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Abstract. We introduce a new renormalization for the powers of the
Dirac delta function. We show that this new renormalization leads to a sec-
ond quantized version of the Virasoro sector w., of the extended conformal
algebra with infinite symmetries W, of Conformal Field Theory ( [5]-[8],
[12], [14], [15]). In particular we construct a white noise (boson) represen-
tation of the w,, generators and commutation relations and of their second
quantization.

1 Introduction

Classical (i.e It6 [11]) and quantum (i.e Hudson-Parthasarathy [13]) stochas-
tic calculi were unified by Accardi, Lu and Volovich in [4] in the frame-
work of Hida’s white noise theory by expressing the fundamental noise pro-
cesses in terms of the Hida white noise functionals b, and b defined as fol-
lows: Let Lgym(R”) denote the space of square integrable functions on R"
which are symmetric under permutation of their arguments and let F :=
D, L2, (R") where if ¢ := {9} € F, then ™ € C,v™ € L2 (R")

sym sym
and

[ = |w<°>\2+2/ W™ (s1,. .., 50)2ds0 . . . ds,
n=1 "

The subspace of vectors 1 = {1} € F with v = 0 for all but
finitely many n will be denoted by Dy. Denote by S C L*(R™) the Schwartz
space of smooth functions decreasing at infinity faster than any polynomial
and let D be the set of all ¢ € F such that v™ € S and Y °°  n ™[ < 0o,
For each t € R define the linear operator b; : D — F by

(bﬂ/))(n)(sla ceySp) =V + lw("ﬂ)(t, S1y.+58n)

and the operator valued distribution bi by

R .
D)™ (sy,.. ., 8,) = NG > 6t —s)p " (s1, 0 80 s0)
=1

where ¢ is the Dirac delta function and ~ denotes omission of the corre-
sponding variable. The white noise functionals satisfy the Boson commuta-
tion relations



[be, b1] = 4(t — s)

[b;fra bl] = [bta bs] =0
and the duality relation

(bS)* = bl

Letting H be a test function space we define for f € H and n,k €
{0,1,2, ...} the sesquilinear form on D,

BI(f) = / £ b b dt

i.e for ¢, ¥ in Dy and n, k > 0

<w,Bz’Z(f)<b>=/Rf(t) <bp o, bf ¢ > di

with involution

(BE(f))" = Bi(f)
and with

Bof) = [ o(t) ft)dt =< 9.1 >
R

The Fock representation is characterized by the existence of a unit vector @,
called the Fock vacuum vector, cyclic for the operators B¥(f) and satisfying:

B)®=B'¢é=0 ; VE>0;Vh>0 (1)

It is not difficult to prove that, if the Fock representation exists, it is
uniquely characterized by the two above mentioned properties.

In [1] it was proved that for all ¢,s € R, and n, k, N, K > 0, one has:
1", b1 ] =

s

(2)



evoeno Y KLNW " bi" pEL K gL (¢ — )

L>1

—exoeno Y KLn® B BT B b 61t — )
L>1

where
€ng i =1—0pk
Onr 1s Kronecker’s delta and the decreasing factorial powers @) are de-
fined by
W i=x(z—-1)---(z—y+1)
with 2(® = 1. In order to consider higher powers of b, and bI, the renor-
malization
oty =c71o(t), 1=2,3,--- (3)

where ¢ > 0 is an arbitrary constant, was introduced in [4]. Then (2)
becomes

1] = (4)

s

b bF, b

eroeno O KLNE L=yl piNE Ly 5 — )
>1

—€K 0€n,0 Z KLn® L1 blN bzn_L pE-L bf ot —s)

L>1

Multiplying both sides of (4) by test functions f(¢)g(s) and formally in-
tegrating the resulting identity (i.e. taking [ [ ... dsdt), we obtain the fol-
lowing commutation relations for the renormalized higher powers of white
noise (RHPWN)

