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The quantum decomposition of a classical random variable is one of the deep results of
quantum probability: it shows that any classical random variable or stochastic process
has a built in non commutative structure which is intrinsic and canonical, and not arti-
ficially put by hands.

Up to now the technique to deduce the quantum decomposition has been based on the
theory of interacting Fock spaces and on Jacobi’s tri-diagonal relation for orthogonal
polynomials. Therefore it requires the existence of moments of any order and cannot be
applied to random variables without this property.

The problem to find an analogue of the quantum decomposition for random variables
without finite moments of any order remained open for about fifteen years and nobody
had any idea of how such a decomposition could look like.

In the present paper we prove that any infinitely divisible random variable has a quantum
decomposition canonically associated to its Lévy—Khintchin triple. The analytical for-
mulation of this result is based on Kolmogorov representation of these triples in terms of
1-cocycles (helices) in Hilbert spaces and on the Araki-Woods—Parthasarathy—Schmidt
characterization of these representation in terms of Fock spaces. It distinguishes three
classes of random variables: (i) with finite second moment; (ii) with finite first moment
only; (iii) without any moment, The third class involves a new type of renormalization
based on the associated Lévy—Khinchin function.

Keywords: positive definite kernel, Kolmogorov decomposition, Lévy processes, Araki—
Woods—Parthasarathy—Schmidt theorem, generalized field operator
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1. Introduction

This paper is organized as follows:

In Section 2 we recall some known facts about positive definite kernels, their Kol-
mogorov decomposition and the Araki-Woods—Parthasarathy—Schmidt theorem.

In section 3 we recall the Lévy—Khintchin formula and its connection with pos-
itive definite and conditionally positive definite kernels. Then, for any infinitely
divisible probability measure y on R with Lévy triple (o, 02, v), we give a concrete
realization of the Araki-Woods—Parthasarathy—Schmidt theorem (see 22) by con-
structing a canonical isomorphism U between L(QC(R7 u) and the Boson Fock space
I'(Co L*(R,v)).

It is known that the random variable with distribution g can be identified, up
to stochastic equivalence, with the the position operator ¢ on L(%(R7 u). Therefore
the canonical isomorphism U induces an action of this operator on the Fock space
I['(C® L*(R,v)), In Section 4 we prove that this action is implemented by a gener-
alized field operator in the sense of the paper '2, i.e. the self-adjoint generators of
the group generated by the Fock second quantization of translations and unitaries
in the one—particle space.

Since the structure of these generators is well known, this gives a natural candidate
for the quantum decomposition.

The precise realization of this decomposition however requires some care due to the
possible presence of unbounded operators. For example we prove that the vacuum
vector is in the domain of the generalized field operator if and only if the second
moment of the measure p is finite. In such case all coherent vectors are in this do-
main. Otherwise no coherent vector is in this domain. These equivalent conditions
naturally single out a first class of infinitely divisible random variables.

Then we notice that, in the quantum decomposition of these random variables, their
first moments explicitly appear. In other words: the finiteness of the first moment
is a necessary condition for this form of quantum decomposition. This suggests to
introduce a second class of of infinitely divisible random variables: those for which
only the first moment is finite. In section (5) we prove that the random variables
in this class admit a quantum decomposition which is formally identical to that of
the random variables in the first class, but takes place in a weaker topology.

The crucial remark to deal with the third class, consisting of those infinitely di-
visible random variables with no finite moment, is that the 1-parameter unitary
group generated by the generalized field operator can be split as a product of a
1-parameter scalar family times a projective, non unitary representation of the
group R on the Fock space whose multiplier is the exponential of the same additive
2—coboundary which appears in the Araki-Woods—Parthasarathy—Schmidt repre-
sentation theorem. This projective non unitary representation is differentiable on a
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natural domain and its generator gives the quantum decomposition of the gener-
alized field operator associated to the third class of random variables. It turns out
that the quantum decomposition of the random variables in this class coincides with
that of the other two classes except for the fact that the constant term is absent.
Thus the multiplicative renormalization corresponds, at infinitesimal level, to a for-
mal substraction of the infinite constant corresponding to the first moment.

2. Preliminaries

Recall that, given a set S, a function k : (z,y) € S x S — k(z,y) € C is called a
positive definite (PD) C-valued kernel if, for every finite subset F' C S the complex
square matrix

is positive definite, i.e. if Vd € N, Va1, -+ ;24 € 5, A1, -+, A\g € C, one has
—_— d —
)\ﬂ%j)\j = Z )\ikz(xi,xj))\j Z 0 (21)
i,j=1

k is called conditionally positive definite if (2.1) holds whenever the \;’s satisfy the
additional condition

A =0

d
=1

J

For a kernel ¢ on S and for any xy € S the following statements are equivalent:

(1) g is conditionally positive definite and ¢(xg,z¢) < 0,
(2) the kernel

k(z,y) == q(z,y) — q(x,20) — q(z0,y)
is positive definite on S.

An infinitely divisible kernel k£ on S is characterized by the property that for each
t > 0 the kernel

K(z,y) = (k(z,y)"

is positive definite.
According to Kolmogorov representation theorem a C—valued kernel k on a set S is
positive definite if and only if there exists an Hilbert space H and a map

e.:x€e€Sr——e, €H

such that the following two conditions are satisfied:
k(z,y) = (ex, ey)n ; Va,y € S (2.3)
{ex : © € S}istotalin H (2.4)
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The pair (H, e.) is unique up to unitary isomorphism and is called the Kolmogorov
pair associated to the positive definite kernel k.
If H is an Hilbert space with scalar product (-, )3, the exponential kernel

exp(-, Yy : (z,y) EHXxH —C (2.5)
is also a positive definite kernel on H.

