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We obtain a solution of quantum stochastic differential equation with squeezing noises 
(covariance is not a diagonal matrix) as weak coupling limit of a Hamiltonian system with 
a non gauge invariant quasi-free state. 

0 0. Introduction 

The notion of squeezing noise has been introduced by Gardiner and Collet [9]. 
A squeezing noise is a quantum Brownian motion whose covariance has a nontrivial 
off-diagonal part. Physically this corresponds to the fact that the rate of creation 
(resp. of annihilation) of pairs of noise quanta in non zero. By taking Bogolubov 
transformations of standard quantum Brownian motions, it is easy to produce 
mathematical examples of squeezing noises. However this mathematical construction 
does not give insight into the physical meaning of the parameters defining the 
Bogolubov transformations. In [lo] it was proved that the imaginary part of the 
off-diagonal terms of the covariance of the noise is related to a nonlinearity of the 
quantum Langevin equation and in the note [ll] this fact was used to propose 
a simple experiment to distinguish between squeezing and non squeezing noise. 

However, it is well known that, in the conditions of the weak coupling limit, the 
quantum Brownian motions are good approximations to the electromagnetic field 
and the quantum stochastic differential equations are limiting cases of the 
Schrddinger equation in interaction representation [1], [2], [3]. In view of this fact it 
would be desirable to express the coefficients of the noise, and in particular the 
squeezing coefficients, as functions of some quantities defining the original 
Hamiltonian model. The solution of this problem is the main goal of the present 
paper. Starting’with a system coupled with the interaction (0.7) to an electromagnetic 
field in a non gauge invariant state, we deduce, in the weak coupling limit, 
a quantum stochastic differential equation driven by a squeezing Brownian motion 
whose coefficients are explicitly determined (cf. equation (6.6) below and the 
corresponding expressions (6.2), (6.3), (6.4), (6.5) for the coefficients). 

* On leave of absence from Beijing Normal University. 
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First of all let us formulate the problem precisely. 

In PI, IX PI, C31, and 141, a new approach to the weak coupling limit has been 
proposed, leading to the explicit determination not only of the limiting reduced 
dynamics but of the whole limiting process. 

In the present paper, the notations and the model will be the same as in [l], but 
we shall start from a squeezing (i.e. non gauge invariant) Hamiltonian reservoir and 
we shall prove that the limiting process is driven by a squeezing noise. 

Let Ha, H, be complex Hilbert spaces; Q a real linear operator on H, ; W (Ii,) 

the Weyl-algebra on H,, qe a mean zero quasi-free state on W(H,), with covariance 
Q, that is 

R#V)) = exp (-4Re(f, Q0), fE%. 

Let {He, rre, Ge} be the GNS triple of (W(H,), 4~~); denote rce( W(.)) by We (.) and 
let A,(f), 4Q’ (f), f~ H, be the associated annihilation and creation operators. Let 
Ha be the free Hamiltonian of the reservoir, H, the free Hamiltonian of the system 
and 

H’“):=H,@l+l@H,+AV (0.1) 

with 

v:= -f(D@AP+(g)-D+ 

H,=dT(-H) 

the total Hamiltonian of the composite system. 
H,, SF = eitH is a unitary group, D is a bounded 
that 

Ade-itHs(D) = ,--imotD, 

(rotating wave approximation). Put , 

0 A, (cd), 

(O-2) 

H is a self-adjoint operator on 
operator on H,, and we assume 

wg 3 0 (0.3) 

One has 

~(2) (q = eitH’“’ e-itH’“‘e 
(0.4) 

f U’“‘(t) = :w(t) w’(t), . 1 
(0.5) 

where 

H’“‘:=H,@l+l@H R, (O-6) 

v(t) : = e-itH(“) VeitfIco) = _ 
0 eeiOot A; ($‘g)-D+ o Pot A,($g)) 

= - f(D 0 A; (S,g)--DC 0 A&d) 
(O-7) 
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and 
S, = e- iwOt SF, PER. 

Moreover, we assume that 

QS, = StQ. (0.8) 
As in [l] suppose that there exists a non-zero subspace K c Dam(Q) (in all the 

examples it will be a dense subspace) such that 

[ICL %Qfi>ldt < ~0, VJ+K. (0.9) 
R 

This condition implies that the sesquilinear form 

fi,Sz: K+(f,If,):= j<fi, &Qfi>dt 
R 

(0.10) 

defines a pre-scalar product on K. We shall also denote by K the associated Hilbert 
space, i.e. the completion of the quotient of K by the zero norm elements with respect 
to the scalar product (0.13). The scalar product on K will also be denoted (. I.). 

In Cl] and [2] we have proved that, for Q B 1 positive, the limits 

and 

U’“’ (t/F) (X @ 1) u(l) (t/P) + u 0 w, (1 J SJ-, du) Qcr) (&lb) 
G/12 

exist and are equal to 

respectively, where, {H, @Q, Yl @Q, WI @Q (@T] of)) is the Brownian motion on 
L2(R, dt; K). Moreover, from [l] and L-21, we know that U(t) satisfies the quantum 
stochastic differential *equation 

. 

U(t) = l+ j(D@dA+ I@Q(S, !J)--D+ @dh.Q(h Cd- 

0 

- (Q+‘gIQ+g)- D+D 0 1 ds- (Q-glQ-g)+ DD+ 0 1 ds)) U(s). (0.13) 

In the present paper we shall study the limits (0.1 la) for Q real linear and are given 
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by the expression (O.l2a), (0.12b) respectively but now U(t) is the solution of the 
stochastic differential equation with squeezing noise. 

In the sequel, ye shall need the following results proved in [l]. 

LEMMA (0.1). For each g E Dom (Q) and for any - co < S < T < + 00, the integral 

iS,sdt 
s 

(0.14) 

is well defined and belongs to Dam(Q), moreover, 

Q ;S,gdt = iQS,gdt. (0.15) 
S S 

LEMMA (0.2). For each pair f, g E K satisfying (0.11) and for any S, , TI , S,, T, E R 
(Sj < Tj, j = 1, 2), one has 

Tl/AZ l.2112 
lim (1 j SJdu, 1 j S,gdu) = (&, T& &, Td j (.f, W-k (0.16) 
I-to SIIIZ SZ/.lZ R 

where, the scalar product of the characteristic functions is defined in L2 (R) and the limit 
is uniform for S,, TI, S,, T, in a bounded set of R. 

LEMMA (0.3). For ehch nEN,fi, . . . ,~,EK, S,, T,, . . . . S,, T,,ER, x1, . . . . x,ER, 
the limit . 

(0.17) 

exists uniJormly for x1, . . ., x,, S,, . . ., S,, T,, . . ., TE in a bounded set of R. 

In the paper, we would like to write . 

V,(t):= i(D@ Ai (S,g)-DD+ 0 A,(S,g)) 

= i(D 0 B, (S,ig) + iD 0 B, (S,g) - D + 0 B, (S,ig) + iD+ 0 B, (S,g)) 

= i((D-D’) 0 B,(S,ig)+i(D+D+) 0 B,(S,g)) 

where 

D, = 
D-D+, if ~=l; 

i(D+Df), if E = 0. 

(0.18) 

(0.19) 
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So, one can get the following 

f,- 1 
U’“‘(t//Z2) = 1+ f (-i)“rl”“~zdtl~dt2... j dt, 

tl=l 0 0 0 

. n 

z 

c 0 3 
l&...De(") OB,(i"'l)S,g)...Bp(i&(n)s,g). (0.20) 

EE(O,l)” 

For simplicity, in the following, we shall denote W,, B,, A,, Ai by W, B, A, A+, 
respectively. 
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5 1. The collective terms and the negligible terms 

As in Cl], we begin to investigate the collective terms and the negligible terms. 

