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The principle of detailed balance is at the basis of equilibrium physics and is equivalent to the
Kubo-Martin-Schwinger (KMS) condition (under quite general assumptions). In the present paper
we prove that a large class of open quantum systems satisfies a dynamical generalization of the de-
tailed balance condition (dynamical detailed balance) expressing the fact that all the micro-currents,
associated to the Bohr frequencies are constant. The usual (equilibrium) detailed balance condition
is characterized by the property that this constant is identically zero. From this we deduce a simple
and experimentally measurable relation expressing the microcurrent associated to a transition be-
tween two levels €, — €, as a linear combination of the occupation probabilities of the two levels,
with coefficients given by the generalized susceptivities (transport coeflicients). Finally, using a
master equation characterization of the dynamical detailed balance condition, we show that this
condition is equivalent to a ”local” generalization of the usual KMS condition.

PACS numbers: 05.60.Gg, 05.30.-d,03.65.Yz,

I. INTRODUCTION

To understand non-equilibrium phenomena is one of the most important challenges of modern physics. The mono-
graphs [1-3] summarize the early developments in this direction and, after them, several endeavors were made by
many authors to construct a satisfactory description of non-equilibrium phenomena from the stand point of micro-
scopic physics (cf. e.g. [4-10]). As pointed out by many authors (see for example [10]), the most crucial difficulty
of the problem is that we lack a good characterization of non-equilibrium states whereas we have criteria for the
equilibrium case: detailed balance, the KMS condition, stability and so on. In the present paper, starting from some
physically interesting situations we deduce a general characterization of a class of stationary states which satisfy a
condition (dynamical detailed balance) generalizing the usual detailed balance and KMS conditions. For this purpose,
we apply the stochastic limit technique [11-15] to some concrete and widely studied models and show that this leads
to a natural generalization of both the detailed balance and the KMS conditions which characterizes a rather wide
and interesting class of non-equilibrium stationary states.

The first basic idea of the present paper can be described as follows. The most commonly used states in quantum
field theory are the Fock (vacuum) or Gibbs (equilibrium) states. When a field in such a state interacts with a
discrete system (e.g. an atom) in the stochastic limit one obtains a master equation for the system whose stationary
state is the ground state of the atom, if the field was originally in the Fock state; while it is the Gibbs state of
the system at inverse temperature (3, if the field was originally in its equilibrium state at inverse temperature g.
The systematic development of the theory of stochastic limit (see below and [11, 12]), has revealed that the above
described phenomenon is quite universal namely: for a large class of states (including many concrete examples which
are neither Fock nor equilibrium) the stochastic limit procedure allows to deduce master equations whose associated
Markov semigroups drive the system to a stationary state p., in the sense that, independently of the initial state pg,
one has

. t

Jm P, po = poo
(P! is the Markov semigroup acting on density matrices). This fact suggests to give a dynamical characterization of
ground (or equilibrium) states of the system (atom) in terms of their response to an interaction with the environment
(field) in the stochastic limit regime. This extends to the non-equilibrium regime the approach of [16, 17]. In fact,
from the above considerations it is natural to expect that the analysis of the stationary states of master equations
associated via stochastic limit to non equilibrium states of the environment, will lead to a new class of states, of
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discrete quantum systems, which should play for non-equilibrium phenomena, a role analogue to that played by Gibbs
states for equilibrium phenomena. In the present paper, we prove that this is indeed the case.

The second basic idea of the present paper is to exploit the main advantage of stochastic limit with respect to the
old Markovian approximation namely: the field degrees of freedom are not traced away, but they survive in the limit
as "quantum noise” (or master field). In particular, as shown in [14, 15], the slow degrees of freedom of the field
(e.g. the functions of the free energy of the field) survive in the stochastic limit. This allows us to define the energy
currents in a natural way and to study their dynamics, thus going far beyond the Markov approximation where one
only obtains the master equation for system observables and looses any control on the limits of field observables.

We will illustrate our ideas with two models: one is very well studied in the literature and consists of a system
interacting with two equilibrium thermal reservoirs at different temperatures. The master equation approach to this
model was discussed in [4]. As already mentioned, this technique cannot be applied to the problem studied in the
present paper, i.e. the dynamical study of the currents associated to the field because the field degrees of freedom are
traced away from the beginning. The second class of models is more general (see Sec.VI), because the field, with which
the system interacts is not in a usual equilibrium state, but in a new class of states in which, roughly speaking, each
frequency is at local equilibrium at its own (frequency dependent) temperature. Although states of this type have been
considered in studies of molecular kinetics, we do not know if these states have been experimentally realized. However
their structure, characterized by local equilibrium at energy dependent temperatures, is a natural modification of the
usual equilibrium states (see Sec. VII below) and we are confident that the inventiveness of experimentalists is rich
enough to allow their realization.

We briefly describe the general scheme of the stochastic limit technique for Hamiltonians of the form

H™N = Hy + \H; (1)

where X is a real parameter, Hy is the free Hamiltonian and Hj is the interaction Hamiltonian (see the concrete
example in the next section). The general idea of the stochastic limit approach [11, 12] is to introduce the time
rescaling

t—t/\? (2)
in the solution

Ut()\) _ eitng—itH(A) (3)
of the Schrodinger equation in interaction picture associated to the Hamiltonian H®, i.e.

d , .
i t()\) — _Z')\HI (t)Ut()\)’ HI (t) — ethg E[Ie—thg- (4)
The rescaling (2) gives the rescaled equation

d ) ) A
Ui = _XH,(t/AQ)Uf/;Z (5)

and the limit A\ — 0 (which is equivalent to A — 0 and ¢ — oo under the condition that A%t tends to a constant)
captures the dominating contributions to the dynamics, which, under appropriate assumptions on the model [12] is
shown to converge to the solution of

d
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EUt = —thUt, ht = )1\112) XH[(t/)\ ) y U(O) =1 (6)

Similarly one obtains the limit of the Heisenberg evolution

B O IO R g O N T
)1\1_>mOXt '_tht/AZ XUt/)\Z—UtXUt (7)

where Uy is the solution of (6) and X is an observable belonging to a certain class (slow observables, cf. Sec.III below

and [12]).
The main result of this theory is that the time rescaling induces a rescaling

1
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of the quantum field, defining the Hamiltonian (1), which in the present paper will be assumed to be a scalar boson
field: ([ak, ar’] = 6(k — k')) (the meaning of w(k) and Q will be described in next chapter) and, in the limit A — 0,
the rescaled field becomes a quantum white noise (or master field) b (t, k) satisfying the commutation relations

[bal(t, k), b}l,(t', k)] = 6. 2m8(t — t')6(k — K')d(w(k) — Q). ©))
Moreover, if the initial state of the field is a mean zero gauge invariant Gaussian state py(0) with correlations:
(afar) = N(k)3(k — k') (10)
then the state of the limit white noise will be of the same type with correlations
(b}l(t, koo (t', k")) = da.a2m0(t —t')6(k — k')d(w(k) — Q)N (k) (11a)
(ba(t, k)b}l,(t', k")) = b, 2md(t — t')o(k — K)o (w(k) — Q)(N (k) + 1). (11b)

It is now well understood that this scheme plays an important role in the analysis of the limit (7) when X is a
system operator. In Sec.ITI, we describe a new development of the stochastic limit which allows to extend this scheme
to a class of observables describing the slow degrees of freedom of the field.

