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Abstract. The present paper concludes a research programme developed, in the past three
years, by various authors in several papers. The basic idea of this programme s to expiain
the irreversible behaviour of quantum systems as a limiting case (in a sense to be made
precise) of usual quantum dynamics. One starts with a system interacting with a reservoir
and, in the first attempts to deal with this problem, only limits of observables of the system
and deduced master equations were considered. In our approach we study the limits of
quantities related to the whole compound system. As a corollary we obtain an explanation

of the physical origins of the quantum Brownian motion. In the present paper we study
the low-density limit of 2 svstem coupled to a guasi-free boson reservoir in the eguilibrinm

-density limit of a system coupled to a guasi-free boson reser he equ
state at inverse temperature 8 and fugacity z, through an interaction of the scatiering type,
i.. one which preserves the total number of particles of the reservoir. We obtain a
macroscopic equation, for the limit of the compound system, which is a quantum stochastic
differential equaticn of the Poisson type, in the Frigerioc and Maassen sense, whose
coeflicients are uniquely determined by the one-particle scattering operator of the original
Hamiltonian system and whose driving noises are the creation annihilation and number
(or gauge) processes living in the space of a Fock quantum Brownian motion over the
space L?(R, dt, K, ;) where K, | is an Hilbert space depending on the inverse tlemperature
B, the one-particle reserveir dynamics, the free-system dynamics and the interaction.

1. Intreduction

The present paper brings to a conclusion a long-term investi
several papers. The main problem of this investigation is to understand the 1rreversnble
and dissipative behaviour of quantum systems. Two basic schemes have been developed
in order to address this problem. Firstly, where the quantum noise is considered as an
intrinsic property of a single system, arising from chaotic properties of the dynamics.
An axiomatic approach was proposed in [1] and investigations of particular
Hamiltonians which exhibit chaotic behaviour have been carried out by several authors
[2, 3]. Another, more traditional approach consists in looking at a system coupled to
another system (called, according to the interpretation, reservoir, heat bath, apparatus,
noise, ....) and to consider the reduced evolution of observables of the system in the
following sense: if X is an observable of the system, by the effect of the interaction
with the reservoir the Heisenberg evolution up to time ¢, leads to an observable X({¢)
which acts on the space of the composite system, i.e. #,,,® #,.,; by taking a partial
expectation over the reservoir degrees of freedom, one obtains a new observable X(¢),
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acting only on the space %, of the system. The map ¢ — X(¢) is called the reduced
evolution of the observable X. The equation obeyed by X(¢) is no longer of the
Heisenberg type, but is usually a complicated integrodifferential equation which gives
little insight into the dynamical behaviour of the system. To obtain additional insight
one usually considers the reduced dynamics in some limiting, idealized, conditions
which should show the different time scales of the system and of the reservoir: it is
only in these limiting conditions that the basic physical differences between system
and reservoir arise. Before that, ithe two play a perfectly symmetric roie.

The basic goal of such an idealized limiting procedure is to obtain a description
of the limit evolution depending on the reservoir degrees of freedom only through a
small set of physically measurable (usually macroscopic) parameters (such as tem-
perature, dumping constants). Several limiting procedures have been investigated up
to now. Two of the best known are the so called weak-coupling and low-density limit,
We shall use the abblcnatcd notation wciL and LDL.

In the wcL, the strength of the system-reservoir interaction is driven by a constant
A and one considers limits, as A — 0, of expectation values in a vacuum or thermal
state of time-rescaled observables of the form X,,,2. The condition A >0 means that
one considers a weak-coupling situation; the rescaling ¢ > t/ A> means that one considers
long-time cumulative effects of the interactions. The scaling t- ¢t/A> has its origins in

cenms racnlte nf carnnd.nrdar narturhatinn thanry dns tn Frisdriche [41 Mara nracicely-
SUIIG TUSUILS UL 5LLUNG=UTIGVT PUcul vaultl LUl y Gue W0 MIICUTICIES |5, (VUTC DICUISCLY.

if U™ denotes the Schrodinger evolution in interaction representation (cf (2.11) below);
u? denotes the free evolution of the coupled system and g (or @) is the initial state
of the system (or reservoir), then in the wcL one studies the limit of

¢S®‘PR(UE?,)\;“?/‘A1(X®I)US?.)\ (1.1}

In all the cases studied up to now, it has been convenient to include the action of the
free Hamiltonian of the system elther in the interacting Hamiltonian or 1n a modified
effective Hamiltonian of the reservoir. The effect of this operation is that u? acts trivially

on the system observables, so that the expression (1.1) is equal to
es® er( U7X ®1)U). (1.2)

In the LDL one also studies limits of the form (1.2) but there are the following important
differences:
(i) The parameter A represents fugacity, not an interaction constant.

(ii) In (1.2) the state @ depends on A, while the unitary U'}}:= U,,,: depends on
A only through the time rescaling. This is exactly opposite to the wcL case.

The study of the limits (1.2), both in the wcL and LbL, has been the object of a
number of investigations (e.g. {4-8]) whose main result can be formulated as foliows:
in the limit A -0 the quantity (1.2) converges, for every observable X of the system,
to the limit

es(P'(X)) (1.3)

where P’ is a quantum Markovian semigroup acting on the observables of the system.
The whote influence of the reservoir on the dynamics of the system is then concentrated
in the generator of the semigroup P'. The generator of the reduced evolution in the
LDL case was found by Diimcke [10] (with techniques completely different from the
present ones and based on the BeGKY hierarchy and scattering theory).

The trouble with this approach is that all the information on the reservoir is swept
away and only some information on the system is retained. In several situations of
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physical interest, however, one is also interested in retaining some information on the
reservoir and on the coupled evolution system + reservoir. For example, if the reservoir
is a field and the system an atom, sometimes one is interested in deducing some
information on the atom by means of a measurement of the field. Thus, in the idealized
description (wcL or LDL) one would like to also have a mathematical model of the
reservoir. In view of this, the following question arises very naturally: can we claim
that in some sense, in the LDL or WCL, some reservoir observables converge to some limit?

As stated the problem is very vague: Which reservoir observables are expected to
converge? Which kind of convergence? What is the fimit?

The basic achievement of the series of papers [20-35] has been to give an answer
to the above questions which is not only mathematically rigorous and plausible from
the point of view of physics, but also very explicit, given in a form which provides an
intuitive insight of the physical interactions involved as well as of all the relevant
parameters.

In the above-mentioned papers, the full solution of the problem was given only in
the weL case, while in the LpL case, notwithstanding two important preliminary result
(cf [36]), the problem remained open.

In the present paper we complete the whole picture by adding the missing steps
to the solution of the Lb1 problem.

The detailed proof is very long and technically involved, therefore, in the present
paper, we limit ourselves to outline the basic ideas and techniques involved.

The full solution of the LbL case requires the use of all the techniques developed
in [20-35], even those developed for solving problems which seemed to be side variants
of the main result in the wcL case (e.g. the fermion case, the case of quadratic
interaction, . . .).

For this reason, in section 2, we have tried to give a qualitative description of the
basic problem, of the physical meaning of our assumptions, and of the connection
with our previous results. For a more detailed account of these problems we refer the
reader to {36].

2. Statement of the problem

2.1, Notation

We recall from [36] some known facts and notation. Let H, and H, be Hilbert spaces
interpreted respectively as the system and the one-particle reservoir space. Let W(H,)
be the Weyl C*-algebra on H), i.e. the closure of the linear space spanned by the set
(of unitaries) {W(f):fe H;} with commutation relations

W) W(g)=e"™ " W(g) W(f) (2.1)

for the unique C*-norm on it (¢f{37]). Let H be a self-adjoint bounded below operator
on H, and 8 > 0 and u be real numbers interpreted as inverse temperature and chemical
potential respectively. Let the fugacity z be given by z =¢P* and define

Q. =(1+ze ) (1—ze™ )" =coth[48(H — u)] {2.2)

and suppose that, for each z in an interval [0, Z], Q, is a self-adjoint operator an a
domain 9, independent of z. Denote ¢ the mean zero gauge-invariant quasi-free
state on W(H,) with covariance operator Q,, characterized by the property

eo (W) =exp(—xf, Q.f) VicH, | (2.2)
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and let {# o , 7o, ® .} be the Gns triple of {W(H)), ¢o.}, so that

(Po., mo(W())Po)=eo(W(S)) (2.3)