LEMMA (1.1). For each HEN, f,f’, gl, . . . . gnEH, 

Ouf~@Q~ B(gA.. J(g,W(f’WQ) 

= W(f)@,, Yf’)@&Pn(sl, . . . . s,; t1.2, ...? tn-l,J> (1.1) 

where 

sj:=sj(Jf’, gj):=i’e((gj; Q(f'-f)>+ (f'-_f, Qgj>)+Zm(f+f', Yj>, (1.2) 
L 

tj,k, ‘= tj,k (gj, gk) := $Re((gj, Qgk) + (gk, Qgj))+iIm (gj, gk) 

and P, is a polynomial defined by: 
P,= 1, 

[n/21 

P,(s 1, *.*, s,; t1,2, . . . . tn-14) = c c 
m=02<q,<...~qm~n 

m 

c n Gmh. n se. 
1 6 PI, . . . . p. < n.l{pJ~= ,I = m h=l 

tp,ii= L n id;= I = B, p1-c qhr h = I > ., m 

as{12 _-9 4\jPhr4Ji=, 

Moreover, the polynomials P, satisfy the following recursion relation: 

(1.3) 

(1.4) 

U-5) 

Pn+l&, . . . . S”, s,+1; t1.2, .*., Ln+l)= %+lPn(S1, .e*, sn; t1,2, ..‘> tn-1*,)+ 

+ i APJsl, . . . . sn; t1.2, . . . 
j=l asj 

9 tn-l,n).tj,n+l* (1.6) 
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Remark: Lemma (1.1) is an improvement of Lemma (3.2) of [6] in the sense that, 
while in [6] only the recursion relation (1.6) was proved, here we derive the explicit 
form of polynomials P,. 

Proof: The results are proved by induction on n. The lemma is obviously true for 
n = 0, 1. Suppose now that (1.6) holds for n = 0, 1, . . ., k, then we have 

W(f)@,> B(g,)...B(gk+1)W(f’)~~) 

=$[(W(f)@,, B(g,)...B(gk)W(Lgk+l+f’)@Q)e-ir”(ig~+~~~)]A=o 

= & [(W(f) @,, W(lgk+ 1 +f’) Gp) e-i’m(‘g~+l,f’)* 

-P,(s,VL ..-, Sk@); t1.2, .a-, tk-l,k)]1=0, (1.7) 

where tj,k is same as in (1.3) and 

sj(l):=iRe(<gjp Q(f’+&k+1-f)>+ (f’+hk+1-f, Qgj>)+Im(f+&k+1+f’, gj>* 

(W 

Thus, 

d 
--j(n) = tj,k+l* 
idl (1.9) 

Moreover, 

&[(w(f)@,, W(dgk+l+f’)~p)e-i’“‘“8”+“f”]n=o 

d 
= - exp 

ldl [ ( 
- ;Re&‘,+,+/‘-f, Q(hk+i+f’-f)> 

> 
. 

‘exp(-i~m<hk+ly f’> -+d-f, ngk+l+f’>) 1 A=0 
= <w(f)@,, w(f’)@d*f -+(<c?~+I, Q(f’-f)>+ <f’-f, Qgk+d’)+ 

[ 

+i(lm<f’p gk+l)+~m<fp gk+l)) = <w(f)@@ w(f’)@&sk+P 
. 1 (1.10) 

Using (1.9), (1.10) to compute the derivative in (1.7), we get (1.6). Now, we prove (1.5). 
Notice that (1.4), (1.6) define a unique polynomial P,. In fact, if P!/), PL2) satisfy 

(1.4), (1.6), then, P,:= P, (l)--Pjl’) satisfies (1.6) with PO = 0, therefore, for each 
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n 2 1, P, = 0. Now we show that the right-hand side of (1.5) satisfies (1.4) and (1.6). 
In the following, we shall denote the right-hand side of (1.5) by Q,. Clearly, Q. = 1, 
and for n even (= 2k), 

j$,f:tzl c c ir rPhAh* n Sa’tj,n+ I 

~m-O2~ql<:...-cq,~niIp~ /...I p,,,Sn,y,<q,h=l ZE{l, . . . . n)\:P,, %,I;=, 

({Ph. 4hIC II = 2m 

In/21 - 1 

=c c c c 
m=O 2Qqtc...cq,Snl<p ,,..., pm<n,phiqhj~{i ,.... n~\{phrqh)Fzl 

NPh. 4$= LI = 2.m 

ii tPh.Yh. n sa'tj,n+ 19 (1.11) 
h=J aE(I,...,nl\(jP,,y,JF=, uij)) 

where 0 ,< m < [n/2] - 1 in the right-hand side of (1.11) is due to the fact that if 
m = [n/2] then the polynomial in the left-hand side of (1.11) has only variables ti,j, so 

the derivative for sj is zero. Put qm+r = n+ 1, pm+ r = ,j, then the left-hand side of 

(1.11) is equa.1 to 

[Ml - 1 m+1 

c c c n tr&ql?. n %. 

m=O 26q~i...<q,iq,+t=n+114p,,...,p,,p,,,4n+l,p,~q,h=l n~(l,...,n+Ij\lp,,q,l~=tf 

II/J,. q,lTf:l = 2hff) 
(1.12) 

Put m’ = m+ 1, then, 1 < m’ < [n/2] = [2k/2] = k = C(2k-t 1)/2] = [(n+ 1)/2], thus 
the left-hand side of (1.11) is equal 

I(n + 1)/21 

c c c ii tPh4h. n s,. (1.13) 
m’ = 1 2<y,<...<q,.=n+llCp ,,.... p.<n+l,p,<q,h=l UE{l, . n+l}\{p,, q*jr:, 

NPh. 4& 11 = h’ 

For n odd, 

rcn - 1 j/21 

c c 
2<q*<...<q,sn ~CP,,..-,P,~“.P~<~~J~~~,~--~~)\~P~,~~~~=I 

I{P~, al:= II = 2m 

ii 4wh- n sa’tj,n+l- (1.14) 
h= 1 a~ 11,. . . . ~N{P~, s,li= I u ijl) 

Put an+1 = n+l, Pm+1 =j, m’=m+1, then 1 <m’<[(n-1)/2]+1 =[(n+1)/2], 
so, the left-hand side of (1.14) is equal to 

8 ~ Reports 29.2 
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Kn + I)/21 

c c c (1.15) 
m’=1 *<q,<...CcI !=“+I lSp,,...,p,,<n+l,p,<q,h= 1 CLE (1, . n+ I}\{p,, qh};l, 

“I 
l(Ph, q&L II = 2m’ 

Hence, for each n 2 1, (1.13) is equal to the left-hand side of (1.1 l), i.e. for each n > 1, 

[(n + 1)/Z] 

c 
2<qj<...<q,<n+l 1Cp ,,..., p,$n+l,p,<q,h=l a={13 ..~,n+~)\{P,,q,lr=l 

lip,. q&= II = 2m 
Kn + I)/21 

-c. c c fl 40&~ n XI* (1.16) 
m=l 2<q1<...<q,=n+ll<p I,..., p,<n+i,p,<q,h=l ae{l,...,n+lj\~p,,q,J~-, 

I{Ph. qJF= II = 2m 

Notice that in the first term, m starts at 0 and q,,, < n + 1, while in the second, m starts 
at 1 and 4, = n+l. Thus (1.16) is equal to 

[(n + I)/21 

n s,+ c c c 
ae{l,...,n+l} m=l 2<q,<...<q,$nlCp ,,..‘, p.Cn,p,<q, 

HP,, qnK= II = 2m 

fit Ph,qh’%+l n s,. (1.17) 
h=l as113 . ..?l\IPl> qd;=, 

If n is even, then [(n + 1)/2] = [n/2]. If n is odd, then since 4, < II, Ph < qh, 
therefore 

and hence, 

l{l, ***, n+ l)\(P,T 4JY’ II z 2 (1.18) 

m < f(n+l-2) = f(n-1) = [n/2]. 