The remaining part of this paper is arranged as follows: In Sec. II we consider a model which drives the system to
a non-equilibrium stationary state. It describes a quantum system put between two reservoirs at different tempera-
tures. By analysis of the reduced density matrix with stochastic limit, we show that this system has non-equilibrium
stationary state which doesn’t satisfy the detailed balance condition. In Sec.III, we apply the stochastic limit to the
slow degrees of freedom of the field. This allows to define the currents associated to these degrees of freedom and to
discuss their properties. In terms of these currents, we define the dynamical detailed balance condition which is a
generalization of the usual detailed balance condition. In addition, we show that in the linear approximation these
currents satisfy the Onsager reciprocal relations [18]. In Sec.IV, we investigate a master equation characterization of
this dynamical detailed balance condition, which corresponds to the well-known fact that the usual detailed balance
condition is characterized by the master equation which drives the state to equilibrium [16, 17]. Then in the next
section, we introduce the local KMS condition and prove that it is equivalent to the dynamical detailed balance
condition for the state. In addition, we consider another model in which the system interacts with an environment
whose state is non-equilibrium and satisfies the local KMS condition. We show that such states of the environment
drive the system to a non-equilibrium state satisfying the local KMS condition with a non linear temperature function
which is uniquely determined by the state of the field. Finally in Sec.VII, we summarize the contents of this paper
and discuss related topics.

II. DEDUCTION OF THE STOCHASTIC SCHRODINGER, LANGEVIN AND MASTER EQUATION

In this section, we consider a model in which the system is driven to a non-equilibrium stationary state by its
interaction with two non-equilibrium boson fields. This interaction is described by the Hamiltonian

H=Hy+ )\ Z Hp;, (X is a coupling constant.) (12a)
j=1,2
Ho=Hs+Hp, Hs=) ela)al, Hp= Z/wj(k)a;’,kaﬁk laj ks al, ) = 8;56(k — k'), (12b)
l J
Hi, = [ dk (g;j(k)Dja’, + g5(k)Dla; (12¢)
I; 9j ik T 9j 45,k c

where D; and D; are operators on the system space, a; ; and a; & are the annihilation and creation operators of the
j-th field (j=1,2) and g;(k) is a form factor.

The initial state of each field is a Gibbs state at temperature Bj_l and chemical potential p; with respect to the free
Hamiltonian (throughout the present paper we assume w;(k) — p; > 0 for all k as usual), i.e. the mean zero gauge
invariant Gaussian state with correlations:

(0l g a0) = 35N (ks B, )5k = K), - N(ki By, 1) =~

eBi(wi(k)—p;) — 1 (13)



The Schrodinger equation in the interaction picture is

d . .
ZUY = =iz UY, U = ethenitt (14)
where

Hi(t) = > e H e o

7j=1,2

>SS [k (gan(BEu(tm)al o O g (B (m)age D) (150)

)
j=12weF Im

giam (k) = g;(k)(@|Dlem), Eo(lm) = Y (& —wle){emler)ler — w) (e, (15b)
er€F,

F={w=¢ —¢€;€,6v € Spec.(Hg)}, F, ={e € Spec.(Hg); € —w € Spec. Hg} (15¢)

In the following, for simplicity, we assume that Hg is generic, i.e.

1) the spectrum Space Hg is not degenerate

2) For any w |F,| = 1, i.e. there exist a unique pair of energy levels €, €, € Spec.(Hg) such that w = €, — ¢
In such case, (15a) becomes

Hitt)= > > / Ak (g7 (k) Bual ot 07 1 g5 (k) Efa; e ()71 (16a)
j=1,2weF
where
9gjw(k) = gj(k)(a|Djlem), Ew = |e)(em|, for e, em st €m — e = w. (16b)

Giving an Hamiltonian such as (12) the stochastic limit technique proceeds in four steps:

1. Write the associated white noise Hamiltonian (WNH) equation (17).

2. The causally normally ordered form of the WNH equation gives the Stochastic Schrédinger (SS) equation (19).
3. From the SS one deduces the Langevin equation (e.g. (21) and (31)).

4. Partial trace of the Langevin gives the master equation (e.g. (22)).

In the following, we shall describe the results of these steps for our models and we refer to [12] for a detailed description
of the steps necessary to achieve these results.
Applying stochastic limit as explained in Sec. I, we obtain the white noise Hamiltonian equation

d .
ZUi==i Y Y (Ewbiw + Elbt:w) Uy (17a)
j=1,2 weF
where
N SV
bt:j,w = /dk g;:w(k)bt:j,w(k)7 bt:j,w(k) = )1\1_% Xe (w; (k) w)t/)\Zaj’k. (17b)

Notice that the state of the limit white noise will be of the same type as (13) but with correlations
(bz:j7w(k)bt';j'7w'(kl)> = 8;;10ww 2m0(t — )6 (k — k)6 (w; (k) — w)N (k; By, p15) (18a)
(bt;j7w(k)b—t‘-/:j/7w/(kl)> = 8;j10ww 2m6(t — )0 (k — K')6(w; (k) — w) (N (k; Bj, py) + 1) (18b)

The SS equation associated to the WNH equation (17) is

dU; = —i E,dBl,  +ELdB.j. —i(v-jwEJEL +1% ELE,)dt) U,. (19a)
75 »Js

7j=1,2



where
tdt tdt
dBi.j . = / brjwdr, dBJ;, = / bl . dr (19b)
t t
are stochastic differentials and satisfy the Ito table
dBt] WdBt] W’ 2(5]']‘/ wwlR€7_7j7wdt, dBt] det:j’,w’ = 2(5]']‘/ wwfRe7+7j7wdt (19C)
dtdBy.j ., = dByjwdByj . = dBf, ,dB]., , =dtdB], = 0. (19d)

The main physical information is contained in the generalized susceptivities (or transport coeflicients):

—i(N k, iy K +1
T / dk|gj,.(F)? ZEU_(wiJk)MJ_)io :

Bi(w; (k)—p;) ) 2 Bi(w;(k)—p;)
) 2_ € (1 o |9j,w (k)| €
W/dk lgj,0(K)] (o R =) lé(w](k) w) zP.P/dk w5 (k) — 0 B =) — 1 (20a)

o , o —iN (k; Bj, 1)
Y+jw = /dk|gJ7W(k)| W — (Uj(k) —50
' 2 1 ' . 1950 () [? 1
W/dk lgj,0(K)] (o R =) lé(w](k) —w) —iP.P [ dk w5 (k) — 0 B @) — 1" (20b)

For an operator X of the system space Hg, from the SS equation (19), one obtains the Langevin equation

a(vixv) = >3 [i (UfB., XUdB], , + U [BL, X|UdB, ;.
Jj=12weF

Ty U (BB, X|Us dt + Ty 5 Uf (BB, X]Us dt)
~Uf (Revy_ ;.o ({EoEL, X} — 2E,XEL) + Rev, .o ({ELE,, X} — 2EL XE,,)) U, dt} . (21)

The Langevin equation with the state for some operators of the field degrees of freedom will be discussed in the
following section (see (31)). Taking the partial expectation value of both sides of this Langevin equation with the
state (13), the master equation for the reduced density matrix is obtained:

d

Zps(t) = —i[A, ps(t
& pstt) = il ps()
1 1
= ST (BB ps(0) ~ BunsOBL) = 3 T (5 {ELEL ps(8)} ~ ELps(DEL ) (220)
weF weF
A=i Z Z (Im(7—7jw)Ele _Im(7+,jw)EwEl) (22b)
weF j=1,2
I'+. =2Re Z Yeiw >0, Txw=0 for w<0). (22¢)
j=1,2

The generator of (22a) has the standard GKSL form [19]. For the off-diagonal matrix elements pp,,, (t) = (ém|ps(t)|€n)
(m # n) we obtain

%pmn (t) = (ZAmn - Gmn) Pmn (t) (233’)

