Markov Property
Recent developments on the quantum Markov property
Work partially supported by INTAS n. 991/545

Luigi Accardi
Centro Interdisciplinare Vito Volterra
IT Universita di Roma “Tor Vergata”
Via di Tor Vergata, 00133 Roma, Italy
accardiQ@volterra.uniroma2.it
Francesco Fidaleo
Dipartimento di Matematica and Centro Interdisciplinare Vito Volterra
Universita di Roma (Tor Vergata)
Via della Ricerca Scientifica, 00133 Roma, Italy
fidaleo@Q@mat.uniroma2.it



Indice

1

2

3

Introduction 3
The quantum Markov property on the spin algebra 5
The relation with statistical mechanics 9

Markov states on non homogeneous chains: general proper-
ties 11

The structure of Markov states on chains: a reconstuction

theorem 14
Quantum Markov states on general quasi—local algebras 19
Acknowledgements 20



Abstract We review recent developments in the theory of quantum Mar-
kov states on the standard Z?-spin lattice. A Dobrushin theory for quantum
Markov fields is proposed. In the one-dimensional case where the order plays
a crucial role, the structure arising from a quantum Markov state is fully un-
derstood. In this situation we obtain a splitting of a Markov state into a
classical part, and a purely quantum part. This result allows us to provide
a reconstruction theorem for quantum Markov states on chains.

Mathematics Subject Classification: 46153, 461.60, 60J99, 82B10.
Key words: Non commutative measure, integration and probability; Quan-
tum Markov processes; Mathematical quantum statistical mechanics.

1 Introduction

The problem of introducing a notion of quantum Markov field, explicit enou-
gh to allow a quantum generalization of Dobrushin’s theory, has been open
for several years. Recent advances in the structure theory of Markov states
on chains ([3, 6]) have suggested a natural multi-dimensional generalization
of the notion of Markov state, see [4]. Such a notion has the advantage of
being entirely expressible in terms of Umegaki conditional expectations with
additional localization properties. This allows to formulate a quantum Do-
brushin theory for Markov fields which exactly parallels the classical theory,
at the basis of equilibrium statistical mechanics.

In the present paper we review recent developments in the theory of
quantum Markov states on the standard Z%spin lattice.

In the one-dimensional case where the order plays a crucial role, the
structure arising from a quantum Markov state is fully understood. Follo-
wing previous results of [5, 6], a splitting of a Markov state into a classical
part, and a purely quantum part was obtained in [3]. This result allowed us
to provide a reconstruction theorem for quantum Markov states on chains.
Further, it emerged that the Markov property for a locally faithful state ¢
on the spin algebra 2 on the chain, can be equivalently established through
properties of generalized conditional expectations defined in [2], which are
canonical objects intrinsically associated to the local structure of the quasi—
local algebra 2, and the state ¢ under consideration. This was done by
discovering the existence of a very explicit nearest neighbour Hamiltonian
canonically associated to the Markov state ¢, which generates on the quasi—



local algebra 2(, a one—parameter group of automorphisms admitting ¢ as a
KMS-state.

Taking into account the suggestion emerging from one-dimensional mo-
dels, the intrinsic definition of the Markov property in terms of properties of
generalized conditional expectations, was the starting-point in [4], in order
to investigate the general multi-dimensional case. For these quantum Mar-
kov fields (i.e. quantum Markov processes with multi-dimensional indices),
deep connections with the KMS boundary condition, as well as phenomena
of phase transitions and symmetry breaking, naturally emerge, generalizing
the classical situation, see [10, 11, 12].

Every quantum Markov field is canonically associated to a (non—commutative)
potential. The problem to give a full reconstruction theorem for these poten-
tials remains still open. However, the conditions on the potential associated
to a Markov state, could be explicit enough to allow the construction of a
multiplicity of non trivial examples.

We conclude the introduction by recalling some standard definitions used
in the sequel.

We consider quasi-local algebras obtained in the following way. For each
j in an index set I, a finite-dimensional C*—algebra M7 is assigned and, for
each finite subset A C I, we define

Ap 1= RjeaM?

