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Abstract

The formal unitarity conditions for stochastic equations driven by the
renormalized square of white noise are shown to hold rigorously in the frame-
work of sesquilinear forms on the Fock space.

3



1 Introduction

Let L2
sym(Rn) denote the space of square integrable functions on Rn which

are symmetric under permutation of their arguments, and let F :=
⊕∞

n=0 L
2
sym(Rn)

where: if ψ = {ψ(n)}∞n=0 ∈ F , then ψ(0) ∈ C, ψ(n) ∈ L2
sym(Rn), and

‖ψ‖2 := |ψ(0)|2 +
∞∑
n=1

∫
Rn
|ψ(n)(s1, . . . , sn)|2ds1 . . . dsn < +∞

Denote by S ⊂ L2(Rn) the Schwartz space of smooth functions decreasing
at infinity faster than any polynomial and let

D :=

{
ψ ∈ F/ψ(n) ∈ S,

∞∑
n=1

n‖ψ(n)‖2 <∞

}
Following [5] for each t ∈ R define the linear operator valued distribution
b+(t) by

(b+(t)ψ)(n) :=
1√
n

n∑
i=1

δ(t− si)ψ(n−1)(s1, . . . , ŝi, . . . , sn)

Then B(t) :=
∫ t
0
b(s)ds, B+(t) :=

∫ t
0
b+(s)ds and

N(t) :=

∫ t

0

b+(s)b(s)ds

are, for each t, operators acting on D which correspond to the “annihilation”,
“creation”, and “number” operators respectively of linear quantum stochastic
calculus (cf. [10]).

The “white noise functionals” b and b+ satisfy the commutation relation
[b(t), b+(s)] = δ(t − s), or more general [b(t), b+(s)] = γ · δ(t − s), where
γ ∈ (0,+∞) is the variance of the quantum Brownian motion defined by B
and B+ and δ is the delta function (cf. [5], [6]).

Linear quantum stochastic calculus dealt with evolutions driven by the
stochastic differentials dB(t) := b(t)dt, dB+(t) := b+(t)dt, and dN(t) :=
b+(t)b(t)dt. However, related to a problem arising from quantum optics, a
need appeared for the inclusion of differentials with respect to the square
of the white noise functionals b(t) and b+(t), namely dB2(t) := b(t)2dt, and
dB+

2 (t) = b+(t)2dt (cf. [7]).
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The “renormalized Itô table” corresponding to dt, dB, dB+, dB2, dB
+
2

and dN was shown in [6] to be

dt dB dB+ dB2 dB+
2 dN

dt 0 0 0 0 0 0
dB 0 0 γdt 0 2γdB+ γdB
dB+ 0 0 0 0 0 0
dB2 0 0 2γdB 0 4γdN 2γdB2

dB+
2 0 0 0 0 0 0

dN 0 0 γdB+ 0 2γdB+
2 γdN (1)

Since L2
sym(Rn) = L2

syn(R)⊗n we can identify F with the symmetric
(Boson) Fock space over S.

If ψ = {(n!)−1/2f⊗n} we denote ψ by ψ(f).
If the elements of S are defined on [0,+∞) we denote the Fock space by

Γ(S+). As usual (cf. [6]) we couple Γ(S+) with an “initial” Hilbert space H0

and we define H := H0 ⊗ Γ(S+).
Let B(H0) denote the space of bounded linear operators from H0 to itself

and let B(H) be defined similarly for H. Early attempts were made in [3]
and [4] to study and give meaning to stochastic evolutions of the form

dU(t) = [A1dt+A2dB(t)+A3dB
+(t)+A4dB2(t)+A5dB

+
2 (t)+A6dN(t)]U(t)

(2)
U(0) = I , 0 ≤ t ≤ T < +∞

where Ai ∈ B(H) for i = 1, 2, . . . , 6 and Ai = Âi⊗Id where Âi ∈ B(H0), Id is
the identity on Γ(S+) and I is the identity on H. Formal unitarity conditions
for the “solution” U = {U(t)/0 ≤ t ≤ T} of (2) were also obtained in [3].

In this paper we show that the framework of sesquilinear forms on Hilbert
space enables us to give a rigorous meaning to (2) and to prove the unitarity
of the solution (in the sense of sesquilinear forms).

In what follows we will use the notations:

N1(t) = t · 1 (3)

N2(t) = B(t)

N3(t) = B+(t)

N4(t) = B2(t)
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N5(t) = B+
2 (t

N6(t) = N(t)

and
N∗1 = N1 , N∗2 = N3 , N∗4 = N5 , N∗6 = N6 (4)

2 Stochastic integrals with respect to second

order white noises

Let t ∈ [0, T ] with T < +∞. For a sesquilinear form U(t) defined on the
linear span E of the vectors of the form

u⊗ ψ(g) : u ∈ H0 , g ∈ S+

we will use the symbolic notation

U(t)(u⊗ ψ(f), v ⊗ ψ(g)) =: 〈u⊗ ψ(f), U(t)v ⊗ ψ(g)〉

In the following all the forms will be considered on this domain. The identity
form, U(t) = 1, is defined by the condition, for all vectors in the form domain:

〈u⊗ ψ(f), U(t)v ⊗ ψ(g)〉 = 〈u⊗ ψ(f), v ⊗ ψ(g)〉H

where the right hand side denotes the scalar product in H. If there exists a
sesquilinear form U∗(t) satisfying

U∗(t)[u⊗ ψ(f), v ⊗ ψ(g)] = U(t)(u⊗ ψ(f), v ⊗ ψ(g))

where x is the complex conjugate of x, we say that U∗(t) is the adjoint of
U(t) and we use the notation

〈u⊗ ψ(f), U(t)v ⊗ ψ(g)〉 = 〈U∗(t)u⊗ ψ(f), v ⊗ ψ(g)〉
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Definition 1 Let be given, for each t ∈ [0, T ], a sesquilinear form U(t) and,
for i = 1, 2, . . . , 6, let Ai ∈ B(Ho). The stochastic integral

6∑
i=1

∫ t

0

U(s)Ai(s)dNi(s)

is the sesquilinear form, defined on E by:

6∑
i=1

∫ t

0

U(s)AidNi(s)(u⊗ψ(f) , v⊗ψ(g)) :=
6∑
i=1

∫ t

0

ρi(s)dsU(s)(u⊗ψ(f)

Aiv ⊗ ψ(g)) :=
6∑
i=1

∫ t

0

ρi(s)ds〈u⊗ ψ(f), U(s)Aiv ⊗ ψ(g)〉 (5)

where

ρi =



1 i=1
g i=2
f i=3
g2 i=4

f
2

i=5
fg i=6

(6)

The adjoint stochastic integral of
∑6

i=1

∫ t
0
U(s)AidNi(s) is the sesquilinear

form
6∑
i=1

∫ t

0

A∗iU
∗(s)dN∗i (s)

defined on E by:

6∑
i=1

∫ t

0

A∗iU
∗(s)dN∗i (s)(u⊗ψ(f), v⊗ψ(g)) :=

6∑
i=1

∫ t

0

σi(s)dsU
∗(s)(Aiu⊗ψ(f)

(7)

v ⊗ ψ(g)) :=
6∑
i=1

∫ t

0

σi(s)ds〈Aiu⊗ ψ(f), U∗(s)v ⊗ ψ(g)〉
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where A∗i is the adjoint operator of Ai and

σi =



1 i=1
f i=2
g i=3

f
2

i=4
g2 i=5
fg i=6

(8)

In order for (5) and (7) to make sense we assume that∫ T

0

|U(t)(u⊗ ψ(f), v ⊗ ψ(g))|2dt =

∫ T

0

|〈u⊗ ψ(f), U(t)v ⊗ ψ(g)〉|2dt < +∞

(9)
and∫ T

0

|U∗(t)(u⊗ψ(f), v⊗ψ(g))|2dt =

∫ T

0

|〈u⊗ψ(f), U∗(t)v⊗ψ(g)〉|2dt < +∞

(10)
for all u, v ∈ H0 and f , g ∈ S+ such that∫ T

0

|ρi(t)|2dt < +∞ ,

∫ T

0

|σi(t)|2dt < +∞ (11)

for i = 1, 2, . . . , 6.

Condition (11) is surely satistied if

|f(s)| ≤ 1 ; |g(s)| ≤ 1

for s ∈ [0, T ] and in the following we shall assume that all the test functions
of the exponential vectors satisfy this condition.

Definition (2.2) For each t ∈ [0, T ] define a sequence Un(t), n =
−1, 0, . . . ,+∞, of sesquilinear forms on E by

U−1(t) := 0 (12)

Un(t) := 1 +
6∑
i=1

∫ t

0

Un−1(s)AidNi(s) ; n = 0, . . . ,+∞ (13)
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Then we define the adjoint sequence U∗n(t) by

U∗−1(t) := 0 (14)

U∗n(t) := 1 +
6∑
i=1

∫ t

0

A∗iU
∗
n−1(s)dN

∗
i (s) ; n = 0, . . . ,+∞ (15)

Proposition (2.3) The complex valued sequences of functions

t 7→ Un(t)(u⊗ ψ(f) , v ⊗ ψ(g)) =: 〈u⊗ ψ(f), Un(t)v ⊗ ψ(g)〉 (16)

t 7→ U∗n(t)(u⊗ ψ(f) , v ⊗ ψ(g)) =: 〈u⊗ ψ(f), U∗n(t)v ⊗ ψ(g)〉 (17)

converge uniformly on [0, T ], as n → +∞ for all u, v ∈ H0 and f, g ∈ S+.
Proof. By (13) and (5), for n ≥ 1

Un(t)(u⊗ ψ(f) , v ⊗ ψ(g)) =: 〈u⊗ ψ(f), Un(t)v ⊗ ψ(g)〉 =

〈u⊗ψ(f), v⊗ψ(g)〉+
n∑
k=1

6∑
i1,...,ik=1

∫ t

0

∫ t1

0

. . .

∫ tk−1

0

dt1 . . . dtkρi1(t1) . . . ρik(tk)

〈u⊗ ψ(f), Aik . . . Ai1v ⊗ ψ(g)〉 (18)

where to = t. Thus

| 〈u⊗ ψ(f), Un(t)v ⊗ ψ(g)〉 − 〈u⊗ ψ(f), Un−1(t)v ⊗ ψ(g)〉 |=

=|
6∑

i1,...,in=1

∫ t

0

∫ t1

0

. . .

∫ tn−1

0

dt1 . . . dtnρi1(t1) . . . ρin(tn)〈u⊗ψ(f), Ain . . . Ai1v⊗ψ(g)〉 |

≤
6∑

i1,...,in=1

tn

n!
‖ Ai1 ‖ . . . ‖ Ain ‖‖ u⊗ ψ(f) ‖ ‖ v ⊗ ψ(g) ‖

≤ (6t)n

n!
( max
1≤λ≤6

‖ Aiλ ‖)n ‖ u⊗ ψ(f) ‖ ‖ v ⊗ ψ(g) ‖ (19)

so that

∞∑
n=1

| 〈u⊗ ψ(f), Un(t)v ⊗ ψ(g)〉 − 〈u⊗ ψ(f), Un−1(t)v ⊗ ψ(g)〉 |≤
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exp 6t(max1≤λ≤6 ‖ Aiλ ‖) ‖ u⊗ ψ(f) ‖ ‖ v ⊗ ψ(g) ‖ (20)

and from this the uniform convergence on [0, T ], as n→ +∞, of the sequence
〈u⊗ ψ(f), Un(t)v ⊗ ψ(g)〉 follows. A similar argument holds for U∗n(t).

Let, for each t ∈ [0, T ], the sesquilinear forms U(t) and U∗(t) be defined
on E by

U(t)(u⊗ ψ(f) , v ⊗ ψ(g)) := lim
n→∞

Un(t)(u⊗ ψ(f) , v ⊗ ψ(g)) (21)

U∗(t)(u⊗ ψ(f) , v ⊗ ψ(g)) := lim
n→∞

U∗n(t)(u⊗ ψ(f) , v ⊗ ψ(g)) (22)

Then, in the sense of equality of sesquilinear forms

U(t) = 1 +
6∑
i=1

∫ t

0

U(s)AidNi(s) (23)

U∗(t) = 1 +
6∑
i=1

∫ t

0

A∗iU
∗(s)dN∗i (s) (24)

where the right hand sides of (23) and (24) are defined by (5) and (7) respec-
tively. Proof.

|

[
U(t)−

(
1 +

6∑
i=1

∫ t

0

U(s)AidNi(s)

)]

(u⊗ ψ(f) , v ⊗ ψ(g)) ≤| [U(t)− Un(t)] (u⊗ ψ(f) , v ⊗ ψ(g)) | +

+ |

[(
1 +

6∑
i=1

∫ t

0

U(s)AidNi(s)

)]
−

[(
1 +

6∑
i=1

∫ t

0

Un−1(s)AidNi(s)

)]
(u⊗ ψ(f) , v ⊗ ψ(g)) |≤| [U(t)− Un(t)] (u⊗ ψ(f) , v ⊗ ψ(g)) | +

+
6∑
i=1

∫ t

0

dsρi(s) | [U(s) − Un−1(s)] (u⊗ ψ(f) , Aiv ⊗ ψ(g)) | (25)

and this tends to zero as n → ∞ in (25), because the uniform convergence
in t allows to pass to the limit under the integral sign. The proof of (24) is
similar.
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3 The renormalized product of stochastic in-

tegrals

Definition 3.1. For each t ∈ [0, T ] let Un(t) and Um(t) be defined as in
(12) and (13). For n, m = 0, 1, 2, . . . we define the renormalized product of
Un(t) and Um(t) to be the sesquilinear form 〈Un(t), Um(t)〉 defined on E by
the recursion

