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Abstract We prove the It6 multiplication table for the stochastic differentials
of the universal enveloping algebra of the square of white noise defined on Boson
Fock space. Using the Itd table we derive unitarity conditions for processes satis-
fying quantum stochastic differential equations in terms of such noise. Computer
algorithms for checking these conditions, for computing the product of stochastic
differentials, and for iterating the differential of the square of white noise analogue
of the Poisson- Weyl operator are also provided.

1. INTRODUCTION

The time-evolution of a classical quantum mechanical observable X (i.e a self-
adjoint operator on the wave function Hilbert space H)is described by a new ob-
servable j;(X) = U*(t) X U(t) where U(t) = e~ ®H is a unitary operator and H is
a self-adjoint operator on the wave function Hilbert space.

If the evolution is not disturbed by noise, the operator processes U = {U(t) /¢ >
0} and j = {j:(X)/t > 0} satisfy deterministic differential equations in the ”sys-
tem” Hilbert space H . In the case when the system is affected by quantum noise,
described in terms of operators acting on a "noise” Fock space I' and satisfying
certain commutation relations, the equations for U and j = {j,(X)/t > 0} are
replaced by stochastic differential equations driven by tha t noise (see e.g [15]),
interpreted as stochastic differential equations in the tensor product H ® I' and
viewed as the Heisenberg picture of the Schrédinger equation in the presence of
noise or as a quantum probabilistic analogue of the Langevin equation.

It is therefore important to be able to determine for specific quantum noises
which processes U satisfying a quantum stochastic differential equation can be
used to describe the time-evolution of an observable i.e to decide when the solution
of such an equation is unitary.

The simple linear case of quantum stochastic differential equations driven by
first order white noise the problem has been studied extensivelly e.g in [15] and the
results are now standard.

In 1999 Accardi, Lu, and Volovich introduced nonlinearity in quantum stochastic
calculus by considering the squares of the white noise functionals (see [9]). The
physical motivation was provided in earlier work of Accardi and Obata related to
problems arising in nonlinear quantum optics (see [10]).

Working with the square of white noise functionals led to analytical problems
such as the product of distributions and forced Accardi, Lu, and Volovich to use
the, well-known among physicists, method of ”renormalization”.

The first renormalization, corresponding to the subtraction of an infinite con-
stant, was used by Accardi and Boukas in [1, 3] to study the problem of obtaining
unitarity conditions for the solution of a quantum stochastic differential equation
driven by the square of white noise (or SWN) processes.

The second renormalization, corresponding to defining the square of Dirac’s delta
function to be a positive constant times that function, was used in [4, 5] by Accardi,



Boukas, and Kuo to study the problem of unitarity with the use of the closed Ito
table of Accardi, Hida, and Kuo obtained in [8].

The natural Fock space for defining the SWN processes (see Definition 1 below)
was shown by Accardi and Skeide in [11] to be related to the Finite-Difference Fock
space of Feinsilver and Boukas (see [12, 13, 14]).

The SWN calculus in the framework of that Fock space was shown in [4] to
be included in the representation free stochastic calculus of Accardi, Fagnola, and
Quaegebeur constructed in [6]. In [7] Accardi, Franz, and Skeide realized the square
of white noise in the usual Boson fock space associated with first order white noise.

The present paper addresses the problem of unitarity for processes defined as
solutions of quantum stochastic differential equations in the framework of [7].

2. THE ITO TABLE FOR THE RENORMALIZED SWN

Definition 1. The SWN Lie algebra is the three-dimensional simple Lie algebra
with basis BY, B~, M satisfying the commutation relations

(2.1) [B~,BT| =M, [M,B"]=2B", [M,B"| = -2B~

with involution

(2.2) (B™) =B+, M*=M

It was shown in [7] that the mapping p™ defined by

(2.3) pT(M)e, =(2n+2)e,
(2.4) pH(BY)en = /n+ D +2) ey
(2.5) pT (B ) e, =+/nn+1)e,—1
where e,, n =0,1,2,--- is any orthonormal basis of [y, defines a representation

of the SWN Lie algebra on l,. Indexing BT, B~ and M by time ¢ > 0 and replacing
M; by 2ct +4N; we find that B;", B;, N; satisfy the commutation relations of the
Fock space operator realization of the SWN derived in [4], namely

(B, Bi] = 2ct + ANy, [Ny, Bff] = 2B}, [Ny, B;| = —2B;

where ¢ > 0 is a constant (coming from the renormalization §%(¢) = c§(t) of [9]).

It was also shown in [7] that the quantum stochastic differentials dB;", dB; , dM;
are connected with the classic, first order white noise quantum stochastic differen-
tials of [15], defined in terms of annihilation, creation, and conservation operators
Ay, Al and A, respectively on the Boson Fock space I'(L2(R, (2(N)) through

(2.6) dM; = dA(p™ (M) + dt
(2.7) dBf = dAy(p" (B*)) + dA] (eo)
(2.8) dB; = dAy(p*(B™)) + dAy(eo)

with It6 multiplication table



| dAl(w)  dA(F)  dA(u) dt

dAl (v) 0 0 0 0

dA(G) | dAI(Gu)  dA(GF) 0 0

dA:(v) | <wv,u>dt dA(F*v) 0 0

dt 0 0 0 0
The corresponding Itd6 multiplication table for the SWN quantum stochastic
differentials dB;", dB; and dM; is not closed and in order to discuss unitarity
one should consider instead processes driven by time and the generalized square of
white noise quantum stochastic differentials dA,, 1 ;(t), dA,,(t) and dA] (t), where

n,k,l,m=0,1,..., defined by

(2.9) dAn g (t) = dAe(p* ((BT)"M*(B™)"))
(2.10) dAn (t) = dAs(em)
(2.11) dAL (t) = dAl (em)

The following lemmas will be useful in obtaining the It6 table for the generalized
SWN stochastic differentials.

Lemma 1. For alln,k,l,m=20,1,2,...

(2.12) (B)@Mk (M + 2n)k(B=)"
(2.13) M"™(BH)* = (BT)*(M + 2k)"
(2.14)
(B7)"(BF)* =320 () ()™ (BF)E 0 (M + k4 m — 1)) (B7)™
+\k (m4+1) k41
(2.15) (B em = e,
(2.16) pt(MF) e, = (2m+2)F e,
m—k+1 k
@IT) gt (B em = { VI () emo m 2k
0 m <k
and also
(218) p+((B+)an(B_>l) €m = en,k:,l,m €n+m—I
where
— 1
Orptom = H(n+m —1) ) L ok 1 1) (m 4 1) m— 1+ 1)
m+1
1 ifz>0
H(z) = is the Heaviside function
0 ifz<0

0°=1, (B")"=(B)"=N"=0, forn<0

and “factorial powers” are defined by



Proof. The proof follows from (2.1) and (2.3)-(2.5) with the use of mathematical
induction. We will only give the proof for (2.12) and (2.15). The proof of the
rest is similar, with (2.18) following from (2.15)-(2.17) and the fact that p* is a
homomorhism.

