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Abstract. This article introduces the notion of Mean Quanium Sojourn Time [or a Quanium
Dynamical Semigroup acting over an arbitrary von Neumann algebra. This notion is used to
analyze the asymptotic behaviour of the underlying dynamics and allows one to include, as a
particular case, earlier classification of slates obtained in scattering theory. Furthermore, certain
connections with convergence towards an equilibrium, as well as with spectral-type measures, are
studied.

1. Introduction

This article is aimed at analyzing the asymptotic behaviour of a quanturn dynam-
ical semigroup by estimating the average time (the upper Cesaro limit} spent by
its flow on a given state. This idea goes back to Ruelle (see eg. [8], [9]), among
others, and it has been developed in the particular framework of scattering theory
for closed systems, the so-called Enss method.

Taking as a starting point the notion of a quantum dynamical semigroup, which
has revealed to be wel! adapted to model both, open and closed quantum systems,
we provide a comparison and an extension of earlier results of Perry [6] and Pearson
[5] regarding the classification of pure states for a given hamiltonian dynamics. We
choose the general setting of a von Neumann algebra A to extend former classifica-
tion of states under the action of a given semigroup. The earlier results depended
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on a given filter of projection operators in"A. This filter-dependent classification is
also given in our framework, however we develop a new weak classification for the
states of .A. We show that in the case of the algebra of all bounded operators on a
given Hilbert space, the weak classification does not depend on the choice of spe-
cific filters of projections. This provides a more intrinsic classification of guantum
dynamics.

Moreover, asymptotic invariance of a given state with respect to the semigroup,
as well as the relationship of the weak classification with spectral-type measures
are also investigated.

1.1. SETTING THE BASIC FRAMEWORK

Throughout this paper we assume that A is an arbitrary von Neumann algebra on
a Hilbert space . Then A, denotes the cone of ail positive elements from 4. We
recall that if (X,) is a uniformly bounded increasing net of positive elements in
A, then (X,) has an upper bound X € A.. A functional f on A4 is called normal
if f{Xq) = sup, f(X,). The predual A, of A is the subspace of A* consisting
of all o-weakly continuous functionals of A. Then a positive functional f € A~
is normal if and only if f belongs to A, (see eg. [1] Lemma 2.4.19.). For such a
normal element f of the predual there exists a trace-class operator p; such that

fIX) = tr(psX), (1.1)

for all X € A.

A state I7 is a positive functional which satisfles E(/) = 1, where [ is the identity
operator on the Hilbert space #. Hencefurth we assume that all the states F to
be considered within this article are normal. Thus given a normal state E ¢ A,
there exist a density matrix pg, that is a positive operator of unit trace for which
1.1 holds.

Therefore, under the above correspondence we shall identify the density matri-
ces with normal states.

Giver a subset F, of A, we definc §(F.) to be the convex cone of all the convex
linear combinations ol states belonging to F.. In particular, we have that S{A4.)
is the set of all normal positive states. Hence, according to ocur aforementioned
setting, we have that §(A.) C A..

In the subsequent sections we assume that # is a separable complex Hilbert
space with scalar product {-,-) assumed to be linear in the second variable. The
von Neumann algebra of bounded linear operators on # is denoted by B(#H) and
its predual, the space of all trace class operators is denoted by Z..(H).

The adjoint of an operator X is denoted by the standard X~. We introduce a
weak order on A as follows: X <, Y if and only if trpX < trpY for all states p,
(X, Y e A).
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1.2, QUANTUM DYNAMICAL SEMIGROUPS

DEFINITION 1. A quentum dynamicel semigroup on A is a lamily v = (us);ng of
operators on .4 with the following properties: B

. upl{a) = a, for all & € A,

tUts{a) = ug (usfa)), for all 8,4 > 0 and all @ € A,

. uy 1s completely positive for all £ > 0,

= Wy

. up 15 o-weakly continuous for all ¢ > 0,

(34

. The map ¢ — u,(a) is continucus with respect to the o-weak topology on A,
for every a € A.

