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The notion of mutual quadratic variation (square bracket) is extended to a quan-
tum probabilistic framework. The mutual quadratic variations of the annihilation,
creation, and number fields in a Gaussian representation are calculated, in both the
Boson and the Fermion case, in the strong topology on a common invariant
domain. It is proved that the corresponding Ito table closes at the second order.
The Fock representation is characterized, among the Gaussian ones, by the
property that its Ito table closes at the first order.  © 1989 Academic Press, Inc.

1. ITo ALGEBRAS

A classical complex valued stochastic process on a probability space
(2, #, P) indexed by an interval T< R can be looked at as a map X from
T with values in the measurable functions on (2, #, P). The set o of these
functions is a *-algebra for the pointwise operations and for the involution
given by

[Hw)=flw), wef.

To every process X as above we can associate an &/-valued finitely additive
measure on the sub-intervals /= (a, b] of T defined by

XH=X,-X,

called the increment of X. Conversely, if I€ T+ X(I)es/ is such a
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measure then to every random variable X,, we can associate the stochastic
process

X,=X,+X(t,,1) if to<t
X, =X,—X(t 1) if to=t

with the property that the increment measure of the process is the initial
one. Thus, up to an “initial value” X, there is a one-to-one correspondence
between complex valued processes on (2, #, P) indexed by T and
&f-valued measures on 7.

The mutual quadratic variation [6, 7], also called the brackets, of two
classical stochastic processes X, Y is defined in terms of the associated
measures (still denoted X, Y) by

[X, Y()) =lim }, X(Z,) - Y(L,),
k

where the limit is taken over some net (/) of partitions of I and is meant
for some topology on o/ (a.e. convergence, convergence in probability,
convergence in L”,..). Since the notion of mutual quadratic variation is
one of the basic tools in classical stochastic calculus it is natural to try and
generalize this notion in two main directions:

(i) The index set T is multidimensional (or even a general
measurable space).

(ii) The processes (hence the corresponding measures) take value in
a noncommutative *-algebra /.

Quantum fields provide examples of both situations and since all the
known examples of quantum fields are built as perturbations of free
(Gaussian) fields the first step of our program will be the evaluation of the
mutual quadratic variations of quantum Gaussian fields.

In order to have a unified treatment of the classical and the quantum
cases, we are led to consider a general set T (called the index set), a family
A of parts of T closed under finite unions, finite intersections, and relative
complements and a topological *-algebra with identity o/ whose topology
is given by a family of seminorms {v,.:f, ge D} (D-a set). The typical
case, corresponding to the classical and quantum processes, will be: T=R
(or a sub-interval thereof); # the Boolean algebra generated by the inter-
vals; o7 = #(K) for some Hilbert space K, or &/ a *-algebra of unbounded
operators defined on a common invariant dense domain D = K; and the
seminorms {v,,} given by

v (@)=1{f,ag>l; aesd;f geD. (1.1)
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Another class of seminorms interesting for the stochastic calculus is

(cf. [11)
vAa)=llafll;  aesd;feD. (1.2)

In the following for simplicity we write /< T for /€ # and, for such an
I, we denote 2(I) the set of all finite partitions (I.), k=1, .., n, of I with
elements of #. Clearly 2(I) is a directed set for the order relation “is a finer
partition than” and therefore it can be used to index nets. If (x,), gz, Is
a family of elements of a topological space, indexed by 2(I), the expression

lim x,
neP(l)

will denote the limit of x, with respect to the net 2(I).
A finitely additive .o/-valued measure on # is 2 map X: # — &/ such that

X(Iu J)=X(I)+ X(J) (1.3)

for any pair of disjoint elements I, Je #. Unless stated otherwise by an
operator valued measure we shall mean a finitely additive measure. The
vector space of &/-valued measures on (7, #) will be denoted #(T, #; )
or simply #(T; /)

DeFINITION (1.1). Let X, Y: # — o/ be finitely additive measures. The
mutual quadratic variation [X, ¥] of X and Y is the measure defined by

[x, YIth=_lim % X(I) Y(L) (1.4)

(e ‘¢

is the limit on the right-hand side exists in </ for all /e 4. Otherwise it is
not defined.

Remark (1). In classical probability the mutual quadratic variation
between X and Y is usually denoted [X, Y]. We introduced the double
bracket notation to prevent confusion with the commutator.

Remark (2). Instead of “mutual quadratic variation of X and ¥ we
will also use the shorter expression “brackets of X and Y.”

Remark (3). The notion of brackets depends not only on the topology
on </, but also on the precise meaning of limit in the expressions like (1.4).
We have adopted here the meaning described since it has the nice property
that the bracket of two finitely additive measures, if it exists, is again a
finitely additive measure. Clearly several other notions of limit in (1.4)
could be considered. For example, if T is a bounded interval of R and #
is the class of finite unions of sub-intervals of T of the form (s, ¢], then the
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limit (1.4) could be defined by choosing the limit over the sequence of
dyadic partitions of 7. All the results from Section 3 will not depend on the
choice of the notion of limit in (1.4).

The following examples of brackets are not of the usual semi-martingale
type. In the language to be adopted from Section 3 on, one might say that
these examples concern the “one particle level” and our goal will consist in
the computation of the brackets of different types of “second quantized
versions” of these measures.

ExaMPLE (1). Let X: % — o/ be a projection valued measure, then for
any /< T and for any family of seminorms

[X, X](D) = Xx(),

ExaMpLE (2). Let T=R; %-the Borel o-algebra on R; of = Z(L*(R));
and let ep,e, be the projection valued measures of the position
((Qf Xx)=xf(x)) and momentum ((Pf)(x)= (1/i)(d/dx) f(x)) operators,
respectively. Then for any 7€ T

[ep, eQ]](I)'__ [[eQ, ep](1)=0

for the topology induced on #(H) by the seminorms v, (a)=
{f,afy;ac B(L*(R)) with f in the Schwartz space &(R) of rapidly
decreasing functions. This follows from the estimate

leg(D e (DI P,
where {]] is the Lebesgue measure of 1.
ExaMpLE (3). The following is an example of a measure m on R with
values in the bounded operators on L?(R) which satisfies
[m, m](I)=m(I) (1.5)

in the same topology of Example (2) even if m is not projection valued. In
the notations of Example (1), let J be a fixed bounded interval and define,
for ISR,

m(l)=egy(l) ep(J)=eo(I)[1—ep(J)],
Then
m(I)* =m(I)—eq(I) ep(J) eg(I) ep(Jc)

and (1.5) follows from the estimate
leg (D) ep(J) ep (1) ep(J) NYX) < If | p1qmy 24 (x) 1]

for any function f € #(R), where f denotes its Fourier transform.
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We define the positive cone &/ | of an abstract topological *-algebra .o/
as the closed cone generated by the elements of the form a* -a with ae &.
Thus, by definition, a positive element of &/ is a limit of sums of elements
of of of the form a*.a. With this definition it is clear that the map
(X, Y)— [ X, Y] is bilinear and positive, in the sense that

[x=, X1(J)

is a positive element of &/ for each /= 7. We want to interpret it as a
multiplication on a suitably restricted space of «/-valued finitely additive
measures.

DEFINITION (1.). A complex vector space . of o/-valued finitely
additive measures is called an Ito algebra if it is closed under the operation
of mutual quadratic variation, i.e., if [X, Y] exists and belongs to .# for
each pair of measures X, Ye .#. If we fix a basis of .# then the brackets of
any pair of elements of this basis is a linear combination of elements of the
basis. The table which gives this linear combination for any pair of
elements of the given basis is called an Ito table.

Notice that the notion of Ito algebra depends both on the topology on
&/ and on the way in which the limit (1.4) is taken.

In this paper we prove that on the quantum fields, defined by any
Gaussian (quasi-free) representation of the canonical commutation (or
anticommutation) relations over an arbitrary Hilbert space, there is a
natural structure of Ito algebra and we compute explicitly their mutual
quadratic variations in both the Boson and the Fermion case. More
precisely (cf. Section 5): by second quantizing measures with values in the
algebra of bounded operators on some Hilbert space H (e.g., spectral
measures) we associate to the usual field, creation, annihilation, and
number operators in a given representation some measures with values in
the (possibly unbounded) operators on the second quantized space.

If the measures on H we started with form a commutative Ito algebra in
the sense of Definitions (1.2) and (6.1), then the set of second quantized
measures is also an Ito algebra, whose algebraic structure is constructed
explicitly in Theorem (6.3). Moreover we prove that the Fock representa-
tion can be characterized, among all the quasi-free representations, by the
Ito table of the associated creation, annihilation (or fields), and number (or
gauge) measures.

The connection with the Ito tables considered up to now in classical and
quantum probability is obtained by choosing H = L*(R ) and by fixing the
projection valued measure on R, to be

e: (s, t) =R, > e, ,=multiplication by y,, .
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It is clear that the complelx multiples of e(-) form a commutative Ito
algebra. There are, however, interesting examples of operator valued
measures which are not of this type. For example, the number processes (cf.
Section 4) naturally lead to the introduction of measures of the form
T-e(-) or e(-)- T, where T is a bounded operator on H. The necessity to
include these measures, and the fact that the passage from these to more
general ones does not complicate in an essential way the techniques of the
proofs, motivates our choice to consider an arbitrary Ito algebra of
measures at the level of the one particle space.

Even in the case when the Ito algebra is generated by a single projection
valued measure, and the index set T is an interval in R, , our results yield
a generalization and a technical improvement of the Ito tables obtained by
Hudson and Parthasarathy [9] for the Fock representation of the CCR
over the space L?(R, ) (we consider only scalar valued test functions since
the extension to the vector valued case is trivial), by Hudson and
Lindsay [10] for the universal invariant (finite temperature) representation
of the CCR over L*(R ), by Applebaum and Hudson [5a] for the Fock
and the universal invariant representation of the CAR over L*(R ), and by
Applebaum [4] for some quasi-free Gaussian representations of the CCR
and the CAR over L*(R,). The generalization consists in the following
facts:

(i) Our one particle space is not restricted to be L*(R,) but is
arbitrary.

(ii) Being independent on the notion of stochastic integral, our
method is representation free within the class of Gaussian representations.

(iii) We can evaluate the mutual quadratic variation of a pair of
processes which are based on noncommuting filtrations already at the level
of one particle space.

(iv) No commutativity condition between past and future is
assumed.

Of these generalizations for the moment, the most relevant is the first
one. In fact one can construct examples of Gaussian quantum noises
satisfying the “chaoticity conditions” of [2] but which are not reducible to
Gaussian quantizations of spaces of the form L*(R,;K) (K-a Hilbert
space). For such.quantum noises a stochastic integration can be developed
on the lines of [1, 3]. Therefore, in order to develop a full stochastic
calculus for these noises, including the Ito formula, one needs to know the
mutual quadratic variations of all the basic integrators, ie., the results of
this paper.

