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We consider the (causa,lly) normally ordered form of the quan
i white noise. We find a new

equation for 2 Fermi
equation for some class of Hamiltonians and we obtain th

for such Hamiltonians.

1. Intro duction

The stochastic limit approach is a powerful method that all

the guantum dynamics of an open system. T
officient in study of various systems, interact
present paper We concentrate on the Fermi case.

In this case the supersetection rules restrict the clas
Fermi Hamiltonians. This restriction is discussed in Sec. 2.

The main goal of the stochastic limit ap
fum dynamics of open gystems. gych a dynamics is giv
operator U (), which satisfies the evolution equation in

tum whiie noise
form of the normally ordered
e inner Langevin equation

ows to stud:

Lis method proved to be
ing with Bose fields.! In

s of fundamer

proach is tO study the
en by an evolul
the interactiol
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resentation:

QU(L) = —iAVie(OU(K), U0} =1 . (1)

Here Vinu(t) is th i
s the evolution of the i : .
evolution. he interaction Hamiltonian under the free

SRR

However, e i :
Lutions of Eé ‘(’;;1 1’111‘ ;he simplest non-trivial cases, there are no exact
o . (1). Therefore, we have to use some approximati act s0-
expre ; 10n3.
Feynman diagrzmsss 'ﬁt[;‘?lz ;(;Iu:‘m Oé Eq. (1) using the iterated series and
. . yniman ia,gra,ms ar .
of the comb i . e a graphical re ;
ouly a few t:;?rtlorl?l procedure, which is called "normal orderinpfve S?tatmn
featt, approach 50 Fhese series can be explicitly calculated. ’Thge S-t() 5;1&11?(,
o provides another, more efficient and el chastic
Eq. (1). elegant way of solving
Consider the evoluti
o iont of an open quant ;
t = t/A% In the of an open quantum system in the rescaled time:
£ the/rescale d ev:ItjghaStlc limit approach we are interested in the 1?::1 1(;3 :
i ion operator and of the rescaled interaction H '1} i
amilto-

. t
b U ya) = U i V() = @)

I many physically im
G portant cases, one
ose) quantum white noise equation: , can prove that U satisfy the

atUt = mithg, UO ED , (3)

the limit of the interaction Hamiltoni
3 : onian, hy, can he i
m(:-_t?;gez:j;tsff ;.thlte no_ises. Although Eq. {3) seerrf;x g(:eszefe;n
ﬁ_n'd b normal;) Ofc.l (1), it can be explicitly solved. Again, we ari
_éﬁiphasize me zact t(:red form of Eq. {3). It is called causal normal
A t?;t t.he commutation relations used to bring
i iraducts of creati € :terated‘ series, only have a meaning for
;_dél}'éd P E(;n and annihilation operators. The causally
fique that allows ¢ )ﬁcan e b .
ezfﬁoc}mst. o find and bring to causal normal order E
tﬁé. S ;ctgolden rule. N
2R i;erl;aéignls. to de.velop the stochastic golden rule
erml Gl in (1) is of dipole type (cf. (8) below)

se it |
e_lzl.rgx.t.s is the subject of Statement }
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2. Hamiltonian of the model
Let H be a Hilbert space of the form
H=Hs®Hr (4)

where Hs is a finite dimensional Hilbert space, and Hp is an infinite di-
mensional Hilbert space. Suppose H is a Hamiltonian of the form