If one or both of n, k is zero then (2.12) is obviously true. So assume n,k > 1.
We will first show that for all n > 1

(B™)"M = (M + 2n)(B™)".

For n = 1 the above reduces to (2.1) and is therefore true. Assume it to be true
for n = ng. Then for n = ng +1

(B7)™ M = B=(B™)"M = (B™)(M + 2ng) (B~ )™
=B~ M(B7)™ + 2no(B~)™* = (M + 2)B~(B™)™ + 2ngo(B~)"ot!
= (M +2(ng + 1))(B~)"otL,

We will now show that for each n and all £ > 1

(B7)"MF* = (M + 2n)*(B~)"
For k = 1 it was just proved. Assume it to be true for k = kg. Then for k = ko+1

(B™)"M*o+1 = (B=)"MM* = (M + 2n)(B~)"M*o
= (M +2n)(M + 2n)*(B™)" = (M + 2n)*t1(B7)".

Turning to (2.15), for k = 0 it reduces to p™(I) = I which is true. For k = 1
it reduces to the definition of p™(B™). Assume it to be true for k = ko. Then for
k=ko+1

p+((B+)kO+1) Em = p+((B+)ko)p+(B+) Em
= pT((BT)) /(m +1)(m +2) ey
_ (Mm+2) kg +1
=/ (m+1)(m+ 2)—(m+2)(m+2+k0) Emtko+1

m—+1
m+2+ko (m + 2)1€0+1 €m+ko+1

L (m 4+ 2)(m 4 3) -+ (m+ 2+ ko) emano 1

=vVm+1m+2)(m—+3)---(m+2+ko—1)vVm+2+Fkoemiko+1
_ 1
VD (m+(ko+1)+1)

(m + 1)(ko+1)+1 €m+4-ko+1-



Lemma 2 (The SWN Multiplication Law). For «, 8,v,a,b,¢ € {0,1,2,...}

(BH)*MP(B=)Y(B*)*M"(B~)" =
V:O Zg;g\ Z;S*PZ Oze 0 26/3‘;6 (B+)a+a ’Y+>\Mw+a+e(Bf))\+c

where
A, p,0,w,€e
B,v,a,b
(D5 () (2258, a0V (a+ A — )P (a =y + N)F- A=

Here Sy_x_,., are the "Stirling numbers of the first kind” and 0° = 1.

Proof. Recalling the binomial theorem for factorial powers of two commuting vari-
ables x,y and the connection between factorial and ordinary powers through the
”Stirling numbers of the first kind” S, 5, namely

n

n _
(4™ =3 (k) =)y B

k=0
and

™ = Z Sn,kxk
k=0

the result follows using (2.12)-(2.14) to commute powers of BT, B~ and M. In
more detail, repeated use of Lemma 1 yields

(BT)*MP(B~)(B*)*M*(B~)" =
(BF)*MP 323, (1) (@) =M (BH)e
(M +a+X—1)0"Y(B)*MB~) =
’)\7:0 (K) (a)(w—h)(3+)aMﬁ(B+)a—’y+A
(M +a+X—1)0"(B)*M®B~)* =
o Q@O V(BF)Fe M +2(a — 7y + )7
(M +a+X—1)0"(B)*M®B~)* =
>3m0 Q@O (BF) =AM +2(a — v + )
(M +a+X—1)0"N(M 4202 (B)Me =
)\ 0( )(a)(v /\)(B+)a+a 7+AZ ( )ngﬁfw( 7«->/+)\)ﬁ7w
ZpZO( p )(aJr/\*l)( ’Y A p)Ze 0()M€2b AP 6( )A+C:
A0 X0 000 Teno Q@O (2)277 4 (a — v 4+ NP
(7 M(a+ A —1)0) (P)2b—e\b=e M@ M O=AP) Me(B )M

and the result follows using the Stirling numbers to expand M(—*=r) in
terms of ordinary powers O
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Remark 1. By Lemma 2 the highest power of BT, M, B appearing in the formula
for

(BH)*MP(B™)(B*)*M"(B™)*
isa+a, B+ b+, v+ c respectively.
Proposition 1 (The SWN It6 Table). For a,f8,7v,a,b,¢c € {0,1,2,...}

( ) dAa,Bﬁ(t) dAap,e(t) = > ngg’;’,‘?f’e dAaJra*er)\,eraJre,)HrC(t)
(2.20) 0o, (1) AT () = O, 50 dAL L, (1)

( ) dAm (t) dAa,b,c(t) = 90,1)7{1,777, dAc-l—m—a(t)

(2.22) dAy, (t) dAS (1) = 6pmn dt

—A v —A— b
DIED I ERD D DU D DD B
All other products are equal to zero.

Proof. We will only prove (2.19). The proof of (2.20), (2.21) and (2.22) is similar.
By (2.9), the It6 table following (2.8), and Lemma 2

Ao .4(t) A o(F) = dA(p (BF)* MP(B7))) dAs (o ((BF)* M (B7)%))
= d(p* (BH)*MP(B7)") p* (BY) MY (B7)%))
= dA(p* (B MP(B™) (B¥)"M"(B7)))
= dhy(pt (5 3o (B re T Mt (B M)
Bf))\+c))

= X0 AL ARt (B Mo

(
(

o Apowe
=>. C3.~,a,b dAa+a—'y+>\,w+a+e,>\+C(t)

3. THE UNITARITY CONDITIONS

Consider the quantum stochastic differential equation, with constant coefficients
acting on a system Hilbert space Hy,

(3.1) dU(t) = (Adt + 355 o Bk dhn ki (t) + 3520 Croy A (2)

+ 305 Dy dAL () U(t), U0) =1, 0<t<ty< 400

interpreted as an Hy®F' (where F' denotes Boson Fock space) quantum stochastic
differential equation with infinite degrees of freedom in a way similar to that of [15],
with adjoint

(3.2) dU*(t) = U*(t)(A*dt + 1% o By dAikn(t) + oo, Cx dAT ()

n

£ 3 DE dAL (1), U*(0) =1, 0<t<ty<+oo



Under certain summability conditions on its coefficients, derived in a manner
similar to that of [15], it can be shown that equation (3.1) admits a unique solution.
The details will appear elsewhere.

Proposition 2 (Necessary and sufficient unitarity conditions). The solution U =
{U(t)/t >0} of (8.1) is unitary, i.e Ut)U*(t) = U*(t)U(t) = I for each t >0, if
and only if the coefficient operators satisfy

(3.3) A4+ A+ 30 Dt D,y =0
At A+ 30 CCi, =0

for each m=0,1,2, ...

(3.5) Cm + Dy, + j;jioD +nsz °0 Otk mtn—1Bn ki =0
(36) Crm + D:n + Z:’?io m-+l—n Zk:O n,k,l7m+lann,kvl =0

and for each n,k,1=0,1,2, ...

