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The basic ideas of the stochastic limit for a quantum system with discrete energy
spectrum, coupled to a Bose reservoir are illustrated through a detailed analysis of
a general linear interaction: under this limit we have quantum noise processes sub-
stituting for the field. We prove that the usual Schrodinger evolution in interaction
representation converges to a limiting evolution unitary on the system and noise
space which, when reduced to system’s degrees of freedom, provides the master
and Langevin equations that are postulated on heuristic grounds by physicists. In
addition, we give a concrete application of our results by deriving the evolution of an
atomic system interacting with the electrodynamic field without recourse to either
rotating wave or dipole approximations.

1. Quantum theory of damping
1.0. Introduction

Irreversible quantum evolutions now play a fundamental role in many areas of physics,
especially quantum optics. A large body of physical literature has been built up around
the problem of describing in a stochastic model the effect of a source of quantum noise
on a given quantum mechanical system, emphasizing the quantum stochastic properties
of the source of the quantum noise. The approach to stochasticity discussed in this paper
takes into account the essential quantum nature of the problem by following the weak
coupling approach [1] to quantum damping. As will be explained later, the noise fields
used to model physical noise sources are still quantum in nature, and, because they are
arrived at from a well-defined physical scaling limit, do not require us to put in the

[155]



156 L. ACCARDIL J. GOUGH and Y. G. LU

desired features of the noise by hand, but to deduce these properties from those of an
underlying Hamiltonian model.

The derivations of quantum master equations and quantum Langevin equations for
open quantum systems which are present in the current physics literature are well mo-
tivated from the physical point of view, cf. [2], however mathematically imprecise. The
usual heuristic procedures to render the reservoir, to which the system is coupled, into
a source of quantum noise via some markovian approrimation and to approximate by
fitting Quantum Brownian Motions (QBMs) (cf. [5, 6]) are generally reliant on arbitrary
and often mutually contradictory assumptions (cf. the appendix of the present paper).

On the other hand, the weak and the singular coupling limit for an open quan-
tum system gives a device for obtaining irreversible evolutions. Mathematically rigorous
derivations of the master equations along these lines have been given for certain specific
models by several authors: Pulé [3], Gorini et al., Davies [4], Kossakowski, Malishev,...

According to the theory of stochastic limits of quantum fields, developed in a series
of papers [1, 8-11] by Accardi, Frigerio and Lu, a quantum reservoir can be reduced to a
quantum stochastic noise source via a scaling limit procedure. The theory is mathemat-
ically rigorous — while at the same time — applicable to the wide range of phenomena
considered by physicists and gives a precise description of the reservoir as a quantum
noise source. The convergence of the reservoir fields can be intuitively interpreted in
terms of quantum central limit theorems; that is, central limit theorems for quantum
mechanical observables. Quantum Probability affords the necessary mathematical frame-
work to interpret the limit processes in terms of the usual Fock space descriptions of
Bose or Fermi reservoirs.

Our objective in this paper is to review some results of the stochastic limit of quantum
field theory and to extend them so as to deal with general interactions between an atomic
system and a noise source encountered in physical theories. This we do and show that
the energy shifts, linewidths, master equations and Langevin equations, arising for the
system as a result of its coupling to the noise field, concur with those obtained by
earlier researchers [2]. However, the present theory also gives, in addition, a quantum
stochastic description of the reservoir noise fields themselves. In particular we have a
full microscopic description of the parameters determining the dynamics of the so-called
output fields. As a concrete application of our theory we consider the particular case,
where a quantum electrodynamical field acts as reservoir, however we stress that this is
only one of the many applications of the theory.

We shall discuss only minimal coupling interacions, that is interactions linear in the
creation/annihilation operators for the reservoir. In a forthcoming paper we discuss how
to treat the situations where the interaction is of polynomial type.

1.1. Open quantum systems

We consider a system (S) coupled to a reservoir (R). The system (S) is to be quantum
mechanical: its state space will be a separable Hilbert space Hg. The reservoir, on the
other hand, is comprised of one or several quantum fields, and so has infinitely many
degrees of freedom. We shall consider a bosonic reservoir; the state space for (R) is the
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bosonic Fock space Hpg over a separable Hilbert space ’H}%; in standard notation we write
Hr = ['g(H}). H} is again to be a separable Hilbert space and may quite generally
describe not only one but several individual species of particle in the reservoir. For
instance, consider several species of particles Py, P5, Ps, ... in the reservoir and suppose
that HL = €BJ-’H})],, where ’H}Jj is the state space for particle type P;; then

Hr = I's(Hy) = Te(®;Hp,) = @;B(Hp,) - (1.1.1)

The space M} is referred to as the (combined) one particle state space for the reservoir.
The overall state space for the combined system and reservoir is Hg @ Hg. The vacuum
vector of the reservoir space will be denoted throughout as Y. In the following we
consider only bosonic species in the reservoir, however it is also possible to work with
fermions [9]. The dynamics of the combined system and reservoir is governed by the
formal Hamiltonian H*) which we may write as

HY =HO® L \H;, (1.1.2)

that is, as the sum of a free Hamiltonian H(®) and an interaction Hy, with A a real
coupling parameter. H(® is to be expressible as

H(0)=H5®1R+15®HR, (1.1.3)

where Hg and Hp are self-adjoint operators on the spaces Hg and Hg, respectively. For
each A, we consider the unitary operator Vt(’\) on Hs ® Hg defined by

t
Vt(’\) :exp{ﬁH(’\)} , (1.1.4)

This gives the time evolution under H(». A standard device in pertubation theory is to
transform to the interaction picture; this involves introducing the operator

v =vOry». (1.1.5)

Ut()‘) is a unitary operator on Hg ® Hg called the wave operator at time t or, more
frequently, the Schrédinger evolution in interaction representation. We note that {Ut()‘) :
t € R} is a left vt(o)-cocycle, that is, it satisfies the relation

Ui = v U (1.1.6)
where for each A > 0 the time-evolute of any operator X € B(Hs)® B(HR) is defined by
o (X) = VI XY

We also introduce the evolution in interaction picture:

uM(x) =M xu™M (1.L.7)
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The Schrédinger equation for the time evolutions is

0 1

Oy _ 1 poyym
ot e
and, in interaction representation,
90 _ A o )
=U; H; . 1.
ot ih (H1)U, (1.1.8)

With these notations we deduce the associated Heisenberg equations

NES) ) Moy — Lo )
at v (X) = m['vt (X), 0, (HY)] = o (X, HY))
and, in interaction representation,
J A
gt (X) = ZuM (X0 (Hp). (1.1.9)

From (1.1.8) we obtain the integral equation
hy) A

uM =1+ E/ dsv O (H) UM (1.1.10)
0

and, consequently, the iterated series

(e ] n t t th-
)\ 1 n-1
V=143 (ﬁ) / dt, dtg"'/ dt, v (Hp) - 0O (H) . (1111)
o 0 0 0

This may be symbolically described as

t
Ut()‘)zTexp{%/ dsvgm(m)}, (1.1.12)
t Jo

where 7 denotes time ordering.

Before we continue, we must say more about how to interpret the formal sum of H(®
and Hj. Firstly, we assume that H(®) and H; are self-adjoint operators on Hs ® Hg.
We shall assume that, for sufficiently small A and bounded ¢, the iterated series (1.1.11)
is weakly convergent on the domain H3QE(HL), the algebraic tensor product a total
subset H2 of Hg and of a total subset of I'(H}), for example the set of exponential or
number vectors. From the cocycle relation (1.1.6) we have that if we define the unitary
operator Vt(’\) by

v =vOu® (1.1.13)

then {V* : ¢t € R} gives a strongly continuous unitary group whose generator + H is
formally given as H(") = H©) 1+ XAH;. The time evolution in the Heisenberg picture is
then given by
A Ay (0
v (X) = uM (0 (X)) . (1.1.14)
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1.2. The free evolution of the reservoir
For Hy = L?(R®) (momentum space), we introduce the creation and annihilation
densities a' (k) satisfying
[a(k),a(K)] = 6(k - k),  [a)",e’(K)] =0, [a(k),a(X)]=0.  (1.2.1)

The formal creation and annihilation densities are related to the corresponding fields on
‘Hg by the relation

Allg) = / Bkgkal(k), Ag) = / 3k gG(k)a(k) (1.2.2)

valid for any regular (e.g. in the Schwartz space of rapidly decreasing functions) test
function g € Hk.