The quasi—local algebra 2A is the C*—inductive limit associated to the
directed system {24 }ae; with the natural embeddings

LAJ\:AAGQIA—)AA@]K\A 69[7\, ACK
In this situation we write

where the infinite tensor product is defined w.r.t. the unique C*—cross norm.
We often denote by ¢y : A — A the canonical injection of A, into 2 and
refer to [8] for further details.

We associate a fixed bounded “boundary” A C A’ to each bounded
region A, where A’ is the complement of A. In such a situation, we define

A:=AUIA



and write A cC A if A C A.

By a (Umegaki) conditional expectation E : 24 — B C A we mean a
norm-one projection of the C*—algebra 2l onto a C*—subalgebra B with the
same identity. The map F is automatically a completely positive identity—
preserving B-bimodule map, see [20], Section 9. When 2l is a matrix algebra,
the structure of a conditional expectation is well-known, see [14], Proposition
2.2, together with [6], Lemma 3.1. Namely, suppose that 2 is a full matrix
algebra and consider the (finite) set {P;} of minimal central projections of
the range B of E, we have

E(x) =) E(PxP)P,

Then E' is uniquely determined by its values on the reduced algebras
Ap, = PAP, = N, ® N,
where N; ~ BP; and N; ~ P;(B’ A2A)P;. In fact, there exist states ¢; on N;
such that
E(Pi(a®a)P;) = ¢i(a)Pi(a® I)P;. (1)
Let N C M be an inclusion of von Neumann algebras equipped with a

normal faithful state on M. By the ¢—conditional expectation we mean the
identity—preserving normal faithful completely positive map

E?:M— N

defined in [2]. Such a map preserves the state ¢ and seems to be the natu-
ral generalization of the concept of conditional expectation in the sense of
Umegaki, even if the former is not in general a norm—one projection.

Such a p—conditional expectation is written as

Torn (E9(a)) = Jop Py Jome(a) Jo Js

PINT PN
where the J are the Tomita antiunitary conjugations, and Py, € To(N) is
the cyclic projection relative to m,(N).

N

2 The quantum Markov property on the spin
algebra

The investigation of the quantum Markov property relies on the concept of ge-
neralized conditional expectation (denoted also by ¢—conditional expectation
when the state ¢ is specified) firstly introduced in [2].
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Let 2 be the spin algebra on Z¢ given by

where M* = M,,(C), a fixed full matrix algebra. Suppose we have a locally
faithful state ¢ on 2 with restrictions ¢a, A C Z¢ bounded, to local algebras
2A,. Consider a pair A CC A of bounded regions of Z?. Denote

PR .o N
Est D23 = AR\,

the p3—conditional expectation relative to the inclusion QIK\ A C 5.

Definition 2.1 The locally faithful state p € S(A) is said to be a Markov
state if for every pair of regions A, A as above, we have

g C Fix(EL),) ©)

Condition (2) simply means that E%@x acts trivially on the observables

localized in ]\\\K

It is of interest to formulate the quantum Markov property in terms of a
net of Umegaki conditional expectations which leave the state ¢ invariant.
This can be easily done for each finite-volume theory.

Namely, fix a large but bounded region A and consider all the bounded
regions A with A CC A. Then, taking the ergodic averages of the @3-
conditional expectations (see [15] for the most general situation), we obtain
a set {Ex\}yccr of Umegaki conditional expectations as

n—1

o 1T e
By = lim— S (BZ) 3)

By Theorem 5.1 of [2], such conditional expectations project onto the
largest expected subalgebras of QLX\ A» and leave invariant by constuction the
state . Moreover, by the Markov property (2), the EK\  factorize as

A\A
where 5K\A (A5 %g\/\ C gy is given by
SK\A = ET\\A P

In order to understand the infinite-volume theory, one should investigate
the behavior of B3, = R(Ez\4) as A increases in order to exhaust oll of A
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Theorem 1 (Theorem 3.3 of [4])
Let ¢ € S() be a Markov state.

For each bounded region A C Z¢ there exists a Umegaki conditional
expectation Ey on A, which projects into Ap:.

Moreover, the net { Ex}acza satisfies:

(i) En(A5) C ™Aan,
(it) Enfo,=ida,,
(iii) o En = o,
(i) if Ay C Ay then
En,Ey = By,

Proof 1 We report only a sketch of the proof given in [4]. By Theorem 5.1
of [2], it follows that the ranges B5, of the 57\\/\ give rise to a decreasing net
of subalgebras of Aop, taking into account (4).