Jkmin(k,l),1Lk, k,l —

(37) Bnkl_"B?kn_'—ZZB:”anbc 0 nBaﬁ’YB;bchancb 0
(k,0),knn.k,l 5y

(38) Bnkl"'Blkn‘f'Z;ntgn,yabcnon Bag,yBabcg’yc’ﬁaab 0

where, with 6 denoting Kronecker’s delta,

z A

—A—
X\p,0,w,e
§ E E 69;+Y X+An 6w+o+e k 6>\+U,l C.. XY, Z

o w=0 e=0

X
n,k,l
gm,yﬁ: XY, Z

and

HM|

n,k,min(k,l),l,k,n

>

a,p,v,a,b,c=0

means that o ranges from 0 to n, 8 ranges from 0 to k e.t.c
with a similar interpretation for

min(k,l),k,n,n,k,l

>

a,pB,v,a,b,c=0

Proof. In the theory of quantum stochastic differential equations, one obtains suf-
ficient unitarity conditions for stochastic evolutions driven by quantum noise by
starting with the definition of unitarity

U U*(t) = U*(4)U(t) =1, U0) = U*(0) = I

which is equivalent to
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d(URU*(t)) = dU () U*(t) + U(t) dU* () + dU(t) dU*(t) = 0

and

dU*)U(@) =dU* () U@) +U*(t)dU(t) +dU*(t)dU(t) =0

replacing dU (t) and dU*(t) by (in the SWN case) (3.1) and (3.2), using the It
multiplication rule of Proposition 1 to multiply the stochastic differentials, and then
equating coefficients of the time and noise differentials to zero. In the SWN case
this method yields (3.3)-(3.8) as sufficient conditions for the unitarity of U. In view
of the linear independence of the generalized SWN stochastic differentials (proved
in Proposition 6 in the next section) conditions (3.3)-(3.8) are also necessa ry for
the unitarity of U. In more detail, by (3.1) and (3.2),

d(UMRU*() =0

implies

(Adt+ 3 %10 Bkt Ak i(t) + 300 Co dAy () + 315, D dAL (1))
UOU(t) + UOU*()(A™ dt + 3 ¥z Bj g dhiin(t) + 305 Cr, dAL (1)
+ 30 Dy dA (1) + (Adt+ 35— Bkt d g (t )+Zm:o Cin dAp (t)
+ 300 D dAL ()T (U (t)(A* dt + 305 o By gy A0k (D)
+ 3020 Cr dAL () + 305 D, dAn (1) =0

which using U(t) U*(t) = I can be written as

(A+ A%)dt+ 35% _ (Bug + B gp) Akt (8) + 3255 (Co + D) d A (1)

+ mO:oo (D + Cp) dA], (8) + :,Cl)co,l:O :ﬁo,lozo B k1B,

A it (1) Ay ko (B) + S 1m0 Brka Gy Al o () dAT, (2)
S S Cn Gy d AW () dAT, (1)

+ Zm n,k,l=0 CmBl*Jc,n dAm (t) dAnyk,l(t) =0

no,ko,lo

which by Proposition 1 implies

(A4 A* +Z 0 CnCr )dt+znkl o Bk + Bl ) dAy g (t)+

+oo +o00 )\ o,w,€
Z ,B,7=0 Za,b,c:O a,f3, ’Y a, b c Zz\,p,o w,e €8, f/ c,b dAO‘+C—’Y+>\7W+U+€7)\+a(t)+
mso (Com + Dy) dAm(8) + 3207 1o Cn Bl nbtkmm dALm—n (8)+
;OjO(Dm_‘_C;;l)dAT() Zmnkl() nk:lC anklmdAn+m l():O

and by reindexing we obtain
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(A+ A+ 302 CnCr) dt + 35 o (Buki + Biy o+
EJF,Oﬁo%a bie=0 2o\, powse 25‘35 “BaprBap.e) dhn i (t)+
i O(C + D, + :C;:,z:o Crntn—1B] 01k nm+n—1) dAm (t)+
0 (Do + Cr + o 5120 BrkdCrin1—n Okt imt1—n) dAL,(£) = 0

where EA powe 8 over all A, p, o, w, € such that

atc—y+A=n
wt+ot+e=k
Ata=1

In view of Remark 1 we may replace Ea e o by the finite sum appearing

n (3.7). By equating coefficients to zero we obtain (3.4), (3.6) and its adjoint, and
(3.7).
Similarly, starting with

dU(®U(t)) =0

we obtain (3.3), (3.5) and its adjoint, and (3.8).
([

Proposition 3 (Matrix form of the unitarity conditions). Unitarity conditions
(3.3)-(3.8) can be put in the matriz form

(3.9) A+A*+D'D=0
(3.10) A+ A*+CCt=0
(3.11) C+ Dt +0ATB =0
(3.12) C+DF+0rE =0
(3.13) B+E+BGE=0
(3.14) B+E+EGB=0

where (in standard vector and matriz notation, using the notation 6(xg,x1,...)
for a diagonal matriz with main diagonal xg, x1, ..., denoting operator dual by using
the superscript x , transpose by T and conjugate transpose by 1 )

C = (Cy,Ch,...), D= (Dy,Dy,..)T, B=4§(B,B,...), B=46(BT,B7,..)
A=6§(0g, Ay, ), E=6(E,E,..),T =6§(,Ty,...), 0 = (60,01,...)
B = (By,Bi,..)T, E=(Ey, Ei,..)T, B=6§(By,By,...), E=08(Ey, Ey,...)

000 01,0 0,0,1 0,1,1 1,0,0 1,1,0 1,0,1 1,1,1
G 6( ""’g 7g 7"'7g 7g 7""9 ""7g "")

and for n,k,l,m,a,b,c,a, 8,y € {0,1,2,...}
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Ay, = 6(Do(m), D1(m),...), T'n, = 6(Co(m), C1(m), ...)
Cn(m) = 6(Cm+n7 Cernflu Cm+n72; )7 Dn(m) = 5(Dm+n7 Dm+n717 Dm+n72~~~)

O = (0o(m),01(m),...), By = (Eno, En,s )"y By = (Bno, Bna,-)"

en(m) = (90,n(m)7 917n(m)a )7 Hl;n(m) = (el,07n,m+nfl7 9l71,n7m+n7l7 )

Bn,l = (BmO,lan,l,lv “.)T’ En,l = (En,07l7En71,l; )T

*
Eikn = Bn,k:,l
n,k,l _ ¢ nkil nkl n,k,l _ ¢ nkl  nk,l nk,l _  nkl n)kl
g =90 00 ) 9 = (G0 s 91 ) Gae” = (Garens Gaets )
n,k,l __ n,k,l n,k,l T nkl n,k,l n,k,l T
ga,c,b - (go,a,c,b’gl,a,c,b’ ) ’ ga,a,c,b - (ga,a,O,c,b’ga,a,l,c,b7 )

n,k,l _ ( n,k,l n,k,l T
Jorayeh = aal0y.eb Joalyebs )

Proof. We will only show that (3.5) can be written as (3.11), the proof of the rest
of (3.9)-(3.14) is similar. To that end, we notice that (3.5) can be written as

Cm+ D+ 01 Drn 1010 (m) Bt =
Cm + Dy, + 32, 0n(m) D, (m) B, =
Cm + D¥, 4+ 0,Al B =

for all m, which implies (3.11).
O

Corollary 1 (Compatibility of the unitarity conditions). In order for the pairs
(3.9)6(5.10), (3.11)€6(3.12), and (5.13)6(3.14) to be compatible it is necessary
that

(3.15) DD =CCT
(3.16) AIB=TFE
(3.17) BGE = EGB.

