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Abstract. We review the basic features of the quantum stochastic
calculus. Iteration schemes for the computation of the matrix elements
of solutions of unitary quantum stochastic evolutions and associated
quantum flows are provided along with a basic error analysis of the
convergence of the iteration schemes. The application of quantum sto-
chastic calculus to the solution of the quantum version of the quadratic
cost control problem is described.

1. Quantum Stochastic Calculus

Let Bt = {Bt(ω)/ ω ∈ Ω}, t ≥ 0, be one-dimensional Brownian
motion. Integration with respect to Bt was defined by Itô in [28]. A
basic result of the theory is that stochastic integral equations of the
form

Xt = X0 +
∫ t
0
b(s,Xs) ds+

∫ t
0
σ(s,Xs) dBs(1.1)

can be interpreted as stochastic differential equations of the form

dXt = b(t,Xt) dt+ σ(t,Xt) dBt(1.2)

where differentials are handled with the use of Itô’s formula

(dBt)
2 = dt, dBt dt = dt dBt = (dt)2 = 0(1.3)

In [27], Hudson and Parthasarathy obtained a Fock space represen-
tation of Brownian motion and Poisson process.

Definition 1. The Boson Fock space Γ = Γ(L2(R+, C)) over L2(R+, C)
is the Hilbert space completion of the linear span of the exponential
vectors ψ(f) under the inner product

< ψ(f), ψ(g) >= e<f,g>(1.4)

where f, g ∈ L2(R+, C) and < f, g >=
∫ +∞
0

f̄(s) g(s) ds where, here
and in what follows, z̄ denotes the complex conjugate of z ∈ C. .
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The annihilation, creation and conservation operators A(f), A†(f)
and Λ(F ) respectively, are defined on the exponential vectors ψ(g) of
Γ as follows.

Definition 2.

Atψ(g) =
∫ t
0
g(s) ds ψ(g)(1.5)

A†tψ(g) = ∂
∂ε
|ε=0 ψ(g + εχ[0,t])(1.6)

Λtψ(g) = ∂
∂ε
|ε=0 ψ(eεχ[0,t])g)(1.7)

The basic quantum stochastic differentials dAt, dA
†
t , and dΛt are

defined as follows.

Definition 3.

dAt = At+dt − At(1.8)

dA†t = A†t+dt − A
†
t(1.9)

dΛt = Λt+dt − Λt(1.10)

The fundamental result which connects classical with quantum stochas-
tics is that the processes Bt and Pt defined by

Bt = At + A†t(1.11)

and

Pt = Λt +
√
λ(At + A†t) + λt(1.12)

are identified, through their statistical properties e.g their vacuum
characteristic functionals

< ψ(0), ei sBt ψ(0) >= e−
s2

2
t(1.13)

and

< ψ(0), ei s Pt ψ(0) >= eλ (ei s−1) t(1.14)

with Brownian motion and Poisson process of intensity λ respec-
tively.

Hudson and Parthasarathy defined stochastic integration with re-
spect to the noise differentials of Definition 3 and obtained the Itô
multiplication table
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· dA†t dΛt dAt dt

dA†t 0 0 0 0

dΛt dA†t dΛt 0 0
dAt dt dAt 0 0
dt 0 0 0 0

Within the framework of Hudson-Parthasarathy Quantum Stochas-
tic Calculus, classical quantum mechanical evolution equations take the
form

dUt = −
((

iH +
1

2
L∗L

)
dt+ L∗W dAt − LdA†t + (1−W ) dΛt

)
Ut(1.15)

U0 = 1

where, for each t ≥ 0, Ut is a unitary operator defined on the tensor
product H ⊗ Γ(L2(R+, C)) of a system Hilbert space H and the noise
(or reservoir) Fock space Γ. Here H, L, W are in B(H), the space of
bounded linear operators on H, with W unitary and H self-adjoint.
Notice that for L = W = −1 equation (1.15) reduces to a classical
SDE of the form (1.2). Here and in what follows we identify time-
independent, bounded, system space operators X with their ampliation
X ⊗ 1 to H⊗ Γ(L2(R+, C)).

The quantum stochastic differential equation satisfied by the quan-
tum flow

jt(X) = U∗t X Ut(1.16)

where X is a bounded system space operator, is

djt(X) = jt

(
i [H,X]− 1

2
(L∗LX +XL∗L− 2L∗XL)

)
dt(1.17)

+ jt ([L∗, X] W ) dAt + jt (W ∗ [X,L]) dA†t + jt (W ∗XW −X) dΛt

j0(X) = X, t ∈ [0, T ]

The commutation relations associated with the operator processes
At, A

†
t are the Canonical (or Heisenberg) Commutation Relations (CCR),

namely [
At, A

†
t

]
= t I(1.18)

Classical and quantum stochastic calculi were unified by Accardi, Lu,
and Volovich in [17] within the framework of the white noise theory of



6

T. Hida. Denoting the basic white noise functionals by at and a†t , they
showed that the stochastic differentials of the Hudson-Partasarathy
processes of [27] can be written as

dAt = at dt(1.19)

dA†t = a†t dt(1.20)

dΛt = ata
†
t dt(1.21)

and Hudson-Partasarathy stochastic differential equations are re-
duced to white noise equations. This unification started a whole new
theory corresponding to quantum stochastic processes given by powers
of the white noise functionals. The results for the first such nonlinear
extension, the square of white noise, can be summarized as follows.