From (1.2.2) we obtain the canonical commutation relations (CCR): [A(h), AT(f)] =
(h, f), while [A(h), A(f)] = 0. We take Hg to be the second quantization of an operator
H}, on H} given by

(Hrf)(k) = hw(k) f(k), (1.2.3)
where w{k) is a positive {usually strictly positive) function whose form depends on the
specific model.

In terms of the creation and annihilation densities, the operator Hr may then be
expressed as

Hp = / dk hw(k) o’ (k)a(k) . (1.2.4)

Note that v{” (1s® A¥(g)) = 1s®A*(S.g), where we have introduced the unitary operator
Sy on H, given by

S; = exp {wgﬁH}{} , (1.2.5)

that is, (S, f)(k) = e f(k).

1.3. The standard approach to the quantum Langevin equation

Consider an interaction of the type
H; = in{D® Al(g) - D' @ A(g)}, (1.3.1)
where D € B(Hg) has a harmonic operator for the free-evolution; that is

%[D, Hs) = —iwD « e'*Hspe=itHs — =it p (1.3.1a)

and we further assume that
w>0. (1.3.1b)

Then we have
o0 (H;) = ih{D ® A'(S8¥g) — D' ® A(5¥¢)}, (1.3.2)
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where _
Sy =TS, {1.3.3)

that is, (S¥ f)(k) = i@ =) £(k) Now write X; = uN(X ®1g), for X € B(Hs), then
from {1.1.9) we have

aXi’ Trow 1 w

T MAL(SY )X, D]e — [X, D, A(S¥9) } (1.3.4)
where A}(f) = ufV (15 ® A¥(f)). Similarly, 2 A,(f) = u{V (D) (g, S,), so that A4,(f) =
A fg ds D,(f,5%g) + 1s ® A(f), which, substituting back into (1.3.4) gives
BXt 9 0 toiw 1w w 1 ewt
- =2 ; {DI¢”(s—1)[X. D). - [X, D";¢" (t—s) D, } + A{&’[X, D}, — [ X, D1],&8"Y

(1.3.5)

where ¢“(t) = (g,5%,9) = [ dBk|g(k?)e~ X =)t and ¢v(t) = 15 ® A(S¥g). In stan-
dard terminology ¢(t) is called the memory function and & the fluctuating quantum
force [2,17} or input field [18], albeit in the interaction picture. One notes that, in the

vacuum state, £ is gaussian-distributed and all first and second moments vanish except
the two-point function

(O, €767 0R) = (S¢S 9) = ¢*(t — 5). (1.3.6)

The standard approach made at this juncture is to introduce the so-called first Markov
approzimation. Here, for example, one takes H}, = L*(R), g = \/£& (constant) and
w(k) = k. Then

7 (t) = / dk%e“k*"w)*:nema(t). (1.3.7)

J o0

There are, however, several important objections to be made to this approach. Firstly any
physical details specific to the reservoir must be put in by hand. Secondly, the condition
w(k) = k implies that the spectrum of H} is unbounded below, this is necessary to
produce the delta function correlation of white noise. From a physical point of view this
is unacceptable as H}, must be bounded below for stability. Finally, the fact that the
frequency spectrum w(k) = & is unbounded below precludes any possibility of dropping
the rotating wave approximation.

1.4. The stochastic limit

‘We now describe the ideas behind the stochastic limit in the simplest situation, where
we have taken a dipole and rotating wave approximation. From now on, unless explicitly
stated, we shall take HL = L2(R®). All the results remain valid in L2(R?) with d > 3.
We define the following collective annihilation operator:

£ t
BN (g) = A\ /D dt1 Sy 9) = A /ng dk /0 dire” B Mg(Eya(k). (1.4.1)
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Calculating the two-point vacuum expectations gives

(r(0), BLM (9)BE VT (f)R(0))

fi

t )
A2 f dt / ds1(Sy g, 52 f)
0 0

A2t uf A\
= / d%/ dr{S8%g, fy, (1.4.2)
0 ufA2—s

where we have substituted u = A?t; and 7 = #; — s;. This shows that the only way, in
order to obtain a nontrivial two-point function in the limit A — 0 is to rescale time as

test/A2, (1.4.3)

This is known as the Friedrichs-van Hove or weak coupling limit in physics. One finds,
under this scaling:

lim (@, B (0) B () o) = mine.s} [ ar (520.1). (1.4.4)

Physically, the limit A — 0 with # < #/A? allows us to consider progressively weaker
interactions which are allowed to run over increasingly larger periods of time and so we
obtain the long term cumulative effect of the interaction on the system. Now the creation
and annihilation operators are gaussian in the vacuum state and, as a result, so are the
operators Bg;ﬁé” )

Furthermore, the limiting two-point function (1.4.4) is suggestive of the correlation
function of a Brownian motion. However, an interpretation of the above in terms of
classical Brownian motion is erroneous as it ignores the essentially quantum probabilistic
nature of these processes.

1.5. The interaction

For technical reasons we work with a system Hamiltonian Hg which has discrete
spectrum. H}, is taken to be bounded below as required from physics. The type of
interaction H; which we wish to study is of the form

N{w)

Hy=iny S {DvoAl(g) - DT o A@g) }, (1.5.1)
wEF 3=1

where F is a discrete subset of R. For each w € F, we take D¥ € B(Hs) to have harmonic
free evolution with frequency w:

| SR e .
g{Dj JHg] = ~iwDY , j=1,....Nw). (1.5.2)
Thus the superscript w labels harmonic frequency and § = 1, ..., N(w) the degeneracy of

that frequency. An interaction similar to (1.5.1) has been treated in [10], however there
the test functions g7 were taken to be equal for each value of w.
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Our reasons for studying (1.5.1) above are because it allows us to treat the most gen-
eral imteractions encountered in physics. Typically, in quantum field theory one considers
an interaction of the type

Hr = ih / d*k {8(k) ® a' (k) - 8'(k) ® a(k)}, (1.5.3)

where {#(k) : k € R?} is a family of operators on Hs. The operators (k) are called
the response terms: they contain local information about the interaction. In the dipole
approximation of quantum field theory one makes the replacement

B(k) — g9iPle(1) = 4(k)6(0), (1.5.4)

where g(k) is some suitable test function. The physical argument is, cf. [2], that the
response does not vary appreciably for values of the wavelength of the reservoir particles,
which are large relative to the physical dimensions of the system, though this can hardly
be true for large momenta. As a result, one obtains the approximate Hamiltonian

Hy — HY"® = in{6(0) @ A'(g) - 67(0) ® A(g)} . (1.5.5)

A further approximation often made by physicists is to replace #(0) by an operator D
having a harmonic free evolution with some frequency w € R. This approximation is just
the rotating wave approzimation.

In order to avoid these appproximations we argue as follows:

Let B be a complete basis of eigenstates of Hg, then

Hy= > (¢|Hi|¢)|g)(']. (1.5.6)

®,¢'€B

However, we may write

(¢|H1|¢') = ih / dk{(]8(k)|¢")at (k) — (8]67(K)[8")a(k)} = ih[AT(g54') — Algers)]

(1.5.7)
where we have introduced the test functions

gos (k) = (910(k)|¢") . (1.5.8)

Note that the order of ¢ and ¢’ is reversed in the second term in (1.5.7) due to the
conjugate linear nature of the creation field.
This now means that the interaction can be expressed as

Hy=ih Y {Top @ A(gge) — Thy ® Algsg)} s (1.5.9)
6. 5EB

where we have introduced the transition operators Tgg = |@)('|.
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We note that the transition operators T4 are harmonic under the free evolution. In

fact, we have

1 .
7 Toor Hs] = —iwgorToor (1.5.10)
where 5 5

Weg! = —?L—f}—@. . (1.5.11}

So F = {wge : ¢,¢' € B} is now the set of Bohr frequencies.

The expression (1.5.9) is now equivalent to the interaction (1.5.1) which we propose
to study. Here we need only relabel the Tyy as DY, where w = wyy and the j again
labels degeneracy. The functions g4¢ are relabelled accordingly.

