On the quantum Feynman-Kac formula
Luict ACCARDI

(Conferenza tenuta il 15 novembre 1978)

Estratto dai “Rendiconti del Seminario Matematico e Fisico di Milano”

Vol. XLVIII (1978)



Contents

1

2

8

9

Introduction

Stochastic processes and local algebras
Local algebras on R(R™)

Markovianity and semi—groups
Semi—groups and markovianity

Local perturbations

Markovian cocycles: classical case
Formal generators

Kernels

10 Action on LP(S,my)

11 Self-adjointness and reflections

12 Strong continuity in LP(S,m)

13 Compactness conditions

14 Asymptotic estimates

15 Quantum case: L>*—theory

16 Quantum case: L>—theory

11

12

14

15

17

19

21

22

25

29

34

38



1 Introduction

The Feynman—Kac formula is a technique, based on functional integration,
which allows to perturb a markovian (i.e. positivity and identity preserving)
semi—group exp tH with suitable continuity properties into a new positivity
preserving semi-group whose formal generator has the form H + V and to
obtain a fairly explicit representation of the latter in terms of a functional
integral.

The purpose of this paper is to show that the formalism on which the
classical Feynman—Kac formula is based can be generalized to a quantum
(i.e. non—commutative) context. The role played, in the classical case, by
multiplicative functionals is played in the quantum case by localized 1—cocyles
(markovian cocycles). In the algebraic (i.e. L*°) theory, perturbations arising
from unitary markovian cocycles are derivations (such perturbations have
no classical analogue), those arising from hermitian markovian cocycles are
dissipations. A more general form of markovian cocycle allows to obtain the
full dissipative part of Lindblad’s generator of a quantum markovian semi—
group. As far as possible, we develop the formalism in a language common
to the classical and quantum case (cf. §’s (1), (2), (4), (13), (14)).

The equivalence between the algebraic framework of the present approach
and the usual probabilistic one is based on the equivalence between the the-
ory of commutative local algebras with a state and the theory of classical
stochastic processes. This equivalence lies at the basis of our definition of
“quantum stochastic process” and is briefly reviewed in § (0), which means
to provide a heuristic back—ground as well as a motivation for the definitions
introduced later.

In §’s (8) to (11) we review some analytical properties of the perturbed
semi-group, and in § (12) the beautiful Kac-Ray asymptotic estimates of the
spectrum of generators.

We have not discussed here the important property of hypercontractivity;
for this we refer to [16], [7], [22] and to the bibliography therein.

As far as the classical Feynman—Kac formula is concerned, our main result
is the asymptotic estimate (90), obtained in Theorem (12.2), which general-
izes the corresponding result of Ray [29] for the Wiener process. The interest
of this result lies in the fact that it provides a rigorous foundation for the
so—called W K B estimates.

Dealing with the classical case we develop the theory for a general state
space S since we want our results to be applicable to the case in which S



is a differentiable manifold. However we consider only scalar valued func-
tionals of the process motivated earlier approaches to the non—commutative
Feynmann-Kac formula (cf. [17], [28], [34]), whose results have been applied
by Malliavin [25] to the diffusion theory of differential forms.

In the particular contexts of Euclidean fermion quantum field theory, of
Clifford algebras over real Hilbert spaces, and of the quantum Wiener process,
non—commutative generalizations of the Feynmann-Kac formula have been
discussed respectively by K. Osterwalder and R. Schrader [27], R. Schrader
and D.A. Uhlenbrock [31], R. Hudson and P. Ion [19].

2 Stochastic processes and local algebras

Following J.L. Doob [10] we define a stochastic process indexed by a set T
and with values in a measurable space (S,B) a s family of py—equivalence
classes of random variables z; : (©,0,u) — (S,B) defined on a probability
space (€2, 6, 1) and with values on (S, B).

The space S is called the state space of the process and stochastic pro-
cesses are classified according to their finite dimensional distributions. As
shown in [2] this amounts to the following: let F be the family of finite sub-
sets of T'; denote, for F' € F, O the o-algebra generated by the random
variables z; (t € F), i.e.

O = \/ z;"(B)

teF

let pr be the restriction of p on #r and denote
Ap = L>(, 0p, pr)

A = norm closure of U{AF :FeF}

the norm closure being meant in the sense of the usual norm on L>(£2, 6, u).
The measure p induces a state (i.e. a positive normalized linear func-
tional), still denoted p, on the C*-algebra A, defined by:

V(f):/Qfdu; fed

(throughout the present paper we shall adopt, for what concerns C*— and
W*—algebras, the notations and nomenclature of S. Sakai’s monograph [20]).



The state o on A is locally normal in the sense that for each F' € F the
state pup = p|Afp is normal.

Two stochastic processes indexed by the same set 1" are called stochasti-
cally equivalent if, denoting there exists an isomorphism of C*—algebras

u: A— A

such that
u(AF) = /F; FecF

u|Ap is normal; F' € F

pou=p

If (x4), (z}) are the random variables defining the two processes, an ex-
plicit form of the isomorphism u is given by the map

F(xyy, ... x,) = Fxy,, ... 2, )

for any bounded measurable function F' : S™ — C, and for any ¢, ...,t, € T

It is possible to characterize, up to equivalence, those triples {A, (Ar), u}
which come from stochastic processes in Doob’s sense (cf. [2]) and, more
generally, every triple {A, (Ar), u} such that

— A is a C*—algebra (commutative)

— Ap is a W*-algebra C A

— A = norm closure of | J{Ar : F € F}

~-FCG=Ar C Ag

— 1 is a locally normal state on A

defines a stochastic process in the sense of L.E. Segal [32].

An element ¢ € Ar (F € F) is a bounded measurable functional of the
random variables x; (¢ € F’). Often one has to deal with bounded measurable
functionals of infinitely many of the random variables ;.

This leads to the consideration of local algebra A; where I is no longer
a finite subset of 7. The following definitions are often used (when 7' is a
topological space):

Ap = L>(,0;, pur)

01 = Vierz; '(B) 5 pr = plbr

when [ is an open set, and

A;=n{Ap: Bopen DI}
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when [ is an arbitrary set. Sometimes a more delicate definition is useful
(cf. [4]), but in the present paper the general definition of the algebras A
will not be discussed and we shall simply assume that the algebra A; or,
equivalently, the o—algebras 6, for an arbitrary set I C T, are defined in
such a way as to satisfy the conditions of Definition (1.1) (cf. § 1), and:

F(thl,...,.ftn) S ./4]

whenever F' : S — (' is a bounded measurable function and tq,...,t, are
in I (n € R) (or, at least, for a weakly dense set of such functions).

The choice of a family of local algebras associated to a stochastic process
is not canonical but depends on the process. One might consider bounded
continuous functions if S is a topological space, bounded C*—functions if S
is manifold, or even unbounded functions (for example the algebra of poly-
nomials of a gaussian process). All these choices are sufficient to determine
the class of stochastic equivalence of the process in the sense that their weak
closure in the GNS representation associated to the state are algebraically
isomorphic (cf. [3] for a precise formulation).

Two important classes of maps of the algebra A into itself are associated
to stochastic processes:

i) conditional expectations

ii) automorphisms induced by symmetries of 7.

The conditional expectations associated to p

E;r: A — A[ = LOO<Q,9],/J,[)
are always defined and satisfy
I C J= E\E; = E; (projectivity)

An injective map ¢ : T — T induces an endomorphism of A with a left
inverse if and only if the maps

G(:Etl,...,xt") — G(Z'gtl,...,xgtn) (].)
(G : S™ — C, bounded measurable, tq,...,t, € T') are well defined as maps,
.AF = LOO(Q, QF,/J,F) — .AgF = LOO(Q, Ggp, NgF)

(F = {t1,...,t,}); i.e. if and only if the measure pp are quasi-invariant for
such maps.



