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Abstract

We show that, in the weak coupling limit, the laser
model process converges weakly in the sense of the matrix
elements to a quantum diffusion whose equation is explicitly
obtained. We prove convergence, in the same sense, of the
Heisenberg evolution of an observable of the system to the
solution of a quantum Langevin equation. As a Corollary of
this result, via the quantum Feynman—Kac technique, one
can recover previous results on the quantum master equation
for reduced evolutions of open systems. When applied to
some particular model (e.g. the free Boson gas) our results
allow to interpret the Lamb shift as an Ito correction term
and to express the pumping rates in terms of quantities

related to the original Hamiltonian model.

1 Introduction

In the quantum theory of irreversible evolutions, the
weak coupling limit was originally formulated as a device
to extract the long time cumulative effect of a small
perturbation of the global Hamiltonian of a composite
system on the reduced evolution of a subsystem [9,29]. As
far as we know, the consideration of the weak coupling
limit dates back to Friedrichs [18] in the context of the
well-known Friedrichs model. However, in the physical
literature the weak coupling limit is known as the van Hove
limit, since van Hove [31] was the first author to consider
the limit A\ — 0,t — oo, with A?¢ held constant, in the



derivation of an irreversible evolution of semigroup type for

the macroscopic observables of a large quantum system.

The original problem of van Hove has not been set
into a fully rigorous form yet, although related rigorous
results have been obtained by Martin and Emch [27] and
Dell’Antonio [14]. On the other hand, theorems on the weak
coupling limit for specific models of open quantum systems
have been proved by Davies [9] and Pulé [28]. A general
formulation in terms of the master equation approach was
given in a series of papers by Davies [9,10,11]. More
precisely: we consider a spatially confined quantum system
(the “system”S), coupled to another (infinitely extended)
quantum system (the “resevoir” or “heat bath” R), initially
in a given reference state g, (which is usually a quasi—free
state on the Weyl or the CAR algebra over some Hilbert
space) through an interaction of the form AV where V is a
given self-adjoint operator. Denote by Ag and by Apg the
W*-algebras of observables of the system and of the reservoir
respectively. Typically, Ag will be the algebra of all bounded
linear operators on a separable Hilbert space Hg, and Apg
will be the weak closure of the GNS representation of the
C*-algebra of the reservoir determined by the reference state
pr. Let

Hy=Hs®1+1@ Hp+ \V (1)

be the total Hamiltonian of the composite system (in self-
explanatory notations). For each z in Ag, let 2*(t) be the
element of Ag ® Ag defined by
2 (t) = exp[iHxt /N?]-exp|—iHyt /N\*](2®@1) expliHyt /N\*]-exp[—iHxt /N?] =
A A
- Ut(/gj(x ® 1)Ut(//\)2

4



where
Ujj; = exp[iH,t/\?] - exp[—iHyt/A\?] (2)

i.e. we consider the Heisenberg evolute, in the interaction
representation, of an observable of the system S in a time
scale of order 1/A?. Then [9,28] in the limit as A — 0 and
under suitable assumptions, there exists a semigroup 7; of
weakly-*-continuous completely positive normal linear maps
of Ag into itself (a quantum dynamical semigroup on
Ag in the sense of Gorini Kossakowski and Sudarshan [23],
Lindblad [26], a quantum Markovian semigroup in the
sense of Accardi [1] ) such that, for all z in Ag and for all

normal states g on Ag and t > 0 one has

lim(ps @ ) (2*(1)) = ps(Ti(2))

We refer to the books of Davies [12],[13] for a presentation
of the physical ideas and of the mathematical structures
relevant for this phase of development of the problem.
Under some assumptions on the interaction, which amount
to the rotating wave approximation, familiar in the laser
models, one sees (cf. [20]) , considering the perturbation
expansion of U t(/)‘/\)Q, that the first order term does not depend
on the field operators of the resevoir but on some time

averages of them of the form
t/x2
AN = )\ / e % A(S%g)ds
0

(cf. Sections (2.) and (3.) below for the notations). The
normalization defining the collective annihilation operator
AEA) is strongly resemblant of the normalization of the

classical invariance principles . This analogy suggests that,



as already stated in Spohn [29], the weak coupling limit
should be a manifestation of some kind of functional central
limit effect. That is we expect that, in analogy with the
quantum invariance principle proved in [2], the collective
creation and annihilation processes A?‘)i converge, in some
sense to be specified, to some of the quantum analogues
of the Wiener process, namely the quantum Brownian
motions. A heuristic discussion of this approach to the
weak coupling limit has been sketched in Frigerio [20], with

some preliminary lemmas and some conjectures.

Moreover, if the quantum dynamical semigroup obtained
in the weak coupling limit is norm continuous with

infinitesimal generator G given by
G(x):Ker—FxK—i-iL;’ij ; re Ag
j=1
with L;, K € Ag satisfying
K++K+iLij =0
j=1

then we have, for all z in Ag and ¢ in R
Ty(x) = E[UT(t)(z ® 1r)U(1)] (3)

where U(t) is the solution of the quantum stochastic
differential equation, in the sense of Hudson and
Parthasarathy [25],

dU(t) = {Kdt + Xn:[LjdAj(t) - LjdAj(t)]} Ul(t) : U) =1

(4)



and where Aj;(t), Af(t) are mutually independent Fock
quantum Brownian motions and FE, is the vacuum
conditional expectation. Then it is natural to conjecture
that, under suitable assumptions and in a sense to be

specified, one has, for all ¢t in R,

: N

}\IE}I(I) Ut//\2 =U(t) (5)
and , for all z in Ag ,

lim 2*(t) = U (t)(z ® 15)U(t) (6)

A—0

The fact that the weak coupling limit should lead to a
unitary process, satisfying a quantum stochastic differential
equation was first noted by von Waldenfels [35] in connection
with the Wigner - Weisskopf model. The explicit form of
the stochastic equation, for the Wigner-Weisskopf model was
obtained independently by Maasen [27a] in the Fock case.
A through study of this equation, in the finite temperature
case, is due to Applebaum and Frigerio [7b]. In all these
cases the stochastic differential equation is not deduced
as a (weak coupling) limit of Hamiltonian systems, but

postulated ab initio.

In the present paper, using the notion of convergence
for quantum processes introduced in [2], we give a precise
statement and proof of the above conjecture (here we use
the terminology weakly convergece in the sense of the matrix
elements since, as remarked by a referee, the convergence
considered in [2], when restricted to the Abelian case, gives

a convergence weaker then the convergence in low). We
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shall only give here the proofs of the first two statements
above in the case when ¢p is the Fock state. The proof of
(6) and the case of a thermal state at finite temperature is

in [5]. The Fermion case introduces no additional difficulties

(cf. [6]).

Among the motivations for the present work the
following deserves to be mentioned. There are widespread
misgivings concerning use of quantum Brownian motion as
a (boson or fermion) reservoir in the description of open

systems; in particular it is objected that:

(i) the one-particle energy is unbounded from below as

well as from above;

(ii) the reference state satisfies the KMS condition
not for the automorphism giving the time evolution of
the reservoir, but for a much more trivial one, consisting
of multiplying the creation operators by a phase factor

exp|—iw,t].

Our results show how these features arise precisely in the
weak coupling limit starting from a perfectly legal dynamics.

A detailed discussion of the KMS condition is given in [5].

A preliminary version of the present paper has appeared
in [7a]. Here we have greatly improved the uniform estimate,
due to our improvement of Pule’s inequality. Moreover we

have changed two important notations with respect to [7al:



(1) We have particularized our Definition (2.3) of
quantum Brownian motion (in the commutative case our
previous definition reduced to the usual one only up to a

random time change).

(2) The notion of weak convergence in the sense of
matrix elements (cf. Definition 2) was called in [7a]
convergence in low. However, without further qualifications
of the random wvariables, also this definition might lead
to incongruence, in the abelian case, with the standard

terminology.

These changements were motivated by some constructive
critiques of thr referee of this paper, to whom we express

our gratitude.

Acknowledgements L.Accardi acknowledges support

from Grant AFOSR 870249 and ONR NO00014-86-K-
0538 through the Center for Mathematical System Theory,
University of Florida.



2 Statement of the problem,
notations, results

By a Hilbert space we mean a complex separable Hilbert
space and by a pre-Hilbert space we mean a complex vector
space endowed with a (possibly degenerate) sesquilinear form
whose induced topology is separable. The x-algebra of

continuous linear operators on a pre—Hilbert space K will
be denoted B(K).

If K is a Hilbert space, with scalar product denoted by

< ., . >, we denote
L*(R,dt;K) = L*(R,dt) ® K

then Hilbert space of the square integrable K-valued
functions—the integral being meant in Bochner’s sense. If
K = C , we simply write L*(R).

