Vol. 53 (2004) REPORTS ON MATHEMATICAL PHYSICS No. 3

FREE PROBABILITY AND QUANTUM ELECTRODYNAMICS

L. ACCARDI

Centro V. Volterra, Universita di Roma “Tor Vergata”,
Via Columbia 2, 00133 Roma, Italia
(e-mail: accardi @volterra.mat.uniroma2.it)

and
Y. G.Lu

Dipartimento di Matematica, Universita di Bari,
Via Orabona 4, 70125 Bari, Italia
(e-mail: lu@dm.uniba.it)

(Received October 13, 2003 — Revised January 30, 2004)

The stochastic limit of a free particle coupled to the quantum electromagnetic field without
dipole approximation leads to many new features such as: interacting Fock space, Hilbert module
commutation relations, disappearance of the crossing diagrams, etc. In the present paper we
begin to study how the situation is modified if a free particle is replaced by a particle in a
potential which is the Fourier transform of a bounded measure.

We prove that the stochastic limit procedure converges and that the overall picture is similar
to the free case with the important difference that the structure of the limit Hilbert module is
strongly dependent on the wave operator of the particle.
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1. Introduction

The stochastic limit of quantum electrodynamics has been studied systematically
in a series of papers dealing with a multiplicity of physical models. The main result
in those papers can be stated as follows: if we drop the dipole approximation on
the quantum EM field, in order to understand asymptotically its evolution, one needs
a quantum stochastic process, which is the solution of a white noise Hamiltonian
equation (equivalent to a quantum stochastic differential equation) driven by a quantum
white noise living on some Hilbert module. Moreover, the quantum noise is

i) bosonic, if we introduce the (quasi) dipole approximation;

ii) an entangled extension of the free white noise, if we drop the dipole

approximation.

In previous investigations [1-3] we have considered a free particle, i.e. a particle
driven by the kinetic energy minimally coupled to the EM field. Now we are going
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to investigate the same problem in the case of a particle driven by kinetic and
potential energy.

Let be given a physical system (e.g. an atom), described by a Hilbert space
L2(R?) with d >3 and a Hamiltonian operator

Hg = p* + V(q), (1.1)

where p is the momentum operator, g the position operator and V is a potential
function in the Schwartz class. The particle is assumed not to be spatially confined
and therefore its kinetic energy spectrum is continuous. Suppose that this system is
coupled to the quantum EM field (whose Hamiltonian will be denoted by Hg) via
the interaction Hamiltonian

; 1
Hy:=XAp ) é*g—— —hec. 1.2)
2. T
This coupling arises from the minimal coupling by neglecting polarization and the
second-order term in A (cf. [3]). In (1.2) p denotes a fixed component of momentum
on the orthogonal space to k.

In the interaction picture, the evolution of this system is determined by the

operator .
Ut(k) = eit(Hs®1+1®HR)e—it(HS®1+1®HR+AH1), (1.3)

where the coefficient A is called a coupling constant. {U,(A)},zo defined in (1.3)
satisfies the ordinary differential equation

d .
EUt(A) = —IAHI(I)UI(A), (14)
where H;(t) is the evolved interaction Hamiltonian defined by

H[(t) = eit(HS®1+l®HR)Hle—it(Hs®1+l®HR).

By a standard procedure [3] (introducing a cut-off and changing the sum to
integration) we can rewrite the evolved interaction Hamiltonian as

H@) =i ( / , e'"Hs (—ip)e'tle"Hs @ (S,8)(k) ar — h.c.) , (1.5)
R

where g is a Schwartz function, depending on the cut-off; {S;};cg is a unitary
group (1-particle free evolution) on the Hilbert space L?(R?) coming from the field
Hamiltonian and satisfying the fundamental condition: for any f, g € S(R?) (the
Schwartz space of rapidly decreasing functions)

Aﬂm&mwt<+w. (16)

The dipole approximation consists in replacing of the factor ¢*9 by 1 (or by
the first few terms of its Taylor expansion). The starting point of our investigation
is to keep this factor and seek for a new, not so drastic, approximation.
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The main result in this article is that, as A — 0, the operator U,(X

by a quantum stochastic process U(t). Moreover
i) the convergence is a quantum analogue of the convergence in law;

ii) the limit process U(f) satisfies a quantum stochastic differential equation;

iii) the quantum stochastic differential equation is driven by a new type of

quantum noise on a Hilbert module;

iv) the Hilbert module is related to the Mgller wave operator.