If, moreover, the measures pp are invariant for the maps above, then one
easily verifies that
* —
ug'Eg]-ug—E[

where u, : A — A is the endomorphism induced by (1) and wj its left inverse.
In the following we will be mainly concerned with the case in which

T=RorRT
and the maps g : T' — T are translations
gt=t+s; teT (forsome s;s>0if T =RT)

or reflections
gt = s —t (for some s;s >t if T =R™)

3 Local algebras on R(R")

In this § we establish some notations which will be used throughout the
paper.

Let T be R or RT; let F be a family of T' containing the finite parts and
the intervals (open, half-open, bounded or not) of T

Definition 1 A family of local algebras on T is a couple { A, (A;)}, (I € F)
such that

i) A, A; are involutive complez algebras with unit.

i) Ay C Ay if1CJ

iii) Ap = A

i) Ar=V{A,: JC I;J e F} if I is open.

A conditional expectation A — A; is a linear map E; : A — A; such

that
a>0; a€A = FE(a) >0

E/(1)=1
Er(ara) =arEr(a); ar€Ar; a€A
Ei(a*)=E/(a)*; a€A



A family of conditional expectations (Ey), E; : A — Ay, is called projec-
tive if
ICJ=EE; =E (2)

We shall assume that there is an action
teT— u, € End (A)
of T on A by *—endomorphisms which satisfies
wAr = Aryy  (covariance) (3)

u; has a left inverse denoted uy (u; is the inverse of u; if T =R)  (4)

UtUg = Uttg (5>

A projective family (E;) of conditional expectations is called covariant if
U: Erqu = Ey (6)

this is equivalent to
utEIu:’A[t,+oo[ = EI+t|A[t,+oo[ (7>

Time reflections also will play an important role in our exposition.
Let T = R"; a l1-parameter family of time reflections is a family of
automorphism (or anti—automorphisms)

T A[O,t] — A[O,t], t>0

such that
r?=id; t>0 (8)
Ty = Up_s ;. 0<s<t 9)
If T"= R a time reflection is an automorphism (anti-automorphism)
r: A — Asuch that
r? =id (10)
TUr = U—yT (11>
If, moreover,
TlAQ =1d (12)



then we say that the system {A, (Aj), (u;)} enjoys the reflection property.

A triple {A, (Af)rer, p} where {A, (A7)} is a family of local algebras
and p is a state on A4 will be called a stochastic process (quantum stochastic
process if A is not abelian). If the A; are W*-algebras p is required to be
locally normal. This definition is justified by the discussion in § (0) (cf. [2],
[3] for a more detailed discussion). Remark that the triple {A, (A;)rer, pu}
determines an equivalence class of stochastic processes. In many circum-
stances it is usefull to single out a set of functions (or operators) which in
some specified sense generate the local algebras A;. Usually in the literature
it is such a set of generators which is called a stochastic process and, in such
a case, one usually requires that the two sets of generators are identified by
the relation of stochastic equivalence described above.

There are many examples of classical stochastic processes whose associ-
ated local algebras satisfy the above listed conditions. Using Clifford alge-
bras, or the representation theory of the CCR, it is not difficult to construct
examples of non—commutative local algebras with the above listed properties
(cf., for example, [37]).

4 Markovianity and semi—groups

To avoid circumlocutions, we adopt the convection that, if 77 = R*, the
symbols
B0y Bl—co) s Aj—co]s - - -

stand for
E[O,t]7 E{O}a A[O,t]7 o
respectively.
Definition 2 The family (E;) is said to be Markovian if Vt € T

B o) (At oo) C Ay (13)

The properties of the conditional expectations easily imply that (13) is
equivalent to
E]_oo,t](a) = E{t}(a) ; Yae A[t,+oo[ (14)

There are many equivalent ways of formulating the Markov property. The
formulation (13) (and its multi-dimensional analogues, cf. [1]) underlines the
locality aspect of the Markov property and is particularly well suited for the
quantum generalization.



Proposition 1 In the above notations, let (Er) be a projective, covariant,
markovian family of conditional expectations, and define

Pt = E]_oo,o]ut|Ag ) t Z 0 (15)

then P! is a 1-parameter, positivity preserving semi—group Ay — Ao such
that
P(1)=1; t>0 (16)

Proof. P'is positivity preserving and P*(1) = 1 since Ej_ ] and u; have
this properties; because of the Markov property
Pt = E{O}Ut
hence
P'Ay C Ay
and
P'P* = E{O}UtE{o}Us = E{O}E{t}ut-i-s = E{O}E]foo,t]ut-l-s = E{O}Ut+s = p**

hence P! is a semi—group.

A semi-group P : Ay — Ay, positivity preserving and such that P'(1) =
1, is called a markovian semi-group (on A).

The relation (13) can be called the “foreward” Markov property (the
past conditioning the future). The “backward” Markov property (the future
conditioning the past) is expressed by

Elt oo (Aj—o0) € A (17)

Reasoning as in the proof of Proposition (2.2) one verifies that, if (Ey) is
backward Markovian, covariant, projective, then

P' = u;Ey 1 oof]Ao; >0 (18)

is a Markovian semi—group on A.
The definitions of the semi-groups (1) and (18) can be schematically
illustrated by the diagrams

If T'=R and the system {A, (A;), (Er)(u:)} admits a reflection, then it
is easy to verify that the two definitions coincide.
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Remark 1. The proof of the semi—group property makes use only of
covariance and projectivity, and the fact that P! maps Ay into itself fol-
lows from the Markov property. Thus the construction above holds for any
covariant, projective, markovian, normalized family (£ ) of completely
positive maps.

Remark 2. The relation (1) shows he deep connection between sta-
tionary (or, more generally, covariant) Markov processes and the theory of
unitary dilations of semi—groups. We refer to [12] for a discussion of this
topic and bibliographic references.

5 Semi—groups and markovianity

In the previous § we have seen that every covariant stochastic process, as
defined in § (1), determines a markovian semi-group P’. If the process has
an initial distribution wqy (resp. is stationary with invariant distribution
wp), then the couple {wy, P'} uniquely determines the stochastic equivalence
class of the process. It is important to remark that the equivalence class of
the process is meant here with respect to the localization given by the finite
subsets of the index set T' C R. Without this clarification the above assertion
is, in general, false (this is the case, for example, for Markov fields — i.e.
generalized processes — on the real line, for which the natural equivalence
relation is not based on the finite subsets of R but on the open intervals).

In the following we shall use the term process to imply that the localiza-
tion is based on the finite subsets if the set of indices, and the term field for
the more general situation.

There is a well known procedure which allows to associate a stochastic
process (resp. stationary stochastic process) with initial (resp. stationary)
distribution wy, uniquely determined up to equivalence, to a couple {wq, P'},
where wy is a probability distribution on a measurable space (S, B), and P*
is a markovian semi-group acting on some subspace of L>°(S,B) with ap-
propriate continuity properties (cf. [10], [14], for example). The equivalence
class of the process, i.e. the joint expectations, are determined by:

Mo,tl,...,tn((fo oxg) - (f10 xtl) oo (faomy,)) =

=wo(fo- [P"[fr- [P [P L] )
where fo,..., fn € L®(S,B), (x;) are the random variables of the process,
0<t; <...<ty, né€Rand the dot denotes pointwise multiplication.

11



Thus all classical covariant Markov process are determined up to the
initial (resp. stationary) distribution and up to stochastic equivalence, by a
markovian semi-group. As shown in [1], [2], [3], the situation in the quantum
case is more delicate; in particular, the extrapolation of the above assertion
to the quantum case is wrong.