We shall write W for wg oW, The Fock representation corresponds to the case Q. =1,
which corresponds to the limiting case 8 = o0 (or z = 0). In this case the GNs representa-
tion will be simply denoted {¥, =, ®}. Let S| be a unitary group on B(H,) (the
one-particle free evolution of the reservoir) and suppose that

$10,=0.5S! V=0 (2.4)

where the equality is meant on %. Typically we shall choose S;=exp(itH) so that
(2.4) is obviously satisfied. This implies that the second quantization of S!, denoted
W(S)} and characterized by the condition W(S))W,, (f )= WOE(S} £), leaves ¢o,
invariant hence, in the GNs representation, the generator Hiy’ of the one-parameter
group W(S!) is called the free Hamiltonian of the reservoir in the representation 7o,
The system Hamiltonian is a self-adjoint operator Hg on the systemn space H,. The
total free Hamiltonian is defined as

H{=H®1+1®@HY (2.5)
where
(z) 1d 1
=dI'(H}:= d_ W(S,). (2.6)

The interaction Hamiltonian V is

V:=i Z D5®A+(35)A(31—f) (2-7)

re{0,1}
where we use the notation
Dy=D D,=-D" (2.8)

and g,, g,€ K < H, (K to be defined) and D is a bounded operator on H, {we make
this assumption for the sake of simplicity, but our techniques apply with minor
modifications to a large class of unbounded operators, including creation, annihilation
and number operators).

With this notation, the total Hamiltonian is

HP=H®R1+18HZ+V (2.9)
and the wave operator at time ¢ is defined by

U, == exp(itH") exp(—itH'®). (2.10)
Therefore we have the formal identity

d

dt = V(t)U Uy=1 (2.11)

on the weakly linear span of the vectors of the form

u®¢0:(’\a S! T;f) (2'12)
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where uc Hy, fe K, S, TeR, the ®,(A, S, T; f) are the collective coherent vectors
defined by

T/AZ
WQZ(AI Sufdu)d)oz (2.13).
§/a°
and
V()= exp(itH") V exp(—itH{). (2.14)

It is well known that the solution of (2.11) is given by the iterated series

o0 ' ot
u=1% (—i)”[ drl...J dr, V(y)... V(1) (2.15)
n=0 0 0
which is convergent on the domain (1.12).
The basic example we have in mind is the free Bose gas, where

= L*(R?) d=3 H=-3A

where A is the Laplacian on R In this case one usually starts from a finite volume
V< R? and the density # is the limit as the volume | V| » +c0 of the expectation value
of the number operator Ny in finite volume in the state ¢’ divided by | V|. It becomes
asymptotically proportional to the fugacity z in the limit as z - 0; for example, for the
free Bose gas in three space dimensions one has

n=n{B,z)=z J‘ . exp(Bk*/2—z) ' d’k.

R

The LDL corresponds to letting the density n in the state ¢ tend to zero, time being
scaled as At/ n, /i being a rescaled density to be held fixed. The asymptotic proportional-
ity of z and n, as z— 0, implies that, choosing fi =1, the LDL is equivalent to the limit
z -0, time being scaled as t/z.

The physical reason why the LDL should go with an interaction, which preserves
the (generalized) number operator, is that scaling a parameter means that it is a
controllable parameter and, if the interaction were not to commute with number
operator, then the density could take any value in the course of time.

2.2. The collective states: statement of the main result

From the introduction it is clear that we are interested in the asymptotic behaviour,
as A=+z-0, of expectation values {or matrix elements) of quantities of the form

Ubha(X®1) U, 2. (2.16)

As a preliminary problem we investigate the asymptotic behaviour of the basic dynami-
cal variable

0 17at hL_,
U= Y (—1)" J‘ de, ... J. de, V(1) ... V(). (2.17)
n=0 0

The reason why this is only a preliminary problem is that one can usually determine
the asymptotic behaviour of some appropriate matrix elements of the operator (2.16)
and, unfortunately, as several examples show (compare for example the main result
of [28] with [29]), the limit of the product (2.16) is not obtained in the obvious way
from the limit of (2.17).
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However, the experience accumulated with the study of several models in the wcL
case suggests that the most difficult step consists in controlling limit (2.17) and
understanding the equation (usually stochastic} which it satisfies, Once this is done,
the passage to the limit (2.16} is by no means trivial, but the difficulties are mainly of
a technical nature. (A possible exception is the fact that, in the LDL case, the limit of
{2.17) can be controlled for all teR in the Fock case, while the same limit in the
finite-temperature case and the limit (2.16) can be controlled only for ¢ in a certain
small interval. It is not yet clear if this difficulty is of a fundamental nature or a
purely technical one.}) In any case, the difference between the limits of the two
quantities (2.16) and (2.17) can be described as follows: for finite A, U,,,: satisfies
the (time-rescaled) Schrddinger equation in interaction representation (2.11), while
U (X ®1) U, e satisfies the corresponding Heisenberg equation.

The basic conceptual idea, underlying the whole series of [20-36] is that, in the
limit A = 0, the Schrodinger equation (2.11) goes into a quantum stochastic differential
equation, while the corresponding Heisenberg equation goes into a guantum Langevin
equation (more precisely: the quantum Langevin equation canonically associated to
the quantum stochastic equation satisfies by the limit of U,,,2).

Unfortunately there is no hope that the limit (2.16) (also (2.17)) exists in any usual
operator topology: this is well known form the wcw case {(and also from the classical
case). So the first problem to be addressed is: in which sense do we speak of the limit
of the operator U, as A~ 07

To answer this question was a difficult problem even in the wcL case. In that case
we were able to control the limit of expressions of the form

lim (u®Dy(£; S, T), Uyuivdp(f', S, T (2.18)
where the choice of the vectors

T/A?
D,(£,85T)= W(A .[ . S,,fdu)CD {2.19)

S/ A
{called the collective coherent vectors) was motivated by the analogy with the quantum
central limit theorem in [38].

More precisely, both in the wer and LbL Fock cases, for a variety of models, one
has the following situation (cf. [2, 3, 9] or section 4) of [36]).

One starts from the Hilbert space #, of a system with a given free evolution and
a given interaction V. In terms of these, one defines a two-parameters family U ‘;,'?,{2 of
unitary operators of the form (2.17). Finally, one proves the following:

Theoremn 2.1. There exists

aset 7,

amap ¥: (A, a)e T d,(a)eH,

a Hilbert space J;

a total subset ®(a){ox e T);

a one-parameter family U(¢) of unitary operators on J, such that the limit {2.18}
exists and is equal to

lim (@, (o}, Uihia®,(a))={®(a), U(1)®(a’)). (2.20)

In particular, for ¢ =0, this yields
lim (@,(a), )(a’) =(®(a), P(a’)). (2.21)
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Thus, denoting #, the closed subspace spanned by the collective vectors ®,(a),
(2.21} gives a precise meaning to the statement: as A= 0 the space ¥, converges to a
limit space X.

As already mentioned, this scheme worked well for several models [21-23, 28, 29],
but the attempt to extend this scheme to wider and wider classes of models led to the
discovery of pathological phenomena, e.g. the limit (2.18) might exist and be of the
form (2.20) without UJ{¢) being unitary (cf [27]).

The appearance of these pathologies led Frigerio to conjecture that the correct
choice of the collective states should depend on the form of the interaction.

Consider a system interacting with a reservoir, as in the scheme described at the
beginning of this section (but not necessarily with the interaction (2.7)). One should:

(i) Identify, foreach A, a subspace 5, of the state space of the coupled system—the
space of collective vectors.

(ii) Ydentify a limiting space ¥, characterized by the following properties: there
exist a dense subspace ¥ c X,

for each A >0, a dense subspace @, = #,,
a one-to-one map @, € @, — ¢ € D such that, if (&, )}, (P} ){(A>0) are families
in 9, such that @, - &, &), > ®’, with &, &'e P, then

lim (P, 3 =(®, P). (2.22)

(1ii) Prove the existence of the limit

lim (B, U203 = (@, U(NP) (2.23)

for the basic dynamical variable, defined by (2.11) and for (®,}, (®4), @, &' as in (ii)
above.

(iv) Deduce an equation (usually a quantum stochastic differential equation in the
sense of Hudson and Parthasarathy {15]) satisfied by U{z).

(v) Prove that U(#) is unitary.