Let U(sl(2;R)) denote the universal enveloping algebra of sl(2;R)
with generators B†, M , B− satisfying the commutation relations

[
B−, B†

]
= M ,

[
M,B†

]
= 2B† , [M,B−] = −2B−(1.22)

with involution

(B−)∗ = B† , M∗ = M(1.23)

After renormalization (cf. [17]), the square of white noise stochastic
differentials

dB−t = at
2 dt(1.24)

dB†t = a†t
2
dt(1.25)

dΛt = ata
†
t dt(1.26)

can be defined on a Fock space. It was proved by Accardi-Skeide in
[20] that the Fock space suitable for representing the square of white
noise processes is the Finite Difference Fock space developed by Boukas-
Feinsilver in [22] based on the Finite Difference Lie algebra of Feinsilver
(cf. [26]).

The unitarity of solutions problem for “square of white noise” evo-
lutions was open for several years. Preliminary work was done by
Accardi, Hida, Boukas, and Kuo in [1], [4], [5],[13], [15]. In [8] Accardi
and Boukas used the Boson Fock space representation of the square
of white noise processes obtained by Accardi-Frantz-Skeide in [14], to
show that square of white noise unitary evolutions satisfy quantum
SDE of the type
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dUt =

((
−1

2
(D−|D−) + iH

)
dt+ dAt(D−) + dA†t(−l(W )D−) + dLt(W − I)

)
Ut(1.27)

U0 = 1

formulated on the module B(HS) ⊗ Γ(K), where HS is a system
Hilbert space, K = l2(N) and Γ(K) denotes the Fock space over K (see
[14] for notation and details).

Applications of quantum stochastic calculus to the control of quan-
tum evolution and Langevin equations (quantum flows) can be found
in [7], [9], [10], [21], [23], [24], [25].

2. Matrix Elements and Iteration Schemes

The fundamental theorems of the Hudson-Partasarathy quantum
stochastic calculus give formulas for expressing the matrix elements of
quantum stochastic integrals in terms of ordinary Riemann-Lebesgue
integrals.

Theorem 1. Let

M(t) =
∫ t
0
E(s) dΛ(s) + F (s) dA(s) +G(s) dA†(s) +H(s) ds(2.1)

where E, F , G, H are (in general) time dependent adapted processes.
Let also u⊗ψ(f) and v⊗ψ(g) be in the exponential domain of H⊗Γ.
Then

< u⊗ ψ(f),M(t) v ⊗ ψ(g) >=(2.2)∫ t
0
< u⊗ ψ(f),

(
f̄(s) g(s)E(s) + g(s)F (s) + f̄(s)G(s) +H(s)

)
v ⊗ ψ(g) > ds

Proof. See theorem 4.1 of [27]
�

Theorem 2. Let

M(t) =
∫ t
0
E(s) dΛ(s) + F (s) dA(s) +G(s) dA†(s) +H(s) ds(2.3)

and

M ′(t) =
∫ t
0
E ′(s) dΛ(s) + F ′(s) dA(s) +G′(s) dA†(s) +H ′(s) ds(2.4)

where E, F , G, H, E ′, F ′, G′, H ′ are (in general) time dependent
adapted processes. Let also u⊗ψ(f) and v⊗ψ(g) be in the exponential
domain of H⊗ Γ. Then
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< M(t)u⊗ ψ(f),M ′(t) v ⊗ ψ(g) >=(2.5)∫ t
0
{< M(s)u⊗ ψ(f),

(
f̄(s) g(s)E ′(s) + g(s)F ′(s) + f̄(s)G′(s) +H ′(s)

)
v ⊗ ψ(g) >

+ < (ḡ(s) f(s)E(s) + f(s)F (s) + ḡ(s)G(s) +H(s))u⊗ ψ(f),M ′(s) v ⊗ ψ(g) >

+ < (f(s)E(s) +G(s))u⊗ ψ(f), (g(s)E ′(s) +G′(s)) v ⊗ ψ(g) >} ds

Proof. See theorem 4.3 of [27]
�

We are interested in defining iteration schemes which can be used to
compute the matrix elements