Probably the most studied Markov process is the Wiener process (or
Brownian motion) which is obtained when S = RY with the Borel o—algebra
and

eflwfy‘z/%
Pif(z) = e/#2 () = /RN IZoLE f(y)dy
(dy-Lebesgue measure on RV, |z[> = S0 22 if & = (21,...,2y)), and wy

is any probability measure on RY (if wy = §, = Dirac measure on z, one
speaks of Wiener process with initial condition x). All the results expounded
in the present paper extend some results obtained in the framework of the
Wiener process.

6 Local perturbations
In the notations of the preceedings §’s, let
Py = E_wooyus - Ay — Ay (19)
be a Markovian semi—group and let, for each ¢ > 0
M,: A— A (20)

be a positivity preserving operator (completely positive if A is a C*—algebra).
Define, of t > 0 .
Pt = E]_Oo,o]Mtut‘Ao (21)

Remark that P*(Ag) C Ao if and only if Va, € A
Play = By, Plag = Byoy Myuao = E)— o0 Ejo.g My Ejp gusao

This means that if P/(Ag) C Ay then we can always assume, without chang-
ing the action of P!, that

M, = EpgM;Eq 4 (22)

12



or, equivalently, that .
Mi(Apg) € Apg (23)
and that, conversely, if (23) holds, then P* maps Ay into itself.
In the following we shall assume that (23) holds. Since Va € Aj:
Ptpsao = E}foo,O}MtutE]foo,O]MsusaO =
E}—OO,O}MtE}—OO,t}utMsu: CUtypsQo =
= E}_Oovo}E}_oovﬂMt(utMsu:)utJrsao =
= B} coqMi(us Msuy ) ur s sa

we have that, if P': Ay — Ay is a semi—group then we can always assume,
without changing the action of P! on Ay, that

Mt—‘rs = Mt(utMsu:) (24)
Conversely, if (24) holds, then P* is a semi-group on Ay.

Remark 1. If A is abelian, a simple form for the operator M, is
My(a) =M, -a; ac A (25)

where M, is a positive element in (or affiliated to) A. In this case the condi-
tions (23), (24) are equivalent to

M, € A[Qt] (26)
Mt+s = Mtus(Ms) (27>

Remark 2. If A is not abelian, the choice (25) for the operator M,
will not give rise, in general, to a positivity preserving semi—group P'. This
is not the case, however, if M, lies in the center of A (or, more generally,
commutes with A;). In such a situation the derivation of the generator is
exactly the same as in the classical case (cf. § (6)). This remark has been
used by K. Osterwalder and R. Schrader to prove a Feynman—Kac formula
for boson—fermion models in euclidean quantum field theory [27].

Remark 3. The proof of the semi—group property carries over, with-
out difficulties, in the assumptions of Remark (1) after Proposition (2.2),
provided the operator M; commutes with E£)_, 4.

Definition 3 A 1-parameter family (M;) of operators in A (resp. affiliated
to A) satisfying (26) and (27) will be called a markovian cocycle.

A markovian cocycle will be called positive (resp. hermitian, unitary,...)
if for each tM, is positive (resp. hermitian, unitary,...).

13



7 Markovian cocycles: classical case

The results of § (1), (2), (4) do not depend on the structure of the algebra
A. From now, till to § (13) included, we shall assume that the algebra A is
abelian and, to fix the ideas, we shall assume that the algebras A;, I C R
(or RT), the endomorphisms u; and r¢, the conditional expectations E; come
from a Markov process (z;)-t € R or R* — on a probability space (2,6, u)
and with state space (S, B), in the way described in § (0).

The action of u;, ¢, E; is extended to all positive measurable functions
on {2 and to all measurable functions for which it makes sense.

We shall freely use the notations of § (0), and use the notation

FE0; or equivalently FEA;

to mean that the function F' is 8;—measurable.
The discussion in § (4) implies that, if M, is a positive markovian cocycle,
then
Pt = E},wo}Mtut (28)
is a positivity preserving semi—group on Ay and, conversely, if P!, defined
by (28), is a positivity preserving semi-group on A, then we can assume,
without modifying P!, that M; is a positive markovian cocycle.
Denote xqpo, the support of M;. Because of (26) Xq[o,q is the character-
istic function of a set Qg C Q and Q4 € O 4.
One has
M = xgy eV (29)

where U[O,t]ée[w is a real valued function and one can assume that supp
Uy = Qpy. Denoting
X tra) = US(XQ[O,H) (30)
U[s,t+s] = Us(U[O,t})
the cocycle property (27) is easily seen to be equivalent to the relations

Qo,i1s] = Qo N Qg 4] (31)

Upp,i+s) = Upog + Uls 44 (32)
Conversely, if Xqps., Upsg€Q sy satisfy (30), (31), (32), then M, defined by

(29), is a positive Markovian cocycle. A map

[S, t] CR— U[S’t}ée[s,t]

14



satisfying (30) and (32) is called a covariant additive functional with respect
to the family of o—algebras 0.
A typical example of additive functional is given by

t
U[O,t] :/ Vsds (33)
0

where

‘/OéAO I us(%) (34>

and the integral is meant in measure.

The problem of classifying the additive functionals of a given Markov
process has been widely studied in the literature (cf. for example, [1]).

An example of a family €, 4 of sets in 0,4 satisfying (30) and (31) can
be constructed as follows: choose a separable realization of the process ()
(cf. [35]) and, for some set Sy C S (the state space of the process) define

Qo= [ 2" (S)
s<r<t

then €, 4 is in 0y and, clearly, conditions (30) and (31) are satisfied.

8 Formal generators

Let {A, (A;), (E;), (u)} be as in the preceeding paragraph, and (M;) be a
markovian cocycle. Denote

Pg = E]_Oo,t]ut c Ay — Ao (35)

Pt = E]—oo,t]MtUt . AO — A() (36)

In this § we show that there is a simple connection between the formal
generators of P} and P'. This connection constitutes the essence of the
“Feynmann—Kac formula”. Under various analytical assumptions on P¢ and
on M;, some of which will be considered later, this connection becomes a rig-
orous one. The main idea is contained in the following formal manipulations.

Let us denote:

N .

Hy = lgfgl n (P, —1) (37)
N e

H_lif?ﬂp_l) (38)

15



(here and in the following we shall not specify neither the topologies in which
the limits are taken, nor the subsets of Ay in which such limits exist). Let
fo S ./40, then

! 1
Hf, = 1551 - {P'fo—fo} = 1&61; {B-coqMiuifo = fo} =

o1
= ltlirgl n {El—oo0uefo — fo}+

.1
+1§¢I(I)l ; {E],oo,o]MtUtfo - E}foo,O}ut.fO} =

.1 o1
= lgfgl N {Pifo— fo} + Bl oo {ltlfgl n (M, — Zf]utfo} =

= Hy fo + Aofo

where Ay denotes the operator of multiplication by the function

d

Ay = 1551% (M -1 =] M, (39)
thus the required connection is given by
H = Hy+ A (40)
where Ay is given by (39). For example, if
M, =e Jo Veds (41)

a formal derivation of the right hand side gives
Aof =W/l H=H,-V

One can prove that, whenever Hy — V) makes sense as a well defined
operator on a certain domain, the semi—group (36), with M, given by (41),
can be defined. There are, however, situations in which the semi-group is
well defined even if the operator Hy — Vj is not. In such cases the right hand
side of (40) is well defined by (38), while the left hand side is not and the
above procedure can be considered as defining a “generalized sum” of the
operators Hy and —Vj.