According to (1.1) a quantum dynamical semigroup (u:)¢»0 induces a natural
action (t.¢)1>0 on the predual algebra, defined by

w (FHX) = flu(X)) = tr{ppu(X)) (1.2)

for all f ¢ A,, and X € A. Moreover, the element w.(f) can be identified with
the corresponding trace-class operator p,,,(py Which, for brevity, will be denoted
by w.e(ps). This shows that a given dynamics u; indeed defines a dynamics w., on
the space of trace-class operators.

We denote by £{A) the set of all guantum dynamical semigroups defined on
the algebra A.

1.3. EVOLUTIONARY PROBLEMS

The main purpose of this article is to study evolutionary problems of pairs {u, p) €
Y = £(A) x S(A,). To this aim we first introduce the notion of mean quan-
turn sojourn time to characterize the asymptotic behaviour of a given quantum
dynamical semigroup (QDS). More precisely, we arc interested in the classifica-
tion of states according to the evolution of a given QDS. Indeed, the problem of
determining whether in the evolution of a system a bound state or a scattered state
arises, has been studied in the past by several authors, giving raise to the so called
dynamical analysis of the QDS. A different approach, based on spectral analysis,
has becn extensively applied as well. Both approaches are summarized in the fol-
lowing subsections. The scope of this article is to provide a wider classification of
states unifying the early investigations made on the subject which were based on
the dynamical point of view.

Most of the known references about the aforementioned classification problem,
kave considered the following framework.

Firstly, a Hamiltonian H is given at the outset acting on #, which determines
a quantum dynamical unitary group:

w(X) = etHXe H (X e B(H)),
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or, equivalently, a unitary group of operators I/ = exp(—iHt) {t € R).

Secondly, the evolution of only pure states have been investigated. In our pic-
ture, a pure state is a rank one orthogonal projection p = ) (], evoking Dirac’s
notation, where ¢ € H. Pure states correspond to extremal points of the convex
cone S(A) and they are in a one-to-one correspondence with elements of H, so
that H can be viewed as the set of all such extremal points.

Within the above framework, Stone’s Theorem relates an abstract Schrodinger
equation on Hilbert spaces,

De(t) _ ‘
i = Heolt) {1.3)
(0) = ¢, (1.4)

associated to a Hamiltonian H, with time evolution of the state of a physical system
represented by () = Usp, where ¢ € H. Or, in our notation, [{t)i{p(#)| =
w0y ()

In what follows we review the classification of states given in this particular
framework by the spectral analysis for the operator H and by the approach given
in [6] and [5], which is based on the corresponding scattering theory for the above
equation.

1.4. FINITE RANK PROJECTIONS

The Hamiltonian H induces a spectral measure p, for the pure state |}{p|
According to Lebesgue’s Theorem any Borel measure on the real line decomposes
as a sum of three components: the atomic or pure point measure, the Lebesgue
absolutely continuous, and the singular continuous part. This property yields a
decomposition into mutually orthogonal (Uy;¢ > 0) -invariant subspaces of the giv-
en Hilbert space H = Hyp(H) & Huc(H) O Hoe(H), where Hpo(H) (respectively
Hac(H), resp. He(H)) denotes the space of all those vectors o such that g, is
pure point (resp. Lebesgue absolutely continuous, resp. singular continuous).

Moreover, introducing Heon (H) = Hac{Il) © Hee(H ), Wiener Tauberian The-
orems give that ¢ € Hegne(H) if and only if for any finite-dimensional orthogonal
projection 7 one has

¢ ¢
L —iFs w2 . oy L - .
lim 2 [llme oo P ds = lim 7 [ te(ie)plu(m)ds = 0. (15)
0 g
Such a state corresponds to the so called oulgoing state in scattering theory.
On the other hand, ¢ € Hyp(H) if and only if for any € > 0 there exists a finite
rank projection m, such that

sup
20

er”thgo” > 1—e, (1.6)
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or, equivalently :
suptr () (plur(m)) = (1-¢)°. (1.7)

These states are the bound stales of scattering theory according to Perry (sec [6])
who proved that 1.5 and 1.7 provide an orthogonal decomposilion ol the set of all
pure states.