{vi) For every observable X of that system prove that, as A= 0,

(@, Uipd{( X Q1) UH @) (P, U)X @)U (1)) (2.24)
(D, ULHHX @V U @) > (@, UM(D(X @D U (1D, (2.25)

When there is an a priori privileged state ®° of the reservoir (vacuum state, thermal
state, . ..), the corollary of step (vi) given by the choices

b, =u®d(a) ®, =v@Da) w,ve H, {2.26)
gives the reduced evolution of the system through the identity
(@Y, U (DX @DU(Nv@¥)={u, P'(X)v) (2.27)

where ¥ corresponds to $° in the map of point (ii) above and P' is the Markovian
semigroup of (1.3).

2.3. The basic assumptions and their role

The basic assumption, which has been common to all the investigations on the wcL
and the LpL, concerns the one-particle reservoir and dynamics and is the following:
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there exists a non-zero subspace K of H, (in all the examples it is a dense subspace)
such that

J Kf, Sig)l dt<oo Vigek (2.28)
R

Moreover, we suppose that

QKc kK (2.29)

For example, for the free Bose gas, H,= L*(R*) for some d =3, H = —4/2, where A
is the Laplacian on R and K can be chosen to be L'~ L™(®). From lemma 3.2 of
[21], we know that the assumption (2.28) implies that the sesquilinear form (+|-): K x
K - C defined by

(flg)= L (f, Sig)de fgekK (2.30)

defines a pre-scalar product on K. We denote {K, (-|-)}, or simply K, the completion
of the quotient of K by the zero (:|-) norm elements.

We assume, moreover, that the system Hamiltonian Hs is related to the coefficient
D, of the interaction, by the identity

ei™Hs ) g ~itHs o= o 1wy w,) (2.31)

a familiar assumption, satisfies by all the Hamiltonians commonly used in quantum
optics. For the sake of definition we shall assume that

w; >0 (j=0,1) Wy # . (2.32)

We assume moreover that the test functions g,, g, which define the interaction
{2.7), have disjoini energy specira, i.e.

(80, S:g1)=0 VieR (2.33)

and we fix two mutually orthogonal projections P,, P, commuting with H such that

Pg =g, e=0,1. (2.34)

interaction with the system is concerned: if P, and P, project onto disjoint intervals
(energy bands) I, and I,, these energy bands act as the counterpart of the energy levels
wq, @, of the system.

This assumption has the following effect: when we go in interaction representation
with the interaction (2.7) and the free Hamiltonian (2.5), we obtain

V=i ¥ e'"sD, e "®A(S1g)A(S)g-.)

re{0,1}

=i Y e "D ®A%(S!g. )A(S)gi-.). (2.35)

e<(0,1)
Therefore if we define the group {S,; r ¢ R} of unitary operator on H, by

S, =8t e Pt P = explit(H - woPy— w, P,)] (2.36)
then

Sigo= 8} e*"og, Sgi=Se""g (2.37)
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and therefore
V(t)=1 ¥ D.@A"(5g.)A(Sg ). (2.38)

se{0,1}
Thus we see that as far as the interaction V is concerned, under the assumption (2.33},
one can assume that w, = w, at the cost of replacing the one-particle reservoir dynamics
S by the effective one-particie reservoir dynamics (2.36) (which depends both on the
frequencies o; of the system and on the interaction). The infinitesimal generator H'
of 5, is given by

H'=H—w0P0—w,P,. (2.39)

2.4. Connection with scattering theory

The connection between the stochastic process U/{¢) and scattering theory is the second
crucial step of our programme. It was established in [36] and here we recall the basic
results of that paper.

Because of number conservation for interactions of scattering type, the closed
subspace of H,® ¥y generated by vectors of the form u®@A™(f)P (uc Hy, f H,),
which is naturally isomorphic to Hy® H,, is globally invariant under the time evolution
operator exp[i{ H;®1+ 18 Hg + V)t], and the restriction of the time evolution operator
to this subspace corresponds to an evolution operator on H,® H, given by

expli(Hs®1+1® H + V,)1] (2.40)
where
Vi =i(D®|go){g:l—cc). (2.41}

Diimcke’s results [10] tell us that the reduced evolution of observables in B{H,)}
is completely determined, in the LDL, by the scattering operator for the evolution (2.40)
on Hy® H, and by the temperature of the reservoir. This corresponds to the physical
intuition that particles of a dilute gas should scatter independently, one at a time, in the
system. The relevant operators are the one-particle Maller wave operators

0,=5— lim expli{ Hs®@1+ 1@ H + V) }t] exp[-i( Hs® 1+ 1® H)t] (2.42}
=00
the one-particle T-operator.
T=vQ. o (243)
and the one-particle S-operator ' _
S=Q*,. (2.44)

Under rather general assumptions, which are satisfied in the present case, § is unitary,
From (2.41) it follows that

Q.=s5—lim U" (2.45)

=+ o0
where U'" is the solution of

< U&”=( ) D,®ls,g€><S.gl_gl) U Ui’ =1. (2.46)
dt rc{,1}
Let H,, denote the closed subspace of H, spanned by the vectors

5.8, e=0,1 teR. (2.47a)
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Notice that U'", and therefore also Q., T, S, V|, leave H,® H,, invariant and
annihilate on H,® H1,, s0 we can restrict our attention to H, 5, and in the following
we assume that

H,p=H,. (2.47b)

Given this, the spectral subspace corresponding to a fixed real number E, in the
spectrum of the total unperturbed one-particle energy operator H' (defined by (2.39))
is two-dimensional. In fact H’ commutes with the self-adjoint involution J, character-
ized by the property Jg,-. =g., £ =0, 1 and, by assumption (2.47h), the function of
H’ and J, applied to g, {or to g,} span the whole space. Moreover an orthonormal
basis of this space is given by the pair

Bo.es 81.E

where g, ¢ is the component of the vector g, in the Eth energy shell. This means that,
if we decompose the space H,® H, as a direct integral over the energy spectrum of
H', then the space of each energy shell is isomorphic to H,@C?,

If %5 = Hy®C? is the space corresponding to the energy E, then the scalar product
on g is given by

GNE) = | exp(—iENES.Hd WOEIo@NE) = o)l HE)  (248)
JR

where f, g € K, so that the scalar product (g|f) defined by (2.30} corresponds to the

energy shell £=0.

Now, from (2.45) and (2.46) it follows that the operator S, given by (2.44), commutes
with S, and therefore with 1&® H'. This implies that, in the integral decomposition of
H,® H, into energy shells, the operator § will leave the space of each shell invariant.
So, denoting by S(E) the action of S on the Eth energy sheli, one has S(E)e B(H,)®
M(2,C) given by

S(E)= Z SE’E(E)®eE'E (249)
g,e'=0,1
e.. (g g'=0, 1) being matrix units of M (2, C). The unitarity of S requires that (almost)
every S(E) is unitary. In order to determine the form of the operators S...(E) e B(H,),
let us introduce the following notation
(]

(glf)_(E)==_[ exp(—iEt)g, S.f) dt (2.50a)

—e0

T.(E)=(gg)-(E)(g:lg))-(E)DoD, (2.50b)

and note that for all real E one has

(ele)-E)=| (e Sl at= gl

50 that, under the assumption
1<1 (2.51)

we have the convergent geometric series

Y T.(E) =(1-T.(EN (2.52)
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Define also
Roo( E) = (g1|g1)-(E) Dy Dy (1 - To(E))™' (2.53a)
Ro(E}=(1-T(E))™"'Dy (2.53h)
R(EY=(1-T{E)N'D, (2.53¢)
R(E)=(golgo)-(E)Dy Do(1 - To(E))™". (2.53d)

Underthese assumptions and notation in [39] it has been proved that the T-operator
has the form

T(u®f)=..2...i.._. z J‘oo Rs'e(E)u®gs'(gf|f)(E)dE Viue HO;fEK (2-54)

T e,e'=0,1

and the matrix elements of the $-operator are given by
SE’E(E) = ae’el +[(g£’| gs’)(E)]Ust‘s(E)[(gsIgr)(E)]UZ' (255)

Given all this, the stochastic process U(t), deduced in the Fock case, on the
right-hand side of (2.21), is the solution of the stochastic differential equation

nnnnnnnnn

dU{t)=dN,(S{(0)—1; 0)Li(1) Uio=i {2.56)
where

Zo; R A0)®N;(g.,8)=N(S(0)-1,0) (2.57)
is the quantum Poisson process of zero intensity corresponding to the S-operator on
the energy shell of total energy E =0. The reformulation (2.56) (as compared with
equation (6.1) of [28]) has important consequences. The first of them is that the unitarity
of the solution U(¢) of {2.56), which has been proved with heavy direct calculations
in [28], follows from the unitarity of S$(0) and a general theorem of Frigerio and
Maassen [40]. The second is that it provides a precious heuristic indication for
estimating what should be the full stochastic equation, i.e. involving all energy shells.
The basic idea originated in a paper by Alicki and Frigerio [39] and was fully realized
in [36]. Tt can be briefly described as follows: first one writes the Diimcke LbL generator
in a form that naturally suggests a unitarity dilation with quantum Poisson noise in
the sense of Frigerio and Maassen; then one actually builds such a dilation. As usual
there is a wide arbitrarity in the construction of a specific dilation, but one can hope
that the general structure of the stochastic equation of the dilation will be at least
similar to the true stochastic equation satisfies by the Lpr of U, ,2.