Proof. The proof follows by a direct comparison of (3.9)&(3.10), (3.11)&(3.12),

and (3.13)&(3.14).
O



13

4. The SWN analogue of the Poisson-Weyl operator

Proposition 4. Let \,k € R and z € C, with |z|,|k| less than a sufficiently small
positive number, let

(4.1) E(t)=At+2zB; +z2B} + kM,
= ()\ + k‘) t+ ZAo(t) + ZA(];(t) + ZAO,OJ(t) =+ 2/\170,0(?5) + k‘AoJ@(?ﬁ)
and consider U = {U(t) = ¢! FW) t > 0} . Then U is a unitary process satisfying
(4.2)  dU(t) =U®)[T(\, 2, k) dt + 30 [am (2, k) dAw, + G (2, k) dA, (1))
+ D 0<ititratoo Ligr (2 k) dAg i (2)]

where the coefficients T(\, z, k), am/(2,k), am (2, k), and l; j (2, k) are given by

(4.3) T\ 2, k) =i\ — |2]?/2+
023 1 o[ i setmrom TTECT O (0))(@) 2ot DRn =2l
Jit.Jn-2=0
(4.4) am(z,k) =iz +

; 1 15 —2a—m—
2 o suret-rom oy O (m)](a)|z[2zmH fn=20mm =1
m+ji+...jn—1=0

(4.5) am (2, k) = am(z, k) ( the complex conjugate of am(z,k) )

(4.6) Lojr(2, k) = bo (2. k) X020 i ml oy X0, Ty
'(1 - 555,1(5%,—1 + 5(15,0))

¢ ) (Z k) é'Ys—l_éqs,l)ps;/Bsfl_ws_5q5,0557ws;6q5,053
U+'Yn—s—7’+zz;f qxsBn—s,Yn—s ’ ﬁs77576q5,7176q3,0

where for £ € {1,2,...,n—1}

0<pe <79 —Ye-1+ 01

with vo = r and By = j, and
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(4.7) ée,l(m) = 9070,17m+1+2§;11 ix \/(m +1+ Zi\;ll Ja)(m+2+ 23;11 Jx)

(4.8) ée,—l(m) = 91,07077”_14. ol T (m—1+ 23;11 Ja)(m+ Zf\_:ll Jx)
252

~ e—1 .
(4.9) Oco(m) =001 0m+sszt i = 2(m+ 1+ 30501 03)
GLTEC fO<SA<Y0<p<y =
(4.10) eyhoy = 0<o<y-A-p0<w<B0<e<h
0 otherwise
z fI=1,J=K=0
ok fI=11I=K=0
(411) orax(HR) =0 K =11=J=0

0  otherwise

A . . . .
0 denotes Kronecker’s delta, C@’i’i’f’e is as in Lemma 2, 0 is as in Lemma 1,
)

and the dependence on « in (4.5) Zrésp. (4.4)) is in the sense that « j.’s are equal
to 1, a (resp. oo+ m) jo’s are equal to -1, and n —2a — 2 (resp. n —2a —m — 1)
Je’s are equal to 0.

Proof. Computing the differential of U(t) we find

dU(t) = d(eF®)

oi E(t+dt) _ i B(t)

oi (BUD+E(D) _ i B(1)

= Bl g B _ i B (hy the commutativity of E(dt) and E(t))
¢ B() [idB() _ ]

= U(t) Z(Zdiﬂ

By Proposition 1

AE#)" = 1, (\, 2, k) dt + S0 @ (2, k) A (1)
+ Yo G (2, B) AL, (8) + Yo ik ik (2, k) A j i (£)

for some coefficients 7,,(A, 2z, k), amn(2, k) , Gmn(2, k) and I; j 5.0 (2, k).

We will obtain recursive relations satisfied by these coefficients and by iterating
these recursions we will derive explicit formulas for each one of them.

Again by Proposition 1

dAp+1(t) dA1,0,0(t) = 00,01,m+1 dAm(T)
dA, (t) dAo.1,0(t) = 00.1,0,m dAm(t)
dAp_1(t) dAo,0,1(t) = 01,0,0,m—1 dAm(t)
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Thus, based on the right multiplication by dE(t) recursive scheme,

dE(t)" = dE(t)"(t) dE(t)
= dE(t)nil(t)((A + k) dt + z dAo(t) + EdAg(t) + ZdA()’O’l(t) + EdALO’O(t) + deO,l,O(t))

we obtain

(4.12)  amn(2,k) = 2600,0,1.m+10m+1,n-1(2, k) + £k 80.1,0,m0m n-1(2, k)
+261,0,0,m—10m—1,n—1(2, k)

with

(4.13) apa(z,k) =z
We can write (4.12) as

(4'14) am,n(zv k) = Zjl €{-1,0,1} €151 am+j1,ﬂ*1(z> k)

= Zj17j26{—17071} 6173'102,j2am+j1+j2,n—2(za k)

= it jm o €{—1,0,1} €Lt €22 +-Crn—1 1 Gty +etiin—1,1(2, K)

where

c1,1 = 200,01,m+1, 1,0 =k00,1,0m, c1,—1 = 201,0,0,m—1

c21 = 200,0,1,m+j1+1, €2,0 = k00,1,0,m+j1, €2,—1 = 201,0,0,m+j1—1

Cn—l71 = 200’0,1,m+1+22;12 Jq? Cn—1,0 = ke(],l,O,m+ZZ;12 jq? Cn—l,—l =z 01,(),0,m71+22;12 Jaq
In view of (4.13) we only keep j1, ..., jn—1 such that j; + ... + j,—1 = —m and
(4.14) becomes

(4~15) amw(zv k) = 211,4-40”,16(71,0,1) HZ:_ll Ce,jc #
jit..Ajn_1=—m

where

Cel = 2000 1 mi14535mt j,0 Ce0 = K001 0misent 0 Cem1,-1 = 201 g0 1yset

which can be written as

Ceq = 20c1(m), ceo=kOeo(m), ce1=20c_1(m)
Suppose that among the ji, ..., jo—1 we have @ 1’s, 8 0’s, and v (-1)’s (corre-
sponding to the ”basic monomial” 22k 27z = z0kP271) where a1+ 5-04+-(—1) =
—miey=a+m. Since a+ f+v+1=mnit follows that S =n—a —~—1 and
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the basic monomial becomes z@kn—2a-m=lyatmtl — |y 2apn=2a=m=1,m+l with
coefficient (for n > 2)

n—1

Sty L@

a=0 ji,....j,_1€{-1,0,1} e=1
m+ji+...jn—1=0

Thus, for n > 2,

-1 —200—m—
(2, K) = 20 o[ inretonomy TTemy Ocy (m)](@) |2k —20mm=1zm 1

m+ji1+...jn—1=0

while

m,1(2, k) = Om0 2

Thus

m(z, k) = Zn > Amon (2, k)i /n!