2. The quantum stochastic limit
2.1. Quantum Brownian motions

In this section, we first of all discuss the concept of quantum Brownian motion. As
this is not yet widely known amongst physicists we give an exposition below:

DEFINITION. A quantum Brownian motion (QBM) is a triple (H, ®, ( B,);), where H
is a separable Hilbert space, & € H with ||®|| = 1, (By), is a family of operators on H
such that:

(i) ¢ = ReB; and p; = ImB, are classical Brownian motions for the state &,
(i) [ps,qe] = & min{s,t}, where x € R.

The basic example is the following: Let He = I's(L*(R)) and ¢ be the vacuum
state. Then define B; to be
B = Ac(xj0.4) (2.1.1)

where Ac is the annihilation operator on He. From the (CCR) we have
(B, Bl = (X{0.4, X{o,s)) = min{t,s};  [B, B] = 0= [B],Bl]. (2.1.2)

So setting ¢: = (B, + B]) and p, = (B, ~ B]) we have from the (CCR) that

~ g2 = [P = o; minft, s}, (213)
Now if we set for some ¢ and dt > 0
dB; = Beyar — B: = Ac(Xjt,e+a1) » (2.1.4)
we have that
(Pc,dBidc) =0, (D¢, (dBY)*®c) =0, (Pc,dB]dB,dc) =0,

(2.1.5)
(6c,dBdBldc) = dt .
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Now dB; and dBtT are gaussian in the vacuum state, because the creation and annihilation
fields are, therefore so are dg; and dp;. Furthermore,

1 ‘ 1
(e, (d)*®c) = 1(Pc, (dBe + dB])*dc) = dt, (2.1.6)

and similarly, (®¢, (dp:)*®c) = idt. Finally, noting that at unequal times s and ¢

(@c,dgidgsPo) = 0 = (e, dpidpsPc) (2.1.7)

whenever t < t+dt < s < s+dsor s < s+ds <t <t+dt, we conclude that (g;);
and (p;); are each separate Brownian motions for expectations taken in the state éc. So
{Hc,Pc, (B:):} is a quantum Brownian motion. We can introduce formal creation and
annihilation densities b*(t) satisfying

[b(),b(s)] = 0= b7 (1), 6% ()], [b(t).b™(s)] = (¢ — s) (2.1.8)
such that
Ac(g) = /IR dsglolb(s),  Ab(g) = /R ds g(s)b*(s) . (2.1.9)
From this we see

t
B! :/ dsb*(s). (2.1.10)
0

We may write bg = 51% and consider these densities as “quantum white noises”.

More generally, let K be a separable Hilbert space and let L?(R, K) denote the set of
square-integrable K-valued functions over R. Now h € L*(R; K) is a function h(t) € K
with [ dt||h(t)]|% < co. The inner product on L*(R, K) is given by

(h,B) = /R(h(t), K (£))dt . (2.1.11)

If {e,}n is a complete orthonormal basis for K then we can write h(t) = > hn(t)e,,
where h,(t) = (e,, h(t))k; this gives a natural isomorphism

L}R,K)= K ® L*(R). (2.1.12)

Now take My = ['g(L*(R, K)) and let @ denote vacuum vector of Hy . Then a quantum
Brownian motion is given by (Hg, @k, (B:(g)):), for non-zero g € K, where

Bi(g) = Ak (9 ® X[0,1]) » (2.1.13)
where Ag is the annihilation operator on Hg. The commutation relations are
[B:(g), BI(H = {9 ® x10.01> f ® Xo,81) = {9, f) i min{t, s} (2.1.14)

with remaining commutators vanishing. So {Hx = I's(L?*(R,K)), ®x, (Bi(9)):} is
a quantum Brownian motion. Taking K = C and |g|> = & leads back to the original
example.
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However, there is a more general possibility than that above. Let Q > 1 and set

Then let @ be the state on the Weyl algebra W(Hg) with covariance C. We can
construct {Gp(Hy.C), 7§;, , D%, }, the GNS triple over {W(Hk),C}, and define on it
the operator

Bq(g,t) = 7%, Bi(g) - (2.1.16)

Then {Gp(Hk.C). 95, . (Bg(g,t))¢} is a quantum Brownian motion referred to as quan-
tum Brownian motion over L?(R, K) with covariance C, or more loosely with covariance
(). We have that

(8%, Bolg:t) BH(f,9)95,) = po(Bi(g)BL(f)) = min{t. s}g.

SRy PRC AR

and similarly

Q-1

(P51, BL(1.9) Balg,t) 5,) = minft, sHg. “—f)x - (2.1.18)

2.2. Quantum stochastic calculus

As is well known, a stochastic calculus can be built up around classical Brownian
motion and that the resulting theory has widespread applications in the study of noisy
systems in physics and engineering. It is also possible to build up quantum stochastic
calculus based on the QBMs we have just considered. This was originally done by Hudson
and Parthasarathy [13,14]. The basic integrators are dt and, depending on the context,
dB} or dBf(g) or dB}(t, g).

In the simplest case, for instance, we have for a partition —oc =) <ta < ... < t, <
fhi1 = 00,

L*(R) = @ L* ([t tmia])-

m=1

and consequently.

Ip(LA(R)) = @) Ie(L*([tm, tm 1)) - (2:2.1)
m=1

This gives the required time filtration in the quantum situation. We say that a family of
operators (X;); on I'g((L?3(R))) is adapted if, for all ¢,

X=X o1 (2.2.2)

on I'p(L?((—00,t)) ® I's(L%([t,o0))).
The guantum Ito table reads as

Q+1 Q-1

2

dBq(g,t) - dBL(f,1) = (g, fxdt,  dBL(f.1)-dBgo(g.t) = (g, Frdt.
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(dt)? = dt - dBy(g,t) = (dBh(g,t))* = 0. (2.2.3)
Let (X¢); be an adapted process of the form

t
X = / (zsds + x:de?(g, s) +x,dBg(g,s)) (2.2.4)
0

and (Y%): a similar process. Then we have the quantum Ito formula

d(X:-Y) =dX: Y+ X, - dY: + dX, - Y} (2.2.5)
with

dX, = z,dt + z dBY(g,t) + 27 dBo(g, 1)) - (2.2.6)

2.3. The weak coupling limit of quantum field theory

The first results of Accardi, Frigerio and Lu, which were concerned with the weak
coupling limit for an interaction (1.5.8) which has undergone both a dipole and a rotating
wave approximation, can be summarised as follows.

Recall that

tim (7, B (0) B3 (12m) = minft,s} [ dr(570,1).

Now define a sesquilinear form (.|.)* on M}, the one-particle reservoir space, by

(g91f) = / dr(S¥g, f). (2.3.1)
We consider a space of suitable test-functions 7% C H}, determined by the condition
[ aeltoseni<oo (2.3.2)

whenever f,g € T%. Note that technically T does not depend on w, however we keep it
in as a label. Then we construct K, the completion of T% with respect to (.|.)*. That is
K¥ is the completion of T% factored out by its (.].)“-norm null space. K* is a separable
Hilbert space with inner product (.|.)*

THEOREM 1. In the limit A — 0 the stochastic process on the resevoir space
(w,A)
{HRa WR7 (Bt/AZ (f))t}
for f € K, converges weakly in the sense of matriz elements to a quantum Brow-

nian motion on L*(R,K,). We denote this gquantum Brownian motion by {HY =
I'p(L*(R,K*)),9* = Pk, (BY (f))i}
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In the next theorem we show that Ut(/)}?? converges to a stochastic process U; on
Hs ® H¥ in a sense to be made explicit now.

THEOREM 2. Let f0) hU" e K¥; TG, 8G) >0, forj=1,...,n:5 =1,..,m and
let ¢,¢' € Hg then the limit as A — 0 of the matriz element

w,A A A VA w,A
(6® BED N (FD) - BEAT L (F)BRIUS, 16 @ B (B) - BED (h)) )
(2.3.3)

erists and equals
(@ ® Bk, (f1) -+ Bol, (F7)8°|Ub|¢' @ Bel, (RV) - Bgl, (R™)8%),  (23.4)

where U; is a process on Hg ® HY which is the solution to the quantum stochastic differ-
ential equation

dU, = {D ® dB*'(g) — D' ® dB¥(g) — (9l9)*~ DD ® dt}U, (2.3.5)
with
0
(glf)*™ = /_ dr{g, S7f). (2.3.6)

Note that d(U,U;) = 0 = d(U;U;) by the quantum Ito formula and the Ito table. So
U, is unitary on Hg @ H¥, however it describes an irreversible evolution when restricted
to Hs. The unitarity condition corresponds to a fluctuation-dissipation law (cf. [22]).