The presence of the Megller wave operator represents the main new feature,
with respect to the case of a free particle, studied in [3]. For this reason in the
following section we describe the main idea of the emergence of this new feature.
In Section 3 we describe the limit Fock module and in Section 4 we prove an
explicit formula for the mixed moments of the module creation and annihilation
process. Finally, in Section 5 we deduce the explicit form of the module stochastic
equation for the limit operator. The proofs of the last three sections have not been
included because, although lengthy, they do not introduce substantial new ideas with
respect to [3].

, 18 approximated

2. Some preliminary remarks
We begin our investigation from the formal solution of Eq. (1.3),

00 /32 f fyi
UP, =3 (=i | dn | dbe | dGHH @) Hi().  (21)
L 0 0 0

In the following, for notational convenience, we shall exchange the order of the
system part and the field part, i.e. we rewrite the evolved interaction Hamiltonian
H;(t) as

i (/ (S:9) (k) ar @ 'S (—ip)et*ieHs _ h.c.) .
Rrd
Thus, for each n > 0, one has that

(=i)"H () Hy (1) Hy(t) = ) /R Ly (S P k) - (5,8 (k)
eefo, 12 VR”

& if1Hs {(—ip)eikl'q }e(l) e inHs || itnHs {(—ip)eik"'q }e(n) e—ithS, 2.2)

where for any operator » we use the notation

. b, if e=0,
b* = (2.3)
b*, ife=1,
and for any function F,
F, ife=1,
Fe:=q_ 24
F, if e=0.
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For example, if n =1, (2.2) becomes
—iH(t) = / ) ar(S;8) (k) ® "5 (—ip)e’*1e~"Hs _p ¢, 2.5)
R

The collective two-point function is

/)2 sp2
2 [ an [ an <0| |, dhadkaa, S, f)(kl)a;;<sag)(kz)10> x

eitl Hg (_ip)eikl-qe—itl Hg | eitzHSe—ikz-q (ip)e_itzHS (26)

/2 s/A2
= [Tan [ an [ S P0S0 0k
0 0
eit1 Hg (_ip)eik-qe—ill Hg | eitzHSe—ik-q (ip)e_itzHS, (27)

where f, g € S(RY). From the CCR, one knows that (2.6) is equal to (2.7).
In the product of operators in (2.7), it is convenient to move the operator e’
until it is erased by meeting the operator e~**%. This requires the following lemma.

LEMMA 2.1. For any t > (,
ek gitHs — it(Hs+pk) yikg ei:|k|2/2' (2.8)
Proof: One has
e’ 9e! s~ = explir ([ pe Y2 + V ()} = expit{(p + B> + V(@)} (29)
and the right-hand side of (2.9) is equal to the right-hand side of (2.8). il
Using Lemma 2.1 the quantity (2.7) becomes

1/32 5/32 _
22 / dn f dn, fR T DO, 0k
0 0
e 1Hs (_jp) et t2=t)Hs+p ) (l-p)e—itzlLIs(’,i(tz—tl)Ikl2 (2.10)

and, by the change of variables:
Aty = sp, h=1,2; 7 =51, (52— s1)/A? =13, (2.11)
(2.10) becomes

t (s—11)/22 .
/ dr, f dr, f F () (81, 8) (k) dk
0 - R4

71 /A2

ei‘t‘le/)»2 (_ip)ei‘tz(Hs-l'p-k) (ip)e_itlHS/)‘ze_iTZHSeiQ'klZ (212)

The following lemma describes the commutation relations of e'*1%s,
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LEMMA 2.2. For any bounded function or polynomial F,