Thus, in both cases, (1.17) is 

(1.19) 

S n+1 *Q?l 
and this ends the proof. 

In the following, we shall rewrite P, ({Sj}J = 1, {tj,k}l c j < k c A as the sum of two 

terms : 

with 

(1.20) 

[n/21 

g4 = c c ii tqh-l.q*’ rI s= 
m=O 2Sq,<...<q.<n h= 1 aE{l,...,nl\{q*.q,--ljS=, 

{ql- 11r= 1 n {qS= L = B 

(1.21) 
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and 
[n/21 

qAn)=C 1 i fi &,(lh. n Sap (1.22) 
m=02~q,<...<q.~n(p,,q l,..., p,,q,)h=l a~jl,...,n}\{q,,P,};=, 

where, zip,, 41. ., P., 4d 
means the sum for all 1 < pl, . . ., p, < II, such that ph # pk for 

h # k, p,, < q,,, h = 1, . . ., m, and for some h = 1, . . . , m, qh-ph 2 2. 

For each HEN, E = (s(l), . . . . s(n))~{O, l}“, gEK, denote 

iE(k) s,,g = :gk 

and replace f,f’ in (1.2), respectively, with 

T/12 T’ll.2 

1 j S,.f du, 1 j S,j-‘du. 
s/1* r/12 

(1.23) 

So, for each j, k, 

tj,k I= t7.k 

= 4 Re((Szj i”(j)g, S,,Qi”(k)g) + (S,jiCu)g, S,,QiB’k’g))+~lm(S,jT~~g, S,,T(k)g) (1.24). 

and 

T'/lZ T/A2 

+ (1 j S,f’du-1 j SJdu, SrjQi”‘j’g))+ 
S'/AZ S/A2 

T'/AZ T/I' 

+Im(A s S,f’du-tA s S,fdu, S,,i”(j)g). 
S/12 s/,1* 

(1.2 5) 

The expressions obtained from (1.21) and (1.22) with these substitutions will be 
denoted by Li:i and rZ$i, respectively. Finally, for each n E N, c E (0, I}“, we define 

t/a* f, 
I;@, d) = A” j dt, Sdt, . . . “i dt, I;;;, (1.26) 

0 0 0 

t/l2 1, 

&(n, A) = i" j dt, jdt2... ‘i dt, II;:;, (1.27) 
0 0 0 

9 2. The limit of the collective terms and of the negligible terms 

In the section, we shall investigate the limit of Z”g (n, A) and of Ii; (n, A) as A + 0. 

THEOREM (2.1). For each gEK, IIEN, EE{O, l}“, 

lim ZZ;(n, A) = 0. (2.1) 
1+0 
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Proof: For each m = 0, 1, . . . . [n/2], 2 < q1 < . . . < q, d II, 1 < pl, . . . . pm G n-1, 

one has 

aE{l, . ..3 4\fP,, 4JP=1 
; -7 du(I(g, s,f>l+ Kg, s,f’>l) 7 dutK.4, St, Q.f’>l+ 

cc -CD 

r-I 

+ Kg, S, Qf>l+ I(Qi”‘% V’)l+ I(Qi”‘“k S,f>l) 
1 

. (2.2) 

From the proof of Lemma (4.2) in [l] one knows that there exists a constant C,, 
such that 

[n/21 
m;h 41 d c 

m=oz<q,<...<q,<n b*,q,,?.pm,q.lc~-2m~ 

1 

.jdtl...i’~zdt,,_l”q’ ‘jLp’Yi’dtq~fjldt41+1...iq~*dtp,_L... 
0 0 -tJi? 0 0 

@r. I- ‘r_w f,, 

j dt+,, j dtc+,+l... ‘1’ dt, fi [f(l(@‘“)g, Sfqb Qi”(qh)g)J + 
-r&I’ 0 0 h=l 

+  I(Q&,)gy Stqn i”‘qh’g)l)+ i<&,)g, Wi”‘ph’g)l]. (2.3) 

By the definition of C;p,,q,, ,,, p q ,, we know that there exists at least one 
2 II), r” 

h = 1, . ..) m, such that qh -p,, Z 2. For this h one has t,,_ 1 -t,, < 0 almost 
everywhere, so, applying Lemma (4.2) of [l], we deduce that 

lim jZZi(n, A)( = 0. 
A-+0 

THEOREM (2.2). For each II EN, EE (0, l}“, 

[n/21 
lim Zg(n, A) = C 

d-0 
c 

m=O 2$q,<...<q,<n, 

/qh- I);= I n i.q*K= 1 = B 
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s dt ,...dt,,...dt,,,,...dt. 
0 4 t. < 4 f,,” < .., ,’ lgl $ s tI < f 

I-I 
~tll,....n)\(q,,qh-11~=, 

~~e((~"(a~yJQ/')~~rs~.~~l(~,)- (i""'gIQf).X~S.Tl(ta)+ 

+ (f’l Qi"("'d~ X[Y, 7-f] @,I- (f I Qi"'"'d . XV, TI kJ) - 

- Im Pg1.f)~ xfs, Tl (L) -h Pslf’) . XW, T’](L) 
1 

. (2.4) 

Proof: Since these are the type I terms, it follows that for each m = 0, 1, . . . 

. . .> [n/2] and for each 2 6 q1 < . . . < q, < n, one has q,,-- 1 = ph. Therefore with the 

same change of variables as used in the proof of (5.10) in [l], one gets 

[n/ 21 
qn, A) = c c 

m=O 2$q,<...<q,<n 

/qh-lL".*n{q,):=, =v 

jdl,...i’j’dt,,_l ;: dt,,i”“j”’ ‘dtq,+i 
0 0 -'nL_,/n" 0 

. . .'"s *dt,_+ jl dt,, “‘“^i’” ‘dtlmtl.. ?j’dt,, 
0 fin 4," 0 0 

m 

4 i&?((i’(qhpl)g, St,,Qi”(qh)g)+ (QiE(qh-l)g, Stqhi&Wg))+ 
h=l 2 

+iZm (iEtqh-‘)g, Stqf(@)g) 1 . 
fl 

[ 

$Re((i”‘“‘g, (T-i,liizSuQf~~du_ (~"(cz)~, (Tp~2s,Qf>du+ 

ae(f ,.... n}\(y,,qh-lJ~;, 
(S- r.)l’ (S-f,)2 

(T’pt,)/j.2 CT- r,):?,’ 

+ ,y_s, )j.z (S,.f’, Qi"'"'s> du- j (S,f, Qi”‘“‘g) du) + 
x (S-l,)i’ 

(T’ - C,),‘i 2 
+Im ( J ' (S,f', P) 

CT - t,)/i? 
s> h-- s (SJ, i”“‘g) du) . 1 (2.5) 

(s’ -t,);,* (S - t,.)ji2 

Letting i -+O in (2.5), one gets (2.4). 
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0 3. The uniform estimate 

In the section, we shall obtain the uniform estimate of I”,@, A) and IZi(n, A) by 
adapting our case to the corresponding arguments of Cl]. 

THEOREM (3.1). For each g,f,f’EK, S, T, s’, T’ER, Q 2 1, there exists 
a constant C, such that for each UEN, EE (0, 11” and t L 0, 

(3.1) * 

Proof: Notice thaj in (2.9, for each h = 1, . . ., m, since t,, E [ - t,,_ Jd2, 01, one 
has 0 < A2 tq,, + t,,_ 1 < tqh_ 1. So, the following estimate will be obtained easily from (2.5) 

[n/21 
I& 4 G c c 

1.. I 0 0 
. . ,. j dt; j dt,, . . . j dt,, 

0 -CC -CC 

hfi, kRe(l(gy %~QQi”‘q”‘g)I+ I<Qj’(qh-l)g, &g>l)+ I(g, s.g)l].cl;:m, (3.2) 

where 

C 1,1:= 3 y (I@, S,Qf>l+ IQ> S,Qf'>l+ 

+ I<Qs, U->I + I(Qs, S,S’>I + l<QG, S,f>l + KQis, &.f’>l) du + 
c 

+ 7 Kg, W->I + Kg, W-'>lW. 
-a, 

(3.3) 

Put 

C ‘= Cl,1 v 1.2. e-y# _s (KS, S,g>l + 
cc 

+ lb, S, Qi”“‘g>l+ I<Qi”‘2’s, S,g>l)du 
then one has 

[n/21 

I@& 41 G c c t”-m * ~ 
m=O 2$q,<...<q,sn 

G.2 (n-m)! 