from which (4.4) follows.
Regarding the convergence of the above infinite series we notice that since

(0.3 (m)] < 2(m + 2+ 3227 1)
<2(m+e+1)
<2(m+n)

we have that

—1 —2a—m—
22020l i serom TIEST O (m)] (@) [z k=20 m=1zm |

m+ji+...n—1=0

< S e [T e s (m)[] (@) |22 |2t gt

m+]1+ Jn—1=0

<Y nsol et v TS [0y, (m)l) (@) maz(|2], |k)"

m+ji+...0n-1=0
<n 3" 12" Y (m + n)" "t mazx(|z], |k))"

and so, for each m, the ratio test yields

[@m nt1(z,k)i" T/ (n+1)!]
|am,n (z,k)i" /n!|

m+n+1
= g fmind 7 maw(\ZI,IkD

= Smtn) (3 Lyt wE maz (|2, [k|)

— 6e max(|z],|k|) < 1

as n — +o0, provided that maxz(|z|, [k|) < &.
As for (4.3), letting 7, (), 2z, k) denote the coefficient of dt in dE™, for n > 2
Proposition 1 implies



(4.16) TN 2, k) = agn-1(2,k) Z
with
(4.17) T1(A 2, k) = A
and since
T\ 2, k) = S 1L (\, 2, k)i /n!

(4.3) follows from (4.4) which has already been proved.
Turning to (4.5), we notice that by Proposition 1

Ao p,s(t) dAY = 04 50 dA]

Letting a — s = m the above becomes

S

dAerm,b,s(t) dAg = 95+m,b,s,0 dA;rn

from which we obtain the recursion

(4~18) QAm,n (27 k) =z Z s,b€{0,1,...,n—1} ls+m,b,s,n71 (Z7 k) 95+m,b7s,0

0<2s+b+m<n—1

17

Though computationally useful the above recursion does not reveal the fact that
Gm (2, k) = am(z, k). To establish that we proceed as in the proof of (4.4) but this

time using the left multiplication by dE(t) recursive scheme

dE(t)" = dE(t) dE(t)"~ (1)

= (At k) dt + 2dAo(t) + 2dAL () + 2dAoo1(t) + ZdAy 00(t)

+kdAo,0(t)dE()"1(t)

along with the following consequences of Proposition 1

dAoo1(t )dAm+l(t) = 00,0,1,m+1 AL, (t)

dAo.1,0(t) dAT () = 00.1.0,m dAL, ()

dAy00(t)dAT_[(t) = 01.0.0.m-1 dAT (1)

to obtain

(4.19)  Gmn(2,k) = 2600,0,1.m+18m+1,n-1(2, k) +kB80.1,0,m0m n-1(2, k)

+2601,00m—18m—1,n-1(2, k)

with

(4.20) @071(2, k‘) =z

which are the complex conjugates of (4.12) and (4.13) respectively.
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To prove (4.6) we notice that in the notation of Proposition 1

dAo () dA10,0(t) = Cﬂ’p’a o dA oy rwtrotren(t)
Ao (1) dMo10(t) = 3 320V Ao mirwroten(t)
dAa g (1) dho0,1(t) =32 05’2’35“ “dA oyt rwtorerti(t)

Thus
AT w,w,0
(4.21) lijomn =238 ﬁy;] 0 lity—r—1,8,y,n—1
AT, P, ] —W—€,w,€
+k0 00 lity—rBymn—1
~r—1,0,j—w,w,0
+230 8500 livty—r+1,8ym-1
- ¢Z7JT z k) Zl - 617 (6111,*1 +6Q1,0))
AT—08gq,1,P1,]—w1—084,,0€1,W1,041,0€1 I
’ 617'71,64;1,71:64;1,0 i+y1—r+q1,81,71,m—1
with
(422) 117070,1 =z
(4.23) log01=F
(424) l0,071’1 =z

or equivalently

(4.25) lijra = bijr

Iterating (4.21), using (4.25) in the last step, we obtain

lijorn = 5 (2,K) 321 D200 Gitmi—rta1,81.m (2, k)
(1= 0e,,1(0g1,—1 4 04,,0)) (1 = 03,1 (0ga,—1 + 945,0))

AT =08q1,15P1,J —W1 =841 ,0€1,W1,041 ,0€1  AV1=0845,1:P2,81 —w2—08¢5,0€2,w2,045,0€2
B1,71:041,—15047.0 B2,72,045,-1,045.,0

litys—r+q1+gs,B2,72,n—2

== ¢i,j,r(zvk) Zl Zn 1 Hn71 (1 =0, 1(5q<,71 + 5(15,0))

¢ (Z k.) é'Ys 1— ‘sq‘5 1,Ps,8s—1—Ws— 6(15,05‘570-7575115,055
i+ —s =T HDN1 AniBr—s,Vn—s V7 CBs¥s.8q,,—1,0q,5,0

from which we obtain (4.6).
The convergence of the series in (4.6) is proved as before.

5. Further Remarks

Remark 2. Let the coefficients A;, 1 = 1,2,3,4 of the quantum stochastic differ-
ential equation
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dU(t) = (A1 dt + Ay dB; + A3 dB} + Ay dM;)U (t)
(5.1)
U =1

be time independent bounded operators on the system space. Then conditions
(3.8)-(3.8) are satisfied if and only if, denoting real part by R,

(5.2) RA; = Ay = Ay = Ay = 0.

Therefore (5.1) admits a unitary solution if and only if its coefficients satisfy
(5.2).
Proof. In view of (2.6)-(2.8), (5.1) can be written as

dU(t) = ((Al + A4) dt + Ay dAg (t) + Az dA(—)i_ (t) + Ay dA07071(t)
+ A3 dAL())o(t) + Ay dAO’L()(t))U(t), U(O) =1
which is of the form of (3.1) with

A=A+ Ay, Cy= Az, Dy = Az, Boo,1 = Az, B1,o,0 = A3, Bo,1,0 = 44
Attempting to satisfy (3.3)-(3.8) we find that for (n,k,1) = (0,2,0), (3.7) implies

BO,I,OBS,LO = A4 A =0
i.e Ay = 0. Similarly, for (n,k,1) = (1,0,1), (3.7) and (3.8) imply

AsAL =0
A A3 =0
i.e A, = A3 = 0. Finally by (3.3) #4; = 0. Thus (5.1) reduces to

dU(t) = iH dtU(t), U(0) = T
where H is self-adjoint, with solution U (t) = e*Ht. O

Remark 3. The quantum stochastic differential equation

dU(t) = (ag dt + ay dAg(t) + az dA(t)
+azdAoo0,(t) +asdB; + asdB; + ag dM,)U(t)
(5.3)
U@)=1I
containing first and second order white noise terms with (as in Remark 3) con-
stant operator coefficients a;, i = 0,1,2, ..., does not admit a unitary solution unless

ay = a5 = ag = 0 in which case it is reduced to a standard, Hudson-Parthasarathy
type, first order white noise quantum stochastic differential equation (see [15]).
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Proof. For (n,k,l) = (1,0,1) (3.7) and (3.8) imply

asag =0
agay =0

i.eas =aq4 =0.
Similarly, for (n,k,1) = (2,0,0) (3.7) implies

asag = 0
i.e ag = 0.
O

Remark 4. Unitarity conditions (8.3)-(3.8) contain those of [15] for quantum
stochastic differential equations with infinite degrees of freedom.