〈Un(t), xUm(t)〉(u⊗ ψ(f), v ⊗ ψ(g)) :=

〈U0(t), xU0(t)〉(u⊗ψ(f), v⊗ψ(g))+

∫ t

0

[ 6∑
i=1

σi(s)·〈Un−1(s), xUm(s)〉(Aiu⊗ψ(f), v⊗(g))+

+
6∑
j=1

ρj(s) · 〈Un(s), xUm−1(s)〉(u⊗ ψ(f), Ajv ⊗ ψ(g))+

+
6∑

i,j=1

ωγij(s)〈Un−1(s), xUm−1(s)〉(Aiu⊗ ψ(f), Ajv ⊗ ψ(g))]ds (26)

where x is any bounded operator in the initial space (which we identify with
x⊗ 1) and

〈U−1(t), xUn(t)〉 = 〈Un(t), xU−1(t)〉 := 0 n,m = −1, 0, 1, . . . (27)

〈U0(t), xU0(t)〉 := 〈I, xI〉 := x (28)

〈Un(t), xU0(t)〉 := 〈Un(t), xI〉 := U∗n(t)x n = 1, 2, . . . (29)

〈U0(t), xUm(t)〉 := 〈I, xUm(t)〉 := xUm(t) m = 1, 2, . . . (30)

σi, ρj are as in (6) and (8) and

(ωγij(s))
6
i,j=1 =


0 0 0 0 0 0
0 0 0 0 0 0
0 0 γ 0 2γf(s) γg(s)
0 0 0 0 0 0
0 0 2γg(s) 0 4γf(s)g(s) 2γg(s)2

0 0 γf(s) 0 2γf(s)2 γf(s)g(s)

 (31)
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Remarks. Using (13), (26) can be written as

〈
6∑
i=1

∫ t

0

Un(s)AidNi(s), x
6∑
j=1

∫ t

0

Um(s)AjdNj(s)〉(u⊗ ψ(f), v ⊗ ψ(g)) :=

:=

∫ t

0

[ 6∑
i=1

σi(s)〈Un(s), x
6∑
j=1

∫ s

0

Um(z)AjdNj(z)〉(Aiu⊗ ψ(f), v ⊗ ψ(g))+

+
6∑
j=1

ρj(s)〈
6∑
j=1

∫ s

0

Un(z)AidNi(z), xUm(s)〉(u⊗ ψ(f), Ajv ⊗ ψ(g))+

+
6∑

i,j=1

ωγij(s)〈Un(s), xUm(s)〉(Aiu⊗ ψ(f), Ajv ⊗ ψ(g))
]
ds (32)

which can be thought of as the definition of the renormalized product of
the two stochastic integrals. Frequently, in the following we shall omit the
symbol x from the notation of the quadratic form 〈U(t), xU(t)〉.

The recursive scheme underlying (26) is
〈U0, U0〉 〈U0, U1〉 . . . 〈U0, Um〉 . . .
〈U1, U0〉 〈U1, U1〉 . . . 〈U1, Um〉 . . .

...
〈Un−1, U0〉 . . . 〈Un−1, Um−1〉〈Un−1, Um〉 . . .
〈Un, U0〉 . . . 〈Un, Um−1〉〈Un, Um〉 . . .

 (33)

where the first two rows and the first column are computed with the use
of (27), (28), (29) and (30), and for n ≥ 2 and m ≥ 1 the entry 〈Un, Um〉
depends on 〈Un−1, Um〉, 〈Un, Um−1〉 and 〈Un−1, Um−1〉 only.

Definition 3.2. If F is a sesquilinear form on H × H and K ∈ B(H0)
then KF and FK are the sesquilinear forms defined on E by

KF (u⊗ ψ(f), v ⊗ ψ(g)) := F (K∗u⊗ ψ(f), v ⊗ ψ(g)) (34)

FK(u⊗ ψ(f), v ⊗ ψ(g)) := F (u⊗ ψ(f), Kv ⊗ ψ(g)) (35)

Definition 3.3. Let K, L ∈ B(H0) and t ∈ [0, T ]. We define the
renormalized product of the sesquilinear forms KU∗n(t) and LU∗n(t) to be the
sesquilinear form defined for n, m = 0, 1, 2, . . . by the recursion

〈KU∗n(t), LU∗m(t)〉(u⊗ ψ(f), v ⊗ ψ(g)) := 〈K,L〉(u⊗ ψ(f), v ⊗ ψ(g))+
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∫ t

0

[ 6∑
i=1

ρi(s)〈KA∗iU∗n−1(s), LU∗m(s)〉(u⊗ ψ(f), v ⊗ ψ(g))+

+
6∑
j=1

σj(s)〈KU∗n(s), LA∗jU
∗
m−1(s)〉[u⊗ ψ(f), v ⊗ ψ(g))+

+
6∑

i,j=1

ωγij(s)〈KA∗iU∗n−1(s), LA∗jU∗m−1(s)〉(u⊗ ψ(f), v ⊗ ψ(g))
]
ds (36)

where

〈KU∗ρ−1(t), LU∗m(t)〉 = 〈KU∗n(t), LU∗−1(t)〉 = 0 n,m = −1, 0, 1, . . . (37)

〈KU∗n(t), L〉 := Un(t)K∗L n = 0, 1, 2, . . . (38)

〈K,LU∗m(t)〉 := K∗LU∗m(t) n = 0, 1, 2, . . . (39)

σj, pj and ωγij are as in Definition 3.1.

Remarks. For K = L = I (36) can be written as

〈
6∑
i=1

∫ t

0

A∗iU
∗
i (s)dN∗i (s),

6∑
j=1

∫ t

0

A∗jU
∗
m(s)dN∗j (s)〉(u⊗ ψ(f), v ⊗ ψ(g)) :=

{∫ t

0

[ 6∑
i=1

ρi(s)〈A∗iU∗n(s),
6∑
j=1

∫ t

0

A∗jU
∗
m(s)dN∗j (s)〉+

+
6∑
j=1

σj(s)〈
6∑
i=1

∫ t

0

A∗iU
∗
n(s)dN∗i (s), A∗jU

∗
m(s)〉+

+
6∑

i,j=1

ωγij(s)〈A∗iU∗n(s), A∗jU
∗
m(s)〉

]
ds
}

(u⊗ ψ(f), v ⊗ ψ(g)) (40)

We remark also that Definitions 3.1 and 3.3 have the renormalized Itô
table (1) built in.

In fact one arrives at (26), (40) and then also to (26) and (36) by as-
suming that everything works as in the linear noise case and then use the
renormalized Itô table (1) to compute the matrix element of the product of
two stochastic integrals.
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Proposition 3.4. Let t ∈ [0, T ], u, v ∈ H0, f , g ∈ S+ with |f |, |g| ≤ 1.
For n, m = 0, 1, . . . define

En,m(t) := |〈Un(t)− Un−1(t), Um(t)〉| (41)

Then

En,m(t)(u⊗ψ(f), v⊗ψ(g)) ≤

[
W n+mt

n+m
2

√
n!m!

+
Ln+mtn

n!