THEOREM 3. Let X € B(Hg), then in the notation of Theorem 2 the limit

w,A WA A A w,A
(6® BEa L (F)Bro) b (F)RlUSY, (X @ 1R)UL .18’ @ Byl (hY) -

WA
< BT () @rg) (2.3.7)

exists and equals

(9@BL (FV) - B2 (F™)e* Ul (X @1)Uil¢' © B!

(M) BeL (RM))e) . (2.3.8)

Note that in these theorems we encounter vectors of the type B(T“;’/\)‘Z)T( f)¥r which

2 2
are I-particle vectors A f;ﬁr//\’\2 dsSY f with test functions A fOT/ A drS¥ f: similarly any
n—particle or exponential vector with test functions are called collective vectors in the

terminology of [10] and they are designed to extract the long time cumulative behaviour
of the reservoir fields.
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2.4. Non-zero temperature reservoir

Next, for the non-vacuum case, we consider a density matrix pg on Hg which is
invariant under the free evolution and gaussian with covariance @ > 17%. That is

Tr{pW(g)} = e 209 vgen}. (2.4.1)
The invariance condition is equivalent to
[S:, Q] =0, on Dom(Q). (2.4.2)

In particular, the choice of a heat bath at inverse temperature 8 and fugacity z is given
by

1+ ze~BHR
Q= 1 Lo GHL (2.4.3)
that is
(QF)(K) = coth (huo(k) — ) £ (k). (2.4.4)

where y = %lnz is the chemical potential. Now

tim Tr {po B (0)BSRT(1)} = minft.s) [ drTelpg A(S29)4T(1))

= min{¢, s}/ dr(S¥g, Q;— 1)f> , (2.4.5)

and similarly

%) . (246

. w w,A . > w
lim T { pg B (B3 (9) } = min, s) / (ST (
Let T¢ be the subset of Dom(Q) such that

/oo (f,Sm)[dt < and /Oo (£, S2 QY| dt < oo (2.4.7)

o —oc

whenever f h € T5- Let K¢ be the Hilbert space completion of 15 with respect to the
sesquilinear form (.[.)§ given by

(g = [ sy an (248)

Note that in most cases 15 is dense in H}, and that K, ¢ is a Hilbert space equipped with
inner product (.|.)4.

THEOREM 1A. The process (Bt(/)\2 (f))¢ in the mized state pg converges weakly in the

sense of matriz elements to a quantum Brownian motion over L*(R, K 5) with covariance
Q. This is denoted as {Hg = Gp((L*(R, Kg),Q ® 1), 85, (BE(f,t)):}-
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THEOREM 2A. For ¢,¢' € Hs, f0,h0) € K& and T, SU) >0, for j=1,...m;
7' =1,....,m, the limit as A — 0 of

: WA m ,A w A ' @, A n) (A}
Tr {}¢’><¢} ® B(s(m»);)@ (h( )) T Bg:u/);z (h(l))PQB;m})\z(fu}) T Bé*(m}x: (f( ’) Ut(/”}
(2.4.9)

exists and equals

(6.5 (0. T) - B, TN 0B 1), 5 - B 5 025)
where Uy is a unitary operator on Hs ® Gp(L?(R, K3),C), with C = Q ® 1, satisfying
the quantum stochastic differential equation

AU, = {D ©dBY (9,1) — D @ dB3(9,1) - (gl9)33 D' D ® dt ~ (glg)_ DD' @ dt } Uy

(2.4.11)
where 0
i Q=1
gz [ are.s85=g. (2.4.12)
-0
THEOREM 3A. Let X € B(Hs). then in the notation of Theorem 2
. w,A WA LA g
tim Tr {[¢/) (8] @ BU o (h0) - BE L (80)po BE L (F0) -+
B W) e (X @ 1) ) (2.4.13)
exists and equals
6® Bg(f(l),Tm) e Bg(f("),Tm)) 5([]:()( ® 1)U’ @ Bgt(h(l),S(l)) ces
- BN (R, S8 (2.4.14)

2.5. The quantum stochastic limit for the full interaction

Now suppose that the interaction is of the form (1.5.1). The problem of dropping the
rotating wave approximation was first tackled by Accardi and Lu in [10] for an interaction
similar to (1.5.1}, except that all the test functions were taken to be the same. The result
is that for each Bohr frequency w we obtain a separate independent quantum Brownian
motion.

First of all, note that I'n (@ e r L*(R, K3)) = Qe To(L*(R, Kg)). Then consider
the Weyl algebra W(@D,c » L*(R, K§)) = ®,,cp W(L*(R, K§)) with quasi-free state o
and covariance C = @ C, where C = Q ® 1 on Hiy = Kg ® L*(R).

The GNS triple over {W (@, cp L*(R, K§)), 5} is {HG = Gr(B, cr L* (R, K3)),
). 7(5 95} Now observe that

F _ < Fo_ w Fo_ w
HE=QRQHy, wE=Qrs,  oh=Q . (2.5.1)
weF weF weF
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For each f € K we have

B4 (f,t) = 5 AS(F ® Xjo,1) » (2.5.2)
where A‘é is an annihilation operator on L%(R, KQ}, sofort, >0,f, € Kg, for each

w € F, we have .
BE(Q) fus (tw)wer) = Q) BE(furtn) - (2.5.3)
weF wEF
THEOREM 1B. For each w € F and f € K the limit A — 0, Bi;’/\;‘)( f) taken in the
state py converges in the sense of matriz elements to a quantum Brownian motion over
L3(R, K§) with covariance Q and each of these limiting processes are independent for
different values of w.

TueoreM 2B. Let £, Y7 € Kg; TS 897 S 0 foreachw e F j=1,.nu;j =
1,...,my; andt>0; ¢,¢ € Hs then the limit as XA — O of the matriz element

My, w,A) 1) (w,N) 1)
{I¢ (@ @ [Q) By u (™) -+ Byt L (W) pal Q) By ()
weF wEF
wyA Ny A
B;(rtw))/Az (fcf) ))] Ut(/QQ } (2.54)

ezrists and equals

(@@ [ Bs(£M, T -+ By (£, TSN @g|Uhl¢' © [(X) By (hLY, S ---

wEeF wEeF
- Bg(hS™), STm)Teg) (2.5.5)
where Uy is unitary on Hs ® 'Hg and satisfies quantum stochastic differential equation
N{w)
dU; = {Z Z [DY ® dB}(g%,1) - D;‘»’T ® dB,(g7,t)]
weF j=1
N(w) Nw) o
SR ACH AT R DR D N D dt} U (256)
wEF jk=1 WwEF jk=1

with Uy = 1. The scalar coefficients are given by

0
(ga= [ aetr.seSEom (257)

for f.h € K. The Ito table is given by

dBE(f,8)dBY (9,8) = b (Flg)5 4 dt

, (2.5.8)
dB%!(g,t)dBg (f,t) = 6,0 (flg)3_dt .
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A more explicit form of the coefficients in (2.5.7) is

()5 = [0 dt(£, 57 (1)) = (F19)57 + (91533 -
(Flo)s_ = [, dt(£. 52 (%)g) = (9l Ha™ + (Fl9)o- -

The idea of the proof of Theorem 2A is as follows; first of all we know that different
w give rise to independent Q-quantum Brownian motions. This is done in [10]. The
next step is to consider the effect of the degeneracy which may arise for each w € F'. In
this case we must, therefore, generalize the results of [8,10] accordingly. This is done in
Appendices B and C.