(B (9), B (f)] ()
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KAn kAN

= > bo(K,n) BRGZE(9f) = ) bulk, N) BRE 1 (9f)

L=1 L=1

(KAR)V(kAN)
= OL(N, K;n, k)" B 1 (gf)
=1
where
be(y, 2) = €0 €20 Yx 2(@) pr1 (6)

and for n,k, N, K € {0,1,2,...}

OL(N,K;n, k) == exgenn KL — e geno kL N (7)
with
(KAn)V(kAN)
>, =0
L=1

if (K An)V (kAN)=0.In what follows we will use the notation

By = By (x1) (8)

whenever I C R with u(I) < 400 is fixed. Moreover, to simplify the
notations, we will use the same symbol for the generators of the RHPWN
algebra and for their images in a given representation. As above, we denote
by @ the Fock vacuum vector with b; ® = 0 and (&, ®) = 1. It was proved
in [1] that, with commutation relations (5), the B} do not admit a common
Fock space representation. The main counter-example is that if a common
Fock representation of the B} existed, one should be able to define inner
products of the form

< (aBg"(xr) + b (By (x1))*)®, (a Bg" (x1) + b (Bg (x1))*) @ >

where a,b € R and [ is an arbitrary interval of finite measure (7).
Using the notation < & >=< &, ® > this amounts to the positive semi-
definiteness of the quadratic form



a* < By, (x1) By"(x1) > +2ab < By, (x1)(By (x1))* >

+ 0% < (By(x)* (By(x1)* >

or equivalently of the (2 x 2) matrix

a- | <BROw B Oa) > < By, () (Bi () >
<BY00) (B0 > < (BYu)? (B (x)? >

Using the commutation relations (5) we find that
(2n)le* " p(I) (2n)le* (1)

@)l =2pu(I) - 2(nl)?c2pu(1)? + ((20)! = 2(n))?) > u(1)

The matrix A is symmetric, so it is positive semi-definite only if its minors
are non-negative. The minor determinants of A are

A:

dy = (2n)le u(l) >0

and
dy = 26D (12 (n)2(2n) (e (1) — 1) > 0 & p(I) > 1

Thus the interval I cannot be arbitrarily small. The counter-example was
extended in [2] to the ¢-deformed case

bbl —qbl b, = 6(t — s)

A stronger no-go theorem, which establishes the impossibility of a Fock
representation of any Lie algebra containing Bj for any n > 3 and satisfying
commutation relations (5), can be proved using the following results.

Lemma 1 Letn > 3 and define
Cl(”) = [BgaBg]

and for k > 2
Cr(n) := [BY, Cr_1(n)]



Then
C3(n) = B(n) By, + N(n)
where, in the notation (6), B(n) € R — {0} is given by

n—1 n—L;

= Z Z br,(n,n)br,(n,n — Ly) by (1,41, (2,0

Li=1 Ly=1
and N(n) is a sum of operators given by

n—1 n—L; n—(Li1+L2)

N(n) = Z br,(n,n)br,(n,n

Li=1 Lo=1 Lz=1

n—(L1+Lo+L
xbr,(n,n — (L + LQ))B%}(51+52+52)

with adjoint

N(n)* = Z br,(n,n)br,(n,n

Li+Lo+L
X bry(n,n — (L1 + Lo))B," (L(lfigﬂs)g)

(9)

— (L1 + L2)) (10)

— L) (11)

— Ly) (12)

where the triple summations in (11) and (12) are over all Ly, Lo, Ly such

that L1 —|—L2—|—L3 # n.