]
‖u⊗ψ(f)‖ ‖v⊗ψ(g)‖

(42)
where

W := 1 + 24 max
1≤i≤6

‖Ai‖T 1/2 + 4
√

2γ

(
6 max
1≤i≤6

‖Ai‖
)2

(43)

and

L := (1 + T )

(
1 + 6 max

1≤i≤6
‖Ai‖

)
+ 4γ

(
6 max
1≤i≤6

‖Ai‖
)2

(44)

Proof. We will prove (42) by using double induction on n, m as follows:
consider the matrix

E0,0 E0,1 . . . E0,m
E1,0 E1,1 . . . E1,n
E2,0 E2,1 . . . E2,m

...
... E2,m

En−1,0 En−1,1 . . . En−1,m−1 En−1,m
En,0 En,1 . . . En,m−1 En,m

 (45)

We first show that (42) holds for the first row and the first column. Then
we assume that (42) holds for En−1,m−1, En−1,m, En,m−1 and we show that it
is also valid for En,m.

The idea behind this inductive scheme lies in the inequality

En,m(t)(u⊗ ψ(f), v ⊗ ψ(g)) ≤
∫ t

0

[ 6∑
i=1

En−1,m(s)(Aiu⊗ ψ(f), v ⊗ ψ(g))+

+
6∑
j=1

En,m−1(s)(u⊗ψ(f), Ajv⊗ψ(g))+4γ
6∑

i,j=1

En−1,m−1(s)(Aiu⊗ψ(f), Ajv⊗ψ(g))
]
ds

(46)
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which is a direct consequence of (26) for n, m = 1, 2, . . .. For m = 0 and
n = 0, 1, . . . by (19), (27), (28) and (29)

En,0(t)(u⊗ ψ(f), v ⊗ ψ(g)) = |〈Un(t)− Un−1(t), I〉(u⊗ ψ(f), v ⊗ ψ(g))|(47)

≤ (6 max1≤i≤6 ‖Ai‖)n tn

n!
‖u⊗ ψ(f)‖ ‖v ⊗ ψ(g)‖(48)

≤ Lntn

n!
‖u⊗ ψ(f)‖ ‖v ⊗ ψ(g)‖ (49)

since 6 max1≤i≤6 ‖Ai‖ < L, so (42) holds. For n = 0 (42) reduces to

E0,m(t)(u⊗ψ(f), v⊗ψ(g)) ≤
[
Wmtm/2√

m!
+ Ln

]
‖u⊗ψ(f)‖ ‖v⊗ψ(g)‖ (50)

which we will prove by induction on m = 0, 1, 2, . . ..
For m = 0,

E0,0(t)(u⊗ ψ(f), v ⊗ ψ(g)) = |〈U0(t)− U−1(t), U0(t)〉(u⊗ ψ(f), v ⊗ ψ(g))|

= |〈I−0, I〉(u⊗ψ(f), v⊗ψ(g))| = |〈u⊗ψ(f), v⊗ψ(g)〉H | ≤ ‖u⊗ψ(f)‖ ‖v⊗ψ(g)‖

≤
[
W 0

0!
t0 + L0

]
‖u⊗ ψ(f)‖ ‖v ⊗ ψ(g)‖

so (47) is valid. Suppose that (51) holds for m− 1. We will show that it also
holds for m. By (5) and (13) we have

E0,m(u⊗ ψ(f), v ⊗ ψ(g)) = |〈U0(t)− U−1(t), Um(t)〉(u⊗ ψ(f), v ⊗ ψ(g))|

= |〈I, Um(t)〉(u⊗ ψ(f), v ⊗ ψ(g))| = |Um(t)(u⊗ ψ(f), v ⊗ ψ(g))|

=

∣∣∣∣∣
[
I +

6∑
i=1

∫ t

0

Um−1(s)AidNi(s)

]
(u⊗ ψ(f), v ⊗ ψ(g))

∣∣∣∣∣
=

∣∣∣∣∣〈u⊗ ψ(f), v ⊗ ψ(g)〉H +
6∑
i=1

∫ t

0

Um−1AidNi(s)(u⊗ ψ(f), v ⊗ ψ(g))

∣∣∣∣∣
=

∣∣∣∣∣〈u⊗ ψ(f), v ⊗ ψ(g)〉H +
6∑
i=1

∫ t

0

ρi(s)Um−1(s)(u⊗ ψ(f), Aiv ⊗ ψ(g))ds

∣∣∣∣∣
≤ ‖u⊗ ψ(f)‖ ‖v ⊗ ψ(g)‖+

6∑
i=1

∫ t

0

|Um−1(s)(u⊗ ψ(f), Aiv ⊗ ψ(g))|ds
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= ‖u⊗ ψ(f)‖ ‖v ⊗ ψ(g)‖+
6∑
i=1

∫ t

0

E0,m−1(s)(u⊗ ψ(f), Aiv ⊗ ψ(g)ds

≤ ‖u⊗ψ(f)‖ ‖v⊗ψ(g)‖+
6∑
i=1

∫ t

0

[
W n−1√
(m− 1)!

S
m−1

2 + Lm−1

]
ds‖u⊗ψ(f)‖ ‖Aiv⊗ψ(g)‖

≤ ‖u⊗ψ(f)‖ ‖v⊗ψ(g)‖+6 max
1≤i≤6

‖Ai‖

(
Wm−1√
(m− 1)!

tm+ 1
2

m+1
2

+ Lm−1t

)
‖u⊗ψ(f)‖ ‖v⊗ψ(g)‖

≤
[
6 max
1≤i≤6

‖Ai‖
Wm−1
√
m!

tm2T 1/2 + 1 + TLm−1
]
‖u⊗ ψ(f)‖ ‖u⊗ ψ(g)‖

≤
[
2T 1/26 max

1≤i≤6
‖Ai‖

Wm−1
√
n!

tm + (1 + T )Lm−1
]
‖u⊗ ψ(f)‖ ‖v ⊗ ψ(g)‖

≤
[
WM

√
m!

tm + Lm
]
‖u⊗ ψ(f)‖‖v ⊗ ψ(g)‖

thus proving (51). We have thus proved (42) to hold true for the first row and
column of matrix (45). We will now show that if it holds true for En−1,m−1,
En−1,m, and En,m−1 then it does for En,m as well, thus completing our induc-
tion. In view of (46) we have

En,m(t)(u⊗ψ(f), v⊗ψ(g)) ≤
∫ t

0

[ 6∑
i=1

(
W n+m−1S

n+m−1
2√

(n− 1)!n!
+
Ln+m−1sn−1

(n− 1)!

)
‖Ai‖

+
6∑
i=1

(
W n+m−1s

n+m−1
2√

n!(m− 1)!
+
Ln+m−1sn

n!

)
‖Aj‖+ 4γ

6∑
i,j=1

( W n+m−2s
n+m−2

2√
(n− 1)!(m− 1)!

+

Ln+m−2sn−1

(n− 1)!