More precisely, in [36] it has been proved that the Diimcke LDL generator can be
written in the form

L(X) =:21_W EO[ J‘_ dE exp[_B(E+wF)](SE'F(E)*XSF'F(E)uas'px) (2.58)

(X e B(H,)) and that the semigroup with generator (2.58) admits a unitary dilation in
terms of a quantum Poisson process, which can be described as follows. Introduce the
Hilbert space

‘%..‘= Lz((_wﬂsw)a dE)(‘BLZ((—&J]’GJ), dE) (2'59)
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and the von Neumann subalgebra M of L™(R,dE; M(2,C)) of functions
Er+{Y_ .(E): e',e=0,1} such that Y, .(E}=0 for E <—w,, where M acts on ¥ in
the obvious way. Define a positive linear functional u on M by

#(Y)3=—l— z J. dE exp[-B(E+w.)1Y..(E)=(§ Yé)x (2.60)

2w e=0,1 o —w,

where £e X is given by

B 0n ™ umB) exp (B (B 00| @B o £ (84 |
(2.61)

The function E + S(E), S(E) given by (2.49) and (2.55), can be regarded as an
element S of B{(H;)® M. With this notation, the generator {(2.58) can be rewritten in
the form of [40] as follows:

L(X)=(1d®u)[§¥(X®1NS—(X@1)]. (2.62)
Then it follows from [40] that, for all X € B(H,) and teR",
exp[L)(X)=E[U*()(X® 1 U] (2.63)

where U(t) is the (unitary) solution of the QsDE:
dU(t)y=dN(S—-1; &Y U(1) U =1. (2.64)

Notice that in contrast to the Fock case where only S({0) appears, here we have
continuously many values for the total energy E, and an integration over E weighted
by the Boltzmann factor exp[—~8(E +w,)].

In the equilibrium state at strictly positive temperatures T =1/, particles of all
energies are present, with numbers which become proportional to z exp[—,Bkz/Z] in
the limit as z—-0. The total energy of a particle with momentum % and of type ¢
(e €{0,1}) is redefined to be E =3k’w,, to take into account the energies of the energy

levels of the system on which the reservoir particles scatter. This allows the description
of scattering of a particle on the system by saying that a scattering particle changes
its type from & to &' =1—¢, while its total energy remains unchanged: 3k*—w, =
3k —w, . At the same time, the system performs a transition under the action of the
operator D,.. The particle type £<{0,1} remains a quantum degree of freedom,
interacting with the quantum system. On the other hand, the total energy E becomes
a classical variable (with a continuous spectrum), since the uncertainty relation
AEA(t/z)= h involving energy and rescaled time f/z is no longer a restriction in the
limit as z-(. This gives rise to the peculiar structure of M as an algebra of 2x2
matrices whose entries are functions of E. Each value E of total energy contributes
to L with the Boltzmann factor exp[—Bk°/2]=exp[—B(E +®,)] for an incoming
particle of type &.

In view of the above considerations one expects that in the general LDL case and
with a suitable choice of collective vectors, the matrix elements of U, , should converge,
in the limit as z- 0, to a matrix elements of the solution U(r} of a gspE of a form
similar to (2.64). The main conceptual difficulty in order to verify this conjecture
consists in the individuation of the collective vectors with respect to which to form
the matrix elements.
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3. The choice of collective vectors
Our starting point for the solution of the LDL problem is an analysis due to Palmer

[12]. If we denote H' the conjugate Hilbert space of H; (cf. [23]), then it is known
that, up to a unitary ismorphism

Do, = DRD: (3.1)
and

Wo.lf)= W(Q.fI®@W(QS) (3.2)

Ao (N =AQ.N)®1+1QAT(Q™S) (3.3)
where

. /QZ+] . /Qz~1 — .

Q.= VT Q = L‘V 3 =z Q). (3.4)

Since
1+ze PH
Q=1 69

by expanding in z we obtain
Q.=14ize ¥ +9(2) Q =uz'?e /24 0(2) (3.6)

so that, in the correspondence (3.3),

Ao ()= A(f)®1+§ A )®1+2 1@ AT (L e M) +o(2) (3.7a)
and naturally

Ao (fH)=A"(NHel +§A+(E_3Hf)®1+z”21®A(L e 12 )+ o(2). (3.7b)

Thus, in the canonical representation (3.4), the interaction AE,:( f1Aq {g) takes the form

ATNARBL+2(A (IO A (e g+ A(g)® AL e™#73f))
+§ (AT(NAE™ )+ A(g)A (e f))®1+0(z7) (3.8)

where one recognizes:
(i) the purely Fock space term A™(f)A{g)® 1, which is independeni of z;
(ii) the z'/*-terms, which are typical wcL terms;
(iii) the z-terms, which give very simple contribution in the limit;
(iv) the o(z*?) term, which (as has been proved in [31]) tends to zero as z - 0.
The fact that the term A" (f)A{g)®1 acts only on the Fock space is qualitatively
new with respect to the weL case because this term corresponds to a finite interaction,

P o R e

i.e. not vanishing for z- 0. These considerations led us to study the interaction
(D"®AT(f)A(g) - DOA™(8)A(S)) (3.9}

in the Fock space as a first step towards the understanding of the full low-density
interaction (2.7). Motivated by the analogy with the wcL we considered the same
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collective coherent vectors as in the wci, i.e. we study the limit as A= z"2> 0 of the
matrix elements

T/A% T/ Al
<u® W(AI Sufdu)d), U,,:ﬁt?@W(/\J , Suf’du)dJ). (3.10)

s/t S/
Generalizing of the techniques developed for the wci, in [28] it was proved that the
limit (3.10), as A >0, exists for all reR and satisfies a QspE driven by a pure number
process (cf theorem II of [36]).

Later results {cf [31]) showed, however, that the natural extension of the above-
mentioned procedure to the finite-temperature case led to a breakdown of unitarity in
the limit evolution.

An analogous pathological result had already appeared in the nonlinear wcL case
[27].

Motivated by Frigerio’s conjecture (the form of the collective vectors should depend
on the interaction) we investigated in [35] the wcL of a boson model with a quadratic
interaction. In such a case the use of nonlinear coherent vectors turned out to be too
complicated, but another technique, developed to handie the fermion weL case and
based on collective number vectors [23], turned out to be applicable and we were able
to solve the problem with the introduction of nonlinear collective number vectors defined
in terms not of the creation operators but on their squares, e.g.

T/A%
AJ‘ A(S, ) du. (3.11)

§/al

The decomposition (3.8), together with first-order perturbation theory, suggests the
following choice of the collective fields:

1At
Aoi(A; go, 81)=A J ds(A7(S,Q:g) ®AT(S,Q_g) + A(S,Q:+£)® A(:S5,Q g0))
[¢]
(3.12)
and
t/a?
Ao (A; go, i} = A j ds(A*(S.Q.+8)® AT (45,Q_g0) + A(5,0.2) B A(:S5.Q_g.)).
[i]
(3.13)
However, a simple computation shows that, as A - 0, the two-point function
(Pe® @, Ao, (A; go, gl)AB“,.(/\; g0, 8110 PR (3.14)
tends to
t J (80, Sigt)(8), S, 77 2gl) du. (3.15)
Therefore, if we replace (3.12), (3.13) by the simpler expressions
1/ A2
Ag(A; g0, 81)= A J ds A"(5,Q.20) @ AT(:5.Q_g1) (3.16)
1]

and its adjoint, then the corresponding two-point function tends to the same limit.
The definition of the collective fields is suggested by {3.16) ar, more generally, by
T/ A2

A;.T()‘;fo,fl):=AJ’ dsAT(S.Q. )R AT(S.Q-f) (3.17)

S/A
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and

T/A?