The improvement consists in the fact that our Ito tables are established
in the topology of the strong convergence on the invariant domain D
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obtained by application of an arbitrary number of field and Weyl operators
to the vacuum vector (cf. Lemma (3.1)), while all the above-mentioned Ito
tables have been established in the topology of the weak convergence on
the smaller and noninvariant domain of coherent vectors. The note [14]
contains the evaluation of all the relevant mutual quadratic variations in
the topology of weak convergence on the coherent states. In that
framework the computations are considerably easier, but the results are not
strong enough to handle even the simplest problems concerning, say, the
“continuity of the trajectories” (cf. [3]). In this paper we limited our
discussion to mean zero gauge invariant Gaussian fields but, as shown in
[13], our techniques are applicable to the general case. Stochastic integrals
for some representations of the CCR and CAR over the space L*(R, ) have
been considered in [5b] but the notion of mutual quadratic variation was
not studied in that paper.

As already said, the notion of Ito algebra and the corresponding Ito
tables depends neither on the notion of stochastic integral nor on any
filtration; in Section 2 we introduce a formal notion of stochastic integra-
tion in order to show that, in case of a one dimensional index set and
under the additional assumption that the increments of the integrator
processes commute with the past fitration, the Ito multiplication [., -] is
associative. Associativity turns out to hold, in the Gaussian case, also for
multidimensional index sets and without any commutativity assumption
(cf. Theorem (7.3) and the remark at the end of Section 8), however, we
could prove this result only by an explicit calculation of the brackets up to
fourth order since, in the multidimensional case, a general argument of the
kind used in Section 2 is still missing,

2. ONE DIMENSIONAL INDEX SET:
ASSOCIATIVITY OF THE ITO MULTIPLICATION

Let o/ be as in Section 1 and let M, N be finitely additive measures on
R with values in /. Denote M(¢) = M(0, t), N(t) = N(O, #) and assume that
for each bounded interval (s, ¢) the limits

lim ¥ M(ty, te, ) N(O, tk)=:j'dM-N 2.1)
Ps.0) P

I3
lim ¥ M(0, zk)N(tk,zkH)::f M-dN (2.2)
2,007 s

exist in &/. We call (2.1) the left stochastic integral of N with respect to dM
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and (2.2) the right stochastic integral of M with respect to dN. For any
fixed dt > 0 introduce the notation

dF(t)=F(t +dt)— F(t) (2.3)
(where F is any «/-valued function). Then summing the algebraic identity
dMN)=dM -N+ M -dN+dM -dN

over the intervals (¢, ¢, . ,] of a partition £ of (s, t], one finds

M(t) N(t)— M(s) N(s) =Y. M(1;, t, 4 1) N(O, 1)
k
+Y MO, t,) Nty ti 1)
2
+2 M(ty, te o) Nty ti i),
k

where the sums on the right-hand side are extended to all the intervals of
the partition P. Since the limits (2.1) and (2.2) are supposed to exist in <,
it follows that also the mutual quadratic variation

[M, N](s, I)=;i(m)zM(tk;tk+1)N(tkatk+1) (2.4)
5, k
exists in /. By construction one has
! t N
M(t) N(1) — M(s) N(S)=J MdN+J dM N+ [M, N](s, 1), (2.5)

which we can write symbolically in differential form:
d(MN)=dM -N+ M -dN+d[M, N]. (2.6)

Because of this connection between the notion of quadratic variation and
that of stochastic integration, we shall sometimes use the symbolic notation

d[X, Y] =dX-dY

for finitely additive «/-valued measures X and Y.
Equation (2.6) above expresses the essence of Ito’s formula to which it
reduces when:

— &/ is the real algebra of real valued measurable functions on a
probability space (Q, #, P) (considered as a *-algebra with the trivial
involution given by the identity).
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— The topology on & is the topology of convergence in probability.

— The finitely additive /-valued measures M are defined by
M(s, t)y=X,— X, where X=(X,) is a real valued stochastic process on
(Q, #, P).

— 1In (2.6), M and N are powers of a continuous martingale X, say
M= X", N=X". In this case, in the notation (2.3) above one has

dMN)=d(X"*" =(m+n) X"+t"~1dXx
+(m+n—1)X"*""2dX - dX

from which one easily deduces the Ito formula for polynomials in X:

df(X)y=f(X)dX +3 f"(X)dX -dX
=f'(X)dX + 3 f"(X)d[X, X]. (2.7)

Given a family of classical or quantum processes {X,(¢):ae T;teR_} one
of the basic problems in the quantum stochastic calculus consists in the
explicit evaluation of the mutual quadratic variations [X,, Xz] of all the
pairs of processes in the given family. The notion of the Ito table intro-
duced in Definition (1.2) can be extended by requiring that the mutual
quadratic variation of any two processes in the family is a sum of finitely
many stochastic integrals with respect to processes in the slame family—in
symbols,

[X,, Xsl(t, t +dt)=dX, (1) - dXg(1)

=J"+d'}: ¢ 4(s) dX,(s)

for some adapted processes c] 4(s). The processes ¢} z(s) are called, in
analogy with the Lie algebra case, the structure processes of the family
{X,(1)}. If the family of stochastic processes {X,(t):ae T;te R} admits
a closed Ito table with structure processes c}, 4(s) = c?, ; which are complex
constants, then the linear combinations of the measures {dX,(s)} are an
Ito algebra in the sense of Definition (1.2). In this paper we shall limit
ourselves to this case because the above-mentioned extension depends on
the notion of stochastic integral.

The following theorem shows that, if the space of integrable processes is
rich enough to separate the integrators, then, under the additional com-
mutativity condition (2.8), the Ito multiplication is necessarily associative.

THEOREM (2.1). In the notations above, let o/ be an associative algebra
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and let X; (j=1,2,3) be finitely additive s/-valued measures on R and let
Fi:R—> s (j=1,2,3) be step functions such that the integrals

t t
I(t):= L F, dX;; L I.F, dX,;
t
f Lodl; k=123
0

exist for every finite t in the sense of (2.1), (2.2) and satisfy

L I, dlj=£: IF, dX,.

Assume moreover that for each t <u and for any three (adapted) processes
F; one has

Fi()[ Xy () = X, ()] = [ X () — X (£)] F;(2). (2.8)
Then

LR&RNULLLL]

= [ FiFFy dIX,, X, Xl (29)

Proof. Notice that, because of (2.8), it is not necessary to distinguish
between right and left stochastic integrals. Therefore the argument at the
beginning of this section and our assumptions imply that the quadratic
variation [X;, X;] exists in &/ and the identity

< jﬂ F, dX,)(j; F, de>

=j0 FilydX,+ | LF,dX,+ [ FF,d[X, X} (2.10)
0 1}
(Ito formula) holds. Because of our assumptions
jF,.dX,.ed, i=1,2,3.
This, together with the associativity of the multiplication in &/ and Ito
formula (2.10), will imply the associativity of Ito’s multiplication. To prove
this we shall use the shorthand notation

(G); for the function tl—*j G001 4X,, j=1,2,3

(@), ,; for the function t+> G o, d[X;, X /], ij=1,2,3
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A= [(jF, dxl).UdeXz)].(fn dX3>
B::([F1 dX1>.[<fF2 dX2>.<fF3 dX3>],

where throughout the paper x, will denote the characteristic function of the
set I. Using (2.5) we find

A= [fFl (Fy), dX, + [ (F\), Fy dX,
+[ iR, arx,, Xz]]] -<[F3 dX3>
= [ Fi(F)y(F2); X, + [ (Fu(F),), X,
+ [ Fu(F2)FadX,, X3+ [ (F)Fa(F)s dX,
+ [ ()1 (Fa)oFy dXy + [ (Fy) FoFs dXo, X3
+ [ (F0 Fy(Fa)y LY, Xol + [ (FLFa)o Fy dX,

+[ FUE Py I, XD, Xl

On the other hand, again using (2.5), we have that

B=<fF, ar)q)[sz(m3 dx, +
+ [ (). Fy dXy+ [ FFydiX, Xs]]]
= [ Fu(Fo(F)5)2 dX, + [ (F)y (F(F3)s dX,
+ [ FUF(Fa) dIX, Xo)+ [ FL((F2)oFs)s dX,
4 [ (FOu(F2)aFs dXs + [ Fu(F2), Fs dTX), X1
+ [ (F) FaFy dIXs, X

+ [ Fu(FoFy) dX, [ FRFydlX, 1, Xs]1.
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By the associativity of the multiplication in &/ we have that 4 = B. Com-
paring the terms in 4 and B it is clear that the terms with integrators of
the form [X;, X;] cancel. Consider now the terms which are integrated with
respect to dX, in B. These can be written as

JFI [(F2(F3)3)2+ ((F2)2F3)3 + (F2 F3)3] - dX,

but due to Ito’s formula (2.10) the term in square brackets is equal to
(F,),(F5);. Hence the dX-integrals cancel and similarly for the dX,- and
dX;-integrals. So we are left with (2.9) and this ends the proof.

Remark (1). The fact that an Ito algebra should be associative as a
consequence of general arguments was pointed out to the authors by
M. Schiirmann.

Remark (2). In the above theorem we have specifiedneither the class of
integrands (adapted processes) nor the class of integrators (semi-mar-
tigales). However, all the properties required by the theorem are verified in
the rigorous theory of stochastic integration developed in [3] (cf. [1] for
a preliminary exposition).

3. BosoN GAUSSIAN (QUASI-FREE) STATES

In this section we recall known facts on Boson Gaussian (quasi-free)
states and we prove the technical Lemma (3.2) which will be frequently
used in the remainder of the paper.

By a pre-Hilbert space we mean a vector space H over C with a non-
degenerate scalar product denoted (-, - > which is real bilinear and satisfies

<fg>=<X&f> fgeH

We will use the notation

o(f, g)=Im{f g>  f geH.

Given a pre-Hilbert space there exists a unique C*-algebra W(H) with the
following properties:

(i) There exists a map W: H— W(H) such that the linear space
generated by the W(f) (fe H) is dense in W(H).
@) W(NH*=w(-f); feH.
(iii) W(f)W(g)=e "V W(f+g); fgeH

W(H) is called the CCR (or the Weyl) algebra over H. In our notations
the scalar product is conjugate linear in the first variable. A gauge invariant
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regular mean zero quasi-free (or Gaussian) state with covariance Q is the
state ¢, on W(H) satisfying

Do (W(f)=e DU fe, (1)
where Q is an operator on H satisfying

KQLfY2If1% Ve (3.2)

For the definition of a Gaussian state only the real linearity of Q is
required. In this paper we restrict ourselves to complex linear Q, but our
techniques are applicable to the case of a real linear Q as well. For a
general mean zero Gaussian state the term gauge invariant means that Q
is complex linear and not only real linear. Any state on W(H) is uniquely
determined by the condition (3.1) and conversely any operator Q satisfying
(3.2) defines a unique Gaussian state on W(H). The Gaussian state corre-
sponding to the choice

g=1 (3.3)

in (3.1) is called the Fock state on W(H) and denoted ¢, or ¢ .. Thus, be
definition, the Fock state on W(H) is characterized by

or(W(f))=e VDI feq (3.4)

If {#,n, @} is the GNS triple [15] associated to the pair {W(H), o5}
then = is called the Fock representation of the CCR over H. The Gaussian
state corresponding to the choice

0=1-1, JeR,,i>1 (3.5)

is called the universal invariant state with parameter A and its GNS
representation is called the universal invariant representation (of the CCR
over H) with parameter A.