A n = Z (9_76m_el - 9_7671_61 - 9+7el_6m + 9""761_6%) ’ 9:':7“" = Im7q37j7w (23b)
l

I e.—¢ for e, > ¢

Iye—c,, for e, <e¢ (23¢)

Z mi+Tni) >0, where Ty = {
1



which shows that these elements vanish at ¢ — oo whenever G,,,, # 0, (V m,n).
The diagonal matrix elements p,,, (t) describe a classical birth and death process characterized by the equation

d
apmm (t) = - Z ((F_76m_el + F+,ez—6m)Pmm(t) - (F_7el_6m + F+76m_el)p” (t))
l

- Z (le Pmm (t) —T'in pu (t)) (243,)
l

T f | =
_ZAmzpzz, Apt = { 2 Tt for | 4 mn (24b)
l

le _ Re Zj:l,Q ’7_7j75m_€l

_m o _ Rer:l,Q V+.d.er—€m
Tim Re Zj:LQ Y+,5,€m—e

Lim  Re Zj:LQ T=de—em

(for €n >¢), or (for € > €n). (24c)

Notice that this quotient is universal in the sense that it does not depend on g; whenever in the interaction (12)
form factors g; do not depend on j (g; = ¢g). When the matrix A has a non-trivial eigenvector associated to the 0
eigenvalue, a stationary state exists. In addition, the convergence to the stationary state from any initial state pg(0) is
guaranteed under quite general conditions (cf. [13]). Notice, that the stationary solution of (22) satisfies the detailed
balanced condition, i.e.

pu L’
if and only if the coefficients I',,; satisfy
Priu ToTwa
— === Vm,Lk 26
T Trm T (26)

In the non-equilibrium case (26) is not satisfied. With this model given by (12) and (13), (26) is satisfied only in
some special cases (for example when both fields have the same temperature and chemical potential, or the system
has only one Bohr frequency).

In general, the stationary state of the master equation (22) can be described by the nonlinear temperature function

-1
BS(em) = 6_ log prmm >0 (27)

m

as

—Bs(Hs)Hs
ps = eT, 7 = trg (e_BS(HS)HS) . (28)

The state is Gibbs state the function 8s(Hg) becomes constant. This fact actually leads to the idea that a rather wide
class of non-equilibrium stationary states can be treated with such generalized temperature functions. This notion is
valid not only for the system but also for the state of the field. Indeed, in the Sec.VI below, we will consider another
model in which the system is driven to a non-equilibrium stationary state by an interaction with a non-equilibrium
field described by a generalized temperature function.

III. MICROSCOPIC CURRENTS AND DYNAMICAL DETAILED BALANCE

In the previous section, we have investigated the dynamics of a system interacting with fields in a non-equilibrium
situation and we have already remarked some important difference from the equilibrium case. However one can see a
more direct and crucial difference through the study of the dynamics of the field degrees of freedom.

A. Slow degrees of freedom and micro-current

In order to investigate the dynamics of the field, it is important to notice that some operators of the field degrees
of freedom, i.e. the slow degrees, survive even after stochastic limit. As we explained in the introduction, the rescaled



7

field operators aj and az become white noise operators denoted by b, (¢, k) and bl (t, k) whose commutation relation
is given by (9). Due to this fact we can intuitively say that the fast degrees of the field become noise (singular) in the
stochastic limit. However we can describe the time evolution of some of operators of the field in terms of the rescaled
time even after stochastic limit, and this approach gives us meaningful information on the original dynamics as well
as on the system operator. Since the stochastic limit is an asymptotic theory, mathematically we have to prove the
convergence of the dynamics and this has been done elsewhere [12]. In the present paper, we apply the theory to the
number operator in the model and discuss its physical meaning.

Let us sketch how to compute the time evolution of the number operator ny = az ax under the white noise equation

d

—U = =i Y (Bubl + Elb.) Us (29)
weF

We will illustrate the calculation only in the simplest (Fock) case. The more general states (10) can be reduced

to a linear combination of two independent Fock representations (cf. [12] section 2.18). The key formula to apply

stochastic limit to the number operator of the field n; = aZak is

bt K), ] = bt k) (k — ). (30)

The Heisenberg evolution of ny, after the stochastic limit is described by the Langevin equation

d .
= (ankUt) = i Y UHE.b], + Elbrw, nilUs

weF
=) (UtT (B (t, k) — ELby(t, k)) Ut)
weF
= -y (bl(t, k)U B U — UL E U (t, k) + (U], bl (t, k) ELU, — Ul E§[bu(t, k), Ut])
weF
S (bL(t, KU ELU, — Ul E,Uby(t, k)
weF
+i (10 (KU} ELELU: + 70 (kU BLELU: ) ) 8(w(k) — w) (31)
where in the Fock case
Yo (k) = g (K)[*. (32)

Taking partial trace ( - ) over the initial state of the system and noise we obtain the evolution equation of the mean
number of quanta

(Uil = 2§vw<k><UtTEleUt>6<w<k> W), (33)

This can be expressed in terms of the time evolution (under the master equation (22)) of the reduced density matrix
ps(t), ie.

%(ankUt> _ 2%6@(1{)—w)%(k)trs(Eleps(t))

23 6(k) — (em — en))trs ((B)lem) (emlps(t)) (34)

Em >€n

In the case of a general initial state described by (10), the computation is similar, and one get

i(ankUg = 2 d(w(k) — w)trs ((v-.w (k) ELE, — 1 w(k)ELEL) ps(t))

dt S

23 6@k) ~ (em — e)trs (Y- em—co B)lem) (eml = Ve (B)len)enl Jps (1)) (35)

Em >€n



where now instead of v, (k) given by (32) one has:
V—w(k) =1 (R)(NE) +1),  1.w0(k) =7 (R)N (k). (35b)

As the consequence of (34), once we obtain the time evolution of pg(t) by solving the master equation discussed in
the previous section, we find the time evolution of the number operator of field degrees of freedom.
In order to apply (34) to the model discussed in the previous section, we can consider the number operator for each

field. Defining n; ; = a;7kaj7k, we obtain

U0 = 2 30 0h) ~ ks (s (WEL B s ()ELEL) ps(0)
=2 3 oild) ~(em = e)trs (7 em—ens)lem)eml = Ve —cosslendlenl )ps(0))
S S =€) (T end )P (8) = Vi e gpn (8)) (360)
where o
Ve () = 7G50 (B) > (N (k5 Bjs 1) + 1), Vi w,i (k) = 7lgj.0(F) > N(k; Bj, 1) (36Db)

This time dependence of the slow of degrees of freedom of the field is due to the interaction with the system and is
a direct evidence of the existence of a family of currents passing through the system: one for each proper frequency
w = &m —&p > 0. To investigate these currents, let us define, for each ¢, > €,, the region €,,, in k-space, resonating
with the frequency wpn := € — €, which includes all k., such that

W(kmn) — (€m — €n) = 0. (37)
Then define the microscopic number current, associated to the frequency wy,, by:
d t
Tmn®) s = ([ dk (Ufn;00))
an

= 2(Rev— jiem—en Pmm(t) = ReVi jen—e, Prn(t)),

Jjmn: = 2 (RGV—,j,em—en Pmm — ReVy jepn—en Pnn), (in stationary state of the system)
(em_en_ll‘j)ﬁj
e _ e —u:)3: Pnn
= 2. 1— (em—en—p;)B; nn
Yimn Pmm clem—en—r)Br _ 1 ( e o (38&)

and similarly the microscopic energy current

d t
T = G( [k wsbing)

= 2(em — €n) (ReV—jiep—cp Prm (t) = ReVi jiep—en Prn(t))
JE o= 2(em —€n) (ReY= jem—en Pmm — ReV4 jem—en Pnn), (in stationary state of the system)

j,mn
(em—en—p;)B;
e _ e —u:)3: Pnn
= — . — (em €n—H )6 e
2(€m — €n)Vjmn Pmm cem—en—)Bs — 1 (1 e i)Bi pmm> (38b)
where
Vimn = W/ dk () em—en (K)|0(w; (k) — (em — €n)). (38¢)

The term microscopic here refers to the fact that we define one current for each atomic frequency. We see, from (38)
that in the stationary state for the system

ps(t) = ps

we have a constant flow of quanta from the field to the system.
The sum, over all m and n, of our micro-currents gives two macro-currents which coincide with those defined by
H. Spohn and J. L. Lebowitz in terms of the master equation [4]. In fact, as seen in (38), these currents can be



represented with the matrix elements of the reduced density matrix and the generators of master equation like they
defined (cf. also the formulas (41) and (42) bellow). However the micro-currents are essential to define dynamical
detailed balance and the fact that we started from the dynamics of the fields and deduced them gives a physical
interpretation to these currents.