As,r()t;fo,fu)¢=(A§,T(A;ﬂ),f1))*=t\J. . 45 A(S,Q, L) B A(S5,Q-1)) (3.18)

S/A

where fy, fi are arbitrary elements of K not necessarily satisfying condition (2.33).
Given this choice of the collective fields we define the collective nonlinear number
vectors by

Ag..r,('“fo,1,fl,l)Agl,T,(fhﬂ),z,fl,z) S ;N,TN(’\;fO,stl,N)(DF@d);-'
N
= hH A1, (A o fin) Pe@ D, (3.19)
=1

Of course the operators (3.17), (3.18) are not true creation and annihilation operators
nor are the vectors (3.19) true number vectors. However, a simple corollary of theorem
3.1 below, whose precise statement will not be spelled out here, implies that in the
limit they do behave respectively as creation and annihilation operators and number
vectors. Starting from these collective number vectors and with the same argument as
lemma 2.2 of [35], one can prove the following theorem which shows that the collective
number vectors, defined with the operators A*(A, f;, f3), converge to the corresponding
number vectors of a quantum Brownian motion. This quantum Brownian motion takes
values in a Hilbert space K, (see below) which is of high physical interest because
it contains all the information on the microscopic model, which is preserved under passage
to the limit. As shown by the form (3.23), of its scalar product, the space K, is defined
in a highly non-trivial way by the physics of the problem, in particular by:
(i) the one-particte reservoir dynamics;

(ii) the characteristic frequencies of the system,

(iii) the inverse temperature 3;

(iv) the interaction (via the choice of the coherent vectors).

Finally, notice that, even if we start from an equilibrium state at inverse temperature
B, in the limit we obtain a Fock quantum Brownian motion and not a finite-temperature
quantum Brownian motion {as was the case in the wcL}. Also, this is physically
reasonable because we are considering the LDL.

The following theorem determines the quantum Brownian motion of the LpL
corresponding to the physical characteristics (i}-(iv) listed above. Its proof follows
from the arguments of the proof of lemma 2.2 in [35].

Theorem 3.1. For any e =0,1,{S,, T,} 22, {Sh, Thire <R and
{forhhoi e K {flskhoic K (3.20)

as A= 0, the limit of the scalar product
N N’ .

<hl-[ A;,,,Th('\;fO.h’fl.k)cDF®¢‘;:s h]_[ AS;{.T};(’\;f(J).h:f;.h)ch®cD;~‘> (3.21)
=1 =1

exists and is equal to

<h];[1 A" (x5, 11 ® o L), h];[l A+()([5;;,T,;]®(f{,vh,f{.,,))\P> (3.22)
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on I'(L*(R)Y® K, ), ¥ is the vacuum of T (FZ(R)®K0_,) and K,, is the Hilbert space
defined as the completion of ‘

Koy={{fo,h):f.eK e=0,1)

with the scalar product

((fo, NS5/
ol

._f I L € a—BAIrn g,

-—J NJos 2 Jo/NF, 3 € FATA L
—oo

1/a?
=lim <¢F®¢"F,AJ ds A(S,Q.fo) ® A(:S,.Q_11)

1/A2
XA J dtA*(&QJ&)®A+(LSfQﬁf{)®F®<I>‘F>- (3.23)

o

Remark. K, , can be rewritten as K ®; K, which denotes the algebraic tensor product
K®K completed under the scalar product (3.23). By this notation, (3.22) can be
rewritten as

N N
<h1:[1 A (x5, 1@ Son@pfrn)¥, 11 A+(X(s,;,r,;]®f6_h®ﬁf{,h)‘l'>- (3.24)

h=1

4, The Jow-density limit

Now we expand the basic dynamical variable U,z in the iterated series and consider
its matrix elements with respect to two collective nonlinear number vectors. The nth
term of this expansion will have the form

n—1

N /A2 1
AL, )= <u® I A;;,.T;,(A;ﬁ),hsfl.h)d)F@(pe ,(—1)" J dyy ... J ds,
h=1

o 0
N
x Vi) ... V(‘n)”@ﬁl:l Ag,:,r,;()\;fa,h,ff,h)‘DF@‘D‘F) (4.1)

Let us first consider the case of n =1 in order to illustrate the strategy of the proof.
In the notation (4.1),

N /a2
AA, 0= <“® I1 A;,.,T,.()‘;fo,h,fl‘h)(bF@(D;’s j dr,
h=1 0

X E D;®[A+(S|,Q+gz)A(S:,Q+gl—s)®1

eci0, 1}
+A(AT(S, Qg )®AT(:S,0_g1-. )+ A(S,, Q.- ) B A5, Q_g.))
+AI®AT(S, Q_g,- ) A(S,Q 8.)]

N
xv® T] A;,-,,nu;fa.h,f;.hmm;)
h=1

= Al(ls ‘\’ t)+ Al(za As f)+A1(3, A; t) +AI(4’ A) t)‘ (4-2)
The same argument as in thearem 4.3 of [31] shows that
A4, A, 1N=0. {4.3)
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A simple adaptation of the arguments of theorem 3.4 of [28], required by the fact
that here we use the collective number vectors rather than the collective coherent
vectors, shows that the quantity

N
AL A )= X <“®hr=[1 A5t (A fon fin)Pe®@Pg,

ee{0,1}

/a2
X J[ dy1®@A(S,,Q:8.)A(5,Q.:2:-.)®1

1]

.
xDo® [T A%r(X: fi ,f:,h)fl>p®d>:=>

N N
= ): Yz (“® 11 A;h,T,,(A;fO.h,fl.h)(pF®q);’s
0, =

ec{0,1} =1 =1 \ TshsNh=1,

x D.v® I1 Jsr,;,r,:(/\;fé‘h,f{,h)q)nr@q33>

1<h<N h=l;

T,I/J\Z T/ A2 1/a2
x AZ J' . du,, J‘ s dvlz J‘ dII<Su,.Q+f0J|! S:,Q+gs)

S /A Si /A o
1 '

X (S0, QuBi-e S, Quo1)(Su Q F14,54,Q-f11)
converges, as A0, to
g z <u® . 1;1”. ) A+(X[S,,,T;,]®.f0,h ®pfra)¥, Do

® I A+(X[s,;_1‘,;]®f6,h®,sf{,h)‘l’> j de, X[SH‘T,I](tl)X[S,’z,T,‘l](’l)

1<he N h#l 0

X J' dull J. dvl'z(suglf(),fl, gs><gl—es Svfzfts.lz)('su;]fl.l', ) Su,z e+BA/2f;,f2)-
(4.4)

If we define

o

Tg.l(£)(f0® ,efl) = j du{g,_., ‘é'uf())gF ®@aS. )i (4.5)

then the right-hand side of {4.4) can be written, in terms of the limiting Fock space
of theorem 3.1, as

1

Y <u® I1 A+(X[s,..n,]®fo.h®ﬁﬂ.h)‘l'sj D, ®dN(x0., 1@ T;.i(e))

£e{0,1} l=h=s<N 1]
\
xo® I A*(x[s;,mc@fa,h®Bf;,,,)w) (4.6)
1=h=s N’

i.e. as a matrix element of a stochastic integral with respect to the number process on
that Fock space.
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It follows from the arguments of section 4 of [35] (‘cross-terms’ give only zero
contribution) and from theorem 5.2 of [35] that

/A2

N
A2, A 1)= ¥ <'»if®h1_[l 4“@,.,,1",.()‘;fa.rnf1,h)(17‘s:®q)L , A J. de, A+(S,,Q+g,)

ce{0,1} [\]

.
©A(5,Q-81-) D@ [T A%iri(A: S, S11)3: @ )

converges to

I

N
2 <u®hf=ll A (15, 7@ fos B fin) ¥, _[ D, ®dA"(x10.)® 8 Bpg:-.)

ee{0,1} 0

n
b U®hl:[l A+(X[s,',,f;,]®f6,h®.sf'1,h)‘l'> (4.7)

which is a matrix element of a stochastic integral with respect to the creation operator
in the given Fock space. Similarly the quantity
/A2

N
MG A= ¥ <u®hn A;,,,T;,(A;Jz,h,f.,h)%@cb;,z\j d1, AS, Q.2.)
=1

ee{0,1} 0
N
®A(LSJIQ~81_E)D|—EU®’1H A;,;,n;(/\;f(’),h :flr,h)q)]:®¢);=>
=1

converges to the matrix element of a stochastic integral with respect to a number
operator, namely

!

N
Y <u®hH1 A+(X[S,,,T,,]®J%,h®ﬁﬂ.h)‘P,J dA(X[O,rl]®gs®Bgl—a)
- 0

£e{0,1}
N
xDy_v hl_[ A (s, m0®F o ®pf’1,h)‘1’>- (4.8)
=1

Notice that all the matrix elements are with respect to the same pair of number
vectors in the Fock space of theorem 3.1. This gives an idea of how in the LDL the
creation, annihilation and number processes arise.