When no confusion might arise the Gaussian state ¢, will be denoted ¢.
In the remainder of this section we fix a Gaussian state ¢ =g, with
covariance @ and denote {5, n, @} the associated GNS triple. It is known
that the GNS triple of the pair {W(H), ¢} can be easily described in
terms of the Fock representation of the CCR over H and over its conjugate
space H which is defined as follows:

(i) As a set H coincides with H.

(ii)) The identity map 1: fe H— i(f)e H is conjugate linear (additive
and 1(Af) =1 ).
(iii) Foreach f, geH

<), U a=<8& fDu (36)
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Notice that in this case the map A € B(H) - A € #(H) defined by

Af)y=u4f), feH (3.7)

is a conjugate linear *-isomorphism of #(H) onto #(H).
Denoting ¢ and @, the Fock states on W(H) and W(H), respectively,
and {#p,np, Pr}; {#r fip, Pr} the corresponding GNS triples, and

denoting
= /._Q"'l. = /__._Ql
C= 5 S= > (3.8)

it follows that, if {#, n, @} is the GNS triple of { W(H), ¢} then the map

n(W(f) = nd W(CF) @ R W(SKf))) (3.9a)
D, QP (3.9b)

extends to a unitary isomorphism of the triple {#, n, @} with the triple
{H# @ HF @7, D@ P} Thus in principle every quasi-free calculation
can be reduced to a Fock calculation. However, since this reduction does
not simplify the calculations in a significant way, we prefer to deal with the
general case directly.

LEMMA (3.1). For any fe H, the family {n(W(tf))} (t€R) is a strongly
continuous unitary group and its generator B(f), called the field operator in
the representation m, is such that for allne N, and all g, ..., g, € H, one has

B(gy)- -+ - B(g,) n(W([)) ® € D(B(g)). (3.10)

Proof. This is standard result which follows by explicit computation
from the CCR and the fact that the function reR — @o(W(f+1tg)) is
analytic for all f and g.

LeEMMA (3.2). There exists a unique real polynomials P, in the variables
Sts wees Sps U2 vy Ly 1,0, HOmMogeneous of degree n if deg (s;) =1, deg(¢; ;) =2
and independent on the Gaussian state ¢, such that for all ne N, and
g1 &ns [, € H, one has

{n(W(h)®P, B(g,)- - - B(g,) n(W(f)P)

=n(W(h))D, t(W(f)) D> P,(S1s s Sus L1,25 o ty—1,n)  (3.11)
with

s;=i1Re<Q(f—h),g;>+a(f+h, g;);
t,;=Re<Qg:, &) +i0(g:, g;)- (3.12)
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The polynomials P, satisfy the recursion relation

Pnl (Sls seey sn’ Sn+1: t1,2s cany tn,n+l)
=Sn+1Pn(s1’ [ide] Sn’ tl,Z’ ey tn—l,n)
20
+ Z a— P,,(Sl, suey S", t1’2, vary tn~1,n) - tj,n+1‘ (313)
j=195;
Moreover the coefficients of the monomials in P, are 1 if all the indices occur

in the monomial, 0 otherwise.

Remark. We write down the first five polynomials P,, some of which
will be used in the following.

Py=1; Pi(sy) =55 Pysy, 82, L) =815+ 115 (3.14)
P3(5y, 825 835 1125 b1,35 123) =818253 518 3+ Say 3+ 5385 (3.15)
Py(sy, 82583, 845 11,25 11,35 Fras 12,35 12,45 13,4)
=51525354+ 51 Sals3+ 525413+ 5354812+ 5253014
+ 818304t S182l34F 3, Lat et sttt (3.16)
PS({sj}jsl,...,S’ {tj,k}j,k=1,..,,5)
=81528385485+ 818545585 3 5284558 3+ 5354852, 2
+ 852838581, 4+ 8,053t 4+ Sstaaly 3+ Ssla 4ty
+ 5283548 s+ Saly 3ty s+ 5182838, 5+ 518354825
FS4l3l 5+ 8384ty 5+ 515284855
+ 8183t 5t 530 38858380145
+ 838, 502481835824+ 828y 5834+ 5112503 4- (3.17)
The general rule for P, is the following: from the set {1, .., n} one picks k
pairs (i,, j,) with
Ie < Jos a=1,..,k k=1,.. [n/2] =integral part of n/2

then one forms the products

k
(o n s)(w)
he{l,.,n} — {it, )1, s ik Ji} a=1

and one sums all these products over all the £ and all the choices of the
(i, J,); this gives P,.

580/85/2-2
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Proof. The result is proved by induction on n. The lemma is obviously
true for n =0, 1. Suppose now that it holds for n=0, 1, ..., k. Then we have

((W(h))®, B(g,)- - - B(&:) Blgi. 1) m(W(f)) D)
i)
=27 [{n(W(h))D, B(g,)" ---
B(gy) (WA + ) D) e #o&r N,
0
=71 [({n(W(h))D, n(W(Agi 1 + f)P>
e~ %BL) P (5 (A), oy 5 (A), Loy o e— 1) Jaz0s (3.18)
where ¢; ; is as in (3.12) and
s (A)=iReQ(Agi s+ —h), gD +o(ige 1+ f+hg) (3.19a)
so that
d
msj(i)=tj,k+1. (3.19b)

Moreover

ia% [<(W(h) D, n(W(Agy . + /)P e oot N],

0 a B
=27 K@ n(W(Agics 1 +/ —h) D) e Molsn ) ate v Y,

=_6_ [e—(1/2)<Q(lgk+1+f—h),&gk+1+f—h>+iia(f+h,gk+1)+ila(h,f)]A

i0A A=0
=~ (W2KQU .S —to+ ik ]) . [ReCQ(f —h), gx 41> +0(f+h g+ )]
={(W(h))D, n(W(f)) D) 5p 11 (3.20)

Using (3.19) and (3.20) to compute the derivative in (3.18) we find the
result.

If no confusion can arise from now on we shall suppress the notation =
for the representation and in the sequel we shall use the notation

D :=linear span of {B(g,)- --- - B(g,) W(f)®P:neN, g,, .., g, fe H}.
(3.21)
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By Lemma (3.1), D is an invariant domain for all the field operators B(f).
Moreover from the CCR one easily derives the relations

B(f+g)=B(f)+B(g), B(f)=iB(f), 1eR  (322)
[B(f). B(g)]1<2ia(/, g) (3.23)
W(f)* B(g) W(f)=2a(/, g)+ B(g), (3.24)

all the relations being meant on D. From (3.24) it follows that D is also
invariant under the action of the Weyl operators W(f).

CoroLLARY (3.3). If TV, .., T"*V are n+ 1 nets of operators on H

converging strongly to TV, .., T"*Y on H then for all g,, ..., g,, f€ H one
has

lim B(To(‘l) gl). .B(To(t") gn), W(T;n+l)f)¢

=B(TVg) - -B(T" g,)- W(T"*V ).

Proof. This result follows in a straightforward way from Lemma (3.2).

COROLLARY (3.4). Ifg,,..g. f€H, then

W(if) -1
i

lim B(g,) - B(g,) = B(g,)---B(g,) B(S)

strongly on D.

Proof. This result follows from Lemma (3.1) and from the relation
(3.24).

4. NUuMBER FIELDS

Let H be a pre-Hilbert space. By 4#,;(H) we denote the set of all bounded
linear operators T on H such that the unique continuous extension T of T
to the completion of H has the properties

T,HcH, T,HcH

e"THc H; e*tHc H, VieR,
where

= = | B
T,=-(T+T*); T2=Z,(T—T*)

N =

are respectively the self-adjoint and anti-self-adjoint parts of T.
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Remark that if Te %,(H) then T*H < H. We will denote the restriction
of T* to H by T*. Clearly T*e€ %,(H). If Te %,(H) is such that T is self-
adjoint we will denote the restriction of ¢"7 to H by 7.

Clearly, if H is a Hilbert space then %,(H)=%(H). However, in some
physical examples the covariance @ of the Gaussian state is unbounded,
hence its domain is only a pre-Hilbert space and therefore, as will be
evident in the following, the notion of %,(H) will be needed to define the
number fields.

Consider now the Weyl C *-algebra W(H) over a pre-Hilbert space and
the Gaussian state ¢ as described in Section 3. Take T'e &;(H) such that
T is self-adjoint. Then it is known that the map W(f)e W(H)—
W(e"" f)e W(H) defines a one parameter automorphism group of W(H)
which we denote by . If

[Q9 eitT] = 0
for all e R or equivalently if
@ouy=¢

for all reR then a” can be implemented unitarily in the GNS representa-
tion, ie., for each r€R there exists a unique unitary operator U7 on #
such that

ool =UT -n(-)-UI"; Ulr¢=9
or equivalently
Uln(W(f))®=n(W(e" )P
for all fe H.

PROPOSITION (4.1). The one parameter family UT is a strongly con-
tinuous unitary group. Denoting by N its generator and by D the dense
subspace of # defined in (3.21) we have that

D<c D(N,); Np(D)sD.
Moreover, for each neN, g, .., g,, f€ H we have that

Ny B(g,)- - - B(g,) W(f)®

~(~1 % Blg)- - BT - - Blg)+ B(g)

ji=

-B(g,) - BUTf)— B(g,)- --- - B(g,)- {/, Tf>) w(fe. (41)
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Proof. Using Corollary (3.4) it is easy to check that
Ul B(g))- - -B(g,) W(f)®=B(e""gy)- --- -Ble""g,) W(e"" )P

Hence,
Ur—1
‘it B(g,)- --- - Blg,) W(f)®
n B T L )
= *"Z B(g,)- - _ﬁf’_if_gﬁ .- -B(g,) W(f)®

+ B(gy)- -+~ - B(g,)

‘W(f?"’rf)~ W(f)‘(p (42)
it ’ ’

By Corollary (3.4), as t—0, the sum in the right-hand side of (4.2)
converges to

—i Y, B(g))---- - B(iTg))- --- - B(g,) W(f)®. (4.3)
j=1
So we have to show that

w(e""f) = W(f)

it

tim [ Bg.)- -+ - B(ew) -

_(BUTY) + <L TFD) W(f)]¢” ~o. (44)

Now
W(e""f)— W(f)

it

“B(gl)- )|

— (BUTS) + <f, Tf>)]¢

W(eitTf_f) eia(e“’f,/.) -1
it

=u3(g1). .B(gn).[

— (BGTf) + (S, Tf >)] Wi }G)H

is surely majorized by the sum of the four quantities

|eia(e"7f. _ 1

1B(gy)- -+ - Blg,)- [W(e" f—f)—1] W(f)®| @)

||
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m 1B(g1) -+~ - B(gn) - [W(e" [~ [) = W(itTf)] W(f)®| (ii)