Moreover our approach shows that in fact a much stronger condition is satisfied namely: for each Bohr frequency
w € F the mean micro-current relative to the frequency w = ¢, — €, is constant. This means that, for each w € F, the
flow of quanta from the modes of the field resonating with the frequency w (in the sense of condition (37)) is constant.
Thus the current of quanta in the field is split into a family of independent microscopic currents, one for each Bohr
frequency w. In the stationary state each of these microscopic currents is constant: we shall call this fact dynamical
detailed balance. This condition gives a simple and experimentally measurable relation expressing the microcurrent
associated to a transition between two levels €, — €, as a linear combination of the occupation probabilities of the
two levels, with coeflicients given by the generalized susceptivities (transport coeflicients).

The usual (equilibrium) detailed balance condition is the particular case of the dynamical one corresponding to the
case in which all the microscopic currents are zero. In fact in this case equation (38) is reduced to

tr(n n )
Pnn _ | >< |PS :eﬁj(em—ﬁn—ﬂj), Vi=1,2

)

prmtr(|m) (mlps )

for any k., satisfying condition (37). From this, by standard arguments, it follows that there exists a constant § > 0
such that

_Bem
€ —Be
B = B2 =P, PmmZZ—BQ Zﬁzze Pem
m

so that pg is the Gibbs distribution.
In the general case the dynamical detailed balance condition is

2 (R67_76m_6n7j Pmm — Re’7+76m_6n7j p"ln) = J]7mn (39)

This gives, for m >0

2ReY— e;n—co,j Pmm = 2ReYy e, —co,5 POO + Jjmo
or

Jj.mo

_ Re’y—‘r,em—eg,j
2Re’7_75m —€0,]

= poo +
Re’y_vem —€0,J

Pmm
Replacing this into (39) we find

R€7+ €m —€0,] J;j m0
2Re~_ _ . »€m —€0,J Js
Tem e [Re%,em—eo,j P00 T IRy er—eor
Re’7+75n_507j

Jjno ]
00+ 5= 20— | 1,
Rev- e, —eo,j P s

=2ReV4 e —en.i [ 2Rey j
—,En—€0,]

or equivalently

J _ 2 R67_76m_6n7jR67+76m_607j Re’7+75m_5n7jRe’y+75n_507j
Jymn = R - R Poo
67—76m—607j 67—76n—607j
Rev_ e, —c,..j Revy e
s€Em —€n,J +.€m—€n,J
ta im0 — o (40)
Re’y—7em—eo7j Re’y—,en—eg,j

which shows that, under the dynamical detailed balance condition, the intensities of the microscopic currents are
uniquely determined by the single sequence Jj 0.
The following identities make the physical meaning of the currents J; ,»(t) and JZ, (t) clear:

Z (Z Jjmn(t) — Z Jj,nm(t)>

7j=1,2 \n<m n>m

Im(t)

I
|
+
~
—_
Q)
3
~
=
Q)
3
S
w
—
~
S—
N———
—
W~
—
S—
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is the difference between the quanta emitted from and absorbed by the level €,,.

SRCCEED 9D DY O SEUED p/T)

m j=1,2 \n<m n>m

d
~Str(Haps (1)) (42)
expresses the fact that the variation of energy of the system is exactly balanced.

On the other hand, the behavior of each microscopic current Jj ,,, doesn’t always follow a naive intuition. For
example, even in the symmetric configuration of interaction (g1 (k) = g2(k) = g(k) and pu1 = p2), there are cases when
some micro currents flow backward (i.e. from the low to the high temperature reservoir), however it is impossible
that all micro currents flow backward. A sufficient condition that the total energy current

(E) = Z (Z Jl ,mn Z anm) = _JQ(E) (43)

nm n>m

is positive when the reservoir 1 is at lower temperature than 2 is that

Pmm

Pnn

<1, Vm>n, (44)

i.e. that there is no inversely populated state. In addition, if all Jq s, and Ja m, have opposite sign, the following
strong relation (Gibbs domination bound) holds:

e~ (em—en—p1)B < Pmm < e_(ﬁm—ﬁn_ll‘Z)BZ’ €m > €p. (45)
Pnn
However
E E
Jl(,n”)m = - 2(,nf)m (46)

is not true when the stationary state of the system does not satisfy the detailed balance condition (See (24), (25) and
(26)). In fact

Jl,mn + J2,mn = g Jj,mn
j=1,2

2 Z (R67_7j76m_6n Pmm — Re’7+7j76m_€n pnn)
7j=1,2

= I'mnpmm — L'nmpPnn 7& 0, (47&)
T + Jmn # 0. (47b)

In other words, these stationary current can satisfy (46) if and only if the stationary state of the system satisfies
the detailed balance condition. When the stationary state can be described with detailed balance condition, the
generalized temperature defined by (28) becomes constant which can be interpreted as the local temperature of the
system in between two fields. Thus this condition gives a characterization of those non-equilibrium stationary states
which are local equilibrium stationary states with current. We show an important example of such state in the
following, however apart from few trivial cases, to satisfy the detailed balance condition strictly is impossible in this
model as explained in the previous section. We consider the case where the detailed balance condition is satisfied
approximately, i.e. the linear transport regime.

B. Linear approximation, local equilibrium and Onsager relation

Here we show that the stationary current defined by (38) is consistent with well-known non-equilibrium physics
in linear regime. First we assume that the form factors in the interactions are the same for the two fields (g1(k) =
g2(k) := g(k)). This implies that the stationary solution is symmetric with respect to the indices 1 and 2. Now
consider a small variation of these parameters

+ +
60:¥7 08 =p1— P2, and Mo—'ul =

2 , o Op = o — 1 (48)
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and the first order expansion of the stationary solution in §3 and du. This gives

— B 9 B 0 _ dp_d p 9
Prmm ﬁlzﬁo"'é?ﬁ’ NlZNO_%& o (1+2661 2 082 26M1+26M2)pmm 61 = 0o, w1 = Ho

52250—6757 N2=N0+%ﬂ B2 = Bo, p2 = po (49)
~+higher order corrections
Using the symmetry (in 1,2) of ppm at 66 = du =0:
Oprmm _ Oprmm Oprmm _ Oprmm (50)

9By |Pr="00, mm=po 9By, |Pr=Po, ki=po’  Ju; |Pr=7Po, m1=po  Juy | P =700, w1 =po
B2 = Bo, p2 = o B2 = Bo, p2 = po B2 = Bo, p2 = po B2 = Bo, p2 = o

all the cross terms in (49) cancel and we obtain
Pmm| g — gy 4 98 = o — 3 T Pmm| B = B0y = po + (corrections of order > 2). (51)
52250—%7 li2=lto-i—§2’i B2 = Bo, p2 = po