16



9 Kernels

Let us show that if the semi—group P} defined by (35) has an integral kernel

then the perturbed semi-group P?, defined by (36), has an integral kernel

too, of which we give a functional representation. The existence of such a

functional representation of the integral kernel of the perturbed semi-group

is what makes the Feynman—Kac formula such a powerfull tool in estimates

on eigenvalues or eigenvectors of the perturbed generator H = Hy + Ay.
Let us consider the conditional expectation

E{t,o} A — -A{O,t} = .Ao V At
If fo € Ay, then
Ptfo = E]—oo,o]MtUtfo = E{O}Mtutfo = (42>

= By Eo.n(Miufo) = Eqoy Eqony (Me)u(fo)
Recall, from § (5), that we have introduced the identification
Ay = L=(S,my) (43)

where S = (5, B) is a measurable space and my is a positive, finite or o—finite
measure. Assume, moreover, that P} has an integral kernel:

(L o) (o) = / pr(0,9) foly)mo(dy) (44)

S

This implies that, if F' éAErO’t}, then

Eoy(F) (o) = /Spt(xo,y)F(xo,y)mo(dy)

in particular (42) implies that

(P'fo) = Eqoy(Epon (My)ui(fo)) = (45)

= /s pe(zo, y) o0y (M) (0, y) fo(y)mo(dy)

thus, if P} has a kernel P(x,y), then P has a kernel k;(x,y) given by
ki(z,y) = pi(@,y) Eroy (M) (2, y) (46)

17



where, s remarked in § (5), we have identified the elements of L>(€2, 0, 4, ft4s.41)
with (p(s¢—classes of ) functions S x.S — C. In the following we shall assume
that

pe(z,y) >0 moy ® mo  a.e. (47)

Since Eyg 4y is the conditional expectation, on Ay, of the measure p =
mg. FEyoy, one can easily verify that the action of Eyo,; on a functional
F = F(xg,24,,...,24,,2;) depending on the finite set of random variables
oy Tty ..o, Ty, , Tty With 0 < 3 < ... <, <tis given by

Ban (P ) = ——— [ motetm) [ ... [ ol

'F<y07 Yty Ytn) yt) * Pty (y07 Yty )ptg—h (ytla ytz) Cees Pty (ytn7 yt)

for example, if ' = F(z4) depends only on the random variable z,, one has

Efon(F)(yo, yr) = (48)

— m /Smo(dys)ps(yﬁays>pt—s(y57yt) ’ F(?Js)

Useful estimates on the kernel k;(x, ) can be obtained by using its explicit
form, given by (46) and the considerations above. For example, let M; be of
the form )

M, = ¢ Jo Vsds Vs = ug(V)

for some measurable function V' : S — R (recall that

Ag = L>(S,B))
We can always write V' in the form

V=V _vEd, with VO>_¢; VEI>¢

where ¢ is some constant. From (46) we obtain

ct ft V;fc)

kt(xv y) S € pt($7y)E{0,t}(e 0 )(1',:9) (49)

and, applying Jensen’s inequality:

I (-o)
o) < ey [ dsBone ey (50)

18



or, equivalently:

I e
Ko <3 [ ds [ mo@p om0 6
0

The estimates (50), (51) are useful to derive from the properties of p,(z,y)
the corresponding, or slightly weaker, properties of k;(x,y).

Examples of the use of these estimates will be given in the following §’s.
For example, if p;(x,y) is the Wiener kernel and mg(dy) = dz is the Lebesgue
measure, then, if V(=9 € LP(R,dx) for some p > 1, the right hand side of
(51) is finite.

10 Action on LP(S,my)

In the following we shall denote || - ||p, the norm of a linear operator from
LP(S,mp) to L1(S,mg). By construction, on L*(S, myg):
Fof = Eyucf (52)

Hence || Pf|loooo = 1. If f € L' N L®(S,mg), f > 0, then

|WMh=//m@wﬂwWM@WMM

Therefore, if

sup/pt(x,y)mg(dx) < 400 (resp. <1) (53)
yeS J S

by interpolation P} can be extended to a bounded operator (resp. a contrac-
tion) LP(mg) — LP(mg) for each p € [1,+00]. Remark that, if the kernel is
symmetric, i.e.

pe(,y) = pely, )
then || PGl = [[F5(1)]|oo = 1.

We shall not discuss here the important property of hypercontractivity
(resp. supercontractivity) of Pf, ie. ||Pt||p, < 1 for appropriate ¢ and
q>p>q (resp. for all £ > 0 and all ¢ > p > 1). These are a far—reaching
generalization of the property of “instantaneous smoothing” of the Wiener

19



semi-group (P{LP(R,dz)} C C*(R,dz)) and have played a fundamental
role in recent researches (cf. [7], [16], [22], and the bibliography therein).

Assuming || P||11 < 400, from the explicit form (46) of the kernel of P?
one immediately deduces that

£l 0,6y (M) || oo < 400 (54)

is a sufficient condition for P! to be a bounded operator LP(S, mg) — P¥(S,my)
for every p € [1, +00]. For example, if M; has the form

M, = ¢ Jo Veds

then, by Jensen’s inequality

: 1 [t
E{O,t}(e_fo Vsds) < ; / dSE{Oﬂg}(e_tVS) = (55)
0

1
= / ds/mo (dzy)e -tV ps(xo,ﬂis)z?t s(Ts, )

pt(l’o, )
and the uniform boundedness of the right hand side of (55) (mod. mg) gives a
sufficient condition for (54) to be verified. If S = R, mg(dz) = dz (Lebesgue
measure) and p;(x,y) is the Wiener kernel, a simple computation shows that

e V9 ¢ [P(R, dx) (56)

for somet > 0 and p > 1, is a sufficient condition for the uniform boundedness
of the right hand side of (55). In some cases instead of (56) one can derive a
weaker condition of the form

e V(=9 ¢ Lﬂ)C(R, dx)

by coupling the above mentioned estimate with a probabilistic argument
(with very low probability a particle goes outside a sufficiently large region
in the finite interval [0, ¢] (cf. [7] for the case of the Wiener measure).

If m(S) < 400 then one can deduce the continuity of the action of P}
(resp. P') from P¥(S,m) to L4(S,m), using the explicit form of the kernels
and a general criterion due to L.V. Kantorovich (cf. [20], pg. 417) according
to which if, for 7, ¢ > 0, there are constants ¢y, ¢co such that

/Ikl“y m(dy) < ¢
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/ Ik(z, 9)|"m(dx) < e,
S

then p' : L? — L% is bounded of each p, ¢ > 1 such that ¢ > p; ¢ > o;
(1 —0o/q)p’ < r (here and in the following we shall use the notation: p’ =

p/p—1forp>1,p# o).

11 Self-adjointness and reflections

Self — adjointness properties of the semi—groups P}, P’ are related to time
— reflections, as shown by the following results.

Proposition 2 Let T = RY; assume that {A, (Ar)} admits a 1-parameter
family of reflections (r;) which leave u invariant; then

i) Pt is self-adjoint

ZZ) Pt* = E{O}rt(Mt)ut

in particular, if r¢(M;)* = My, then P' is self-adjoint.

Remark. By self-adjointness of an operator A : L>(S, mg) — L>*(S, my),
here we mean that

(f;Ag) = p(f* - [A g]) = p(lA f]" - 9) = (Af, )
for each f,g € L' N L>(S,mp), (* means complex conjugation).

Proof. Let ag, by € L' N L°°(S,my), then

(ag, P'bo) = plafEqyMyu(bo)) = plagMyug(bo)) =
= u(re(ag)ri(Mi)bo) = pu(ui(ag)re(Myi)bo) =
= <E{0}Tt(Mt>*uta07 bo)

which proves (ii). For M; =1 we have (i).

Proposition 3 Let T = R; assume that {A, (A;)} admits a reflection r
which leaves p invariant. Then

i) Pt is self-adjoint

ZZ) Pt* = E{O}utr(Mt)*

in particular, if uyr(M;)* = My, then P! is self-adjoint.
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Proof. Let ag, by € L™= N L*(S,my), then

(a, P'bo) = plagMyur(bo)) = pe(agr(My)u-i(bo) =

= p([r(Mp)"ac]" - u_4(bo)) =
= (Epoyuelr(M;)*ao], bo)

which proves (ii) and, for M =1, (i).