] —1
e ste [ PED= o [ o] i

WICUN

1B(g.)- --- - B(ga) W(f)P] - -——~—1+ ) Tf)l (iv)

It is clear that the quantities (i) and (iv) tend to 0 as ¢ — 0 and, because
of Corollary (3.4), also the term (iii) tends to zero. So it remains to show
that the term (ii) tends to O as ¢t — 0. To prove this, notice that the term
(i) is majorized by the sum of the two expressions

|_11_| 1B(g1)- -+ - B(g,)- [W(" f~f) = WTf+ f)1®I (iia)

| S ; "
I1B(gy)- --- - B(g,) - WtTf + f) | T |1 — e <TEIY| - (iib)

Since (iib) tends clearly to 0 as ¢ — 0, it remains to estimate (iia). To this
goal notice that, because of Lemma (3.2), the square of (iia) is equal to

1 1
t_z [PZH(S(I )’ R 'S(Zn)’ t1,2’ ey t2n41,2n)

2

_PZn(s( )7 B szn > tl 295 ey t2n~l,2n)
3

—P2n( ¢ )’ ’s2n’ tl 2 0y t2n\1,2n)

+ Py (88, s 558, 01 2 s Bag_ 1.20)]

21U CHETN)D, W]+ £)9)]

X Pop (52, s 52, 81 20 vy Lan 1.2

4 1L (TS + )0, W)@

X P (8P, s 520, b1 2y s tan— 1,200 (4.5)

where we have used the notations
p(l=n+1—j forl<j<nm p(j)=j—n forn+1<;<g2n
519 =20(e"71, g,05)
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s =i ReCQitTf + f— "), g0y + o((UTf + f +€""f), gyp)
3}3) - §;2)
s@=20(itTf + f, g,(5)
1, ;=Re08,) 8p(j)> +10(&00)> &p())-

It is easily seen that the last two terms of (4.5) vanish at t - 0 and, since
the polynomials P,, are homogeneous of degree 2n (with degs;=1,
degt;=2) and the ¢, ; independent on ¢, our statement is equivalent to
proving that

1
im — [g(1) (1) (1) (2) (2) (2)
lim 5 [si sk, - — sk " Sie
=805 o)+ sPs) s3] =0 (4.6)

fori>1and k,,k,, .., kye {1, .., n}. But (4.6) follows in a straightforward
way from the fact that for all je {1, ..,n} and for all h,k=1,2, 3,4, one
has

s (1=0)=5s% (1=0)
d d
dr’’ S(h)(t)lt 0= d ](k) t)lt 0

d2
ar (s§9(1) = 5,2(1) = s(1) + 552(1))] 1= 0 = 0.

Now let Te % such that for all rteR
[Q,e"]=[Q,e"]=0, (4.7)

where T, T, are respectively the restrictions of the self-adjoint and anti-
self-adjoint parts of T and H. Then both N, and N, are well defined on
D by the preceding discussion and we denote

Ny=Np +iNy,. (4.8)

Notice that D is a invariant domain for N;. In the following we shall
denote #(D) the vector space of all linear operators with invariant domain
D and by %,(H), a *-algebra, for the usual operations, of operators
X e #,(H), satisfying (4.2) and closed in #(H) for the fopology of strong
convergence on H.

ProrosiTiON (4.2). The map N:Te%By(H)—> Nr=N(T)e #(D) is
complex linear in the sense that

N(aT,+bT,)=aN(T,) + bN(T,). (49)
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Moreover
N(T*)=N(T)*, (4.10)
where both equalities hold on D.

Proof. The statement (4.4) follows from (4.3) and the explicit action of
N, for Te B,(H), given in Proposition (4.1). Using the same proposition
one easily sees that

<NT‘€’ 11> = <€, NT">
for all ¢, ne D, which implies (4.10).

5. MUTUAL QUADRATIC VARIATIONS OF QUANTUM FIELDS MEASURES
WITH RESPECT TO GAUSSIAN STATES

Keeping the notations of the preceding sections, from now on we fix a
complex pre-Hilbert space H, a mean zero gauge invariant Gaussian state
¢ on W(H) with covariance Q and GNS triple {#, 7, #}, a measurable
space (T, #), and a *-algebra %, (H) as defined before Proposition (4.2).
We shall denote #(T;%,(H)) the vector space of all %,(H)-valued
finitely additive measures on # and write /< T to mean that /= T and
Ie®. The field operators B(f) (fe#) and the number ficlds N,
(T e %(H)) are defined as in Sections 3 and 4; the domain D is defined by
(3.21) and £ (D) is defined before Proposition (4.2).

Using the real linearity of the mappings X € %, (H)— B(Xf)e £(D) and
XeBy(H)— Nye L(D) one can lift finitely additive measures on (7, #)
with values in %, (H) to (second quantized) measures A%, AL*, B, Ny
taking values in Z(D).

DeFINITION (5.1). For Xe #(T; #,(H)) and f € H define the measures

BL(I)=B(X(I) f) (5.1)
AY=5[BY—iB%), (A))+ =4y =5[B}+iB{] (52)
NX(I)':NX(I) (5'3)

for all IS T and Xe .#(T; #,(H)).
The measures B%, A%, A4, N together with the scalar measures

LX(-)gd,  figeH, Xed(T;By(H))
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will be called the basic integrators. In this section we compute their mutual
quadratic variations. In order to achieve this goal we introduce the follow-
ing regularity conditions which roughly express the nonatomicity of the
measures involved.

DEFINITION (5.2). A %,(H)-valued measure X on (T, #) will be called
regular if for each 1< T one has

o )Z </ X(UI)g>)*=0  VfgeH (5.4)
)€ P k
lim 3 [<XUI)f, X(L,)g>>=0  Vf, geH (5.5)

e i

and if for some constant M,, every fin D, and every partition (I,) e #(I)
YIXT)SIP <M S (5.6)
k

Two %, (H)-valued measures X, Y are called jointly regular if both X and
Y are regular and for every f, g in H

lim Y [<X(I)f, Y(I,)g)I*=0  Vf,geH. (5.7)

(Ik) € 2(1) k.1

In agreement with the notation introduced before Definition (1.1), we
shall denote

M(T; By(H)) resp. M(T; L(D)) (5.8)
the vector space of all &, (H)-valued (resp. #(D)-valued) regular finitely

aditive measures on 4.

LemmA (5.3). If X, Ye #(T; B, (H)) are regular measures on T then:
(a) forallf, ge H and I< T one has

lim 3 |{f, X(I) g>) Y(I,)=0 (59)

e?() ¢

in the strong operator topology on H,
(b) foralg,,..g,.8/ff €H one has

lim B(g,)-----B(g.) Y B(X,8) {f, Yif'>=0 (5.10)
k

(k) e 2(1)

strongly on D.
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Proof. Part (a) follows from the regularity conditions since

S 1A XU g Yk ”

< (; <, X(Ik)g>|2)”2 - (g u Y(Ik)hlﬁ)m.

Part (b) follows from Lemma (3.3), (a) and the real linearity of the fields,
since

YB(X,g) {f XS

k

=Y BRe{f, Y, f'>- X, g)+i} BUm{f, Y, f') - X, g).
k k

LEMMA (5.4). Let X, Ye My(T, B(H)) be two jointly regular self-adjoint
measures such that [X, Y] exists strongly on H, ie., for all IC T, fe H one
has

lim > X(L) Y(L) f =X, YI(D) f. (5.11)

e?d) ¢

Then for each f, g€ H the bracket [B%, B/] exists strongly on D and, on
this domain, the following identity holds:

[B%, Bl =Re{[X, Y] g Qf > +iIm([X, Y] g, /). (5.12)

Proof. Using the shorthand notation X, Y, instead of X(1,), Y(,), we
have to prove that

Y. B(Y.g) B(X, f)~Re{Qg, [Y, X] /> +iIm{g, [¥, X] f> (5.13)

strongly on D. To this goal denote
z=Re(Qg, [Y¥, X] /) +ilm{g, [Y, X] [ (5.14)
Z,=Y B(Y,g) B(X, f)~z (5.15)
k

Then we have
1Z,B(g:)- -+ - B(g,) W(h)®|

<I(Z,B(g,)— B(g.)Z,) B(g,)- --- - B(g,) W(h)?|
+1B(g1)-Z,-B(g,)- - - B(g,) W(h)D. (5.16)
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The first term of the right-hand side of (5.16) equals

(z 2Tm(X, £, 8> B(Y, )
k

+).2Im{Y, g g B(ka)> -B(g,)- -+ - B(g,) W(h)pr
k
and by Lemma (5.3) and Corollary (3.3) this tends to zero in the limit of
finer partitions. So we have to show that
IB(g1)-Z, B(g)- -~ - B(g,) W(h)®| - 0.

By repeating the commutation argument above, we see it is sufficient to
prove that

IB(g,)-B(ga)- -+~ - B(g,)Z,- W(h)®| - 0. (5.17)

First we check that
1Z, W(h)®| — 0. (5.18)

Denote

X, =2l X, [, =2 Y[ (5.19a)
r,;=Re<QX, f, ;8> +iIm(X, £, Y, 8> (5.19b)
5., =ReCOX, £, X, f>+iIm{X, £/, X, [ (5.19¢)
t,;=Re{QY, £, Y, f>+ilm{Y, [, Y, f> (5.19d)

then, using Lemma (3.2) we find

1z, Wik o) = < W(h)®,% B(X,f)-B(Y,g)

.Y B(Y, g) BLX, f) W(h)qs>

—2Re (z’ < W(h)®,Y B(Y,g) B(X, f) W(h)d5>) + 2|2

= Z Py(X15 Yis Vies Xis Tiis Froes Stes Lies Tyt Tieoic)
K

—2Re (fz Po(Yies Xics Fk,k)) +z)?
3

=Y (Y ViXee X Vi ap+ X YiFu+ X X+ Vi ViSix
!

+ VXl ie+ ViXal itV iFe e+ Tl +Sictie)

—2Re (z’z (ykxk+Fk,k)) +|z)?
k
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and this tends to zero by the arguments

Zka’k <4Z|<h’ng>|'|<h, Y, 8>l
k &

12

1/2
<4<Z|<h,ng>|2) '<Z|<h, Ykg>|2)
k k

and the right-hand side tends to zero by the regularity of X and Y. Further-
more

Y X YiFe| <4

k!