Proof. Solving (3.5) we find

(54) Cp = — Z D:jnJrnflSn’k’l’m
n,k,l

where for all n, k, 1, m

(5.5) Snklm = 0n,00%,000,0 + 01k n,m4n—1Bn k1l
Thus, for all n, k,l, m such that 0; 1 » m+tn—1 # 0,

(5.6) B, ., = Sn.kel,m — 0n,00%,000,0
’ e 91,k,n,m+n—l
Since 0; k nn—i = 0, (5.5) implies that for all n, k,{

(5.7) S k1,0 = 0n,00k,001,0
Letting émk,l’m = gj':’l"imf‘j and substituting (5.4) in the left hand side of (3.6)
we obtain o

* *
- Zn,k,l DernflSn,k,l,m + Zn,k,l Dm+n7l5n705k705170+

Zn,k,l(_ ZN,K,L D;kn+l—n+N—LSN)K>L7m)eanJxm(S;kz,k,l,m - 5n,05k7051,0)

- D:;,L - D;kn Z n,k,l,N,K,L en,k,l,mSN,K,L,mS:L k.l.m
n+N—L=0 B

l—
) * *
_Z n,k, LN, K,L Hn,kJ,mD I— N—LSN,K,L,mS k,l
- N0 m+l—n+ n,k,0m

which is equal to zero if

(5.8) Z én,k,l,mSN,K,L,mS:,k,hm =1

n,k,l,N,K,L
l—nm+N—-L=0

and
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. . »
(5.9) E On ktom Dty N LSNK LS ke tom = 0
n,k,l,N,K,L

l-n+NZL#£0

Assuming that

(5.10) Skt =0

for all n, k,1, m with n # [, we find that (5.8) and (5.9) are both satisfied. In fact,
since én,k,n’m =1, (5.8) reduces to the unitarity of >, Sn kn,m for all m, which is
basically the Parthasarathy condition for quantum stochastic differential equations
with infinite degrees of freedom [15]. However (5.10) excludes the existence of
square of white noise terms in (3.1) since it implies, using (5.5), that By, ;; = 0 for

all n, k, 1 with n # [.
O

Remark 5 (The first order Poisson-Weyl operator). Let

Ut) = B

where

E(t) = M+ 2A40(t) + ZAS (t) + kAo 0,0(2)

with \,k € R, z € C.
(a) If k # 0 then

dU(t) = U®)[(iA + EZE M)dt + (iz + 2 M)dAo(t)
+(iZ + Z M)dAS (t) + (ik + M)dAo(t)]

where

M=e*—1—ik
(b) If k =0 then
_ P
2
Proof. The proof is similar to that of Proposition 4 using the fact that for k # 0
and n > 2

dU(t) = U®#)[(ix )dt +izdAg(t) + izd A (t)]

dE(t)™ = |2]2k"2dt + 2k™ dAo(t) + Zk" " dAG (t) + k"dAg 0,0(t)
while for £ =0

dE(t)? = |z|* dt
and for n > 2

dE(t)" =0
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The above two equations are of the Hudson-Parthasarathy form (see [15]), namely,

dU(t) =U#)|(iH — %L*L)dt — L*WdAo(t) + LdAS (t) + (W — I)dAg 0.0(t))]

with
W =e*1
L= % (e —1)I
|2[? iz —ik
H=A—— —=-—¢ ! I
and
H=M,L=zI, W=-I
respectively.

6. Computer algebra software algorithms

Some of the results contained in this paper would have been very hard to obtain
without the use of computer algorithms for symbolic calculations and noncommu-
tative iterations. The computer algebra software that we used was Mathematica
4 (see [16] for operational instuctions). A typical example of what the computer
was helpful in deriving is the unitary quantum stochastic differential equation of
Proposition 4.

Following are the algorithms that we used in order to derive, verify, or develop
intuition for some of the results contained the previous sections.

Algorithm 1 (The Tto-table for the SWN differentials). This algorithm computes
the, in gemeral, noncommutative products of the generalized SWN stochastic dif-
ferentials dA, k1 (t), dA;(t) and dA],(t), where n,k,l,m = 0,1,..., and "time” dt.
Fach sentence corresponds to a new input. Inputs are separated by space. The first
three inputs establish the notation for the SWN stochastic differentials:

dAla_,b_,c_]

dA[m_]

dAm_]

dt

ple—y- ] =If [s ==y ==10,1,2"y]
u[z_,n_] = Productlx — i+ 1,{i,1,n}]
v[x_,n_] = Productz +i—1,{i,1,n}]

On_,k_,i_m_]=Ifln+m-1<

0,0,Sqrt[(m —l4+n+1)/(m+ 1)2"kv[m — L+ 1,n]ulm + 1,{|plm — | + 1, k]]
C[ﬁ_77_7a_7b_7A_7p_70._7w_76_] =

Binomiallry, \] Binomialy — X, p] Binomial[3, w] Binomial[b, €] 2" (8 + b — w —

€) StirlingS1[y — A — p,olula,y — Mula+ A —1,p]pla — v+ X, B — w]|p[A, b — €
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Unprotect| NonCommutative Multiply)

NonCommutative Multiply[dA[a—, B_,v_],dAa—,b_,s_]] =
Sum[c[ﬁ,%a,b, )\,p,O',OJ,G] dA[a+a_’y+)‘vw+0+67>‘+S]3{)‘707’Y}7{p7077_
>\}7 {w7 07 5}7 {67 07 bH

NonCommutativeMultiply[dAla_,b_,c_],dAT[m_]] = 0a, b, c,m]dAT[a +m — ]
NonCommutativeMultiply[dA[m_],dAja—,b_,c_]] = O[c,b,a, m|dA[c + m — a]
NonCommutativeMultiply[dA[m_], dAt[n_]] = KroneckerDelta[m, n]dt
NonCommutativeMultiply[dAlm_],dAn_]] =0
NonCommutativeMultiply[dAT[m_],dAT[n_]] =0
NonCommutativeMultiply[dAT[m_],dA[n_]] = 0
NonCommutativeMultiply[dAT[m_], dA[a_,B_,v_]] =0
NonCommutative Multiply[dA[a—, f—,v-],dA[m_]] =0
NonCommutative Multiply[dAla_, B_,v_],dt] =0
NonCommutative Multiply[dt, dN[a—, B_,~v_]] =0
NonCommutativeMultiply[dA[m_],dt] = 0
NonCommutative Multiply[dt, dA[m_]] = 0
NonCommutativeMultiply[dAT[m_],dt] = 0
NonCommutativeMultiply[dt, dAT[m_]] =0