Definition 2.1. The Kolmogorov pair associated to the positive definite kernel
exp(-, Y% on H is denoted

(0, Bap( )

and called the exponential space (or Boson Fock space) over H.
The total set

+oo f@n
Exzp(H) := {Exp(f) = ngoﬁ eT(H); fe 7—[}

is called the set of exponential vectors of I'(H).
The characterizing property of the exponential vectors is

(Exp(f), Exp(g)) = (ef,eq) =P 9n 1 Vfgen (2.6)

Clearly any exponential kernel (2.6) is infinitely divisible. The converse state-
ment is the main point of the Araki-Woods—Parthasarathy—Schmidt theorem.

Theorem 2.1. (Araki—Woods—Parthasarathy-Schmidt)
For a kernel k on a set S the following statements are equivalent:

(i) k is infinitely divisible positive definite

(i) there exists a conditionally positive definite kernel qo such that k has the form

k(f,g)=e®U9 o fgeSs
(i) For any fo € S the kernel ¢ on S, defined by
a(f,9) = ao(f,9) — ao(f, fo) — q0(fo. 9) (2.7)

1s positive definite and the map
k:feSr—kr:=—q(fo,f) €C (2.8)

is such that, denoting (H,e.) and (K,u) the Kolmogorov decompositions of k
and q respectively, then the map

U:Ezp(uy) e T(K) —> ey € H (2.9)

extends to a unitary isomorphism between H and the Fock space T'(KC) over K.



June 4, 2013 20:45 FILE NAME Quantum*dec-Final*version*2013

The quantum decomposition of random variables without moments 5

3. The Kolmogorov isomorphism associated to an infinitely
divisible probability measure on R

In this section we construct the explicit form of the isomorphism (2.9) in the case
in which the kernel k is the one associated to an infinitely divisible law on R.

It is known, (see 24)
canonically associated to a triple (¢, o, 3) such that:
— « is a real constant
— [ is a positive finite measure on R with

o? = B({0})

— denoting 1 the Fourier transform of y and W, the function

2 . - 1 2
U(2) = iax — & +/ (em o ) i ag(t) ; zeR (3.1)
R\{0}

, that any infinitely divisible probability measure p on R is

2 142 2
one has
fi(z) =: e¥@ ; zeR (3.2)

Conversely given any such a triple (o, o, 3), there exists an infinitely divisible prob-
ability measure on R whose has the form (3.2) with ¥ given by (3.1).

The function ¥ is called the Lévy—Khintchine function, or the characteristic expo-
nent, of pu and the triple (a, 0, 8) is called a generating triple for the measure p.
Finally the measure on R\ {0}

1+

dv(t) = e

dp(t) (3.3)
is called the Lévy measure of p.
In the following the measure p will be fixed and the corresponding random variable
will be denoted X;. For any such p the kernel on R

qo(,y) == V(y —x)
is conditionally positive definite and the kernel

k(z,y) = Y=o

is infinitely divisible and positive definite. Moreover, in this case, the Araki-Woods—

Parthasarathy—Schmidt isomorphism described in theorem (2.1) can be explicitly
expressed in terms of the Lévy triple of 1 as shown in the following theorem.

Theorem 3.1. Let u be an infinitely divisible measure with generating triple
(a,0,8). For each x € R and for any b € C such that

b2 = o (3.4)

denote:
(i) ex € L?(p) the trigonometric function associated to

er(t) =€ teR (3.5)
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(i) fz be the function defined by
folt) =€ —1 (3.6)
and Ky the space:
Ko := closed linear span of {f. , * € R} C L*(v) (3.7)
(i41) u, the vector in C@® Ky given by:
u; =br+ fr e Co Ky (3.8)

where [, is defined by (3.6) and b by (3.4).
Then each f, (x € R) isin L*(v) and the unique linear operator U such thatVz € R:

U:e'@ Erpluy) € T(C o Ky) — U@ Eap(uy)) := e, € L2(p) (3.9)
is a unitary isomorphism from the Fock space T'(C @ Ky), over C & Ko, to L*(u).

Remark 3.1. The linear independence of the f,s (€ R) depends on the support of
the Lévy measure of y. However in any case there exists a subset Sy C R such that
{fz : = € Sp} is a linearly independent set and

Ko := closed linear span of {f, , = € Sy}

Proof. The fact that the set

E={fs; xeR} (3.10)
is contained L?(v), i.e. that the integral
142
[ An@pvdn = [ 1noPS e
R\{0} ®\{0} t

is finite for all x € R,is well known. We include a proof for completeness. Notice
that, ast — 0

1+¢2 1+ ¢2
()P = 2(1 = cos(at) 5 ~ 2
while, as t — 00
1+¢2 1442

P <4 ~d

Therefore the measurable function
14 ¢
e o) —3

is bounded hence integrable w.r.t. the finite measure .
In the notations of theorem (2.1) we choose:

S=R ; klzy)=e"""" 5 gy =Vy—2) ; fo:=0€R
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Then, using the expression (3.1) for the Lévy—Khintchine function, one has
qo(z,y) = ¥(y — ) ,

. 3 — t
=ia(y —x) — %(y —x)? +/ (el(y*z)t -1- iy — =)
R\{0}

e )@

Therefore since, in the notation (2.8):
2

; g" 2 iwt ixt
Ke = —qo(0,2) = —iax + —2x —/ (e —1—7)u(dt
(0.) 2 R\{0} 1+1¢2 )

Thus, with the above choices, the kernel ¢ defined by (2.7) is given by:

o? - ily — )t
q(z,y) = ialy —2) — —(y—2)" + / WO 1 = S Ju(dt)
2 R\{o}( 1+ 12 )
o? ( — 1t )
+iar — 2 + dt
iax 5 & /R\{o} e 1 P v(dt)
2
. g% 4 1yt
—iay — Ty + (e Jviat
e /]R\{O} ‘ 142 (%)