[eitHS’ F(p)] — —l/ dseiSHS[F(p), V(q)]ei(I—S)HS_ (213)
0

Proof: Define
X(t) :=[e""5, F(p)l,  Y(t):=—i f dse""s[F(p), V(q)]é"<'—°"’”s, (2.14)
0

then
X0)=Y0) =0
and d
X0 =iX(®Hs - ie"S[F(p), V()] (2.15)

On the other hand,
%Y(t)=—ie””s[F(p), V(] —i* /0 dse"Hs[F(p), V(q)]e'“Hs H
=iY(t)Hs — ie"#S[F(p), V(g)]. (2.16)

and this implies the thesis. il

An application of Lemma 2.2 to the case F(p) = p, which gives [p, V] = —iV’,
shows that (2.10) is equal to

t (s—71)/A% _
f dr, / i, f F ) (S,,8)(0)x
0 —11 /32 R4

/22
% (p _ i/ dse'sHs V/(q)e——isHs)eitlHS/kzeirz(HS+p-k)X
0

5 —'[1/)»2—‘[2 2
x el HHs (p +if dseisﬂsv'(q)e—“”s)e”z"" . e
0

It is known (cf. [7]) that the limit
r/)»2

lim dse” sV (g)e s =: Ty (V'(q)) (2.18)
A0 Jo

exists for any r > 0 and V' € L'(RY) N L2(R%). Thus (2.17) is equal to

t (s—11)/A2 _
o(l) + f dr, f dv; / FR)(Sey8) (k)%
0 - Rd

TI/A.Z

x (p _ iFHS(V/(q)))ei‘[lHs/kzeif2(Hs+p-k)e—i(‘L’1/)LZ+T2)HS (p _ iFHS(V/(q)))*eitzlklz,
2.19)



406 L. ACCARDI and Y. G. LU

where and hereinafter, by o(1) we denote a quantity which tends to zero as A — 0.
From usual scattering theory, for V € LI(R?) NL?(R?%) and any r > 0, the limits

QkHs, Fp%) = s — lim Hr 15/ 7’2, (2.20)
Q(+p? FHy) =5 — lim eEirP? 12 FirHs i @2.21)

exist and are called the M¢ller wave operator. Moreover, all of them are complete.
With these notation, one can rewrite (2.19) as

! (s—t1)/3? _
o(l) + f dn f dn, f F ) (Sr,0)K)
0 —1q/22 R
(p — iTug (V/(@))Q(+Hs, —pP)e P /¥ gaHstpb g=imp?/i2
Q* (+H, —pY)e™ 215 (p — iTy  (V(g))) e’ (2.22)
Now we have to investigate the operator

TP s R P — exp iz (p? 4 &PV (@) TP 4 p k). (223)

Since eianV(q)e_inpz — V(q + np)’ (224)
we know that the right-hand side of (2.23) is equal to
PPV @ tnp/i%), (2.25)

and since V(x) — 0 as |x| — oo, it is intuitively clear that the quantity (2.25)
converges to exp(it2(p® + p - k)) as A — 0. The following lemma shows that this
intuition is correct.

LEMMA 2.3. Define the new operator

Y, (1) i= et APV @tnp) p=it (pH4p k) (2.26)

If the potential function V is in the Schwartz class, one has
s — lim Y,(¢) = 1. (2.27)
n—>oo

Proof: It is easy to verify that
t t f
Y,(t) = 1+f dth(q+(n+t1)p+t1k)+/ dt1/ dt
0 0 0
Vig+(n+t)p+uk)Vig+n+n)p+nk)+...

4 1 IN-1
+/ dtlf dtz.../ dty
0 0 0

Vg@+m+t)p+ukb)Vig+m+n)p+nk).. . Vig+m+itn)p+itvk)+....
(2.28)
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Since V is bounded, in order to prove (2.27), it is enough to show that for any
N>1,

s—nlirﬁlo Vig+n+t)p+k)V(g+m+i)p+ky) ... V(g+(n+iy)p+ky) = 0. (2.29)
By Fourier transform, one obtains that, writing for convenience kj := t;k,
Vig+m+)p+kdVig+m+n)p+k)...V@+ @ +in)p+ky)