Re <(z )’kaQf), Z X, Y,g>‘
k !
+4 ‘Im <Q (Z )’kaQf)a Y x,Y,g>',
k !
which tends to zero by Lemma (5.3)(a). For the same reason

Z YiYelrk
Lk

z XXty p
Lk

b b

Z YiVeSik
Lk

tend to zero. Moreover

Z Yotk
Lk

S2Y KX0f YiegdI?+2Y KX, f, Y g)l%
Lk Lk

which tends to zero by the joint regularity of X and Y. One has also

1/2
<2(2 KX(Q+1)f, ng>|2)
Lk

Z Siilik
Lk

12
2(2 <Y (Q+1)g, ka>|2>
Lk

and again this tends to zero by the regularity of X and Y. Finally, since by
assumption [X, Y] exists in the strong operator topology, then

Y= KON X, Yig>+ilf, X, Y, g) 2.
k k
In conclusion

lim | Z, - W(h)®| =lim (|z|2—2 Re (zz rk,k>> =0
k
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and this proves (5.18). With exactly the same arguments one can check

that
lim | Z} - W(h)®| =0.

In order to prove (5.17) we use again the commutation argument (5.16) to
reduce the problem to prove that
(W(h)®,ZyZ,B(hy) --- - B(h,,) W(h)®) - 0. (5.20)

This can be done by an induction argument. We checked already that
(5.20) holds for m =0. Suppose now it also holds for m=1, .., n— 1. Then,
by Lemma (3.2) and the recursion formula (3.13) we have

(W(h)®D,ZYZ,B(h,)- --- -B(h,) Wh)®)

=2,X{W(h)®, Z;Z,B(h,)- --- - B(h,_,) W(h)P) (i)
n—1
+ Y (W(h)®D,Z}¥Z,B(h,)- - -B(hj)- o+ -B(h,) Wh)® > t;, (ii)

+3 (W(h)®, B(Y, g)-Z,B(hy)- --- - B(h,) Wh)®) u,, (iii)
k

+3 {W(h)®, B(X, f)-Z,B(hy)- --- - Blh,) W(h)®> v, (iv)
k

+2 {W(h)D, Z} - B(X, f) B(hy)- --- - B(h,) Wh)®) u, v)

+Y. (W(h)®, Z}-B(Y, f)B(h,)- -+ -B(h,) W(h)®) v, ,, (vi)
where
z,=2{hh,>, t,.=Re{Qh;, h,> +ilm{h;, h,>
u,,=ReCQX; [, h,) +ilmlX, f, h,);
v,,=Re{QY,; g, h,>+ilm{X;g, h,>.

By the induction hypothesis both (i) and (ii) tend to zero. Also

) =Y <2, W(k)®, BX, f) B(h,)- --- - B(h,) W(h)®> u,,
k
<12, wh)®|
( S BReCQY, g hy> Xy f) Blhy)- --- - Blhy) W(h)®
+ |3 B Vg, h) X f) Bl - - - B(h,) W(h)abu),
k
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which tends to zero by (5.18), Lemma (3.3), and Corollary (3.3).
Analogously (vi) — 0. Finally,

|(1i)| =

Y AW(h)®, B(Y,g)-Z,B(hy)- --- - B(h,) W(h)®D) u,,

<

YAZF - W(h)®, [B(ReQY, f, hy) Vi 8)
k
+iB({X f, b Yi8)]- - - B(h,) W(h)¢>'

+2

YAW(h) D, [BKY;8 X, [, Y,8)

Lk

+B(Y.8 Yig) X /)]-B(hy)- --- - B(h,) W(h)D) u, .| (521)

and the first term in the right-hand side of (5.21) tends to zero for the same
reason as for the term (v). The second term tends to zero by Corollary
(3.3), in fact

S gl (CYeg X, Y,g)]}

<Y luenl - 1Y gl - 1 X, U - 1Y, gl

<(§ luk,,,V)l/z-(‘é ! YkgHZ) @ IIX,fH2>

and the same upper bound holds for

1/2

S fnl ((Yegs VoS, X,g)“.

Lk
From this our statement follows since this upper bound tends to zero by
the regularity of X and Y.

COROLLARY (5.5). Let X,Y be as in Lemma (5.5). Then for all
glv--’gmg’fl’ "‘9fn9f€H

lim 3 B(gy)- -+ - B(g,) B(Y()g) B(f)): -+ - B(f,) BX(L,) f)

e ¢
=B(g:)- --- -B(g,) B(S,)- -+ - B(f,)[Re([X, ¥ g, Of >
+ilmd{[X, Y] g f>] (5.22)

strongly on D.



QUANTUM GAUSSIAN FIELDS 241

Proof. Since
[B(Y.g), B(g)]=2iIm(Y, g g;>

in (5.22) we can, because of (b) in Lemma (5.3), commute B(Y,g) and
B(X, f) to the left. Therefore the thesis follows from Lemma (5.5).

COROLLARY (5.6). Let X,Y be as in Lemma (5.5) and A%, A%" as
defined by (5.2). Then

1
45, 471 = (11 £ 5 (523)
4 a51=(5= A 1x 1) (524)
(A%, 51 =145, 4571 =0, (529)

where as usual all the identities are meant on D.

Proof. The identities (5.23), (5.24), (5.25) follow from (5.12) using (5.7)
and the complex bilinearity of the brackets.

TueOREM (5.7). Let X, Ye M(T; By(H)) be self-adjoint jointly regular
measures such that [X, Y] exists strongly on H. Then the brackets
H:NXa NY]]’ [[NX1 A{’]]a [[A{\:9 NY]]9 [[NX’ Aj1;+]]: ”:A§'+’ NY]]

exist in the topology of strong convergence on D. Moreover the following
relations hold on D (the hat on a symbol means that it is missing):

[Nx, Nyl B(gy)- -+ - B(g,) W(h)®

(= E Bg) o Bg) g Big)

1gji<p<sn

. [Re<ng15 I[X, Y_H gj2> +i1m<gj19 IIX9 )f_l] gj2>
+RedX, Y] g, 0g,,> +iIm{[X, Y] g, g,,7]

1Y B(g) - Blg) - B(g)

j=t

[ReCLX, Y1 g, Ok +iIm([X, Y] g, >
+Re< Qg IX, YD) +im(g,, IX, YIh)]
+3 B(g))- - -B(IX. Y1g)- - -B(g,)

+B(g1)- - B(g,) B(LX, YTh)+iB(g,) + - B(g,)

-[Re<[X, Y]h, Qh) +iIm([X, YJ]ﬁf)]} whyo (5.26)
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[Ny, 441(1) B(gy)- - - B(g,) W(h)®

~| - 4ten 1)+<[[X YI) £ —Qih>]3(gl)- - Blg,) W(h)

-B(g,)- -~ -B(g))- - - B(g,) W(h)® (5.27)
[Nx, A5 1(1) B(gy) - -+~ - B(g,) W(h)®

=| 4tz 0+ <—Q———1h, X, Y1) | B(g,)- - Ble,) Wihyo

—i z < £ X, 110 )

B(gl) --B(g))- - - B(g,) W(h)® (5.28)
[4%. NyI) B(g1)- -~ - Blg,) W(h)®

=[<—Q—+—1f [x, Y]](I)h>:l B(g,)- -~ - B(g,) W(h)®

—i 2 <———f I 1),

B(gx) - - B(g))- - - B(g,) W(h)® (5.29)
[4%", NyI() B(g1)- -+ - B(g,) W(h)®

-| (1 0 E2 1) | Bis)- - B(g) Wik

~i 3 (s, 47

-B(g)- --- - B(g))- -~ - B(g,) W(h)®. (5.30)

Proof. Let X, Ye M(T; #,(H)) be as stated in the theorem. Then for
every I T and for every partition (I;)e2(I) we have, using Proposi-
tion (4.1),

NNy, B(g))- - - Blgn) W(f) @
= i Y NyBlg) - -BliYeg)- - - Blg,) W(f)®

j=t

+ Ny, - B(g)- -+~ - B(g,)- B(iY, h) W(h)®
— Ny B(g,)- - - B(g,)<h, Yih) W(h)®. (5.31)
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And, again by Proposition (4.1), this can be written as the sum of the terms

— Y B(g)-B(iX.g;) - B(iYig)- - - B(g,) Wh)® (1)

I<ji<jpsn

- Y B(g): - -B(iYyg,) - -BliXxg,) - -B(g,) WNP  (2)

lgsh<jpasn

+ S Bg) - B(X,Yeg)- - - B(g,) Wh)® @3)
j=1
Li'S B(g))- - BiYeg) - -Blg,) BUXh) WS (4)
j=1
i 3 Blg)- - -B(i¥eg)- - Blg )<k X WS (5)

j=

—i Y, B(gy): - - B(iXcg))- -+ - B(g,) BiY,h)- W(h)® (6)
j=1

+iB(g,)- -+ - B(g,) B(X, Y, h) W(h)® (7)

+B(g1)- -+ - B(g,) B(Y, h) B(X, h) W(h)® (8)

—B(g,)- -+ - B(g,) BiY h)<h, X h) W(h)® 9)

+i ), B(gy): - - B(Xig): - B(g,)<h, Y,h) W)@  (10)
i=1

+B(g1)- -+ - B(g,) BUX h)<h, X, h) W(h)® (11)

—B(g): -~ - B(ga)<h, Yih){h, Xich) W(h)®. (12)

By point (a) of Lemma (5.3) we see that, after summing over &, the term
(12) will tend to zero in the limit of infinitely fine partitions of 1. By point
(b) of the same lemma the terms (5), (9), (10), and (11) will also give zero
contributions to [Ny, Ny]. By Corollary (3.3) and the real linearity of
f+ B(f), the contributions of (3) and (7) will be respectively

n

Y. B(gy)- - -B([X, Y] g) --- - B(g,) W(h)® (3a)

j=1

iB(g,)- -+ - B(g,)- B(LX, Y] h)- W(h)®. (7a)

Finally, by Corollary (5.5) the contributions of (1}, (2), (4), {6), and (8)
can be respectively written as

— Z B(g,) - .é(gjl). .ﬁ(gh). -« -B(g,) W(h)®

I<ji<jasn

-[Re<Qg;,, [X, Y] g,> +iIm<{g,, [X, Y] g;,>] (1a)

580/85/2-3
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_ Z B(g,): - .ﬁ(gjl). .é(gjz). .-~ -B(g,) W(h)®

l<hi<jpsn

[Re([X, Y] g, Qg;,> +iIm<[X, Y] g, g, ] (2a)

~i Y, Blg)): -+ Blg)- -+ - Blg,) W(h)®

j=

-[Re<[X, Y] g;, Qh)> +iIm([X, Y] g;, Qh)] (4a)

i ¥ Bg)- - Blg)- -+ Blg,) W)

j=1

-[Re<[X, YTh, Qg;> + i Im([X, Y]h, g;>] (6a)
+B(g,)- -+ - B(g,) W(f)® [Re<[X, Y]h, Qh) +iIm[X, Y]h, QhD].
(8a)

Thus we conclude that

lim Y Ny Ny, B(g,)- - -Bl(g,) W(h)®
(I)e? k

=[Ny, NyIl(I) B(gy)- -+ - B(g,) W(h)®
=(la)+ (2a)+(3a)+ (4a) + (6a) + (7a) + (8a)

and this proves (5.26).