H=Hs®1+1®Hgp+ AVint, (5)

where ) is a positive real parameter. We denote the first two terms of this

Hamiltonian by Ho, and refer Hy as ”free Hamiltonian”. S
Then, the pair (H,H) describes an open qyant’um system. oo
words, an open quantum gystem is a” sma.ll”l, d1screte. spectru;n q oy
gystem, interacting with some infinite dimensjlonall env1fonmen L-O]; o t.he
The simplest model that gives the Fermi .wh1te% noise equlaﬁmld
stochastic limit is a two-level system, intera,ctmg‘ with a Ferm:L Se L e
Let us introduce this model, using the notation of BEgs. (4, )h e the
system Hilbert space be Hg = 2. Denote the elements of the orthono
i ig space by |i),i=1,2. . -
baSIISJeftO rt}f: 1erfvpiromrni(an‘t)Hilbert space be the Fermi (antlsymmetnc) Fock
space

oo

i = @ (La (B))*" - (6)

n=0
ihilation operators in this space by

i i d ann
enote the Fermi creation an | -
. atisfy anticommutation relations:

a;'c and ag, k € B3, respectively. They s
{aL,ak:} —5(k— k), {ar,ar}=0.

Tet the free Hamiltonian be:
Ho:H5+HR:Ell)(ll@l—l—l@fw(k)a’,‘cakdk. (7)

= = interaction
Here E is a positive real number, w(k) = K2+m*,m 2 0. Let thei

Hamiltonian be:
Vit = f (500! ® s + 5P} © D) ak, @®)

= mmu-
bIn the following, {, } denote anticommutator, {z,y} = 2y + YT, and [,] denote co

tator, [z,y] = TY — Y-

31

where D is a bounded operator, acting on the system space, and g(k) is a
smooth complex function with finite support.

In the following, we omit the tensor product in our formulae.

The superselection rules (see Ref. 2) require that fundamental Hamilto-
nians should be even in the Fermi operators.® If the Hamiltonian is even,
then D should be odd in the Fermi operators. Hence, D and a,a! should
anticommute.? We will see that this case leads to a stochastic golden rule
similar to the one known in the Bose case.

Effective (for example, non-relativistic) Hamiltonians may be odd in
Fermi operators, in these cases D and a,a’ may commute. An example of
such Hamiltonian was considered in Ref. 4. If D and a,a! commute, then
we get the new kind of the stochastic golden rule.

We will study both cases; first the ”commutative”, then the "anti-
commutative” one.

As mentioned in the introduction, there are two main components in
the stochastic golden rule: the existence of the limit and the causal normal
order form of the white noise equation.

The first part, the existence of the limit, is quite similar for Bose and
Fermi cases. Both cases were studied in Ref. 1. Here we just formulate the
result for Fermi case.

Statement 1. The limit (2) of the evolution operator in the model
defined by Eqs. (6-8), exists in the sense of correlators. Moreover, the limit
of the rescaled evolution operator Uy satisfies the white noise equation

U = —ih Uy, 9)
with the white noise Hamiltonian of the form
hy = Db, + b} D, (10)

where by, bI are Fermi Fock white noise creation and annihilation operators.
This means that they are operator valued distributions, acting on the Fock
space I' = F(L?*(R)) and satisfying the following relations:

{ohbw} = -84t = )5 {bs,bu} =0. (11)
where &4 (t) is the causal é-function (see Ref. 1) and
0
Y = f da/dk lg(k)|? eiow k) —E) (12)

“An operator is called even, if it commutes with the parity operator, and odd, if it
:nt:commutes. The parity operator in this case can be defined as in Sec. 3.
An obvious generalization of Eqs. (4-8) is needed to include this case.
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The relation between D and b, bl is the same as the relation between D

and a,at: they either commute, or anti-commute.

3. The » Commutative” case

ormally ordered form of the Fermi white
the ”commutative” case are
formulate these results as a theorem.

noise equation and

The causally n
the main results of

the Langevin equation in

the present paper. Let us
Tirst of all, let us give some definitions.

Consider a monomial of the form:
b§Lbg2 ... b
or bE. Denote the vacuum state in T by ¥,.

were, bi¢ denote either by,
ator ©, called parity operator, such that for any

There exists a unique Oper
monomial

BB ... b o = (~1)"B0E; - bin Yo (13)

Note, that ©2 =1, hence 0-l=0=0"
If A is an operator, then the map: A — A0~ = OAQ is a *
automorphism. We will use the notation:

A:=0A0. (14)

Theorem 2. Keep the notation and the agsumptions of Statement 1.