Throughout this paper, H; will denote a fixed Hilbert
space (the second quantization of H; in a suitable sense may
be interpreted as the resevoir state space). ¢ will denote a
self-adjoint operator defined on a dense subspace D(Q) of

H; and such that, on this domain,

Q=1 (7)

Sy + Hy — H; will denote a strongly continuous 1-parameter

unitary group on H; commuting with @), in the sense that:
5/D(Q) € D(Q) (8)
$°Q = QS on D(Q) (9)

10



Our basic assumption on Sy and ) will be the following:

There exists a non-zero subspace K C D(Q) (in all the

examples it will be a dense subspace) such that:

/ |< f1, 57 f2 >| dt < 4o0; / | < f1,57Qf > |dt < +oo Vfi,fore K
R R

(10)
This condition implies ( cf. Lemma 2) that, for any real

number w, the sesquilinear form
fu €K (| fo = [ € < fuSiQf > dt (1)
R

defines a pre-scalar product on K. We shall denote K¢ the
associated Hilbert space, i.e. the completion of the quotient
of K by the zero ( - | - )g-norm elements for the norm
induced by the scalar product (11). In particular, for @ =1,
we simply write {K; , (- | - )}

Let W(K) be the Weyl C*-algebra over K and let ¢g
be the quasi-free state on W(K) characterized by

poW(f)) =e2<¥> ek (12)

We denote
{Ha 7o, Do}
the GNS triple associated to {W(K),¢g}. We shall write
Wo(f) =meW(f)) 5 fek (13)

Because of (2.3), there exists a unique @g-preserving
l-parameter group of x - automorphisms u; of W(K)

characterized by
w(W(f) =W(SPf) 5 fek (14)

11



and we denote UtQ : Hgo — Hg the associated unitary

operator:
US-Wolf) @ =Wo(Sif) @ 5 feK (15)

The field, creation and annihilation operators of the

representation (13) will be denoted

Bo(f) . AN . Aolf) i fek

(16)
To simplify the notations in the following we shall often omit
the index @) whenever we feel that this cannot create any
confusion. Let Apg denote the weak closure of W (K) in Hg
: let uf? denote the restriction to Ag of AdUR = UR,-( - )-UE
where Ul is the same as UtQ ; and let ¢gr be the restriction
of the state < ®q,( - )®g > to Ag. The W*-dynamical
system {Apg,ul, op} will be called the reservoir, or the
heath bath. Now let H, be another pre-Hilbert space
(called the system state space or the initial space ) ;
let U? : H, — H, be a l-parameter unitary group on H,

and denote
up = AdUS = U3, - (- )-Uf : As — As (17)
We denote
Ur =Uf @ Ul' € B(H, ® Hg) (18)
The Heisenberg evolution, associated to U i.e.
u = AdU? = uf @ul': As ® Ap — As ® Ag (19)

will be called the free evolution of the composite system.

12



We now introduce an interaction between the system
and the reservoir of the form that is familiar in laser theory
(cf. [32]), i.e.

W, =~ 2D ® A%(g) ~ D* @ Alg) (20)

where A is a positive real number (the coupling constant),
g € K and D is a bounded operator on H, satisfying the
condition

ul (D) = e”“'D (21)

where w, is a fixed positive real number (interpreted as the
proper frequency of the laser). This is the type of interaction
which arises in the rotating wave approximation. Our
techniques are applicable to a wider class of interactions,

but this will be shown elsewhere. Denoting
Volt) =uwi(Vy) 3 teR (22)
we see that, from (21) and the antilinearity of A, we have
w(Vy) = —=[D® A (Sig) — D* © A(Sig)]
where we have introduced the notation
Sig = 57y

Clearly the conditions (2), (3), (10) are satisfied by Sy if
and only if they are satisfied by 5;. We will assume that

the iterated series

1+§;(—i)”)\n/otdtl /0t1 dt2.._/0tn1 AtV (8)-V, (t) - -V, (1)
) (23)

is uniformly convergent, for A\ small enough and t bounded

on the domain H, ® & where &; is the linear space

13



algebraically spanned by the coherent vectors in Hqy and
the tensor product is algebraic. Moreover we assume that
the series (23) defines a unitary operator UM on H, ® Ho
which, on H, ® & satisfies the Schrodinger equation in

interaction representation:

0 A
U =2V v U= (2

This is an assumption on D which is always fulfilled if,
e.g., D is a bounded operator. In the following, to avoid
unnecessary technicalities, we shall always assume that D is
bounded. For each A > 0 the l-parameter family (Ut()‘)) is

a left uf—cocycle, i.e.

U, = w(UMy - uW (25)

s

hence the 1-parameter family (V}), defined by
vV =u% e ,  teR (26)

is a strongly continuous unitary group whose formal

generator coincides with
Hs®@1+1® Hp+ AV, (27)

where
UtR — e*’itHR : Uts — e*itHS (28)

(In the case of the Laplacian acting on L*(R), this is
rigorously true on the domain H, ® &', where &' is the
linear space generated by the coherent vectors corresponding
to smooth test functions). The Heisenberg dynamics,

associated to Vt(’\) ie.
u = AV =V () VT = U (Ui (29)

14



is called the interacting dynamics.

Our goal is to study the time evolution, under the
interacting dynamics, of some physically interesting quantity

in the van Hove limit, i.e.

A—0 ; t— o0 ; Mt = O(1) = of order 1

(30)
Since this limit extracts the long time cumulative behaviour
of the interacting dynamics, we expect its effects to be
best revealed on those observables and those states which
depend on this long time cumulative behaviour. To make
this remark precise, in Section (3.) we introduce, as a
continuous time analogue of the construction in [2], the

collective Weyl operators

W()\ /S " s, fdu) (31)

/A2

and the corresponding collective coherent vectors

T/\2 T/X\2
o, (A / S, fdu> = W, ()\ / S, fdu) LBy (32)
S/A2 S/A2

The family of all these vectors, with f € K and —oo < § <
T < +o0, will be denoted Dg(\).

Now let us recall, from [2] the definitions of stochastic

process and of convergence in law of stochastic processes.

Definition 1 A quantum stochastic process indezed by

a set T over an Hilbert space H 1is a triple
X={H.D, X(t) (teT))

where

15



e i) H is a Hilbert space
e 1) T is a set
e i) D is a total subset in H and X(t)(t € T) is a

family of preclosed operators on H, called the random

variables of the process, such that for any t € T,
D C D(X(t)) := domain of X(t)

and the set {X(t)} is self-adjoint in the sense that for each
t € T there exists an uniquely determined element t* € T
such that the identity

Xt =X"t)=X@)"

holds on D.

Definition 2 Let 7 be an increasing net, partially ordered

by a relation <. We say that a family
Xo={Hs ,D, , X,(t) (teT)} : aecl

of quantum stochastic processes converges to the quantum

stochastic process
X={H D, Xt (tcT)}

weakly in the sense of the matrix elements, if the domains
D, and D are invariant for the random wvariables of the

respective processes and if for any o € L there exists a map
F,.D—1D, : to, . T =T

16



such that, for any fived integer k, for all k-tuples t1,---,t; €
T satisfing to(tp) — t, € T, h = 1,---,k, and for all
U, & €D, one has:

lim < Fo (), X (fa(t1))- - +Xa (ta(t) Fu(®) >=< W, X (1)) -+ X (1)0 >

where,
limt,(h) = t, , h=1---k

Notice that, if the X; are bounded, then we can take
D, = H, and D = H , so that the invariance of the domains,

required in Definition 2 is automatically satisfied.

As shown in [2] (Theorem (9.2)) the notion of stochastic
process given in Definition 1 is equivalent, in several
important cases, to the ones given by [3], however it is better
suited to deal with unbounded processes and nonfaithful
states. In [2], it is also shown how to modify Definition 1 so
that, in the commutative case, it includes all the classical
stochastic processes. For our purposes, Definition 1 will be

sufficient.

Definition 3 Let K be a Hilbert space, T an interval in R,
@ > 1 be a self-adjoint operator on IC and let

{Ho mq, Do} (33)

denote the GNS representation of the CCR over L*(T,dt; K)
with respect to the quasi-free state ¢g on W(L2(T, dt;lC))

characterized by
po(W(Q)) = e 2=8190% 1 ce [AT,dt:K)  (34)

17



Denote D the set of all vectors of the form w(W(§))®q =
Wo(§) - ®g with € € L*(T,dt; K). The stochastic process

{Ho, D, Wolxsg®f); (s8] ST, feK}  (35)

15 called the (Q—quantum Brownian motion on
L*(T,dt,K).

If Q@ =1 we speak of the Fock Brownian Motion on
L*(T,dt,K); if Q is the multiplication by a constant (8 >
1), then we speak of the finite temperature quantum
Brownian Motion, in the terminology of [34] or of the
universal invariant quantum Brownian Motion in the

terminology of [24].