_ O'2£Ey+/ (ez(yfw)t _ et _ iyt + 1) I/(dt)
R\{0}

= o2ay + / Fo () f, (t)w(dt) (3.11)
B\ {0}

The right hand side of (3.11) suggests a natural choice for a Kolmogorov represen-
tation of the kernel ¢. In fact the first term of the sum is a scalar product on R
and the second, due to the linear independence of the f,’s, z € Sy extends to a
scalar product on the space Ky, defined by (3.7). The complexification of the inner
product (3.11) gives a scalar product on the space

K:=CopKy (3.12)
with inner product
<','>IC = <,> = <'7'>C+<'7'>L2(V) (313)

From the definition of Ky it is clear that the range of the map (3.8) is total in C® .
Therefore the pair (K, u) defined respectively by (3.12) and (3.8) is a Kolmogorov
representation of the kernel g. Passing to the exponential space I'(KC) of K the
exponential kernel of the scalar product (3.13) is:

(Bap(uy), Bap(uy)) = eltrs) = ees)

On the other hand one has:

e :/ ™ e p(dt) = iy — x) = (ex, €y) L2()
R
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and the family of trigonometric exponentials {e, , # € R} is total in L?(u). It
follows that, if we define the linear map

U:T(K) = r(c @ L?(V)) — L2(p)
by linear extension of
U’ @ Ezp(uy)) = ey ; reR

then we get

(eq, ey)ﬂm =iy —z) = ¥ = 0(@Y) = ca(@y)+a(2,0)+2(0y) —

— (e u )+ T (@) +T(y) < @ Erp(uy), @ Emp(ug)>r<;q

Therefore the pair
(H,e) := (L (n), (ex)wer)

is a Kolmogorov representation of the kernel Exzp(-, ) k. O

Example 3.1. (Gaussian case)
Let X; ~ N(0,02) =: u, be the mean zero, real valued, Gaussian random variable
with variance o2. Then

dew)=oty 5 ke —ew{-Th-af}  -¥@)=-Ta
In this case
K=C ; H=L*(pg) ; u; = bx € C,
with |b| = ¢ and e, given by (3.5). Hence the Gaussian isomorphism is given by
U :T(C) > eiaTQiQE:vp(bm) — ex € L (11,)

Example 3.2. (Poisson case)
Let X1 ~ [[(A) =: . be the Poisson random variable with intensity A > 0. In this
case

oo n

M= D) = {2 = Gl 3 orlenl? < 00} = ()

n=0
and we refer it to the orthonormal basis:

€y = (emm)

Introducing the function (extended to zero by continuity)

et —1

e1:r€R = e(z) = eR

one has

q(z,y) = Axyer (—ix)eq (iy) = Azye; (iz)eq (iy),
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k(x,y) = exp {z/\(y —x)er(i(y — :C))} ; —U(z) = —idzey (ix).

K=C ; Uy = Vze, (iz) € C
As a consequence we obtain the following Poisson isomorphism
U, :T(C) 3 X"V Exp(VAzey (iz)) — (€%), € L(1,)

Example 3.3. (Gamma case)
Let X7 ~ I'(cr) be the Gamma random variable with parameter a > 0. Then

a(z,y) = / (7 — 1)(e¥" — 1), (dt)

where
v (dt) = e;at 10.00)
is the Lévy measure of the Gamma distribution u.. By a simple calculation we have
k(z,y) = e~ @los(=ily=2) . _Q(z) = alog(l — iz)
In this case
K=L*v)  H=L) ; w=f,

where f, is given by Eq. (3.6) and we obtain the Gamma isomorphism
U, :D(L*(v,)) 3 e @ls0= @ Baple, — 1) — e, € L (p,.)

Lemma 3.1. If the Lévy measure v (see (3.3)) has finite second order moment
/ t]2v(dt) < +oo (3.14)
R\{0}
then Ko = L*(v).

Proof. We know from Theorem (3.1) that £ is a subset of L?(v). Let f € L?(v)
satisfy

for ) = / LOfrd) =0 ;  VeeR (3.15)
R\{0}
and consider the function
F(x) := h(zx,t)v(dt
(2) /R\{O} (x, ) (dt)

where h(t,r) = (e®** — 1) f(t). To prove that F' is derivable it is sufficient to check
the two following conditions.

(i) @ — h(z,t) is derivable on R for v-a.e. t € R\ {0}.

(i) a%h(x,t) exists on R for v-a.e. t € R\ {0} and \%h(axtﬂ is dominated by a
v-integrable function ¢(t), independent of x.
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Condition (i) is easily checked and we have
9 -y 1T

| (e, 1)] = Jite™ £(1)] = |t (2)] = (t)
x

But

[ et < ([ evan) ([ (ropvan) <o
R\{0} R\{0} R\{0}
This gives (i7). Then from (3.15), we deduce that F(x) = 0 Vx € R. Hence

Fl(x) = / it f(t)v(dt) = 0 Vz € R
R\{0}

which is equivalent to p(x) = 0, where the the signed measure p is given by

pldt) = tf(t)v(dt)
This gives that p is the null measure which implies that f = 0. O

4. The generalized field operator

It is known that the bosonic Fock space I'(H) can be represented in the form

—+o0
T(H) = @ H"
n=0
where H°™ denotes the n—th symmetric tensor power of H and by definition H°™ :=
C® where @ is the vacuum vector. Using this identification the bosonic creation and
annihilation operators are defined, on the total set

{vi0--ov, €H™ : vq,...,v, € H}
as follows: for u € H,
AT (u):vi0---0v, € H" — Vn+1luovyo---ov, € H"HD (4.1)
AT (u)® = u
1 n
A_(u):v10~-~ovn€’H°”%—Z(u,vi>vlo~-~0@0-~-ovnEHO("_U (4.2)
n
i=1
A7 (u)® =0,

where © denotes omission of the corresponding variable.