(2.5.9)

THEOREM 3A. In the notations of Theorem 2A, for any X € B(Hsg), the limit as
A—0 of

w,A) A
{|¢ ¢' @ [Q B;(l)//\z h(l) B;ij)/Az (h(mw) pQ QBT(I)/X" (f(l))
w€ we

WA n by
B(("w)) 2(f<£' ”))]UE ,)\2(X ®1) (2.5.10)
T /A /

erists and equals

(@@ [Q) By (£, TM) - - By (£, {195
weF

Uf(X @ )Ui|¢' @ (R Bg (D, SM) - Bg(hS™), ST™)'8G) , (2.5.11)
weF

where U; is the solution to the quantum stochastic differential equation (2.5.6).

2.6. The Langevin and master equations

In each of the cases (2.3.5), (2.4.11) and (2.5.6) the right hand side of the expression
for dU, contains a term of the form —(Y ® 1)dtU;. For instance, in (2.5.6) above we have

N(w)

v=> kz {DWTDW gsla)sy + Dy D (g9lae), } (2.6.1)
weF j,k=1

The Langevin equation then reads as follows
dUH (X ® 1)U,] = [dU]N (X @ 1)U, + U (X ® 1)dU; + [dU;]H (X ® 1)dU; (2.6.2)

N(w) N(w)

= Ul [Lo(X)®dt+ Y > Lo (X)®dBgi (g7, t)+ Y Y Ly (X)®dB3(gs, )}Us,
weF jk=1 weF jk=1
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where
Lo(X)=-XY -Y'X + O(X) (2.6.3)
with
N(w) N N
o(x)=3Y 3 { Dy'xDy l(g71or)e + (oI, ) + Dy XDET (6719,
weF jk=1
N(w)
Hotle)aT) } = 3 3 { DYIXDE (g100)5s + DEXDYY (g7le0)5-] b (26.4)
weF j,k=1
and
LY (X)=XDY-D¢X, Ly (X)=D;"X - XD (2.6.5)

Note that unitarity follows from
Lo(ls) = (Y +Y) +0(15) =0,  L¥(ls)=0. (2.6.6)

It is instructive to set ¥ = %I’ + %Hls where both I and Hg are self-adjoint; we then
have that

1 1
Ly(X) = ——(XF+FX) +O(X)+ 7
The unitarity condition is then 2Re ¥ = I' = ©(1g); this is the fluctuation-dissipation
relation of [22]. The presence of the imaginary term Hg does not effect the unitarity.
For ps a density matrix on Hg we define the expectation (.); by

(X, HY]. (2.6.7)

(X); = Tr {ps ® |¢F><qs |UH(X ® 1)Ut} — Tr{s; X}, (2.6.8)

where s; denotes the effective density matrix on (S) and the second trace is a partial trace
over the system space (the trace over the reservoir space assumed to be taken already).

Now
d

dt
s0 in terms of the effective density matrix s,

(X); = Tr{p5®|¢Q>>¢ L—UT(X®1)Ut} (2.6.9)

LT X) = TefseLo(X)) = Te{Ly(s0X) (2.6.10)

where L} denotes the adjoint operation to Ly on the dual of B(Hs). This gives the
master equation

dst w Wt wt W7 o\ T
E = LO st Z Z {[D Dk St — Dk StDj](gj |gk)Q_
weF j k=1
+ [DYIDg s, — De s DYV (921988 — D5 8o Dy — seD§ DYV 19782

- Dy, ;" — 505 DI 97 | (2.6.11)
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From the relation (1.5.2) we see that [Y, Hg] = 0. If we define the effective evolution
operator by .
Vi = (e Hs @ 1)U, (2.6.12)

which satisfies the quantum stochastic differential equation

dv, = (%Hse%”s ® dt) U, + (e#Hs @ 1)dU, . (2.6.13)
1

Explicitly, this gives

(Wpp =w)
v, = (eTon|Y {T¢¢,/ ® dBy (9o, t) — Thy ®d35(g¢¢,/,t)}
weEF ¢,¢'€B
(Weppr=w) .
w iwt
{Y+ hHs}dt Uil = [Z > {TW ® dBY (ggor-t)e
weF ¢,90'€B
~T),® ng(gW,t)e—w} - {ZF + h(Hg +H S)} dt (2.6.14)
N{(w)
@Yoy =Y 3 { (6. 07" Do) (g719)57 + (6. DD ) (63lap),, |- (26.15)
weF jk=1

This is, however, equivalent to the (complex) shift one calculates using second order per-
turbation theory. For example, taking the zero temperature for simplicity, one calculates
in second order shift [19]

1 1
. Up,H—————H;, ¢QW 2.6.1
5 ih<¢® r e g, —or i PR Vg (2.6.16)
N(w) N(w") o ) )
=y > E:/ dr (¢ ® g, D @ Ag?) !B Ee)7/h D2l @ A (g9)) ¢ @ Ur) .
w,w'e€F j

Here we have used the well known identity

0 ixt 1 : 1

— 00

where p means that we take the principal part of the integral. Now Dy ¢ is an eigenstate
of Hs with eigenvalue Ey — hw, so the summation need only be considered over w = '
n (2.6) above. Therefore, we have

N(w)

v =3 Z/ dr (6®Wp, DY @ Alg?) a1/ De @ Al(g) 6 @ W)
weF jk -
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N(w)

0
=3 Y (6.0'Dz9) [ dr (e, Alg5) A1 (248 ) (2.6.18)

wEF jk

Hence Y(tfz) = (¢,Y@). The real and imaginary parts of Y are therefore the linewidth
and energy shift as would normally be calculated using second order perturbation theory;
this is true in the non-vacuum cases also.

2.7. Transition probabilities

Let P;(1|¢) denote the probability that the sytem will be measured in state ¢ at time
t if it initially was in state ¢. Then

pe(¥]9) = (6 ® 85, U (|4) (| ® 1)U, ¢ ® BE) . (2.7.1)

From Theorems 3 and 3A we have

—pt(«/zlqs) (0 ® 5, Ul Lo(|9)(¥]) ® 1U; ¢ ® B5) . (2.7.2)

Therefore, setting £ = 0,

Ep1d)lemo = (0, Lo(l9)(w]) 6). (2.7.3)
If ¥ = ¢ we obtain the relation
Zp(816)lmo = ~(6,T9) (274
while if (¢, %) = 0 then (2.7.3) gives
& pe(1d)e=o = (9 O(1) (1) 9 (2.75)
; %j){ (9, D ), DL0) (97190084 + (6, D), DS 8951605} -
b 3

Using the relation [*_dte'®* = 2r6(z) we can rewrite this as

N(w)

—pt¢l¢lt 0—27TZ Z/dkg](k ) 6(w(k) — w)
wEF jk=1
{t0.0710)00.00) L+ 6. D0y v, D3 9y L= (2.7.6)

where Q(k) is the spectral function associated with @, cf. (3.11). This is our formulation
of the Fermi golden rule for transitions of the systems state and it corresponds to the
usual expressions, cf. formulae (1.21.27a,b) of [2].
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3. The weak coupling limit in QED

As an illustration of our theory we consider the case of quantum electrodynamics. We
stress however, that the theory encompasses a wide range of physical phenomena. For
instance, some qualitative new results concerning exciton models in solid state physics,
such as phonon models or the Frolich [15,16] polaron model, were recently obtained on
the basis of a natural generalization of the following treatment. The electromagnetic
field acts as a reservoir for our system (S) which we take to consist of a single electron.
The electromagnetic field can be derived from the potential A given by

a3k h —ik. ik. o,
A= agl:,z 20372 \| 2e,clK]| {a:f,(k)e "+ ao(ke r} e (k). (3.1)

Here we consider two transverse polarizations (o = 1, 2) for each mode k. In our notation
{e'(k), 2(k), k = |k|~'k} form a right-handed triad for each k. This ensures that we are
working with the radiation gauge V - A = 0. The operators af (k) on the reservoir state
space Hp satisfy Bose commutation relations,

a0 (K), al,(K')] = 6,5:6(k — K'). (3.2)
The total Hamiltonian for the system and reservoir is

1
H= —|p-eAl’+&(r)+Hr=Hs+Hp+ H + H'r, (3.3)

where the unperturbed system Hamiltonian (with potential &(r)) is

1

Hg = %|P|2 +9(r), (3.4)
Hp= Y /d3khc|k| af (k)a, (k), (3.5)
o=1,2
Hi=-% % / @k {af (k)¢ 1 0, (k)R T} G (k) p, (3.6)
o=1,2
with
oLy 1 h 7
G (k) = (27)3/2 2e¢,c|k|E (k)
and