Suppose the operator D is such that
(D, by) = [D,b{] - 0. (15)

and define U; U :=0U®.
Then,

(1) The following relations are satisfied:

btUt, = ﬁtbt = 'i'}LDUt (16.1)

st} = bj0; +iy= Uy D' (16.17)

bUF = Ut +iv-U; D' (16:2)

Ul = bl —iyt DU (16:2°) (16)
b0, = Uibs +i7-DU:  (16.3)

fsb} = bjU; — iy U; D' (16.3°)

bU? = Uth —iv-UsD (164)

G,bl = bU; +ive DO (16.47)
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(2) The causally normally ordered form of (9) is the system
{ B, = —i (D’fﬁgbt ¥ DbIUt) —~_D'DU,
80, = i (DU, + DB}T,) - 7-DI DT, 1)

( with the initial conditions U, = U; = 1
3) Let X be ano '
perator on th v
matrices: e system space. Consider the following

T(X) = (T (X)) := (U;‘XUt Ur X0,

Uy XU, ﬁ;xr’ft) vhi=12. (18

T:= ((1)(1)) e ((1} _01) . (19)

Then, (J;;(X)) satisfies the following inner Langevin equation:
0 (I (X)) = =1~ (J(XD'D)) =~ (J (D' DX))

(7 + )T (DIXD) (—y- + %) J2(Dt X
((—'Y* +7-)Ja1(D'XD) (y- + 71).72;?57*){1‘)[;))

ol
+ibl ST (Ji;(DX)) —ibiT (Ji;(X D)) S
+iS (Ji;(DYX)) Tby — i (Ji;(XDY)) TSb, . (20)
(4) The master equation for the partial expectation (U XUz), = X is:
— . 0 B .
X =—-y_XD'D—-y_D'DX +2(Ry-)D'XD. (21)

']];he proof of Theorem 2 is given in the next section.
emark. The causally normally ordered form of the Fermi white noise

equation is a pair of equations for U e
e U and U. This is the new feature of the

4. Proof of Theorem 2.
4.1. Quasi-commutation rules for b, and U;.
Let us express the evolution operator as

Uy = lim Ut(N),

N—=oo

N
U™ = 3 z‘)“/T f‘l ta i
= di dty ...
L A O /0 din | | (Dtbtj+DbL)) _

n=0
i=1
(22)
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ing the

The time-consecutive principle (see Ref. 2) states that expanding
product bUr according to (22), any term of the form
W 23
bbb b (23)

witht >t >t2 > 2 tn, e € {,1}, is equal to

€n

(—1)bb2 bt {0 082 B

where the anti-commutation relation for the fields b; is given by (11). Using

this, we obtain:

be(N) =
! n

i(—i_)ﬂ f dix fh dtz...ft“ﬂ dtn(—1)" (1:[1 (DTbtJ. a3 Dblj)) by
+ (=i)(—)"'D {bt, bL} (ﬁ (Do, + Dsz))

=2
= fj‘SN)bt — 'LD'Y- X[o,7] (t)UﬁN—l) :

. . .
Here X[o,r] 18 the characteristic function of the given interval [0,7]. In the
T
limit N — oo we obtain Eq. (16.1)
bU, = Usb, —iy- DU
For b U} we obtain:
btUtFN) ¥ =

N T t tno1 i ; )

Z(i)"/ ai [ dts.. f dt.(-1)" | T1 (D by, + Dbtj)) g

- 0 0 0 e

P

+ (@)@ (f[ (bet,. 4 Dsz)) D {bt,bll}

= ﬁ&N) *by + 'l:’Y—X[O,T](t)U1(rN11) "D

and in the limit we get Eq. (16.2):
bUp = Uy +iv-Ui D

me operators. Since ©? = 1, observe that

P(AB) = @ABO = 040%B0O = P(A)P(B).