Definition 4.1. The differential second quantized A(T) of a self-adjoint operator
T of H is defined via the Stone theorem by

F(eitT) =: MT) , t € R,

where for an unitary operator X,T'(X) is the second quantized of X.
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The creation, annihilation operators and second quantized operator of T" act on
the domain of the exponential vectors as follows:

A™ (u)Ezp(x) == (u,z)Exp(x) , AT (u)Exp(x):= % S:OEzp(x +su) (4.4)
and
I(T)Exp(z) := Exp(Tx)
It follows that if © € Dom(T)

A(T)Exp(z) = _i% szoEmp(eiSTx) = AT (Tz)Exp(x) (4.5)

Definition 4.2. Let ¢ be the multiplication (position) operator in L?(u):
@@ =tft) ; fel’(y),teRr
Define the operator @ on I'(C & Kp) by
Q:=U"qU

where U is the isomorphism defined by (3.9). Since p is a finite measure on R, ¢ is
self-adjoint (see 2 Proposition 1, chapter VIIL. 3) and

R = Uretiy teR
Moreover @ is called the generalized field operator.

Lemma 4.1. The one—parameter unitary group
t s eQ
acts on the total set {Emp(uz)w € R} as follows:
P Erp(uy) = e TY@ Brp(ugyy) (4.6)

Proof. From the definition (3.9) of the isomorphism U we get

e*QExp(u,) = U*e™UExp(u,) = U*e'd (e“l’(m)ew) = e V@ (e“qe”('))
— V@) (ei(t+z)(~)> — V@) (em+t)
— o V(@) U (att)T* (6_\I/(w+t)ex+t>

= e_q](z)eq’($+t)Exp(uw+t) = eql(x+t)_‘lj(x)Exp(uw+t)

Lemma 4.2. The following statements are equivalent:

(i) The second moment of u is finite.
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(i) The vacuum vector is in the domain D(Q) of Q.
(i1i) There exists y € R such that Exp(uy) is in the domain D(Q) of Q.
(iv) The total set { Exp(uy), y € R} is in the domain of Q.

Proof. The domain D(q) of the multiplication operator ¢ is defined by
Do) = {re ) , wof e}
Therefore, given y € R, Exp(u,) € D(Q) if and only if

+oo > [|Q(Exp(uy))|1?

|U*QU (Exp(uy))|? = [lg(e~¥@e,) |2
— 6_2%(\P(y))<€y, q26y> — 6_2%(\Il(y))/ t2,l,t(dt)
R\{0}

= 6—29?(‘1’(11))@’ QQ(I)>F(IC)

From which the thesis immediately follows. O

Proposition 4.1. If the second moment of i is finite, the generalized field operator
Q acts on the total set {Exp(uy),z € R} as follows:

Q(Bap(uy)) = (A*(h) + A (he) + A(@)) Eap(u,)
where
hy i=—ib+qge; 5 Azx)=E(X1) - 2R(hs, us)
where B(X,) denotes the first moment of p (which under our assumptions exists).

Proof. It is known (see %) that p has a finite second moment if and only if v has
the same property and in this case V¥ is twice differentiable. Thus one can take the
derivative at t = 0 of equation (4.6) obtaining

iQExp(uy) = V' (2)Exp(u,) + a

&l Fapluay) (4.7)
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But with notation f(t) = uyys — u, one has

d . 400 1 (Ux+t)®n . (Um)®n
PP e) = D ;
400 ®n N
1 x x
_Z—lim (u H) (uz)
el n! t—0 t
0o ®n n
Ji 1 . (f(t) + u:c) (u:c)®
= —— lim
ot n' t—0 t

Note that

bx+t)—br  forr— fu
+
t—0 t t

Then from (4.1) we conclude that

: z
@t o ZP (W) \/ﬁ

On the other hand we have

— Y ih,®(ue)® Y = iAY (hy) Exp(uy).

. it
\IJ/ — oy — 2 + / t ixt ¢ dt
(x) =ia—o°x o) (z e 1 +t2)y( )
=ia— oz + (ite"™ — it)v(dt) + / it — v(dt)
R\ {0} R\ {0} (-5 + )
= io—o%x +i (te™ — t)v(dt) +i tB(dt)
R\{0} R\{0}

and
<U9c,hx> = i02x+/ m ixt (dt)
R\{0}

=io’x + (t — te"")v(dt).
R\{0}

Then using the fact that

E(X;) = —i¥(0) = a + /R\{O} t4(dt),
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we get
V' (2) = iB(X1) — i (tg, ha).
Thus
(@) = i(B(X0) = 2R((he ) ) + il ) = i) + i (R, )
and we obtain
QExp(uz) = Na)Exp(uz) + (ha, us) Bxp(us) + A* (hy) Bxp(us)

Theorem 4.1. Assume that the second moment of u is finite. Then under the
identification

INCo L*(v)) =T(C) @ T(L*(v)) = Tg ® T,
Exp(z © f) = Exp(z) @ Exp(f), (4.8)
the generalized field operator Q takes the form
Q=Q;®1+12Q,,
where
Q. = AT (—ib) + A~ (—ib) = i(ba — ba™)
Qer = AJ (¢ 1)+ A, (¢ 1) + A(q) + E(X1)1 (4.9)

and a,a™ are the usual 1-mode creation and annihilation operators and A}, A A,
are the creation, annihilation and preservation operators in the Fock representation

of L*(v).

Remark 4.1. Notice that in general the constant function 1 ¢ L?(v). However, if
the second moment of y is finite, then ¢-1 € L?(v) so that expressions like AF(g-1)
make sense.
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Proof. By using Proposition (4.1) and the identification (4.8), we have

QExp(u;) = i

o Exp(ug + shy) + (—ib+ qeq, bx + fo)Exp(bx + f;)

s=0

+ (E(X1) — 2R((hy, us))) Exp(bz + f.)

ds

s=

OE:cp((b$ + s(=ib)) + (fu + Sqem))
+ ((—z’b, bz) + (ges, fm>>E$P(bx + fz)
+ (B(X) = 2R({ha, w)) ) Eap(b + )

_ dils _ (Boptbr + s(=iv) © Eaplfa + sqe.)