N / Vxy ... V(xN)ei"[lehsN behl P4 1 co<pen Foep )
RNd

o D1<h <y Cnxptnlen Y+ X <o <p<n Yaxpla oip-Li<han 5h(1Hh) gid-C1<h<n T (2.30)
The Riemann-Lebesgue lemma gives our claim. |

By using these results we are able to rewrite (2.22) as

t (s—17)/A2 .
o(1) + f dr f dr, fR FERNSa@®(p = Ty (V@)
0 -

rl/Az
Q(+Hs, —p2)e 2P POQ* (+ Hy, —pP)e s (p — il (V/(@))*e2H  (231)

which tends, as A — 0, to

(Xt0. X10)) f d /R TR, 00— iTag (V@)

Q+Hs, —pH)e P HPOQ (4 Hy, —pHe 15 (p — il (V@) e M. 232)
The intertwining property of the scattering operator implies that
Q*(+Hs, —pP)e 15 = TP Q*(+ Hs, —p?),
so (2.32) becomes

(Xt0.» Xi00) f d [R FwEso®

(p = iTus (V' (@R (+Hs, —p*)e" P*Q*(+-Hs, —p*)(p — iFHs(V'(Q)))*emlk(I;SS»)

Finally, Lemma 2.2 shows that

pQU+Hs, —p*) = Q+Hs, —pP)p +iTws (V' (@) (+Hs, —p),
therefore the two-point function (2.6) has the following limit

o0
(Xt07+ Xt0.) f dn /R TS, )RR+ Hs, —pP)pe?* p@* (+Hs, —p)e M.
~00
(2.34)
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In order to understand which type of quantum noise can appear in our limit, let
us examine the four-point functions. Vanishing of the crossing diagrams is proved
with the same technique as in [1] (Section (12.19)) or [3]. Therefore, we have
to consider only those four-point functions which correspond to products of the

creation and annihilation operators of the following types (noncrossing diagrams)

aataa™, aaata™,

respectively. That is, we must consider the limit of

Ty /32 /32 T3/32 Ty /A2
A%, 0101) := A4 / dt; / dt, f dn / dt,
0 0 0 0

(0] fR y dkidkadksdkaar, (S, f)(kDay (S, £2)(k2)ary (i f3) (ks)ay, (Syy f4) (ka)10)
eitlHS(_ip)eik]-qe—itlHS . eitzHSe—ikzq (ip)e_itsz-

- €135 (—p)eiksatsHs . gisHs g=ikit (jpyeitifls (2,35
and

/32 T /32 T3/3? T4/
A(x,0011) := A% f dt f dt, f dt; / dty
0 0 0 0

(0] fRM dkidkydksdksar, (S, fl)(kl)akz(SthZ)(kZ)a]j;(St3f3)(k3)a];(St4f4)(k4)l0)

e”lHS (_ip)elkyqe—ltle . eltsz (_ip)etkz-qe-—ltsz_

. eit3HSe-—ik3-q (ip)e—it3HS . eit4HSe—-ik4~q (ip)e_it4Hs. (236)

The Gaussian form implies that

T; /A2 Tp/22 T3/32 Ty /A2
A(,0101) := A* f dty / dt, / dts / dty
0 0 0 0

/R ., Frdks (i, f1) (k1) (Sp, £2)(k1)(Sr, f3) (ka) (St fa) (ka)

elllHS(_ip)elkl -qe-—ltle . eltsze—tkl'q (ip)e—ltsz_

. e85 (—ipyel*3aeminHs | pitals p=ik3a(jpyp~itals (2.37)

which practically is a product of two objects both similar to the quantity (2.6).
Therefore the same argument used to prove (2.6) gives the following result.