{qh- I);= L n k?*JF= L =8 



Taking 

(3.1) is proved. 

THEOREM (3.2). 

a constant C, such 

Proof: Put 
m 

SQUEEZING NOISES 

c,:= 2c1*2+1 

For each g,f,f'EK, S, T, s’, T’ER, Q 2 1 
that for each nEN, EE{O, 11” and t > 0, 

#Jt v 1) 
Wh 4 d C2 Cn,3,! . 

there 

C 1,2:= j du(I(sy S, Qf’>l+ lb, K, Q.f>l+ I<s, Lf’>l+ Kg, &f>l+ 
--m 

+ L~;poJ(I<QO~ V’)l+ I(Qi”s, S,f>l)). (3.8) 

Using (5.28) and (5.29) in [l], one obtains 

[n/21 
l%h 4 < C c 2 c 

m=O2<q,<...cq,Gn@,,q ,,..., p,.q.)asS: 

A-2”jdt 
0 

where 

Thus 

f’(u):= max l(P'g, S,QP2’g)l+ I(g, S,g)l. 
EE(O,1)2 

[n/31 [n/21 

W%b 4 G ( 1 + 1 ) 1 
m=O 

c c 
m=[n/3]+1 2~g,<...<q,~nl~p,<...<p,in-laES~ 

i2”idt 
0 

[n/21 

+c c c c 
~=~~/31+12~g,<...<q,~nl~p,<...<p~Sn--la~S~ 

).-2mjdtl...m-1 
0 

i dt,,jl F(“h-,-l)C;~~m, 

239 

(3.5) 

(34 

exists 

(3.7) 

(3.9) 

(3.10) 

(3.11) 

where 
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C 2,2. . = CZ,lV ,$P* _; CKg, S,Qi""'g)l+ 
' cc 

+ Kg> S, Qf'2'g)l + Kg, S,g>ll du. 
Using the proof of the Lemma (5.3) in [l], one gets easily (3.7). 

(3.12) 

$4. The weak coupling limit 

In the section we shall obtain the explicit form of the limit (O.lla). 

THEOREM (4.1). For each g,f,f’EK, u, UEH~, DEB(H,J and 

v,=i(DoA+(g)-D+@A(g)) 

the limit 
T/AZ T’/1= 

lim <uO W(A S S,fdu)QQ, U(“)(t/A2)u@ w&l S S,f’d~)@,) (4.1) 
‘I-0 s/1* S'/lZ 

exists and is equal to 

f 2 ;<u, Dc(l)...De(np) ‘“f3’ c 
” = 0 &E(O, 1)” m=O 2&q,<...<q,Sn. 

n 
IEf1, . . . . nj\{q,, q,-lli-, 

~Re((i”“‘glQn.x,s,.T,,(tn)- (i"'"'gIQf).Xrs,T1(ta)+ 

+ (f'IQi"(a)g).~ [s’, ~‘1 (t,) - (f 1 Qi"%) ’ X[s, T] (t,)) - 

-Im (i”‘“‘i? 1 f). x[S, T] tta) - Irn (i”‘“‘g 1 f’) ’ x[S', T'] h) 
1 

<Wk[S,T,@f)y1@3Q~ W(X[S,,T'] of') Yl, a>* (4.2) 

Proof: Expanding U(I) (t/A’) according to the iterated series (0.20) one finds 

Q T/AZ T'l2.Z 

lim (~0 W(i j S,fdu)@,, LJc”)(t/A2)v@ W(A j S,f’du)@,) 
A+0 S/A= S'/A2 

T/AZ 

= !i_moCuOW(~ j S,fdu)@ia, f C 
S/A2 n= OEE(O,l)" 

$D,,,,...D.,.,@ 
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tjnz 
2” j dt,; dt,. . . 

tn- I T'/?.2 
S dt,B(i"'l'S,,g)...B(i"'"' Stnd 0 0 W(n f L!-‘du) %J. (4.3) 

0 0 0 r/12 

Because of the uniform estimate we can exchange the limit and the series, so we 
obtain 

1imA” j dt, j dt,. . . 
1-O 0 

j .dt, (I; (n, A) + II”, (n, A)) 
0 0 

T/L= T’/AZ 

W’(i j &fdu)@Q, w(A j S,f’du)@,,). (4.4) 
s/1* S/l2 

Applying Lemma (2.1) and Lemma (2.2) to (4.4), we complete the proof. 

$5. The properties of the weak coupling limit 

Our goal is now to identify the limit (4.2) obtained in the previous section, with 
the matrix element (0.12a). To this end we shall deduce, in this section, an ordinary 
differential equation satisfied by this limit (cf. Theorem (5.1)). In the following section 
we shall identify this equation with the weak form of a quantum stochastic 
differential equation. By Theorems (4.1) and (3.1), one knows that (4.2) is continuous 
in U, uEHO, so, for each U, u E Ho, there exists a G (t)eHo, such that 