+ ((=ib, ba) + (gew f2) Baplbz + £,)

+ (E(X0) = 2R((he, ) ) Bap(be + f.)

- (i

d
+ Exzp(br) ® (@

SZOExp(ba: + s(—zb))) ® Exp(fs)

e+ o0e)

s=

+ (=ib, bx) Exp(br) @ Exp(fa) + (q€x, fo) Exp(bx) @ Exp(fx)
+ (B(X1) = 2R((hs. u,)) ) Bap(bw) © Eap(f)

Hence by equation (4.4) we have

QEap(u,) = (A*(~ib)Eap(be) ) © Eap(f,) + Bap(be) © (AL (aes) Eap( 1))
+ (A~ (=ib) Bap(bx) ) © Eap(f,) + Bap(be) @ (47 (ge.) Eap( )
+ Bap(be) @ (Az)Bap(f,))
- {(A*(fib) + A’(ﬁb))Emp(bx)) ® Exp(fs)

+ Baplbr) © | (47 (ge.) + A7 (ge.) + A(@)) Bap(f)] (4.10)
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where

Az) = —2 / (t — t cos(xt)w(dt) + E(Xy)
®\(0)
_ / (=2t + t(e + e (dt) + E(X:)
R\(0)

_ / (=t + ™) (dt) + / (=t + te= ™0 (dt) + B(X))
R\{0} R\{0}

= —((¢ea; fo) + {fo, qea)) + E(X1)
Therefore using the fact that

qezZQ'1+Qf:b 5 <fz,qem>:_<q'1vffb>

and equation (4.5), we obtain

(Af (qea) + Ay (gex) + A=) Bxp(fe) = Af (¢ 1+ qfe)Exp(fs) + (qea, f2) Exp(fz)
— (e fo) + (foraea) ) Bap(f2) + E(X1) Eap(f.)
= Af (¢ 1)Bap(fs) + AS (af2) Exp(fe) — (fo,q- 1) Exp(fs) + E(X1)Ezp(fs)
= AS(q)Exp(fa) + Av(@) Exp(fo) + (¢ 1, fo) Exp(fe) + E(X1) Exp(fs)

= AS (¢ DEzp(f2) + A(@) Exp(fz) + Ay (¢ - 1) Exp(fa) + E(X1) Exp(fa)
Finally, the previous equation and (4.10) yields

Q= (A*(—ib) + A*(_z-b)) R1+1® (Aj(q 1)+ A (g 1) + Au(g) + ]E(Xl)l)

=Q.,®1+1®Q,

5. The weak quantum decomposition

If the second order moment of v does not exist the technique used in the proof of
Theorem (4.1) cannot be applied.

In the present section we assume that only the first order moment of v is finite,
meaning by this that the vector ¢-1 € L'(v) but ¢-1 ¢ L?(v). This implies that
for any f € L>®(v), q- f € L*(v).

Under this assumption we prove that the quantum decomposition of the generalized
field can be given a meaning in a weak sense (see Definition (5.3) below).
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Since the problem of infinite moments is only related to the Lévy measure, in this
and the following section we will neglect the Gaussian part (i.e. we focus on the case
b = 0) and for simplicity of notation we denote again W the characteristic exponent
associated to the compound Poisson process.

If 1 has only the first order moment, then ¢ -1 ¢ L%(v) and the first problem is to
define objects like:

Al ) 5 A
To this goal recall that, denoting Un(KCy) the unitary group on Ky, for any
(u,T,v,2) € Ko x Un(Ky) x Ko x C (5.1)
the operator
I(w,T,v,z2) = eA+(“)F(T)eA7(”)eZ (5.2)

is well-defined on the domain of the exponential vectors and maps the scalar mul-
tiples of these vectors into themselves because

U(u, T, v, z)Exp(f) = TN Bap(Tf + u) ; f ek (5.3)
Moreover the set (5.1) is a group for the composition law
(uy,Ty,v1,21) 0 (ug, Ta, Ve, 22) := (u1 + Tuz, T1Te, vo + Tovy, 21 + 22 + (v1,u2))
(a generalization of the Heisenberg group) and the map
(u, T,v,2) € Ko x Un(Kp) x Ko x C = I'(u,T,v,2)

is a group representation, i.e. Vuy,us,v1,ve € L?(v), 21,22 € C and for any two
unitary operators 17, To on Ko one has (see'?):

F(“l) T17 V1, Zl)r(u27 T23 V2, 22) = F(ul + TUQ, T1T27 V2 + T2*Uly 21 + 22 + <Ula U2>)
Theorem 5.1. The operator valued function
t—s W(t) = D(fr, 9, f_y, U(t)) = AT T (e10)eA™ (F-0) ¥ (1) (5.4)

s a strongly continuous one-parameter unitary group with generator Q) p .

Proof.
Step 1. It is known (and easily checked) that (f;) is a 1—cocycle for the group

(€19) 4ep, i.e.
fros =€+ fo  fo=—e M,
and that the 2—coboundary associated to ¥ has the form
U(t+s) = U(s) = U(t) = U(t — (=5)) = U(=s) = V(1) = q(~s,1) = (f-s. fo)

Therefore, for f,g € Ky, one has:

(W(t)Exp(f), W(t)Ezp(g)) =
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_ <e‘1’(t)+<fft7f> Exp(eaf 4 f,), ¥ O -09) Brp(eitag 1 ft)>

= exp (WO +0(t) + (o, ) + (f-0,9) }(Bap(e0f + fo), Eap(etg + £,))
= exp (WO +U(t) + (o ) + (for9) + (€19 + fr Mg + £1) |

= exp { (fo, fi) + W@ + () + {—e [, [} + (—e ;. 9)

 (foeT ) 4 (fieg) + (f.0)}

— exp {q(t,t) +W(t) + V() + (f,9)}

exp{(f,9)}

= (Bap(f), Exp(g))