In the general case, in order to study the limit of the expressions (4.1), we consider
the following three types of terms, since the other terms are negligible in the limit:
pure Fock Loi, the woL terms and the interacting terms.

The basic idea is that the pure Fock LDL terms give rise to the number process;
the woL terms to the creation and annihilation processes and the interacting terms
also to the creation and annihilation processes: this comes from the Ito product of the
number and creation (annihilation) processes which gives the creation (annihilation)
process. Moreover, the limits of the general terms, arising from products of terms of
different groups, will give rise to the products of the corresponding stochastic differen-
tials which are dealt with by the Ito table (cf [15]). More precisely, the same arguments
as in section 4) of [31] show that one needs only to consider the following types of terms:

The dN terms (pure Fock LDL)

1Az

N
<u®hl:[1 A;ﬁ.Th(A;fb,hsﬁ.h)(DF(aq):::I dt,

0

xJ‘ dt,... J " dt, AY(S, Q.8.1)A(S, Qs 81-c1)) @1

0 N
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X A+(Sr20+gs(z))A(Ser+gn—:(2))®1 -
X A+(Squ+g€(rr))A(Sr,,Q+gl—e(n))®1

N
X Dem- .- De(n)vc’:‘) ﬁﬂ AE;,,T;,(Mf’n.h, ’1,h)¢F®¢'%>- (4-9)
=1
The dA* terms (pure weak coupling)

N /4l [ Ly
<H® H A;h,Th(A;jB.h’ﬂ.h)QF@(D::a AT J. d'[] J d'2 e J’ di.ﬂAF(”(SrlQ+ga'(1))
h=1 0

G 0

®A"M(15,Q-g1-o) - - - A5, Qi Zo(n) DA™ (S, Q_g1—oim)

~
XD,y Da,(,,)v®hl'[ A;,',,T,’,(A;fc’),hsf;,h)q>1=®¢;> (4.10)
=1
where
_ joth) if e(hy=1
”E(h)"{l—a(h) if &(h)=0. 4.1y

The dr terms (weak coupling-Fock LeL-weak coupling)

N
<u®hﬂ A;h.T,.(A;fb,hsfl,h)q)F®q);?- A?
=1

t/ A2 ty [ [
x J‘ dty J‘ ds ... J' de,, I Atz A(S,OQ+ge)®A(LSr0Q-gu_E)

9 0 [a] o

x AT(S, Q.8)A(S,0:8,_)AT(5,0Q:81-.)A(5,Q.£.)®1...
x A+(S,2,,,,Q+gs)A(Sr2,,_,Q+gl~e)A+(Sf2,, Q+3|-€)A(5;2,,Q+ge)®1
x A*(S, . Q0:8)®AT(S,, Q-g-.)

N
X(Da—ng)"+lv®hH A;;,T,;(f\;f('),hsf;,h)ch®¢;=>- (4.12)
=1

The dA dN terms (weak coupling-Fock LDL)

0

N /a2 to
<u®hﬂ A;M,Th(A;fO,hsﬁ.h)(bF@)q);:a’\ J d’oJ dg, ...
=1 0

x J. " dtn A(S!no+ge')®A("Srongl—F)

0

+
x A (SI,Q+g€{I))A(SrlQ+g1—e(l))

v ATIC M AVAMC AL A 3 ATiQ N o A
AN A WE+HEr(2)) N T Bi=e(2)) s A9 (B (n-1))

X A(S.,,,lQarz 1—¢{n—1 )
X A+(Sr,,Q+gE(n})A(Sr,,Q+gl—s{n))® 1

N
XDy _.D.iyy. . Degmv® I1 A;;;,T,,'(A;fl;,h;f;,h)q)F®cI);-‘>- {4.13)
h=1
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The dN dA™" terms (Fock LpoL-weak coupling)

N Y L, ',
<N®hI_I] A;h.Th(A;.f;),hafl.h)(bF@cbt s A J dtl v j dt, J ds A+(Sr.Q+ge(1))

0 o 0

X A(S,Q+81-c1)AT(S,Q:8:0)A(5,Q,81+em) ®1 ...
X A+(S'n~! Q=8etn-1)A(S,,_, Q+81-s(n+1)) AT(S,, Qi 8eimy)
XA(S, Qi81-e(n)®1

X AT(5.Q+8. )R AY(5,Q_81-)D.yy . . .

N’
X De(n)st®hn AE,,',T;;(A;f(;,hsf{.ﬁ)(bF®¢%>‘ (4'14)
=1

Moreover, combining the uniform estimate arguments in [27, 28, 31, 36], we have
the following result:

Theorem 4.1. 1f the test functions g,, g, and the operator D satisfy the condition (2.51)
then there exists a #,= 0 such that for each t&[0, t,) we can take the limit (2.23) term
by term, where U, is expanded in the form (2.15).

5. The stochastic differential equation

Having understood which terms of the iterated series contribute, in the limit, to define
which type of stochastic integrals, the next step is to find the explicit form of the
quantum stochastic differential equation.

Now the situation is not the same as in the wcL. Recall that in that case, the dA
and dA" terms come exactly from V(¢,), while from V({¢,)... V(1,)(n>2) we can only
obtain the products of dt;, dA(#) and dA™(1,) (of course corresponding to different
time intervals dy;, d1, and dt,) and, moreover, the d¢ term comes only from V(#,) V(1,).
The present situation is similar to the situation of the LpL Fock case: for each n=1,
from V(t,) ... V(t,) we can get the dA, dA” and d N terms, and foreach n =2, 4,6, ...
we can get a df term. More precisely, let us illustrate this idea with some computation
on {4.10), (4.12), (4.13) and (4.14).

Terms of type (4.10), i.e. the dN terms, are controlled as in [28] (LDL Fock case).
Bringing the product of annihilation and creation operators in (4.12) to the normally
ordered form and by the same argument as in [35], we find that, in the limit A -0,
(4.12) tends to

' 0 0 0 0
<"® I A+(X[s,,,1r,,]®fo.h®.ﬂﬂ,h)q’, J' dt(,J. dg, J de,. .. J dtz, J' dty,.,
[H —00 -0 —0c -0

1=sh=N

x(gc’ S!lgt:)(gl—e! Slzgl—e)(ges S:,g;) ce (8:-5, S:;,,g,-,)(&: Srz,,+|ge>

{81 e, Sl.+r1+...+r1,.+r2,.+| e_ﬂMzgl—e)
X(D_.D,)"""'v® I A+(X[s,;,n;]®f6,h®Bf|',h)‘l’>- (5.1)
I1sh=s N’
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Bringing the product of annihilation and creation operators in (4.13) to the normally
ordered form, we obtain may terms, among which only one can produce a limit of the
form of [, dA(...), which is
N

N
> <u®h_1 A5, 1,45 fons f1.0)PE

Iz=1
t/A? o [
Q@ PE, A’ J. drg J de, ... J dfn(Sr0Q+gss A Q.80

0 L] o

X <51,Q+gl—s(1), Sr20+ge(2)) e (Sa,,_,Q+g;_s<n—n, Sl,,Q+g£(n))

Tiy a2
XJ dvrz(S;nQ"‘gl—s(n),Su,ZQ+f6,t,_)

Siyra?
x (SJOQ—g:—e, Snfzo—f{,fz)t
XDl—sDe(I]- . De(n)v® H A;;:,T,;(A;f(;.h9f;,h)q)F®q);:>' (52)

1=h=N' h=/l

The same arguments as [21] (or [28], [31] or [35]) imply that (5.2) tends to

N’

N i 0 0
z <u®hﬂ A+(X[S,,,T,,]®ﬂ),h ®ﬂf1,h)‘p, J. dig X[s,',n}](fo) J T I ds,
=1 1] 0

=1 —oo

X(gs: Sr,g:;(l))(gl—s(l)s Slzge(2)> s (gl—e(n—l)! Slnge(n))

00
—-BAa/2
x J dulz(g!.—e(nh Suizf{'!.lz}(g\AEs Su;2+l"+___+ f € / ;.‘2>
)

XD _ Doy oo Dogryv® [1 A+(X[s,;,T,,;](ft;,h®,Bf|,.h))>

1=h=sN' h#=l

N t
= <u®hn A+(X[s,,,r,,]®f0,h ®_Bf1,h)\p; I dA (T, .)
=1 1]
X (D]—EDE){H+1)/2(X2N—1(n) +X2N(H}Dl—e)u