< u⊗ ψ(f), Ut v ⊗ ψ(g) >, < u⊗ ψ(f), jt(X) v ⊗ ψ(g) >(2.6)

and the corresponding probability amplitudes

| < u⊗ ψ(f), Ut v ⊗ ψ(g) > |2, | < u⊗ ψ(f), jt(X) v ⊗ ψ(g) > |2(2.7)

related to the quantum flow (1.16) and the Hudson-Parthasarathy
stochastic differential equation

dUt =
(
K dt+B dAt + C dA†t +DdΛt

)
Ut(2.8)

with initial condition

U0 = I(2.9)

where t ∈ [0, T ] for some T > 0, and K,B,C,D are bounded system
space operators of the form appearing in (1.15), i.e

K = −
(
iH +

1

2
L∗L

)
(2.10)

B = −L∗W(2.11)

C = L(2.12)

D = W − 1(2.13)

Equations (2.8) and (2.9) have the integral form

Ut = I +
∫ t
0
K Us ds+B Us dAs + C Us dA

†
s +DUs dΛs(2.14)
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defined (cf. [27], Proposition 7.1) as the [0, T ]-uniform limit of the
sequence Un = {Un,t / t ≥ 0} defined recursively on the exponential
domain of H⊗ Γ by

U0,t = I(2.15)

and, for n ≥ 1,

(2.16)

Un,t = I +
∫ t
0
K Un−1,s ds+B Un−1,s dAs + C Un−1,s dA

†
s +DUn−1,s Λs

By Theorem 1, the matrix elements of (2.16) are given, for n ≥ 1,
by the recursion scheme

< u⊗ ψ(f), Un,t v ⊗ ψ(g) >=< u⊗ ψ(f), v ⊗ ψ(g) >(2.17)

+
∫ t
0
{f(s)g(s) < u⊗ ψ(f), D Un−1,s v ⊗ ψ(g) > +g(s) < u⊗ ψ(f), B Un−1,s v ⊗ ψ(g) >

+f(s) < u⊗ ψ(f), C Un−1,s v ⊗ ψ(g) > + < u⊗ ψ(f), K Un−1,s v ⊗ ψ(g) >} ds

Letting

uD∗ = D∗u(2.18)

uB∗ = B∗u(2.19)

uC∗ = C∗u(2.20)

uK∗ = K∗u(2.21)

we can rewrite iteration scheme (2.17) as

Iteration Scheme 1. (Unitary Evolutions)

< u⊗ ψ(f), Un,t v ⊗ ψ(g) >=< u⊗ ψ(f), v ⊗ ψ(g) >(2.22)

+
∫ t
0
{f(s)g(s) < uD∗ ⊗ ψ(f), Un−1,s v ⊗ ψ(g) > +g(s) < uB∗ ⊗ ψ(f), Un−1,s v ⊗ ψ(g) >

+f(s) < uC∗ ⊗ ψ(f), Un−1,s v ⊗ ψ(g) > + < uK∗ ⊗ ψ(f), Un−1,s v ⊗ ψ(g) >} ds

with

< u⊗ ψ(f), U0,t v ⊗ ψ(g) >=< u⊗ ψ(f), v ⊗ ψ(g) >(2.23)

The limit form of (2.22) as n→ +∞ is
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< u⊗ ψ(f), Ut v ⊗ ψ(g) >=< u⊗ ψ(f), v ⊗ ψ(g) >(2.24)

+
∫ t
0
{f(s)g(s) < uD∗ ⊗ ψ(f), Us v ⊗ ψ(g) > +g(s) < uB∗ ⊗ ψ(f), Us v ⊗ ψ(g) >

+f(s) < uC∗ ⊗ ψ(f), Us v ⊗ ψ(g) > + < uK∗ ⊗ ψ(f), Us v ⊗ ψ(g) >} ds
which, by subtraction of the cases t = tn and t = tn−1 where tn−1 ≤

tn, implies

< u⊗ ψ(f), Utn v ⊗ ψ(g) > − < u⊗ ψ(f), Utn−1 v ⊗ ψ(g) >=(2.25)∫ tn
tn−1
{f(s)g(s) < uD∗ ⊗ ψ(f), Us v ⊗ ψ(g) > +g(s) < uB∗ ⊗ ψ(f), Us v ⊗ ψ(g) >

+f(s) < uC∗ ⊗ ψ(f), Us v ⊗ ψ(g) > + < uK∗ ⊗ ψ(f), Us v ⊗ ψ(g) >} ds
or

Iteration Scheme 2. (Time Iteration of Unitary Evolutions)

< u⊗ ψ(f), Utn v ⊗ ψ(g) >=< u⊗ ψ(f), Utn−1 v ⊗ ψ(g) > +(2.26)∫ tn
tn−1
{f(s)g(s) < uD∗ ⊗ ψ(f), Us v ⊗ ψ(g) > +g(s) < uB∗ ⊗ ψ(f), Us v ⊗ ψ(g) >