LEMMA 2.4. If the potential function V is in the Schwartz class, the limit, as
A — 0, of the term A(A,0101) is equal to

o ¢] o0
(x10,1)» X102} {X10.75)» X[O,T4)>f dt/ ds fde dkidky fi1(k)(S: f2) (k1) f3(k2)
—00 -0

(S [ ()2 (+Hs, —pY) p2e™P 1615702 p2Q* (+ Hg, — pPyeihaleisial - (2,.38)
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Proof: In the investigation of the two-point function, the operator p behaves
like a bounded operator if one takes on the system space the partial expectation of
(2.37) by a linear function of the form (£, - n) with & 5 in the Schwartz class.
Because of this, one can repeat in this case the proof for the two-point function
(2.6) and this leads to the desired conclusion. O

Now we are going to investigate the limit of the term A(A,0101) and in the
following discussion we shall always assume, without any further explicit mention
of this fact, that the potential function is in the Schwartz class.

LEMMA 2.5. If the potential function V is in the Schwartz class, the limit, as
A — 0, of the term A(X\,0011), i.e. (2.36), is equal to

[o,0] o
(X[o,Tl),X[o,T4))(X[0,T2),X[o,T3))/ dtf dS/ dkidky fi(k1)
—00 0 Rr2d

(S, 1) (k) Fa (k) (S f3) (ko) (+Hs, —pP)p(p + ky)e' 1
¢7%2(p + ky) pQ* (+Hs, —p)elal eisthal ik (2 39)

Proof: Because of the Gaussian form, (2.36) is equal to

1y /3? Ty/3% 13/32 T4 /02
A(r, 0011) ;= A% / dn f dt, f dts / dt,
0 0 0 0

fR ,, Perdka(Sy S k) (Sy, 12) (k) (St f3) (k2) (S, f4) (1)

e”lHS (_ip)elk1~qe——tl| Hg eltzHS(_ip)elkz-qe-—ltzHS.

. eil3Hse—ik2-q (ip)e—it3HS . eit4HSe—ik1~q (ip)e—it4Hs ] (240)

Now it follows from Lemma 2.1 that the product of the operators in (2.40)
becomes

eitlHS (_l-p)e—itl (Hg+p-ky) | eitz(Hs+p~k1)(_i (p + kl))e—itz(Hs+p-(k1+k2))eit3(HS+p-(k1 +k3))
((p+ k1))e‘itS(HS+P'k1)eit4(Hs+P'k1)(ip)e—iMHsei(m—t])lkl lzei(t3—’2)(|k2|2+k1'kz)_ (2.41)

And again the result follows from the same arguments used to find the limit of the
two-point function. O

3. The limit Fock module

In Section 2, we have investigated the limit behaviour of the two- and four-point
functions. That discussion suggested that the limit of the evolution must be related
to the M¢ller wave operator and that it should live on some Hilbert module.

In this section we shall investigate the structure of this limit Hilbert module
and prove that it differs from the one found in the case with V =0 (cf. [3]). In
particular, it is a Hilbert module over the Abelian %—algebra (not a C*-algebra)
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which is the image, by the automorphism implemented by the wave operator, of
the algebra of all the polynomials in the momentum operator p and its bounded
measurable functions. More precisely, denote by B3, the set of all polynomials (of
one variable) of degree n and define

Pa = {QHs, —p*)P.(p)e'?*Q*(Hs, —p*) In €N, keR?, P,eP,}. G

It is clear that P is a *-algebra admitting a dense subset of L2(R?) as invariant
domain. For each f € S(R") define

fr, (@) = fR _dkQ(Hs, —PH) Po(p)eP*Q* (Hs, —p*) (S, ) (k) (3.2)
and .
F = {fa | feSM"), a is a polynomial in p}. (3.3)

It is easy to show that the elements of F are operators on Hg, defined on the
same domain as Pg and that F is a two-sided Pg-module. On the Pgo-module F
introduce the Pgq-valued inner product (:|-):

A fR d /R dt Q(Hs, —pY)a* (Pb(p)e P+ (Hs, —p2) F RS0 0),  (3.4)

and so (F/(-]-), (:|-)) is a (pre)Hilbert module and in the following we shall denote
the associated Hilbert module by F.