Proof 1 The commutation relations (5) imply that:

Li=1
and
Cy(n) = Z buy(n,n) By, By 1]
Li=1
n n—L;
n—(L1+L
= Z Z bL1<nvn) bLz(n7n - Ll)Ban((Llj_Jrzi)
Li=1 Lo=1



n—

Ly
b, (n,n) br,(n,m — Ly) By, (1 FE2)

n—1
Li=1 Ly=1
since [BY, B~ fll] =0 for Ly = n, and finally

C5(n) = [B,, Cx(n)]

n—1 n—L1
- bL1 (n’ n) bLz (nv n-— Ll) [327 B;n_—((Lll/j_fz;)]

L1=1 Lo=1
= Z br, (n, n) br, (nv n-— Ll)

n—(L1+Lo+L
XbLB (n7 n— (Ll + LQ)) B3n—((£1+L22+23,)

from which (20) follows by splitting the above triple sum into the parts
L1+L2+L3:n (mdL1+L2+L37én.

Remark 1
Notice that 3n — (L; + Ly + L3) is at least equal to 2n and

Z br,(n,n)br,(n,n — L)

3n—(Li+L2+L
xbp,(n,n — (L + Lz))Bn_(élfLﬂg;)@ -0

due to (1) and n — (Ly + Lo + L3) # 0.

Remark 2



For n = 2 the previous lemma is not valid since
Ci(2) =2B) + 4By, C5(2) =8B), C3(2)=0= p(2)=0

Therefore, what follows is not in contradiction with the well established
Fock representation of the square of white noise operators B3, BY and Bj
proved in [4].

Corollary 1 Let n > 3 and suppose that an operator x-Lie sub algebra L of
the RHPWN algebra contains Bf. Then L will also contain

a (B(n)Bi" + N(n)*) +b(Bg)?
for alla,b € R, where f(n) and N(n)* are as in (10) and (12) respectively.

Proof 2 Since L is an operator algebra containing By, it will also contain
(By)? and b (BR)?. By the x-property L will also contain BY and since L is a

Lie algebra, by lemma 1 , it will contain B(n) BY,+N(n) and a (B(n) BY, + N(n)).
Again by the x-property, £ will contain a (8(n) B3" + N(n)*) and, since L

is a vector space, it will also contain a (8(n) B3 + N(n)*) + b (By)?.

Theorem 1 Let n > 3 and suppose that an operator x-Lie sub algebra L
of the RHPWN algebra contains Bj. Then L does not admit a Fock space
representation.

Proof 3 By Corollary 1, £ will also contain a (B(n) B" + N(n)*)+b (By)?,
for all a,b € R, where 5(n), N(n)* are as in (10) and (12) respectively. As
in the previously discussed counter-example, it follows that the Fock-vacuum
norm

I'(a (B(n) BE" + N(n)*) +b(Bp)*) || = || (a B5" + b(B5)*) @
cannot be nonnegative for arbitrarily small I C R.

In the remaining sections of this paper we provide a new renormalization
prescription for the powers of the delta function which bypasses the no-go
theorems proved so far and which leads to an unexpected connection with the
Virasoro algebra and the w,, and W, algebras of Conformal Field Theory
(cf. [12]).
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2 A new look at the counter-example of the
previous section

In this section we generalize (3) to

St —s) =" 1 (s)d(t—s), 1=2,- (13)

and we look for conditions on ¢(s), and an appropriate set of test func-
tions, that eliminate the difficulties posed by the counter-example of Section
1. The white noise commutation relations (2) now become

BRI (14)

s

€k,0€N,0 Z kLN bln blNiL bfiL bﬁ( ¢L71(3) o(t —s)

L>1

—excoeno K Ln® b 0" BEE b 6P (s) 6(t — )

L>1

from which, by multiplying both sides by f(t)g(s) and integrating the
resulting identity we obtain

[BX(9), B (f)] = (15)
KAn A EAN .
> b(K,n) BRI (g fo ) = > bk, N) BRI T (g f 67
L=1 L=1
(KAR)V(EAN)
= Y 0N Kink)BNITEg f ot
L=1

where

l;x(y7 Z) = 6y,O 62,0 yr Z(x)

n,k, N,K € {0,1,2,...}, and 0,(N, K;n, k) is as in (7). Turning to the
counter-example of Section 1, for an interval I C R, introducing the notation