The verification of the identities (5.27), ..., (5.30) is based on exactly the
same techniques as above. We conclude the proof of the theorem by a
description of the strategy through which all these identities are proved.
We believe that, by doing so, we shall provide the reader greater insight
than by proving one by one all the identities.

Let X, Y be two %, (H)-valued measures and let My, Ly be two of the
associated #(D)-valued measures (e.g, B%, Ny,..). Writing down
explicitly the action of M, (I,)-Ly(I;) on a vector in the domain D, only
the following four kinds of terms will occur:

(a) terms containing the products of matrix elements of X(/,) and of
Y(I,) (cf. the term (12) in the above computation);

(b) terms containing the product of a matrix element of X(/,) with a
field B(Y(I,)f) (cf. the term (5) in the above computation);

(c) terms containing a field evaluated at the product of the two
measures B(X(I,)- Y(I,)g) (cf. the term (3) in the above computation);

(d) terms containing the product of two fields B(X{([,)g,) and
B(Y(1,)g,) possibly sleparated by a product of field operators (cf. the term
(6) in the above computation).
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The terms of type (a) or (b) will not contribute to the brackets by
Lemma (5.3) (a) and (c).

By the real linearity of f+ B(f) and Corollary (3.3) the terms which are
of type (c) will give a contribution where the factor B(X([,)- Y(I,)h) is
replaced by B([X, Y] h).

Finally, by Corollary (5.5), the terms that belong to the class (d) will
give rise to a contribution where the factors B(X(I,)h) and B(Y(I,)h) are
replaced by a scalar factor.

6. THE GAUSSIAN ITO TABLE

The basic integrators

B, A%, AY", Ny, £, X(-) &),
fgeH, X, Ye #(T; B(H)) (6.1)

can be defined for any representation {#, n} of the CCR over a Hilbert
space H as elements of (T, ¥#(D;s)). Taking Ito products (ie.,
quadratic variations) of the basic integrators we can form new elements of
M(T, £(D; #)) called 1st-order integrators. By induction we can define
an nth-order integrator as the Ito product of a basic integrator with an
(n— 1)st-order integrator and a (p, g)th-order integrator as the Ito product
of a pth-order integrator with a gth-order one. A pleasant feature of
Gaussian representations is that for them this hierarchy closes at the
second order, ie., the Ito product of two first-order integrators as well as
any second-order integrator can be expressed as a linear combination of
first-order integrators (provided the underlying measures satisfy the com-
mutativity condition of Definition (6.1)). In Section 7 we shall prove that,
even without this commutativity condition, the closure of the hierarchy at
the first order is a characterizing property of the Fock representation.

DErFINITION (6.1). We say that two regular measures X, Ye
M(T; By (H)) Ito-commute if both [X, Y] and [Y, X] exist and [X, Y] =
[y, xJ.

DEerFINITION (6.2). Let # be an Ito algebra in #(T, B,(H)). We say
that .# is regular if all X, Y e # are jointly regular in the sense of Defini-
tion (5.2). £ is called self-adjoint if for all Xe.# and all /< T, the measure
X* defined by

X*()=x()*
belongs to .#.



246 ACCARDI AND QUAEGEBEUR

THEOREM (6.3). Let # be an associative, Ito-commutative, regular, self-
adjoint Ito algebra in M(T, B,(H)). Then, for any operator C in ¥(D),
denoting C* either C itself or its adjoint, the following statements are true:

(i) The linear span of

{<f; X()g>’ A,f\’#’ NX, [A§#9 NX]]9
I]:NXaA{'#I]s I]:NX,NY]]; ﬂgEHyXy Yej}
is an associative self-adjoint Ito algebra A" in ¥ (D) for the multiplication
['1 :[] .
(i) (Associativity of the Ito Multiplication) For all C,, Cye X we
have that
[Ci, CI*=[C%, CY] (6.2)
and for all self-adjoint X, Y, Z e ¥ one has
[[M[[x,y], M]=[My, Mf[Y,z]]]], (6.3)

where M , and M', stand for A%} or N ,.

(iii) Using (6.2) and (6.3) and the associativity, the algebraic structure
of A is completely determined by the relations (5.23), (5.24), and (5.25) and
by the following relations which hold on the domain @ for all f, g€ H and all
self-adjoint X, Y, Z € .#:

[Ny, A{] = —Afy n+ 497, Ny] (6.4)

(447, [45%. NZ]1=0 (6.5)
[A%, [Ny, NzI1=[4%, Nyy.z] (6.6)
INx, [Ny, N2Il =Ny 1y, z13- (6.7)

Remark (1). From (6.2) it follows that all brackets in the Ito algebra
A" exist not only in the topology of strong convergence on 2 but even on
the topology of strong-* convergence on 9.

Proof of Theorem (6.3). The validity of (6.3) and (6.4) follows
immediately from Theorem (5.7), the associativity, and the Ito-com-
mutativity of .#. Therefore the theorem will be proved if we show the
validity of the relations (6.5), (6.6), (6.7) and of the following list of
relations (for all £, ge H and all self-adjoint X, Y, Z, Ve .#):

[Ny, AL 1= Afxn +[4%", Ns] (6.8)
[[[[AQ’ NY]LNZ]]:[[A{” N[[y,z]]]] (69)



QUANTUM GAUSSIAN FIELDS 247

[[4%", Nyl, Nzl = — [4%, Nyy, 4] (6.10)
(A%, Nyl N] = —[Af% vy N2] (6.11)
[Ny, [44*, N 11 =[[Nx, 45*1, N;] =0 (6.12)

[[Nxs Nyl Nzl =Nyix vy, (6.13)

(145, N1 g )= (B A0 L 218) (614

[[A%, Ny, 45] = <MX, v1, 2] g, 2! f> (6.15)

2
[[4%, Nyl, 48] = [[4%", Ny], A5 ] =0 (6.16)
[[4%*, N,], [45*, N,]1=0 (6.17)
[[4% Nyl, [Nz, Ny 11 =4 vy, Nz 1] (6.18)
[[4% Nyl [Nz NIl = = [A{% 1y Nzl (6.19)
[[Nx, Nyl A5l = — [Nyy, vy %] (6.20)
[Ny, Nyl, A2 1 =[Ny v1> A" ] (6.21)
[[Nx, NyI, [4%%, N, ]1=0 (6.22)
[[Nx; NzL [Nz, N ] =[Ny vp> Nz ] (6.23)

The verification of (6.3), ..., (6.23) is done with the same techniques we
already discussed in Theorem (5.7). We shall omit the details. However, in
order to illustrate the role of the condition of Ito-commutativity in the
proof, we shall prove that (6.7) holds on the vectors of the form W(h)®.
To prove this we compute, for all /=T and he H,

lim Y Ny(I,)-[Ny, N, - W(h)®.

e g

Using the shorthand notation X, and [Y, Z], instead of X(I,) and
LY, Z1(1,), Proposition (5.3) and Proposition (5.6) imply that

Nyx(Li) - [Ny, N2I(I) Wih) @
=Ny (L) - 1B(LY, Z].ch) W(h)® + [Re<[Y, Z]h, Qh
+iIm{[Y, Z]oh, k5] Ny (L) W(h)®
= B(iX, [ Y, Z] k) W(h)® +iB([Y, Z].h) - B(iX,) W(h)®
+ [Re([Y, Z]h, Qh) +iIm{[Y, Z] h, h)]
-[B(iX,)— (h, X, h)] W(h) . (6.24)
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By Lemma (5.3) the third and the fourth terms vanish in the limit when
they are summed over k. By Lemma (3.3) the first term in the limit gives
the contribution

B(i[X, [Y, Z]}(D)h) W(h)D (6.25)

and by Corollary (5.5)(c) the contribution of the second term is

i[Re{[X, LY, Z]1WI) A, iQh) +iIlm{[X, [ Y, Z11(I) h, ih>] W(h)®,

which, due to the self-adjointness and the Ito-commutativity of X and Y,
is equal to

— <k [X, [Y, Z])(Dh> W(h)D.

Thus in the limit and when summed over k the right-hand side of (6.6)
converges to

B(i[X, [Y, Z11(1)h) W(h)® — <k, [X, [Y, Z]](D)h> W(h)®,

which (cf. Proposition (4.1)) is equal to the left-hand side of (6.7).

The only kind of Ito algebras considered up to now in the literature
are those corresponding to the choice of a single spectral measure
e: 1= T — e(I) e Proj(H). In this case [e, ¢] = e hence the complex multiples
of e form indeed a commutative Ito algebra which is full in the sense of
Definition (7.1) since

e(T)=1.

The Gaussian Ito table corresponding to this Ito algebra assumes a par-
ticularly simple form. In order to describe it in the most economical way,
it is convenient to introduce the following notations: A7, A7 N will
denote respectively 47, A7+, N,; and the #(D)-valued measures S/, are
defined by

SL =[47*,N] = —A" + [N, A™*] (6.26)
S/ =A%, N]=A4"+ [N, A”]. (6.27)

Moreover if we agree to use exchangeably the symbols X and dX dor a
generic measure X and if for any & (D)-valued measures M, L we use the
notation

dM -dL=d[M, L]

then the Gaussian Ito table for the measures 47, 4™+, N takes the form
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, dAs+ dN dAs dN-dN dS% dS%
d4’  (de-f5(Q+1)gy  dS/ 0 ass 0 0
dN dA®* +dSE dN -dN —dA® + dS® dN 0 o
da’+ 0 ds’,  (de-g, Q-1 f> —dS,. 0 0
dN-dN dA®* +dS% dN 0 dN-dN 0 0
s’ (de-f,{(Q+1)g>  ds’. 0 s’ 0 0
ds’, 0 —ds’.  (de-g, LQ-1)fy —dS’ 0 0

where the brackets with the scalar measures have not been included since
they are all zero.

Notice that, in the Fock case (@ =1), S/ = A/ and S/ =0. Therefore in
this case the Ito table closes in the first three rows and columns. A
corollary of Theorem (7.2), below, is that this property characterizes the
Fock representation.

7. Ito ALGEBRA CHARACTERIZATION OF THE FOCK STATE

DEeFINITION (7.1). We say that a subset 4, of #(T; B, (H)) is full if
the set
{[X.YI(I) f: feH,IST, X, Ye #(T; B,(H)),
X, Y are jointly regular and [X, Y] exists }
is dense in H.

Notice that a spectral measure in .#(T; 8,(H)) is certainly full.