+f(s) < uC∗ ⊗ ψ(f), Us v ⊗ ψ(g) > + < uK∗ ⊗ ψ(f), Us v ⊗ ψ(g) >} ds

The integral form of the quantum flow equation (1.17) is

jt(X) = X +
∫ t
0
js(K̂) ds+ js(B̂) dAs + js(Ĉ) dA†s + js(D̂) dΛs(2.27)

where

K̂ = i[H,X]− 1

2
(L∗LX +XL∗L− 2L∗XL)(2.28)

B̂ = [L∗, X]W(2.29)

Ĉ = W ∗ [X,L](2.30)

D̂ = W ∗XW −X(2.31)

The corresponding iteration scheme is

j0,t(X) = X(2.32)

and for n ≥ 1

jn,t(X) = X +
∫ t
0
jn−1,s(K̂) ds+ jn−1,s(B̂) dAs + jn−1,s(Ĉ) dA†s + jn−1,s(D̂) dΛs(2.33)

The matrix element form of the iteration scheme (2.32) and (2.33) is
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< u⊗ ψ(f), jn,t(X) v ⊗ ψ(g) >=< u⊗ ψ(f), X v ⊗ ψ(g) > +(2.34)

< u⊗ ψ(f),
(∫ t

0
jn−1,s(K̂) ds+ jn−1,s(B̂) dAs + jn−1,s(Ĉ) dA†s + jn−1,s(D̂) dΛs

)
v ⊗ ψ(g) >

which by Theorem 1 yields

Iteration Scheme 3. ( General Quantum Flows)

< u⊗ ψ(f), jn,t(X) v ⊗ ψ(g) >=< u⊗ ψ(f), X v ⊗ ψ(g) >(2.35)

+
∫ t
0
{f(s)g(s) < u⊗ ψ(f), jn−1,s(D̂) v ⊗ ψ(g) > +g(s) < u⊗ ψ(f), jn−1,s(B̂) v ⊗ ψ(g) >

+f(s) < u⊗ ψ(f), jn−1,s(Ĉ) v ⊗ ψ(g) > + < u⊗ ψ(f), jn−1,s(K̂) v ⊗ ψ(g) >} ds

Notice that for n = 1 (2.35) becomes

< u⊗ ψ(f), j1,t(X) v ⊗ ψ(g) >(2.36)

=< u⊗ ψ(f), X v ⊗ ψ(g) > + < u⊗ ψ(f),
(∫ t

0
K̂ ds+ B̂ dAs + Ĉ dA†s + D̂ dΛs

)
v ⊗ ψ(g) >

=< u⊗ ψ(f), X v ⊗ ψ(g) > +
∫ t
0
{f(s)g(s) < u⊗ ψ(f), D̂ v ⊗ ψ(g) > +g(s) < u⊗ ψ(f), B̂ v ⊗ ψ(g) >

+f(s) < u⊗ ψ(f), Ĉ v ⊗ ψ(g) > + < u⊗ ψ(f), K̂ v ⊗ ψ(g) >} ds
=< u⊗ ψ(f), X v ⊗ ψ(g) > +

∫ t
0
{f(s)g(s) < uD̂ ⊗ ψ(f), v ⊗ ψ(g) > +g(s) < uB̂ ⊗ ψ(f), v ⊗ ψ(g) >

+f(s) < uĈ ⊗ ψ(f), v ⊗ ψ(g) > + < uK̂ ⊗ ψ(f), v ⊗ ψ(g) >} ds

and so, letting uX∗ = X∗ u, we have

< u⊗ ψ(f), j1,t(X) v ⊗ ψ(g) >=< uX∗ ⊗ ψ(f), v ⊗ ψ(g) > +(2.37)∫ t
0
f(s)g(s) ds < uD̂ ⊗ ψ(f), v ⊗ ψ(g) > +

∫ t
0
g(s) ds < uB̂ ⊗ ψ(f), v ⊗ ψ(g) >

+
∫ t
0
f(s) ds < uĈ ⊗ ψ(f), v ⊗ ψ(g) > +

∫ t
0
ds < uK̂ ⊗ ψ(f), v ⊗ ψ(g) >

The general theory of quantum flows, in the context of Hudson-
Partasarathy calculus, can be found in [29]. We now consider flows
{jt(X) / t ≥ 0} of the standard quantum mechanical form

jt(X) = U∗t X Ut(2.38)

where Ut is , for each t ≥ 0, a unitary operator.

Proposition 1. Let X be a bounded system space operator, let Ut and
Un,t be for each t ∈ [0, T ] and n ≥ 1 as in (2.14) and (2.16) respectively,
and let U∗t and U∗n,t be their adjoints. If
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jt(X) = U∗t X Ut(2.39)

and

jn,t(X) = U∗n,tX Un,t(2.40)

then

limn→∞ < u⊗ ψ(f), jn,t(X) v ⊗ ψ(g) >=< u⊗ ψ(f), jt(X) v ⊗ ψ(g) >(2.41)

for all u ⊗ ψ(f) and v ⊗ ψ(g) in the exponential domain of H ⊗ Γ.
Convergence is uniform on [0, T ].