Remark 1. In the proofs above no use has been made of the commuta-
tivity of the algebras Ay; ry, r above are automorphisms of A. In the classical
case, M, is a positive function, and M} = M,.

Remark 2. The typical example of M, in the classical case:

t t
Mt:exp—/ Vsds:exp—/ us Vo
0 0

satisfies both the conditions of Proposition (9.1) and (9.2).

Remark 3. Assertion (i) in both Proposition (9.1) and (9.2) admits a
partial converse, in the sense that, if P} is the semi-group associated to a
Markov process and F{ is self-adjoint, then one can construct a 1-parameter
family of reflections (resp. a reflection in case T' = R) for the local algebras
of the process.

12 Strong continuity in L”(S,m)

Let (X,H,v) be a finite or o-finite measure space. A semi-group @' is said
to be strongly continuous on L' N L>®(X, v) if

lgngtf =f Vfel'nL®(,v) (57)

the limit being meant in v—measure. In the analysis of this notion, we shall
follow [22].

Lemma 1 If Q' is strongly continuous in measure on L' NL> (X, v) and the
map

t €]0,b[= Q" llqq (58)

is bounded for every 0 < b < 400 and q € [1,+00], then Q' is strongly
continuous on LP(X,v) for every p €]1,+o00[. If, moreover, m(S) < +o0,
then the result holds for p =1 too.
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Proof. Let p € [1,+o00o[. It will be sufficient to prove that Q'f — [ as
t 10 for every f € L' N L>(3,v), since t — ||Q*||,, is locally bounded.

Let £,8 > 0 be given. For f € L' N L>(3,v) let B C ¥ be a measurable
set such that:

v(E-B)<d; Q' f(x) - fla)l <e

for x € B and t small enough. Such a B exists by strong continuity in
measure. One has:

1Qf = flle < xus(Qf—Hle+lIxs(Pf—Hle <
1/P
< Q'F — fllor(E — B)YP + {/ Q' f f|de} <
B
< {Q oo + f 1l }o¥? + 7 Q1] + I FI1 T

Since g, § are arbitrary, (58) implies the result.
If v(¥) < 400, the assertion for p = 1 follows from

1Q"f = flls < {IQ" flloo + | flloc}0 + v/(S)

Remark. The result of Lemma (10.1) is false, in general, for p = +o0,
even if M(S) < + + oco. The Wiener semi-group is a well-known conerex-
ample. In this case, in fact,

—(z—y)>/?
P'f(x) :/Re(%wf(y)dy; z € [0,1]
thus P'f is continuous for every f € L' N L>([0,1],dz) and there-||P'f —
flloo = 0, as t | 0, if and only if f coincides with a continuous function out-
side a set of Lebesgue measure 0. This fact implies that P! is not strongly
continuous on L*([0,1],dz), but, being P’ a contraction semi-group on
LP([0,1],dz) for p € [1,00], that it is strongly continuous on LP([0, 1], dx)
for p € [1, 4o00].

The assumptions made in § imply that (u;) acting on LP(£2, 0, u) satisfies
the conditions of Proposition (10.1). Therefore also

Pg = E{o}ut
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satisfies these conditions. Concerning the perturbed semi-group P* = Eyo; Myuy,

an obvious sufficient condition for strong continuity in measure on L' N
L*>®(E,my) is that

ln [P = P41 = Tim | By (M: — Juel )] = 0 (59)

in measure for each f € L' N L>®(S, my).
Lemma 2 The condition (59) is satisfied if

ltifél By (M) =1 ; my a.l. (60)

and if, for some a >0 and M = M(a) € R, one of the following conditions
18 satisfied:
| M| ooy < M 5 Yt €)0,a]

(61)
1By (M) ||oo < M ;5 Vt€]0,al, for some p €]1, +00] (62)
1By (M)l Lo < M 5 £ €]0,a] (63)
10y (M)l < M, Yt €]0,a[, for some p €]1, +o0| (64)

Proof. Let f € L' N L*>(S,my); one has:
|P'f = Bof | = |Eqy([M; = Tus(f))] < (65)

< |Eqoy(Mi[ucf=])| + | Eoy (M) - f — Py f|
Now, |Efoy (My[uef — f])] is < 1 than any of the following three quantities:
M| - Exqoy(furf = £1)
oy (M)7 By (Jue — fI7)V7

| B0, (M) |loo - Egoy(luef — f1)

hence, if any of the conditions (61), (62), (64), is satisfied, it tends to zero
ast ] 0.
Moreover |Eqy(M;) f| is < then any of the following three quantities;

1Ml - 1f1 s By (MO 1 Bron (M) oo - |f]
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Thus, if any of the conditions (61), (62), (63) is satisfied, it tends to zero
in L' (S, m) by (60) and dominated convergence; hence in measure.

Concerning the condition (64), we remark that, if f € L' N L*°(S,m),
then

m|Egoy(Mifuef = fD| < p(Mifuef=f1) < | Ml plluef =l = | Egoy(ME) L lwef = £| e

Moreover, if B C S, then

m(Eoy (M) frp) < 1By MDA 1L ml £ )

therefore, if (64) holds, the family of functions

{Ey (M) : t €]0,al}
is uniformly integrable with respect to m. Hence by Vitali’s theorem and
(60), Epy (M) f — f in Ll(m) as t | 0.

Remark. The conditions (61), (62), (63) also imply that (58) is satisfied;
hence that P! is strongly continuous on LY (S, mg).

There are many sufficient conditions which assure that the Hy + Vj is
well defined as an operator (or as a quadratic form), and that the equality
H = Hy — Vj holds on a core for these operators (resp. in the sense of
quadratic forms). We shall not discuss these conditions here, and refer to
the papers [7], [11], [22], and the bibliography therein.

13 Compactness conditions

The knowledge of he explicit form of the kernel k;(z,y) of the semi-group P*
allows one to apply to P! the known compactness criteria for linear operators
from LT(S,mg) to LI(S,mg). For example, if

mo(S) < oo (66)

then a sufficient condition for the compactness of P* : L(S,mo) — L%(S, my)
is that

/ / o, )| mo(dx)mo(dy) < +oo (67)

with 1 < ¢ < 400, r = min(p,q¢'), 1/r+ 1/r" =1 (cf. [20], pg. 425).
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Therefore, if m(S) < +oo and if

/ / 1pe(z, )| mo(dz)mo(dy) < +oo (63)

the same kind of conditions which guarantee the continuity of P* : LT (S, mg) —
Li(S,mg) (cf. § (8)) will guarantee the compactness. For example, under
the assumptions (66) and (68, the condition

| B, (My)]|oe < +00

is a sufficient condition for the compactness of P! : L(S,mq) — L(S, my).

If mo(S) = o0, the compactness of P : LP(S,mg) — L%(S,my) is
equivalent to compactness on regions of finite measure, plus a “tail condition”
which is formalized as follows:

Lemma 3 A linear operator A : LP(S,mg) — L%(S,mg) is compact if and
only if there exists a sequence (S,) such that

S0 C 81 €S mo(Sy) <4o0; [ JSu =S5 (69)

XsyA is compact for each n; xs,(x) ={0x ¢ S,lz € S, (70)
liin [Xs-5,Allpg =0 (71)

Proof. Sufficiency. xs—s,A = A — xs, A. Hence, if conditions (69), (70),
(71) are satisfied, A is norm limit of compact operators, therefore compact.