Therefore as far as we consider JZ) up to the first order in §3 and du (linear transport regime) we can replace pmm
J,mn
in the definition (38) into
p~mm = Pmm B1 = Bo, w1 = o (52)
B2 = Bo, p2 = po

Using
) ) elem —en—p0)Bo ) )
Rev_1,e,—en — R&Y_2.6,0—er, = Ymn (658—% - 6M8—MO> S C——— + higher order correction (53a)
0 0 1 . .
ReVi1,em—en — ReV4 2,60 —en = Ymn (658—% - (ma—'uo) R C—— + higher order correction (53b)

T = [ g0 (PO — (e — ) (530)
kEQmn

we get (We denote the approximate currents J ](E772n)

- 1 /- -
J2—>1,mn = 5 (Jl,mn - J2,mn)
- o 0 e(ﬁm—ﬁn—uo)ﬁo . o o 1
= Tmn (pmm <6B8—ﬁ0 - 6M8—MO> elem—en—po)Bo _ 1 — Pnn <6B8—ﬁ0 - 6M8—MO> elem—en—p0)Bo — 1>

mn | ~ 65 8 e(em_en_lﬂ))ﬁo

Z Bo €m — en) elem—€en—po)Bo — 1
- (0B 9] 1
—Pnn (E(Cm — €n — MO) - (SM) 8(6m _ Gn) o(em—en—10)Bo _ 1:| (54)
J2E—>1,mn = (em - 6n)JQ—>1,mn (55)

In addition, if €,, > po > éu, by the equilibrium approximation

1 .
Pmm = 76_606m7 Z = Z 6_606m7 (563’)
Z m
one can see
F(E F(E (E
J2(—>)1,mn = Jl(,nf)m = _JQ(,n”)m 7& 0, (56b)

which hold the condition (46).

From this it is clear that, for the system S (say atom), the non-equilibrium effects appear as first order effects in
the currents (56b), but only as second order terms in the state. This suggests a theoretical explanation of both the
empirical success and the limitations of Kubo linear response theory.
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Let us show a relation [18] between the two currents Ji 9, and j1Q—>2,mn = j1E_>27mn — p0J1—2,mn, Which is the

analogue of the famous Onsager relation between the electric and heat currents in the conductivity problem. It is
only an analogy because the carrier of our currents is a Boson particle and not Fermion (electron). From (54),

j1—>2 mn an Lmn 6M0
. ’ = 57
[ J1Q—>2,mn :| [ Linn My éﬁ_ﬁ ( a)
where
) P elem —en—p0)Bo _ 0 1
Cmn = —Ymn | Prm —€n— ~ Prn Tt
8(6m — Gn) elem—en—10)Bo — | 8(6m — Gn) elem—en—po)Bo — 1
3 elem—en—po)Bo _ .
- Z:Z:m—oen—uo)ﬁo — 1)2 (pmm - Pnn) (< 0 when (44) hOIdS') (57b)
Lpn = _(Gm —€p — MO)an> Myn = _(em —€nt+ 'MO)QF’”" (57C)

or we obtain explicitly

8j1_>27mn _ 8°]1Q—>2,mn

@)

= Lmn> (58)
Bo
which is the Onsager reciprocal relation.

One can easily see that these currents produce positive entropy. Following [1], the entropy production with these
currents is given as

- - )
o: = [ <J1—>2,mn(_6/*‘) + J1Q—>2,mn6_f>
5 58\?
= BO _an(SMQ - 2Lmn6M_B + Mimnn <_B> ’ (59)
Bo Bo
and as far as (44) holds, since L2, + T'yn My = 0, 85 is positive for any (6, d3) except for
op
dp=08=0, Ou=(em—€n— to)—5 (60)
Bo
which imply jl(i)lmn = 0.

As is well known, Onsager reciprocal relation is understood as a consequence of microscopic symmetry of the
dynamics, based on the following two assumptions [18]: (i) There exists an intermediate time scale between macro
and micro dynamics. (ii) Average of spontaneous thermal fluctuation of the microscopic observable decaying is
described by macroscopic transport theory. Notice that both the above assumptions were deduced in our model from
the stochastic limit. (i) corresponds to the fact that the convergence to the stationary state of the system is described
in the rescaled time scale. This time scale is exactly the time scale used in assumption (i). Moreover what the
stochastic limit tells us is that the dynamics of the currents (or the transport coefficients) are given in terms of the
time correlations of the original field in the initial state. This is nothing but the situation described by assumption
(ii). In the context of derivation of the Onsager relation between heat and electric currents by linear response theory,
since there is no Hamiltonian which can describe the force generating a heat current whereas chemical potential can
be treated always dynamically, (ii) has to be required as assumption[20]. In the present paper, both temperature and
chemical potential are treated as parameters of the environment fields in the framework of the quantum mechanics
for a open system. Moreover one should notice that the current is described directly in terms of the dynamics of
the fields. It is also important to notice that the equilibrium state approximation (56) is not necessary to derive
the Onsager relation (58). Usually, Onsager relation is derived assuming a symmetric property of the microscopic
dynamics [18]. However as is discussed in the next section, this symmetric property is equivalent to the requirement
that the state is equilibrium (see below (71)). Our results prove that the Onsager reciprocal relation (58) can be
valid without any symmetry of the dynamics. Gabrielli, Jona-Lasinio and Landim illustrated such a possibility using
a classical, solvable and phenomenological model [21].
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IV. MASTER EQUATION CHARACTERIZATION OF DYNAMICAL DETAILED BALANCE

In the equilibrium case, it is well known that the detailed balance condition can be characterized by a generator of
the master equation of the system interacting with the environment [16, 17]. Given the dynamical semigroup which
drives the state to an equilibrium state

d .
=L o peg, (61)
where
tr (XL (pr)) = tr (p£(X)). (62)

The detailed balance condition or KMS condition for p., is characterized by the following equations [17]:

tr (peg LT (A)B) := tr (peqAL(B)) forall A, B (63a)

L(X)— LY (X)=2i[H,X] (H=H'") forall X (63b)

In this section, we prove a generalization of the above characterization to non-equilibrium stationary states in terms
of the dynamical detailed balance condition defined in the previous section.

We consider the forward and the backward Heisenberg evolution of a system operator X, i.e. (cf. [12] Chap I,
section 1.1.29)

jéF) (X) := UtTXUt for t >0, jéB) (X) = U—tXUL: for t<0 (64)

where U, is the time evolution operator in interaction picture. After stochastic limit and in the notations (17), (23),
these lead to the master equations for observables

SUPCO) =18, 6]
-3 (1o (B G 00N - ELG ().
#or (5B U () - B C0MEL) )
— L(GI(X)), for t>0 (65a)

LBy = A, )

# 30 (e (GUBLE G (X0} - ELGE (01 )

weF
#ur (5UBLEL U (0N - B (x)EL ) )
—  —Lp(([P (X)), for t<o0. (65b)

where (-) denotes partial trace of the field degrees of freedom. Through (62), the dual master equation (22) (for
density matrices) is written as

Cpslt) = Lps(t), 120, (66)

Similarly, we introduce a master equation associated to Lp as

d .
05 (1) = —Lpp” (1), £ <0. (67)

Both master equations have the same stationary state pg (see (23) and (24)).
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As easily seen from (65), with A = AT given by (23) one has
L(X) - Lp(X) = 2i[A, X]. (68a)

By direct computation we obtain the deviation from the symmetry condition tr(pszL(y)) = tr(psLp(x)y) which
characterizes equilibrium:

tr (ps XL(Y)) —tr (psLB(X)Y) = Z XuYmm (pu(C—i—e + T epi—er) = Pm (L= epi—e; + Tt c1—e)

Im
= ZXzzYme(Gz —€m)(J1,im + J2,im) — 0(em — €)(J1,mi + J2,mi) (68b)
Im
where
Xy = (alXler), Ymm = (em|Ylem), pu = (alps|er).- (68c)
Choosing
X = lea)(ea|l = Pa, Y = |ep)(er] =: Py, (69)

(68b) becomes
tr (pSPaﬁ(Pb)) —tr (psﬁB (Pa)Pb) = 9(6a — Gb)(Jl,ab + J2,ab) — 9(61, — ea)(Jl,ba + J2,ba)- (70)

The left hand side describes the balance between two processes: transition from |e,) to |ey) and its converse in
stationary state ps. Thus (68) (or (70)) is a characterization of the dynamical detailed balance condition discussed
the previous section. Remember usual detailed balance condition is characterized by (63) which is the case when the
right hand side of (68b) is identically zero.