11



I, = / o"(s)ds, n=0,1,2,---
I
and using commutation relations (15) we have for n > 1

By, (xr) B3 (x1) ® = [By,(x1), B3 (x1)] @

2n
= " onL(2n) ") B TE (6" xp) @
L=1

= 2n2n(2n)® BY(¢*" 1 x1) ® = (2n)! /I ¢*" 1 (s) ds @
and so

< BY (x1) B2"(x1) >= (2n)! /1 ¢*" () ds = (2n)! I,
Similarly,

By, (x1) (B (x1))?® =
(By(xr) B3, (x1) + [Bon(x1), By (x1)]) By (xr) ®
= B{ (x1) By, (x1) Bi (x1) @ + [B, (x1), B (x1)] By (x1) ®

= By (x1) B3, (x1): By (x1)] ® + [B3, (x1), B (x1)] By (x1) ®

n

= By(x) Y bu(2n,m) By (6" xa) @

L=1

n

+> bi(2n,n) By (6% xa) By (xr) @

L=1

12



n

=0+ br(2n,n) [By, " (6" x1), By (x1)] @

L=1

Z Z 2n n bL2 Ll, )BQTL géiii;;(¢Ll+L2_2 XI)(I)

= En(Qn, n) l;n(n, n) BY(¢*" % x;) ® = (2n)! / ¢*"%(s) ds
I

which implies that

< BY (1) (Bi (1)) >= (2n)! / 5 2(s) ds = (20)! Ipn_s
I
We also have

By (x1) (Bg (x1))* ® =
(B5 (x1) Ba(x) + [By(x1), By (x1)]) Bg(xr) @
= Bg (x1) By (xr) By (x1) ® + [B,(x1), By (x1)] By (x1) ®
= By (x1) (B (xr) Ba(xr) + [Ba(xr), By (x1)]) ®+[B,(xr), By (x1)] By (xr) ®

= By (x1) [Bn(x1), By (x1)] @ + [By(x1), B (x1)] By (x1) @

= By(x1) Y bu(n,n) By F(¢" " xi) @4 bi(n,n) By_f(¢" " xi) By (xi) @

L=1 L=1

= By (xr) ZA)n(”, n) BY(¢" " x1) @

13



+3 " br(n.n) (By(xr) Bif (6" xr) + [BLZf (6" x1), By (x1)]) @

— b,(n.n) / 6" (3) ds B (x1) @ + by (n, m) B (xr) B x1) @

n n—D>Ly

+ Z Z Z;Ll (n, n) BLQ (n — Ly, n) Bii?éfizé‘;)<¢L1+Lz—2 XI) P
Li=1 Lo=1
n—1
= 2b,(n,n) / ¢" " (s)ds By (x1) @+ _ br(n,n) bu_r(n—L,n) By (¢" > x1) ®
1 L=1

— 2(nl) / " (5)ds BY (1) ® + ((20)™ — 2 (D)) By(6" 2 1) @
Thus

(Bn(x1)* (Bg(x1))* @ =
2 (n!) L1 (s) BS(x1) By (x1) @ + ((2n)™ — 2 (n!)) B(xr) By (6" x1) @

= 2(n!) L1 [By(x1), By (xn)] @ + ((20)™ = 2(nl)) [By (x1), By (6" xr)] @

=2(n!)* (Lim1)* @+ (20)™ = 2(n)) Y bp(n,n) Bz (6" y) @

=2(n!)? (I,-1)*® + ((2n)™ — 2(n))) bu(n,n) BY(¢*" 3 x1) @

=2(nN? (I,_1)* @ + ((271)(”) —2(n!)) (n!) Lop_3®

14



=2(n!)? (In-1)? @+ ((2n)! — 2 (n!)?) L3 @
and so
< (B20a))? (By(x1)? >= 2 ()2 (Lo-1)? + ((20)! = 2 (n1)?) Tons
Thus the matrix A of the counter-example of Section 1 has the form