Necessity. If A is compact, ys A is compact for each S’ C S. Let € > 0;
Bi~the unit ball in L”(S,mg); fi1,..., fn an /3 net for A(By) C L(S,my).
Let Sy C S be such that mg(S1) < 400, and

||Chis_51fj||q<€/3 ;o9 =1,....n
Then, for each g € By, one has

Ixs—s:Agllqg < € (72)

In fact, if ¢ € B is such that (72) is false, then for some j =1,... n:
/32 |f; — Agllq = llchis—s, (f; — Ag)llq =
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> [ Ixs-s1A9llq = Ixs-s5.fillg| = € — /3 =2/3¢

which is absurd. And this ends the proof.
Let us consider the “tail estimate” (71) for the semi-group P*. We shall
deal only with the estimate of ||xs_s, P'||4.q; the method for the estimate of

Ixs—s,Pl|p.gs P # ¢, is similar.
Let f € L1(S,mg). Then if S; C S

Is_s P Flle < / Y55, (x)mo(dz) / (e, )71 £ () Pro(dy) =

= [ 1@ mo(dy) [ xs-s, (@hi(a.moldr)
therefore

1/q
letis-s, P o {sup [ b rma(in)} < (73)

yes

< {sup /S N e, y) Eroy (M{) (2, y)mo(dw)}l/q

yes

If M, has the form )
M, = e Jo Veds (74)

or is majorized by a functional of this form, then, using Jensen’s inequality
as in formula (51) we obtain, using (48):

1 — z
HXS*SHPt”Z,q < Sup/ mo(dﬂf)— /ds/mo(dz) 'ps(xa Z)pt,S<Z,y)€ i
s Js-s, tJo Js

ye
(75)
In order to estimate

[ o) [ mafde)p, 2oz e O
S-S, s
let us write it in the form:

mo(dz)ps(S — Si, 2)pe—s(z, y)e "1V H) 4
SQ

+/ mo(dz)ps(S — Sl,z)pt_s(z,y)e_tqv(z)
55,
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where Sy C S; and we use the notation
p(S=519= [ maldope.z)
S-S,

The first integral is majorized by

(S, S — 51§S)/mo(dZ)pt_s(z,y)e—th(z)
s

where

£(Sg, S — S1;8) = sup{ps(S — S1,2) : z € Sy}

and the second integral is majorized by

5(‘/,5 — 52) /Ot ds/sm()(dz)p3<5 - Slvz)pt78<z7y) =

=6(V, 8 — Sa)t - pe(S — S, )

where

6(V, 8 — o) =sup{e?V®) : z € § — 5y} .

Now, if V(2) — 400 as z — 400 (in the sense that VA > 0 there exists
Sy C S, mp(S2) < 400, such that V(z) > X for x € S—55), §(V, S — Ss) can
be made arbitrarily small by choosing S5 large enough.

The condition that (Ss, S — S1;s) — 0 uniformly in s < ¢, for Sy and S
sufficiently large has a simple probabilistic interpretation: let, for simplicity,
S be a metric space and interpret the Markov process defined by mg and P}
(according to § (3)) as describing the motion of a particle in the “position
space” S. Then p,(x,y) is the probability density that the particle jumps
from position x at time 0 to position y at time s. If Sy is the ball centered at
an arbitrary point xq € S and with radius @ > 0, and S is the ball centered
at zo and with radius a 4 d, then the condition

supe(Se, S — S1,8) = 0 as a — 400, d — +00
s<t

means that the probability that in a time < ¢ the particle makes a jump of
“lenght” > d becomes negligible asd — +o0.
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14 Asymptotic estimates

Assume that P! : L*(S,mo) — L?*(S,mg) is compact self-adjoint. Then
there is an orthonormal basis (®,) in L?*(S,mg) and an increasing divergent
sequence A\g < A\ < ... < A\, ... of real numbers such that

ko(z,y) =) e Mt onl@)en() (76)

The fundamental idea of M. Kac (cf. [18], [29]) is to compare the classical
expansion (76) to the representation of k;(x, y) in terms of functional integrals

ki(x,y) = e, y)Brogy (e 6%") (a,y) (77)

in order to obtain informations on the asymptotic behaviour, as A — +oo,
of the quantity

N =) 1 (78)

An <A

representing the number of eigenvalues of the generators of P!.
Remark that

ky(z,2) = e, (z)* = /O h e M AN, (N) (79)

where

Ne(N) = ) |a(2)]? (80)

An<A
and, because of (77)
ki(2,9) = pu(w, 2) Eo (e 0 V%), 2) (81)
Thus, if
Epple V) (z,2) =1, ast — 0 (82)

and this is surely the case if, for example, Vy € LP(S, mg) for some p € [1, +o0]
(cf. [22], Lemma (3.2)), then

/ e MAN,(N) ~ p(z,x), ast — 0
0
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where, here and in the following, a; ~ by, as t — 0, means
115}% at/bt =1
Therefore, if p,(z,y) (i.e. the kernel of F}) satisfies
A +
pe(x, ) ~ o 88 t—0 (83)

for A > 0 and v > 0, the Hardy-Littlewood—Karamata theorem ([36], pg.
192) implies that

AN

AR

, as A = 400 . (84)

Now assume that mgy(S) < +o0o, and that the convergence in (82) is
dominated (for example: Vo—bounded below), then (81) and (83) imply that

/S by (2, 2)mo(dz) — Zn:e%t _ /0 T eMAN () ~ (85)

A
Nt—ymO(S) ast— 0

therefore, again by Hardy—Littlewood—Karamata’s theorem

NN ~ ———— X yas A — +00 86
N~ (56)
In the case of he Wiener kernel
e~ le—yl?/2t N
pt(x7y) - (27_‘_2,:)]\[/2 ) xny]R
ast — 0

Pl o) ~

If mo(S) = +o00, the estimate of N(A), for A — +oo, will depend on the
behaviour at infinity of V' = V. The form of this dependence is deduced
from the estimates in the following Lemma:
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Lemma 4 In the above notations, one has:

/ ki(x, z)mo(dx) < (87)
S

1 t
S/ mo(de)pe(, )3 / dsEqn(e"")(z,z)
S 0
/ k(@ w)mo(dx) < (88)
S
S /mo(dﬂf)pt(ﬂﬁ,:E)e_fffE{O,z}(Vs)(x,x)ds
S

Proof. Immediate consequence of (77) and Jensen’s inequality.
A corollary of the Lemma above is that, if the kernel p,(x,y) (of Pf) is
symmetric (i.e. if P} is self-adjoint), then

/Sk’t(x,x)mo(dx) < /Smo(dw)pt(x,x)% /Ot dsE{o,t}(e’tVs)(x,x) =

1 t
— [matan)y [ ds [ malazipite Dz 0)e -
S t Jo S
:/mo(dz)pt(z, z)e‘tv(z)
s

Thus for symmetric p,(z,y) one has

r,x)mo(dr) < [ mo(dz)pi(z, 2z etV ()
[ b aymo(da) < [ motdzim(z.2) (59)

In the following we shall always assume the p;(z,y) is symmetric. Our aim
is now to prove the following basic estimate:

z, x)mo(dx) ~—0 tx:pe_tv(a”)mo T
| b aymafa) ~ny [ it (da) (90)

which is the main tool in the estimates of W K B type. This estimate will be
established under certain assumptions on the “potential” V', which have a

natural probabilistic interpretation. We will prove, using an idea of D. Ray
29], that

[ mo(daip(a z)e i Bt o1)
S
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~(t-0) /mo(dx)Pt(%ﬁ)@_tv(x)
s

and this, together with (88) and (87) implies (90). In the course of the proof
we will assume that there is a T" > 0 such that, for each 0 <t < T

0< /mo(dx)pt(ac,x)e_tv(m) < 400
s
To prove (91), first remark that

Jsmoldz)pa, @) exp { = [ Bo (Vo) (. 2)ds |
fs mO(d:C>pt<x7 LC) exp{—tV(:l:)}
because of (88) and (89). Denoting I; the right hand side of (92), (91) is

equivalent to

<1 (92)

lim 7, = 1 (93)

t—0
Let us introduce the notation, for A C .S

fA pe(z, 2)e V@ mg(dr)