Notice that ps is an equilibrium state when Ji ympn + J2,mn = 0. Let us remark again that as far as linear ap-
proximation is concerned, ijn = jgmm = 0 is not necessary to realize an equilibrium state jeq (the equilibrium
approximation (56)) which follows the condition (63) up to the first order (see Sec.IIIB). In this case,

tr (Peq XL(Y)) = tr (Peq L(X)Y) = tr (pegXL(Y)) — tr (feg L(X)Y)
~ 0 (71)

and it is exactly the symmetry of microscopic dynamics assumed in the original derivation of Onsager law[18].

V. LOCAL KMS CONDITION

The KMS condition is known to be a characterization of equilibrium states equivalent to the detailed balance
condition. In this section, we prove that a generalization of the KMS condition which characterizes the state described
with the dynamical detailed balance condition.

First, we introduce a generalization of the KMS condition which distinguishes between those general density matrices
which commutes with a given discrete Hamiltonian and those which are function of the given Hamiltonian. This
condition, which we call local KMS condition in the sense of energy space, can describe states with mode-dependent
temperatures

Given a discrete spectrum Hamiltonian Hg:

Hs = ZGPe , P.=|e)le] , Hgle) =ele) (72)

For any complex valued Borel function f : R — C the map x — e**/(Hs)ze=itf(Hs) is defined by the spectral theorem
and one has

2(t) 1= et (Hs) ge—itf(Hs) — Zeit(f(e)—f(e’)) P.aP. = Z e Bl (x) (73a)
€,€’ dEBy
where
Bj :={f(e) — f(¢'); Ve, '} , El(z):= > P.zP.. (73b)
et (&)= f(e')=5

For such Hamiltonian Hg the following theorem holds:
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Theorem 1. For a density matriz p and the corresponding state ({ - }) the following are equivalent:
(i) There exists a real valued Borel function 3 : R — R such that exp —3(Hg)Hg is trace class and

p= %e‘B(HS)HS (74a)

(ii) There ezists a real valued Borel function 3 : R — R such that exp —B(Hs)Hs is trace class and p satisfies the
following local KMS condition with respect to the Heisenberg dynamics x — e'tHs ge=Hs

Va,y,t,  ((zy(t +iB(Hs)))) = (y(t)z)) (74b)
where the meaning of y(t +iB(Hg)) is given by (73a).

Proof.
(74a) = (74b).

({ay(t +iB(H))) = tr (pae™ PUHHs y () tAUHNHS ) %tr (we 2Dy (1)) = tr (y(t)zp) = (W) (75)

(74b) = (74a).
(74b) means that for all z,y and for all ¢

tr (&7 U)oy () IS pr) =t (py(t)a) (76)
Therefore for all y and for all ¢
e—B(Hs)Hsy(t)e+6(HS)Hsp = py(t) (77)

or equivalently, putting ¢ = 0 and replacing y by ye #(Hs)Hs

e PUHS)Hs gy — peB(Hs)Hsy, (78)
hence, putting y = 1
ePUHS)Hs ) — ;oB(Hs)Hs (79)
(78),(79) imply that, for all y
yePHs)Hs  — oB(Hs)Hs 5, (80)
and this implies that, for some scalar A
eﬁ(Hs)Hsp = (81)
Since tr(p) = 1, (81) implies that
p= %e_B(HS)HS_ (82)

(Q.E.D)
Notice that when 3(Hg) = 3 (constant), the state (74a) is the Gibbs state at temperature 3~ and (74b) becomes

the KMS condition.

We shall prove that this local KMS condition (74) is equivalent to the dynamical detailed balance condition (68).
To avoid infinite-valued functions, we assume that all the p; are strictly positive and we represent the stationary
solution pg of (66) and (67) in the form

1 1
pg = Ee BS(HS)HS’ Bs(e) = _e—llogp”. (83)

For such state the following theorem holds:

Theorem 2. The dynamical detailed balance condition (68) holds if and only if the local KMS condition (74) is
satisfied.
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Proof. (74) = (68).
Appling the local KMS-condition (74) to this state, we get

((AB)) = ((B(—iBs (Hs))A)), (84)
In addition in the notations (17), (23) and using relations
A(-ifs(Hs)) = A (85a)
B, ., (—iBs(Hs)) = 665(6")6"_BS(GM)6mEem—en, Ezm_en (—ifBs(Hg)) = eBS(GW)em_BS(G")G"Ezm_%, (85D)
we obtain
(X[A,Y]) = (XAY — A(=ifs(Hs))XY))
= ((XAY — AXY))
= (([X,A]Y)) (86a)
((X{Ezm—en Eem_6n7 Y}>> = ((XEzm—en Eem_enY + XYEZ-m—en Eem_6n>>
= (XE! _ Ee,-o,Y +El _. (=iBs(Hs))Ec, —c,(=ifs(Hs))XY))
= ((XEzm—en Eem_enY + Ezm—en Eem_enXY>>
= ({X Bl e, Bep-e, }Y)) (86b)
(XEl _. YE., ) = e’sabtslmenip, _ XE! _.Y)) (86¢)
(XEe, -, YE! _.)) = elstmem=fsten(pl  XE,, _.,Y)). (86d)
Now let us define Eg by the relation:
(L&(X)Y)) = ((XL(Y))) (87)

for £ given by (65a). Notice that we are defining Eg not only in equilibrium state but also in the non-equilibrium
stationary state which is described with the local KMS condition (74), unlike (63a). Using relation (86), we find
(W=¢€m —€n)

, 1 1
£500) = ~i(a,X] = X (0o (BLEL X}~ BLXE, ) + T (G{BLEL X} - BXEL) )
weF
+ Z ((F+7weﬁs(6m)6m_ﬁs(en)en _ F—,w)EI,XEw + (I‘_7weﬁs(6n)6n_ﬁs(em)6m _ F+,w)EwXEI,)
weF
= EB(X)+ZfIw(X) (88a)
weF
M,(X) = (04 pefstemlen=bsleen 7 VETXE, 4 (T_  efslen)en=Bslem)en 1, VB, XE] (88b)
(87) and (88) mean
(XLY))) = (La(X)Y) + D (L(X)Y)) (89)
weF

and

7
/:\>
£
>
3
I

Ztr

weF weF

((F+7weﬁs(6m)6m_ﬁs(en)6n _ F—,w)EI,XEw

e—Bs(Hs)Hs
(—7—

+(F_7weﬁs(6n)6n_ﬁs(em)6m _ F+,w)EwXEI,) Y)

= Z (XnnYmm (F—i-,em—enpnn - F—,em—enpmm)