Sometimes, when no confusion can arise, we call

quantum Brownian motion also the process
{HQ,D,A (X(s,t] ® f) 7A+ (X(s,t] ®f) CNAS T> f S K}
(36)
where A( - ), AT( - ) denote respectively the annihilation and

creation fields in the representation (33). For the normalized

coherent vectors we use the notation:

Wo (Xis1 © f) - @ = P (Xjs) ® f)

With these notations we can state our main results:

Theorem 1 Let Hy be an Hilbert space and let Q,(S7), K
satisfy the conditions (1), (2), (3), (10). Then, as A\ — 0
the stochastic process

T/\?

{HQ,DQ(A),W(A/W Sufdu),s,TeR, fekK
(37)

18



with Hg and g defined after (12), converges weakly in the
sense of the matrix elements to the Q-quantum Brownian

Motion on L*(R,dt; K,).

Theorem 2 Let () = 1, then for each u,v € H,, fi,fs, 9
c Kl, Sl,SQ,Tl,TQ cR (S] < 71]) the limit

Ty /)2 Ta/ N2

. o
lim < u®<1><)\ /S » S, fldu),Utmv@@(A /S » S, deu) >
(38)

exists and s equal to

<u®RdP <X[Sl,T1} & f1> Ui ® CD(X[SZTQ] ® fa) > (39)

where the scalar product is meant in the space H, ®
(L*(R,dt; K)) and U; is the solution of the quantum

stochastic differential equation

dU, = D®dA;r(t)—D+®dAg(t)—(g]g),DJrD@ldt]~Ut U, =1

(40)
in the sense of [25] and where
0
o) = [ <g.509 > du (4n)

Theorem 3 In the notations and assumptions of Theorem
2, for any X € B(H,), th limit

Ty /\?
: ™) )
lim <u®® (A /5*1/,\2 Sufldu> e (X ®@1) - Ut

Ta /A2
d (/\/ Sufgdu> >
Sa /A2

19



exists and s equal to
<u®d (X[S1,T1] X fl) ,Ut(X & 1)Ut* RO (X[SQ,TQ} X fg) >

where, U(t) is the same as in Theorem 2.

The first two of the above theorems are proved in the

present paper and the third one in [7]. AAA

3 Convergence of the collective
process to the noise process

Lemma 1 For any g € D(Q) and for any —oo < S < T <

o0, the integral
T

is well defined and belongs to D(Q), moreover

Q - / Sigdt = /QStgdt (43)

Proof. By the strong continuity of S;, the function
t — S;g is weakly measurable and with a separable range.
Since [|Sig|l = |lgll, it follows that ¢ ~— S;g is Bochner
integrable. Moreover, for each f € D(Q) one has, using (2)
and (3):

‘< Qf,/TStgdt> ‘S/T)< OFf, Sig > |dt =
S S

T
= [ |<suerg> < @-si1-1Q1-

hence fST Sigdt € D(Q) and (2) follows from the definition

of Bochner integral.

20



Lemma 2 For any pair f,g € D(Q) satisfying (10), and
for any S1,T1, 5,1, € R (S; <Tj) one has

A A
hm)x—)O < A le//)\Q S fd Q A sz///\Q Ugdv > =< X[Sl 1] X[SQ T>] > -

fR < f7 Sth > dt
(44)

where the scalar product of the characteristic functions is
meant in LQ(R) and the limit is uniform for Si,Ty, Se, Ty in
a bounded set of R.

Proof. From Lemma 42 it follows that

<A le“ S, fidu, Q - \ fTQ//; S, fadv >=

S1/X2
= AQ \/‘Tl///\)‘2 ;—‘2//;‘2 dUQ < Su1 f17 SuQQfQ >—
_ 2 (DR g T/ (45)
=A f/xz So/x2—uy QU < f1,5uQf2 >=

(To—u1)/X
- fl 1f(s§ ul)///\Z du < f1,5.Q f2 >

Now notice that for each u; € (S1,71) N (9,Ty) = (S1 V
So, Ty AN'T3), one has Sy —uy; < 0 and Ty — uy > 0, hence

(T2 —u1) /A2

lim du < f1, 8,0 fs >= / < £,5,Qg > dt (46)
R

A—0 (SQ*’LLl)/)\Q

On the other hand, because of (10) for each u; € [S1,T1],
the limit on the left hand side of (46) is non zero only
if So —wu; <0 and T —wy; > 0, that is if uy € [Sy, T3

Therefore, by dominated convergence, we obtain:

. u1)/A
limy_yq o duy [ du < f1,8,Qf >=

S Xsamyun timo o [0 du < f1, 5.Qf2 >=
< X[Sl,Tl]7 X[SQ7T2 > - fR < f Sth > dt ( )
47

To prove the uniformity of the convergence it will be

sufficient to consider separately the two cases : (i) [S1,T1] =

21



[Sa, Ts]; (ii) [S1,T1) N [S2,Te] =0 . In case (i) we have:

Ty /N2 Ty /M2
‘/\Q/S Y du1 /S e d’LLQ < Sulfl, SUQQfQ > — < X[81,T1]
1 1

X[S1,T1] > / < f, Sth > dt‘g
R

T (T1—u1) /N2
g/ dm/ du < fi,SuQf > —/ < f,Sth>dt)§
S1 (

S1—u1)/A2

Ty o (S1—u1)/2?
</ dul(/ aif< fusiQpe> |+ [ i< fs.ah > D
S1 (Tl—u1)/)\2

whence the uniform convergence in case (i) follows. In case

(ii) one has

A 22
fST 1//A2 52//A2 dugy < Sy, f1, S, @ f2 >‘ <

(48)
uy)/ A\
< o duy [ du|< fi, S.Qf >

Assuming, without loss of generality, that 0 < 57 < T <
Sy < T5 and choosing € > 0, arbitrarily small, the right hand
side of (48) is majorized by:

(T2751+6)/)\2
cl(hlap)+(Ti-5)- [ < f1.5,Qf >| du (49)

(SQ -1y +E)/)\2

which again implies the uniform convergence.

Remark. In the following we shall use the notation

(flg)q = /R < f,5,Qq > dt

From (44) it is clear that the sesquilinear form (-|-)¢ is of
positive type. In particular, it defines a scalar product on

K, as anticipated in Section (2)
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Corollary (3.3) . On the space L*(R) ® K; =
L*(R,dt; K1), the operator 1 ® @ > 1 on the domain given
by the linear combinations of vectors of the form ¢ ® f
where 1 is a step function in L*(R) and f € D(Q).

Proof That 1 ® () > 1 on the domain specified above,
follows easily from (44) and the fact that @ > 1.

The following theorem includes the proof of Theorem 77?7
of Section (2).

Theorem 4 As \ — 0, the quantum stochastic process

T/\? T/\?
{7—[,(1) <)\ / S, fdu) , W()\ / Sugdu)} (50)
S/A2 S/A2

(S<TeR, f,g € K) converges weakly in the sense of
the matriz elements, to the Q—quantum Brownian motion
on L*(R,dt; K,) in the sense of Definition 3. Moreover,
denoting

{Ho,mq, Vol
the cyclic quasi-free representation of the CCR over
L*(R,dt; K) characterized by:

<o, Wo(x®f)Ug >= e zMP<f@> .y c[2R) | feK,
(51)
one has that for each

fla"'aanKa Slale"'asannaxlv'"7'1:71ER? the limat

T1/X? T /A2
lim < ®g, W ml)\/ Sufidu | ---W xn)\/ Sufndu | g >=
A—0 S1/X2 Sy /A2

=< Vo, Wq (%X[Sl,Tl] ® fl) - Wa (an[Sn,Tn] ® fn) Vg >
(52)

23



exists uniformly for x1,---x,,51,---Sp,Th,---, T, n a

bounded set of R.

Proof By the CCR and (12) it follows that
Ty /A2 Ty /A2

< Pg, W xl)\/ Sufidu |- W :L‘n/\/ Sufndu) Qg >=
S1/A2 Sp /A2

T /A2 T /N2
exp(—ilm Z :L'jack/\2/
S

< Sul fj, Squk > duldu2) .

1<j<k<n /A% J Sk /A2
1 & T /A2 pT /N2
-exp (—— > N, / / < Su £ QSuyfr > duldu2>
2 Py S;/02 J S /a2
(53)

and by Lemma 2, as A\ — 0, this tends to

exp (—i]m Z TjTr < X[S;T;]> X[SkTx] = '(fj|fk'))'

1<j<k<n

1 n
’eXp<—§ Z TjZle < X[S;T;] X[SkTi] = ‘(fj’fk)Q)

k=1
=< Vo, Wo ($1X[51,T1} ® f1> - Wo (an[sn,Tn] ® fn) Vg >
(54)
uniformly for x4,---x,, Sy, - S,, 11, -+, T, in a bounded set
of R.