(u, G(t)) = f c &, ~~~r~...&~n& IF1 c 
I, = 0 &E(O, 1)” m=O 2<y,<...<q,<n, 

klk;=Lnk?,iT=,=~ 

s 
dt 1.. . dt,, . . .dt,,,,. . . dt, 

0 Q t, < s f,“, G < f,, 6 < f, ,< L 

~~~[:Re((i”l’““slei”‘*‘s)_ + (Qi”‘4h-l)gIiE(4h)y)_)+ilm(i”‘4h-l)gli&(4h)g)_]. 

n 

OlEjl. . . . n)\{q,. qhpl)L, i 
~~e((it’“‘glQr,.rrs,,~,~(t,)- (i”‘“‘9lQf)‘Xrs,T](ta)+ 

+ (f’l Qi"(")g) .x [s',T'](+ (fl Qi”%). X[s, Tl@a))- 

- Im (Wg 1 f) . x [S. Tl ttm) - Im @“‘“‘g 1 f’) ’ &ST. T'] k) 
1 

That 

(W(&S,T] of) yu, @,a> W(X(S',T'l of’) ‘1 CQQ)* (5-l) 
is 

<U, G(t)) = ;yo,‘@ w(n j S,fdu)@Q, 
SA.2 
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Clearly, 

T’j12 

uwn2) u 0 w (A. j s, ydu) cPQ). (5.2) 
s/12 

= (u@ W(XIS,T]@f)yl@Q> uO-W(XrS',T']Of')ylQ,Q). (5.3) 

Denote the right-hand side of (5.2) by 

g G,(t). (5.4) 
n=O 

For each n = 1, 2, . . . . split G,(t) into two.parts according to q1 = 2 and q1 > 2 and 
denote them by G, (1, t) and G, (2, t), respectively. Thus for each n E N we have 

dt l.. .dt,, . . .dt,,.. .dt, 

,fi, [fRe((i”q*“g,Qi”vl’g)_ + (Qi”‘u”-“s,P”h~g)_)+i~m(P’P”-“y/ir’v”’g)_]. 

n 
ctE{l, . . . . fl)\jcJh, cd-l);=, 1 i Re ((i”‘“‘gl Qf') . x~s,. T’l (t,) - (i”‘“‘cIl Qf> . xp, Tl (t,) + 

+ (f’l Qi”‘“‘d * X[Y, rI (t,) - (f 1 Qi”‘“‘d * ins, Tl (t,)) - 

- h (i”‘“‘g 1 f) ’ x[S, T] (t,) - h (i”‘“‘df’) . x[S’, T’l k) 1 
<w(X[S,T] of) yl C?JQ, W(XIS’,T’l of’) yl @Q> (5.5) 

and 

s dt,dt,. . .dt,, . . . dt,,. . . dt, 
0 $ I, < fp,” $ f,, < LI < r, s f 

fi [~Re((T’4D-“glQi”U”‘y)_ + (Qi”““-“gli&~~“lg)_)+i~m~iE~~~-“yli’”l’g)_]. 

h=l 
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n 
~‘{l,...,nl\{q,,q,-l}~=~ 

i Re ((i”‘“‘g I Qf’) . XW, T,](L) - GE% I Qf) * XIS. TI (L) + 

+ WI Qi"'")d . x~s,, T’I (t,) - (f I Qi"%) . XL TI (t,)) - 

- Im (ie@)gl f). X[S, TI @,I - Zm (i”‘“)g I f’) . XV, T’I @J 
1 

(w(x[S, 7-1 of) yl @Q, W(X[S',T'] of’) y1 @Q>* 

Moreover, for each n E N, 

dt 3.. . dtq2.. .dt,,. . . dt, 
O~r,~...St,lC...~t,,~...~t,~r 

~Re((i'(1)glQi"(2)g)_ + (Qi"'1'gli"'2)g)_)+ilm(i"(l)gli"(2)g)_ . 1 
ahfJl [~~e((i&(qh-l)glQi&(qh)g)_ + (Qi"(4h_l)g(i&(4h)g)_)+ilm(i"(4h_l)gli&(4h)g) 

. n 
ac{l, . . . . C\{q,, 4*-1);=1 

~Re((i”‘)glQf’).xrs,.r,l(t,)- (i"'"'glQf)~~~s,~l(ta)+ 

+ (f’l Qi"%) . X[SC TTl (?A - (f I Qi"'"'d . X[S, T] 0,)) - 

- Im (i”(“‘g I f) . XIS, TI (t,) - Im Pg I f’) . xpf, 7-l @,> 

1 

<wk[;,T] of) yl @QT W(&LT'l of’) %BQ)- 

Denoting IZ’ = n-2, E’E (0, l>“‘, .8(h):= &(h+2), m’ = m-l, q;1= qh+l, h = 1, 

and ti = th+2, h = 1,. 
sum 

(5.6) 

l- 

(5.7) 

., m’, 

. *> n’, the vector (t3, . . ., t,) takes the form (t;, . . ., tb,) and the 

c 
&E{O, 1)" 

becomes the sum 

c c* 
EE(O,1]2 E’E(0, 1)“’ 

Moreover, n’ and n have the sarnti pdrity and [n/2] - 1 = [n’/2], 0 < m' ,< n'. Thus 

$W, t) =; C 
EE(0, l}* E’E(O.1)“’ 

c 
2 6 q; < _. < q;, G i, 
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<u, DE(1)DE(2) .&(l). . . DE,(d) u> 

s dt; . . . dt;; . . . dtbm,. . . dt;. 
0 < r:, < 4 t;,,, c .,, 4 t;., 4 ._ $ t; < f 

~Re((i’“‘ylQi’(“y)_ + (Qi”(‘)gli”‘2)g)_)+ilm(i”(‘)gIi”(2)g)_ . 1 
. fi [~Re((i"'"i-')g,Qii.'~i'8)_ + (Qi"'uh-l)gli"'Pi)g)_)+i~~(i'.'.1"4,i""Pi)g~_~. 

h=l 

n 
[ 

f Re((i"'(") 
gl{f'P xrsm(t&)- (i"""'gl Qfhs,&.~+ 

as{l, . . . . n’}\{qL q;-l)L, 

+ (f’l Qi”““‘d. x[s,, T’I (CA - U I Qi”““‘d. X[S, TY (th)) - 

-h (i”““)g I f). xrs, Tl (th) - Im (i”‘@)g I f’) f xrst, Trl (th) 
1 

Therefore, there exists a constant C,, such that 

(t v 1) 

Cb - 2)/21! 

(5.8) 

(5.9) 

and moreover, 

4~;2$W, 0 = c i Re ((i”(‘) gIQi”“‘g)_ + 
&E(O, 1)2 

+ (Qi”“‘gIi”‘2’g)_)+ilm(i”‘1’gIi”‘2’g)_ (DE+(2jD~1bu, G(t)) 1 
= kRe((glQg)_+ (Qglg)_)+ilm(glg)- .(-(D+D+)(D+D+)u, G(t))+ 

1 

p,p 
+ kRe((glQig)_ + i(Qglg)_)+iRe(g(g)_ .i((D+-D)(D+D+)u, G(t))+ 

I 

+ 
[ 

iRe(-i(glQg)_+ (Qiglg)_)-iRe(gIg)_ .i((D+D+)(D+-D)u, G(t))+ 1 
+ 

[ 
kRe(-i(slQig)-+ i(Qiglg)-)+ilm(gIg)_ . ((D+-D)(D+-D)u, G(t)). (5.10) 1 

On the other hand, for each PZE N, 

G,,GL t) = c 
EE{O, 1)” 

f<u, Dcw...R~n& ‘r’ c 
m=O ?<q,<...<q,$n, 

k--lK L n M:= I -9 
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+ (f'IQi""'s).xrs,,T,](tl)- (fIQi""'g).xrs,T,(tl))- 

fl 
xt(2 . . . . nj\:q,,q,-l);=, 

~Re((l”‘“‘slQ~‘).xrs,.T,,(L.)- (i"'"'glQf).xrs.Tl(tar)+ 
9 

+ (f’l QP@)g). xrsf, Trl @,I - (f I Qi"'")d . XP, TI (t,)) - 

- Im (i”‘“‘g I f) ’ x[s, Tl (t,) - Re G”‘“‘g I f’) . x[s,, ~‘1 (t,) 
1 

<lv (X[S, T] of) ‘vl @Q, w (X[S’, T’] of’) yl @Q> (5.11) 

Denoting again it’= n-l, tb = th+l, h= 1, . . . . n’, qk= q,,+l, h= 1, . . . . m, and 
E’E {0, l}“‘, I: = E (h + l), h = 1, . . ., n’, the vector (tz, . . ., t,) takes the form 