Namely, {5K\ Afioa i @ decreasing net of conditional expectations de-
fined on the full matrix algebra 203, which converges to a conditional ex-
pectation by a standard martingale convergence theorem, see [22], Theorem
3.

Denoting

E"A’ = llm gK\A
Atrzd
the expectation £y projects onto!

Bor =[] B C Ao
Aczd
and gives rise to the searched conditional expectation

EA/ = SA/ & idg[x,

The net {Ex }pcza is projective, and leaves by construction the state ¢
invariant.

The Umegaki conditional expectations {€x/} are called sometimes transition
expectations.



In order to investigate the converse of Theorem 1, we consider the po-
tential associated to a locally faithful state ¢ consistent with a net {Ey/} of
conditional expectations as that in Theorem 1.

Suppose we have a locally faithful state on the quasi—local algebra 2, then
a selfadjoint operator hy € 2, is canonically defined for each finite subset
A C 7% as

pa = Tra, (e ) (5)

The potential {hj},cza satisfies standard normalization conditions, to-

gether with compatibility conditions. In addition, if the state ¢ is consi-

stent with a net { £/} ycza of conditional expectations as that in Theorem 1,

then the potential satisfies some nice commutation relations. For example,

if A CC A are bounded regions, then

hK\A = HK\A + Mo (6)

for selfadjoint operators HK\ A€ Qlf\\ r Kx € %3, and My, € App. Further,
the above operators satisfy the following commutation relations

[Hz\a Kx] = [Hz\a, Moa] =0 (7)

see [4], Lemma 4.1.
Now we are in position to give the converse of Theorem 1.

Theorem 2 (Theorem 4.2 of [4])
Let be given a locally faithful state p € S(A), together with a net { Exr}acr of
Umegaki conditional expectations satisfying conditions (i)—(iii) of Theorem
1.

Then ¢ is a Markov state in the sense of Definition 2.1.

Proof 2 The proof easily follows from (6), (7). Namely, we have for the
3 —conditional expectation,

§<\A(A) - (ide\A ® Tr?lA)(kiAAkf\,A)

where k3 , is the transition operator given by

Thus, in our situation we get
1 1
1Ry 1My, _
kzp =e 2" %e2 € Ay

that is E;{‘A acts as the identity on Q’[K\A'



3 The relation with statistical mechanics

We start with a Markov state ¢ on the quasi-local algebra 2. The potential
{ha}acze associated to ¢ by (5) satisfies nice properties like those given
in (6), (7). This allows us to check that, w.r.t. the order A CC A, the
pointwise—norm limit
Ty o—itha . ithy

aia) = /l\lTrZrb e ae (8)
exists and defines a strongly continuous one—parameter automorphisms group
of 2. By constuction, ¢ is automatically a KMS state for a; (i.e. a KMS
state at inverse temperature § = —1). In addition, ¢ is faithful, see [4],
Section 5.

The disintegration theory of states which are invariant w.r.t. a net of
conditional expectations which act locally, was developed in [1]. For such a
disintegration, one should start by considering the natural extensions €%, of
the EY, to all of m,(A)” given by

GX/ = EA/ ® idﬂ'#ﬁ(mxf)”

The projections {e%,}acza are then the cyclic projections relative to the
ranges R(e%,) of the €%,. The orthogonal measure ([19], Section 3) correspon-
ding to such a disintegration is precisely the {r,(21), {e%,} }'~measure, see [1],
Theorem 3.2.

In addition, a Markov state ¢ is also a KMS state, then one can use
standard results relative to the disintegration of a KMS state into states de-
scribing pure phases, see e.g. [9]. The main result is that both disintegrations
coincide. Namely, in the situation under consideration we have

3, ={m (W) {el Y =3,

where, for A bounded,
3$ = /\ W@(Q{A’)H

ACZd

is the algebra at infinity, and
3 1= T (A) Ao (A)”

is the centre of the GNS representation of the state ¢.
We collect the main properties of a Markov state in the following

9



Theorem 3 (Theorem 5.4 of [4])
Let ¢ € S() be a Markov state.