Corollary (3.5) . In the notation of Theorem 4 and
(16), for each n € N and for each fi, f2,91, - gn € Kj, the

expression:
b /A2
<W /\/ Sufidu | - ®q (55)

1/A2

11 /A2 Ty /N2 ba /A2
B /\/ Sugrdu |- --B )\/ Sugndu |- W /\/ Sufodu |- Pg >
S1/A2 S /A2 az /A2

24



converges as A — 0 to
< Wy (X[a1,b1] ® fl) -V, B (X[Sl,:m ®g1) e

‘B (X(801] @ 9n) - W (Xjasba] ® f2) - Vg > (56)

uniformly for aq,bq,as,bs,51,11,---,5,,T, in a bounded
subset of R.

Proof. We know from [4] (Lemma 2) that the expression

(55) is equal to

b1 /A2 by /A2
<W )\/ Sufidu | ®o, W /\/ Sufodu | Pg > -
al/)\2 ag/)\2

P, (Sg)\)7 Ty ng)\)v tgf\z); to 7t£L>\)1,n) (57>

where P, is a polynomial in the variables:

by /A2 T /22
ng) =1Re {AQ/ ds/ dt < S,fs,QSig; > — (58)
a S

2/2? /22
by /A2 T /22
—)\2/ ds/ dt < Sof1,QSy; >}+
a1 /)2 S; /22

+i]m{ N2 [P ds [ dt < Sufo, Shgy > 40 [15 ds

S IA\2
;;.J//)\z dt < szlv Stgj >:|;

Th/N? T/ 2%
tgl)\]) _ RG)\Z/ ds/ dt < Ssgn, QSt9; > +
s

Sp /A2 /A2
Ty, /A2 T /A2
+ilm\? ds dt < Ssgn, Sig; > (59)
Sp/A2 S;/A2

(M)

The polynomial P, is of degree n if the variables s,”’1 are

considered to be og degree 1 and the variables tz(;‘) of degree
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2 and universal in the class of quasi-free representations. By

Lemma 2

i P (G000, (9)) = Pt 1)) (@0)

Therefore, using the result of Theorem 44 to control the
scalar product in (57) and Lemma 2 to control the limit of
the variables (58), (59), we obtain, using again Lemma 2 of
[4], that the limit of (57) for A — 0 is equal to (56). In the
rest of this paper we shall always consider the case ) =1

and we shall simply write ® for ®.
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4 Estimate of the negligible terms:
the Fock case

The next step in our program is to estimate the asymptotic

behaviour, as A — 0, of expressions of the form

Tl/>\2 Tg/)\2
<wm)A/ shﬁml,q%ﬂ@¢ {/ S, foduy | >
Sl/)\2 SQ/)\Q

(61)
with w,v € H, , 51,171,595, T, e R, S; <T;, fi,f. € Ky,
i. e. of matrix elements of the time-rescaled intersection
cocycle Ut(/’\)?g with respect to pairs of collective coherent
vectors times some vectors u,v in the system space. Using

the iteration series (23), this leads to estimate terms of the

t/)\2 t1 tn—l
A”/ d@/duu/ dt, (62)
0 0 0

Ty /A2 Ty /N2
< uRd /\/ Sulfldul , ‘/g(t1> . Vg(tn)v(g@ )\/ SUQdeU/Z >
S S

1/A2 2/ A2

form:

Vy(t) =i (D® A" (Sig) — D" ® A(S,g)) (63)
With the notations
D,=—-D" : D, =D (64)

A=A Al = AT (65)

one obtains:

Vo(te) - Vg(ta) - - Vy(tn) =



inDﬂ e Dsn & A (St1g) """ Aen(stng) (66)

and this leads to the problem of estimating matrix elements

of products of the form

A(Sy,g) - A™(S,,9) (67)

n

with respect to pairs of collective coherent vectors. To this
goal, we introduce now some notations which shall be used
throught the paper in the following.

For given n € N and € € {0,1}" , let k = k(e) denote
the number of ones in the n-tuple ¢ = (e, - -,€,)
i.e. the number of creation operators in (67), and let
(J1,+-+,Jk) € (1,--+,n) be the ordered set of the indices

of time in (67), corresponding to the creation operators.

Lemma 3 Any product of the form (67) can be written as

a sum of two terms:

A (Shg) oo AT (Sy,9) = I+ 11 (68)
with
kA(n—k) m
ey > s as0e
m=0 1<r < <rm=<k a=1

{D7j17"'7jk}m{jT1_17"'7jrm_1}:®

H A+(Stjg)- H A(Sy,9)

€0ty it =Ly sdrm } 4 - ,
]€{177n}_ {]17"”.776}U{JT‘1_1""7.]7‘m_1}

(69)

kA(n—k) / m
11 = < 54,9 5,9>  (70)
1

m=0 " (q1,p1,qm,pm) @=
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H A+(Stjg)' H A<St]g)
je{jl,"'7jk}_{q1,"',Qm} . . .
Je{l,-m}— |:{]17"'7Jk}u{p17”'7pm}:|
where, by definition, ngl = 1 and, where the symbol
Z/(ql7ph_._7qm7pm) denotes summation over all the 2m-tuples

(q1,P1,"** s Gm, Pm) Such that for all a,f=1,---'m

PaFDs:ds 5 daFqs (@FP) 5 Pa<da
(71)
and for some «
Ja — Pa = 2 (72)

Notice that possibly by renumbering the pairs (pa,qa), one

can always assume that

G <@ <-<gn (73)

Remark that {q1,---,qn} respectes , as a set , with
{j’l’p o 7ij,} and {pb o 7pm} with {j'r1 - ]-7 e 7ij - 1}
They are differ only in the order. However, from (70) it
is clear that the indices p,,qs enter only in the product of

scalar terms, so that the order is not relevant.

Proof. In the above notations one has:

A% (g1)- - A (gn) = -~ A(gj,,—1) AT (g5, ) - Al —1)- AT (95, )+

(74)

where the dots stand for products of creators or of

annihilators not containing terms of the form A(ngj,1)~
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A*(gjrj). Expanding the products in the right hand side of

(74), we find an expression of the form

> (H < Gjro 1 G >> :

FC{1,mc} \a€F

I ¢ Alg-) - A5, ) (75)

ac{l,mc}—F
where the sum runs over all the subsets F of {1,---,m.} and
the product of operators in meant of increasing order from
left to right. The products of creators and annihilators
appearing in the sum (75) have the following property:
either they are in Wick ordered form, or they are not Wick
ordered, but in this case they contain a term of the form
A(gp)A*(gq), such that g—p > 2. For this reason in bringing
to normal order the products in (68), only two kinds of terms

will appear

e (i) The sum over all the terms in (75) which are already in normally

ordered form.

e (ii) The sum collecting all the terms which contain at least one

commutator of the form

[Al9p), A (99)] =< gp.gg > with ¢—p>2 (76)

The terms of type (i) are those we denoted by I and the
terms of type (ii) are those we denoted by I15. To complete
the proof of the identity (??7), we note that since the indices
Jryse s Jr, label pairs of annihilation - creation operators
, the number of these pairs is less or equal than the total

number of creators or annihilators, i.e.
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me <kA(n—k)<n/2

moreover, due to the meaning of the indices r,, it follows
that for all indices m, in both sums (69),(70) such that

m > m., on has necessarily

{jb"'?jk}ﬂ{jh_17"'7jrm_1}7é®

hence in the first sum of (69) the terms with m > m. give

zero contribution.

Finally, also in the second sum the index m is <
kA (n— k) since the appearance of a scalar product implies
that one creation and one annihilation operator have been
eliminated.

Now, we begin to estimate the terms of type II.

Lemma 4 Denote

t/\? t1 tn—1 m
Agri\,)n = )\n/ dtl/ dtg .- / dth |< Stpjg7 Stq]-g >| .
0 0 0 :
7=1

T /N2

11 )\-/ |< Sufr St >| dug (77)
ke{l,n}—{p1,q1,,pm,qm} Sk/X?

withn,k € N, m=0,---,n/2, 8y, -, SkT1, -, Tk, t,\ €

R , fi,--',fe,g € Ky, and for any choice of

Py s Pms Qs 5 Gm € {1,--+-,n} such that the conditions

(71), (72), (13) are fulfilled, then

n—m,.m,n—m
t" "ty

AN <

mmn —

(78)

(n—m)!
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with
o= [ <050 > |du (79)
R
¢y = max / | < fn,Sug > |du (80)
h=1,k Jp

uniformly in A € (0,+00). Moreover

lim AX o =0 (81)

A—0

Proof. With the change of variables v, = wu; — t , the

quantity ALY, becomes

N ) t/>\2 tl tnfl m
A n m/ dtl/ dtQ".\/ dtTZH |< Stpjg’ Stqj'g >| )
0 0 0

J=1

Tk/)\Q—tk
S

ke{Lyren}—{p1,g1, e pmsgm } 7 SR/
hence, with the further change of variable s, = A\, (k =

1,--+,n), one finds:

1 t S1 Sn—
AD) = —— d51/ dsz"'/ dsn | | 1< 95 S(sqy—sp)229 >| -
y )\Qm 0 0 0 H Py /

(T —sk) /N2
11 / |< fi, Su,g > dvy, < (83)
ke{1m}—{p1a1,-pmsgm} ¥ Sk =58/ X2
2 /\Qm / dtl/ dS2 / dSTLH |< 9, S(qufspj)/)‘zg >‘
j=1
Now we do the change of variables
Sq; — Sp; tlh ) Jj=1--m (84>
Sa:ta Q#QJ 7j:27 , M (85>



The right hand side of (4.22) then becomes to:

o 1 t tq;—2 t;l_lftp1 tq, +tp,
Cy >\2_m/0 dtl s /0 dtql—l /_ dtq1 /O dtqﬁ—l s

tPl

tgm—2 t;m—lftpm tgm Ttpm
o dt(]mfl dtQm dtQM+1
0 — 0

th

tgm+1 tn—1 m
/ dtg, 12" / dt, H 1<y, Stqj/)ﬁg >| (86)
0 0 j=1

where

lg;—1 if ¢ —1# ¢
/ . qj ) J J
tqjil B {t‘b’—l + tpj—u if q; — 1= 451 <87>
The further change of variable
te, /N = Ry, (88)

brings the expression (86) to the form:

L t tgy—2 (ty —1—tpy )/ N MRy, +tp,
Cg m_/ dtl e / dtq1,1 / dqu / dtq1+1 cee
0 0 —tp, /A2 0

(89)
tgm —2 (t;m71 ~tpm )/)‘2
. / dty, 1 / dR,,
0 —tpm /A2

A R +tpm tgm+1 tn—1 m
/ dtqm+1/ dtg, 4o+ / dto [ 1< 9 Sk, 9 >|
0 0 0 ’

Jj=1

The crucial remark is that t;jq —tp, < 0. In fact, if

! = tg;—1, i.e. ¢; —1 > g;_ then this is clear, while

g;—1
if tg y =tg , +1tp,,, le. ¢ —1=q;—1 then, p; < g1 —1
and

t:]j—]. - tpj = tijl + tpjfl - tpj < tijlfl - tpj <0 (90)
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Since R, < (tj,_y — t,;)/A> < 0 it follows that 0 <
MRy +t, <t o1~ Hence the expression (84) is majorized

by:

9 tq;—2 ql 17 tpy )/ tgy—1
ch=am / dt, - - / dty, 1 / dR,, dtgs1 -
—tpy /A2 0

tgm —2 (t;m—lftpm)//\2
o / dt(]mfl / dRQm
0 —tpm /A2

tq"L—l tQm+1 tn—1 m
/ dtq +1/ dtqurQ'../ dth ’< guqujg >‘S
0

~ (91)

q1—2 tq1—1
n 2m C / dtl / dtql 1 / dtq1+1
0
Lgm —2 lgm—1 tQm+l n—1
c / dtqul / dtqurl / dtqm+2 / dtn —
0 0 0 0

. Cn 2m Cm . e
2 L —m)!

and this proves (78). Finally, denote
ji=min{a ;ps < qgo — 1}

if q; — 1 > qdj—1, then t:]j—l — tpj = tq]-—l — tpj < 0
almost everywhere; if ¢; — 1 = ¢;_1, then by the definition
of j one has pj_y = ¢j-1 — 1, so p; < ¢j—1 — 1 and

! —tp; Sty -1—tp, <0 almost everywhere. Moreover

q;—1 Pj
since t —< g, S;g > is bounded, the expression
71_751)])//\
H / < 9,5k,,9 >| dR,, (92)
tp /A2

tends to zero, as A — 0, almost everywhere in the variables

tp;s
of (83) tends to zero as A — 0 and this implies (81).

tq,—1, hence by dominated convergence the left hand side
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5 Uniform estimates: the Fock case

Throughout this section, we shall use the notations
introduced at the beginning of Section (4.) and in Lemmas 3
and 4. In particular, expanding the product Vj(t1) - -- V,(t,)
using the notations (63), (64), (65), we obtain

Z i"D,, --- D, - A (S, g)---- - A (S, g) =

e=(c1,en)E{0,1}7

=Y Y iDae Do AN (Sug) e A(S1,9) (93)

k=0 1<j1<<jp<n
where € = (€1, -, €,) is uniquely determined by (j1-- -, ji)
and the sum over (ji,---,7x) € (1,---,n) is extended to all
the ordered subsets of {1,---,n} of cardinality k& (remember
that the indices (j;---,jx) label the creation operators ) .
Now, for each € € {0,1}", let (4o, drn) C (J1, -, k) C

(1,---,n) be as in (69). Since the correspondence between
the ¢ and the (ji,---,Jx) is one-to-one, we can use the
notation

D., ---D., = D ... i) (94)
where (j1,--+,Jx) corresponds to € = (e1,---,€,) in the way

indicated above.

Theorem 5 For eachn € N , u,v € H , fi,fs,9 € Ki and
T, 15,51, € R (S; <1Tj), the limit, for X\ — 0, of the
quantity

Tl//\2 t/)\z t1 th—1
<uBI () / Sufrdu)-®, A" / i, / dty - / i,
0 0 0

S1/22

To/\?

Vy(t) - Vilta) - Vy(t) -0 W(A /S o Sufadu) @ > (95)
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exists and is equal to

kN(n—k)
-
SEDIEDS 2. " < Dyt >
k=0 1<j1 < <jp<n m=0 1<rm < <rm<k
{0,415k} Gry =1, v —1}=0
(96)
/ /O<tn<-~-<th 415ty <tg, 1< <tj p1<ty, <tj 1< <t <t
dty - dt;, adty, dty g dty, adi dt e dty,

H X[SLTI](tj) ’ (fl‘g)kim

je{jlv'”’jk}_{j?j ""’j?“m}
11 X521 () (g1 f2)"F ™ (glg)™
je{L, =Lk ULy =L rm —1}]

<WXs,m @ f1) -V, WiXs, ) ® fo) ¥
where, by definition
0
(glh)- = / < g,Suh > du (97)

the symbol t; means that the variable t; is absent and U is
the vacuum vector of T(L*(R,dt; K)).

Proof. Expanding the product Vj(t;)---V,(¢,) and using
(5), (5), the scalar product (6) becomes

- t/A2 t1 tn—1
Z Z " <, Dy gyv > 'A”/ dt1/ dty - / dt,,
0 0 0

k=0 1<j1 < <jp<n

< WA [g % Sufidu) - ®,A9(Sy,g )-----AE"(Stng)
WA [ Sufadu) -
Now, according to Lemma 3, the expression (98) can be

(98)

split into two pieces
I,(n,\) 4+ 11,(n, \) (99)
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with

n kN(n—k) ’
ILn,\)=Y_ > i"<uDg.;pv> Y >
k=0 1<j1<--<jp<n m=0 " (q1,p1,"*,qgm,Pm)
t/\? t1 tn—1 m
)\n/ dtl/ dtg/ dth < Stpag75tqag > .
0 0 0 o1
(100)
Ty /N2
II )\/ < Sy, f1, 5,9 > duy-
je{i-guy—{q1,am} Si/A2
To /N2
11 A / < 84,9, Su, fo > du;
A T Sa/X32
JG{L“W}—[{J1~~~,Jk}U{p1,-~~,pm}]
Ty /)2 Ta /A
< W()\/ Syufrdu)®, W()\/ Sy fodu)® >
S1/A2 Sa /A2

and

L, A=Y > <u,Djyjyv > (101)

k=0 1<j1<<ji<n

Ty /N2 To /N2
< W()\/ Sy fidu)®, W()\/ Sy fodu)® > -
S1/22 Sa /A2
/A2 t b1 kA(n—Fk)
-)\”/ dtl/ dtz---/ dt, Y >
0 0 0 m=0 1<r < <rm <k

{Oyjl"'vjk}m{j’fl 717"'7ij 71}:@

H < Stjra—lg’ Stjrag >

a=1
Ty /)2
11 A/ < Su; f1, 8,9 > duy-
€l —Lr dem SN
To /N2
11 )\/ < 81,0, S fo > du,
Sa /A2

Je{l =[Gkt — L irm —1})
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Using the notation (77), we obtain, for this piece, the

estimate:

kN(n—k) /

LACPVED DD DD |< w, Dy v > |

k=0 1<j1<-<jp<n  m=0 (qupl,--me,pm)

T1/>\2 T2/>\2

< W(A / S, frdu), W (X / Sufadu)® >|AQ),
S1/A? S52/7

(102)

and the right hand side of (102) tends to zero, as A — 0,
by (81). Hence the limit of the expression (98) (if it exists)
is equal to

}\12% I,(n,\)