, t,,); the sum &<qI<...<y,S-n becomes the sum CZ~yix...<q:,CnS and sum 

;:, ‘1). becomes the sum CEE(O,lJ.CE,E(O,lJn’. Moreover, for m odd, 
[n/2]‘= [(n- 1)/2] = [n//2]; for n even, since 2 < ql, so m < [(II- 1)/2], that is 
m d [n’/2]. Therefore, we obtain 

G,(2, t) =; c c $(u, D~.DE.~l~...DE~n~~~) “f’ c 
E(0, 1) &‘E(O, I)“’ m=O 2<4;<.. <&,<?I’, 

{q;- I ;r; , n :q;i:=, =q 

jdt, [~Re((i'ylQf.).yls~,~,~(rl)- (i"glQf)~x~s,Tl(tJ+ 
0 

+ (f’l Qi”s) . x[s,, T’I (tl) - (f I QW . XW. 7-1 GA) - 

-~m(i”gIf)‘x[S,Tl(tl)-~m(i”g(f’)’x[S’,T’l(tl) 
1 
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n ++“““’ g I Qf’> . xp,, T’] W - G”““‘g I Qf> . xrs, 1-1 (t;) + 
cl~{l,...,n’}\(q6,4i-IJP=, 

+ (f’l Qi"'@)s> . X[S, I-‘] (6) - (f I QiE'(a)d. XIS, TI W) - 

-Zm(i”““)g)f)-xs, T1(t&)-Zm(i"'(")g)f')~~rs~, Tpl(th) 
1 

cw t&S, T] of) y1 0 Qv w (X[S’, T’] of’) Iyl 0 Q> * (5.12) 

Thus 

2 f G,(L 0 = c j,tl 
PI=1 &E(O, 1) 0 

~Re((icglQf').xls,.T,l(tl)- (i"gIQf)*x~s,T](h)+ 

+ (f'IQi"g).xrs,,T,](tl)- (fIQi”s).Xrs,T~(t~))- 

-~m(iegIf).X~s,Tl(tl)-~m(i”gIf’).Xrs,,T,l(tl) 1 <~~~~ G(h)) 

= [dr, ([fRe((glQf').X~~,7.i(tl)- WQf)m,rA~A+ 

+ (f’l Qs) . XW, ~‘1 @J - (f I Qs) . xrs, TI @A) - 

-~~(slf>~~rs,Tl(~l)-~~(glf’)~~rs~,~~l(~l) 1 %(~++Wu, G(h))+ 

+ ~Re(-i(slef’).zrs,.r,l(tl)“(s!Qf).~~s,~l(~~)+ 
[ 

+ (f’ I Qis) . XV. T’] (h) - (f I Qis) * X[S, TI W) + 

+Re(gIf).X~s,Tl(tl)+Re(glf’).Xr~,,T,l(tl) 1 (CD+-W, G(b)) . (5.14) 

Moreover, we have the following 

THEOREM (5.1). For each u, VEH~, DEB satisfying (l.l), g,f, f'EK, S, 
T, S’, T’ER, 

4 (u, G(t)) = 

= 4 (u, G(0)) + jdt, ~Re(slQd+irm(slg)- a<-(D+D+)(D+D+)u, G(t,)>+ 
0 I 

+ 
C 

~Re((dQW + i(Qsld-)+iRe(glg)- 1 *i(D+ -D)KD+D+)u, G@,)>+ 
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+ ;Re(-i(glQg)-+ (Qiglg)_)-iRe(g(g)_ .i((D+D+)(D+-D)u, G(t,))+ 
1 

+ ;Re(iglQig)+iIm(gjg)_ 
1 

-((D+ -D)(D+ -D)u, G(Q) 

$2 ~Re((glQf').~rs,.r,,(t,)- (glQfh,dtl)+ 
[. 

+ (f’l Qs) * as,, T’I @A- U-l Qs) . xrs, TI @J) - 

-Im(glf).Xrs,Tl(tl)-lm(glf’)*Xrs,,T,,(tl) 1 .i<(D+ +Dh GO,))+ 

+2 &WQ_f’Px 
[’ 

rs’,~,,(t~)+i(~lQf).~[s,r,(t~)+ 

+ WI Qkd. xrs,, T’I (th- U-I Q&d. a, TI W) + 

+Re(gIf)~~r~.~l(~~)+Re(glf’)~~~~~,~~~(~~) 1 ((D+-D)u, G(b)) 1 . (5.15) 

Proof: It is clear that there exists a constant C such that for each n EN, 

IG,U, Ol+ lG,C Ol+ ;W” 4 G C”Lcn_2j,2,,. 
I I 

(t v 1) 
(5.16) 

Combining (5.4), (5.5), (5.6), (5.10), (5.14) and (5.16), one gets (5.15) immediately. 

0 6. The quantum stochastic differential equation 

In the section, we shall research the relation between the weak coupling limit and 
the solution of some quantum stochastic differential equation. 

First of all, by expanding the operator products in (5.15), we write it in the form 

<u, G(t)> = (u, C(O)u)+ 

+tj&(@u, G(t,))F+(t,)+ <-D+u, W,W-@,I)+ 
0 

+$((-DDu, G(t,))F-,-+ (-D+Du, G(t,))F+,-+ 

+ <-DD+u, GO,)> f’-,++ (-D+D+u, G@,))F+,+), (6.1) 

where we introduced fhe notations 

F-,-:= ~Re(slQd+ ilm(gls)-+~Re((iglQg)++ (glQW)-Weld-+ 
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+ ~Re(GslQs)- + (glQid+)+Re(gld- - ~Re(iglQig)-ilm(glg)- 

= $e(blQs)- (igIQig))+iRe((igIQg)+ MQk#J9 (6.2) 

F+,-: = ~~e(slQg)+irm(sl.g)-- ~~e(GglQd+ + (glQ@-)+Wdd- + 

+ $((iylQu)- + (dQkd+)+Wglg)- + ~~e(iglQig)+ilm(glg)- 

= @((BIQd+ (islQis))+iRe((iglQg)- + (slQid+ - MQd+ - (dQis)-)+4(dd-] 

= $e(MQs)+ MQid)+Wld+ 

+iRe@dQg)- + (slQis)+ +4Wd& - MQd+ - (slQis)-)]y (6.3) 

F_,+ := $WlQs)+iWglu)- + fRr(MQd+ + (gIQig)-)-Wdg)- - 

- ~Re(MQg)- + (glQid+)-Re(glg)- + ~Re(iglQig)+ilm(glg)- 

= ~[Re((dQd+ (iglQig))-iRe((igIQg)- + MQid+ - WQd+- (slQW)-Wd+] 

= f[Re(MQs)+ (igIQid)-22gIg)- 

-iRe(MQd- + (slQis)+ +41m(gld+ - kdQd+ - (slQis)-)19 

F t,t := ~Re(slQg)+om(slu)- - $e(GdQd+ + GdQid-)- Wdd 

- iRe((clQd- + (glQM)+)-Re(glg)- - ~Re(iglQig)-i~~(gls)- 

= &(WQs)- (igIQig))-iiRe((igIQg)+ MQid)]. 

Now, let us consider the quantum stochastic differential equation 

(6.4) 

(6.5) 

U(t) = l+pok4+(s, g)--D+ OdA(s, 9)- 
0 
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-$(F_,+DD+~l+F+,_D’DO1+F_,_D+D+O1+F+,+DDOl)ds)U(s) (6.6) 

on H, 0 r (L2 (R) 0 (K; (.I*))) with 

A@, 9):= &clJlO9)~ 

From [S], we know that the q.s.d.e. (6.6) has a unique solution which is given by 
the iterated series, that is, if we put 

U,(t):= 1, (6.7) 

U,+,(t):= j(DsdA+(s, g)--D+ OdA(s, g)- 
0 

-a(F-,+DD+ 6 l+F+,_D+D@ l+F_,_D+D+ @ l+F+,+DDO l)ds)Un(s) (6.8) 

then 

U(t) = f U,(t), t >, 0. (6.9) 
n=O 

LEMMA (6.1). For each neN, 

t t1 tn- I 

u,(t) = j j . . . j c DE(l)...De(n)OdAE(l)(tl)...dAE(“)(t,), (6.10) 
00 0 EE(O,1,2)” 

where 

Do:= -D+, D1:= D, 

D,:= -~(F_,,DD+~~+F+,_D+D~~+F_,_~+LI+o~+F+,+D~o~), (6.11) 