THEOREM (7.2). For all feH and all jointly regular self-adjoint
X, Ye M(T, By(H)) such that the brackets [X,Y] exist consider the
Jollowing statements (where all equalities are meant to hold on D):

(1) @y is the Fock state (ie, Q=1),
(il) [4% Nyl=A4ly -,
(i) [4%,Ny]=0,
(iv) [Ny, 44]=0,
(v) [Ny, AL 1=A4{ >
(vi) Nisa [, -]-homomorphism, ie.,
[Nx, Nyl =N[X,YJ]'

Then (i) implies each of the other statements and, if M (T; By(H)) is full,

then all the statements are equivalent.
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Proof. The fact that (i) implies the statements (ii), .., (v) follows
immediately from Proposition (5.4) and from the validity, for Q =1, of the
identity

A%(D) B(g,)- - - B(g,) W(h)®

=i i B(g,)- --- - B(g))- - - B(g.)XX() f, &> W(h)®

j=1

+<X() f,h) B(g)- -+~ - B(g.) W(h)®, (7.1)

Now we prove that (i)=>(vi). Using Proposition (5.3) and with the
notations

Z=[X,Y]; Z,=x(Z+2Z*) Za=2li(Z—Z*) (7.2)

N —

this amounts to proving that

S B(g)- o Blg,) o Blg,) o Blg) WO

l<ji<ja€n

[<gj> 287 + <8, 285, ]

+3 Blg) - -Blg)- - - Blg,) WP

j=1

[Zg, /> +<8 Zf)]

+ 3 Blg))- - -BZg)- - Blg,) W9

+ Y Blg))- -+ -B(8,)- BZ)- W(/)®
—B(g))- -+ - B(g,) W) BLZL, [

= i 3 Blg)- - -BUZ.))- - Bg,) W(/)®

+ 3 Blgy)- - BUZ.J)- - - Blg,) W) ®

j=1

+B(g1)- -+ - B(g,) BUZ, [) W(f)® +iB(g1)
- - B(g,) BUZ, f) W) P
—B(g1)- -+ - B(g,) W )YPLZS, [ (7.3)
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One easily checks that for the Fock representation the following holds for
all f, ge H and Ze #(H):
(iB(Zg)+<{Zg, fH) W([f)®
=(B(iZ,8)+iB(Z,8)— {8 Zf > W(/)®. (74)

Furthermore, using the commutation relations of the B and (7.4) we find

3. Blgn)- - -BiZ,g)- -+ - Blg,) W)

+3 B(g)) - BiZ,g)- - Blg,) W()®

j=1

I<sji<ps<n

- B(g,) W(f)P[2iIm<Z, g;, g, ]
+ Z B(gl)""'E(gjl)""'é(gjz)

I<sji<jzsn

- B(g,) W(f) #2i1m<Z, g;,, 8;,) ]
~i Y, B(g,)- -+ -B(g)- -+ - B(g,) BUZ, &) W(/)®

n

+ 3 Blg): - -Blg): - - B(g.) B(Z,g) W([)®

j=1

= —i Z B(gl)'""é(gjl)""'é(gjz)

I<ji<jpr<n

- -B(g,) W(f)®[<{Zg,, g,>+<g, 28,

—2iIm{Zg,, Zg;>1+ Y B(g,)

Jj=1

--B(g;)- -+~ - B(g,) B(Zg)) W(f)®

—i Y, B(g,)- - -Blg)- - - B(g,) W(f) ®[(Zg, /) + {8 Zf>]

i=1

=Y Blg\) - -B(Zg): - - B(g,) W(f)®~i }, Blg:)
i i
- B(g))- - - B(g,) W(f) D[ 28, f>+<8 Zf>]. (7.5)
Combining (7.4) and (7.5) we finally get (7.3). Suppose now that
M(T; B,(H)) is full. We prove then that (ii) — (i). From Proposition (5.4)
we know that
o+

[A4, Ny] Wih)® = <——f Zh> W(h)®
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with Z=[X, Y]. Hence by (ii) we have that
(D, W(h)D> <QT+1 ,Zh> = (D, AL W(h)D

=D, W(h)®>{f, Zh)

so (1—-Q)2-f,Zh)=0 for all f,he H and Z={[X, Y], thus Q=1. The
other implications are proven in the same way.

THEOREM (7.3). Let # be as above. Let ¥ be a self-adjoint regular Ito
algebra in M (T; B, (H)) and denote by A the linear span in M(T;, B,(H))
of the measures

(<L X()g), A%, A% Nx: Xe 55 [, ge H}.

Consider the following statements:

(i) @g is the Fock state (Q=1),
(il) X is an Ito algebra.

Then (i) implies (ii). Moreover, if £ is full, (i) and (i1) are equivalent.

Proof. The fact that (i) implies (ii) was already contained in
Theorem (7.2). Suppose now that # is full and that /" is an Ito algebra.
Fix now any fe H and X, Ye.# such that X*=X and Y*=7Y. Since )"
is an Ito algebra we know that there exist f,, g,, />, 28,6 H and
Z,Z,,Zs,Z,, Zse F such that for all I& T,

[4%, N I = <fr, Z,(1) 81> + AL (D) + A5, (1) + N, (D).

Taking the scalar product of this operator identity between the vectors
W(h)® and W(g)® and using the explicit action of the involved operators
on these vectors (cf. Theorem (5.7), Proposition (4.1), and Lemma (3.2))
we find that for all 4, ge H and aill I= 7T,

G+ LIX YIU) g> = <f1, Zi(1) g1>
+{Z:(D f2,3(Q+ 1) g>
+{Z,(D) f5, (1= Q)h)
+ G+ Q) Z;() 13
+<3(1-0) 8, Z;() f5)
+GA+ O Zy(D) 1)
+(3(1-0) g, Zs(Dh).
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Hence letting 2= g =0, we have that, for all /=7,
{fi1,Z,(1) g, > =0.
Similarly, letting #=0 and using the arbitrariness of g, we obtain

2O+ DIX, Y1) f=3(Q + 1) Z,(1) fi;
%(1 -Q)Z;() f3=0

and by a similar argument
3(1-0)Z,(1) =301+ Q) Z5(]) f;
=31+ Q) Z,()=3(1-Q) Z,(I)=0
and, since Q > 1, this implies that
Z,=2,=0; Z;()f,=0; Z\()fi=[X, YI*(D)f
thus we know that for all fe H and all self-adjoint X, Ye .#,

[[A,\f/a Ny] =A{X,YJ]"

Since .# was supposed to be full this implies by Theorem (7.2) that Q=1.

8. FERMION ITO ALGEBRAS

Let H be a complex Hilbert space whose scalar product we shall denote
{-,-> and let s(-,-)=Re{-,->. The CAR C*-algebra A(H) over (H,s)
is the unique C*-algebra such that there exists a real linear map
B: fe H- B(f)e A(H) satisfying

{B(f), B(g)} =2s(f, )= B(f)-B(g) + B(g) - B(f) (8.1)
B(f)*=B(f) (82)
and the set {B(g,),.. B(g,); f;eH, j=1,..,n} is dense in A(H). The

conditions (8.1) and (8.2) imply that each B(f) is a bounded operator with
norm | f|.

DEerFINITION (8.1). A gauge invariant mean zero Gaussian state ¢ on
A(H) with covariance Q is determined by the conditions

@(B(g,)- -+ - B(g,))=0 (8.3)
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if n is odd, and
o(B(f)-B(g))=Re(f, g> +ilm{f, Qg> (8.4)

P(B(g1)- - - Blga)) = Z_ SEN(jy, . ju) - @(B(g},)

Jis s In

-B(g,)): - -o(B(g,_,) Blg)), (8.5)

where the sum is taken over all (j,,..,j,) from 1 to 2» such that
J1<Jas wndon—1<Jjas and j, <ji3< --- <j,,_, and Q is a bounded self-
adjoint operator on H satisfying

gl < 1. (8:6)

The Fock state is defined by the condition Q =1 and the anti-Fock state
by the condition Q = —1. We denote {#, n, @} the GNS triple of ¢ and

D =linear spanof {B(g,)- --- - B(g,)®: g;€H, j=1,..,n}, (8.7)

where we have omitted the representation = in the notation. For (7, £) as
in Section 1 define

Bo(H) = {Xe B(H): [X, Q] =0}

and let #(T, B,(H)), #(T, #(D)) be £(D))-valued measures on (7, #)
as in the beginning of Section 5 with D defined by (8.7). As usual, for /< T,
we shall denote 2(I) the set of all finite partitions (/,, ..., I,,} of L.

Let X, Ye #(T; #,(H)) be such that the brackets [X, Y] exist in the
strong operator topology on H. Then by the uniform boundedness
principle it follows that for each /< T the operator [X, Y](I)e #(H).
Moreover, since Q is bounded,

LLX, YT, @1=0 (8.8)

therefore [X, Y] e #(T; B,(H)).

DerFINITION (8.2). Let ¢ be a quasi-free state on the CAR C*-algebra
A(H) with GNS triple {#,n, @}. Let X .#(T; B,(H)) and let fe H.
Define for any I T

BL(D)=n(B(X() f)) (8.9)

and notice that B} e .#(T; #(#)). We call B/, the Fermion field measures
associated with the test function f and the measure X,
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LemMMA (8.3). If X, Ye #(T, #(H)) are regular, then for all ICT and
f, g,he H one has

lim Z B(X(Ly) f){g& Y(I,)h) =0, (8.10)

Une2U)  —
where the limit is meant in the norm topology of A(H).

Proof. Since for any partition (I,) e #(I) we have that

i B(X(I,) f)<& Y(I)h>
P

=1

< 3 1B NI - [<g YUR|
n Y2 /on 12
< B(X(I 2 . S Y(L)RD)?
<k§1 1B( (k)f)u) <,§1'<g ) >|)

the result follows directly from the regularity of X and Y.

ProrosiTiON (8.4). Let X, Ye #(T; B,(H)) be jointly regular measures
and assume that [X*, Y] exists strongly. Then for every f, g€ H, [B%, B%]
exists in the strong operator topology on %#(). Moreover

[B%, BSI(I)=Re( f, [X*, YI(I) g)> +iIm(Qf, [X*, Y](/) g>. (8.11)
Proof. Since

S B(X(L,) f) B(Y(I)g) H

=1

1/2

< (z 1B(X(L,) f)nz)m - (z 1B 1)

sM-\f1-ligl

for all (1) € #(I) by linearity and continuity it is sufficient to prove strong
convergence on vectors of the form B(g,)- --- - B(g,)®. Moreover

S B(X() f) B(Y(I) g) Blg,)- - - Bg,)®

k=1

= i B(X(I) f) 2Re<Y(I,) g, &) B(g,)- - - B(g,)®
~ i B(Y(I,) g)2Re<X(I}) f, g,> B(g,) - --- - B(g,)®
k

=1

+B(g))- Y. B(X(L) f) B(Y(I,) g) B(g2)- -+ - B(g,)®.

k=1
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Hence, by Lemma (8.3) and repetition of the argument above, it is
sufficient to prove that

S (B(X(L) f) B(Y(I) g)— <) &

k=1

2

-0, (8.12)

where
c=Re(f, [X* YI() g)+iIm(Qf, [X*, YIg).  (8.13)
But
<d>, S BX(,) f) B(Y(Ik)g)¢>
i Re< X(I) £, Y() g5 + i Im<OX(LL) £, Y(I) g5 0,
and

<p< i B(Y(I,) g) B(X(1)) f) B(X(L) f) B(Y(Ik)g)>
k=1

- (z (Y(I,)g)B(X(I,)f)) (z B(X(Ik)f)B(Y(Ik)g)) (@)

I=1 k=1

- i @(B(Y(1;) g) B(X(I) /) - o(B(X(1)) ) B(Y(Li) g)) (b)
k=1

+ i @(B(Y(I)) g) B(Y(Iy) /) - o(B(X(I}) f) B(X(L,) 8))- (c)
ki=1

Clearly (a) tends to |c|> whereas (b) and (c) tend to zero because of the
assumed regularity of X and Y. This proves (8.12).