A) = 94
I/t( ) fS pt(x,x)e*tv(x)mo(da:) ( )
The v; is a probability measure and
]t _ / l/t(dl')ei{fot dsE{O,t}VS)(x,x)ftV(m)} (95>
s
Fix a number 0 < o < 1, and define, for x € S
U(x)={z€ S:|V(z) = V(x)] < 1/t*} (96)

One has:

[ [, i Ete) o

o] b )

or, equivalently

/yt(dx)exp[ ¢ a{1—1/t/ ds/s B ps(“”p";zit ;)( )H

(98)
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t .’13‘,13)

Since clearly

t
/ dS/ mo(dz)ps(xaz)ptfs<zam) St
0 S—U(x)

pe(z, x)

it follows that

e o -/Vt(dx)e_fotdesUt<z)W[v(z)_v(w)]m°(dz) < (99)
s

Let us introduce the assumption (we shall prove elsewhere that it can be
weakened)
V(z)>0; m—-Vzels (100)

Then (99) and (100) imply that

ps(z,2)pe_s(2,2)

]t Z e—tl—a / Vt(dx)e_fgd8f37Ut(z) WV(Z) — (101>
S

_ t ps(z,2)pr—s(2,2)
=" 4 / vy(dx) [efO 4 Js-vie Mo T e V)
S

Therefore we see that, if V' satisfies the “diffusion type” condition

¢
label12.27sup/ ds/ mo(dz>ps(:t,z)pt_s(z,$) V(z) <o®  (102)
zeS Jo S—Uy(x) pi(z, )

with o — 0 as t — 0, then

¢ ps (@,2)pp—s (2,7)
lim [ v,(dz) [e_ Jods Js—v, (@ moldn) =55 V@) _ 1| —

t—0 S

therefore
liminf I, > 1
t—0

hence, because of (77)

t—0

which is our thesis. Summing up
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Theorem 1 In the assumptions of this §, if
i) 0 < [ymo(dz)pi(z, x)e”V® < 400, 0 <t < T
i) V>0
‘ —0
i) SUP,es fo ds [o_p, 0 Mo(dz) EEDREI Y (2) < o(t) (t = 0)

pi(x,z)

then the estimate (91), hence (90), holds.

Proof. From the above discussion.
Condition iii) has a simple probabilistic interpretation. First of all, re-
mark that it can be written in the form:

—0

t
sup [ s (g V) < 60 (£ 50)
z€ 0

where x 4 is the characteristic function of the set A, and XS) = us(xa) where
us is the shift (cf. § (0) and (1)). Now, the quantity

o (X§ 1, Vo) (@, 2)

defines the expectation value of the observable V; computed along the tra-
jectories which begin at x at time 0, end up in = at time ¢, and such that at
time s the “particle” has a “position” z, whose “potential energy” satisfies:

4

V(z) = V(z)| > 1/t (103)

Thus, condition iii) means that these trajectories give contribution to the
expectation value the more negligible, the smaller ¢.

In order words: it is very unlikely that, within an interval of time ¢, very
small, a particle starting from x at time 0 reaches a level of “potential energy”
V(z) which differs from V(z) more than 1/t

15 Quantum case: L*°—theory

From now on {A, (A;)} will be a system of local C*~algebras. We keep the
notations and assumptions of § (1); then the results of § (2) yield a completely
positive, identity preserving semi-group

Z()(t) = E}_Oqo}ut : .A() — .A() (104)

Such a semi-group will be called a quantum markovian semi-group.
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Applying the perturbation theory of § (4) with a completely positive
perturbation M;, we obtain a completely positive semi-group

Z(t) = B aoq)Mius : Ag — Ao (105)

For a large class of algebras Ay the infinitesimal generators of completely
positive semi—groups (also called quantum dynamical evolutions) have been
characterized in a series of papers started with the important results of Gorini
— Kossakowski — Sudarshan (Ap—finite dimensional) [15] and Lindblad [23]
(Ag = B(H) for some Hilbert space #H, and bounded generator), which have
been generalized to more general algebras [24], and to the case of unbounded
generator [9].

A simple example of completely positive map M, : A — A is given by

M,(a) = MyaM; , acA (106)

For such a map the conditions (23), (24) are easily seen to be equivalent
to
MaM; € A[O,t] , Vace A[O,t] (107)

Mtut(MsautMS)*Mt* = MtJrSaMtis ; Vaée A[Oﬂ (108)

Therefore, for such a map, if conditions (107) and (108) are satisfied, one
can assume, without changing the action of Z(t) on Ay, that

M, € A[07t} (109)

Mt+s = Mtut(MS) (110)

Conversely it is obvious that (109) and (110) imply (23), (24) for M, given
by (106). Remark that (109) and (110) are the conditions which, according
to Definition (4.1), define a markovian cocycle.

Assuming M, invertible for each ¢, we will consider two families of marko-
vian cocycles:

— hermitian markovian cocycles: M, = e~ Vo

— unitary markovian cocycles: M, = eiVo1

where in both cases Vjo 4 is an hermitian operator in Ay (if A is realized
as an algebra of operators on some Hilbert space H, then we can allow Vg g
to be an unbounded self-adjoint operator affiliated to Ay 4. In the hermitian
case we shall therefore add the regularity condition

Eoy(e”"01) € Ag
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where the left hand side is defined by normality).
Introducing the notation

Visitrs) = Us(v[o,t]) (111)
the cocycle condition (110) becomes
e Viots) = etVio. g Vitt+s) (112)
in the hermitian case and, in the unitary case,

ei‘/[()ﬂH*S] — ei‘/[O,t] ei‘/[t,t+s] (113)

In the hermitian case the operator M; and wu;(M;) must commute.
Therefore condition (112) is equivalent to

Vio,trs) = Viog + Vitts (114)

Thus, under suitable regularity conditions, the generic form of a hermitian
markovian cocycle is

M, = e hoVeds . v =y (Vp) (115)

for some operator valued distributions V;. More precisely we can say that
the structure theory of hermitian markovian cocycles is reduced to the clas-
sical structure theory of multiplicative functionals. The situation is different
for unitary markovian cocycles. Under suitable regularity conditions, their
generic form is given by a time—ordered exponential

M, =T(e hoVes)y vV, = uy(Vp) (116)
(for the definition and properties of time-ordered exponentials, cf. [6], [26]).

As in the classical case, one can express the formal generator of Z(t) as
a “perturbation” of the formal generator of Zy(¢). In fact, let

1
do = lim — {Zo(1) — 1}

1
5212{51;{2(25) -1}

36



where, here and in the following, all the limit are meant in a formal way.
Since, for ag € Ay,
Z(t)ag —ay = E{o}MtUt(CLQ) —ay =
= {Epyuao — ao} + Egoy([M; — Hui(ag)) =
= {Zg(t)ao — CL()} -+ E{O}([Mt — 1]ut(a0))

it follows that

d(ag) = do(ao) + Ao(ao) (117)
where
Aoag) = %  Nifag) = %1% (Vi(ao) — ao)

In particular, if M, has the form
M,a = MyaM} (118)

one has

Ao(ao) = A()CLO + aoAé

d
Ay = —
07 4t li=o

For an hermitian (resp. unitary) markovian cocycle of the form (115)
(resp. (116)) the formal derivative can be explicitly performed, giving:

.1

Apag = —Voag  (resp. Agag = iVpao)

therefore, in this cases, one has, for hermitian markovian cocycles of the form
(115
dag = doao — { Vo, ao}

— where {-, -} denotes the anti-commutator — and, for unitary markovian
cocycles of the form (116)
(5@0 = (50a0 + Z[%, CLO]

where [, -] denotes the commutator.

Using a perturbation M, of more general form one can obtain the full
Lindblad’s form of generators of quantum dynamical evolutions, according
to the equality (117).