Thus W (¢) is unitary V¢ € R.
Step 2. Now we prove the group property and the strong continuity.
It is easily seen that

W(O) = F(f()v 1af07\1’(0)) =1

and we have

W)W (s) =T (fr €, fr, U ()T (fs, €7, f-s, U(s))

=T (fo+ e f,, e, f_, + (e0)* f_y, U(t) + U(s) + (f4, f5))

From the identities

ft + eitqfs = ft+s ; ffs + (eisq)*fft = ffs + eiisqfft = f,s,t

U(t) +W(s) + (f-t, fo) = W(t) + ¥(s) + q(—t,5)

=U(t)+U(s) + U(s — (—t)) — ¥(—t) — V()

=U(t+s)
we deduce that
W (W (s) =T (fers, €T (110, U(t+ ) = W(t+s)
For the strong continuity, it is sufficient to prove that

lim (W (1) Eap(f) — Bap(£)| =0 ¥/ € L(v)
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We have

W (t)Exp(f) — Exp(f)|I* = [|[W () Bap()|I* + | Exp(f)|]*
- 2§R<Exp(f), W(t)Exp(f)>
— 92| Exp(f)|? - 2§R<Exp(f), W(t)E:cp(f)>
= 2eM1” — 2R ({ Bap(f),exp(¥(t) + (-, 1))
Eap(eif + £,)))
= 26417 2§R(exp(\ll(t) + (fors f) (5.5)

(£, €f) + (L)),

By dominated convergence Vf € Ky one has

(f. e f) = / )P u(ds) — IfI? as (¢ —0) (5.6)
R\{0}

On the other hand for |¢| < 1, one has also

[sf(s)]if |s| < 1;

)t =) < ols) =
21f(s)|if |s| > 1.

and p € L' (v) because

[ e = [ )+ /., Aol
<(f @) ([ wervas)”
+ 2(/S|>1 y(ds));(/s|>1 |f(s)|21/(ds))% <0

Again by dominated convergence we conclude that

lim (£, i) = / o T = ) = (5.7)

Taking the limit ¢ — 0 in Eq. (5.5) and using (5.6) and (5.7) one obtains

lim [W (1) Bap(f) — Bap(f)||* = lim 2(el1” —g(el/1%)) < 0.
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Finally from (4.6) one sees that, for all t € R

W(t)Exp(f.) = exp (V() + (f fo)) Bap(e"f, + fi)
= exp (W(t) + g(—t,2) ) Eap(fr+e)

= oxp (W(a + 1) = (@) ) Bap(fare)

= ¢"Qcr Eap(f,)

5.1. Daistribution valued operators

In this section we extend the definition of creation, annihilation and preservation
operators to include the case when the images of some vectors in the Fock space are
not vectors of the same space but elements in the algebraic dual of a dense subspace
of it. In this sense we speak of distribution valued operators. Using a variant of the
Hida-Kubo—-Takenaka construction it is possible to introduce topologies such that
the action of these operators become continuous, but this construction, not needed
in the present paper, will be discussed elsewhere.

We emphasize, for future use, that all the arguments and constructions in the
present sub-section do not require that ¢-1 € L(v).

Definition 5.1. A distribution valued operator T on a Hilbert space H with dense
domain D is a linear map from D C H to its algebraic dual D'.

Remark 5.1. The natural embedding
et (& - YeH D
allows to adopt the language of standard triplets
DCHcCTD
and to interpret the elements of D’ as vector valued distributions on D.
Let C, be a total set in Ky with the following properties:

(C.i) C, is invariant under complex conjugate,
(C.ii) for all g € C,, the distributions

q-1:fr—(q-1,f) and q-g:f+—{q-9.f)={q-1,fg)

are well-defined on Lin — span(C,).
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Definition 5.2. For f € C,, define the operators A, (¢ -1) and A, (¢f) on the
domain Exp(C,) C I'(Ky) (the linear subspace of T'(Ky) generated by {Ezp(g)
g € C,}) by linear extension of:

Ay (q-1)Exp(g) == (¢-1,9)Exp(9) 5 g€l (5:8)

and

A, (qf)Exp(g) :==(q-1, fg)Exp(9) ; g€C (5.9)

respectively.
Define the distribution valued operators A} (g - 1) and A,(g) on the domain
Exp(C,) C T'(Ky) by the prescription that, for each f,g € C, one has:

(A} (¢- V) Ezp(f), Exp(g)) == (Exp(f), A, (¢ 1) Exp(g)) (5.10)

(Ao (@) Exp(f), Exp(g)) = (Exp(f), A, (¢f) Exp(g)) (5.11)

Remark 5.2. One easily proves that the definition (5.11) of A,(g) is compatible
with the usual one, as the differential second quantization of ¢, in the sense that

the two definitions coincide on the set of exponential vectors with test functions in
the domain of q.

5.2. Weak domains

Definition 5.3. Let U(t) = e"*“ be a strongly continuous one-parameter unitary
group on a Hilbert space H with generator A. Define the weak domain wk—dom(A)
of A as the maximal subspace D of H such that Vo, ¢ € D the limit

. Ut)—1

b < t 7 ¢>

exists.

Remark 5.3. Clearly the weak domain of A contains the domain of A. In particular
wk-dom(A) is a dense subspace of H and A can be defined as a distribution valued
operator on its weak domain by the prescription:

LU -1
iy (01,
Lemma 5.1. Let C, := & = {f,, x € R} C Ky. Then C, is a total set in Ky
satisfying conditions (C.i) and (C.ii). Moreover for all f € C,, the function

F:t— <ft7f>

is derivable at t = 0 and

FI0) = —ilg-1, f) = —z'/R\{O} LB (dt).

Proof. The totality is satisfied by definition of KCq.
From relation f, = f_,, « € R, we deduce that C, is invariant under complex
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conjugate. Then condition (C.i) holds.
While the first order moment of v exists, then (¢t — tf,(t)) € L'(v). In fact
[tfz(t)] < 2|¢|. This gives that

@rn)= [t
R\{0}
exists for all z € R. Then by a linear extension, the distribution

Coofr g1 f) = / o Hmta)

is well-defined.