1.5. THE EVOLUTION OF SUPPORTS

In the particular case of the Hilbert space L* {R™) another classification of states
is also available. Namely, we classify the solutions of 1.3 according to the evolution
of their support in R™. We let 7. be the projection given by multiplication with
the characteristic function of the ball of radius = in E™. In the spirit of the work
(5] written by Pearson; a bound state is defined to be a unit vector ¢ € L*(R") for
which given any e > 0, there exists r = r(¢) > 0 such that

” (fr—my) e_thgaH < € (1.8)

for all t € R.
In opposilion to the notion of a bound state,  is called a scaftered stafe when-
ever
. —iHt || _
Jim [ ] =0, (19)

and it is an absorbed state if for all v > 0
. _iHt B
tl“1+r1<;10 H (1-m)e t,o” = 0. (1.10)

The bound, scattered and absorbed states, respectively, define three mutually
orthogonal subspaces which reduce the operator II. Moreover, the space of bound
states and that of scattered states are mutually orthogonal, and their sum turns
out to be equals to LE(R™) when H = —A 4 V(z) , with a suitable potential
V{(z) enjoying a specific decaying property at infinity (see e.g. [5] and references
therein).

1.6. QUANTUM SOJQURN TIMES

In {3], the notion of guantum sojourn time was iniroduced to provide a charac-
terization of resonant quantum systems. We briefly recall the main steps of that
construction.

DEFINITION 2. The sojourn time of a positive observable X on a given state p
is defined by

m(p, X) = /t.rput(X)dt = /tru,t(p)XdL. {(L.11)
0 0

for a given QDS (u;; ¢ > 0).
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We notice that tr pu:(X) represents the mean or expectation of u,(X) on the state
p. So that 7(p, X) measures the mean value of the total time spent by X on the
state p during the whole evolution described by the QDS.

The functional 7(p, X'} takes values in [0, 00]. Moreover, (p,p') — 7(p,p’) is
a quadratic form on & and p — \/7(p, p) is convex. Denote 7(p) = 7{p, p) the
sojourn time of p on the state p. The mapping p v+ 7(p) is weakly upper semicon-
tinuous. This functional is connected to the spectral entropy through an uncertainty
principle in the case of a dynamics described by a Hamiltonian I which has an
absolutely continuous spectral measure. Indeed, in such a case, if p, denotes the
spectral density of H, it has been proved in [3] that

1 < (o) exp(S(p,)) < 2rer(p)y/irpH? — (trpH )T, (1.12)

where

Ste) = — [ pp(a) logpy() e,

is the spectral entropy (Shannon entropy of the spectral density).

2. Classification of the Dynamics with Respect to a Given Filter

Let F be the collection of all the elements of A which are projections 7, of finite
rank n. We notice that F can be identified as a subset of A, as well, since its
elements have a finite trace.

DEFINITION 3. An operator 5 € I3 (H) has F-compact support if there exists an
element n,, € F such that

Tpf = 0.

In such a case, the support of 5 is 7. where nx = inf{n : 7,9 = 5}.

The set of all trace class operators with compact support is denoted I; (F).
We call §;({F) the set of all positive elements in .4, with trace < | which are
linear convex combinations of elements of F. It is clear from their definition that

both S(F) and & (F) are contained in Z; .(F).

LEMMA 1. §(F) is strongly dense in S(A.). Moreover, given any p € S, there
exists a sequence 1, € S(F) which converges to p and 1, <o p, for all n > 1.

Proof. Given any p € §, it can be written as a linear convex combination of
rank one projections &, :

o0 oo
p = szfi, with Zpg =1. (2.1)
i=1 i=1
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Define the sequences (n,;n > 1) € 8;(F) and (pn;n > 1) € S(F) according

to
n—1
o=y pibi, (2.2)
=1
n—1
pn = e+ (1= i) (2.3)
i=1

with rank at most equal to n. So that it can be expressed as a linear convex
combination of my,..., 7. It is immediate that both scquences converge in the
strong sense 1o g and 0, <, p, forallm > 1.

Given any projection 7 € F, we define C(n) to be the set of all 7 € &1(F)
supported by 7 and such that |5/ < L.