37



16 Quantum case: L’-theory

Let A, (Ar), (u), (Er) be as in § (1). We hall now assume that the A; are
W*-algebras and that on A a locally normal state ¢ has been given which is
u;—invariant and Fj-invariant, namely:

w-up =@, Vit (119)
p-Er=¢, VIeF (120)

Let H, m, 1, denote the GNS triple associated to A and ¢ (cf. [30]) and
denote, for I € F

H; = [n(A[) - 1,] = norm closure in H of w(Aj) - 1, .
(119) implies that there is a 1-parameter unitary group (U;) on ‘H such that
m(uta) -1, =Um(a) - 1,; a€ A (121)

and (120) implies that, denoting e; the orthogonal projection H — H;, one
has

n(Era) -1, =¢em(a)-1,; a€ A (122)
In these notations, the covariance condition (7) is equivalent to
UHr = Hi < weru; = ey (123)
and the Markov property (13) to:
€ o0 Mt ool © Mty (124)
The locality condition I C J = A; C A; implies that
1 CJ=cere;=ce; (125)

One easily verifies that conditions (123), (124), (125) imply that Pg, de-
fined by

Pg =eyUi —~Hiy; t2>0 (126)
is a semi-group Hypy, whose adjoint in Hoy — Hyoy is given by:
PS* = eiyU; — Hyop (127)

The semi-group P} is positivity preserving, in the sense that the positive
cone HEFO} = closure of ’/T(A?O}) -1 in H is mapped into itself by P}. Moreover

Pl(1,) = 1,. For the positivity of P} in the Hilbert space sense, cf. the
remark after Proposition (14.5).
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Proposition 4 The following conditions are equivalent:
i) Py Hioy — Hyoy is self-adjoint; t > 0
i) eqoyUsegoy is self-adjoint; t > 0
iii) @(aguy(bg)) = w(ui(ag)bo); ¥ ag, by € Ap.

Proof. The equivalence i) < ii) follows from
(eqoy, Poegoyn) = (& eqUeqyn) 3 & eEH
The equivalence ii) < iii) follows from
(m(ao) - 1, U (bo) - 1) = @(agUe(bo)) 5 ao,bo € Ao

and the fact that m(Ap) - 1, is dense in H ;.

Remark that property iii) is a weak form of reflection invariance. Thus
Proposition (14.1) implies that, also in the quantum case, reflection invari-
ance is a sufficient condition for self-adjointness. We shall only consider the
case in which the set of indices in R and the reflection is t — —t (in the case
of R* one has to consider a 1-parameter family of reflections, but the proof
is similar).

Corollary 1 Let R be the set of indices. Assume that there is an automor-
phism r : A — A such that:

r— Agy = id (128)
U= Uyl (129)
pr=20 (130)

Then Pt is self-adjoint.
Proof. Under our assumptions, Vag, b € A

p(aoui(bo)) = p(u_t(ao)bo) = p(r[u_s(ao)bo]) = w(ur(ao)bo)

thus condition ii) of Proposition (14.1) is satisfied.
More generally, we have:
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Corollary 2 Assume that there exists an operator R:
R :H — H such that:
R*UR =U; (131)
Regoy = eqo (132)
then Pt is self-adjoint.
Proof. Under our assumptions, one has
(eroyUreoy)” = eqyUeqoy = eqoy R Ui Reqoy = eqoyUseqoy

thus condition (ii) of Proposition (14.1) is satisfied.

In the classical case a markovian semi-group is unitary if and only if it is
induced by a point transformation. The situation is similar in the quantum
case.

Proposition 5 The following assertions are equivalent:
i) Pt is unitary
i) eqoyUseqoy is unitary
i) eqoyeqyeqoy = €qoy = €{0}e{-1)€{0}-
Proof. Clearly i) < ii) and
Py Py = eqyUf eqoyUseqoy = eqoyeq-nyeqo)
PoFy™ = eqoyUieo) U eqop = eqoyequeqo)
thus i) < iii).
Remark that, if the conditions of Corollary (14.3) are verified, then the
two equalities in condition iii) are equivalent.

Perturbations of P¢ can be introduced at a Hilbert space level. Let M, :
H — H be a linear operator localized in Hpy, in the sense that

Mep = epgM; ; (133)

defining
P' = eqoy M, U, (134)

one again verifies that the cocycle property

Mt-‘rs = MtUt(Ms)Ut* (135)
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is sufficient for P! to be a semi—group and that, conversely, if P! is a semi—
group, one can assume that (135) holds without changing the action of P*.

Remark. In general P! will not be positivity preserving in the sense that
the positive cone 'HELO} = [W(AELO}) -1,] is mapped into itself. Moreover, while

Pim(ao)l, = m(Zo(Dlao]) - 1,
no such relation holds for P! even if M, has the form

for some M; € Ajy. In fact, as one easily verifies, if (136) holds, then,
Yag € Ao

P'rt(ag)P" = n(Eqoy(Myuy(ao) My)) = w(Z(t)]ao]) (137)

However, if M, is “well behaved” with respect to time reflections, then for
each t, P! is a positive operator in the Hilbert space sense. More precisely
(cf. [28] and [31], theorem (5.4)):

Proposition 6 Let R be as in Corollary (14.3). Then
i) a sufficient condition for the self-adjointness of P! is

RM[R = U % MU, (138)
ii) if, moreover, R is an involution and
Rer=e_|R; I —interval in R (139)
then P! is positive in the Hilbert space sense.
Proof. i) is obvious since, in this case
P = ety U M eqoy = ejoy R*U.RM; Reyqoy =
= ey UU; MyUseqoy = P
Under the assumption ii) one has, for £ € Hygye:

<fa Pt5> = 57 MtUt§> = <5>Mt/2(Ut/2Mt/2U:/2)Utf> =
U o€, (UgyeMiyaUsja) My o Uy 2€) =
R*Ut/2Rfa R t*/2R(Mt/2Ut/2)f> =
Mt/zUt/257R(Mt/2Ut/2)f> - ||Pt/2£||2

o~ o~ o~ ——
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the last equality being due to the fact that
elo /2 1el0,/2) = Refi/20€p0/2) =

= Repi20€[-o0 000,12 = Feqo} = €qo}
Remark 1. In particular, under the assumptions of Corollary (14.5),
with M, =1 for each s, P} is always a positive operator in H .

Remark 2. If the process {A, (A;), ¢} admits a time reversal, i.e. an
automorphism or anti-automorphism) r : 4 — A such that: i) ¢ or = ¢; ii)
rouw, =u_;or;iii) r = Ay = id; iv) r* = id; v) rA; = A_;(I C R); then
an involution R : H — H satisfying (131), (132) and (139) can be defined by
Rr(a)l, = n(r(a))l, (a € A).

Remark 3. If M, has the form (136) then the semi-group P* can be
characterized by the property

w(aoMiuy (b)) = po(agPtby) (140)

Vao,bo c .Ao, (900 =p— AO)

An equality of type (140) is frequently called a “Feynman—Kac—Nelson
formula”. R. Schrader and D.A. Unhlenbrock [31] prove such an equality in
the context of Clifford algebras over real Hilbert spaces and for a particular
choice of the perturbation M;, using the Trotter product, or the Duhamel,
formula.

The point of view advocated in the present paper is that, just as in the
classical case, a quantum Feynman—Kac formula can be used to construct
a perturbed semi-group, for a given local perturbation M;, even in cases in
which the above mentioned formulae are not applicable.

Since, for y € Hyp

1 1
P {Pty - y} = n {e{o}MtUt?J - y} =

1 1
= 3 {eUy —y} + n {egoy [M; — 1|Usy}

denoting Hy (resp. H) the generator of P} (resp. P'), one has the formal
identity
Hy = Hoy + Voy

where

t=0

1 d
Vo—ltli%lg{Mt—l}—% M,
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