)
‖Ai‖ ‖Aj‖

]
ds‖u⊗ ψ(f)‖v ⊗ ψ(g)‖

≤
{∫ t

0

[
6 max
1≤i≤6

(
W n+m−1s

n+m−1
2√

(n− 1)!m!
+
W n+m−1s

n+m−1
2√

n!(m− 1)!

)
+

4γ

(
6 max
1≤i≤6

‖Ai‖
)2

W n+m−2s
n+m−2

2√
(n− 1)!(m− 1)!

]
ds+

16



∫ t

0

[
6 max
1≤i≤6

‖Ai‖
(
Ln+m−1sn−1

(n− 1)!
+
Ln+m−1sn

n!

)
+ 4γ

(
6 max
1≤i≤6

‖Ai‖
)2

·L
n+m−2sn−1

(n− 1)!

]
ds
}
‖u⊗ ψ(f)‖ ‖v ⊗ ψ(g)‖

≤
{[

6 max
1≤i≤6

‖Ai‖

(
W n+m−1t

n+m−1
2√

(n− 1)!m!(n+m+ 1)/2
+

W n+m−1t
n+m+1

2√
n!(m− 1)!(n+m+ 1)/2

)

+4γ

(
6 max
1≤i≤6

‖Ai‖
)2

W n+m−2t
n+m

2√
(n− 1)!(m− 1)!(n+m)/2

]
+
[
6 max
1≤i≤6

‖Ai‖
(Ln+m−1tn

n!
+

Ln+m−1tnT

n!

)
+ 4γ

(
6 max
1≤i≤6

‖Ai‖
)2

Ln+m−2tn

n!

]}
‖u⊗ ψ(f)‖ ‖v ⊗ ψ(g)‖

≤
{[

6 max
1≤i≤6

‖Ai‖

(
W n+m−1t

n+m
2 2T 1/2

√
n!m!

+
W n+m−1t

n+m
2 2T 1/2

√
n!m!

)

+4γ

(
6 max
1≤i≤6

‖Ai‖
)2

W n+m−1t
n+m

2

√
2√

n!m!

]
+
[
6 max
1≤i≤6

‖Ai‖
(Ln+m−1tn

n!
+

TLn+m−1tn

n!

)
+ 4γ

(
6 max
1≤i≤6

‖Ai‖
)2

Ln+m−1tn

n!

]}
‖u⊗ ψ(f)‖v ⊗ ψ(g)‖

(where we have used the inequality 2
n+m

≤
√
2√
nm

)

≤
{[

24 max
1≤i≤6

‖Ai‖T 1/2 + 4
√

2γ

(
6 max
1≤i≤6

‖Ai‖
)2
]
W n+m−1t

n+m
2

√
n!m!

+

[
6 max
1≤i≤6

‖Ai‖(1 + T ) + 4γ

(
6 max
1≤i≤6

‖Ai‖
)2
]
Ln+m−1tn

n!

}
‖u⊗ψ(f)‖‖v⊗ψ(g)‖

≤

[
W n+mt

n+m
2

√
n!m!

+
Ln+mtn

n!

]
‖u⊗ ψ(f)‖ ‖v ⊗ ψ(g)‖

Remarks. Since 〈Un(t), Um(t) − Um−1(t)〉(u ⊗ ψ(f), v ⊗ ψ(g)) is the
complex–conjugate of 〈Um(t)−Um−1(t), Un(t)〉(v⊗ψ(g), u⊗ψ(f)) it follows
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that Jn,m(t) := |〈Un(t), Um(t)− Um−1(t)〉| satisfies

Jn,m(t)(u⊗ψ(f), v⊗ψ(g)) ≤

[
W n+mt

n+m
2

√
n!m!

+
Ln+mtn

n!

]
‖u⊗ψ(f)‖ ‖v⊗ψ(g)‖

(51)
where W , L are as in (43) and (44).

Moreover, a method similar to that used in the proof of Proposition 3.4
can be employed to show that if k, Λ ∈ B(H0) then E∗n,m(t) := |〈k(U∗n(t) −
U∗n−1(t)), ΛU∗m(t)〉| and J∗n,m(t) := |〈kU∗n(t),Λ(U∗m(t)− U∗m−1(t))〉| satisfy the
inequalities

E∗n,m(t)(u⊗ψ(f), v⊗ψ(g)) ≤

[
Mn+mt

n+m
2

√
n!m!

+
Cn+mtn

n!

]
‖u⊗ψ(f)‖ ‖v⊗ψ(g)‖

(52)
and

J∗n,m(t)(u⊗ψ(f), v⊗ψ(g)) ≤

[
Mn+mt

n+m
2

√
n!m!

+
Cn+mtn

n!

]
‖u⊗ψ(f)‖ ‖v⊗ψ(g)‖

(53)
for suitable constants M , C > 0 which are independent of t, n, m.

Proposition 3.5. For each k = 0, 1, 2, . . . and t ∈ [0, T ] the sequences
{an,k(t)}+∞n=k and {bn,k(t)}+∞n=k of sesquilinear forms defined pointwise on E by

an,k(t)(u⊗ ψ(f), v ⊗ ψ(g)) := 〈Un−k(t), Un(t)〉(u⊗ ψ(f), v ⊗ ψ(g)) (54)

and

bn,k(t)(u⊗ ψ(f), v ⊗ ψ(g)) := 〈Un(t), Un−k(t)〉(u⊗ ψ(f), v ⊗ ψ(g)) (55)

converge as n→ +∞, uniformly with respect to t ∈ [0, T ] and k.
Moreover, if

a∞,k(t) := lim
n
an,k(t) (56)

and
b∞,k(t) := lim

n
bn,k(t) (57)

then
a∞,k1(t) = a∞,k2(t) := a∞(t) (58)
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and
b∞,k1(t) = b∞,k2(t) := b∞(t) (59)

for all k1, k2 = 0, 1, 2, . . . and t ∈ [0, T ] and also

a∞(t) = b∞(t) := λ(t) (60)

Proof.

|an,k(t)(u⊗ ψ(f), v ⊗ ψ(g))− an−1,k(t)(u⊗ ψ(f), v ⊗ ψ(g))| =

|〈Un−k(t), Un(t)〉(u⊗ψ(f), v⊗ψ(g))−〈Un−1−k(t), Un−1(t)〉(u⊗ψ(f), v⊗ψ(g))|

≤ |〈Un−k(t), Un(t)〉(u⊗ψ(f), v⊗ψ(g))−〈Un−1−k(t)Un(t)〉(u⊗ψ(f), v⊗ψ(g))|+

|〈Un−1−k(t), Un(t)〉(u⊗ψ(f), v⊗ψ(g))−〈Un−1−k(t), Un−1(t)〉(u⊗ψ(f), v⊗ψ(g))|

= |〈Un−k(t)− Un−k−1(t), Un(t)〉(u⊗ ψ(f), v ⊗ ψ(g))|+

|〈Un−k−1(t), Un(t)− Un−1(t)〉(u⊗ ψ(f), v ⊗ ψ(g))| (61)

By (42) for m = n

|〈Un−k(t)− Un−k−1(t), Un(t)〉(u⊗ ψ(f), v ⊗ ψ(g))| ≤[
W 2n−kt

2n−k
2√

(n− k)!n!
+
L2n−ktn

n!