LEMMA 2. For any projection m € F and any staie p there exists o € C{7) such
that

trpng = sup trpm. (2.4)
neC{r)
Proof. Virstly, we consider an arbitrary element 5 € C{x). Then,

trpn = trprn < (trem)ln) < trpr.

Secondly, the map n — trpn is weakly continuous and the set C{x) is weakly
compact. Therefore, the maximum value tr gr is attained in C (7).

2.1. MEAN QUANTUM SOJOURN TIME

The evolution of the quantum dynamical semigroup is reflected by the time spent
on each subspace M,,. Thus, inspired by the notion of quantum sojourn time as it
is introduced in [3], we propose the following definition.

DEFINITION 4. For any state p and X € A consider the quantity

T T
1 1 ,
sr(p, X) = fftrpui(X)dt . ;fjtru”(p)X*dt, (7> 0).
4] Q

The mean quantum sojourn time is the functional defined by

T(p, X) = limsupsr(p, X). (2.5)

T—00

Natice that 7 can also be defined as a map 7 : 71(#) x Z1.(H) — C since the
quantum dynamical semigroup is defined over the whole A.
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The space Z1(H) x A is endowed with the weakest topology that makes the
map (p, X} — trpX continuous, which turns out to be the product of the weak
and weak™ topologies,

PROPOSITION 1. The functional 7 is invariant under the action of the quantum
dynamical semigroup . Moreover, X — 7(p, X) is weakly order preserving and T
is weakly lower semicontinuous on Iy (H) x AT,

Proof. The first property follows directly frorm the invariance under translations
of the Lebesgue measure since

sT{p, u-(X)) = ST(P!X) -

Secondly, if X is weakly less than Y, then trpX < trpY for any stale p.
Therefore, sr{p, X) < sy(p,Y) for all T' > 0 and the order is preserved.
Finally, each s7 is jointly continuous in & x A, so that for each T > 0, the
map
fr = sup spr,
Ti>T

is lower semicontinuous. Since the family {fr; T > 0) is decreasing and positive on
T1(H) x AT it follows that its monotone limit is also lower semicontinuous.

2.2. ¥ AS A QUADRATIC FORM

I 7 is considered as a map defined on the product T, (H) x T (H), then Q(X) =
7(X,X) is a quadratic form on the C*-algebra Z;(#). So that one obtains imme-
diately the following lemma which we state without proof

LEMMA 3. The map p— /Q{p) is a conver function on the set of all states p.

2.3. CLASSIFICATION OF STATES

DEFINITION 5. Given a state p € §, we say that

— pis F-bound if for any ¢ > 0 there exists =, € F such that

Tlp,m) » 1—¢. (2.6)
— pis F-scattered if
‘F(P:mﬂ) =0, (2.7)
for all m, € F.
— pis F-singularif

0 < inl{7(p,7n) i 7wy € F} < sup{F{p,mu) 1m0 € F} < 1. (2.8)
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We denote by S (resp. ST, resp. 87 the set of all F-bound (resp. scattered,
resp. singular) states.

THEOREM 1. The set of all states § can be decomposed in a disjoint union

S =8 usTus?.

Proof. Since by definition ngp and Sd}_ are clearly disjoint, it suffices to remark
that the complement of their union coincides with &7 .

2.4, AX EXTENSION TO OTHER FILTERS

It should be clear that Definition 5 depends on the choice of the given filter F.
However, the family of projections F can be replaced by any other which satisfies
essentially the following properties:

1. F is a weak totally ordered family of projections, which converges weakly to
the identity 7 on #;

2. The corresponding sets S{F) and & (F) are weakly dense in &,

With the above listed properties for F, Definition 5 makes sense and Theorem 1
still remains true.

Throughout the remaining part of the article, the filter F will be called a core
filter whenever it verifies (2.4) and (2.4).