(i) The state ¢ is a {ou}—KMS state, where o is the automorphisms group
given in (8),

(i1) the state p admits a disintegration

o= / IR (9)

where the measure 1 is concentrated on the factor states of A,

(111) Almost all ) appearing in (9) are {a;}—KMS states, and Markov states
in the sense of Definition 2.1.

To conclude, we shortly describe the possible appearence of the well-
known phenomenon of symmetry breaking. In order to do this, we consider
translationally invariant Markov states.

Let 7, : 2 — A be the shift generated in a natural way on the spin
algebra by the translation z € Z? and consider a Markov state ¢ € S(2)
invariant w.r.t. {7, },eze. One easily verifies that the generalized conditional
expectations associated to the restrictions of ¢ satisfy

N = rlo B g (10)
A\A x A+z\A+z
which yields for the corresponding Umegaki conditional expectations given
in Theorem 1,
EA/ :’Tm_loEA/_;'_IOTx (11)

Consider the dual action {7 },cze on the state space of 2. It is straight-
forward to verify that T, maps the set Sp C S(2) of all {F\) }-invariant
states into itself, leaving globally stable the set 0Sg of its extremal states.
We easily conclude by the uniqueness of the maximal measure ([7], Theorem
I1.3.6), that T, preserves the measure p given in (9):

poly=yp.
We then have a measure-preserving Z?-action x + T, on the state space

S(20) of 2.
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Fix our attention on an ergodic component m of the ergodic disintegration

p= [ mvtdm)

of the measure p.> If the standard measure space (S(21),m) is essentially
transitive for the action of Z? (that is when m is concentrated on a single
orbit), then the Z%-space (S(2),m) is similar to the Z%-space (Z?/H,\)
based on the homogeneous space Z?/H, see [17], Theorem 4.12 (see [16] for
the original result). Here H C Z% is a subgroup of Z%, and X is a probability
measure equivalent to the Haar measure on the Abelian group Z4¢/H.

In the { Exs }—extremal disintegration of a {7, }-invariant Markov state ¢,
states with a smaller symmetry might occur. In our example, the surviving
symmetry group is precisely the subgroup H C Z¢. This is an instance of
the phenomenon of symmetry breaking, see e.g. [8, 9, 18] for quite similar
situations and for technical details.

4 Markov states on non homogeneous chains:
general properties

General properties of quantum Markov states were firstly investigated for
one—dimensional models where the order plays a crucial role. Recently, taking
into account results contained in [5, 6], the emerging structure has been fully
understood, see [3]. Here we report the main results relative to quantum
Markov states on chains.

We start by considering a totally ordered countable discrete set I contai-
ning, possibly a smallest element j_ and/or a greatest element j,. Namely,
if I contains neither j_, nor j,, then I ~ Z. If just j. € I, then [ ~ Z_,
whereas if only j_ € I, then [ ~ Z,. Finally, if both j_ and j, belong to I,
then I is a finite set and the analysis becomes easier. If I is order—isomorphic
to Z, Z_ or Z,, we put simbolically j_ and/or j; equal to —oo and/or +oo
respectively. In such a way, the objects with indices j_ and j, will be missing
in the computations. The bounded sets Ay ; := [k, j| assume a fundamental
role in the sequel.

2The ergodic disintegration of the measure p corresponds to the direct-integral di-
sintegration ([21], Theorem 8.21) of the von Neumann algebra L>®°(S(2), ) w.r.t. the
fixed-point subalgebra relative to the natural Z%-action on L>(S(21), ).
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In this situation, the spin algebra is the quasi—local algebra 2l obtained by
the infinite C*~tensor product of full matrix algebras {M7},c; with possibly
different dimensions:

Mj = Mk]. ((C) .

Notice that the present situation naturally arises from the previous one
when we restrict ourselves to any increasing sequence of bounded regions
{T% }ren of Z¢ satisfying

L1 =T
and exhausting all of Z%:
e =2
keN
We have,
M= 1,
and [ ~Z_ 3

We start with a locally faithful state ¢ on the quasi-local algebra %2I.
Denote .
A
EAkj’lH : QlAk-,lJrl = QlAk,l

the pp, ., —conditional expectation relative to the inclusion Ay, , C Ay, 4,
kE<I.