]
‖u⊗ ψ(f)‖ ‖v ⊗ ψ(g)‖ (62)

Distinguishing the cases t ∈ [0, 1] and t ∈ (1, T ] we obtain

|〈Un−k(t)− Un−k−1(t), Un(t)〉(u⊗ ψ(f), v ⊗ ψ(g))| ≤

≤
[
W 2n(max(1, T ))n√

n!
+
L2n(max(1, T ))n

n!

]
‖u⊗ ψ(f)‖ ‖v ⊗ ψ(g)‖ (63)

and so

|〈Un−k(t)− Un−k−1(t), Un(t)〉(u⊗ ψ(f), v ⊗ ψ(g))| → 0 (64)

as n→ +∞ uniformly with respect to t and k.
Similarly, from (51) with m = n− k − 1, we obtain that

|〈Un−k−1(t), Un(t)− Un−1(t)〉(u⊗ ψ(f), v ⊗ ψ(g))| → 0
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as n → +∞ uniformly with respect to t and k. Thus, by (61), {an,k(t)(u ⊗
ψ(f), v⊗ψ(g))}+∞n=k converges as n→ +∞, uniformly with respect to t and k.
Similarly, {bn,k(t)(u⊗ ψ(f), v ⊗ ψ(g))}+∞n=k converges as n→ +∞, uniformly
with respect to t and k. For k = 0, 1, 2, . . .

|a∞,k+1(t)(u⊗ ψ(f), v ⊗ ψ(g))− a∞,k(t)(u⊗ ψ(f), v ⊗ ψ(g))|

≤ |a∞,k+1(t)(u⊗ ψ(f), v ⊗ ψ(g))− an,k+1(t)(u⊗ ψ(f), v ⊗ ψ(g))|+
|an,k+1(t)(u⊗ ψ(f), v ⊗ ψ(g))− an,k(t)(u⊗ ψ(f), v ⊗ ψ(g))|+
|an,k(t)(u⊗ ψ(f), v ⊗ ψ(g))− a∞,k(t)(u⊗ ψ(f), v ⊗ ψ(g))|

→ 0 as n→ +∞ by (55) and the fact that

|an,k+1(t)(u⊗ ψ(f), v ⊗ ψ(g))− an,k(t)(u⊗ ψ(f), v ⊗ ψ(g))|

= |〈Un−k(t)− Un−k−1(t), Un(t)〉(u⊗ ψ(f), v ⊗ ψ(g))|
→ 0 as n→ +∞ by (64). Thus

a∞,k+1(t) = a∞,k(t) (65)

for all k = 0, 1, 2, . . . and t ∈ [0, T ] which implies (58). The proof of (59) is
similar.

Since an,0(t) = bn,0(t) and by (56), (57) a∞(t) = limn an,0(t) and b∞(t) =
limn bn,0(t) it follows that a∞(t) = b∞(t).

Remarks. For k = 0 the sequences defined in (54) and (55) correspond
to the main diagonal of (33). For k = 1, 2, 3, . . . they correspond to diagonals
above and below the main diagonal of (33) respectively. The analogue of
(33) for the renormalized products 〈KU∗n(t), LU∗m(t)〉 where K, L ∈ B(H0)
and n, m = 0, 1, 2, . . . is the matrix

〈KU∗0 , LU∗0 〉〈KU∗0 , LU∗1 〉 . . . 〈KU∗0 , LU∗m〉 . . .
〈KU∗1 , LU∗0 〉〈KU∗1 , LU∗1 〉 . . . 〈KU∗1 , LU∗m〉 . . .

...
〈KU∗n−1, LU∗0 〉 . . . 〈KU∗n−1, LU∗m〉 . . .
〈KU∗n, LU∗0 〉 . . . 〈KU∗n, LU∗m〉 . . .

 (66)

In a way similar to that used in the proof of Proposition 3.5 we can show
that all left–to–right diagonal sequences {〈KU∗n−k(t), LU∗n(t)〉(u ⊗ ψ(f), v ⊗
ψ(g))}+∞n=k and

{〈KU∗n(t), LU∗n−k(t)〉(u⊗ ψ(f), v ⊗ ψ(g))}+∞n=k , k = 0, 1, 2, . . .
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converge as n → ∞ to the same limit and the convergence is uniform with
respect to k and t ∈ [0, T ].

Theorem 3.6. For all u, v ∈ H0, f, g ∈ S+ with |f | ≤ 1 and |g| ≤ 1,
t ∈ [0, T ], and K, L ∈ B(H0) the double sequences of sesquilinear forms

{〈Un(t), Um(t)〉(u⊗ ψ(f), v ⊗ ψ(g))}+∞n,m=0 (67)

and
{〈KU∗n(t), LU∗m(t)〉(u⊗ ψ(f), v ⊗ ψ(g))}+∞n,m=0 (68)

converge as n, m → +∞ and the convergence is uniform with respect to
t ∈ [0, T ].

Proof. We will show that the sequences defined by (67) and (68) converge
to the common limit of the diagonal sequences of the infinite matrices (33)
and (66) respectively.

Let λ(t)(u ⊗ ψ(f), v ⊗ ψ(g)) be the common limit, uniform in t and k,
of the left–to–right diagonal sequences of (33). By the uniformity of the
limit, with respect to k, in Proposition 3.5, every neighborhood of λ(t) (u⊗
ψ(f), v ⊗ ψ(g)) will eventually contain all terms of all diagonal sequences of
(33). Therefore it will eventually contain all terms of the double sequence
(67) which therefore converges to λ(t) (u⊗ψ(f), v⊗ψ(g)) and the convergence
is, in view of Proposition 3.5, uniform with respect to t. The rest of the proof
is similar.

Definition 3.7. Let K, L ∈ B(H0) and let Un(t) and Um(t) be as in
Definition 2.2.