€m,€n

+Xmm Yon (F_76m_6npmm - F+,em—enpnn))
= Z XnnYmm (F—i-,em—enpnn - F—,em—enpmm + F—,en—empnn - F+,en—empmm)

€m,€n

= Z XnnYmme(en - 6m)(Jl,nm + J2,nm) - e(em - en)(Jl,mn + J2,mn) (90)

€m,€n
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(89) and (90) is exactly the dynamical detailed balance condition (68).
(68) = (74).
Following (84)~(90) conversely, we see that the dynamical detailed balance condition (68) implies
tr (psXL(Y)) = tr (pseﬁs<HS>HS£(Y)e—BS<HS>HSX) , VXY (91)

For off diagonal type operator

Z mn|6m enl

m#n
there exists Y such that

LY) =7 (92)
and putting § = e®*Hsye~"*Hs (y is also off diagonal type) we get

(pSXeltHs —1tHs) = tr (pseﬁs(Hs)HseitHsye—itHse—Bs(Hs)HSX) , v X.
or

tr (ps Xy(t)) = tr (psy(t +iBs(Hs))X), VX (93)

In addition, since p; is diagonal, (93) is always satisfied with any diagonal type operator y = >, Crum|€m)(€m| also.
Therefore, (93) is always satisfied with any operator X and y.
(Q.E.D)

Notice that since

= Zﬁw(l) 7& 0

w

in the non-equilibrium case, Eg cannot be a generator of any dynamical semigroup whereas Lp always exists as
generator of dynamical semigroup. This is also one of the particular properties of the non-equilibrium state. In an
equilibrium case, as we have seen Gs(x) become a constant 8 which is the same inverse temperature of the environment
fields, and the equality 'y ,/T'_ , = e B-(em—en)holds, i.e. 1L, (X) = 0 which implies Lp = Eg.

VI. INTERACTION WITH NON-EQUILIBRIUM FIELD

In the previous sections, we considered the non-equilibrium stationary states of a system driven by two environments
at two different temperatures and we discussed several characterizations of such states. In this section, applying these
characterizations to the state of the environment, we consider a system interacting with an environment in local
equilibrium. (On the local KMS condition for the field degrees of freedom, see the next section.) One will see not only
that the stationary state of the system driven by such non-equilibrium environment can be characterized as for the
previous model, but also that interesting non-linear effects due to the interaction with non-equilibrium environment
exist whose physical meaning is different from the previous model.

We consider a system interacting with a single boson field whose state is described by a generalized temperature
function. Technically, the analysis of the model can be done in the same way as the previous one. Instead of (12) but
similarly, the Hamiltonian

H = Hy+ AH;, () is a coupling constant.) (94a)

Hy=Hs+Hp, Hs=Y eala)lal, Hp= /w(k)a;ak [a, al,] = 6(k — k'), (94b)
l

Hy = / ak (g(k)Dal +g*(k)D'ay.) (94c)
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On the other hand, we assume that the initial state of the field is a mean zero gauge invariant Gaussian state with
correlations:

1

fooy Y -
lagar) = N(k)o(k — k), N(k) = —omom 1

(95)

where B(w(k)) is some positive function. This is a natural generalization of the Gibbs factor to which it reduces when
B(w) is constant:

Blw) = B. (96)
Exactly in the same way as in the previous argument, one can derive the white noise Hamiltonian equation
d : i t
SU==iy (Ewbt:w + Ewbt:w) Uy (97)
weF
where
1 .
brw = / dk g2 (k)b (k), b (k) = lim Semiwi k) =)t/ N, (98)
—

The state of the limit white nose will be of the same type with correlations

(b, (R)brrsr (k) = B 270 (t — t')3(k — k') (w(k) — w)N (k) (99a)
(bt:w(k)bz,:w, (")) = bupw2md(t —t')o(k — k' )0(w(k) — w) (N (k) +1) (99Db)
Finally we obtain the master equation (22) but with different parameters
A=i Z (Im(V—w)Ele - Im(’V-‘rw)EwEl) (100a)
weF
Il'tw=2Revy$, >0, (Tgo=0 for w<O0). (100Db)
where
_ 2 ZHNV(K) +1)
Voo = /dklgw(k)l o —w(k) =0
B(w(k))w (k) 2 eBwk)w(k)
_ g € . |gw(k)| €
- w/dk 190 0w (k) — @) —zP.P/dk s (1000)
_ 2 —iN(k)
T+w = /dklgw(k)l w— w(k) — 40
_ 2 1 . |gw(k)|2 1
- w/dk 0.0 i — o) — ) — PP [ ak SO ot (oo

As in the previous model, the off-diagonal elements vanish when G, # 0, (V m,n) which is defined in (23c). In
order to see if the stationary state can violate the detailed balance condition or not, let us check condition (26). With
direct computation we find

Tr

ll — e+6(€m—€l)(5m—el) for €Em > € (1013)
Flm

Tr

ﬂ — e—ﬁ(ez—em)(ez—em) for €m < € (101b)
Flm

Let us remark this fraction does not depend on the structure function g(k) unlike the previous model, however it can
violate condition (26) due to the generalized temperature function S(w), i.e.

Pt Tk Tt

—mt _mk 102
TPin " Tem ik (102)
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except for the constant temperature case (96).

Let us show a typical example of non-equilibrium effects due to the generalized temperature function. To realize the
stationary state with non-detailed balance condition at least, two Bohr frequencies (three level system) are necessary.
With a generic 3-level system, whose energy levels are given by €1 < €5 < €3 and €3 — €3 # €5 — €1: the concrete form
of the matrix A in (24) is written as

F+,62—61 + F+,63—61 _F_762_61 _F—763—61
A= _F+762_61 F_762_61 + F+,63—61 _F—763—62 (103)
_F+,63—61 _F-i-,es—ez F_762_61 + F—,es—ez

and one can directly see that its eigenvalues are

A=0, f > 0, (1043,)
b = Fhe—a t Tt g-a ettt cga+tT—a-c (104b)
c = F+,eg—elr+,e3—eg + F+,eg—elr—,e3—61 + F+,62—61F—,63—62 + F+,63—61F—,62—61 + F+763—61F+763—62
+F+,63—61F—,63—62 + F—,62—61F—763—61 + F—762—61F—763—62 + F+763—62F—763—61 (104C)
and the stationary state
1 X Y
Pl = T v v~ P2= T v v P3B T T v v (1053’)
1+X+Y 1+X+Y 1+X+Y
where
% _ F_763_61F+762—61 + F—,e3—ezr+,ez—61 + F+763—61F—763—62 — X (105b)
P11 Il e M gme T ges + T e -
@ — F+763—61F—752—61 +F+753_52F+762_61 + F+763_61F+’63_62 =Y (105C)
P11 F—,63—62F—,62—61 + F—,63—61F—,62—61 + F—,63—61F+,63—62
P33 — Iyl b t el esmes + T e[ e5—en =7 (105d)

P22 F—,63—61F+,62—61 + F—,63—62F+,62—61 + F+,e3—61F—,63—62

When (26) is not satisfied, the above solution does not satisfy the detailed balance condition. Notice that in this case
the detailed balance condition is equivalent to

§:=0(e2 —€1)(e2a —€1) — Bles —e1)(e3 —€1) + B(es — €2)(e3 — €2) = 0. (106)

Let us remark that the physics of this model can be different from the previous model. For example, taking (e;|D|e2) =
0 (so as 'y ,—¢, = 0) for simplicity, the above quotients become

P22 _ el e — ePles—e2)(es—ez) o —Bles—er)(ez—e1) . x (107&)
P11 F—,e3—61F+,63—62

ps _ Dhemar _ o Bles—ea)es—a) o 1, 28 Dhae _ —pla—a)e-a) g (107b)
pll F—,63—61 p22 F—,63—62
and X is larger than 1 when