Definition 4.1 The locally faithful state p € S(A) is said to be a Markov
state on the chain if for every k,l € I with k <, we have

Un,,iy C Fix(E ) (12)

Also in this situation, we can find a net of Umegaki conditional expec-
tations which act locally, and leave fixed the Markov state ¢. This can be
done by recovering a very explicit structure of the potential associated to ¢.

Theorem 4 (Theorem 5.1 of [3])
Let p € S(21) be locally faithful.
Then the following assertions are equivalent.

(i) ¢ is a Markov state on the chain.

3 According to the previous literature ([5, 6]), we are using the reverse order.
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(ii) For each k < I, the potential {hy,,} associated to ¢ by (5), can be
recovered by

-1
hp,, = Hi + ZHj,j+1 + H, (13)
j=k

from sequences {H;}; <j<j. . {Hj}j <j<j. and {Hjj1}; <j<j, of sel-
Jadjoint operators localized in Ay, . and Ay, .., respectively. Such se-
quences satisfy the commutation relations

[Hj, Hjj1] =0,

[Hjjv1, Hjpa] =0,
[Hj, Hj) =0, [Hjjy1, Hjy1j42] =0

(11i) For every k < | < j there exists a sequence of Umegaki conditional
expectations {Ey;} defined on the algebras {2, ., }. Such a sequence
satisfies

Ekvj(mAk,j+l) - %Ak,j ’
By [QlA,m-_l = 1dQlA,m-_1 )
Eiilay, = Euj

and leaves invariant the state p:
PAy,; © Eyj = PAgj+1

The proof of the last theorem parallels those of Theorem 1 and Theorem
2. We refer the reader to [3] for details.

For one-dimensional models, the connection with statistical mechanics is
fully clarified. Namely, the Markov property for a locally faithful state ¢ is
characterized by the existence of a very explicit nearest neighbour Hamil-
tonian (13) canonically associated to ¢. Such a potential generates a one—
parameter group of automorphisms of the quasi—local algebra 2, admitting
¢ as a KMS-state, see [3], Theorem 5.3.

From {Ej,}, we recover a sequence {€7}; <;;, of transition expectations

M@ MITH s R(ET) € MY
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Namely, '
By, = id%,@yj,l ® & (14)

where .
& = Eyjla,.

J,J+1

It is straightforward to show that such transition expectations satisfy?
EH A0 B) =8 (A (Bal) j-<j<jr (15)

Finally, we remark that also the last situation can be fitted into quan-
tum Markov processes on directed sets. Namely, the directed set is precisely
{Aka}j_ <k<i<j, , with boundary

aAk,l = Ak—l,k—l U Al+1,l+1

5 The structure of Markov states on chains:
a reconstuction theorem

We start by studying the structure of Markov states on chains. This can be
done by using the explicit description of Umegaki conditional expectations
on matrix algebras. In such a way, we obtain a disintegration of a Markov
state into “elementary Markov states” in a sense we are going to explain.

In order to treat also the most general case of non locally faithful states,
only in the present section we adopt the following definition for quantum
Markov states on chains.

Definition 5.1 Let ¢ € S(1). The state ¢ is said to be a Markov state if
satisfies condition (i) of Theorem 4, for some sequence {Ejy,;}; <k<i<j, of
Umegaki conditional expectations.

As the sequence {Ej,;} determines and is determined by a sequence of
transition expectations {7} as in (14), we speak about the Markov property
w.r.t. the sequence {£7}.

Let ¢ be a Markov state on the quasi—local algebra 2 w.r.t. the sequence
{E7}; <j<y . of transition expectations. We consider the centre 77, with

4In the most general case of non locally faithful states considered in the next section,
relations (15) could be not satisfied in general.
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spectrum €, of the range R(E7) of &7, together with the generating family
{Pij }w;eq, of atomic projections. We set

BI .= @wjeﬂjpj,ijP(ﬁj
and define ' '
B = (®)_<jejn BY) @ M7+ (16)

Then we obtain in a canonical way, a conditional expectation
E . A—B

defined to be the (infinite) tensor product of the following conditional expec-
tations A
a€M v Y PlaP) (17)
wjer

together with the identity map on M’+. The reduced algebra
M, =PI MIP?
Pj,j Wy wj

can be written as .
P _
Mpij = No, ® N, (18)

with N7 and N7 all finite-dimensional factors. Again, the states ¢/ on
J J J

]\_fg]_ ® M7+ are uniquely recovered by the transition expectation £7 according
to Formula (1).