Proof.

| < u⊗ ψ(f), jt(X) v ⊗ ψ(g) > − < u⊗ ψ(f), jn,t(X) v ⊗ ψ(g) > |
= | < u⊗ ψ(f), (jt(X)− jn,t(X)) v ⊗ ψ(g) > |
= | < u⊗ ψ(f),

(
U∗t X Ut − U∗n,tX Un,t

)
v ⊗ ψ(g) > |

= | < u⊗ ψ(f),
(
(U∗t − U∗n,t)X Ut + U∗n,tX (Ut − Un,t)

)
v ⊗ ψ(g) > |

≤ | < u⊗ ψ(f), (U∗t − U∗n,t)X Ut v ⊗ ψ(g) > |+ | < u⊗ ψ(f), U∗n,tX (Ut − Un,t) v ⊗ ψ(g) > |
= | < (Ut − Un,t)u⊗ ψ(f), X Ut v ⊗ ψ(g) > |+ | < Un,t u⊗ ψ(f), X (Ut − Un,t) v ⊗ ψ(g) > |
≤ ‖(Ut − Un,t)u⊗ ψ(f)‖ ‖X‖ ‖Ut‖ ‖v ⊗ ψ(g)‖+ ‖Un,t u⊗ ψ(f)‖ ‖X‖ ‖(Ut − Un,t) v ⊗ ψ(g)‖
≤ ‖(Ut − Un,t)u⊗ ψ(f)‖ ‖X‖ ‖v ⊗ ψ(g)‖+ ‖Un,t u⊗ ψ(f)‖ ‖X‖ ‖(Ut − Un,t) v ⊗ ψ(g)‖

since ‖Ut‖ = 1. Since Un,t converges to Ut on the exponential domain
of H ⊗ Γ uniformly with respect to t and ‖Un,t u ⊗ ψ(f)‖ is bounded,
it follows that

| < u⊗ ψ(f), jn,t(X) v ⊗ ψ(g) > − < u⊗ ψ(f), jt(X) v ⊗ ψ(g) > | → 0

as n→ +∞.
�

The iteration scheme for the matrix element associated with (2.40)
is obtained, with the use of Theorems 1 and 2 as follows:

< u⊗ ψ(f), U∗n,tX Uk,t v ⊗ ψ(g) >=< Un,t u⊗ ψ(f), X Uk,t v ⊗ ψ(g) >(2.42)

=<
(
I +

∫ t
0
K Un−1,s ds+B Un−1,s dAs + C Un−1,s dA

†
s +DUn−1,s dΛs

)
u⊗ ψ(f),

X
(
I +

∫ t
0
K Uk−1,s ds+B Uk−1,s dAs + C Uk−1,s dA

†
s +DUk−1,s dΛs

)
v ⊗ ψ(g) >
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=< u⊗ ψ(f), (X v)⊗ ψ(g) > +

+ < u⊗ ψ(f),
(∫ t

0
XK Uk−1,s ds+X B Uk−1,s dAs +X C Uk−1,s dA

†
s +X DUk−1,s dΛs

)
v ⊗ ψ(g) >

+ <
(∫ t

0
K Un−1,s ds+B Un−1,s dAs + C Un−1,s dA

†
s +DUn−1,s dΛs

)
u⊗ ψ(f), (X v)⊗ ψ(g) >

+ <
(∫ t

0
K Un−1,s ds+B Un−1,s dAs + C Un−1,s dA

†
s +DUn−1,s dΛs

)
u⊗ ψ(f),(∫ t

0
XK Uk−1,s ds+X B Uk−1,s dAs +X C Uk−1,s dA

†
s +X DUk−1,s dΛs

)
v ⊗ ψ(g) >

=< u⊗ ψ(f), (X v)⊗ ψ(g) >

+
∫ t
0
< u⊗ ψ(f),

(
f̄(s) g(s)X D + g(s)X B + f̄(s)X C +XK

)
Uk−1,s v ⊗ ψ(g) > ds

+
∫ t
0
< (ḡ(s) f(s)X∗D + f(s)X∗B + ḡ(s)X∗C +X∗K) Uk−1,s u⊗ ψ(f), v ⊗ ψ(g) > ds

+
∫ t
0
{< (Un,s − 1)u⊗ ψ(f),

(
f̄(s) g(s)X D + g(s)X B + f̄(s)X C +XK

)
Uk−1,s v ⊗ ψ(g) >

+ < (ḡ(s) f(s)D + f(s)B + ḡ(s)C + K) Un−1,s u⊗ ψ(f), X (Uk,s − 1) v ⊗ ψ(g) >

+ < (f(s)D + C) Un−1,s u⊗ ψ(f), (g(s)X D +X C) Uk−1,s v ⊗ ψ(g) >} ds

and using (2.16) we obtain

Iteration Scheme 4. (Quantum Mechanical Flows) For n, k ≥ 1

< u⊗ ψ(f), U∗n,tX Uk,t v ⊗ ψ(g) >=< u⊗ ψ(f), (X v)⊗ ψ(g) >(2.43)