H, = i| A|2
I~ om '
If we rescale the electronic charge as e < Ae, we find that

H < Hg+ Hgp + AH; + \?H';.
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In the subsequent analysis we drop the term A?H’; and consider only
H™ = Hs + Hg + A\H;. (3.7)

It has been established rigorously that this does not affect the final result in the weak
coupling limit. Now the interaction H; given by (3.6) has response terms described by

the vectors 87 (k) = ;ffze‘ik‘rGg(l::) - p. We assume, as usual, that the unperturbed
system Hamiltonian Hg has a complete orthonormal set of eigenstates B. In the case
of the hydrogen atom, this means that we consider only the bound states and ignore
the effect of the ionized states. In general, Hs can be decomposed into complementary
subspaces generated by the discrete, the absolutely continuous and the singular parts of
the spectrum of Hg. It is enough to prepare the system in the discrete spectrum subspace
to apply our results. It is the standard approach in atomic physics to study only the
behaviour of bound states anyway, so we are justified in this restriction. We introduce

the test-functions .
i€ . ik oot
9o (k) = = (le™ T pl¢) Q7 (k). (3.8)

The interaction Hy can be expressed as

H o= 3 > / Bk {al ()95 () — ao (k)T (K)} @ Ths

$.p' B o=1,2

= XS [ (T 90 095,00 - Tos 90, (K70 ()
¢,¢'€Bo=1,2

= Z {Té’é’ ® AT(Q(J’)@’) - T;¢I & A(gw’)} s (39)
¢.0'cB

where gso = gy © 9o € L*(R®) & L*(R®) = H} and A" are the creation/annjhilation
operators on I's(HL) = @'g(L*(R)):
ANfref?) = Seon Pk (K)al(k),

. R (3.10)
Aft@f) = Yoop [ PR (K)as(k).

Our choice of H}g above for one particle of the reservoir space is quite natural; namely,
it consists of wave-functions in the momentum representation with two transverse polar-
izations. The state of the reservoir is in our case determined by the covariance operator
@ which we shall now specify as that of a thermal field at inverse temperature 8 > 0,
that is

Q:Hh— Hh:hi@hy— hiDhy,  with  hy(k) = qlck)ho(k), (3.11)
where g(w) == coth é‘g—“— With wee = (Ey — Eg)/h € F, we define

S:){my 1H§Hﬁélh1@hzwfl.l@;&2
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with ~ 4
hio (k) = eiclKlI=wastp (k). (3.12)

In this setup we have allowed for the most general coupling, that is, where all the fun-
damental frequencies F' = {wgy : ¢,¢' € B} are to be considered. This set is always
degenerate in general; however it is important to consider two classes of degeneracy aris-
ing. The first is the secular class; these are the situations in which degeneracies always
arise regardless of the spectrum {Ej : ¢ € B} of Hg; they are the pairs (¢, ¢') and (¥, ¢")
which have wger = wyy due to one of the following reasons

1. ¢:¢'=¢:1/1',
2. o=¢, Y=y (9FY), (3.13)
3. o=v, =9 (9#4).

Any solution to the equation wgg = wyyr, or equivalently By — Ey = Ey — Ey, not of
the secular type will be called an extraneous solution. The extraneous solutions are, of
course, dependent on the spectrum of Hg. It is a standard procedure in physical literature
to assume that such possibilities do not arise, however this is a requirement on Hg, which
cannot be satisfied in many important examples. For a particle in a rectangular box,
apart from the natural degeneracies arising if the ratios of the sides are rational, we also
have to consider the fact that the contribution to the energy for the mode of vibration n;
along the i*"-axis is proportional to n?. This means solving the Diophantine equations
for the harmonics

n?—m2=n?_—m?.
For the hydrogen atom we have to consider, apart from the spherical harmonical degen-
eracies, the integer solutions to the Diophantine equations

1 1

11
2 m: p? g
for the principal atomic numbers. After simple manipulations this leads to the study of
the intersection of the algebraic projective curve in R*;

riziad — aiaxiad — 23x3xd + 23zlel = 0

with the lattice of positive integers.
In the weak coupling limit we obtain the quantum stochastic differential equation

(wopgr=w)

AU = |3 D {Top ®dBY (gosr:t) + Thy @ dBG(ger )} + Yt | Us,
weF ¢,¢0'€B

where

(ud,q)/:w:www/)

y=>% > (T Towr (Go190w V57 + Tow Thys (900 lguu )| (314)
weF 9,0y, y'eB
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with Uy = 1. However, using the fact that T£¢,Tw,' = (¢, ¥) Ty etc., we may write Y

as
{o=wypr=w,4)

=3 3 {lwelaen)o) + erlowa)d } Tow.  (315)
weF  o¢,¢'eB

In the summation we consider only ¢ and 4 for which there exists a ¢' so that wsgs = Wy s
however this is equivalent to demanding that wgy = 0 as we always have the identity
Wy = Weg — wWygr. Therefore, Y is a linear combination of terms Ty, with wyy = 0 and
this, in particular, implies that ¥ commutes with Hg. It is natural in light of this to
write Y as

(weyp=0) (Eg=Ey)
Y= 3 wwTon= 3. Yow Tou, (3.16)
6,veB 6B
where
Yoy = D {(gqs'qslgos'w)g?_ + (9¢¢'i9«/:¢’)§f’;—} - (3.17)
¢'€B

According to the general rule, the generator of the master equation associated with
equation (3.14) is determined by the drift term of this equation according to the rule

d
% = LS(S;) = —(YSt + stYi')

(W=w g =Wy )

+y Yoo T s Ty (gserlgun Vo + Toor 51Ty (guulgos)g_ 1. (3.18)
WEF 6,0/’ EB

In order to find the general expression for Hf, we return to equation (3.19). Now

0
Wt Q + 1 W gt Q -1
Yoo = Z / dr {(g¢/¢,ST¢ ¢ 5 9ory) + (goe, S —2—*‘(]1/,45/)
#'cB -

0 C
= Z /wdr Z /d3k {m(k)gg,w(k)e—iq(k!tq_(_i}z(_)il

d'eB T a=1,2
— : ctkl) - 11 ;
+gg¢’ (k)gfw (k)ezclklt Q( ' 2‘) } etWarat

But using g%, (k) = —g3,,(—k) we have
0

=3 [ ar & [z 005750

s'eBY o=1,2

< {e~éc§k§t Q(Clké) +1 4 giclklz Q(C]ké} -1 } iweot
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62
s 2 |

¢'eBY T

0
ar S [k T (ole K Ta @1 )G (R)GS (0
0 5=1,2 §.5'=1,2,3

y {e—z‘qkn q(clkg‘) +1 + eiclkie ‘1(0|k2|) -1 } eiarot

e? 0 B, —ikr,_ otHs KT
= > / dr ) / Brk Y (pleFFoem K Tpiew Hoe K T, 1) G (K)GY (k)

2,2
hm? s /- o=1,2 5,'=1,2,3

oot e =1 519

We remark that the effect of the response term is as follows; from the commutation
relations of r and p we have that

2

—ikr tHs kr_ —ikr_ t Ip[® ikr _ .t (Ip+hK|
e € € e exp — (2m +V(r))e exp— | =5 +V(r)},
(3.20)

2 2
that is, Hs is replacd by Hg + %E + EE,%I— Now the k dependence in the above
expression prevents us from using the well-known isotropic identity

) 1 h 8&r
> 2k G (K)o (K) = —— X5 1
c:lzfuqzw/cd kGF (k)G () = (5278 Gegw 3 (3:21)

to calculate y4y as in the dipole approximation. Note that the Lamb shift and the
damping coefficients are affected by inclusion of the response terms.

The complex shift Yy = %I’d, + 3 E}, giving the linewidth I'y and energy shift E;, for
a state ¢ € B can the be written as

Voo = gz 3 [0 S o | AL o HAD= L] 65000500

o=1,2 Hi'=12,3
(3.22)
where the denominators in the above expression are
k- 2 1Kk|?
D (k)= Hs + k- p + Ei—{— + helk] — E, . (3.23)
m 2m

This expression has been derived several times in the zero temperature case, cf. [20], but
for the nonzero temperature case there seems not to be universal agreement, see e.g. [21]:
the result coming from the present theory seems to be free from any ambiguity.