Following [6], we can recover
a classical Markov process on the compact space

Q= 1] @ (19)
J-<J<j+

whose law p is uniquely determined by the initial distribution and transition
probabilities given respectively by

=y, (P)) (20)
71-21]'7&1]'_',1 = QS‘ZJ](] ® ng‘;:_ll)

The measure space (€2, ;1) is obtained as the projective limit of compatible
measure spaces {(Q4a, 1ia)tacr, we denote by ga @ Q +— Qp the canonical
projection of €2 onto 4.

15



Let Q9 C Q be the set consisting of those w € Q such that all 7/

9, (@)

together with 77 ) are nonvanishing. the set €}y is a measurable

QAj,j (w)quj+1’j+1 (UJ
set of full y—measure.
Consider, for each w € ), the (infinite) tensor product B, given by

B, = (®j,§j<j+MPJ ) ® M+ (21>
= Ni- @ (®j_<jejo-1(NI, ® Ngtﬁ)) ® (N ® M)

A completely positive identity—preserving map E, : 2 — B, is uniquely
defined as the (infinite) tensor product of the maps

j J J
ae€ M — PqAM (w)anAj’j ) (22)

together with the identity map on M’+. We have trivially
E,oE=E, (23)

where E is obtained by the (infinite) tensor product of the maps given in
(17).

Denoting (with an abuse of notation) by w; the canonical projection
qa,,;(w) of win Q;, we further recover for w € €
states 1, on B, given by

Yoi=1 @ @ (®j_gjci-1My, () o @ (28

J—J— ’qu+17j+1(w) J+—1j4-1

determined by the initial distribution, which is the state on ijf_ given by

4 i, , (P~ (a®I)Pi-
i (@) i P B WO DR ) (25)

Tw

i
by the states nzjjjwjﬂ on NJ ® NIt +1’ given by

: i (a® P/ (b I)PIt!
ni}j’“’j+1(&®b) = i ]( Jfl( ) a+1> (26)

J
Twjwj+1

and by the final distribution which is the state on Nga—}l ® M7+ given by
i@ B) = ¢ (a o B) @)

16



Finally, we recover
a sequence {&,7}; <;<;, of conditional expectations

. . 11 .
&7 M, @ ML M,

“j “Wi+1 “j

-l . il : -1
EN: ML @ Miv s ML
P“’j+—1 P“’j+—1

given by

Elewa)(beb)= 0, @bt (eI,

£/ (awa)® B) = n L (@®Bla®l (28)

It is easy to verify that the states 1, w € g, are Markov states on B,
w.r.t {7} <j<j. given by (28), respectively. Further, the map

we Q1,0 FE, €S

is o (2*, 2()-measurable.

We are ready to report the announced result concerning the disintegration
of a Markov state into elementary Markov states which are minimal in the
sense that the ranges of the associated transition expectations have a trivial
centre.

Theorem 5 (Theorem 3.2 of [3])
Let ¢ be a Markov state on the quasi-local algebra A w.r.t. the sequence
{€;}i_<j<j, of transition expectations.
Define the set Q by (19); the probability measure p on Q, by (20); the
quasi-local algebra B, by (21), the map E,, by the projections (22); the state

b, on B, by (24).

Then ¢ admits a disintegration

o= / popt(dw) (20)

where w € Q — @, € S(A) is a o(A*,A)-measurable map satisfying, for
p—almost all w € €,

Sow:wonw

17



The proof of the above theorem relies on standard techniques of the theory
of direct—integral decomposition of representations of C*—algebras. Such a
proof can be found in [3].

Notice that the GNS representations 7, of ¢, give rise to von Neumann
factors. The proof of the last assertion follows from [8], Theorem 2.6.10.
Further, the disintegration (29), even if it is made of factor states, does not
correspond to the central disintegration given in Theorem 3.

The following theorem is the converse of Theorem 5 and can be also
regarded as a reconstruction result for quantum Markov states on chains.