+
∫ t
0
{f̄(s) g(s) < u⊗ ψ(f), U∗n,sX DUk−1,s v ⊗ ψ(g) > +g(s) < u⊗ ψ(f), U∗n,sX B Uk−1,s v ⊗ ψ(g) >

+f̄(s) < u⊗ ψ(f), U∗n,sX C Uk−1,s v ⊗ ψ(g) > + < u⊗ ψ(f), U∗n,sXK Uk−1,s v ⊗ ψ(g) >

f̄(s) g(s) < u⊗ ψ(f), U∗n−1,sD
∗X Uk,s v ⊗ ψ(g) > +f̄(s) < u⊗ ψ(f), U∗n−1,sB

∗X Uk,s v ⊗ ψ(g) >

+g(s) < u⊗ ψ(f), U∗n−1,sC
∗X Uk,s v ⊗ ψ(g) > + < u⊗ ψ(f), U∗n−1,sK

∗X Uk,s v ⊗ ψ(g) >

+f̄(s) g(s) < u⊗ ψ(f), U∗n−1,sD
∗X DUk−1,s v ⊗ ψ(g) > +f̄(s) < u⊗ ψ(f), U∗n−1,sD

∗X C Uk−1,s v ⊗ ψ(g) >

+g(s) < u⊗ ψ(f), U∗n−1,sC
∗X DUk−1,s v ⊗ ψ(g) > + < u⊗ ψ(f), U∗n−1,sC

∗X C Uk−1,s v ⊗ ψ(g) >} ds

Letting n = k in (2.43) we obtain the value of the matrix element

< u⊗ ψ(f), jn,t(X) v ⊗ ψ(g) >

Notice that for n = 0 or k = 0 (2.43) reduces to (2.22).

3. Error Analysis

Proposition 2. Let ε > 0, and let Ut and Un,t, where 0 ≤ t ≤ T <
+∞, be defined respectively by (2.14) and (2.16). Then for all u⊗ψ(f)
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and v⊗ψ(g) in the exponential domain of H⊗Γ, with g locally bounded
and u, v 6= 0

| < u⊗ ψ(f), Ut v ⊗ ψ(g) > − < u⊗ ψ(f), Un,t v ⊗ ψ(g) > | < ε(3.1)

for all t ∈ [0, T ] provided that

√
λn+1 Tn+1

(n+1)!
< ε

‖u‖ ‖v‖ e
‖f‖2

2 e
‖g‖2

2

(3.2)

where ε > 0 is the required degree of accuracy and

‖f‖2 =

∫ +∞

0

|f(s)|2 ds(3.3)

‖g‖2 =

∫ +∞

0

|g(s)|2 ds(3.4)

λ = 6α(T )2 eT M(3.5)

M = max (‖K‖, ‖B‖, ‖C‖, ‖D‖)(3.6)

α(T ) = sup0≤s≤T max
(
|g(s)|2, |g(s)|, 1

)
(3.7)

Proof.

| < u⊗ ψ(f), Ut v ⊗ ψ(g) > − < u⊗ ψ(f), Un,t v ⊗ ψ(g) > |2

= | < u⊗ ψ(f), (Ut − Un,t) v ⊗ ψ(g) > |2 ≤ ‖u⊗ ψ(f)‖2 ‖(Ut − Un,t) v ⊗ ψ(g)‖2

= ‖u⊗ ψ(f)‖2 ‖{
∫ t
0
K (Us1 − Un−1,s1) ds1 +B (Us1 − Un−1,s1) dAs1 + C (Us1 − Un−1,s1) dA†s1

+D (Us1 − Un−1,s1) dΛs1} v ⊗ ψ(g)‖2

which by Corollary 1 and Theorem 4.4 of [27] is
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≤ 6α(T )2 ‖u⊗ ψ(f)‖2
∫ T

0

et−s1 {‖K (Us1 − Un−1,s1) v ⊗ ψ(g)‖2

+ ‖B (Us1 − Un−1,s1) v ⊗ ψ(g)‖2 + ‖C (Us1 − Un−1,s1) v ⊗ ψ(g)‖2

+ ‖D (Us1 − Un−1,s1) v ⊗ ψ(g)‖2} ds1

≤ 6α(T )2 (max {‖K‖, ‖B‖, ‖C‖, ‖D‖})2 ‖u⊗ ψ(f)‖2
∫ T

0

et−s1 ‖(Us1 − Un−1,s1) v ⊗ ψ(g)‖2 ds1

= λ‖u⊗ ψ(f)‖2
∫ T

0

‖(Us1 − Un−1,s1) v ⊗ ψ(g)‖2 ds1

≤ λ2‖u⊗ ψ(f)‖2
∫ T

0

∫ s1

0

‖(Us2 − Un−2,s2) v ⊗ ψ(g)‖2 ds2 ds1

≤ λ3‖u⊗ ψ(f)‖2
∫ T

0

∫ s1

0

∫ s2

0

‖(Us3 − Un−3,s3) v ⊗ ψ(g)‖2 ds3 ds2 ds1

...