From relation f,f, = fz+y — fo — fy, ©,y € R, we deduce that C, is invariant
under multiplication and it is the same for Lin — span(C,). Then for all g € C,, the
distribution

Lin — span(C,) > f — {q- 1, fg) := /R\{o} tf(t)g(t)v(dt)

is well-defined also which proves that Condition (C.ii) is satisfied.

Let € R, defining the function

s B = (i f) = [ I alswar),
R\{0}
First F is well-defined because f;, f, € L?(v). On the other hand
9 7= -, —1S
a(ft(s)fx(s))‘ = | —ise™ fu(s)] = [sfu(s)| € L1 (v).
Then F' is derivable at any ¢ € R and
F'(t) = —i/ se” 5 . (s)v(dt),
R\{0}

in particular F'(0) = —i(q- 1, fz)- =

In the remain of this section, we take C, := {f,, = € R}.

Theorem 5.2. The exponential vectors Exp(C,) are in the weak domain
wk—dom(Qp) of Q.. Moreover, on the domain Exp(C,), the operator Q.. co-
incides with the distribution valued operator

Af(q-1) + A, (g-1) + Au(g) + E(X)1 (5.12)
Proof. From Theorem (5.1) one knows that @, is the generator of W (t) and that:
(WO Bap(£.), Bop(f,)) = ("OFI=09) Bap(f, +€f,), Eap(f,))

= exp (W) + (o f0) + (i o) + (€1, £)

— h®)
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where

(For f=t) + (frs fy) + (€ fus )

(fes f=a) + (fes fy) + (oo fafy) + (far fy)
(feo fea + [y + [oafy) + (far fy)

(fes fy—a) + (fu, fy)

Lemma (5.1), proves that the function h is derivable at (¢t = 0) with

h/(O) = _¢/(O) - i<q : 17fy—w>
= —i(E(X1> + <Q' 1, fy7m>)
= —i(BC) + {0 L J + (0 L) + o LTahy)).

Then

<W(t2 - 1E:Ep(f£),EIp(fy)> - % WO Eap(f2), Exp(f,))

— h/(o)eh(o)

lim
t—0

Therefore for each f, € C,, Exp(f:) € wk-dom(Q..) ie., Ezp(C,) C
wk-dom(Q ).

We know that Exp(C,) is in the domain of the operator valued distributions
A, (q-1), Af(¢-1), Ay(q) and one has:

<QCPE$p(fI)7 Exp(fy»

=ilim <W(t2 — lEa:p(J%), Exp(fy)>

= (B0 + G0 L) + (a1 ) + (- 1, Tafy) et

E(X1)Eap(fy). Bap(f,)) + (- 1. ) Bap(f2), Eap(f,))

_|_

Eap(f.), (a- 1. £)Eap(f,)) + (Eap(f2), (a1, fof,) Bap(f,))
E(X\)Bap(f.), Bap(f,)) + ( Ay (¢~ VEep(f). Bap(f,))
). Az (

+

=
<
=
<

)
Eap(f,), A; (- DEap(f,)) + (Bap(f2), A, (af.) Eap(f,) )



June 4, 2013 20:45 FILE NAME Quantum*dec-Final*version*2013

24 L. Accardi, H. Rebei and A. Riahi
= (E(X1)Bap(f), Bep(f,)) + (A7 (a- D Eap(f.), Eap(f,))
+ (A (a- VEp(f,). Bap(f,)) + (Au(a) Exp(f,). Eap(f,))

= ((BOX) + 4, (0 V) + AL 0 1) + A(@) Bap(fa), Bap(f,))

6. The renormalized quantum decomposition

In this section we assume the non existence of the first order moment of v, i.e. that
q-1¢ LY(v).

Comparing the expressions (5.12) and (4.9) one sees that, even if they they should
be understood in different ways, they look formally the same and that the existence
of a finite first order moment is a necessary condition for both expressions to make
sense. Therefore, for random variables not satisfying this condition, one must look
for a notion of quantum decomposition different from the one given by expressions
of the form (4.9).

On the other hand the already emphasized fact, that all the results of section (5.1) do
not require the existence of the first order moment, suggests that all the problems
with the extension of expression (4.9) to random variables without moments is
concentrated on the scalar term in the sense that, after subtracting this term,
which is infinite in the case of random variables without moments, one obtains the
meaningful distribution valued operator

Af(q-1)+ A7 (- 1)+ Au(q) (6.1)

In physics the procedure of subtracting infinite constants to some expressions, in
order to transform them into meaningful and physically measurable ones, is well
known and called additive renormalization.

In the present case a mere additive renormalization would not be sufficient because
it would leave open the question of the connection between the resulting expres-
sion (6.1) after additive renormalization and the original random variable without
moments. In other words, we want the renormalized quantum decomposition (6.1)
to be canonically associated to the the random variable @, or equivalently to the
1-parameter group expitQ) . generated by it.

In the following we prove that such a canonical connection can be established using
a multiplicative renormalization procedure. In mathematical terms this means the
transition from a representation of the additive group R to a projective representa-
tion of the same group.

The idea of the construction of this projective representation is naturally suggested
by the proof of Theorem (5.2). In fact from it one can see that the emergence
of the first moment in the quantum decomposition is due to the derivative of the
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scalar term in the normally ordered form (5.4) of the one-parameter unitary group
exp itQ p, i-e. exp U(t). Therefore the emergence of the ”infinite constant” E(X7) in
the formal expression (5.12) is a manifestation of the fact that, if the first moment
of the random variable X is infinite, then the function ¥ is not differentiable.