® 1l A+(X[s,;.r,;]®fc'),h®ﬁf1’.h)'l'> (5.3)

1=h=N'

where x4y (Or Xan_1) is the characteristic function on the even {or odd) natural integers
and IT, ., is a element of K, :

0 ¢
H;.e.g = j dtl . J’ dtn(ge’ Sﬁger)(gl—f: Sr;gl—r> e (ge,, ] Sr,,gs,,)

—oo
X gl—s,, ®ﬂ S—(r,,+...+:,]gl—s
and

1—¢ if n is even
= 54
o {s if n is odd. (54)
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Similarly, from (4.14) one can only obtain one term in the form of [, dA™(...),
whose limit is

N
<” ®n1:[1 A+(X[s,..7.,]®fo,h ®pfrn)¥

X j dA:(H:,s.g)(AQNfI(H) +sz(")Dg)(Dl—sdg)("H)/ZU
0

®|sjl1-[ A" [xrs; 71 ®f5.Ba f1, h)‘p> (5.6)
where
0 0
H:I—ES j dll e '[ dr:r(gsn s Sl,gs">(gl—e": szgl—ﬁ,,,>
A8 S 1,8081-0, ®p 811 trg—e - (5.7)

The above discussions suggest the following:

Theorem 5.1. Let, in (2.23), @,, &), denote any pair of collective nonlinear number
vectors of the form (3.19), and &, @' the corresponding vectors in the quantum Brownian
motion space. Then, as A =0, the limit of (2.23) exists and the operator U(t), on the

right-hand side of {2.23), is the unique unitary solution of quantum stochastic differen-
tial equation

! o0
uin=1+ % I (Z (D\_.D.)" ®dA(TI3, . c.p)
e€{0,1} Jgo \n=
+ Z Dz(Dl—EDc)n'®dA:-(n;n.s.g)
n=0
g (Dl eD) ®dA (HZH lr'g)+ Z (Di-s s)nDl e®dA (H2n£g)
+ L (D.D1-)" ®AN(Tyan(e))
+ 2 (DEDI—E)H—‘DE®dNS(Tg,2n—l(8))
n=1
+ E ((ges gl-e)'“;n,s,g)—(D]Lst)n+l®1 ds) U(S) (5.8)
n=0
where by definition
Tg,n(£)(ﬁ)®5fl)
) ro 0
= J‘ du dfz e J- drrl(gl—n Slggl—e>(gsa Sr;.g(—-) tee <g£,,’ Sr,,gs,,>
X (Sr2+...+r,,g!—e,, » Sufo)gs ®B Su.fl (59)
r0 I
(@ Alfi®fD= | difo, SIG, S 67227 (5.10)
Fo®p flfi®af)ui=| A fo, SN SS, S e P21 (5.11)
o 0

and the vectors IT* are defined by (5.4) and (5.5).
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Combining the techniques of {29] and the above arguments, we find

Theorem 5.2. In the same notation as in theorem 5.1, as A = (), for each X € B(H,),
the limits (2.24), (2.25) exist and the unitary operators U(t), on the right-hand sides
of (2.24), (2.25), are precisely those defined by theorem 5.1.

6. Further discussion

We now rewrite (5.8) in a form giving physical insight and establish unitarity.
First of all notice that our limiting space K, ;= K ®; K consist of elements £, &3 f1,
and B(K,,) acts naturally on K,, by
(A®gB){(f0®s f1) = Af®, Bf VA, Be B(K).
Proceeding as in [17] let us introduce the energy representation
Ry :=J S, e ¥ dy (6.1)

so that Sg is a linear map from K to K (more precisely, it is an operator-valued
distribution) with the properties

St =5, {(6.2)
S, 1 J‘Oo Sg e "EdE. (6.3)
27 ) o

Denote then

(fIgNE)= jg (f, Sg)e ™ dr={f, Seg) (6.4a)

[1]

(flg)-(E):= _[_ (f, Sgye "¢ dr (6.4b)

(flg)(E)= L (f, Sgre™'* de. (6.4¢)
These definitions imply that

(F1g)E) = (g|f)(E) (flg)(E}=(glf)=(E). (6.5)
Moreover

SpSg = 7 S, e E dr Im S, e F dg

(" co =}
— df .|. dS S1+.\' e—1{r+s)£ e—l.‘i(E -E)

o =00 —_C
= drS, e E J. dse™EE) =25 5(E - E")S;. (6.6)
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Using the energy representation, the operators T,,.(g) defined by (5.9) can be

rewritten as
1 (= n e
Tg.z,.(s)=zj dE(g:-c|81-e)-(E)"(gc18:)-(E)" |2} (R |Se @ S

. J' dE T,on(c, E) (6.7)

-0

(=]

Tg.Zn—-l(E) =‘2'1; j_ dE(gl—s]gl—s)—(E)"gl(gz | ge)—(E)n_llge')(gl—zlSE@,B S

= J.oo dE Tg,lnAl(E! N)- (6‘8)

-0

Their adjoints (notice that in general (A®,B)*= A*®,B* is not true) have the

following forms:

T:ZH(E) =51;; J dE(gl—E | gl—e)-(E)n(gs | ge)—(E)n_llgs>(gs|SE ®HSE

= J. dE T},u(s, E) {(6.9)
1 Py n—
Tizn—](s)=5;J' dE(gl—slglﬁs)f(E) l(gelge)-(E) llgl—e>(gs|SE®BSE
:=J dE Tis,-i(e, E). (6.10)
Applying the energy representation to (5.4) and (5.7), we obtain
1 =)
n;n,s,g =2_“.ﬂ'— J' d-E(gl—-s | gl—s)—(E)n(ge | ga)—(E)ngE ®,BSEg1—s
:=J dE 1%,.,(E) (6.11)
1 [ n- n
H;n—lsg=zr_J dE(gl—eiglws)—(E) l(gFlgE)—(E) gl—£®BSEgl—e
:=J. dE H;n—l,s.g(E) (6-12)
- 1= ” "
H2"53=EJ' dE(gl——elgl—z)—(E) (ge!ge)-(E) 85®,e5581—s
='-J dE Uz_n,e,g(E) (613)
and
- 1 ® "— n
1'12,._.,5,3=2—T;J’ dE(g181-.)-(E)" (2. ]2:)-(E)"81-. ®pSegi-c
:ZJ‘ dE HZ_n—l,e.g(E)' (6'14)
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Now for each ge K, denote g~ the orthogonal projection of g into the negative-
energy spectral subspace of S,. Then g~ is characterized by the property

0
(g_lf)(E)=j_ dE(g, 5./ ™" =(g|)(E) VEEeR, fe K. (6.15)

Clearly if {g, §,.f)=0, ¥Vt €R, i.e.if f, g have disjoint energy suppeorts, then (g7 |} E) =
(flg")E)=0. Finally let ¢: R— K ®; K denote the function

1

§(E)i=se{%” gg@ﬂgEM' (6.16)
The role of the function £ is explained by the following:
Theorem 6.1. For each neN,
Tyanle, E)E(E) =13,y - ,(E) (6.17a)
Te2n-1(&, EYE(E) =Tl30,1) c5( E) (6.17b)
Tiou(e, EYE(E) =TIz, 1-co(E) (6.17¢)
TEn-ilg, EYE(E)=TI3(,_1)e4(E) (6.17d)
(£(E)| Ty2a-1(e, EYE(E}) =0 (6.18a)

(6(E)| Ty2n(1— ¢, EYE(E))=(g1-. | 81-c)-(E)"(g. |g.) (E)" {6.18b)
Proof. To prove (6.17a), by (6.7) and (6.16),

Tyan(, E)§(5)=ﬁ(g,_g lg1-0)(E)"(g.]8.)_(E)™™"

1
(8|S ®p S e®ple v
|g )(gl ER Ea'e%’,!?g & (ga-lga-)ffE)

= T (g le)(E)Y(gg)(E)" gXel
ael{0} 27

1

X Seg . &g Ssgam

1

L ,. ) GTITE
= (g 1) (B (8 | 8)-(B)"™'g, @ Set (£:15287) (o1 =

2
1 n=—-1
=-2_1T(g|4*£Igl—E)—(E)"(gFIgF)—(E) g£®ﬁSEg£' (6.19(1)

Comparing the right-hand side of (6.19) with (6.12), (6.17a) follows. Similarly, one
obtains {6.17b, ¢, d).
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To prove (6.184a) it is enough to notice that for each E in vector £(E), defined by
(6.16), the vector has either the subscript (0,0) or (1,1) and, by (6.8), the operator
Te2n-1(€, E) is a scalar multiple of the operator |g.){(g,_.|Se ®;Sg. Therefore, the
vector T,,,_,(&, E)£(E) has either the subscript (0, 1) or (1, 0), and these facts imply
(6.17a) because g, and g, have disjoint energy support.