< B, (x1) B§" (x1) > < By, (x1) (Bg(x1))* >

A= < B0 (B > < (B0 (By(x1)® >

. (Qn)' I2n71 (271)' IQR,Q
- (271)' ]2n_2 2 (n‘)2 ([n—1)2 + ((2n)' -2 (n‘)z) Ign_3
with minor determinants
d1 = (2n)' Ignfl
which will be > 0 if
Iyy—1 >0 (16)
for all n and I C R, and
dg = (271)' (2 (n')2 Ign_l (In_1)2

+ ((2n)! = 2(n)?) Ipp_y Inn_s — (2n)! (I3p_2)?)
which will be > 0 if
2 (n!)? Lp—1 (In-1)* + ((2n)! = 2(nY)?) Lpp_1 Ton—3 — (2n)! (I2n—2)* > 0
ieif
(2n)! = 2(n!)?) Lon—1 Lon—s > (2n)! (Ton—2)* — 2 (n!)* Iop_q (In—1)”
which will be satisfied if

(I2n—2)2 = I2n—1 IQn—?; (17>
and

Iony (In—1)* > Ion1 Ions (18)
for all n and I C R. It was condition (18) that created all the trouble in

the counter-example of Section 1.
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3 A renormalization suggested by conditions

(16)-(18)

We notice that if supp(¢) NI = () then conditions (16)-(18) are trivially
satisfied. If supp(¢) NI # 0 then conditions (16)-(18) are satisfied by I,, =

1 for all n = 1,2,...; which is true if ¢" = § for all n = 1,2, ....

renormalization rule (13) then becomes

St —s)=0(s)6(t—s), 1=2,3,-
and (2) takes the form

]LN
s

b bf, b1 0] =

enoeno (kN O™ b1 T O R 5(E — )

+ 3 RLN® b o LB §(s) 8(t — 5)

L>2
—€x 0€n0(K 1 blN bzn_l bf‘l bf St —s)

+ 37 KLn® b " R b §(s) 6(t — 5)

L>2

The

(19)

which, after multiplying both sides by f(¢)g(s) and integrating the re-

sulting identity, yields the commutation relations
[Bii(9), B ()] = (eroeno k N — exoen0 K n) B {i=i(gf)
(KAn)V(KAN)

3 bk N ) g(0) FO) BT B

L=2

where 6 (n, k; N, K) is as in (7). We can write (21) as
[Bi:(9), Bx ()] = (eroeno k N — exoen0 K n) Brli= (gf)

16
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(22)



(KAn)V(KAN)

+ Z Or(n,k; N, K) By~ F(g f6)

L=2

and notice that repeated commutations with the use of (22) will introduce
terms containing 6(0).

4 The canonical RHPWN commutation rela-
tions

We may eliminate the singular terms from (21) by restricting to test functions
f that satisfy f(0) = 0. We then define the canonical RHPWN commutation
relations as follows.

Definition 1 For right-continuous step functions f, g such that f(0) = g(0) =
0 we define

[Bi(9). BR(f)lr = (kN — K'n) Byig=(gf) (23)
Letting
N n
C(n,k; N, K) := { Kk 1 (24)
commutation relations (23) can also be written as
[Bi(9), B (/)lr = det C(n, ks N, K) Bii= (9) (25)

Proposition 1 Commutation relations (23) define a Lie algebra.

