V',¢),  (436)

where
U — Ut(l) 4 eile)Ut(2) LT = T T V= Vt(2) 4 e—iT,Fz‘)%(l)
and
¢ =¢V+¢+ (v u®).
Then

U' = Xog®3(e' —1) + eXion @) (X[o,t] ® o(e2 — 1)>
= X, ® S(er —1) + X0, ® ep(viTl)(S(ein _1)
= X0, ® (6(6”1 1)+ p(eT)(e' T — 1))
= Xo,)® (5(6iT1 — 1) + (et (T2 — 1)>
= X ®0(eTe —1)

= X0, ® 5(e'T 1)
- Ut'

The same computations give T =T V' =V, and ¢’ = ¢;. Finally comparing
Egs. (4.35) and (4.36), one has (4.32). O

5. The Generator of the Quantum Lévy Process

In this section, we use the notations of Section (2.2) and we consider the C*—
algebra Ay = Wy (H) and the stochastic process

jt : A() — At]

given on the generalized Weyl operators by Eq. (4.21). We have the following
theorem:

Theorem 5.1. The stochastic process j; is a Markov cocycle.

Proof. Clearly that jg (W(§,T)) =W(ET)®1 for all (§,T) € H® Bs(H). Then
by #-homomorphism properties we obtain jo(a) = a ® 1 for all a € Ag. Let j; be
as in Eq. (2.10) of Section (2.2). Then from (4.21), one has

Jt (W(&T)) =W(ET)® ex[o,t]7

where, in the notation (4.13):

Xjo. = i(H(3(T), p(T)) + 1L(T)1).
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Using Egs. (2.7) and (2.8), one has
Jeousei(WE D)) = Joous(W(eT)®e¥in)

= ] (W(f T) @ T(0s )eXw,ﬂF(GZ‘))

(WgT ® 10, ® ¥t

= Js((W 1)(1o® 1, ® ¥ ““))

- jS(WfT ®1)35(10®1[05]®e +)

From Eq. (2.10), we get
Joousogi(Wie. D))

3o (W6 T)) (Ji10) @ Xt

(W(g’ T)® eX[o,S]) (10 ®1y® eX[s,sM)
= W(f, T) ® eXIO»S] R ex[s,s+t]

= W(T)® Xt Xt

= W(fa T) ® GX[0'5+‘]

= Jstt (W({, T))

which proves the cocycle identity (2.11). O

Theorem 5.2. Let P? be the Markov semigroup associated to the process j; via
Eq. (2.12). Then its action on the generalized Weyl operators is given by

PHW(,T)) = M " OW(E,T). (5.1)
Moreover, W(£,T) are eigenoperators of its generator Gg so that
Go(W(E,T)) = L(e"m = )W (E,T). (5.2)
Proof. With help of Egs. (2.12) (4 21) (2.9), (4.28) respectively, we get
PUW(ET)) = Eje(W(ET)) = By (W(ET) @ Wi(S(T), p(T))e D)

= <‘I’[07Wt(5( )p(T))e”L(T)‘I’ YW(ET)
= D (Do, Wi(S(T), p(T))@10)W (£, T)
= MNP, eZ D)W (E,T)
_ th(T)+tL(eLT—zT 1)W(§,T)
= LDy T,
([l

Remark 5.3. Taking the state L such that L(T) = (u,Tu), where u is a vector of
‘H with norm equal to 1, Eq. (5.1) becomes

GoW(E 1) = (i (" D (ET) = ([ (@ praldn))WET), (53
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where 7, is the spectral measure of T" associated to u. In the above equation,
the eigenvalues of G

7= / (€ — D u(de),
a(T)

are explicitly computed in terms of the Lévy-Khintchin factor of the underlying
classical Lévy process and the generalized Weyl operators, associated to the os-
cillator Lie-algebra, are eigenoperators of the generator of the quantum Markov
semigroups canonically associated to the quantum extension of the classical Lévy
process induced by these Lie algebra shifts.
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