And since, by Theorem 4, and in the notation 32, the scalar

product of the collective coherent vectors converges to

< W(X[SITI] ® fl)\Ij7 W(X[S2T2] ® f2)‘1/ >

the problem is reduced to proving that, for each £ =0,---,m

and 1 < j; < --- < jr <n, the limit of the quantity

t/\2 t1 tn1 kA(n—k)
Aa/ dh/ ﬁy~/ dt, Y >
0 0 0 m=0 1<r < <rm<k
{0,131 iy — Ly —1} =0
m Ty /N2
[[<su, 080> I [ <Sufuse>dy
a=1 Jelit it =L vedrm} 2 A
To /)2
11 A/ < 84,9, Su, fo > duy
Sa /A2

jG{L"',n}—[{j1"',jk}U{jr1 _17"'7ij_1}]

(103)
as A — 0 exists and has the expression that one deduces
from (6), (97). To this goal notice that, with the change of
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variables u; —t; = v;, this expression becomes

2.

m=0 1<ri<--<rm<k
{Ozjl'“?jk‘}m{jTl717"'7ij71}:0

t/\? ty tn—1 -
)\2%—27’)@/ dtl / dt2 e / dtn H < Stjra_lg7 St]'Tag >
0 0 0 a=1

(104)

kA(n—k)

T1//\27tj
1T / < S, f1,9 > dvj-
s

Je{grdk}—{dry»sdrm LA

TQ/AQ—tj
H / < g, Su; f2 > dv;
A o , , S2/X2—t;
je{L, = {1k UGy — Lo —1}]

with the further change of variables A\%t; = s; we obtain

> (105)

m=0 1<ri<--<rm<k
{0515k 30 ey =1, dr —1}=0

t S1 Sn—1 m
)\—2m/ dsy / dsy - - /0 ds, H <g, S(Sjra _Sjroﬁl)/vg > -
0 0 a=1

(T1—s5)/\
11 /( < Sy, f1,9 > dvj-

S1—s5)/A?

kA(n—k)

je{]17]k}_{]7‘1 7'“7ij}

(To—s5)/ N
11 / < 9.5y f2 > dvy
So—s;)/\2
je{l,---,n}*[{jr",jk}U{jn*17"':jrm*1}] ( : J)/

(106)

Now, putting
tj’ra = (Sjra - Sjra_l)/Az ’ o = ]" U 7m (107)
t]:SJ ; je{lvan}_{jmu?j?"m} (108>
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we obtain:

kA(n—k)

) (109)

m=0 1<ri<--<rm<k
{Ozjl"'vjk}m{j’f‘l717"'7ij71}:0

t t1 0 )‘th i, —1
/ dty / dty - - / dtjrl <g, Stjrl g > / dtjrl-f-l s
0 0 7tjr1*1/)‘2 0

21 0
) '/ dtj’”m_l/ dt]rm < 97 Sthmg >
0

iy —1/A?

Azthm thjrm,l tn_1
/ dtjrm+1 cee / dtn
0 0

(T1=t7)/3?
I / < Sy, f1,g > dv;-
(

—t. 2
GELG1 it b= oot } ¥ 517X

(Ta—t;)/32

H / < g, Su; fa > dvj;
So—t:)/ A2

JelLm} [ G 0l L 1)) 2

Now, as A — 0,

0
/ dtj,. < 9,5, 9> (glg)- (110)
7t]'7‘a,1/)\2
N2t iy —1 b —1
/ dtj, +1 — / dtj, +1
0 0
(Ta—ta)/N?
/ < Spafarg > dva = X(s.,1.1(t5) (falg) ca=1,2
(Sa—ta)/A?

with (g|g)- given by (97). Since in all cases the convergence
is dominated (due to t < oo and (10)), it follows that, as
A — 0, the expresssion (107) converges to (6) and this ends
the proof.
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Lemma 5 Let fi, fo, g, t, and Dy be fized as in Theorem
5 and let 1,(n,1), be defined by (100) respectively, then

(tv 1)
(n/2)!

uniformly in A > 0, where, ¢ is a constant.

| Zo(n, A) [< [lull - [Jofle” (111)

Proof. The terms of type I,(A) have the form (100)
and therefore they are estimated using (109) which yields
the majorization:

kN(n—k)

LN <Y > >
k=0 1<j1<-<jr<n m=0 1<r < <rm <k
{0,515 +9k 30 {Gry =153 Gir —13=0
(112)
Tl/)\2 T2/)\2
< W()\/ Sufldu)<I>,W(/\/ Sy fodu)® > |
Sl/)\2 52/)\2
t t 0 Nty e -1
/ dtl/ dt / dt;, |< .5, 9> |/ dt;, 41
0 0 —tjp, /N2 0
tj,rm72 0
. / dtjrml/ dtjrm |< g, Sthmg > |
0 -1/ N2

AQtjrm Ftp, 1 trn—1
0 0

(Ti—t;)/X?
11 / 1< Sy, f1,9 > |dv;-
(

GEU k)~ Lry i} T G170V
(T2—t;) /N
11 / |< g, S0, fo > |dv;
JElLm =[G} 0y — L3]I
Now, since t;, € (—x5tj,.-1,0) , it follows that \*; +
tj.—1 < t;_ —1 and therefore , since n —m > n/2, the
expression (112) is dominated by

lull - [l 1 DI"n22°) (glg) "™ | (Flo) ™™ (gl )"~
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// A A dty - dij, ---dij, - dt,
0<ty—1 <<y, <<ty <<t <t

T (113)

(tv 1)
(n/2)!

tv 1"
<llll o max YD o

0<m<n/2 (n _ m)' = ||U|| . ||U||C7l

and this proves the Lemma.

Lemma 6 There exists a constant C, such that for each

n € N.
(tvi)"

([3n])!

I1,(n,\)] < C™ (114)

Proof From (102) we have that for each n € N,

kN (n—k)

ey Y Y Y aal ()

k=0 1<j1<-jix<n m=o0  (p1,q1,"*,Pm,qm)

where, c3 is a constant satisfying:
DI - LV [ull - f[v]]) < es

and where Z/(phqhm?pm,qm) has been defined by (71), (72),
(73).  From this definition, one easily verifies that the

following identity holds:

/

2. = 2 2. X

O T L e e I LA e
dhsh=1“VJhSph=1 |{ph}hm:1|:m

(116)
where , denoting S,, the permutation group on {1,---,m}

and

Sq/—n:{O'GSm, po'(h)<Qh, h:]_”m}

42



Now , fix k=0,1,---,n, 1 < 1 < -+ < jp < n, and let
m < %n, then, from (78) it follows that with c¢;,cy given by
(79) , (80), one has:

[1Ty(n, A)|<

2 n n. k n—k 1$n—m Crincgim
ot ()ers max (0 (") e Sy
m!

. o ooy, (EV 1)
<c(tv1)"2m.-n4 e (= m)! SCs([g]ﬂw

If m > zn, then, for each fixed ¢ < -+ < gn, and p1,--+, P

(117)

as in (116), after the change of variables A\?t; = s; in the

expression (77) for Aﬁi}n, we are led to estimate the quantity:

t t1 tn—1 m
\"2m Z / dt1/ dtsy - - / dty, H‘< 9 S(tqh_tpa(h>)/’\2
o o h=1

oes!, v 0
(118)
For this goal, notice that, for each p € {1,--- n}—
{pn,qn}y, the expression (118) is equal to:

t t1 tp—2 tp—1 tp
\—2m Z / dt1/ dtg---/ dtp_l/ dtp/ dtpir--

o€eS),

H|< g,S(tqh_tpU(h))/)g g > | (119)
h=1

where, the variable t, does not appear in the interand.
Since, for any such p, t, <t,_1 <t, it follws that (118) is

majorized by:

g >

tn—1
[

t t1 tp—2 tp—1 tn—1
A2y Z/ dtl/ dtz---/ dtp_l/ dtp+1---/ dt,,

oS,

III< 95 S(tay—ty )22 9> | (120)
h=1
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Repeating this estimate for each p € {1,---,n} —{pn, @ }}"1,

we obtain that the expression (118) is majorized by:

t t1 tom—1
AT2mgnam N / dt, / dto - - - / dtor,

o€eS),

III< 95 Sttay—ty, )22 9> | (121)
h=1

Here, 1 < q; < -+ < ¢ = 2m, and p,n) < g, for each
h=1,---,m. Now , for each 0 € S/, put

N ) Ghs lfj:2h7h:177m
EU(J)_{pg(h), if j=2h—1,h=1,---.m (122)
Then, ¢, is a map from {1,---,2m} onto the set

{q1, " Gm,D1, s} and &,(2) < -+ < £,(2m); €,(2h —
1) < &,(2h); h = 1,---,m. Moreover , it is clear that if
o # o, then |, e, # e,. ldentifying the set {q1, -, ¢m,
1, Pt With {1,--+ 2m}, € can be seen as a permutation

on {1,---,2m} and the expression (121) can be written as:

75n—2m Z

€E€Sam e(2)< - <e(2m)
e(2h—1)<e(2h),h=1---,m,

t t1 tom—1 m
)\2771/ dtl / dtQ e / dtQm H|< g, S(ti(gh)fta(ghfl))/)\z g > |
o o o he1

(123)
To estimate the expression (123), we adapt to our needs an
argument due to Pulé ([28], Lemma (3)). Denote PS . the

set of all permutations o of {1,---,2m} satisfying
oc2)<od)<---<a@2m) ; o(2h—1)<o(2h), h=1,---.m
for t > 0 and natural integer k, let

St(k):{a::(xl,---xk) eRF : t>u>--- > x> 0}
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finally, let PS5 act on R*™ by

U(tlu e tQm) = (ta'(l)7 e 7t0'(2m))

With these notations, if f : R™ — R, is a symmetric

function, then

Z \-2m /S o £ T (2h) —A 2%(2h—1>)d7
o€PS,,
=D pepg AT J, (S2m) S ds =
— )\ me Po 08(2m)) f(Szh—)\SZQh—l)dS
(124)
because the O'(St(zm)) are disjoint for different 0. Now notice
that, if o € PS,, and 7 € 8™, then

To(2h—1) — To(2h Sop—1 — S
a(2h—1) o(2h) _ 92h—1 2h:: she€R. , h=1,--,m

22 22
(125)
(To@)s To@)s s Toomy) = (82,845 82m) =1 (Y1, 1Y) € S
(126)

and therefore , under the change of variables (125), (126),
the set UUG'PQOmO'(St(2m)) is transformed into a subset of
8™ x R’? so that the right hand side of (124) is less than

or equal to:
tm
Lo [ f@ar=o | RICE
s RY

Applying this argument to the function

=11I< 959>

=1
we obtain that the expression (123) is majorized by:

tn—m
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Putting together (123) and (127), we get eventually:

n k/\(n—k)/\%n kA(n—k) /
TLmMI<Y . D> (), + )
k=0 1<j1<--jg<n m=o m:k/\(n—k)/\%n (P1,91,+sPmqm)

n—1 m
n Qm)\ 2m/ dtl/ dtQ / dtn H|< g,S(tqh_tph)/)\Q g > ’
h=1

< cE(tvI1)?

i + cg(tV 1)"([%n])'

<Cn (128)

([3n)!
Where, C is an easily estimated constant.
We sum up our conclusions in the following:

Theorem 6 For every u,v € H, , S1,11,5,T, ¢ R (5; <
T;) , fi,fo € K and for every T € Ry the limit

Ty /N2 To /)2
/l\m%) < u®®(>\/ Sy fidu), t/vv ®<I>()\/ Sufadu) >
- S1/22 S /A2

(129)

exists and is equal to

kN(n—k)
> Y X 2 <t Dy >
n=01<j1<--<jpy<n m=o 1<r;<---<rm<k

{0,313 H Ly — Loty —1}=0
/ /0<tn< Sty 41 S, Sty 1 <oty 1 <hy <t 1<t

dtl o dtjrlfldtjrl dtjr1+1 R dtjrmfldtjrm dtherl <o dtn
H X[S1,T1](ta) : (fl | g)k—m

ae{jlv'“vjk}_{j’rl 7"'7ij}
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H Xi8s,13) (ta) - (g | fQ)n*k*m

ae{li"'vn}_({jl7""jk}U{jT‘1_11"'7jT7n_1})
< W(xis1,m) @ f1), UX(s,,m) @ f1) > (9 | 9)™ (130)
where, (g|h)_ is defined by (97).

Proof. Expanding U, t(//\)?

a series which is absolutely and uniformly covergent in the
pair (A, t) € Ry x [0,T] for any T < +o0.

, with the iterative series one obtains

Ty /)2 To /)2

<u® <I>()\/ Sufrdu), Ut(/)‘/\)w : ®<I>()\/ Sufodu) >
S1/A2 Sa /A2
Tl//\2 TQ/)\2
=<u,v>-< <I>()\/ Sufldu),Q)()\/ Sufodu) > +
Sl/)\Q Sz/)\2
00 t/)\2 t1 tp—1
+3 (=i / dtl/ dtg---/ dt,
] 0 0 0
T1 /A2 Ty A2
< u@d(\ / S Frdir), Vi (£2)-- - Vi (b )o@ D(A / Su fodits) >
S1 /A2 Sa /A2
(131)
expanding the product Vi(t;)-----V,(t,) as in (4.6) and
using Lemma 3, the series (131) becomes to
S T3+ S N (132)

with I,(n,A), 11,(n,A) defined respectively by (101) and
(100). By Lemma 4 each term [I[,(n,\) tends to zero as
A — 0 and by Lemma 6, the series >~ (—i)" II,(n,\)
is absolutely convergent, uniformly in A and uniformly for

t,S1,599,11,T5 in a bounded set. Hence

o0

lim 3 (=) Ty, 1) = 0
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The estimate of Lemma 5 shows that the series (131) is
absolutely and uniformly convergent for A, t,Sy, So,T1,Ts as
above. Therefore the statement immediately follows from
Theorem 5.

48



6 The
stochastic differential equation in
the Fock case

Our goal in this section is to prove Theorem (II.) of Section
(2.), that is: @ =1, then for each u,v € H,, fi, fa,9 € Kj,
Sl,SQ,Tl,TQ R (S] < T'J) the limit

Ty /A2 Ty /N2
lim < u®¢)()\/ Sufldu),Ut(/’\/\)Qv®<I>()\/ Sy fodu) >
A—=0 S1/22 Sy /A2
(133)

exists and is equal to
<u® qj(X[Sl,Tﬂ ® fl)? U ® \IJ(X[Sz,Tz} ® f2) > (134>

where the scalar product is meant in the space H, ®
(L*(R,dt; K)) and U is the solution of the quantum

stochastic differential equation

dU; = [DRdA} (t)-D*@dAy(t)—(glg) D Deldt]-U;  ; U, =1
(135)
in the sense of [39].

Notice that, by Theorem 6, the limit (7) exists.
We shall first prove that the limit (7) has the form
<u,G(t) > (136)

where t — G(t) € H, is a ae. - weakly differentiable

function . We then write the expression (8) in the form

<u, F(t) > (137)
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and we show that the functions ¢t — F(t),G(t) € H, satisfy
the same integral equation in H,. The equality F(t) = G(¢)
will then follow from the existence and uniqueness theorem

for this integral equation in H,.

Lemma 7 There exists a a.e. - weakly differentiable map
t— G(t) e K

such that for all u,v, fi, fo € K, and for all Sy,Ty, S, Ty one
has

Ty /N2 To/\?

Sy frdu), U Rav@® (A / Sy frdu) >=

lim < u@®(\ /
A—0 Sy /A2

51/)\2

=< u,G(t) > (138)

Proof. The limit in the expression (7) exists, is sesquilinear
in u,v and is dominated by || u || - || v ||. Hence there exists
a contraction V; = Vi(f1, f2,S1,59,T1,Ts) : H, — H, such
that the limit of the left hand side of (6.6) is equal to

<u,Viv >

Denoting G(t) = Viu, one obtains (10). The weak
differentiability of t — G(¢) for t € R\{S1,T1, S2, T} follows
from Lemma 5, Lemma 6 and Theorem 6.
In order to obtain adifferential equation for G(t), first notice
that, for fixed A, one has:

To /N

d Tl/)\2
- <u®(1>()\/ sufldu),Ut(};u@@(A/ S, frdu) >=
dt Sl/)\2 Sg/)\2

(139)
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Ty /22

:<u®<1>(/\/ Sufldu),—%-

S1/A2
\ To /N2
.[—D@A(St/)\gg)Jr_i_DJr@A(St/)\zg)].Ut(/)?QU@(I)()\/ ) Sufrdu) >
Sa/X
Now we introduce the notations:
1 Ty /22
I,\:—-<u®(I>()\/ Sy fidu)
A S1/22
To /N2
(D ® A(Seg)) - Uhw © 92 / Sufidu) > (140)
Sy /A2
1 Ty /)2
[I)\:——' <'U,®q)<)\/ Sufldu)
)\ Sl/>\2

TQ/)\Z
(D+ ® A(St/)\zg)) . Ut(/)}év ® (I)()\/ Sufldu) > (141)
Sa /A2

and we study separately the limits of the quantities Iy, 11
as A — 0.

Lemma 8

lim I = x5, 1) (D)(filg) < D7u, G(8) > ae.  (142)

Proof. Using (140) we can define G,(t) by

1 Ty /N2
S

1/A2
(143)

and, with the substitution u —¢/A\* = v, the right hand side
of (143) becomes
(T1—1)/N?