Let A, B be so
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and
(PA)" =P(A"). (25)
From the general formula (13) we get
Pb, = —b, Pbj =—b]. (26)

Let us apply P operator to b0, and btﬁ;, and use Eqgs. (16.1,16.2). We
have:

b, = —P (beUy) = —P (ﬁtbt - zvy,DUt)

= = (—U_r,bt — i’}’_Dﬁt) =Ub, + i’Y-DﬁL "
Hence, we get Eq. (16.3):
btﬁt = Utbt + ’L'Y_Dﬁt .

b Uy = —P (bUy) = —P (ﬁ;‘bi 4 z'fy_Ut“D)
== (-Ubu+iv-0; D) = Ufb —iv-0; D
Hence, we get Eq. (16.4):
b U} = Upby — iy U}D.
Egs. (16.1%)-(16.4*) are adjoint of Egs. (16.1)-(16.4).

In Appendix A we prove the relations (16) using the integral form of
the evolution equation, as done in Ref. 1 for bosons.

4.2. Normally ordered equation for U,.
Let us rewrite the evolution equation (9), using (16.1).
8, = —i (Db, + Db}) Uy = =i (D'0ib + DbJUL) — v-D' DU, (27)

Eq. (27) is not close because it involves both U; and U, Applying the P
operator to it, and using (24-26), we obtain:
Btﬁt = ’b (Dngbg + Dblﬁt) == "}LDTDﬁ,{ . (28)

The system of Eqs. (27,28) is closed and causally normally ordered in the
sense that all the bI operators are on the left hand side and all the b; are
on the right hand side of the U, system.

®The operators U and {7 are dependent, hence if one substitutes the definition of U into

(27), then the result will be closed. R.R. is grateful to Prof. Y.G.Lu for pointing this
out.
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4.3. Inner Langevin equalion.

The inner Langevin equation is a result of a direct computation. The idea
of this computation is t0 apply Eas. (27,28) to express 8,U,, then to use
Eq. (16) to find the causally normally ordered form of the terms.

Let us compute 83711 (X NGE

#) = 8, (U XUy = U XU+ Up X 8:U
= (010D + U D'by) —v-U; D' D) XUy
+ U X (~i(DTibe + ol DU) — v D' DUL)

_ i\ T DX U, +iU; D' XbUs — ~* U D'DXUs
_ iU X D1U3b — iU} X DU = 1~ U xD'DU,

B J11 (X)(

Using

WU DIXb UL = iU Dt X Ty + 4-Uy D' X DU
and

—iUb X DU, = _ibl 0 X DU, +-U; D' X DU
we obtain:

D*DX)+(7_+'71)J11(DTXD)

8T (X)) = —’YHJL1(XD*D)*-’¥1511(
) = Jia(XD) by (29)

+ib} (J (DX) — Jaa(X D)) +1 (Ji2(D1 X
Let us compute 91722 (X)(t):
8, Taa(X)(8) = Bt (ﬁ:xﬁt) = U XU, + U; X0:Ut
= (-i(bwgp + Ub,DY) - nf*_ﬁ;D*D) x 0,
+ X (’i(DTUtbt + DbiT) — W_D*Dﬁ)

= -—‘ibI U: DXUt = ’i.U*DTthUt —= 'Y* U:DTDXUL
i
*XDtDUt

+iU; X DYUDb: + il X DU, — U

Using
—i: DI XU, = —iUy DI XU + 0 Dt X DU,

ifisb} X DU, = ib{U; X DU, + v+ U D' X DU,

37
we obtain:

T2 (X)(t) = —
1 Ta2(X)(t) = =7 To2 (X DID)—y* Toa (DY DX)+(y-+7*) Jaa (D
X ib;r kD) g - —+y2) Taa( XD)
12(DX)) +i (Jar (X DY) — Ty (DT X) by (30
Let us compute 8 732 (X)(L): . )
Bg.jjﬁz(X)(t) = agUi*Xﬁt + Ut*Xc')tfft
— (i}
(z(btUL D + U} Dty — viUt*D*D) x0,
+ Uz X (i(D1Usb, + DB}T) - 7-D'DE,)
_ a1 7 75
= iblU; DXU, + iU D'b, XU, — y* U DIDXT,
— G
+iU X DYUby + iUy X Db{U, — v U X D' DU
i

Using
WU DY X0, = iUy DY X
= iU} DY XUb, — y_iU} DX DU
» ¢ —y—tU DX DU,
’ ¥ =% . 2 =
iU X DU, = ibtU X DU, + v*. U} D' X DU
we obtain: t t

AT (X == *
: +( »b)f(ﬂ V-TJ12(X DID) =" J12(DI DX )+(—y-+4* ) Joa (D' X D)
_ ib} (J22(DX) + Joa(X D)) +i (J11(DVX) + T (X DY) by (31)
e computation of 8,712 (X)(¢) is simila |
e and th i
Combining all terms in the matrix equration v;re;ifzzé it
B¢ (Ji (X) (1)) = —v- (Fi (X DID)) —4* (J:(DIDX))

(v- + ) J11(DYXD) (—v- +4*
> — +42)J2(DIXD
(( = +7‘)‘721(DfXD) (- +71)322(J(DTXD)))

b} —J21(X D) + Jo1(DX) Ja2(X D) + Jaz(D
(-Jh(XD) — J1(DX) J1a(X D) — JHED;{;)

. [ —J12(X D) + In(DX)
+1 Ju (X DY) + 7, t
(—Jzz(XD*) — Jna(DYX) Ty (xpfg T Eﬁé%) be 132

Using the matri
ces T and 5, defined in
i 3 1 .
terms as (in the notation (18)) in (19), one can rewrite the last two

ib (ST
% {(STT(DX) — TJ(XD)S) +i(ST(D'X)T — 7(XDHYTS)b,.  (33)
can be checked directly by matrix multiplication.
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form of the Longevin equation.

We would like 0 represent the following inner L
* apt

8 (T (X)) = =7 (jij(XDJ'D)) — A (Ji (P :}X)&ﬁXD)

1 o e

N ( (v- At} DX D) (e R )

nical ) .
4.4. Cano angevin equation:

e +»y_)j21(DTXD) (v + oyt )Tl

T (e (XD S

+ 18 {(Jis (DYX)) The = ¢

in the canonical form

FualBh ) + T Oy (X)) -

Lt
8 (Ji5(X)) = Z (Jm(e(fcuj{X)) - be .

Ri=1,2

o px
Let us find structuxe maps 6°, ¢ 8
| is b hence
The map Jij 18 linear, ‘ : e
matrix multiplications in (34) in the index 10

Thus, . 1XD)
_ ip - j_DJ‘DX‘i'LUD ?
ggjkl(x) = 8051 ( y-XD v

o g% can be 0

where (v— + Y (-t 11))
i =\ (v —2) (- + )
" ' DX — TS X D) -
g (X) =1 {mdit kSt
— & , D# ,
E}m(x) =1 (SuthjDJfX Siknig X )
where

01 y= ST,

My 1= (_1 0) 3 (mm) S

0—1 A f

Nij = (1 0)1 (n”) TS
01

T=(Ti) =% =\ 10/’

§=(8y) =927 GJ El) :

btained by rewriting the

(as;) (b} = (25 agjbit)-

39

4.5. The Master equation.

The masier equation is the vacuum expectation of the inner Langevin equa-
tion (32). The last two terms, containing b; and b!, vanish.