The sesquilinear form 〈Un(t)K,Un(t)L〉 is defined for n, m = 0, 1, . . . on
E by

〈Un(t)K,Um(t)L〉(u⊗ψ(f), v⊗ψ(g)) := 〈Un(t), Um(t)〉(Ku⊗ψ(f), Lv⊗ψ(g))
(69)

Definition 3.8. In view of Theorem 3.6 and Definition 3.7, for t ∈
[0, T ] and K, L ∈ B(H0) we define sesquilinear forms 〈U(t)K,U(t)L〉 and
〈KU∗(t), LU∗(t)〉 on E by

〈U(t)K,U(t)L〉(u⊗ψ(f), v⊗ψ(g)) := lim
n,m
〈Un(t)K,Um(t)L〉(u⊗ψ(f), v⊗ψ(g))

:= lim
n,m
〈Un(t), Um(t)〉(Ku⊗ ψ(f), Lv ⊗ ψ(g)) = (70)
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and

〈KU∗(t), LU∗(t)〉(u⊗ψ(f), v⊗ψ(g)) := lim
n,m
〈KU∗n(t), LU∗m(t)〉(u⊗ψ(f), v⊗ψ(g))

(71)

4 Unitarity in the sense of sesquilinear forms

Theorem 4.1. If the coefficients Ai ∈ B(H0), i = 1, . . . , 6 satisfy the
conditions

A1 + A∗1 + γA2A
∗
2 = 0

A∗1 + A1 + γA∗3A3 = 0

A2 + A∗3 + 2γA4A
∗
2 + γA2A

∗
6 = 0

A∗3 + A2 + 2γA∗5A3 + γA∗3A6 = 0 (72)

A4 + A∗5 + 2γA4A
∗
6 = 0

A∗5 + A4 + 2γA∗5A6 = 0

A6 + A∗6 + 4γA4A
∗
4 + γA6A

∗
6 = 0

A∗6 + A6 + 4γA∗5A5 + γA∗6A6 = 0

then for all t ∈ [0, T ], u, v ∈ H0, and f , g ∈ S+ with |f |, |g| ≤ 1

〈U(t), U(t)〉(u⊗ ψ(f), v ⊗ ψ(g)) = 〈I, I〉(u⊗ ψ(f), v ⊗ ψ(g)) (73)

and

〈U∗(t), U∗(t)〉(u⊗ ψ(f), v ⊗ ψ(g)) = 〈I, I〉(u⊗ ψ(f), v ⊗ ψ(g)) (74)

where the left hand sides of (73) and (74) are in the sense of Definition 3.8
and the right hand sides equal 〈u ⊗ ψ(f), v ⊗ ψ(g)〉H , the inner product of
u⊗ ψ(f) and v ⊗ ψ(g).

Proof. To prove (74) we notice that using (71) and, i.e. the recurrent
definition of U∗n:

[〈U∗(t), U∗(t)〉 − 〈I, I〉](u⊗ ψ(f), v ⊗ ψ(g)) =
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lim
n

[〈U∗n(t), U∗n(t)〉 − 〈I, I〉](u⊗ ψ(f), v ⊗ ψ(g)) =

= lim
n

[
〈I,

6∑
i=1

∫ t

0

A∗iU
∗
n−1(s)dN

∗
i (s)〉+ 〈

6∑
i=1

∫ t

0

A∗iU
∗
n−1(s)dN

∗
i (s), I〉

+〈
6∑
i=1

∫ t

0

A∗iU
∗
n−1(s)dN

∗
i (s),

6∑
j=1

∫ t

0

A∗jU
∗
n−1(s)dN

∗
j (s)〉

]
(u⊗ ψ(f), v ⊗ ψ(g))

(by (15))

= lim
n

{∫ t

0

6∑
i=1

σi(s)〈I, A∗iU∗n−1(s)〉ds+

∫ t

0

6∑
i=1

ρi(s)〈A∗iU∗n−1(s), I〉ds

+

∫ t

0

[ 6∑
i=1

ρi(s)(〈A∗iU∗n−1(s), U∗n(s)〉 − 〈A∗iU∗n−1(s), I〉)+

6∑
j=1

σj(s)(〈U∗n(s), A∗jU
∗
n−1(s)〉 − 〈I, A∗jU∗n−1(s)〉)+

6∑
i,j=1

ωγij(s)〈A∗iU∗n−1(s), A∗jU∗n−1(s)〉
]
ds
}

(u⊗ ψ(f), v ⊗ ψ(g))

(by (40) and (15))

= lim
n

∫ t

0

[ 6∑
i=1

ρi(s)〈A∗iU∗n−1(s), U∗n(s)〉+
6∑
i=1

σi(s)〈U∗n(s), A∗iU
∗
n−1(s)〉

+
6∑

i,j=1

ωγij(s)〈A∗iU∗n−1(s), A∗jU∗n−1(s)〉
]
ds (u⊗ ψ(f), v ⊗ ψ(g))

=

∫ t

0

[ 6∑
i=1

ρi(s)〈A∗iU∗(s), U∗(s)〉+
6∑
i=1

σi(s)〈U∗(s), A∗iU∗(s)〉

+
6∑

i,j=1

ωγij(s)〈A∗iU∗(s), A∗jU∗(s)〉
]
ds (u⊗ ψ(f), v ⊗ ψ(g))
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by dominated convergence, Theorem 3.6, and Definition 3.8 this is

=

∫ t

0

〈U∗(s),

[
6∑
i=1

ρi(s)Ai +
6∑
i=1

σi(s)A
∗
i +

6∑
i,j=1

ωγij(s)AiA
∗
j

]
U∗(s)〉ds (u⊗ψ(f), v⊗ψ(g))

Let C denote the quantity in brackets. We will show that C = 0. By the
definition of σi, ρi and ωγij, after collecting terms we have

C = [A∗1 + A1 + γA∗3A3] + f [A∗2 + A3 + 2γA∗3A5 + γA∗6A3]+

g[A∗3 + A2 + γA∗3A6 + 2γA∗5A3] + f
2
[A∗4 + A5 + 2γA∗6A5]+

g2[A∗5 + A4 + 2γA∗5A6] + fg[A∗6 + A6 + 4γA∗5A5 + γA∗6A6] = 0

by (72), thus proving (74). To prove (73) we notice that, for n ≥ 1 and
t ∈ [0, T ], using (13) we have

〈Un(t)u⊗ ψ(f), Un(t)v ⊗ ψ(g)〉 = 〈Un(t), Un(t)〉(u⊗ ψ(f), v ⊗ ψ(g)) =

=
[
〈I, I〉+

∫ t

0

( 6∑
i=1

σi(s)〈Un−1(s)Ai, Un(s)〉+
6∑
i=1

ρi(s)〈Un(s), Un−1(s)Ai〉

+
6∑

i,j=1

ωγij(s)〈Un−1(s)Ai, Un−1(s)Aj〉
)
ds
]
(u⊗ ψ(f), v ⊗ ψ(g)) (75)

By (75)
d

dt
〈Un(t)u⊗ ψ(f), Un(t)v ⊗ ψ(g)〉 =

[ 6∑
i=1

σi(t)〈Un−1(t)Ai, Un(t)〉+
6∑
i=1

ρi(t)〈Un(t), Un−1(t)Ai〉+

+
6∑

i,j=1

ωγij(t)〈Un−1(t)Ai, Un−1(t)Aj〉
]
(u⊗ ψ(f), v ⊗ ψ(g)) (76)

By Theorem 3.6 the right hand side of (76) converges uniformly in t as
n→ +∞, so the sequence {〈Un(t)u⊗ ψ(f), Un(t)v ⊗ ψ(g)〉}∞n=0 and its time
derivative converge uniformly with respect to t as n → +∞. Thus we may
let n→ +∞ in (4.5) and interchange the limit and differentiation operations
to obtain

d

dt
〈U(t), U(t)〉(u⊗ ψ(f), v ⊗ ψ(g)) =
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=
[ 6∑
i=1