Proof 4 Clearly, for all test functions f,g and n,k, N, K > 0,

[Bx(9). B (/)lr =0

and

[Bx(9), Bi (g = ~[B(f), Bk (9)]r

17



To show that commutation relations (23) satisfy the Jacobi identity we
must show that for all test functions f, g, h and n;, k; > 0, where i = 1,2, 3,

[BR (), [Bi2(g), Bt (W)]g) , + [Br (1), [BE(f), B2 (9)]r] 5

.e. that

det C(Tlg, kQﬂlg,kg) det C(nl, kl;ng + ng — 1, k'2 + ]ifg - 1>+
det O(?’Ll, k’l;ng,kg) det C(ng, ]{3;711 + ng — 1, ]{31 + ]{32 — 1)‘|‘

det C(TL3, l{fg;nl,kj) det O(ng, kg;ng +ny — 1, k’3 + k’l - ].) =0
which is the same as

(ngkg — ngkg)(nle + n1k3 — Ny — kmg — k1n3 + k1)+
(n1ka — noky)(nsky + ngks — n3 — niks — noks + ks)+

(n3k1 — n1k3)(712]€3 + 712]{71 — N9 — ’ngk}g — n1k2 -+ kg) =0

and is easily seen to be true.

5 The wy algebra

Definition 2 The wo, algebra (see [5], [12]) is the infinite dimensional non-
associative Lie algebra spanned by the generators B, where n,k € Z with

n > 2, with commutation relations

[BY, BRluw = (N = 1)k — (n = 1) K) Bifg™ (26)

and adjoint condition

(Bg)* - B, (27)



The w4, algebra is the basic algebraic structure of Conformal Field Theory
in the study of quantum membranes. Since it contains as a sub algebra the
Virasoro algebra with commutations

[BY(9): Bi(v := (k= K) B ., (9f)

Ws can be viewed as an extended conformal algebra with an infinite
number of additional symmetries (see [5]-[8], [12], [14], [15]). The elements
of wy, are interpreted as area preserving diffeomorphisms of 2-manifolds. A
quantum deformation of w.,, called W, and defined as a, large N, limit of
Zamolodchikov’s Wy algebra (see [15]), has been studied extensively ( see
[6]-[8], [12], [14]) in connection to two-dimensional Conformal Field Theory
and Quantum Gravity. wy, is a "classical” or ”Gel’fand-Dikii” algebra (see
[10]) in the sense that it is a W algebra (see [12]) where all central terms are
set to zero.

6 Poisson brackets

The construction produced in the following section was inspired by the anal-
ogy with the realization of the w—algebra in terms of Poisson brackets. This
realization is well known and, in the following, we recall it briefly.

Definition 3 For scalar-valued differentiable functions f(x,y) and g(x,y),
the Poisson bracket {f, g} is defined by

_0f 99 Of 9g
{f.9y = Ox Oy Oy Ox

We notice that the functions f(z,y) = x and g(z,y) = y satisfy {f, g} = 1
which we can write as

{xay} =1

in analogy with the Canonical Commutation Relations (CCR). We can
model commutation relations (26) and the adjoint condition (27) using the
Poisson bracket as follows:

Proposition 2 Forn,k € Z withn > 2, let f,,, : R xR — C be defined by
fur(z,y) = e**y"=1. Then

19



{fn,k(xvy)7fN,K(x>y)} =1 (k(N - 1) - K(?’L - 1)) fn+N—2,k+K(x7y) (28)

and

?n,k(xv y) = fn,—k(w7 y)

Proof 5 By the definition of the Poisson bracket,

_ a ikx  n—1 a iKx  N-—1
{fn,k(x7y)7fN,K($7y)} - ax(e Yy ) ay(e Yy )
8 ikx , n—1 a iKe N-—1
ay(e YT ey

— (/f(N . 1) . K(TL i 1)) ez’(k—i—K)r yn+N—3

=i (k(N—=1) = K(n—1)) forn-2rrx(T,y)

Moreover,

For(@y) =ekryn—t = e *yn=t = f_(2,y)
Using the prescription
h
[A7 B] == {A7B}
i
we thus obtain, letting h = 1, that the quantized version of (28) is

[fogs [Nl = (E(N =1) = K(n — 1)) farnv—2k+x

which is precisely (26). Similarly, we can model commutation relations
(23) and the RHPWN adjoint condition (B})* = BF using the Poisson
bracket as follows:

20



Proposition 3 Forn,k >0, let g, : R x R = C be defined by
x+iy\" [z —iy b
gn,k(xv y) = \/5 \/5