Starting from this Hilbert module, let us consider the algebraic tensor product
L?(R,) ® F on which we introduce the inner product

@O falBO &) = (o, Blrag,, (fulds). (3.5)

Thus we get a new Hilbert module. This new Hilbert module is the basic object
by means of which we can define our limit quantum stochastic process. For each
given n € N, on the algebraic tensor product (LZ2(R,) © F)®" we introduce the
inner product

BLO Gy O 0B O én,b,,)

=T fva, [ duedu,
h=1 R

(Oll@fl,a] Q"'Ganefn,an

|k dbyexp (i 1<r<;n_1 u,krkh+1)

n h—1 h—1
Q(Hs,— A [ (p+ ks )on (p+D_Ks )e ™40 k) (Sup 00 (i) |2 (Hls, — p),
h=1 j=1 j=1

(3.6)

where the equivalence classes are defined in a similar way as in the case n = 1 and,
by definition, the summation is extended to the set of indices 1 <r <h <n-—1,
with n =1 put equal to zero.
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Thus for each n € N, with the Pgq-right sesquilinear, Pg-valued, form given
by (3.6), (L’(R)©® ]-')G" becomes a right Pgq-pre-Hilbert module and the symbol
(LX(R) © F)®" will be used to denote it.

Since for each n € N, (L*R) ® ]-")®" is a Pgq-pre-Hilbert module, the direct
sum CoPL, (L2XR)OF )®" makes sense and will be denoted by T' (L*(Ry) © F)

and called the Pgq-free Fock module over L?(R;) ® F. In this pre-Hilbert module,
the vector ¥ :=10 04 0--- is called the vacuum vector.

LEMMA 3.1. The number vector subset
= {@0/)® ®of)¥|neN, o e L’R,), fieF, j=1,...,n} 37
is a Pq-total subset of T (LZ(]RJr) @.7-").

Proof: Tt is clear just by using the definition of Hilbert module. Ul

DEFINITION 3.1. For each element of L2(R.) ® F, the creator with respect to
this element, denoted by A*(.), is defined on the Pq-right linear span of I' by
Pq-right linearity and

AT @O H[@O B B0 fI¥] = @O HOWO M @0 f)¥, (3.8)
where n €N, «, a; e LXRy), f, fieF, j=1,...,n

The annihilation operator A(-) is defined as the adjoint of the creation operator
on the domain of number vectors.

_ REMARK. In general, A" (a1 © 1)AT (@20 f2) is not equal to AT (@0 f2) At (1 ®
f1).

The above discussion suggests us to define the collective module creator

T/22

AF(S, T, foa) =2 X dt / ddke—”HSe"k'Pa(p)e“Hs ® (S fHk)ay, (3.9)
S/x R

where 0 < S <T < 400, f € SRY) and a(p) is a polynomial in p.
THEOREM 3.1. For any N, N’ € N, the limit of

N N’
( ]_[ AS (Sk, Ty, [, an)®, H Af (S, T, £, a,;)ep) (3.10)
h=1 h=1
exists and is equal to
N N’
(TTA* s © foa)¥ [ A" G510 © 70 %). (3.11)
h=1 h=1

Proof: The theorem is proved by the same arguments as used in the proof of
Lemma 2.5. ]
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By the same techniques as used in [3], one can prove that the quantum noise
is of free type in' the sense that only the noncrossing diagrams contribute to its
correlation functions. Therefore our Hilbert module is a nonlinear deformation of
the usuval free (or Boltzmannian) Fock module. The stochastic calculus over the free
Fock module has been first studied (cf. [10]).

4. The limit stochastic process

Now we compute the vacuum statistics of the creation and annihilation fields
on the limit Hilbert module, i.e. the expectation values

(W, A*D(a; © f1) -+ AP (a3, O fr) W), (4.1)
where ne N, «a; € L2(R+), fieF (G=1,...,2n), e {0, 1}2" and
J J
A=A, Al := AT,

and where for simplicity we shall not distinguish between f and f (e.g. we restrict
ourselves to real-valued test functions). Moreover, it is necessary to know (4.1) only

in the case of
(1) =0, e(2n) =1. 4.2)

LEMMA 4.1. The inner product (4.1) is not equal to zero only if
2n

Zs(h) =n. 4.3)

h=1

Proof: This is a standard fact on free Fock modules. g

Let be given a subset {m;};_, C {1,...,2n} with 1 <m; < ... < m, = 2n.
We say that {mh}h . admits a noncrossmg pair partition if denoting by {mh}
an ordered version of the set {1 2n} \ {mp},_,, the family {m;,m,};_, is a
noncrossing pair partition of {1, . 2n} By [3], if this is the case, then the choice
of the {m}} is unique.