Let Xe %,(H) be a self-adjoint operator. Consider the one parameter
quasi-free automorphism group of A(H) given by

ay (B(f))=B(e™*f), 0eR (8.14)

Our assumptions imply that ¢ is «}-invariant hence, in the GNS represen-
tation of ¢ it is implemented by a unitary operator UJ, ie.,

n(og (x))=UZn(x)UY; Ufo=0¢. (8.15)

PrROPOSITION (8.5). The 1 parameter unitary group Uy (0 € R) is strongly
continuous and its generator Ny has D in its domain. Moreover

Nyn(B(g,)- --- - B(g,))P

=i Y u(B(g))- - -BliXgy)- - -B(g.)®.  (8.16)

I=1

Proof. Straightforward.
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DeFiNITION (8.6). For Xe #(T,#,(H)) we define the measure
Nye M(T; £(2)) by

NX(I)=N(X(1)+X(I)/2)f+ iN(X(I)~X(l)+/2i)f’ Ie A (817)

THEOREM (8.7). Let X, Ye My(T, B(H)) be jointly regular self-adjoint
measures. Assume that [X, Y] exists strongly on H. Then the quadratic
variations

[Ny, Nyl, [Ny, B4], [B%. N+l (8.18)

exist strongly on D. Moreover, if the creation and annihilation operators are
defined as usual by

AL =3(BY~iB%), AL =4BL+iBj) (8.19)

then we have for self-adjoint X and Y
[Ny, Ny] B(g,)- --- -B(g,)®P

_ Y B(g)- - -B(IX. Ylg,) - - B(g,)®

Jj=1

+ Y (=1Y**B(gi)-----B(g)- - -Blgx)- -+ -B(g,)P

1<j<k<n

-[Re{g;, [X, Y] g,> +iIm{Qg;, [X, Y] gi>
+Re<[X, Y] g;, &> +iIm{Q[X, Y] g;, g«)] (8.20)
[Ny, A} B(g1)- -+ - B(g,)®P
= —Afy vy B(g))- - - B(g,)®
=15 1Y Ble)- Bl Ble)o (1 11555

(8.21)
[Ny, A5 ] B(g1)- -+~ - B(g,) P

=Af} 1 B(g1) -+ - B(g,)P

n R . 1—‘
1Bl Blg) o Be) (528 XS
" (8.22)
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[A{,, Nyl B(gy)- --- - B(g,)®

n ) . 1
=i 5 (1 BGg)- By - -Ble) (AN )

J

(8.23)
[A5, Nyl B(gy)- - - B(g,)®
=i Y (<1 B(g)- - Blg) - -Blea) { [X. YD g 52
j=1
(8.24)
Proof. To prove (8.20) notice that
S Nyl Ny(1) B(g,)- -+ - B(g,)®
k
= LY Ny Y Blg))- - BUYUL) g)- - - Bg,)®
k =1
=Y Y B(g))- - -BUX() Y(U)g,) - - - Blg,)® Q)
k j=1
_Y Y B(g))- - -BXUx) ga)- - -BGY(TL)g) - B(g)® (i)
k h<j
CY Y B(g)) - - BUYUR) gn)- - - BUXUL)g)- - -Blg). (i)
k h>j

Clearly (i) tends to

Y B(g,) -+ -B([X,YI(I)g,) --- - B(g,)®.
k

Consider now (ii). Because of Lemma (8.3) we can anticommute the factors
B(iX(I,) g,) and B(iY(1,) g;) to the right. By Proposition (8.4) we then get
that (ii) converges to

~ Y (-1)""'"*B(g)-----B(gs)- - -B(g,)- --- - B(g,) [BY, BY] P

h<j

=Y (—1Y*"B(g))- - -B(g,)- - -B(g;) --- - B(g,) - [BY, BY]®

h<j

=Y (—1Y*"B(g)- - -Blgs)- - -Blg) - - B(g,)

h<j

-[Redg;, [X, Y] gi» +i1m<Qg;, [X, Y] g4>]- @ (8.25)
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The term (iii) is dealt with in the same way. To prove (8.6) notice that

2 Nx(I) A% (L) B(g,) - - - B(g,)®
k

=Y Nx(L) 3(BGY(L,) ) —iB(Y(L,) ) B(g,) - -+ - B(g,) P
k
=%Z (iB(X(Ly) Y(I,) f)— B(iX(1) Y(I,) f)) B(g,) - --- - B(g,)®
1
+52 (BGY(I) f)—iB(Y () f))
k

-(—i S Blg))- - -B(X()g)- - -B(g,.)cb). (8.26)

Clearly the first term in the right-hand side of (8.26) tends to
Afx, g (I) B(g,)- --- -B(g,)®.

Applying the anticommutation relations, Lemma (8.3), and Proposi-
tion (8.4), we find that the second term in (8.26) has the same limit as

3L (1B Bg)- Bl
X (BT 1) L) 1) BV 8)
and this limit is eq:;al to
3 L (1 Bz Blg) - Big)

[Re{[X, Y] f, g,> +i1m([X, Y] £, Qg,>

—iRe{[X, Y] f, &> Im([X, Y] £, iQg;>]

5 S (<1 Blg)- - Bg)- - -B(gn>-[<[[x Y]f@—lg,ﬂ.
For the 1dent1ty (8.22) we notice that
Y Ny(L) AL (1) B(gy) - - - B(g,)®
k

1

=5 2 GB(X(I) Y(L) f) + BUX(I) Y(L,) /) B(g1)- -+  B(g.)®
k

1
+§z (BGY(I) f)+iB(Y(I) 1))

580/85/2-4

||[\/]=

B(gy)- - - B(X(I)g)- - -B(gn)di).

1
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Clearly the first term in the above sum tends to
Al (1) B(gy)- -+ - B(g,)®P

and as in the previous case we find that the second term tends to
;o i 1-Q
z —1)/ B(g,)- - - Blg) B | (—5 & X Y1) |.

Finally, for the identities (8.23) and (8.24) we have

Z A&(I) Ny(I) B(gy): -~ -B(g.)®

k

—i )
=72 (BUX(L,) f)— iB(X(I,) f)) B(g1)
k

which converges to

;% (1) Bg) ) Big) - Ble [ (L 167 |

N|~

and

LAY L) Ny(L) B(gy)- -+ - B(ga)®P
k

=%’Z (BGX(L) )+ iB(X(I,) [)) B(g1)

k
--B(Y(L,) ) - - B(g,) P,

which converges to

NI-

n . 1_
) % (1 BGg) Bl g [ (10 118,°527) |

THEOREM (8.8). For all f in H and all jointly regular self-adjoint
X, Ye M(T; By(H)) such that [X,Y] exists consider the following

statements (where all the equalities hold on D).

¢ is the Fock state (8.27)
O=1 (8.28)
[4%, Nyl = Ay ny (8.29)
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[44, Ny =0 (8.30)
[Nx4%]=0 (8.31)
[NxAZ =A%y (8.32)
[Nx; Nyl =Nix s (8.33)

ie, Nis a [, -]-homomorphism.
Then (i) implies all the other statements. If M (T; By (H)) is full then all
Statements are equivalent.

Proof. The fact that (i) implies (ii), ..., (vi) follows immediately from
Theorem (8.7) and the validity, for Q =1 of the identity

Ax(D)-B(gy)- -+ - B(g,)®

=i} (=1) B(gy)- -+ - B(g.)® - <X(]) £, &>.

Jj=1

Now we prove that (i) = (iv). Using Proposition (8.5) and the notation

1
Z=[XY) Z,=5(2+2%); Z,=5(Z-2Z%)

N2 =

we have that

N, -B(g,): ----B(g.)®
= Z (1) B(g,)- - - [B(iZ,g,)—iB(iZ,g,)]- -~ - B(g,)P. (834)

Using the anticommutation relation, the left-hand side of (8.30) can be
rewritten as

Y, (=1)*"/B(g,)- - -Blg) - -Blgi)- - -Blg,)®P

1< j<k<n

[20Im<Z g;, gx» —2Re<iZ, g;, &i7 ]

£ Y (<1 Blgy)- - -Blgy)- - - [BliZag))

j=1

—iB(iZ,g;)]- --- - B(g.)-[B(iZ,8,)—iB(iZ,g;)]1®. (8.35)

But since Q =1 we have that A(h)® =0 for all s anid using this it is easily
checked that

[B(Z,g,)—iB(iZ, g,)]1®P = B(Zg;)P.
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Now, again using the anticommutation relations, the second term of (8.31)
can be rewritten as

Y (1" B(g,)- - -Blg)- - - Blg)

1<j<k<n

.- -B(g,)® -2RedZg;, 8>

+ ¥ B(g) - B(Zg)- - - Blg,)P.

1<j<n

After substituting this in (8.31), we find that

N;-B(g,)-----B(g,)®P

= Y B(g) - -B(Zg) - -B(g,)®

l<j<n

+ Y (=17 B(g)- - -Blg) - - Blgw)

1<j<k<n

c--- - B(g,)D- [(Zgj, g+ <g,~, Zgi>]

and comparing this with [Ny, Ny]-B(g,)- --- - B(g,)®D for Q=1 as com-
puted in Theorem (8.7) we find that

[[Nx’ NY]] =N2a

Conversely, assume that #(T;%,(H)) is full. We prove then that
(vi)=>(ii). The other implications are dealt with in the same way. Suppose
that [Ny, Ny] =Ny, for all self-adjoint regular X and Y in
M(T; By(H)) whose brackets exist. Taking matrix elements of this
operator identity between any vectors of the form B(f)® and B(g)®d we
find, using Theorem (8.7) and Proposition (8.5), that for all £, ge H,

{f.Z,8)=<f0Z 8,

where Z; is defined as above. Since .#(T; #,(H)) is supposed to be full, it
follows that @ = 1.

Theorem (7.3) can also be reformulated for the Fermi case. Hence also
in this case we have the characterization of the Fock state in terms of Ito
algebras. If O # 1, then the measures

[NX’A{’#]], [[A{{#,NY]]’ [[NX’ NY]]

are new objects, i.e., they are measures which cannot be expressed as linear
combinations of the scalar and the Fermi field measures. However,
the same result as for Boson holds (cf. Theorem (6.3)), ie., if
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F < M(T,By(H)) is an associative Ito-commutative Ito algebra then the
linear span " of the measures

Ny; A% T4 N0 ING N (LX) g

with f, ge H and X, Ye £ is an associative Ito algebra whose algebraic
structure is completely determined by exactly the same relations as those
listed in Theorem (6.3).
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