PROPOSITION 2. Given two core filters F and G, such that 7 C G, then 8§ C
87,89 ¢ 8F and 8¢ C ST

The proof is a straightforward consequence of Definition 5.
2.5. THE CORE FILTER OF PERRY

In our framework, the classification provided by Perry in [6] is based on the filter 7
of finite-rank projections. Indeed, the manifold of pure states, which corresponds
to the set of exlremal points of &, is isomorphic to the Hilbert space 7 given at
the outset. As we have seen, the filter F induces a partition of & into three convex
subsets: 87, 87, 87, whose sets of extremal points are respectively associated to
the subspaces Hs, Hq, Hs of H. Equation (1.5) in Subsection 1.4, implies that a
pure state g — |@){@| with ¢ € Heon if and only if T(p,7) = 0 for all # € F.
Moreover, ¢ € Hpp if and only if for any € > 0, there exists 7 € F such that
T{p,m) > 1 — «. Hence we obtain

PROPOSITION 3. Hy = Hyp, Ha = Heonts Hy = {0} Moreover, H = Hy B Hy.
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Within this context, we notice that our notion of F-scattered states coincides with
that of outgoing states.

2.6. THE CORE FILTER OF PEARSON

To analyze the work of Pearson in our context, one first should introduce the core
filter F of the projections 7., (r > 0), defined as multiplication by the characteristic
function of a ball of radius r centered at the origin of the Euclidean space R™.

The notion of bound state introduced by Pearson through (1.8), is indeed
stronger than ours, since that property clearly implies that the pure state p =
[©){p| belongs to S or, say, ¢ € H;. As for scattered states, since (1.9) implies
p € Hq.

3. Weak Classification

The scope of this section is to abtain a filter independent classification of states.
Before we proceed we state a further property satisfied by the functional 7,

PROPOSITION 4. Given any state p, Q{p) = T(p, p) = lim, T(p, ny,) for all sequen-
ces (payn > 1) in S1(F) such that! 1, <, p ond 1, converges weakly lo p.

Proof. The existence of such a sequence 1, is justified by Lemma 1. Since n, <,
p it follows that 7(p, 7,) < 7(p, p), so that

limsup7(pg, 7} < T(p,p). (3.1)
Morcover, T is weakly lower semicontinuous, hence
T(p,p) < liminf 7(p, ), (3.2)
n

and the proof is complete.

We should notice that the above proposition still remains true lor any core filter

F.
LEMMA 4. For any projectionmt € F and p€ §

7lp,m) = sup T(p, 7). (3.3)
nel(n)

Proof. From Lemma 2, given p € § and € F, we obtain

ST(F)’T‘-) z ST(Pa n)a (34)

for all n € C{x) and any T > 0, and hence

T(p,m) > T(p.m). (3.5)
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Finally, as in Lemma 2, we notice that C(7) is a convex weakly compact sct
and the lower semicentinuous map 5 — 7(p, n) attains its maximum on it.

3.1. WEAK CLASSIFICATION

DEFINITION 6. A state p is weakly bound (resp. seattered) if 0 < Q(p) < 1 (resp.
Qlp)=0).

The next theorem is our main result on the classification of quantum dynam-
ics.

THEOREM 2. A state p is weakly bound (resp. scattered) whenever there ervists a
core filter F for which p is F-bound {resp. F-scatiered).
Furthermore, the space is decomposed in a disjoint union

S = Swh USws:

where Sy (resp. Sws) is the set of all weak bound slates (resp. weak scattered
states).

Proof. The decamposition of the set of states in a digjoint union & = Syup U Swd
is a direct consequence of the definition. Furthermore, assume F to be a core filter,
then Proposition 4 holds and for any p € &

Qlp) = lim 7(p, 1),

where 7, € §1(F) converges weakly to p and 1, <, p.

Assume first that p ¢ Sg'_. Then for anv n > 1, there exists m, € F such
that 7(p, 7] » 1 — 27", Moreover, by Lemma 2, we can choose a subsequence
of (Nn)n, denoted as the whole sequence for brevity, such that n, € C(r,) and
T{py 1) > 1 —27(=1) S0 that, in the limit it holds 7(p, p) = 1.

By a similar argument, if p € 87 then 7(p, n,.) = 0 for all n, and 7(p, p) = 0.

Extremal points of San, Sws are pure states which can be identified by their
supports on H, defining corresponding subspaces Hut, Hws of the given Hilbert
space. Moreover, from Theorem 2 and Proposition 3 it follows that 7{; C H.s and
Hs C Hos, which yield the following proposition.