[

NonCommutativeMultiply[dt, dt] = 0

For example, using the above algorithm to compute dA4 1 2(t) dA1 2,2(t) we ob-
tain

NonCommutativeMultiply[dA[4,1,2],dA[1,2,1]] = 8dA[4,1,2] + 16dA[4,2,2] +
10dA[4,3,2] + 2dA[4, 4, 2] + 32dA[5,0, 3] + 32dA[5, 1, 3] + 10dA[5, 2, 3] + dA[5, 3, 3]

while for dAy o 1 (t) dAL(t) we obtain

NonCommutativeMultiply[dA[4, 2, 1], dAt[2]] = 5760v/2 dAT[5)

Algorithm 2 (Powers of the SWN Poisson-Weyl operator differential). To compute
dE(t)"™, where E(t) is the SWN Poisson-Weyl operator of Proposition 4 and n =
2,3, ... (the value of n must be supplied by the user), we use Algorithm 1 with the
following commands attached to it:

NonCommutativeMultiply[0, z_] = NonCommutativeMultiply[x_,0] = 0
NonCommutativeMultiply[(x_ y_), z_] = x NonCommutativeMultiplyly, z]

NonCommutativeMultiplylw_ dAla_,b_,s_],q— dA[d_,h_, f_]] =
w g NonCommutativeMultiply[dAla, b, s],dA[d, h, f]]

[
[
NonCommutativeMultiplylw_ dA[a—,b_,s_],q_ dAT[m_]] =
w g NonCommutativeMultiply[dA[a, b, s], dAT [m]]

[

NonCommutativeMultiplylw_ dAla_,b_,s_],q— dA[m_]] =0
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NonCommutativeMultiplylq— dAT[m_],w_ dAa_,b_,s_]] =0

NonCommutative Multiplylq— dAlm_],w_ dAla_,b_,s_]] =
qw NonCommutativeMultiply|[dA[m], dA]a, b, s]]

NonCommutativeMultiplylw_ dAT[m_],q_ dAf[r_]] =0

NonCommutativeMultiplylq— dA[r_],w_ dATm_]] =
qw NonCommutativeMultiply[dA[r], dAT[m]]

NonCommutativeMultiplylq_ dA[r_], w_ dA[m_]] =
qw NonCommutative Multiply[dAlr], dA[m])

NonCommutative Multiplylq— dA[r_],w_ dt] =0

NonCommutativeMultiplylq_ dAt[r ] w_dt] =0

lg-
NonCommutativeMultiplylq— dAja—,b_,s_],w_ dt] =
NonCommutative Multiply[dt w_, q_ dA[ _]]=0
NonCommutativeMultiply[dt w_,q_ dAT[r_]] =0
NonCommutative Multiply[dt w_,q_ dAla_,b_,s_]] =0
[

NonCommutative Multiply[dt w_,dt q_] =0

dE[1] = (A + k) dt + 2 dA[0] + 2 dAT[0] + 2 dA[1,0,0] + k dA[0,1,0] + 2 dA[0,0,1]
n=

Dol Print[StringForm[’dE”] i, StringForm[” = 7], dE[i] =

Collect [Expand [MapAll [ Distribute, NonCommutativeMultiply [dE[i —

1], dB(1)]]), {dt, dA[-], dAT[_],dA[-,— ,_ ]}]], {3, 2, n}]

For example, running the algorithm for n = 2 we obtain

dE2(t) = 2z dt + 2kz dAo(t) + V222 dA, (t) + 2kz dA} (1) + /222 dAl (1)
+2kz dAO’QJ (t) + 22 dA070,2 (t) + 2kz dA07171 (t) + k2 dA072)0 (t) +zz dAOyl,Q(t)
2kz dAl’O’O(t) + 22z dAl’o,l(t) + 2kz dAl,l,O (t) + 22 dAQ’O’O(t)

Algorithm 3 ( SWN Poisson-Weyl recursions). This algorithm uses recursions

(4.12), (4.13), (4.16),(4.17),(4.19)-(4.24) of Proposition 4 to compute the coef-
ficients of dt, dA,,(t), dAL,(t), and dA; ;,(t) in dE(t)", denoted respectively by
rln_], afm_,n_], aflm_,n_], and fli_,j_,h_,n_]. It also computes the m-th
partial sum Y dE™/n! where the value of m must be provided by the user.

plr_,y_] =Iflt ==y ==0,1,27y]

upperfactlx_,n_] = Productlx — i+ 1,{i,1,n}]

lowerfact|x_,n_] = Product[z +1i — 1, {1, 1, n}]
On_,h_,l_,m_]=1If[n+m—1<0,0,S¢grtf[(m —1l+n+1)/(m+1)]
2°h lowerfactlm — 4+ 1,n] upperfactim + 1,1] plm — 1 + 1, ]|
clBoyy—ya_, b A p_jo_w_,e_|= I0<A<A&&LI < p <y —A

&&0 <o <y — X — p&&0 < w < p&&0 < € < b, Binomial[y, \] Binomially — A, p]
Binomial[B, w] Binomiallb, €] 2°(8+b—w—e¢) StirlingS1[y—A—p, o] upperfact[a,y—A]
upperfactla+ A —1,p] pla—v+ A, B —w] p[A,b— €], 0]
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afm_,01=0
afm_,1] = Iffm == 0, 2, 0]

afm_,n_] = Iffm > n,0, Collect[z Sqrt[(m + 1) (m+ 2)]a[m + 1,n — 1]+
E2(m+1)alm,n — 1]+ z Sgrifm (m + 1)] a[m — 1,n — 1], {z, 2, k}]]

Tl =X+k

Tln_] = Collect|z a[0,n — 1], {\ + k, 2, 2, k}]

f[1,0,0,1] =z
f10,1,0,1] =k
f10,0,1,1] =z

flicyjoyhon ] =1Ifli+j+h>n|li+j+h==0|]i<0]|j <0||h<0,
Oafsum[f[Z‘F’Y—h— 17B7’73n_ ” 6[6,77170ahap7j —w,(JJ,O],
{’770771_ 1}7{6707,”_ 1}a{w703ﬂ}7{p7077_ h}]+
ksum[f[l—’—,y_haﬁa,%n_ 1} 6[57770a15h7p7j_w_67wa6]7

{770771_ 1}7{ﬂ707n_ l}a{w70aﬁ}7{p7077_ h}a{€7071}]+
ZSUm[f[Zﬁ”’}/*h‘Fl,ﬂ,’y,n*l] C[ﬂaf}ﬂovoah*17p7j7w7w70]7
{’\/70771_ 1},{670,n_ 1}a{w7076}7{p7077_h+ 1}]]

Unprotect| Power]
aflm_,0]=0
aflm_,1] = Iffm == 0, z,0]

aflm_,n_] = Iffm > n,0, Collect[z Sqrt[(m + 1) (m + 2)] af[m + 1,n — 1]+
k2 (m+1)al[m,n— 1]+ 2 Sgrtfm (m + )] af[m — 1,n — 1], {2, 2, k}]]