/IO(s):= A(s, g), A’(s):= A+ (s, g), AZ(s):= s. (6.12) 

The proof is the same as the proof of Lemma (4.1) in [3]. 
In order to prove the unitarity of the solution of the q.s.d.e. (6.6), we begin by 

establishing the Ito table for a non gauge invariant quantum Brownian motion. 

LEMMA (6.2). For each geK, 

dA(t 9 dWh d = ~[Re@glQk+- (dQd)--~~e((iglQ9)+ (slQid)] dt (6.13) 

and 

dA+ (t, gW’ 0, d = i [Re (WQid- (glQd)+iRe(MQd+ MQid)] dt. (6.14) 

Proof: By (1.5), for each g, f,f'EK, t, ~‘E:‘(R), 

<IV5 OfPb3c2> dA(t, ddA(t, dW5'Of'Phc& 

=m%OfMb@ d(BV, b)-iiB(t, d)d(B(t, G$--~~(t~ g))W(5'Of')@~,~& 

=a<wmf>@l.,~ W5'Of'Pl.,) 

9 - Reports 29.2 
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Re <x~~,~+~~I 0 4, (1 8 Q)x~~,~+~~I 0 is) +ih <xW+dl] 0 ig, x[t.t+dtl 0 is> - 

- ;W<xp.t+dt, @ ig, (1 @ Q>x [t,t+dt] 6 S> + k[t,t+dt] @ 9, (1 @ Qhp,t+dtj @ ig))+ 

+Irn <x[t,t+dtl @ kk x[t,t+dtl (8 g>- 

- +<Xg,t+dt, @ &I, (1 @ Q)Xy,t+dt] @ S>+ <&,t+dt] @ 9, (1 @ Qht+dt] @ ig))+ 

+zm<it[t,t+dt,@& X[t.t+dt]@ is)-- 

- Re <Qt. t + dt] @C?> (1 8 Qh,t+dt, @g)+ilm<X[t.t+dt] @g, it[t,t+dt] 8 C?> 1 =$<~(t@f)@bQ~, w(~‘@f’)@I~Q> 

[Re(GgIQid- (dQd)-~Re((idQd+ (slQis))] &. (6.15) 

So, one gets (6.13). Since 

dA(t, g)dA(t, 9) = CM+ (t, gW’@, 9) 

(6.14) follows from (6.13). 

LEMMA (6.3). For each g E K, 

dA+(t, &Wt, d = i[Re(WQid+ MQd)---2bldl dt. (6.16) 

Proof: By (1.5), for each g,f,f’EK, 5, {‘EL’(R), 

<w(‘t @f)@I@Q, dA+(t, g)dA(t, g)~(~‘@f’)&.3Q) 

=i<w(~@f)@l@Q, d(Bk ig)+iB@, g))d(Bk k?)-iB(t? g))W(~‘@f’)@l@Q) 

= t<W(c @f)@l@Q, w(5’ @.f%h@Q) 

*C 

Re<xrt, t +dt] 63 ig, (1 @ Q)xft,t+dt]O ig)film<xkt+dtlCS is xp,t+dtl@ is>-- 

- ;Re(<Xp,t+dtj@ ig, (1 @ @Xy,t+dt,@&+ (X[t.t+dt,@& (1 @Qht,t+dt~@~g))+ 

+h <&,t+dt] @ ig, &t.t+dt] 8 9) + 

+ ;Re(<Xg,t+dt~ 8 is, (1 6) Q)XIr,t+dt] @ c?>+ <x[t,t+dtl@ 9, (1 @ Q)Xp,t+dtl@ ig%- 

-Irn <x[t,t+dtl 8 9, x[t,t+dt] 8 is> + 

+Re <Xit,t+dt, @CL (1 ~Q)X~t,t+dt]~9)+i~ffl<Xrt,t+dtl~g, xkt+dtl@& 1 
=t<w(~@f)@I@Q, w(~‘@f’)@I@Q> 

[Re ((iglQid+ klQd)-Wd] dt. (6.17) 

So, one gets (6.16). 
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LEMMA (6.4). For each g EK, 

dA(t, g)dA’(t, g) = d[Re((MQid+ (glQd)+2(gId] dt. (6.18) 

Proof: By (1.5), for each g,f,f’EK, 5, <‘eL2(R), 

<w(t@.f)@l~Q, dA(t, GA+ (t, 9) ~(t’@f’)@mQ) 

= t(~(t@_f)@l@Q, d(B(t, kI)--iiB@, g))d(Bk ig)+iB@, g))W(t’@f’)@~sQ> 

= t<W(t@f)@l@Q> ~(t’@f’)@lC3Q) 

[ 

Re (Xrt, t + dt] 8 i& (1 @ Q) &,t+dtl @ is> + ih <x[r,t+dtl @ i& x[r,t+dtl 8 is> + 

+ ;Re((&,t+dt~ @ kl, (1 (8 Q)Xp,t+dt, (8 S>+ h[t,t+dt] @ 9, (1 @ Qh.t+dt] 8 is>)- 

- h <x[r. f + dtl @ k?? x[t,r+dt] @g>- 

- ;Re(<Xft.t+dr, @ ig, (1 6 Q)Xrt,t+dt, @ S>+ (X[t,t+dt] @ 9, (1 @ Qh,t+dt, @ is>)+ 

+!m <x[r,t+drl @ 9, x[t,t+dtl @ b>+ 

+Re <X[t,t+dtl @ 9, (1 @ Qh[t,t+dt] @ g)+ilm h+dtl @ 9, x[t,t+dtl @S> 1 
=$(w(t@f)@l@Q, ~(t’@f’)@lc%Q> 

[Re ((ig I Qis) + (9 I Qd) + 2 (9 I cd] dt . (6.19) 

So, one gets (6.18). 

Using the Lemma (6.2), Lemma (6.3) and Lemmas (6.4) to (6.2)-(6.5), one obtains 

tF -, - dt = 4 [Re ((9 I Qs) - (is I Q&d) + iRe (Gg I Qs) + (9 I Qis))] dt 
= -+dA(t, g)dA(t, g), (6.20) 

iF+,- dt = i[Re((dQd+ (igIQid)+WId+ 

+iRe(WQd- + MQis)+ +4Wdd- - (kdQd+ - (glQig)-)] dt 
= 4dA@, ddA+@, d+i$Re(&lQd- + blQid+ +4Wsls)+ - (idQd+ - MQid-)dt, 

(6.2 1) 
$F_ ,+dt = h[Re((dQd+ (igIQid)-22gld- 

-iRe((igIQd- + (glQid+ +4Wgld- - GgIQd+ - (dQid-)]dt 

=3dA+(t,s)dA(t,s)-i~Re((igIQg)- + (glQid+ +4Wdd+ - MQd+ -blQW)& 
(6.22) 

lF 4 +,+dt=~[Re((gIQg)-(iglQig))-iRe((iglQg)+(glQis))]dt= -@A’(t,WA+(t,d. 
(6.23) 
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Now let us denote 

L:= iRe((&IQg)- + (glQW+ +41m(gld- - (igIQg)+- (glQig)-)D+D- 

-iRe(MQd- + blQid+ + 4Msls)+ - MQd+ - (dQi&)DD+, (6.24) 

fll,l:= i[Re((dQd+ (igIQid)+2(gId], (6.25) 

~,2:= i[Re((dQd+ WQid)-2(dd]~ (6.26) 

02, I : = 4 [Re ((9 I Qs) - (ig I Qkd) - iRe (h I Qs) + (9 I Qkd)] , (6.27) 

CC= i[Re(k?IQd- (igIQig))+iRe((igIQg)+ (glQid)]9 (6.28) 

then, L is a self-adjoint operator and the q.s.d.e. (6.6) can be written in the following 
form: 

with L given by (6.24) and oj,k (j, k = 1, 2) by (6.25)-(6.28). Moreover, 

&I+ (t9 s&I+ (t, 9) 

From this one easily deduces that 

(6.30) 

LEMMA (6.5). The solution of q.s.d.e. (6.6) is a unitary process. 

THEOREM (6.6). For each g, f, f’ E K, u, v E Ho, DEB (Ho) satisfying (0.3), S, 
T, s’, T’ E R, t 3 0 and Q a real linear operator on H,, the weak coupling limit 

T/L2 T’/AZ 

lim (~0 W(i j S,fdu)Qa, U’“‘(t/12).v@ W(A j’ S,f’du)@& 
R-0 S/12 S’IA2 

exists and is equal to 

(u @ w f&S, T] of) yl 0 QY u (t) u @ w (%[S’, T'] of’) yl C3 Qh (6.3 1) 