Consider for j_ < j < jy4, a sequence Z7 of commutative subalgebras
of M7 with spectra ; and generators {ng }w;eq,; a Markov process on the

product space
II @

J-<3<i+
with law p determined, for w; € €;, wji1 € Q;44, by all marginal distribu-
tions 7TJ , and all transition probabilities 71'2) wirt®

For wj € ; such that quj > 0, fix a splitting as (18)
J o NI VI
MPE;J. o ij' ® N, wj

by finite-dimensional factors.
For w; € €, such that 7TZ,; > 0, choose a initial distribution ni);_ on

Ni- )

wj_ "
For each pair (w;,wjt1) € €; x Q;41 such that 7r2J wp1 > 0, consider a
J VI J+1
state 1), .., on N @ NI .

For w;, 1 € Q;, 1 such that 7r2)+__1 > 0, consider a final distribution
j4+—1
77]+ 1 on N.7+ 1 ®M.7+
Wiy —1 Wiy~
Then, on the measurable set (2 of full y-measure consisting of sequences

w such that all the 7r a5 () and 7rqA”(w) Ghspn g0 @) BT nonvanishing, the

state 1, in (24) is a Well defined Markov state on the quasi-local algebra
B, given in (21) w.r.t. the sequence {£,7}; <j<;, of transition expectations
(28). Finally, defining E,, : 2 — B, by (22), the map

weQ—Y,0E, = ¢, S (30)

is o(A*,2)-measurable.
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Theorem 6 (Theorem 4.1 of [3])
Let @, be the measurable field on S(2A) given by (30).
Then the state p on 2A given by

P = /QO Pup(dw)

1s @ Markov state w.r.t. any sequence {Ej}j7§j<j+ of transition expectations
with Z2(R(E7)) = Z7, determined according to (1), by states ¢], satisfying,
for each j_ < j < j; and w; € Q;,

T, 9%, (a® P (b b)PL)
- ij+2 Wgﬁ Wij ,wj+17TZ;j+11 sWj+2 ni’j Wit1 (d ® b)n@il Wit ((_9 ® I) )
b o2 (@@ P (b@b)Pi L) (31)
= AR e, @@bnl (e T),
L ¢ L (a@ B)
= m kil (@® B)

The proof of the last theorem consists in showing that the state ¢ is a
Markov state w.r.t. any sequence of transition expectations {Sj} constucted
by (1), taking into account (31). The reader is referred to [3] for the complete
proof.

6 Quantum Markov states on general quasi—
local algebras

The investigation of the quantum Markov property for multi-dimensional
spin systems suggests us the natural definition for Markov states on general
quasi—local algebras.

A quasi-local algebra ([8], Definition 2.6.3) is a C*—algebra 2 obtained
by the C*~inductive limit of a net {2, }oca of C*—subalgebras with the same
identity. The directed set A has also an orthogonality relation L such that

2o, Ag] = {0}, a Llp (32)

For each a € A, one can define

Q(a/ = \/ Q[ﬂ
Bla
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where the bar denotes the uniform closure.

In the previous situations, A = {A c 74, Abounded} and Ay L Ay if
AN Ay = 0.

This general situation covers also cases arising from Quantum Field Theo-
ry where the a consist of bounded regions of physical space—time, and the
orthogonality relation L describes Einstein causality, see e.g. [13]. Further,
the commutation relations (32) can be suitably replaced in order to include
Fermion algebras, or field algebras with different commutation relations.

We are ready to give the definition of the quantum Markov property for
the general situation of quasi-local algebras.®

Let 21 be a quasi—local algebra together with the local filtration {2, }aca
as above. Suppose that for each o € A, another index & € A is assigned with
a < Q.

Definition 6.1 A state ¢ € S() is said to be a Markov state if there exists
a filtration ® {B, }aca of C*—subalgebras of A such that

s C By C Ay

together with a projective net { Ey }aca of Umegaki conditional expectations
such that

(i) Ea/ A %a/,
(ii) po Ex = .

We conclude by noticing that, in order to recover the expected filtration
{B/, Eo }aca by more manageable properties, we need additional conditions
on the quasi-local algebra 2, as well as on the state ¢ under consideration.
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