Unprotect|N|

M —

partialsum[M_] = Collect[Sum[I"N / N! T[N] dt+

Ezxpand[I°'N / N! Sum[a[m, N]dA[m] + af[m, N]dAt[m], {m,0, N —1}]+ "N / N!
Suml[f[i, j, h, N]dA[i, j, h],{i,0,N},{j,0, N}, {h,0, N}|],{N, 1, M}], {dt, dA[],
dAT[],dA[-,— - ]}]

For example using the above algorithm we obtain
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al2,3] = 2v/32°
al[0,4] = 8k%z + 16 k222

7[8] = 64 kC2Z + 1824 k42222 + 2880 k22323 + 272 2424
f[1,0,1,3] = 12 k2z

Soney dE" nl =ik + N) dt + (i — k)zdA[0] - J52*dA[1]

+(i — k)2 dAT[0] — J52° dAT[1]
+(i — k)2 dA[0,0,1] — £ 22 dA[0,0,2] — kzdA[0,1,1] — 3 k2 dA[0,2,0]
—2ZdA[1,0,1] — kzdA[1,1,0] — £ 22 dA[2,0,0]
+(i — k)zdA[1,0,0] + (ik — 1 22) dA[0,1,0]

Algorithm 4 ( Unitarity Conditions). This algorithm checks unitarity conditions
(3.3)-(3.8) of Proposition 2 for specific coefficient processes. We present here the
classical example of [15] where A = iH — %L*L, Co=—L"W, Dy =1L, Bopo =
W — 1, with L self-adjoint and W unitary, and all other coefficients are zero.
Part of the algorithm deals with coding self-adjointness and unitarity for L and
W respectively. For different examples different or additional commands may be
needed:

Unprotect] NonCommutative Multiply]

NonC’ommutativeMultiply[NonCommutativeMultiply[a_ ,b_],
NonCommutativeMultiply[c_, d_]] = NonCommutativeMultiply[a, b, c, d]

NonCommutative Multiply[0,0] = 0

[

[
NonCommutativeMultiplyla—, 1] = NonCommutativeMultiply[l,a_] = a
NonCommutativeMultiplyla—, —1] = NonCommutativeMultiply[—1,a_] = —a
NonCommutativeMultiply[(—1)a_, (—=1)b_] = NonCormnutatweMultzply[a7 b]
NonCommutativeMultiply[0, a_] = NonCommutative Multiplyla_,0] = 0
NonCommutativeMultiply[(—1)a_, b_] = NonCommutativeMultiplyla_, (—1)b_] =

— NonCommutative Multiply|a, b}

A =TH —1/2 NonCommutative Multiply[L*, L]

A* = —TH — 1/2 NonCommutativeMultiply[L*, L]
Unprotect|C)|

Clm_] = Iffm == 0, — NonCommutativeMultiply[L*, W], 0]
C*[m_] = Iffm == 0, — NonCommutative Multiply]W*, L], 0]
Unprotect]| D]

Dim_] = Iffm == 0, L, 0]



D*[m_] = Iffim == 0,L*, 0]

Bln_.k_,l_|=Ifln==Fk ==1==0,W — 1,0]

B[n_,k_,l_| = Ifjn == k == | == 0, W* — 1,0]
NonCommutativeMultiplyW*, W] = NonCommutativeMultiply[W, W*] = 1
ple—,y-] = Ifle ==y == 0,1,27y]

u[z_,n_] = Productlx — i+ 1,{i,1,n}

v[x_,n_] = Productlz +i—1,{i,1,n}]

Oln_,k_,i_,m_] = UnitStep[n +m — 1] Sqrt[(m —l +n+1)/(m + 1)]
2kvlm —1+1,n]ulm+ 1,{|p[m -1+ 1,k]

K1 = Ezpand[A + A* +

Sum|[MapAll[ Distribute, NonCommutativeMultiply[D*[m], D[m]]],{m,0,0}]]
If[K1 == 0, Print[StringForm[’ Condition (5.3) is satisfied”]],
Print[StringForm ”Condition (3.3) is not satisfied’]]

K2 = Expand[A+ A* +

Sum|[MapAll[ Distribute, NonCommutativeMultiply[C[m], C*[m]]],{m, 0, 0}]]
If[K2 == 0, Print[StringForm[” Condition (3.4) is satisfied”]],
Print[StringForm ”Condition (3.4) is not satisfied’]|

m = 0;

K3 = Ezpand|C[m] + D*[m] + Sum[MapAll| Distribute,
NonCommutativeMultiply[D*[m + n — ], B[n, k,1]] 0[l,k,m +n —
1],{n,0,0},{1,0,0}, {k,0,0}]

If[K3 == 0, Print[StringForm|” Condition (5.5) is satisfied form ="],m],
Print[StringForm ”Condition (3.5) is not satisfied for m ="], m]

A, p_yo_,w_,e_,f_,y_,a_,b_] =

Binomially, \] Binomially — A, p] Binomial[3, w] Binomiallb, €]

2(8+b—w — €) StirlingS1[y — X — p,o]ufa,y — N (a — v+ ) (B —w) X (b—¢);
gin_ k_,l_jx_y_,z_ X | Y_ Z_| = Sum|[KroneckerDeltalx + Y — X +

A, n|KroneckerDelta|w + o + €, k] KroneckerDelta[A + y, 1]

e\ pyoyw, ez, X, Y, Z], {0, X} {p,0,X,Y = A}, {0,0, X — X\ —

P} {w, 0,2}, {€,0, Z}]

n=1
k=1
=1

K4 = Ezpand[Bn, k1] + B*[l, k,n] +

Sum|[MapAll[ Distribute, NonCommutativeMultiply|Ble, B8,~], B*[a, b, c]]
gln, k.1, e, 8,7, ¢,b]],{a,0,n},{B,0,k},

{7,0, Min[k,l]},{a,0,1},{b,0,k}, {c, 0,n}]]

If[K4 == 0, Print[StringForm|” Condition (3.7) is satisfied for (n,k,1) =
("], n, StringForm|[”,”], k, StringForm[”,”], 1, StringForm[”)"]],
Print[StringForm[” Condition (3.7) is not satisfied for(n,k,l) =

("], n, StringForm[”,”], k, StringForm[”,”], 1, StringForm[”)”]]]
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K5 = Expand|Bn, k,l] + B*[l, k,n| + Sum[MapAll[ Distribute,
NonCommutativeMultiply[B*|«, 8,7], Bla, b, c|]

g[n7 k’ l7 ,Y’ C’ /37 a? a" b:H’ {a7 07 Min[k7 l]}7 {/37 07 k}7 {77 0’ n}’ {a7 07 n}7
{b,0,k},{c,0,1}]]

If[K5 == 0, Print[StringForm|” Condition (3.8) is satisfied for (n,k,1) =
("], n, StringForm[”,”], k, StringForm[”,”],1, StringForm[”)”]],
Print[StringForm[” Condition (3.8) is not satisfied for(n,k,l) =

("], n, StringForm[”,”], k, StringForm[",”], 1, StringForm[”)”]]]

(1]

(3]

[4

(5]

(7]
(8]

(10]

(11]

(12]
(13]
[14]
[15]

(16]
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