where U(t) is the unique solution of q.s.d.e. (6.6) on Ho @ r(L2(R) 0 (K; (*I*))). 

Proof: For each u, vgH,,f,f’EK, S, T, s’, TIER, put 

<u, F(t)):= <u, ~(it[S,T,@f)%3Q~ u(t)u@ ~(~[S’,T’]@f’)yll’XJQ)~ (6.32) 

then 

<UT F(O)):= <u@ Wo([S,T]@f)%Z3Qa, u@ ~~~[S’,T’,@f’)ylE3QQ) 

T/12 T’/12 

= /imo (u @ W(A 1 S,f du) Y,, v @ W(A j SJ’du) QQ) = (u, G(0)) (6.33) 
-+ s/12 S/12 
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and 

(u, F(t)) = (u, W)+&$ CF+,- GD+Du, F(t,D+ 
0 

+f’-,+(-DD+u, F(t,))+F-,-<-DDu, F(t,))+F.,+(-D+D+u, F(t,))]+ 

+ WC3 W(x rs,Tl@f)YIBQ, jl @dA+(s,g)U(+@ ~(Xr~m@fl)~mQ)+ 
0 

+ (-D+u 0 W(x ~S,~~~f)~l~Q,~1~~A(S,g)~(S)‘~~~(~(s,,~~~f’)yl~Q). 

0 

Put 
(6.34) 

t 
F, (t): = (Du @ W(x [S,T]@f)~l@Q, j1 @dA+(S, du(S)*u@ ~(XIS’.T’]@fl)IYl@Q) 

0 

(6.35) 
then one has 

F,(t) = f (Du 0 W(X[S,T, of) yl E’Q, 

n=O 

i 1 0 dA + (S, g) U, (Sb 0 W(xrS,, T,, of’) VI Q Q>, (6.36) 

0 

where U,(t), t 2 0 is defined by (6.7) and (6.8). Thus by Lemma (6.1) one has 

F,(t) = $ c j I”s ..Y”[’ 
n = 0 EE{O, 1.2)” 0 0 0 

(Du 0 W(X(S,TI 8.f) YI csQv DE(I).. -DE(n) @ 

dA”“‘(S,, g)...dA’(“)(S,, g)dA+(S, s)*o@ ~(x~S~,T~~@~-‘)!~‘I~Q} 

= f c @u,D,~~,...D,(n)u) 

“=O&E(O,1,2}” 

t ss1 h-1 

jjj.*. j (w(XIS,T]@f)yl@Q, 

000 0 

dAe(‘)(Sl,g)...dAE’“)(S,, g)dA+(S,g).W(~~S,,=,~Ofl)~l.,). (6.37) 

Now, in order to apply Lemma (l.l), we express the creation and annihilation 
operators A” (s, g) in terms of the. field operators, denoted by B (s, g). Thus (6.37) 
becomes 
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where 

f c @u, Dw..De(n~) 
n = 0 EE(0. 1.2)” 

t ss1 %I-1 

i&- s (w&S,Tl@f)yl@Q~ 
0 

pLn 6% dB) 3 (dB (s, b) + idB (s, 9)). w &‘, T’] of’) ‘yl 8 Q > , (6.38) 

PL,(c, dB): = dAE(l)(sl, g). . . dAec”)(sn, g) 

is a polynomial in dA, dA+ and so in dB. 
Now notice that the expression PL, (E, dB) . (dB(s, ig) + idB(s, g)) is a sum of 

products of the form 

dB(s,, T(l)g)...dB(s,, i”‘“‘g)dB(s, i”‘“+l’g) (6.39) 

with the intervals dsj, ds pairwise disjoint. Thus if we apply to the matrix element of 

each of these terms the recurrence relation (1.6), the term with the g-derivative will 

disappear because it will be a sum of polynomials each of which L multiplied by 
some variable of the form 

tj,n+r = (xCspsj+ds,l (8 9, X[s,s+ds] OS> = ‘hCsi,s,+ds;lv X[s,s+c~s])’ 119112 = 0. (6.40) 

This means that, in our case, we can apply, instead of (1.6) the much simpler relation 

Pnfl = s,+1 p, (6.41) 

with sn+ 1 being either 

i Re ((ig I Q_f'> XW, T'I (4 - (ig I Qf) XW, T-I (4 f (f’ I Qkd XW, T’I (4 - (f I Qis) XF, TI (4) + 

+ Im (f’ I id XW, T’I (4 + Im (f Iis) XIS, TI (4 (6.424 

or 

~Re((glQf')x[~~.r~~ W k1Q.f) ~rs,&)+ U-'IQhsm(~k (f IQs) xrs, TIM)+ 

+ Im (f’ Id XIS,, T’I 6) + Im (f Id xrs, T] W (6.42b) 

Resumming P,, corresponding to the different products in the form (6.39), we obtain 
the same matrix element of PL, (6, dB) (without the additional factor dB (s, ig) + 
+ idB(s, 9)). Summing up, we have proved the identity 

t SS, Sn-1 

jjb.. l (W(XCS,Tl~f)ylsQ,PL,(E,dB) 
000 0 
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+(dB 6, id + idB 6, 9)) - w (XW Te1 @f’) ‘-6 8 Q > 

=:jdsj~...s"j'<W(, [s, TI of) YI 8 Qv PL” (6 dB) ’ If’ t&s,, ~‘1 of’) y1y1 ,a Q >. 
0 00 0 

.~[$Re((iglQf~)x,s,,T,~(s)- (iglQf)x~s,Tl(s)+ (f'IQis)x~s~,T~l(s)- (f IQidXrs.n(S))+ 

+ Irn (f' 1 kd x[S', T’] 6) + Irn (f 1 kd x[S, T] (s) 
1 

+ 

fi ~Re((slQf’)XB,.T,I(s)- k?lQf)xts,T#- (f’IQshrsr,Tds)- (f IQs>xrs.Tl(s))+ 
[* 

+ zm (f’ Id X[Sf, T’] (4 + zm (f Id Xrs. T] (4 
II 

* (6.43) 

Using this identity in (6.38), we find 

F,(t)=fjds<Du~W(Xrs,17~f)yIe,, u(S)'O~~'(X~S'.T']~f')yV18Q)' 
0 

.([~Re((iglQf')xl.,.r,~(s)- bIQf)xrs,T](s)+ (f’IQkdx~s~,T~l(4-- (f lQidxrs.Tl(s))+ 

+ Zm (f’ I id x[s,, T’I (s) + Zm (f I id X[S, TI (s) 1 + 

MQfh,d4+ (f’lQdwd+ (f IQs)~~s,&))+ 

+ Zm VI 9) x~s,, T'I (4 + Zm (f Id a, 77 (4 II 
= $jds<Du, F(s)). 

0 

.I[fRe((iglQnx,,,,,l(s)- (idQf)x~s,dd+ (f’IQW~s~,d+ (f IQish,&))+ 

+Wf’M xp3dS)+Zm (f Iis) ~s,TI(S) 1 + 

+i ~Re((glQr)x,~,T,1(s)-- (glQf)xrs,~W+ U’IQd~~s~.~~~(~)-- (f IQs)xrs,Tl(d)+ 
[’ 

+Z~(~'~~)XIS,,T'I(~)+ WfIshTl(S) 11 = t ids<Du, F(s)) *F+ (s). (6.44) 
0 
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Similarly, one can get 

L. ACCARDI and Y. G. LU 

= +/ds(-D+u, F(s)).F_ (s). (6.45) 
0 

Hence, (6.34) becomes 

(u, F(t)) = (u, F(O))+fjds[F+,- (-DfDu, F(s))+ 
0 

+F-,+ (-DD+u, F(s))+F-,- (-DDu, F(s))+F+,+ (-D+D+u, F(s))]+ 

+$j.ds[(Du, F(s))F+(s)+ (-D+u, F(s))F_(s)-J. (6.46) 
0 

Therefore, (u, F(t)) = (u, G(t)), t > 0 and this ends the proof. 
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