Appendices

A. The traditional derivation of the master equation

For sake of comparison we give the standard arguments used in the derivation of
the master equation. This section follows closely the development of Louisell [2]. The
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interaction is taken to be of the form

HI:ZDj®P}, (A1)
J
where D; and F; act nontrivially on the system and reservoir spaces, respectively. We
assume that D; evolves harmonically in time under the free evolution with frequency w;.
We assume that at time ¢ = 0 the system and reservoir are uncoupled, that is the density
operator p(t) at time zero factors as

p(0) = p§% ® p!®). (A.2)

No subscript is required for p{®) as we assume that it is invariant under the free-evolution.
In particular this is true for the choice of a thermal state p(R) = ¢=B#(Hr=#) /Tye=B(HE—1)
We define the reduced system state at time ¢ in the interaction dynamics to be the density
operator

st = T {UN (0 @ p @YUM (A3)

The iterated series expansion of s;, truncated to second order, is

§¢ = 804———*./ dtlTrHR[U (H]) S0 ®p(R)}

+ (7%—5 /0 dt, | ldthrHR [vg(m) (% (Hr), so ®p(8)ﬂ (A.4)

where we have set X\ = 1. Substituting in for the potential H; we find

t
s = 80+Z/ dt1<@§?)(Fj))Re"W“[ng30}
~ Jo
J

54 £ .
+ dty | dtg ettt 1D pyso — Diso D) (0i (Fy ol (Fy)) g
7
% 0 0 h

~ [D;50Dx — soDx D5} (v (Fi ol (F, ))R} : (A.5)

where (.)gr = Try,[p®).]. Due to the invariance of the reservoir fields under the free
evolution we have that

WO E)) p = (F))r,
WO Fo O (PR = 0 (F) Fi)r -
Therefore, if we let 7 = t; — &5,y = ¢; then (A.5) can be written as

4
83 = 8 ’+" Z(F D] ) SO f e"?’wjydy
Q

. i~y .
+ > dy e ity dre™"i7 {[DjDk$0 — DysoDsH ol (F) Fe) g
~Jo 0

— [Djso Dy — SoDijKFkvim(Fj»R} :
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The approximation procedure is based on the following four steps:

Step I. One postulates that the contributions coming from the sum of all terms
higher that second order in the iterated series are negligible.

Step II.  One postulates a finite autocorrelation time 7. such that

WO (F)Fi)r =0 = (Fjol (F))r

+oc, This gives
s = 50+Z gD, solI*{w;)

+ Z {{DjDksU - DksOD]-}w;:k — [Djse Dy — sQDij]u),;j} I'w; +ws).

Jik
here
Wher _}-i‘ — ["x e«-iu}jr< (0} F F> dr
Wi = Jo € Ur k) RET s AL6)
- oo ~ g (Q} ( e
Wy = Jo e T (f;‘v (f‘“}gd”l’
and

¢
I'w) = / e “Vdy .
0
Step III.  For t large with respect to 7, one makes the replacement
I'{w) = t6(w).

Step IV. One postulates that the formulae deduced under the previous assumptions,
when ¢ is large with respect to 7., hold also in the limit £ — 0. This gives

u,j—

ds .
‘(2510:}1_'0 “Z Dj, sol{Fj)r
wj*l”w{.-v()
e Z {[DjDst - DkSGDj}w;k - [Djso Dy — soDij]w;;j} . (A7)

Jk

The assumptions leading to the derivation of (A.7) have a decidedly ad hoc nature,
especially those introduced in steps III and IV. The replacement for I, put in by hand,
in step III is precisely what is needed to allow the limit to be taken easily.

It is instructive to calculate explicitly the master equation (A.7) in a particular case.
We consider as reservoir a free Bose gas at inverse temperature 3 and fugacity z = %%,
This can be described by the quasi-free state ¢g, on L2(R") for example, characterized

by
Q-1
2

(AN AR = eol(AT(NHA(9) = (£, 9 (A8)
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where -
1+ ze~PHr B, .1
Q——— I—_ze__—ﬁ—H}lz_ —COthE(HR—N)-
We may take H}, to be for instance —A.
We may write the interaction H; of (1.5.8) in the form (A.1) with the notations

Hy=ihy {D;® Al(g;) —he} =ik Y Dijay® Fla) (A.9)
J (4,@)
where we have a summation also over an index a € {0,1} with the notations
D;.0) = Dy, Dy = —D;, Fio = Al(g;), F;1 = A(gy) (A.10)

and consequently
w(5,0) = Wi, W1 = —Wj - (A.11)

We then have

o) 1) = /0 dr e~ (o® (41(g;)) Algi))r = / dr po(A1(S219;) Algr)

* e, @1 I
I/ dr <Sr’gj"“2—gk> = (9519x)g- - (A.12a)
0
Similarly, using the CCR, we find
Wi, koy = /0 dr e (v (A(g;)) At (gr)) & = (95l98) G r - (A.12b)
Wikoy, (1) = (gj|9k)g:y (A.12¢)
Wiy ko) = 5190 gy - (A.12d)

while w(ije)’(j,e,) =0 if e = ¢ as we have (A(f)A(g))r = 0 = (AT(f)AT(g9))r. We note
that (F{;))r = 0 in all cases.
The master equation then reads

(—1)%w;+(=1)* wi=0
= Z {[DjyaDk’a/so - Dk,a'SODjO‘]wEtx),(ka’)

y . !
Jiksasa

ds
dtlo

- [Dj,aSODk,a’ - SODk:a'Djva]w(—kQ')»(ja)}
w]'——wkzo

- > {[Dleso — DisoDjlwlio) iy + [D}Diso = DirsoDfJw(y) (xoy
i,k

— [DsoDy — soDiDllugyg, i1y — [Djs0Df — SQD,EDj]w(_kl)v(jO)} (A.13)
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or, writing in our notation (and employing the relabeling in terms of the frequency
degeneracies as in (1.5.1)),

N(w)
ds W W W w w w W . w\w-—
Tl E:{D D{'so = D50 D5 (9517 + (D5 Difso— Dy 50D "1(95 1985
w€F jk=1

- [DwTSODw - SoDwaT](QJ lg¥)o~ — (D5 soDy - SoDkTD“)](g] 198, } . (A14)
But this is exactly 9t|o = L§(so), where L} is given by (2.6.11).

B. The convergence of the collective processes to the noise processes

The mathematical theory behind the weak coupling limit developed in [1] and subse-
quent papers is the following. We estimate the behaviour as A — 0 of matrix elements
of U (/ y2 With respect to collective number or coherent vectors, that is vectors of the

form Bt(z)jv (FVy.. Bt(z‘:,))‘)v(f("))!'/lg This involves substituting v,(H), as expressed

in (1.3.2) for example, into the series expansion (1.1.11) for U, ) 72 and examining each
of the terms arising. The detailed analysis of [1] shows that each term, upon normal
ordering, leads to two classes of terms: relevant ones (type I) and negligible ones (type
IT). The type I terms are exactly those put into normal order by commuting time consec-
utive pairs of reservoir variables, the type II terms account for all others. Following this
resummation it is shown that the type II terms give vanishing contribution in the limit
A — 0 while the explicit limit for the type I terms is calculated; uniform convergence is
established, the main technical device used here is one of various generalizations of the
Pulé inequality [3].

The independence of the noise processes for different frequencies follows from the next
two lemmas.