PROPOSITION 5. The space H is decomposed in a direct sum H = Hut, O Heas.

4. Invariant States and the Convergence Towards the Equilibrium

In what follows, we denote by || - ||s the norm induced by the trace over the set of
all states.
We further assume
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(H) The predual QDS is a contraction in: the sense of || - [z, that is

(o)l < [lpllz (4.1)
for all £ > 0 and all states p.

Under the ahove hypothesis it foltows that

Qlp) < el = trp?, (4.2)

for all states p.

The natural problem which arises is whether the upper bound of Q(p) is attained.
Obviously, if p is an invariant state, @(p) = trp?. Indeed, this condition turns
out to be connected with the convergence towards an equilibrium as we will see
below.

Firstly, it is worth noticing that (p) may be computed as the limit

o0

Qlp) = lm A [ e irpualp) dt (43)
0

THEOREM 3. Under the hypothesis (H), the flow u.(p) converges towerds the
equilibrium state p in || |2 norm if and only if Q(p) = tr p°.

Proof. The necessity is an elementary application of the Dominated Conver-
gence Theorem since tr pu..(p) converges to trp? as ¢t — co.

Conversely, assume Q(p) = tr p*. The state u.(p) may be decomposed like

us(p) = alt)p+n(i),

where a(l) is a scalar and #(t) is a trace-class operator which satisfies trpn(t) = 0
(orthogonal to p).
Therefore,
tr{pualp)) = al®)lol3,

and since Q(p) = ||p||3, one obtains that lim sup,_,., a(t) = 1.
Morcover,
lua(p) |z = TPl + lIn()liz,
and from (H} it follows that limsup,_, . |in{t)||2 = 0.
Finally,

lim sup [luxi(p} — pll2 < Emsup |a(t) — 1|jpliz + limsup[|5(t)[lz: = 0.
tb 00 =00 t—roo

As a particular case of the above theorem we remark that a pure state |p){yp|
has the mean quantum sojourn time equal to 1 if and only if the flow w:{|p){p|)
converges to |@¥{p|.
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5. Connection with Spectral Type Measures

If V; denotes a unitary group and uw.(p) = V*pV;, then it is straightforward to
verify that for all pure states p = |@){¢| , we have

tr (pua(p)) = [, Vid)|*. (5.1)

Since the function ¢ — {¢, Vi¢) is of positive type then there exists a positive
finite Borel measure g such that the Fourier transform ji(¢) of u satisfy

it) = (&, Vid) . (5.2)

Moreover, u is the spectral measure of the inflinilesimal generalor associated with
the unitary group V4. Thus according to Wiener’s theorem (see [7] Theorem X1.114.)
we obtain

T

. 1 . 1 e

i 7 [t (puap) dt = Jim = [EOF & = 3 s {ehP,
) zER

Therefore we obtain the following property.
PROPOSITION 6. Let p be a pure state in a von Neumann algebra A. Then,

1. p is weakly scattered if and only if the measure p, is nonatomic.

2. A weakly bound pure state p has a measure p, with a non-trivial alomic part.

3. Under the hypothesis (H) of the previous section, the flow u.(p) converges fo
p if end only if g, is @ pure point measure,

In the general case when p is an arbitrary state in A4, we decompose p as a
linear convex combination of pure states pg, that is p = 3 ¢, pepr. Then a direct
computation shows that

tr(pua(p)) = D b, Vigs)*pip; . (5.3)

1<, 5<n

Thus according to (5.2) above we get that there exists a finite collection of finite
Borel measures {p} where each py depends on py such that

37 Ko Viow) P

1€5,k<n

> K, Vi) ok + 3 1k, Ve pspe
x

kit
> > piln(®)]?.
k

f

tr (puw(p)}

\%
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Therefore, we have a lower bound for the mean quantum soujourn time,

T "
fim o [t (sl @t > 303 (et (5.4)

Treo k=1zER

PROPOSITION 7. If the above sum is equal lo tr p?, we obiain thal the semigroup
converges towards equilibrium. On the other hand, if p is a weakly scattered slale,
then the measure 11, has no atomic part.
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