In order to remove this constant from exp itQcp notice that, if (Wy)icr is a unitary
representation of R and ¢ € R —— p; € C is any measurable function, then the
1-parameter family

‘/t = E_MtWt

is a projective, in general non unitary, representation of R with multiplier (which
is in fact a 2—co—boundary):

G(s,t) 1= elereHsH
In other terms:
VsVe = 6(s,)Vsts is,t,€R
Now we apply this remark to the case when p; = U(t) and W; is given by (5.5).

Lemma 6.1. Let p be the orthogonal projection on Ko and CZ5 be the dense sub-
space of L?(v) of the infinitely differentiable functions with compact support non
containing zero. Let

C, =p(C) = {p(v), ¢ eCl
be the orthogonal projection of C2G on Ko. Then C, is a dense sub-space of Ko

satisfying properties (C.i) and (C.ii).

Proof.

i Density:
Let f € Ko C L*(v), by the density of Cg% in L?(v), there exists ¢, € C
converging to f as n — 4o00.
But by definition of p, ¢, — p(¢n) L p(en) — f € Ko , then

len = F112 = (o = p(en)) + ((0n) = I
= llen = p(en) 1 + [lp(wn) — FII”
and we get
[p(en) = fIl < llon = fll — 0 as  (n — +00).
Hence f is a limit of a sequence of C,, which proves the density.
ii Condition (C.i):

Let f = p(p) € C, where ¢ € C25. While €25 is invariant under complex
conjugate, then to prove this property for C,, it is sufficient to prove that
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F=p(®).
We have f — ¢ € Kg = {fz,z € R}, then
<f_@afw> = <f—w7f_<)0> =0 V.TER

This gives f — @ € Kg. But f € Ko. Then f = p(@) € C,.

iii Condition (C.ii):
For f € C,, let us consider the function F,(v) = (f., f). Let ¢ € CZp such that
f =p(p). Then f — p € Ki which gives F(x) = (fu, ). It is easily checked
that F, is derivable at x = 0 and

Fl(0) = —i/ to(t)v(dt) = —i{g- 1,¢).
R\{0}

Clearly that (g -1, ¢) dose not depend on the choice of ¢ but only on f. Then
the distribution

fr=Aa-1,f)=(q-1,¢) =iF(0). (6.2)
is well-defined. Hence the first part of Condition (C.ii) is proved.
Let us proving the second part.
First notice that for all g € Ko, f,g € Ko. In fact g is a limit in L?(v) of a
sequence (gn)n C Lin — span(€), then f,g, € Lin — span(E). Moreover

| fogn — fog I? = / o 150000 = g P (@)

<4|lgn—9gl>*—0 (as n — +o0).
Hence f,g is a limit of a some sequence of Lin — span(€), then it belongs to
Ko.
Let f = p(p) € Cy, where ¢ € C25. Then by definition of p, (f —¢) L fug
which gives

(fer [ —©7) = (feg, f —¢) =0.

Let consider the function

Gg,f () = fa, f7) = (f2,09) = /]R\{o} f-z(@®)gt)(t)v(dt)

Clearly that G_ , is derivable at x = 0 and
G0 =i [ i
R\{0}
Defining
@-9.0)= [ dgemdn =ic,, o).
R\{0} Y
Clearly that (¢ - g, f) does not depend of the choice of ¢. Then the distribution

fr—Aq-9,f)
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is well defined on C,,.
O

Theorem 6.1. Let W (t) be the one-parameter unitary group defined by (5.5) and
define:

V(t) = e YOW (1) = e (F)Alit) A ()

Then {V(t); t € R} is a strongly continuous projective representation of R with
multiplier

G(s,1) 1= Y+ =)L)

Its generator @, contains Exp(C,) in its weak domain and, on Exp(C,), coincides
with

A(g- 1)+ A, (a-1) + Au(q)
Proof. Since W (t) is a strongly continuous one—parameter unitary group and ¥

is continuous, the strong continuity of V'(¢) is clear because, for any ¢ € Ky and
to € R, denoting g := V(t9)p one has as s — 0:

[V (to + s)¢ — V(to)el = lle "W (tg + s) — o
= ||le=¥ ot )TY I (5) g — |
< W (s) (e st H ¥t oy — g} || + [|W ()0 — ol

= [le¥ )=Vt g5 — o || + [W ()0 — woll — 0
Let f,g € C,, we have

V(t)—1 1
(Y=L pp(s), Bante)) = H((V(OEap(). Eaplg)) - e99)
1 |
= —({fF-0:h) (et _ ol
- ("= Bap(ef + f,), Baplg)) — V)
_ }(eu TR frg) _ G, g>)
t
_ Lo _ ho
= 1M — )

where in the notation of proof of Lemma (6.1)

h(t) = <f*taf> + <6itqf+ ftvg>
= (f-t, [) +(fef,9) +{f,9) + (ft,9)
=F,(=t) + G, () + F,(t) + {f,9)
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But it is clear from above calculations that h is derivable at (¢t = 0) and

W' (0) = —F/(0) + F/(0) + &, _(0)
= —i(m+ (q-1,9)+ (q- 139))

then the }il%<%Exp(f),Emp(g)> exist. Hence Exp(f) € wk — Dom(Q,,)
—

and

(Qy Exp(f), Exp(g))

= z< lim %Emp(f), Exp(g)>

t—0

= ih'(0)eh(©)

= (er (q-1,9)+ (q- 1jg>)e<f,g>

= ({1, HEzp(f), Eaplg)) + (Eap(f), (a- 1, 9)Ean(g))
+ (Bep()). (a-1.Tg) Expla) )
= (45 (g DExp(f), Baplg) ) + (Exp(f), A (q- 1) Exp(g) )
+ (Bep(f). 45 (af) Eeplg))
= (47 (q- )Ezp(f), Bap(g) ) + (Af (¢ )Ewp(f), Ezplg) )
+ (Au(@)Bap(f), Bxplg) )
_ <(A; (q- 1)+ Af(q-1) + Au<q))Exp(f)7 Ewp(g)>-
This gives the statement. =
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