LEMMA 1. For each o', w € F let f, € K,» and S,,,T,,, S/, T € R then

T, /A2 T /A%
lim )\/ S;’fwdu,)\/ Sef dv
A—0 S, /A2 S’ /22

= 6u,w’ Z <X[Sw,Tw]a X[S’W,T’w]>L2(R)(fw|flw)w
wEF

= (Buwer(x(s,,1.] ® fo)l ®wrer (X571 ® fur) - (B.1)

Proof: The left hand side of (B.1) can be written as a sum over w,w’ € F of terms

(T 1 —u)/N? . s
lim du/ du'(f.,, 8 f' Netlw—ew/A"
A—0 ’“,/—-u)/)ﬁ
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By the Riemann-Lesbegue Lemma the terms w # «' vanish while the w = ' terms
converge by inspection to

(X[sw,Tw]ﬁ X[S’M,T’w]>L2(R)(fw|f/u;)w . o

w

LEMMA 2. Forn € N let f(k) € Kw,m(k) € R,SLk) < Tu(,k), for1 <k <n and each
T(l)
quu/ ; fS)dul)

w€F,
lim <<15F,B (
A—0
wEF

T
;A (Zaz ")A/ . 82 fMdu, )¢g> (B.2)
w€EF
exists uniformly for the x’s and [S,T]’s in a bounded set of R and is equal to
<¢§,W(éBwep(w&”x[Sy,T(n ®fIM) - W(Buep(z! )X[Sw i) ® ® f) ¢3). (B.3)
For a proof, see [10].

C. The quantum stochastic differential equation for U,

For convenience we consider only one coupling frequency w so that

H; =ik (D; ® Al(g;) + he., (C.1)

where we have dropped the superscript w from the operators. Also we shall consider only
the Fock (vacuum) case Q = 1. We define, for ¥, ¢ € Hg, G(t) € Hs by

. Gr(1) = Tr {9} (v| ® BE T (F@r)@rIBE R (AU}, (©2)

where the right hand side inner product is meant on Hgs ® I's(L*(R, K,,)): we know that
the limit limy_,q(¢’, Ga(t)) exists and equals

(v ® By (£, T)8, Urp ® By, T')83) (C3)
It is easy to show that this limit has the form (¢, G(t)) where ¢t — G(t) € Hg is weakly

differentiable. In order to obtain a differential equation for G(t) we note, that for fixed
A one has

& Gate = {16001 BE VIR I BE)

1 W
x5 > (D; ® AN(S{)29;) — DI ® A(St/,\zgj))Ut(/Az} D+ 5. (C.4)
J
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where

1 w, ! .
£ = yr{loile B R BN 0,0 41SeaUf | (©4

S\ = —;ﬂ{|¢><wt®3;7/§é*< )|ZR) (PR BE (F ZD DA(Sf)229;)U /} (C.4b)

Now

T/\?
/ (% F, 8% 20;)du( D!, G (1))

>

F,\:Z
R

where we have made the substitution u — t/A? = v. We see that for bounded D this
converges as A — 0 a.e. to

(T—t)/ 22
M, (SEha®DlnGa), (©3)

>/IP—‘

> xs.11(£lgs)w (DI, Galt)) (C.5a)
J
Next of all, the term =) must be reordered as follows

Ex = —% DT {101 ® BEAN (£)10R) (ZalBE30 (1) (D] © DUR (19 A(SE0)) |

3T {Ig Wl @ BN (1R @Rl B () (D] & DI @ AlSH,), UL}
7

=3¢+ 58, (C.6)

In a fashion similar to the calculation of I'y, one easily arrives at

lim 5§ = - ZX or(gilf)u(Dlw,GA(1)),  ae. (C.7)

To evaluate the limit of =%, we note that from (2.4.13)

[(1® A(S{3205)), USR]

(A [ [ [ a0 Az, ) i)

n=1

_ i (%) /Ot/Agdtl /Otl dtz-'-/otnvld {100® A(S373295)), Hi(6)]Hi (t2) -+ Hi (t0)

n=1
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+H(t1)[(1® A(Si/a2g;), Hr(t2) - Hi(tn)]} - (C.8)

It can be shown that in the limit A — 0 only the commutator involving Hy(t;) contributes.

Hence
% ra\"! /A% vty tno1
lim 53 = — =
;3% }LOZ(%) /0 dt, A dts /0 dt, x

D (822095 521900 Tr {16) (6] @ B3N (F)10R) (Pl BY3) (£) DiDxHi(ts) - Hiltn) }
ik

but this is the same as

L1 ¢ w w A
- lim %j /0 d5(S812203+ S2n290) DIDRULY, = (C.9)
2

~ lim X-fz / ds (S50, S gk (DAD;9, GA(D) = = D _(g31ax)*™ (¥, DI DG 1)),

.k
where we have used a technical lemma (6.3} of [1].
We now have

(9, 6(0)) = limy (1, G (1)) = (6. GO) + Jimy [ (12(6) + Zn(s))ds
— (.G / ds{me (1012(D]6,G16) = C 1 (11" (D166

- S gslge) e ¥, D;fpka(s»}. (C.10)

ik

Here we have written (g|f)*™ for (g|f)5; when @ = 1.
The quantum stochastic differential equation corresponding to this integral equation
is

dU, = {Z(Dj ® dBg!(g;,t) — D! ® dBg(9;,1)) — Z(gﬂgk)“’_D}Dkdt} U,. (C.11)
J 3.k

The generalization to @ > 1 and several coupling frequencies w is now obvious.

Aknowledgements

The authors acknowledge partial support from the Human Capital and Mobility pro-
gramme, contract number: erbchrxct930094. They also express their gratitude to Igor
Volovich for interesting comments.



ON THE STOCHASTIC LIMIT FOR QUANTUM THEORY 187

REFERENCES

[1] Accardi, L., Frigerio, A. and Lu, Y.G.: Commun. Math. Phys. 131 (1990), 537.

[2] Louisell, W.: Quantum Statistical Properties of Radiation, John Wiley and Sons, 1973.

[3] Pulé, J.V.: Commun. Math. Phys. 38 (1974}, 241.

[4] Davies, E.B.: Commun. Math. Phys. 39 (1974), 91.

[5] Haken, H.: Laser Theory, Springer, Berlin 1984.

[6] Lax, M.: Phys. Rev. 145 (1965), 111.

[7] von Waldenfels, W.: Ito solution of the linear gquantum stochastic differential equation
describing light emission and absorption, SLNM 1055 (eds. L. Accardi, A. Frigerio and
V. Gorini).

[8] Accardi, L., Frigerio, A. and Lu, Y.G.: The weak coupling limit (II): The Langevin equation
and finite temperature case, Preprint Volterra Centro, No. 13 (1989).

9] Accardi, L., Frigerio, A. and Lu, Y.G.: The weak coupling limit for Fermions, Preprint
Volterra Centro No. 12 (1989).

[10] Accardi, L., Frigerio, A. and Lu, Y.G.: The weak coupling limit without rotating wave
approzimation, Preprint Volterra Centro No. 23 (1990).

[11] Accardi, L., Frigerio, A. and Lu, Y.G.: Unified Approach to the Quantum Master and
Langevin Equations, Preprint Centro Volterra No. 69 (1991).

[12] Accardi, L. and Lu, Y.G.: On the weak coupling limit for quantum electrodynamics, in
Prob. Meth. in Math. Phys. (eds. F. Guerra, M.I. Loffredo, C. Marchioro) World Scientific,
Singapore 1992, pp. 16-22.

[13] Hudson, R.L. and Parthasarathy, K.R.: Commun. Math. Phys. 131 (1990), 537.

[14] Parthasarathy, K.R.: An Iniroduction to Quantum Statistical Calculus, Monographs in
Mathematics, Birkhaiiser, Basel 1992.

[15] Kittel, G.: Quantum Theory of Solids, John Wiley and Sons, 1963.

[16] N. N. Bogolubov and N. N. Bogolubov Jr.: Some Applications of the Polaron Theory,
World Scientific Lecture Notes in Mathematics, vol. 4, Singapore 1992.

[17} Sewell, G.L.: Quantum Theory of Collective Phenomena, Monographs on the Physics and

Chemistry of Materials, Oxford Science Publications, Oxford 1986.

] Collett, M.J. and Gardiner, C.W.: Phys. Rev. A 0 {1984), 1386.

| Messiah, A.: Quantum Mechanics, Vol. I, North Holland, 1961.

| Au, C-K. and Feinberg, G.: Phys. Rev. A 9 (1974}, 1974, and 12 (1975), 1772.

] Ford, G.W. and von Waldenfels, W.: Radiative Energy Shifts for a Nonrelativistic Atom.

| Accardi L.: Rev. Math. Phys. 2 {1990}, 127.

]