≤ λn‖u⊗ ψ(f)‖2
∫ T

0

∫ s1

0

∫ s2

0

...

∫ sn−1

0

‖(Usn − U0,sn) v ⊗ ψ(g)‖2 dsn... ds3 ds2 ds1

which using

Usn = 1 +

∫ sn

0

K Usn+1 dsn+1 +B Usn+1 dAsn+1 + C Usn+1 dA
†
sn+1

+DUsn+1 dΛsn+1

U0,sn = 1

and the unitarity of Usn+1 , becomes

≤ λn+1‖u⊗ ψ(f)‖2
∫ T

0

∫ s1

0

∫ s2

0

...

∫ sn−1

0

∫ sn

0

‖Usn+1 v ⊗ ψ(g)‖2 dsn+1 dsn... ds3 ds2 ds1

= λn+1‖u⊗ ψ(f)‖2
∫ T

0

∫ s1

0

∫ s2

0

...

∫ sn−1

0

∫ sn

0

‖v ⊗ ψ(g)‖2 dsn+1 dsn... ds3 ds2 ds1

= ‖u⊗ ψ(f)‖2 ‖v ⊗ ψ(g)‖2 λn+1

∫ T

0

∫ s1

0

∫ s2

0

...

∫ sn−1

0

∫ sn

0

dsn+1 dsn... ds3 ds2 ds1

= ‖u⊗ ψ(f)‖2 ‖v ⊗ ψ(g)‖2 λn+1 T n+1

(n+ 1)!

= ‖u‖2 ‖v‖2 e‖f‖2 e‖g‖2 λn+1 T n+1

(n+ 1)!

which is less than ε2 provided that (3.2) is satisfied.
�
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Corollary 1. In the notation of Proposition 2

| | < u⊗ ψ(f), Ut v ⊗ ψ(g) > | − | < u⊗ ψ(f), Un,t v ⊗ ψ(g) > | | < ε(3.8)

for all t ∈ [0, T ] and u, v, f, g with u, v 6= 0, provided that

√
λn+1 Tn+1

(n+1)!
< ε

‖u‖ ‖v‖ e
‖f‖2

2 e
‖g‖2

2

(3.9)

Proof. The proof follows by applying the triangle inequality to (3.1).
�

Proposition 3. In the notation of Proposition 1

| < u⊗ ψ(f), jn,t(X) v ⊗ ψ(g) > − < u⊗ ψ(f), jt(X) v ⊗ ψ(g) > | < ε(3.10)

for all t ∈ [0, T ] and u, v, f, g with u, v 6= 0, provided that

√
λn+1 Tn+1

(n+1)!
+ 1 < ε1/2

‖u‖1/2 ‖v‖1/2 e
‖f‖2

4 e
‖g‖2

4 ‖X‖1/2
(3.11)

Proof.

| < u⊗ ψ(f), jn,t(X) v ⊗ ψ(g) > − < u⊗ ψ(f), jt(X) v ⊗ ψ(g) > |
≤ ‖(Ut − Un,t)u⊗ ψ(f)‖ ‖X‖ ‖v ⊗ ψ(g)‖
+ (‖(Ut − Un,t)u⊗ ψ(f)‖+ ‖u⊗ ψ(f)‖) ‖X‖ ‖(Ut − Un,t) v ⊗ ψ(g)‖

and using, as in the proof of Proposition 2,

‖(Ut − Un,t) a⊗ ψ(b)‖2 ≤ ‖a⊗ ψ(b)‖2 λn+1 Tn+1

(n+1)!

we obtain

| < u⊗ ψ(f), jn,t(X) v ⊗ ψ(g) > − < u⊗ ψ(f), jt(X) v ⊗ ψ(g) > |

≤ ‖u⊗ ψ(f)‖ ‖v ⊗ ψ(g)‖ ‖X‖

(
2

√
λn+1 T n+1

(n+ 1)!
+
λn+1 T n+1

(n+ 1)!