σi(t)〈U(t)Ai, U(t)〉+
6∑
i=1

ρi(t)〈U(t), U(t)Ai〉+

+
6∑

i,j=1

ωγij(t)〈U(t)Ai, U(t)Aj〉
]
(u⊗ ψ(f), v ⊗ ψ(g)) (77)

For t ∈ [0, T ] let F (t) : H0 × H0 → C be the sesquilinear form defined,
for fixed f , g ∈ S+ with |f | ≤ 1 and |g| ≤ 1, by

F (t)(u, v) := 〈U(t), U(t)〉(u⊗ψ(f), v⊗ψ(g)) = 〈U(t)u⊗ψ(f), U(t)v⊗ψ(g)〉
(78)

Since

|F (t)(u, v)| = |〈U(t), U(t)〉(u⊗ψ(f), v⊗ψ(g))| = lim
n
|〈Un(t), Un(t)〉(u⊗ψ(f), v⊗ψ(g))|

= lim
n

∣∣∣∣∣
[
〈U0(t), U0(t)〉+

n∑
k=1

(〈Uk(t), Uk(t)〉 − 〈Uk−1(t), Uk−1(t)〉)

]
(u⊗ ψ(f), v ⊗ ψ(g))

∣∣∣∣∣
≤ |〈u⊗ψ(f), v⊗ψ(g)〉H |+lim

n

n∑
k=1

|(〈Uk(t), Uk(t)〉−〈Uk−1(t), Uk−1(t)〉)(u⊗ψ(f), v⊗ψ(g))|

≤ ‖u⊗ψ(f)‖‖v⊗ψ(g)‖+lim
n

n∑
k=1

(|〈Uk(t)−Uk−1(t), Uk(t)〉(u⊗ψ(f), v⊗ψ(g))|+

|〈Uk−1(t), Uk(t)− Uk−1(t)〉(u⊗ ψ(f), v ⊗ ψ(g))|)

≤ ‖u⊗ψ(f)‖ ‖v⊗ψ(g)‖+lim
n

n∑
k=1

[(
W 2ktk

k!
+
L2ktk

k!

)
+

(
W 2k−1tk−

1
2√

(k − 1)!k!
+
L2k−1tk

k!

)]
·‖u⊗ ψ(f)‖ ‖v ⊗ ψ(g)‖

(by (42) and (51))

≤

[
1 + lim

n

n∑
k=1

((
(W 2)ktk

k!
+

(L2)ktk

k!

)
+

(
WT (W 2)k−1tk−1

(k − 1)!
+

1

L

(L2)ktk

k!

))]

·‖u⊗ ψ(f)‖ ‖v ⊗ ψ(g)‖

≤
[
1 + eW

2T + eL
2T +WTeW

2T +
1

L
eL

2T

]
‖ψ(f)‖ ‖ψ(g)‖ ‖u‖ · ‖v‖
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≤
[(

1 + (1 +WT )eW
2T +

(
1 +

1

L

)
eL

2T

)
e2T
]
‖u‖ ‖v‖ (79)

it follows that F (t) is, for each t ∈ [0, T ] and f , g ∈ S+ with |f | ≤ 1 and
|g| ≤ 1, a bounded sesquilinear form on H0 × H0. Thus there exists an
operator F (t) ∈ B(H0), depending on f , g, such that for all u, v ∈ H0

〈u, F (t)v〉 = F (t)(u, v) = 〈U(t), U(t)〉(u⊗ ψ(f), v ⊗ ψ(g)) (80)

By (77) F (t) satisfies the ordinary Banach space differential equation

dF

dt
=

6∑
i=1

σi(t)A
∗
iF (t) +

6∑
i=1

ρi(t)F (t)Ai +
6∑

i,j=1

ωγij(t)A
∗
iF (t)Aj (81)

with initial condition
F (0) = 〈ψ(f), ψ(g)〉I (82)

where I is the identity operator in B(H0), since by (80)

〈u, F (0)v〉 = 〈U(0), U(0)〉(u⊗ ψ(f), v ⊗ ψ(g)) (83)

= lim
n
〈Un(0), Un(0)〉(u⊗ ψ(f), v ⊗ ψ(g)) = 〈I, I〉(u⊗ ψ(f), v ⊗ ψ(g))(84)

= 〈u⊗ ψ(f), v ⊗ ψ(g)〉 = 〈u, v〉〈ψ(f), ψ(g)〉 = 〈u, 〈ψ(f), ψ(g)〉Iv〉(85)

We will show that
F (t) = 〈ψ(f), ψ(g)〉I (86)

is the unique solution of (81), (82). Clearly (82) is satisfied. Moreover

dF

dt
=

d

dt
(〈ψ(f), ψ(g)〉I) = 0 (87)

and
6∑
i=1

σi(t)A
∗
iF (t) +

6∑
i=1

ρi(t)F (t)Ai +
6∑

i,j=1

ωγij(t)A
∗
iF (t)Aj =

=

[
6∑
i=1

σi(t)A
∗
i +

6∑
i=1

ρi(t)Ai +
6∑

i,j=1

ωγij(t)A
∗
iAj

]
〈ψ(f), ψ(g)〉

Let D denote the quantity in brackets. As before, by (72), D = 0. Thus

6∑
i=1

σi(t)A
∗
iF (t) +

6∑
i=1

ρi(t)F (t)Ai +
6∑

i,j=1

ωγij(t)A
∗
iF (t)Aj = 0 (88)
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By (87) and (88), (86) defines a solution of (81), (82). It is a well known
result of classical theory that such a solution is unique. Thus, by (78), (80),
and (86)

〈U(t), U(t)〉(u⊗ ψ(f), v ⊗ ψ(g)) = 〈u⊗ ψ(f), v ⊗ ψ(g)〉H (89)

proving (73).

Remark (1). It was shown in [1] that if

A1 = iH − γ

2
L∗L, A2 = −L∗W, A3 = L

A4 = −
(
I − Re W

8γ2

)1/2

MW, A5 = M∗
(
I − Re W

8γ2

)1/2

and

A6 =
W − I

2γ

where L, H, W , M ∈ B(H0) withH self–adjoint andW , M unitary operators
satisfying

L∗(I −W ) +
√

2(I − Re W )1/2ML = 0 (90)

then A1, A2, . . . , A6 satisfy the unitarity conditions (72).

Remark (2). Our theory can be immediately extended to include coef-
ficients of the form

Âi(t) = αi(t) · Ai (91)

where αi is a scalar function on [0, T ] and Ai ∈ B(H0).

Remark (3). Concerning the quantum stochastic differential equation

dU(t) = −i ·c(t)U(t)dt− ig(t)U(t)dB+
2 (t)− ig(t)U(t)dB2(t)− iω(t)U(t)dN(t)

U(0) = I (92)

where c, g, w are complex–valued functions of t, which was derived in [7], we
remark that unitarity conditions (72) are satisfied if

Im c = 0

2 Im ω + |g|24γ + |ω|2γ = 0 (93)

Im g + γgω = 0
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