For a given ¢ € {0, 1}** denote

{mplpe ={re{l,...,2n}| e@r)=1}, l<m<...<m,=2n. 4.4)

We say that ¢ € {0, 1}* admits a noncrossing pair partition of {1, ..., 2n} if {mp}r_,
does.

LEMMA 4.2. The inner product (4.1) is equal to zero if & does not admit a

noncrossing pair partition of {1,...,2n}.

Now we are led to consider the expression (4.1) when ¢ admits a (unique)
noncrossing pair partition of {1,...,2n}. Moreover we shall consider an expression
more general than (4.1),

(¥, AP(a1 © fi)--- R(p)e™ P -+« A% (az, © fon) W), (4.5)

where R(p) is a polynomial.
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Since on the limit Hilbert module the left action is not defined, the most natural
way to give a meaning to the quantity (4.6) is to define it as the limit of

(@, ASV(S, Ty, fi, ) - A0S, T, £, 0 )R(p)e™?

ATV (S0, Tt frans argt) - A5 (Sons Tony fan, a2) @) (46)

THEOREM 4.1. The limit of (4.6) exists and is equal to zero if & does not admit
a noncrossing pair partition of {1,...,2n}; while it is equal fo

n

L[l (X[smh,Tmh], X[Sm;l’Tm;,])Lz(RH

+o0 +00 n _
[ awr [ [ dkdk TS ) 0 T o)
—00 —00 Rnd he1

n

<§, H [ei“hk”'pazh(P + Z ki Xomp mpy @A) 2141 (P + Zle(m;,m,)(Zh + 1))]
h=1 =1 1=1

n
R(p + Z le[m;,ml](F))e’x‘Pn)
I=1

n

~1

3 ki Xyt ) . 3

e TEUmmIT exp (l Z Z unkn 'er(m/r,mr)(mh)) 4.7
h=1 r=h+1

if ¢ admits a (unique) noncrossing pair partition {m;,my},_,.

Proof: The proof can be performed by putting together the argument from
Section 2 and the technique used in [2]. |

5. The stochastic differential equation

By the same technique, we are able to prove our main result, i.e. the convergence
of the matrix elements, in the collective number vectors, of the wave operator at

time ¢, U:Xz, to a unitary operator U () on the Fock module described in Sections 3

and 4, satisfying the stochastic differential equation

Uty =1+ /0 (dAF i) — dAsEip) — GinlGip)_ds) U ) 5.1)

driven by the new quantum noise described in the previous section and where the
quantum stochastic integrals are defined on the full Pqo-Fock module described in
Section 3 following the theory developed in [8-10]. As usual, in (5.1), the half-inner
product (-|-)_ is defined replacing the dr-integral over R, in (3.4), by an integral
extended over the half line (—oo, 0], and for any polynomial g, = g(p) in Pq, &ip
denotes the polynomial obtained from it by replacing p by ip.
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In fact the argument in [3] guarantees that in order to consider the limit
N X N
(TT A% Sk Tos fi a0, US, [] 45 830 T3 £, a3)®) (5.2)
h=1 h=1

one can replace the operator Ut(/Ak)2 by its series expansion and take the limit (as

A — () term by term, since any term has the form (4.6). Thus the techniques of
[3] give the main result.

An interesting open problem is to determine the vacuum distribution of the
classical random variable A(@ © f,) + AT(@ ® £,) in the limit module.

Note added on 14-01-2004

The present paper was completed in April 1995 and endured various vicissitudes
among which that of being lost. Now there is a revival of interest for the role of
scattering and wave operators in the weak coupling limit of QED for applications
to quantum optics and quantum information.

Therefore publication of these results, even after such a long delay, seems to be
justified.
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