)

≤

(√
λn+1 T n+1

(n+ 1)!
+ 1

)2

‖u‖ ‖v‖ e
‖f‖2

2 e
‖g‖2

2 ‖X‖ < ε

from which (3.11) follows. �
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Corollary 2. In the notation of Proposition 3

| | < u⊗ ψ(f), jn,t(X) v ⊗ ψ(g) > | − | < u⊗ ψ(f), jt(X) v ⊗ ψ(g) > | | < ε(3.12)

for all t ∈ [0, T ] and u, v, f, g with u, v 6= 0, provided that√
λn+1 Tn+1

(n+1)!
+ 1 < ε1/2

‖u‖1/2 ‖v‖1/2 e
‖f‖2

4 e
‖g‖2

4 ‖X‖1/2
(3.13)

Proof. The proof follows by applying the triangle inequality to (3.10).
�

4. Appplications to quantum stochastic control

The quadratic cost control problem of classical stochastic control the-
ory was extended to the quantum stochastic framework by L. Accardi
and A. Boukas in [7], [9], [10], [21], [23], [24], [25].

In the case of first order white noise it was shown that if U =
{Ut / t ≥ 0} is a stochastic process satisfying on a finite interval [0, T ]
the quantum stochastic differential equation

dUt = (F Ut + ut) dt+ ΨUt dAt + ΦUt dA
†
t + Z Ut dΛt, U0 = 1(4.1)

then the performance functional

Qξ,T (u) =

∫ T

0

[< Ut ξ,X
2 Ut ξ > + < ut ξ, ut ξ >] dt− < uT ξ, UT ξ >(4.2)

satisfies

minQξ,T (u) =< ξ,Πξ >(4.3)

where the minimum is taken over all processes of the form ut =
−ΠUt, ξ is an arbitrary vector in the exponential domain of the tensor
product of the system Hilbert space and the BosonFock space over
L2([0,+∞),C), and Π is the solution of the Algebraic Riccati Equation

ΠF + F ∗Π + Φ∗ΠΦ− Π2 +X2 = 0(4.4)

with the additional conditions

Π Ψ + Φ∗Π + Φ∗ΠZ = 0(4.5)

ΠZ + Z∗Π + Z∗ΠZ = 0(4.6)
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Using this we have proved ( ref. [9], [10]) that if X is a bounded
self-adjoint system operator such that the pair (iH, X) is stabilizable,
then the quadratic performance functional

Jξ,T (L,W ) =

∫ T

0

[ ‖jt(X) ξ‖2 +
1

4
‖jt(L∗L) ξ‖2 ] dt+

1

2
‖jT (L) ξ‖2(4.7)

associated with the quantum stochastic flow {jt(X) = U∗t X Ut / t ≥
0} satisfying

djt(X) = jt(i[H,X]− 1
2
(L∗LX +XL∗L− 2L∗XL)) dt(4.8)

+jt([L
∗, X]W ) dAt + jt(W

∗ [X,L]) dA†t + +jt(W
∗XW −X) dΛt, j0(X) = X

where U = {Ut / t ≥ 0} is the solution of

dUt = −((iH +
1

2
L∗L) dt+ L∗W dAt − LdA†t + (1−W ) dΛt)Ut, , U0 = 1,(4.9)

is minimized by choosing

L =
√

2 Π1/2W1(4.10)

W = W2(4.11)

where Π is the solution of the Algebraic Riccati Equation

i [H,Π] + Π2 +X2 = 0(4.12)

and W1, W2 are bounded unitary system operators commuting with
Π. Moreover

min
L,W

Jξ,T (L,W ) =< ξ,Π ξ >(4.13)

In the case of quantum stochastic differential equations driven by
the square of white noise processes, we have shown (re. [10]) that if X
is a bounded self-adjoint system operator such that the pair (iH, X)
is stabilizable then the performance functional

Jξ,T (D−,W ) =

∫ T

0

[ ‖jt(X) ξ‖2 +
1

4
‖jt((D∗−|D∗−)) ξ‖2 ] dt+

1

2
< ξ, jT ((D∗−|D∗−)) ξ >(4.14)

associated with the quantum flow {jt(X) = U∗t X Ut / t ≥ 0}, where
U = {Ut / t ≥ 0} is the solution of the quantum stochastic differential
equation
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dUt = ((−1

2
(D∗−|D∗−) + iH) dt+ dAt(D−) + dA†t(−r(W )D∗−) + dLt(W − I))(4.15)

U0 = 1

is minimized by choosing

D− =
∑
n

D−,n ⊗ en(4.16)

and

W =
∑
α,β,γ

Wα,β,γ ⊗ ρ+(B+αMβB−
γ
)(4.17)

so that

1

2
(D∗−|D∗−) = (

1

2

∑
n

D−,nD
∗
−,n) ⊗ 1 = Π(4.18)

and

[D−,n, D−,m] = [D−,n, D
∗
−,m] = [D−,n,Wα,β,γ] = [D−,n,W

∗
α,β,γ] = 0(4.19)

for all n,m, α, β, γ, where Π is the positive self-adjoint solution of
the Algebraic Riccati equation

i [H,Π] + Π2 +X2 = 0(4.20)

Moreover

min
D−,W

Jξ,T (D−,W ) =< ξ,Π ξ >(4.21)
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