{9nk(2,9), gy (2, y)} =i (KN —nK) goin—1krx-1(2, ) (29)

Then

and

Ink(T,Y) = Grn(T,y)
Proof 6 By the definition of the Poisson bracket,

{gni(2,v), gn (7, 9)} =
s () () 5 () ()
() () () (3))

]_ntktN+K
2

=i (kN —nK) 2 (z +iy)" ™o — ay)FHE

=i (kN — nK) (i\/ﬁiy)mﬂv_l (L\/;/)k+f<_1

=1 (kN —nK) gnin-1k+5-1(7,9)

Moreover,

We therefore have, as above, that the quantized version of (29) is

[Gn.ks 9N ] = (EN = nK) gnynN-1 kK1
which is (23).
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7 White noise form of the w,, generators and
commutation relations

Motivated by the results of the previous section we introduce the following:

Definition 4 For right-continuous step functions f, g such that f(0) = g(0) =
0, and for n,k € Z with n > 2, we define

n—1
R o [ by + bl
By(f) = / f(t) ex ) (—Z) e dt (30)

with tnvolution

In particular,

. AN
BXf) = [ f)erD <_bt il bt) e50bl) gy (31)

is the RPQWN form of the Virasoro operators

The integral on the right hand side of (30) is meant in the sense that one
expands the exponential series (resp. the power), applies the commutation
relations (2) to bring the resulting expression to normal order, introduces the
renormalization prescription (19), integrates the resulting expressions after
multiplication by a test function and interprets the result as a quadratic form
on the exponential vectors.

Lemma 2 Letx , D and h be three operators satisfying the Heisenberg com-
mutation relations

[D,2] = h, [D,h] =[z,h] =0

Then, for all s,a,c € C

2
sc+35%4)h

s(z+aD++ch) sz saD 5

6( =e € 6(

esDeaz — eaxesDeash
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and for all n,m € N

nAm
D"z™ = g n,mjx™ D" h’
j=1
where

n,mj = njmjj!

Proof 7 This is just a combination of Propositions 2.2.2, 2.2.1 and 4.1.1 of

[9].

Lemma 3 In the notation of lemma 2, for all X € {0,1,...} anda € C
A
DYe™™ = " Z Am D™ (ah)~
m=0
and
A
€SD33)\ _ Z )\ml,m(sh))\fmesD
m=0

Proof 8 By lemma 2

D)\eax — a_)\ ( ax sDeash) _ _ax (esDeash)

= 95 )\|s 0 @E:o

A
om 8>\—m
=% Z )\mﬁhzo (GSD) W|S:0 (CaSh =™ Z )\mDm ah)
m=0

Similarly,

sD /\_a_)\ sD jax _a_)\ ax ,sD jash\) __ 8)\ ax ,ash\ _sD
e*x —aa/\]azo(e e )—aa/\|a:0(e ePerh) = 8a’\|a0(e e e

A m a)\—m

Z Mo m|a o (€*) 8@/\——’”|a:0 (e™") e* mz:o)\ma: (sh)*mesP

m=0
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Lemma 4 Let the exponential and powers of white noise be interpreted as
described in Definition (4). Then:

(i) For fized t,s € R, the operators D = b, — bI, T = b, + bl and h =
26(t — s) satisfy the commutation relations of lemma 2.

(ii) For fized t,s € R, the operators D = b; + bi, v = by — bl and h =
—26(t — s) satisfy the commutation relations of lemma 2.

Proof 9 To prove (i) we notice that
(D, 2] = [b;—bl, by4bl] = [bs, bl]—[b], bs] = [bs, bi]+[bs, 0] = 6(t—5)+d(s—t) = h
while, clearly, [D,h] = [x,h] = 0. The proof of (ii) is similar.