€2 — €1

B(es — €2) > Bles —€1) (108)

€3 — €2

Thus, for such temperature function 3(x) the stationary state satisfies paa > p11 which means that 2 is a so-called
inversely populated state.
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Here, we focus on the current passing through the stationary state and discuss the non-linear effects. For simplicity,
we discuss the case of a three level system. In this case (€1 < €2 < €3), with direct computation we obtain

Jm © = / dk(U nxUy)
an
Bez—e1)(e2—e1)—B(es—e1)(es—e1)+B(es—e€z)(es—€2) _ |
= (—1)mtnt c I (109a)
(65(62—61)(62—61) — 1)(66(63—62)(63—62) — 1)(1 — 6—6(63—61)(63—61))
T, = / dkw (k) (UfneUy) = (€m — €n)Jimn (109b)
an
I = |(ex|Dle2)|? / dk |g(k)|*3(w(k) — (e2 — 1))
IS
X |{ea|Dles)|? / dk g(k)|6(w(k) — (e3 — €2))
k€Qs2
x |(es|Dler)|? / dk g(k)[*6(w(k) — (e3 — €1)) (109¢)
keQs1
Notice Jéf) and JS(QE) have same (and Js(f) has opposite) sign. In addition
B = =)+ 7)) (110)

and the sign of each currents depends on

§:=P(ea —€e1)(ea —€1) — Bles —€1)(e3 —€1) + Bles — €2)(e3 — €2). (111)

In the case & = 0, all currents vanish. Especially, when the function is a constant 3 (i.e. the initial state of the field
is an equilibrium state with temperature 371), this is easily understood with the fact that the state of the system
converges to the equilibrium state at the same temperature without any stationary currents. Notice that even within
the linear approximation up to order d, there is no local stationary state (with currents) which satisfies the detailed
balance condition, unlike the previous model. In this model, the existence of currents always implies the deviation
from the equilibrium.

Now let us see some interesting properties of the currents (109). In the case § > 0, we obtain from (109)

ISP 7B S0, and JE <. (112)

As clearly understood from the definition of the currents, the relation (112) is describing the process that a field
quantum with energy €3 — €1 is converted into two quanta with energy e — €; and €3 — €. On the contrary when
0 <0,

I g <0, and JE >0 (113)

and this can be interpreted as a process from two quanta to one quantum. There are interesting analogies of these
processes with parametric downconversion and second harmonic generation in non-linear quantum optics[22]. They
are considered as opposite process of another. In our model, the direction of the process depends on the generalized
temperature function S(w) which is a parameter of the initial state of the field. This phenomenon can be understood
as the fact that through interaction with a non-equilibrium field the system can have such a function, which is an
example of dissipative structure in the Prigogine sense [1].

VII. DISCUSSION

In conclusion, let us further comment on a few related topics.

1) On the irreversibility and unitarity of time evolution.

As we discussed in Sec.III B, we can see irreversibility in this model through the entropy production (59) due
to the stationary currents, which should be considered as processes involving the total system including the
environment. On the other hand, the time evolution operator of the total system U; is unitary in the sense that

UlU, =UUf =1, t>0, (114)



21

which is easily checked by putting X =1 in (21). These statements might seem to be contradiction. However,
one should notice that the appearance of irreversibility has nothing to do with the unitarity of U;. When the
temperatures of both environments are the same, it is known that the unitarity condition (114) is required
to realize a physical fluctuation-dissipation relation or a correct equilibrium stationary state [12]. Moreover,
when we speak of macroscopic phenomena like entropy production, we need a good procedure to extract the
proper degrees of freedom to discuss them. Since there exist same macroscopic states which are distinguishable
microscopically from each other, not all microscopic degrees can be employed to discuss macroscopic properties.
Indeed, the entropy production (59) is discussed in terms of what we call slow degrees of freedom, and the
stochastic limit can be considered as the procedure of extracting the proper degrees of freedom. In other words,
we extract information from the total dynamics as slow degrees which can describe the macroscopic phenomena.

2.) Local KMS condition for field.
A possible formulation of the local KMS condition for the field is the following.
Definition 1. A state (-) on the polynomial algebra ay, az, is said to satisfy the local KMS condition with

temperature function 3 : R? — R if, for everym, n €N, e1,...,6n, N1, - -, Mm € {0,1}, and with the convention

20 =2t, 2! = & for any operator x, the following identities hold in the sense of distributions.

(@ (0)...al™ (0)as” (t +iBh, )ay" " (t +iBn,_,) - .. a5 (t +ifn,))

= (ay" (t) ... a3} ()ag  (0)...al"(0)). (115)

Lemma 1. Define the local inverse temperature function by

600 = (1o 240 ) 2 (116)

m(k) ) wi
where
eBwk
(avaly) =t m(k)O(k —K) = S5 = (an(k) + )3k~ ¥) (117)
(g = —1 for Bosons and ¢ = +1 for Fermions). Then the local KMS condition is satisfied by the 2-point
functions:
(ax(0)al, (t +iB(K))) = (a}. (t)ax) (118)
(ak (0)ar: (¢ +iB(K"))) = (ar ()a}(0)) (119)

Proof. In the above notations, one has

(ar(0)af, (t + iB(K"))) = e THPEDwr (g a1 ) = e=AEDww itnr (g, of )

- % n(k)3(k — k') = " m(kK)5(k' — k) = ¥ (af ax) = (al, (t)ax)

and this proves (118). In a similar way one verifies that (119) holds.

Proposition 1. If the state (-) is mean zero gauge invariant and Boson Gaussian then condition (115) is
satisfied.

Proof. By Gaussianity both sides of (115) are reduced to weighted sums of pair correlation functions. Since
in both sides of (115) we can distinguish the (h, e)-terms from the (k,n)—terms and since the pair correlations
preserve the order, there will be 3 types of pair correlations: (i) those of type (h, k), (ii) those of type (h,h),
(iii) those of type (k, k).
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In case (i), due to gauge invariance, the only none zero combinations are of the form (aa') or (afa) so we can
apply (118) and (119).

In case (ii) the terms are already in the correct order.

In case (iii), again by gauge invariance, the only possibilities are

(ah (t + iﬁh)a;, (t + iﬁh,)) — o~ (t+ifr)wn Gi(t+ify Jwp (aham

_ eit(wh/—Wh)JF(Bhwh_Bh’wh’)6(h — h')

= (a},(t)an (1)) (120)

and similarly for the other term.

Since in the Boson case the weight of each pair partition is equal to 1, after the replacements (118), (119), (120)
the pair—partition expansion of the left hand side of (115) becomes the pair—partition expansion of the right
hand side.

The validity of the local KMS condition for more general Gaussian states as well as for quantum Markov states
is now under investigation.

3.) The generalized temperature function and its thermodynamics.

On the description of the generalized temperature function S(H), R. S. Ingarden, A. Kossakowski, M. Ohya,
T. Nakagomi have discussed similar idea in the context of information theory [23]. They introduce a system
described by the density operator

1

szeXp _;ﬁjH] , B >0 (121)

and discussed possible generalization of thermodynamics for structured complex systems (e.g. biological system)
including bifurcations, catastrophes and self organization. As mentioned in their book [23], their phenomenolog-
ical idea is in the line of thought of synergetics by Haken [24]. In the present paper, we explained the microscopic
origin of such states and their physical meaning through the dynamical detailed balance condition. Through the
local KMS condition a general classification of such non-equilibrium states became possible. We believe that
our approach gives a good insight to generalization of thermodynamics in this direction.
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