It is enough to take vacuum expectation only for one matrix element.
The most interesting is J1:(X). Denote by X the vacuum expectation
(J11(X )}, We obtain:

WX =y XD'D—~_DIDX +- 2%y DIXD. (36)

5. " Anti-commutative” case

Theorem 3. Keep the notation and assumptions of Statement 1. Suppose
the operator D is such that

(Db} = {D,b.’{} ~9. (37)
Then, the following relation is satisfied
bUy = Uy + iy DU, . (38)

Proof. Let us express the evolution operator as:

U= lim Ut(N}

..fﬂtwldtn 1 (D%, +8,D)

=1

T

r tl tn—] , ? T
')”/ dt dt..../ dtn(—1)"" Db, +8 D)1 b
o ' 0 : ) w(-1) H ( T ) ¢

i=1

:f.(wl)(—i)(—i)”_lD {be.8],} ﬁ (Db, +8},D)

=2
= UMby +iDy (U (39)
ii:'p_it N —+ oc of Eq. {39) we obtain:

b;Ut = Utbt + Z"}LDU{

‘he theorem is proved.




40

The relation (38) between b and U is similar to the Bose case.! In the
case of Bose quantum white noise, the causally normally ordered form of the
white noise equation (3) can be obtained using only the relation between
Bose white noise and the evolution operator.

Using the proof for the Bose case, one can easily prove that replac-

ing Bose by Fermi quantum white noise operators, the causally normally

ordered form of the white noise equations is the same.

6. Conclusions

We studied the Fermi quantum wh
interaction Hamiltonian (10). In the
form of causally normally ordered white noise equation (17) and of in-

In the ” anti-commutative” case W found

ner Langevin equation (20).
38) we get that in the "anti-

the commutation relation (38). From Eq. (
d form of a Fermi white

commutative” case the causally normally ordere

ations is the same as in the Bose case.

ite noise equations with a dipole-type
» commutative” case we obtain a new

noise equ
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Appendix A. Proof of the relations (16) using integral

equation

The evolution operator U, satisfies the following integral equation

i
U, = 1—1 [ dt’(DbI, + D‘tbtl)Uy .
0

ﬁt satisfies

¢
Ut =1+ ’bf dt'(DbI; + D‘rbtr)Utf 3
0
Consider the iterated series U for the solution of
with the initial condition
U =1

and relation
t

p =1 [ ol + Do)
0

the integral equation

4

and th i 77w 5

oF the es SE.lme( Seli.‘les for U with the initial condition U éo} — T, The'limit
eries (which exists under our a i i i .

sl quation r assumptions) is the solution of the

lim Ut(N) =U,.

N—oco

We want to prove that for t > 7
bU, = Usby — ‘i’}(_DX[O,T](t)UT . (A1)
Let us prove the following relation for the iterated series (for t > 7):
b UM = UMb, — iy_Dxpo, (UMY

This equation clearly holds for V
=1.5 i
Let s prapfit fr V= M uppose it holds for all N < M — 1.

b UM = [
UMD =, (1-4 dt'(DbI.JrDTbt,)ULM‘”)

0

= by —i f dt' by(Db}, + Do, UM™Y
1]

= b + / d ! ¥ t M— y !
ki | ot (Dbl + Dby )b U} ”-zf dt'D{bt,bL}Uf(,M_l)

. 0

=b +if dt' (Db, + Dtoy) (TS Vb, — 4
c+i | a (Db + D) (T80 = iy-Dxpn UM )

—i'y_f dt' Dot — UM
0

i
= (1+i[ dt'(Db!, + Db )U(M—l)) /'T
4 t b+ [ dt xjou
R g Xlo,t](t)( )

0
— i7-Dx(o, (UMY
_ M i
= ™Mb, 40 — iy-Dxpo, (UMD . (A2)

The second term is equal to 0, because t > 7.

Taking the limit NV — :
we get (16.1). o FEUABIATA (4.1), Suberttmrivg ¢ S i (A1)
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