Using similar arguments as in the proof of (6.17a) and (6.18a), one can easily get
(6.18h).

Define

TS(E):= Z § ((Dle—e)n® Tg,Zn(EsE)+(D£Dl—s)n_lDE®Tg.Zn—l(Es E))

£e{0,1} n=1

(6.19b)

[++] o0
T.= [ dE T5(E) T¥= [ dETH#E) (6.19¢)
¥ —x W o0
where the reason of the intreduction of the subscript 3 is explained in section 7}. One
important property of T;, which is a consequence of (6.6}, is

Lemma 6.2.

LT =TiT,=T,+ T} (6.20)

o [=+)

dET,(E)¢(E)= J. dE(T5(E)+ T¥(E))¢(E).

—o

T Jm dETS"(E)ﬁ(E)=T§"J.

—c0 -0

(6.21)

Proof. We shall only prove T,T% = T;+ T¥ and other equalities follow from the same
arguments.

The idea of the proof is similar to that used in theorem 7.1 (the unitarity} in [28].
let us introduce the notation

TF(E) = DEDl—e(gs |g£)_(E)(gi—E|gl—s)7(E) (6~22)
then, {6.7)-(6.10) imply that
1 T.(E)
T E e |S S
{(E)= 2me{zou((gg|ge (E)(1-T,(E)) " I8 ¢8:ISe @Sz
I
+!_—L(§De®lg.)(g.q|55®355) (6.23a)
and
1 T¥(E)
Ta(E)HZﬂee{on(m(l THE)) ®|ge)(ggiSE®ﬂSE
1 e = e
-D_,- T_—,‘.:,E,,—(*E)—@Ig._s)(geibs ®Bbs) (6.230)

{notice again that in general (A®,B)*# A*®; B*). As in [28] the crucial remark is
that T,(E) is a normal operator, i.e. T.{(E)TE(E)=T#E)T.(E). This implies in
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particular that

nri=2s[Tar [Tar 3 (@i

(2‘”)2 - ee{l1}
T.(E)T*E’)
g (g.1la) (EN ®|g.){g.|5:®s85: 8
(8:18:)-(E)(g.lg.)-(E{1-TE))(1-T¥E")) 8- poETE
! TE.(E)

+

1-T.(E) mu—rr {E")
®(g1-c|g1-:)(E) |gs)<gl*erSE'®,GSE'SE)
T.(E)
" (g.18.)(E) - (1-T.(E))

1

x Dew®(gs | g )(E)|g.){81-:|Se®pSe-Se

1 1
- 1.(6) DV T-THE)
(g g1- HEN| g 18| S ® 5 S-S¢). (6.24)

Applying (6.6} to the right-hand side of (6.24) one finds that

| TE(E)
(8. {8 (E)’|1 = THE)?
1 T{..(E)
1B D Tar e BN - TE.(E)
®(gl—eIgl—s)(E)lgs)(gl—slsE

T.(E) 1
(2.18:)-(E)(1-T(E)) "1-T{.(E)

D.D,_.

|1-THE)

TBT;‘=517;J_ dE ¥ ((ge!gs)(f)

{o.1}

®|g. (8|S ®gSe +

®ﬂS£ -

®(gs igs)(E)ige)(gl—siSE ®BSE) -

x®(gl—a‘g]—s)(E)Jge)(gzlsE®ESE))- (6‘25)

Notice that the sum of the first terms (of the system part) of the right-hand side of
{6.234) and (6.23b) is equal to

TAE)(g|g.)+(E)(1 = THE) + THE) 8. £)(E)1-T.(E))
(8.1 g)-(EM1 - T.(E)
- T(E) (gl M(E)  T.(E)g|g.)+(E)+ THE)g.|g.)-
[(g.18) (E)1~T.(E)* |(g:| 8.)-(E)1 - T.(E)
_ —'ITE(E)lz(gelge)(E) DeDl—s
N2 (B~ T.EF 1= THET & 181-(E) (6.26)

This shows that the sum of the first terms on the right-hand sides of (6.23a) and (6.235)
is equal to the sum of the first term and the fourth term in the integral of the right-hand
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side of {6.25), The same arguments imply that the sum of the second terms on the
right-hand sides of (6.23a} and (6.23b) is equal 10 the sum of the second term and
the third term in the integral of the right-hand side of (6.25) and this fact ends the
proof. O

Theorem 6.1 implies that we can write the quantum stochastic differential equation
(5.9) in the Frigerio-Maassen form [40]. To this goal, recall that, for any pair of Hilbert
spaces xo, X1, if N, A denote the number and annihilation processes on the Fock space
T'(x,), then for X, B(x,), X,€ B(x,), x€ x,, Frigerio and Maassen ([40]) introduced
the notation

N(X® X,):= X,® N(X,) (6.27a)
AX® X x) = X,®A(X,x) (6.27h)
(x, X¢@ X, x)y = X,® l{x, X,x). (6.27¢)

With this notation, angle (5.8) takes the form

U(r)=1+ j _[ dE(ANAT,(E)+dAT(THE)E(EN+dA(TI(E)E(E))

0 o oo
+(§(E), L{E)¢(E)) ds)U(s). (6.28)
Now consider the direct integral of Hilbert spaces
®
R

where, (X @) is the Hilbert space K ®;K with the scalar product (¢|)«
(f@eg(f'®p80) e = (fIf WE)gle™# g )(E). (6.30a)
In this space we consider the operator X and the vector £, defined by

D B
j X(E)dE j' §EYdE=¢ (6.30b)

34 R

and keeping into account the fact that {6.20) is equivalent to the statement that T, has
the form

T,=§-1 (6.31)

where S: 3 - ¥ is a unitary operator, (6.28) becomes

Ul =1+ j (AN(S-1)+dAT((S - 1)) +dA(S-1)*E)+(& (S-1)& ds)U(s)

’ (6.32)
which is exactly of the Frigerio-Maassen type. As a corollary of this fact we obtain:
Theorem 6.3. The solution of @spE (6.32) (and thus (5.9)) is unitary.

Proof. This follows from theorem 3.4 of [40].
Remark. Notice that formally one has
THE)T,(E) = T,(E)THE) = TH{E)+ Ty(E) VEeR (6.33)

which means that the unitarity condition holds on every energy shell. Unfortunately,
(6.33) involves products of the form T¥(E)T,(E) and T,(E)TF(E), which make no
rigorous sense because of (6.6).
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7. Connection with scattering theory

The last step of our programme is to show that the operator § in (6.32) is simply
related (although different) to the scattering operator described in section 2) and
introduced in [39] and [36]. To this goal notice that our limiting reservoir space is
K,,, and the system space is the same as the original system space. The elements of
Hy,® K, = & can be written as

u@f@pg ue Hy,(f,g}e Ko,
with the scalar product
(U®fPpg, u'®f ' ®pg"hi=(u, U/ ®pg|f ®pg") (7.1)

where (-, -) is the scalar product in H, and {-|-) is given by (3.23).
For any operators D e B(H,}, X,, X;)e B(K), the action of the D& X
# is the following:

D® X, ®ﬂX2(”®f®pg) =Du®(X, ®,eXz)(f®,eg) =Du®@X,f®sX,g. (7.2)

With this notation, if we denote the triples operator as {D® X,)®;X,, then the QspE
{6.28) can be rewritten as

re foo

U(r)=1+J J dE(dN,((T(E)®,5:))+dAT((T(E)®,55)¢(E))

bl 1

+dA((T(E)@p 8 ) £(E)) +(£(E), (T(E)®sSp)E(EN ds) Uls). (7.3)

The meaning of (7.3) is simple: (6.28) is the equation for L/ in terms of the operators
T3(E) which act on triples (this is the reason for the subscript 3). In (7.3) this action
is separated into the action of T(E) on the space of pair Hy® K and the action of Sg
on the single space K. We claim that the operator

T=J dE T(E) (7.4)
—o0
is exactly the operator T defined by (2.43) (see also lemma 5.1 of [36]). This is simply
checked by comparing the expansion (6.24) of [36] with (6.19a), {6.7) and (6.8).
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