< DYu, Gy(t) > / < Syfidv,g > (144)
(S1—t)/A?
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which converges a.e., as A\ — 0, to

< D+u7 G(t) > X[Sl,Tﬂ(t)<f1’g> =< u, DG(t> > X[S1,T1]<t)(fl‘g)
(145)

since D is a bounded operator. Now we write the term 11,

as follows:
T1 /2
11, —<u®(1>(/\/ Sy fidu)
S1/A2
L » B
(~SHD OV (104G ) 000 [ i) > +
Sa /A
Ty /)2
+ < u®<I>()\/ Sy fidu)
S1/x2

1 To /)2
(—X)-(D+®1)-[<1®A(st/vg)),Uf};}-vmu / / S, frdu) >=
So /A2

= I1y(a) + IT5(b) (146)

One easily sees, exactly as in the proof of Lemma 8, that

lim I1y(a) = =X(5, 1) (D)(9lf2) < w, DTG(t) > ae. (147)

In order to evaluate the limit of I7,(b), we need the following

remark:

Lemma 9 Let FF € L'(R) and let for each A € Ry , Gy :

R — C be a continuous function such that

sup  |GA(t)|LC (148)

M)ERL xR
( +

for some constant C < +o0 and
lim Gy (t + A°r) = G,(t) (149)
A—0
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uniformly for r in each bounded subset of R. Then

1t s—1 0
lim — /O AsF(*51)Gr(5) = Gol) /_ F(s)ds  (150)
Proof. The left hand side of (150) is equal to:
0
lim F(r)Gx(\°r + t)dr (151)

A—=0 )t
A2

and the statement follows by dominated convergence.

Lemma 10 In the above notations, one has:

lim I1y(b) = —(glg)_- < u, D" DG(t) > (152)

A—o

Proof. We consider the expression

1 Ty /N2
IL(0) = (). < Du®<I>()\/ S, fudu)
A S1/A2
\ To /N2
(18 A(Syne9), U] v @ B2 /S o Sebidn) > (159

and we split the proof in two steps: first we show that

o9 t/\2 t1 tn—1
: S F n—1/_ ~\n—1 . .
lim I1,(b) = — lim ;A (—i) /O dt, /0 dt, /0 dt,,

Ty /A2
- < S, Sng > <u® (IJ()\/ Sy frdu)
S1/22
11 /N2
(D+D®1)-Vg(t2)-----Vg(tn)-v®¢()\/ S, fdu) > (154)
S1/22

and then, noticing that the right hand side of (154) has the

form .
1
ﬁ' dS<St/>\2g,SS/>\2g>'
0
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Ty /A2 Ty /A2

Syfidu), U S/v U®CI>()\/ Sufidu) >

< D+Du®(1>()\/
1/
(155)

51 /A2
and applying Lemma 9 with

Ga(s) =< D*Du@® (A [3/% Sufidu). U v @ @
A SO0 S, frdu) >

e (156)
G,(s) =< D" Du,G(t) > (157)
F(s) =<g,Ss9 > (158)

we find that the limit (155) is equal to

0
— < D"Du,G(t) > / < g,59:9 > ds (159)

which is the right hand side of (152). To prove (154) we

expand Uy y2 in series. Then, using the identity

[1 ®A(Stg>7‘/g<t])] =< Stg7 Stjg > D & 1

we obtain
t/\?
IT,(b ZA” Y / dt, / dty - - / dt,,-
Ty /)2
Z < Six29,Si,9 > - < Du® <I>(>\/ S, frdu)
= S1/X2

(Vo(tr) - -+ Voltj—1) - (D@ 1) - Vy(tjgn) - - - Vglta)

To /N2
& <I>()\/ Sy fodu) > (160)
Sa /A2

As A — 0, the term with 7 = 1 in the right hand side of
(160) is simply the right hand side of (154). Therefore our

thesis is equivalent to show that

t/A2
lim /\” 1 / / dity - - / dt,
)\—>0
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Ty /A2

Z < St/)\Zg, St].g > - <Du® q)()\/ Sufldu)

]:2 Sl/>\2

(Vo(ta) - -+ Vo(tj—1) - (D@ 1) - Vy(tjpn) - - - Vylta)

Ty /N2
VR (ID()\/ Sy fodu) >=0 (161)
Sa /A2

and the proof of this relation is exactly the same as the
proof of the relation (81) in Lemma 4.
Summing up, we have shown that the limit (138) is a.e.
differentiable and that

t

d
<u,G(t) >=lim < u,G)\(t) >=< u,G(0) > +lim [ — <u,G\(s) >ds

A—0 Ao [, ds
t

=< u,G(0) > —I—}\im (In+I1))ds (162)
—o J,

where I, and I, are bounded for (\,s) € Ry x Ry. So, by
(142), (147), (152) and dominated convergence, one obtains

<, G(t) >=< u, G(0) > + / (s () (ulg) < D u, G(s) > —

s, (9)(glf2) < w, D¥G(s) > —(glg) < u, D*DG(s) >)ds
(163)

But, it is clear that, if U; is the unique solution of (9) and

we define F'(t) by (137), then the function t —< u, F'(t) >

satisfies the equations (163) with F' substituted everywhere

for G and F(0) = G(0). From this we conclude that , for

each t,

<u, F(t) >=<u,G(t) >

and this proves the identity of (7) and (8).
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7 Examples and applications.

It is instructive to calculate how the scalar product (11)
looks like under some particular assumptions on the “one—
particle free evolution” Sy and on the covariance operator
. We assume that this evolution has positive energy with
absolutely continuous spectral measure, i.e.

S0 — / " et (W) (164)

0
< f,dE(w)g >= Jy4(w)dw (165)

Furthermore we assume that () has the form

Q- /0 T y@)dEw) (166)

with ¢ : [0,+00) — [1,+00) a continuous function. For
example if, in the notations of Section (2.), we choose
H, =IL? (Rd) with d > 3 and

S? = e "8 A — the Laplacian (167)

q(w) = coth (fw/2) (168)

then the sub-space K in (10) can be taken to consist
of those functions f in D(Q) such that f and Qf are
L? (RY) N L' (RY) Defining, as in Section (2.), for some
fixed w, € R

S, = el (169)

we obtain

Lemma 11 For all f,g € K, the Radon—Nikodym derivative

Jig(+) is a continuous function, vanishing at 0 and at +oo.
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Moreover the expression

(f9)q = /R < £.5:Qg > dt = 2mq(w0) Jpglwn)  (170)

defines a (usually degenerate) positive sesquilinear form on

K.

Proof. For f,g € K the integral

(flo)a(wo) = [ < f.SQg > dt =
= Jpe " < f.57Qg > dt

is a continuous function of wy vanishing at infinity by the

Riemann-Lebesgue Lemma. Moreover

(f19)a(wo) = /R at / T O (0) T4 (A)dA

= 2mq(wo)J ¢4 (wo) (171)

Hence Jy,(-) is a continuous function. Since it vanishes on

the negative half line, by continuity it will vanish at wy = 0.

If Sp and @ are as in (167), (168), then J;, can be

computed explicitly and one finds

a—2

Tralon) =si® [ F (/o) §(yam) o (172

where S@1) C RY is the unite sphere and doy_q the
normalized measure on it and where _]? is the normalized
Fourier transform of f expressed in polar coordinates in
momentum space. Denoting L> (S(d’l)) the space of square
integrable complex valued functions on S@ Y with the

natural scalar product and considering the map
fel*nL' (RY) — fu, = f (Vws, ) € L* (S1Y)
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from (171) and (172) we obtain

(f19)e = (Fl9)alw0) = 27q(w0)0 T < fou, Gy >12(st0-)
Now we use this result to make more explicit the meaning
of the scalar coefficient (g|g) entering in the stochastic
differential equation (40). Even though Theorem (II.) is
formulated only in the Fock case (@ = 1), we deal here
with a general (). In this case the stochastic differential
equation, (40) becomes (cf. [5])

U, = {D @ dA¥ (1) — D* @ dA,(t)—
—(9l9)5, D*D ® 1dt + (glg)5_DD* ® 1dt}Ut
(173)
with .
_ Q+1
(919)g. = / <[, S (T> g > dt (174)
In this case the Ito table for dAZF(t) is

dAy(t) - dAS(t) = 2R(glg)g, dt
dAF(t) - dAy(t) = 2R(glg)q_dt

therefore, separating the real and the imaginary part in
the scalar factors (g|g)y, amounts to separating the Ito

correction term from a purely Hamiltonian term of the form
(%(glg)§+D+D ®1+S(glg)g DD & 1) dt

This is an operator generalization of the scalar Lamb shift.
In order to see what the scalar terms (174) look like under

the assumptions (167) and (168), we use the identity:

0 ) 1
/ e™dt = m6(w) — iP—
w

—00
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where 73% denotes the principal part distribution, to obtain

olog. = [t [ dseremon (L) 5 )

= S (afen) £ Do)~ P [ ADEL

R 2(w—wo) "
This gives the expression of the pumping rates and intensity
of the energy shift in terms of the original Hamiltonian

model.
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