Proposition 4 If f, g are right-continuous step functions such that f(0) =
g(0) = 0 and the powers of the delta function are renormalized by the pre-
scription (19), then

[Bi(9), BE(N] = (k(N —1) = K (n— 1)) Biig 2(gf) (32)

i.e the operators B,’; of Definition 4 satisfy the commutation relations of
the ws algebra. In particular,

[B(9), Bi ()] = (k — K) B}, (9f) (33)

i.e the operators Bi of Definition 4 satisfy the commutation relations of
the Virasoro algebra. Here [x,y] :== xy—yx is the usual operator commutator.

Proof 10 To prove (32), we notice that by Definition 4, its left hand side is

n—1
ko ot [ by + b kot
t 5 (bt—b;) g 5 (bt—b})
/R/Rg< )f(s)le? 5 ez

t N—-1
o5 (bs=bh) (#) e%(bs—bl)] dt ds

P\ "
://g(t)f(s)eg(bt_bb (¥> oS bt
R JR
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t\ N1
x ¢ (bs—bl) <¥) o5 0s=01) g4 s

N-—1
/ / ) (S0t (b ;“) 5t

t n—1
Xeg(bt_bi) (_bt —g b_t> g(bt dt ds

»

which, since [by — bl by + bl] = 0, is

n—1
// %bt b)) (M) )
2

1
- W{//g(t)f@) e3(®=bD) (p, 4 phyn—le S Gamth)
RJR

xeh O (b, 4 b))V B dy ds

_//g(t)f(s)w(b (b +bT) %(bt—bi)eg(bs—bi)
R JR
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x (b + b )" Le 5 0emb) gt ds)
Since, by lemmas 3 and 4,

eg(b‘*_bl)(bt + o)t =

n—1
> n— Im(by + b KT (¢ — ) o X (be—bD)
m=0
and
eg(bt—bz)(bs + bi)N—l _
N-1 |
k
Z N — 1m<bs + bl)mkalfméNflfm(t B 8) ei(bt*bt)
m=0
and
(b, + bl)n—le Gembh) =
1 nl
K
(50§ 4y
m=0
and
(s + b1)N—1eB0e=bD) —
. N-1
k
ef(btfbt) Z N — 1m(bs + bi)mkNilim(—1)N717m6N*17m(t B S)
m=0
we find that

n—1 N-1

B(0). BYU) = g (D2 3 n— lmaN — 1m,

m1=0mo=0
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X (_1)n—1—m1 Kn—l—m1 k,N—l—mz

// ) 50t o ot

% (by + b])™ (by + bl 25 (b 5 (bebl)

x " — g)§N T2 (t — 5) dt ds

N—1 n—1
— Z Z N — Imgn — Imy(—1)N-1mepN=1mms grn—1-ma
ms3=0 my4=0

// K (bybl) & (be b))

% (by + b1)™3 (b, + bf e s (00D 5 (Beb)

) ONTImms (4 g)§nImma (¢ — §) dt ds}

The case (my =n—1, mg = N — 1) cancels out with (m3 = N — 1,
my =n—1). By the renormalization prescm'ption (19) and the chozce of test
functions that vanish at zero, the terms Zml 0 D e 5, and st 0 24 o
are equal to zero. The only surviving terms are (my =n—1,mg =N —2),
(mi=n—2,my=N-1), (m3=N—-1,my=n—2) and (mg,:N—2
, mqg =n — 1) and we obtain

= grn s (N =Dk = (n= DK — (n = DK + (N — D)k)
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k+K k+K

X/ (B f (1) € T Ot (b 4 phyEN 3 00D gy
R

2

= v (N = Dk = (n = DK)

k+K k+K

/ 9(6) (1) 500 (b, 4 By V-3 0b)) gy
R

1

= s (V= Dk = (n = )K)

k+K k+K

X/ (B f (1) €T Ot (b 4 phyEN =3I ) gy
R

= (k(N —1) = K(n — 1)) BiZR 2 (9/)

The proof of (33) follows from (32) by letting n = N = 2.
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